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ABSTRACT 

- 1  . ._  . . Far  a. quas i -neut ra l  p l a s m a  consisting:.df?coZd i ons -  

embedded i n  h o t  e l ec t rons ,  the tu rbu len t  motion of ihe ions 
can be descr ibed by a system of  dynamical equat ions deter- 

ntining the ve loc i ty  and the electric po ten t i a l .  The csyatm 

is submitted t o  a cascade approximation and y i e l d s  two 

i n t e g r a l  equat ions determining the two spectral functions. 

Three t r anspor t  funct ions a re  involved: a t r a n s f e r  

funct ion across  the ve loc i ty  spectrum, a t r a n s f e r  Sunction 

across  the p o t e n t i a l  spectrum, and a production funct5.o 
represent ing  the production of p o t e n t i a l  energy from 

k i n e t i c  energy and causing an exchange between the two 

spec t ra .  Solu t ions  a r e  found f o r  t he  following cases: 

(a) f o r  a c o l l i s i o n l e s s  plasma, 

r ange ) ,  G - k-5 (d i s s ipa t ive  subrange), (b) f o r  a 

c o l l i s i o n a l  plasma, F N kW2 ( i n e r t i a l  subrange) , I; 
( i n e r t i a l  subrange) 8 

(c) f o r  a d i l u t e  suspension of charged particles, F - k  
(Kolmogoroff l a w  of i n e r t i a l  subrange) 8 GN A 
subrange). H e r e  F = ve loc i ty  spectrum, G = p o t e n t i a l  

spectrum, and k - wave-number. From the spectral r e s u l t s ,  

the anomalous d i f fus ion  A is  inves t iga ted :  (a) f o r  a 

F- A - ~  ' ( i n e r t i a l  sub- 

-3/a . ' . 

+ - A - ' ~  (d i s s ipa t ive  subrange) 8 - 513 
(dissipative 

-l3h ' 

k 
weak turbulence,  ) ( c o l l i s i o n a l  plasma) , Ah= &=/ac 
( c o l l i s i o n l e s s  plasmaj (b) for a s t rong  turbulence,  the 

above values  of  d i f fus ion  have t o  be mul t ip l i ed  by a factor 

w h e r e  t = ed-' ( c o l l i s i o n a l  plasma), 

and < E%-' ( c o l l i s i o n l e s s  plasma). Here k& = cyelo- 

t ron  frequency; a'= Ar/i~ (x = electron temperature, 

$(ac, LcEo 1 Rt, t C 



M = ion mass), 

bulent energy, R = velocity vorticity function = square s 
of rate of strain, J = potential vorticity gimdtican,~,tfJ%) - 
The presence of a strong turbulence is to w&aken the 

dependence, The Bohm diffusion is found to be valid fo r  a 

weak turbulence in a collisionless plasma. 

L = rate of collisional dissipatiam of tur- 

Gc 
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1. MECHANISM OF ENERGY EXCHANGES 
AND PLASMA TURBULENCE, 

I t  has long been recognized 

IN HYDRODYNAMIC TURBIY'ILENCE 

s ince  Boussinesq' that  the 

s t ak i s t i ca l  e f f e c t  o f  the f luc tua t ions  upon a mean,or baok- 

ground motion, i s  t o  produce an eddy v i scos i ty ,  according to  

a mixing-length concept, t h a t ,  i n  analogy with the molecular 

ns ,  w i l l  in t roduce an energy d i s s ipa t ion .  The latter 

is found propor t iona l  t o  the product of the eddy v i s c o s i t y  

w i t h  the v o r t i c i t y  funct ion,  w h i c h  i s  def ined as the 

square of the rate o f  s t r a i n .  For a homogeneous and iso- 

tropic turbulence i n  the absence of a mean motion, we may 

draw a speetrum of eddies,  and ca tegor ize  the eddies  i n t o  

two groups: The  b i g  eddies  of wave number s m a l l e r  than k 

an& the smaller  eddies of wave number g r e a t e r  than k, k 

being a va r i ab le .  Then by analogy w i t h  t h e  Boussinesq's 

mixing-length concept, the b i g  eddies may assume the  ro l e  of 

a background motion c rea t ing  a v o r t i c i t y  function 

w h e r e  F is the ve loc i ty  spectrum, and the smaller  eddies 

produce an eddy v i s c o s i t y  3 8so that  the  ra te  of turbu- 

l e n t  d i s s ipa t ion ,  due t o  the nonl inear  mode coupling, 

o r  energy t r a n s f e r  across  the spectrum., is given by 

k 

the t r a n s f e r  funct ion,  w h i l e  the rate of c o l l i s i o n a l  dissi- 

pa t ion ,  due t o  the kinematic v i s c o s i t y  3 ,  is  

J.J. Boussinesq, Th6orie de 1'6coulement t ou rb i l l onan t  
et  tumult-ux des l i qu ides ,  Gaut ier-Vil lars  (1897).  

1. 
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Henee the t o t a l  rate of d i s s ipa t ion  y i e l d s ’ t h e  equa t i  

called the equation o f  energy Balance i n  the dramework of 

hydrodynamic turbulence.  
2 On a dimensional basis Heisenberg proposed a formula 

f o r  % 
(3) 

and subsequently was able t o  so lve  (2 ) .  

A spectrum is divided i n t o  a non-universal range 

and a universa l  range. The former range o f t en  depends on 

p a r t i c u l a r  experimental condi t ions covering very low 

wave-numbers. The un ive r sa l  range is subdivided into an 

i n e r t i a 2  subrange and a d i s s i p a t i v e  subrange. 

subrange is governed by the nonl inear  t r a n s f e r  alone. The 

d i s s i p a t i v e  subrange is  charac te r ized  by a sudden drop of 

the spectrum, Heisenberg found the spectrum 

The i n e r t i a l  

2 

i n  t h e  i n e r t i a l  subrange, i n  agreement w i t h  Kolmogoroff’s 

similitude theory . 3 

9 

. -  

L 
W. Heisenberg, Z .  f -Phys.  124, 628  (1948). - 

. 3  b sei. UwS, 308 301(1941). . -  . A. N. Kolmogaroff,. C.. R. Acad. 
~+ . *  
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W e  would l i k e  t o  extend the above p i c t u r e  of 

a n i s m  of  energy exchanges t o  a plasma turbuleace.  

t he  mech- 
H e r e  a 

s i m p l e  phys ica l  argument can be presented first.  Since the 

random ve loc i ty  d i s s i p a t e s  and couples w i t h  o the r  modes, 

both the c o l l i s i o n a l  ' d i s s ipa t ion  funct ion 9 

t r a n s f e r  funct ion vkRD should s u b s i s t  i n  the plasma 

turbulence. But the plasma has the added f ea tu re  of  correla- 

and the 

t i n g  the v e l o c i t y  w i t h  the electric po ten t i a l ,  so that a new 
t r anspor t  funct ion $" 8 called production funct ion,  w i l l  

appear# producing the p o t e n t i a l  energy f r o m  the k i n e t i c  

energy. Hence, the equation of energy balance (2) should be 

general ized t o  

f o r  a plasma. The p o t e n t i a l  of the se l f - cons i s t en t  electric 

field,  as or ig ina ted  from dens i ty  f luc tua t ions ,  a l s o  couples 

t o  other modes i n  its tu rn ,  due t o  i t s  non l inea r i ty ,  and 

the re fo re  y i e l d s  a new t r a n s f e r  funct ion ; the 

l a t t e r  i s  propor t iona l  t o  the product of a new eddy v i s c o s i t y  

r e l a t i n g  t o  the 

balance between 

t h e  v o r t i c i t y  function 

spectrum G of the  po ten t i a l .  

the t r a n s f e r  funct ion and the 

There is a 

production 

funzt ion expressed by 
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As will be shown later, the production function is 

also a transport function, to be expressed again as a product 

of a certain diffusion by the vorticity function (6). The 

system of equations (5) and (7) will be called equations of 

energy balance for a plasma. 

Obviously the arguments given above to the equations 

of energy balance (5) and ( 7 )  are oversimplified, and 

should be given a more dynamical foundation. But this poses 

a very difficult task of solving a system of nonlinear 

dynamical equations. The dimensional method of Heisenberg 

and Kolmogoroff are too arbitrary in the present program 

of having to deal with many functions of similar dimensions. 

The newer methods, e.g. stochastic methods and diagram 

techniques , which are already laborious in the derivation 
of the simplest Kolmogoroff law, will prove even more diffi- 

4 

5 

cult for plasma turbulence, We feel that at the present 

time it is first necessary and important to determine the 

dominant physical features. Therefore, we resort to an 

approximate method called "cascade approximation". It is 

based on the categorization into groups of eddies as men- 

tioned earlier, and studies the coupling between the groups, 

R. H. Kraichnan, J. Fluid Mech. 5, 497 (1959) . 4 
- 

5A, V. Shut'ko, Dokl, Akad, Nank USSR E, 1058 (1964) 
pnglish transl: Soviet Phys,, Doklady 857 (1965g. 
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Following the de r iva t ion  of the energy balance,  the 

t r anspor t  funct ions yk, h, and $k w i l l  be determined, 

The so lu t ions  w i l l  be sought f o r  a c o l l i s i o n a l  and co l l i s ion -  

less plasma, as w e l l  as f o r  a d i l u t e  suspension of charged 

p a r t i c l e s .  The an-amalous d i f fus iorn ,  including the  Bohm 

d i f fus ion  and the tu rbu len t  d i f fus ion ,  w i l l  be ca l cu la t ed  

from the s p e c t r a l  funct ions,  
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2. DYNAMICAL EQUATIONS OF AN ION PEASMA 

Consider a quasi-neutral plasma consisting of cold 

ions and hot electrons. The hot electrons are in equili- 

brium with their density %. equal to the ion density 

.rt following the distribution 

/ M , r  

where yt4 is the average density, is the electric 

potential and 4, is the phase velocity with electron 

temperature' < and ion mass r/ l  2 

The low ion temperature , as originated from the effect 
of pressure, offers a negligible modification to the phase 

velocity. L e t  $ = eBo/M be the cyclotron frequency 

from an external and constant magnetic field 8, in the 

X3 - direction, assumed larger than any frequency scale 
entering in the problem. Further, Uj are the velocity 

components of the ions in the directions perpendicular to 

the magnetic field, The dynamical equations of the plasma 

9p u s  y* (8W - - -  - 
% 

d $  

d a 'b -& tc - -+ 4.- at Y 3% 
Here 6 is an antisymmetric unit tensor, and y= o /o? l .  

The system (8) forms the dynamical equations upon which 

we shall apply the cascade approximation and investigate 

the turbulent spectra. 

We shall introduce some general assumptions: 

(i) We consider a homogeneous and isotropic turbulence 

in the directions perpendicular to.the magnetic 

f i e l d ,  
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(ii) The compress ib i l i ty  e f f e c t s  m a y  manifest  ft- 

self i n  the  following instances:  (a) The 

compress ib i l i ty  of the f l u i d , b y  inducing 

dens i ty  changesl may e x c i t e  f luc tua t ions  of 

the electrjc p o t e n t i a l ,  as represented by 

t h e  r i g h t  hand s i d e s  of (8); [b) the  

compress ib i l i ty  may inf luence  the pressure;  

(c) the compress ib i l i ty  may e n t e r  i n  some 

convective process a s  i n  d/dt, s h a l l  

assume t h a t  the e f f e c t  (a) i s  much 

l a r g e r  than the  effects (b) and (c) i n  

view of the h igh  e l ec t ron  temperature. T h i s  

assumption is  analogous t o  the Boussfnesq 

assumption i n  g r a v i t y  waves, where the com- 

p r e s s i b i l i t y  e f f e c t  i s  neglected everywhere 

except i n  the buoyency force,  
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In t he  s p e c t r a l  ana lys i s  we seldom need the f u l l  in- 
formation about each ind iv idua l  Fourier  component. These 

fo re  we d iv ide  t h e  components i n t o  two groups, e.g. f o r  

the ve loc i ty  we  have 

+ -4) - x / &  
o r -  

(%) = 
- e  

w h e r e  so 
numbers up t o  the value 

of s m a l l e r  eddies  w i t h  wave-nPrarr;bers g r e a t e r  than 0 

k being a var iab le .  & is quasi-s ta t ionary,  while 

represents  the group of  b i g  eddies  with wave- 

and (A '  represents  the group 
rn 

4-0 

is a r ap id ly  varying va r i ab le ,  A s i m i l a r  decomposition 

i s  appl ied t o  . The t w o  groups can be screened by 

an averaqe 

over  a length scale a t  t he  dynamical equations 

' can be generated from $8) by -. 
such a procedure, a s  follows 

- a 
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We apply the cascade system (9) to the analysis of the 

spectra in an isotropic and homogeneous plasma turbulence in 
the direction perpendicular to the magnetic field. 

The system of cascade equations (9) include a coupling 

between the big an smaller eddies, involving two transport 

coefficients, which are calculated from ( lo) . ,  To this end, 

we make two assumptions applied especially to smaller eddies: 

(a) As the smaller eddies contain little energy, 

the equations (10) are linearized, 

The smaller e dies are responsible f o r  

transport properties, created by stretching the 

big eddies, During this process there is a 

secondary loss of energy by compressibility 

which is negligible 

After solving (101, the coupling terms in (9) become 

nonlinear, Besides, there are the nonlinear convective 

terms on the left hand sides of (8) and (9), The ones in (8) 

will generate correlation functions of ever increasing 

higher orders, but we disregard (8) and use (9) instead, 

The nonlinear convective terms in (9) are not ser' ious as 

they will drop out upon forming energy equations and using the 

assumption (i) and (ii'p about homogeneity and compressibility. 

The energy equations based upon 49) have the advantage of 

describing the development of the spectra directly, 

We may stipulate the fundamental difference een the 

more familiar quasilinear method and the cascade method for 

the solution of a nonlinear differential equation, The 
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quas i l i nea r  method is  a per turba t ion  method based up 

expansion of a funct ion of s m a l l  magnituc3e i n t o  a series sf 

decreasing order  of  magnitudes, The method is therefore o n l y .  

appl icable  t o  a weak turbulence,  I e cascade method, the 

funct ion is not r e s t v i c t e  agnitude, bu t  when it 

is  decomposed i n t o  a cascade of t w o  groups of eddies,  that 

group represent ing  smaller  eddies i s  assumed of s m a l l  m a g n i -  

tude, w h i l e  the group of b i g  eddies  remains of  f i n i t e  

amplitude, Therefore the  method 1s adaptable t o  a s t rong  

turbulence e 



Upon multipiyrnq ( 8 )  by h& and '/; and taking an average 
t w  

Over an i n f i n i t e l y  i a q d  sntesvaIt, deno-teci by we obtain 

the equakions of errerqy balance 



W e  sha l l  omit the etaiied c&lcuiations of  the functions 

but write the51 resl-cits in t"ne following -9% f 
and 

simple a ~ ~ ~ o x ~ ~ ~ ~ ~  oxpressfol~s: 

where the  time s c a l e  is s i m p l y  

in the  case of a s t ronq  rnagrj.et~.c ",el.-', As t5e magnetic 

and consequently 



The production function and the eddy viscosit 

can also be written in terns of e spectral %unctions F an 

G for  the velocity and the potential respectively. 

W e  note that in the expression for 

c ien t  

comes out that  has the s t r u c t u r e  of the 

a coeffi-  

Zt is obvious tha t  the pro4uction F~inekion 

written above as the product of the Bo'firn d i f f u s i o n  

vo r t ic i -ky f unck f ons may play'the role of a negative 

dissipation as in (7)- This is made more explicit if we re- 

write (7) in the form 

(18) 

analogous to the  energy balance ( 2 )  in the framework of ahydro- 

dynamic turbulence, En this f o r m ,  the t r ans fe r ,  or mode 

is drained by a dissipat ion I coeTplting 

which is most effective at Barge issipation is 

e mHecular or ig in  as was in ( 2 )  p but comes f r o m  the 

f lu .c tuatfons giving rise -to a Bohm diffusion . The 

di s s i p at ions 

' dissipations. 

are called collisionless Ac AJ2.5 
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The equat ions (5) and (71, with their t r a n s p s r t  6xpseSSimS 

(14),  (15) and (16),  form the  fundamental system of  energy ba lace  

and coupling between the  two s p e c t r a l  funct ions.  In  conclusion, 
the mechanism of energy balance takes the following pietu-: 

The energy i n  the  F-spectrum is t r ans fe r r ed  across  the spectrum 

by the amount 

o r  c o l l i s i o n a l  d i s s i p a t i o n s  d.R and dRr’ E a t  l a rge  k . 
Simultaneously the re  i s  an exchange of energy, o r  a coupling 

between the t w o  spec t r a  F and G, forming a new drain.  The energy 

i n  the G-spectrum is  a l s o  t r ans fe r r ed  across  its spectrum 

t h e  amount 1, J~ , t o  be drained by c o l l i s i o n l e s s  d i s s ipa t ions  

less plasma w i t h  A >) 3 , and a c o l l i s i o n a l  plasma with <<g 
I n  the  former case,  the nonl inear  t r a n s f e r  across  the spectrum 

is drained mainly by the coupling $k, rather than by c o l l i s i o n a l  

d i s s ipa t ions ,  as , and i n  the  l a t t e r  case, the dra in  

i s  cont ro l led  by the c o l l i s i o n a l  d i s s ipa t ions  with a neg l ig ib l e  

coupling, as %,SR 0 - 

. .  

$ Ro t o  be drained u l t imate ly  by molecular, 

0 

Jo and ) J s  7 a t  l a r g e  k . NOW we d i s t ingu i sh  a ccsl~isia9n- 
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5. SPECTRAL FUNCTIONS IN A COLEISIONLESS PLASm 

Consider the case of a F-spectrum, which is likely to 
prevail in the inertial subrange in view of tbe nkgligible 
colfision, and under such a regime, a G-spectrum will develop 

in the dissipative aubrange on account of the early drop of 
the s p e c t r u m  by tae dominant Bohm diffusion, 

It is simpler to consider the d i f f e r e n t i a l  foma of (5) 

and (18) : 

obtained by neglecting collisions and by making the approxima- 

tions 

on account of the mixed inertial and dissipative subranges. 
A substraction between the two equations (19) gives 

with a left hand side depending on the F-spectrum alone, sug- 
gesting that the time scale a0-' 
entering into the EunctionaP structure of khe F-spectrum. 

Since the spectrum has the dimension 

is the sole parameter 

with.the variables us and as the velocity and the diameter 

of khe smallest eddy, we need two independent parameters to 
determine the functional structure of F, for which we choose 

, .  . 
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(21b) . 

w h e r e  the t e r m  wi th in  the  bracke ts  is a dimensionless 

quan t i ty  whose exponent m should be so chosen as to  make 

F independent of A ,  as required by the  condi t ion (20). To 

t h i s  end, we f i n d  m = 3 ,- giv ing  

2 -3 
F = const  w0 k 

and i t  e n t a i l s  from (19) and ( 2 2 )  

G = const  (J U0/A 1 k -5 

T h e  cons tan ts  have a numerical value c lose  t o  uni ty .  

The km5 power law of the spectrum (23)  has  been 
6 measured a t  Harwell i n  t he  frequency range of 5-15 Mc/sec, 

i n  t h e  frequency range of 10-100 kc/sec 7*8 and a t  Princeton 

(see Fig. 1 and 2) .  

D. J, H, Wort and M. A. Heald, P l a s m a  Phys. (J, Nuclear 6 

Energy P t .  C) Le 79-81 (1965). 

F. F. Chen, Phys. Rev. Letters 15, 381 (1965). 7 

N. D'Angelo and L. Enrigues, Phys. Fluids  2e 2290 (1966). 8 
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From the dimensional considerations, YLbeys the 

dimension 

t 
or 

so that the 5th power law follows immediately: 

2 -2 -5 Gcu(at ) k 

If the time scale (20) is chosen, (249 confirms the 

formula f 23 ) .  However, if we had chosen a time scale 
-1 c3 , (24) would become 
C 

7 a formula suggested sometimes for experimental usage . 
Unfortunately the formula (25) does not account for any 

dependence on the strw’gth af turbulence, a condition 

surely unacceptable for strong turbulence. We can resolve 
- analytically the system (19), yielding the same results 

(22) and (23). 

In conclusion, in a coll-isionless plasma, the 

F-spectrum has its nonlinear transfer 9 R drained by a 

conversion into a potential energy, bypassing the molecular 

dissipation. The potential perpetuates its own transfer 

AkJo 
inertial law F &kw3 and the dissipative law G-k . 

k o  

in the G-spectrum. The spectra obtained follow the 
-5 
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6. SPECTRAL FUNCTIONS IN A .COLLISIONAL PLASMA 

I n  a c o l l i s i o n a l  p l a m a ,  the evolution of t h e  i n e r t i a l  

Spectrum of ve loc i ty  is  governed by (2 ) ,  reduced t o  

- .  = f  'k Ro 

It is noted t h a t  the  coupling i s  neg l ig ib l e  a s  compared t o  

the dra in  by c o l l i s i o n  

balance (18) and. (26) are then decoupled and m a y  be solved 

separately.  O n  account of (l6), equation (26) can be 

rewr i t ten  as 

. The two equations of energy 

.. .. 

.I 

i n d i t a t i n g  t h a t  O( is the s o l e  parameter charac te r iz ing  the  

i ne r t i a l  subrange. 

As t he  spectrum has the dimension 

F = U' 2R . (283 

involving two s c a l e s  u '  and , we need another parameter, 

e.9. 

spectrum. We assume t h a t  the ve loc i ty  and the diameter of t he  

smallest eddy can be character ized by the  r a t e  of c o l l i s i o n a l  

for tbe dimensional dekeminat ion of the 
OC ' . .' 

d i s s i p a t i o n  E and the l i f e  time 

w, We write ut and [in terms of and 

c]I -I. For t h i s  purpose 
C 

as follows.: 

and thus reduce (28)  t o  

The condition (27) requi res  t h a t  F depends only on 6 and 
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no t  on LJC , yie ld ing  m = 2 and consequently 

F = d CX k.-& 
T h i s  procedure i s  s i m i l a r  t o  t h a t  of.Kolomogoroff wbo u s e s  & 

and 9 ‘as parameters. The reason t o  choose the parametersE 

andOJc ins tead  is t o  relate fotmula (29)  t o  a d i f fus ion  
-2, 

Lilt  - f WG as  or ig ina ted  from the smal les t  eddies,  

ins tead  of the  mo1ecula.r v i scos i ty  

The G-spectrum follows 

9 . 

J , -  -7 
A + & 

on account of ( 5 ) ,  y ie ld ing ,  upon s u b s t i t u t i n g  F from (30):  
i 

(i) f o r  the  i n e r t i a l  subrange (k(kB) i 

(ii) f o r  the  d i s s ipa t ion  subrange (k>kB) 

with the  c r i t i c a l  wave number. k s s  .a c r i t e r i o n  of the  s p e c t r a l  

drop 

_ .  . 

The numerical constants  i n  (30) and (31) a r e  of the  order  of 

’ unity.  

The power l a w s  i v 5 a n d  of the  d i s s i p a t i v e  sub- 

ranges (25) and (31b) for the  c o l l i s i o n l e s s  and c o l l i s i o n a l  

plasmas respec t ive ly  are very close,  and a r e  d i f f i c u l t  t o  be 

dis t inguished experimentally.  However, i n  a plasma w i t h  a 

skyong c o l l i s i o n a l  d i s s ipa t ion  and a ‘s t rong magnetic f i e l d ,  

the wave number of the  s p e c t r a l  drop i s  pushed t o  a very 

high value,  then the  i n e r t i a l  subrange is unequivocally de- 

veloped, and the  

Some measurements a t  Saclay s e e m  t o  ind ica t e  such a subrange. 

4- 3/= l a w  of G-spectrum can be ascer ta ined.  
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7.  DILUTE SUSPENSION O F  CHARGED PARTICLES I N  A ME 

The s p e c t r a l  s tudy made i n  Sect ions 5 and 6 refers t o  

the d i f fus ion  of p a r t i c l e s  as a Bohm d i f fus ion , .  t o  the exclu- 

s ion  of  molecular d i f fus ion .  This i s  t r u e  w i t h  a f u l l y  ionized 

gas. However, i n  many appl ica t ions  i n  ionosphere the charged 

p a r t i c l e s  may be a d i luke  suspension and d i f f u s e  by molecular 

motions i n  an ambient n e u t r a l  atmosphere. Since the production 

function is so we,ak a s  no t  t o  inf luence the motion of the a t -  

mosphere, the i n e r t i a l  subrange of the F-spectra is determined 

by the equation 

and the  G spectrum 

b+ A/& 

= €  
/ 

is dfetermined by 

wi th  f =  1/k 

w i t h  7 - B J  
where D is the molecular d i f fus ion .  The system can be in tegra ted ,  

g iv ing  the so lu t ions  
z h  -SA F = & L  $6. 

i n  the i n e r t i a l  subrange, i n  agreement w i t h  the Kolmogoroff 

law (4),  and 

w i t h  

. .  
cha rac t e r i z ing  the drop of G-spectral due a d i s s i p a t i o n  by 

molecular d i f fus ion .  

When v/D<< 1 ,  %becomes a s m a l l  quant i ty ,  reducing 

(32)  t o  

i n  the  d i s s i p a t i v e  range (k ( ' (b ) .  
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When '$$>/ , o r  k/k (( 1 the  charged p a r t i c l e s  .become 

frozen t o  the  f l u i d  and the  G-spectrum follows the i n e r t i a l  sub- 

range of t he  F-spectrum t o  assume the  formula 

J 

The power l a w  agrees with the'Kolmogoroff Law of turbulence.  

The discrepancy between the  two spec f ra l  l a w s  (33a) and 

(33b). i s  i n t e r e s t i n g ,  as it poin ts  t o  a paradax i n  the  theory 

of radar  s c a t t e r i n g  f r o m  ionosphere. According t o  that  theory,  

the  spectrum of  the  s c a t t e r e d  power is  proport ional  t o  the densi- 

t y  spectrum of t h e  e l ec t rons  suspended i n  the  ionosphere, invok- 

ing  t a c i t l y  the  Kolmogoroff l a w  f o r  the  l a t t e r  spectrum. I t ' i s  

known t h a t  t he  theory of  s c a t t e r i n g  considers  a randomly strati-  

f i e d  m e d i u m  without motions, and the  Kolmogoroff theory excludes 

a randam densi ty .  Hence it i s  paradoxal t o  invoke a dens i ty  

spectrum following the Kolrnogoroff law. . The'present  considera- 

t i o n  shows . that  t h e  paradox can be l i f t e d  under the circumstance 

, and t h a t  t he  theory f a i l s  i n  the  case %e/ When 3/sv J 
we dea l  with a d i l u t e  suspension of e lec t rons  w i t h  their  m a s s  

much s m a l l e r  than the m a s s  of the  n e u t r a l  atoms, a s  i n  the 

actu'al ionosphere the l a t t e r  case p reva i l s  and the  dens i ty  

.- spectrum should not  follow the  Kolmogoroff law (33b). 
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8. D I F F U S I O N  I N  A TURBULENT PLASMA 

W e  begin w i t h  a weakly turbulen t  plasma, w h e r e  the m d e  

coupling is  weak, so that the durat ion of  co r re l a t ion  can be 

taken a s  the l i f e  t i m e  of the smal les t  eddies  

introduced i n  the spectral sca l e s  (21)  and (29 ) .  Under such 
tc( Uc, uo) 

a circumstance we can w r i t e  the d i f fus ion  (14a) i n  the  form 

I f  we u s e  such s c a l e s  (21)  and (29), we obta in  e a s i l y  

-2  =t "k'weak C 

and 

for a c o l l i s i o n a l  and c o l l i s i o n l e s s  plasma respec t ive ly .  

W e  remark that  the d i s s ipa t ion  E is  def ined as  

-1 where cc 
k i n e t i c  energy of the smal les t  eddy. I f  we rep lace  the  turbulen t  

ene rg$he  thermal energy i n  the d i s s ipa t ion  

is  the c o l l i s i o n  frequency, and 3;. (un24 is  the  

transforming (34a) t o  

we  degenerate t o  a w e l l  known formula of classical d i f fus ion .  
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The diffusion by strong turbulence can be calculated4 f r o m  

the spectra (22) and (30), using (14a) rewritten in the f o r m  

It turns out that the resulqtof the calculations are simply 

(/I 3 . k weak 

If we take (l4b) for tc(k,F) for a strong turbulence, and 

-1 
tc(DJc) = oc , t (fa ) =  G) c o  0 

for a weak turbulence in a collisional and collisionless 

plasma respectively, we find correspondingly 

These ratios are larger than unity and weakens the dependence 

of the diffusion with More explicitly we have 

5. 
(35d - - - 1 1, collisional plasma ’ 

(’k) strong R” % 
a G o  - 

, collisionless plasma - 2 
(Ak) strong- QC 

Thus the diffusion by strong turbulence varies proportionately 

and G) respectively, as compared to the -1 . -2/3 
C 

to cJc 
.- 2 -1 

Unlike the Bohm diffusion (17) and (34b), the turbulent 
diffusion by weak turbulence proportional to a and . 

C C 



- 24 - 

diffusions (35) depend on the  amplitude of turbulence.  Un- 

for tuna te ly  very few experiments coordinate  the  anomolous 

d i f fus ion  t o  tho s ta te  of turbulence,  e.9. spectrum, s o  that 

it is d i f f i c u l t  t o  f ind  experimental v e r i f i c a t i o n  of  the 

thedretical r e s u l t s .  However, t he re  are ind ica t ions  t h a t  the 

d i f fus ion  sh5uld jdepend on the s t rength  of  turbulence,  point-  

inq to  the inadequacy of  the  Bohm formula. In  the  p a s t  years  

it has always been recognized t h a t  wherever turbulence i s  

found, the Bahm formula of d i f fus ion  should be applied.  The 

ca l cu la t ions  indicate t h a t  the Bohm formula (3433) is 

not v a l i d  for a strong turbulence.  It is  v a l i d  f o r  a weak 

tur%ulence i n  a c o l l i s i o n l e s s  plasma, bu t  not: i n  a co l l i s ion -  

a l  plasma, Eor which the  €ormula f34a) should apply, In 
th i s  connection we may note  t h a t  i t  is  not  su rp r i s ing  t h a t  

severa l  experiments i n  weakly turbulent  plasmas (e.g. by 

Buchelnikova e t  a1.l') found a d i f fus ion  varying with ac -z 
and depending on the turbulen t  energy, i n  cont rad ic t ion  t o  

the  Bohm formula. For a s t rong turbulence i n  c o l l i s i o n a l  

and c o l r i s i o n l e s s  plasmas, the  formulas (35a) and (3Sb) . 

should apply, they again d i f f e r  s i g n i f i c a n t l y  from the 

Bohm formula. 

''24.S. Buchel'nikova, R.A.  Salirndv and Yu. 1. Eidel'man, 

Soviet  Phys, JETP 25, 548-556 (1967). 
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