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Abstract

The projections of the stalw wpace onto the
various hyper=planes are used to determine che
minimum nolee bandwidth and magximum information
bandwidth for non=lincdr phase=locked locps used
to demodulate FM multipluxed subcarriuvs,

Introduction

In many space~communications FM systums,
where recvivers must operate in low signal to
noise environments, the phasv=lock loop (PLL) is
utilized because of 1ts thrashold extending capa=
bilities, Sinca thrueshold ls determine by the
loop bandwidth (w ) for a given input signal to
noise ratio, it i# desirable to have a minimum
loop bandwidth, yet process the modulation in an
acceptable manner. The constraints on W, for a
minimum of modulation distortion and for linear
operation of the loop have been datermined for
single sine~wvave demodulation [1,2]. These con~
straints require w_ to be much larger than vayr-
ious slgnal parnma?arn; howaver, how much larger
is not indiceted and a minimum w_, cannot ba da=
termined from the constraints, Sinca in certain
application it is desirable to axchange signal
fideldity for a smaller w, and hsnce, a lower
threshold, It is desirvable to know the minimun W
This paper is concernad with the problem of de~-
termining the minimum loop bandwidth bafore loop
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Figure 1, Stata space projection showing a

properly locked PLL.
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unlock occurs bucaune of PH multiploxed subcare
rivrs, In particular, thw problen of derodulate
ing a widwhand video mignal and swverasl subcarse
riers is conmidered. The Jowerbound on o in de=
Lermined as a function of modulation Lndigo;, modm
ulating frequencies and pueax {requency deviations,
This work considers the prubium of watublishing

a boundary on the parametur reglon that Insures
locked oparation of the PLL, Dvpending upon the
signal to noime environment, the optinum “n will
ba In the region betwuwen & larye w_ nuwsded [or a
mindmum of signal distortion and the small w_ be=
low which loop unlork will oceur, n

States Equations

In ordey to detarmine the minimum w_ bhafore
the loop braasks lock, the non=~linesar difPerential
aquation of the basaband PLL model was formulatad
in terms of state variables, A lono filter of
the form F(p) » 1 + a/p was usad, The rasuliing
state variable equations are [3].
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Figure 2, State space projection showing an

unlocked PLL,
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Pigurs Je Phaww plans showing a propevly locked
PLL.

whers
xL = instantansous phase wrror

&1 » i{nstantanecus frequency error
éi(:) = input phass dus to I modulation

in squatfon (1), w, _ was normalized to unity.
Digital computer aigcri?hml wera used Lo obtain
solutions to equation (1) and to obtain projece
tions of the wtate space onto the various hypars=
planes, Analog computer simulations were also
used to determing a minimum w , Inspsction of
the state projections tndicatd when the loop is
skipping cycloa, For example figure 1 shows X,,
versus time, for a PLL properly locked onto th&
modulation, Figure 2 shows a PLL unlucked and
skipping cycles because w_ is too small, Figures
3 ang 4 are the projectiolls of thw state space on
the X, versus X, plane. These correspond to
figursu 1 and 2%vempactively and may alwo be used
to determine 4if the loop breaks lock or not, If
the trajectories ace contours around inm(N = 0,2,
4,%#%3 then the PLL is locked and tracking the
modulation, Trajectories continuously increas=
ing, such as figure 4, indicate cycle skipping.

Jnisiel conditions
If it in assumed that cthe PLL is initially
locked onto the carxier and that the subcarriers
ars applied at t = 0, the initial conditions are
given by

N
+ Aw
X,007) » = i
1 Lzl ~;§fcon 0, (2)

X, (0" w 3 Mo, #4n(07) =258inX(0™) (3)
i ;Lﬁl iﬂﬂ i sin N

Equations (2) and (3) are tha result of letting
¢$(t) of equation (1) represent tha multiplexad
subcarviers and exprassing ¢(t) as

oty w-] DUy |
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Yigurs Lo Phase plane showing an unlocked PLL,

Varying ¢, of vach subvargicer allows variona
combinations of sinuscida to by uswd to determing
the minimum W for the wormb casw, It might be
expuctud that 0, wqual to either v/2 vr to %ero
would glve the éorlt cane since Lhe maxirun rate
of fruquency change occurs periodicelly for

0 » n/2 and the peak phase deviatiun occurs puris
odically for 0 = 0, Thir was found to be true,
and further, the minimum w,_ was approximatuly the
mama for O, » /2 or xevo. The inftiel conditions
do duﬁwrm&&- what singular point the stablue cone
tours will enclows, _For example, if & » U, wqua~
tion (2) bucomus X(0') » w] Aw/w, and if the mod=
ulation paramesters arc such that"the loop locks
quickly, then the singular point nearest the
value of the sum of the modulation indices will
ba enclosad in the contour, Figure J shows this
case for a single subcarrier,

Parameter Regions

The minimum w, was determined as a funce
tion of peak {roquongy deviations, modulation in=

two and three subcarriars, The minimum w_for a
given sat of signal or modulation ptrnmntgrl was
determined using the criterion of cycle skipping,
In genaral, the condition X, % 7/2 dows not re~
sult in the leop breaking IAck and hence, cannot
be used as n equivalent criterion, The condi=
tion X, 2 7/2 is a sufficient condition for un=
lock i a restricted parameter .sgion, however.
Por example, in the single subcarrier case the
condition Xl 2 /2 doss cause the loop to un=
lock if the“parametors are such that the ine
squality w_ £ Sw i satisfied, However, in the
pavamatoer ?ﬂgion Qurined by .bwnx W g w, instans
tansous phase arrors greacly in“wx:dss 8f /2 can
occur without tha loop breakiug lock, This is
analogus to the response of a PLL to a {roquency
step with a magnituda close to the value of the
separtix, With a frequancy step of this size the
trajectory in the phase plane will enclose the
point 1/2 by a considerable margin. For the
multi=subcarriex cara parameter regions also ex~
ist whare the condition X, 2 7/2 is a sufficient
condition for unlock; howivat. thame vegions are
not as wall defined,

R

Spekisaeie

-
2




1 &
I
10 faﬁ;‘“

o COMPUTER RESULTS
o POINTS WHEKE ¢, FEAK » 7/1
s REFERENCE [4]

“= Awrm s wpy

§ W
51 .
T 26
ﬂ L
0" ' 6 ' ‘ ' ' Lo
wm/wp
Figurs 5. Partitioned parametsr space for single subcarrier,

¥Yor the single subcarrier, (figure ) shows The conditions on ths paramaters for a
the minimum o a8 & function of Aw, w_and D, the winimum of distertion are {1,2],
modulation index. That is, the pnrnmgtcr space
is divided into two reglons, For all values of [ (5. a)
N Wy in the region below the smooth continuous Wy
curve locked operation of the PLL will result., If
the paramwiers are selectwd rfrom the reglon be- w
low the curve indicated in f{igure 3, then phade . WBocel (5.b)
errors in excess of 7/2 will not occurs The re~ w

gion below the smooth curve of figura 5 agraus
closaly with rvegion defined by the inequality
bwtw 8 WP for w_ < .5 . This is a condition for
locked oBcruciaﬂ dcvelgpcd in an sarlier paper
{3}. Locked operation can also occur in tha re=-
glon sbove the smooth curve and thevefors, it
asppanrs that the smooth curve defines a narrow
reglon of instability. Therafore, the signal and
system paramaters should be chosen such that this
veagion is avoided, In particular, the parametars
of a FM video signal and the parameters of the
damodulating PLL should be selaected from the re-
gion below the continuous curve.

Another recent paper [4), assuming X, 2 7/2
causas unlock, derived an expression foy lhc minde
mum . using describing function., After norma=
lizing w, to unity the axpressicn becomes.

noomax { wm n

This equation agrees very closaly with the points
of figure 5 that indlcate i /2,
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Thesae conditions are satisfiesd by the parercters
in thy cross hatched region of figure B, Thiw
sssumes the much less than requirement Is satise
fied by ratios less than .1, These inequa’itivs
rvoquire toe large an W for low signal to roise
vatios, For operation of a PLL in a low signal
to noiss environment the optimum w,  should be in
the region bounded above by the srdoth cvrve de~
fining the absolute minimum w_ and bounded below
by tha reglon defined by the ?naqualicics of
equation (5),

The boundaries for the parameter region in-
suring lock for two and thrae subcarriers are
shown in figure 6,7,8 and Y respectively, The
modulation indices for the family of curvems are
plotted inversely along tha w, and w, axis,
Paramstors sslacted from the ipnca bslow the
smooth curves will give locked PLL opasration,
For a cavrier tracking PLL the parameters should
be salected from the region fav above tha smooth
wurves howavey, this reglon was not investigatad
in this papexr, The raegion in the vicinity of the
stwoth curve should be avoided. In particular,
if one of the w's vepresents the highest fre-
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Flgure 6, Partitioned paramster space for two subcarriers,
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Figure 7. Partitioned parsinetar space for two subcarriars.
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Figure 8, Particioned parameter space for thres subearriars,
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Figure'9, Partitioned parameter space for three subcarriers.
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Thy bownlary of e pararweler Fvglon fog
jovavd wdurablion wan dulerminvd and 4 region o
s piaimum vi Jluturtion Wan shown that peguited
¢ lergw « o For low signal signel to noles en=
vxrcnnantl the optimus o should be sslucied bew
low the minimum w_ Boundiry snd sbave ths low
distortion region,
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