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SUMMARY 

The r e s u l t s  of an inves t iga t ion  t o  compare gus t  response 
acce le ra t ion  t r a n s f e r  funct ions computed by ana lys i s  t o  those 
measured during a B-58 f l i g h t  t es t  program are presented, The 
manner i n  which the  B-58 da t a  were measured a.nd reduced t o  power 
spectral  dens i ty  and t ransfer  func t ion  form i s  described. The 
degree of c o r r e l a t i o n  between computed and measured B-58 n a t u r a l  
frequencies and mode shapes i s  shown. Accelerat ion t r a n s f e r  
funct ions computed f o r  f l i g h t  condi t ions which matched t h e  f l i g h t  
condi t ions t h a t  e x i s t e d  during s e l e c t e d  f l i g h t  tes t  gus t  runs 
a r e  compared wi th  t h e  measured t r a n s f e r  functions.  The resul ts  
of analyses which were repeated f o r  small va r i a t ions  i n  parameters 
employed i n  the  c a l c u l a t i o n  of the  t r a n s f e r  funct ions are pre -  
sented t o  show t h e i r  separa te  e f f e c t s .  The e f f e c t s  of two- 
dimensional turbulence and spectral  averaging are presented. 
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INTRODUCTION 

The ana lys i s  of the  response of an a i r c r a f t  t o  f l i g h t  
through random turbulence can be divided i n t o  t h r e e  pa r t s .  
The f i r s t  p a r t  cons i s t s  of def ining atmospheric turbulence 
proper t ies  such as gust  ve loc i ty  power s p e c t r a l  densi ty  
(PSD) and the  p robab i l i t y  of encountering turbulence of any 
spec i f ied  in t ens i ty .  

The second p a r t  of t he  ana lys i s  cons i s t s  of determining 
the  a i rp l ane ' s  response c h a r a c t e r i s t i c s .  When the  a i rp lane  ' 

is  t r e a t e d  a s  a l i n e a r  system, i t s  response c h a r a c t e r i s t i c s  
are usua l ly  defined as the  s inusoida l  response of the  a i r -  
plane t o  f l i g h t  through a continuous s inusoida l  gust  ve loc i ty  
p r o f i l e  f ixed  i n  space, with a one-foot-per-second maximum 
amplitude. The response c h a r a c t e r i s t i c s  are a funct ion of the  
gust  ve loc i ty  wave length o r  frequency of exc i t a t ion  produced 
by penetrat ing t h e  wave p r o f i l e  a t  a constant  speed. This  
funct ion is  r e fe r r ed  t o  as the  gust  response t r a n s f e r  function. 

The t h i r d  p a r t  of the  ana lys i s  cons i s t s  of combining the  
gus t  ve loc i ty  PSD data and the  a i rp l anes  gust  response t rans-  
f e r  funct ion t o  determine the  PSD of the  response of the  a i r -  
c r a f t  t o  atmospheric turbulence.  The q u a n t i t i e s  A (rms response 
p e r  u n i t  r m s  gust  ve loc i ty )  and No ( c h a r a c t e r i s t i c  frequency) 
are computed from the  response PSD. Included i n  the  t h i r d  
p a r t  of the  ana lys i s  i s  the  i n t e r p r e t a t i o n  of the  and No data  
t o  determine f a t igue  l i f e ,  s t renght  requirements, and r i d e  q u a l i t y  
of t he  a i r c r a f t .  

The inves t iga t ion  reported here in  w a s  aimed a t  t he  second 
p a r t  of t he  ana lys i s ,  namely, the  ca l cu la t ion  of t he  t r a n s f e r  
funct ions.  The purpose of t h i s  i nves t iga t ion  w a s  t o  compute 
€3-58 gust  response t r a n s f e r  funct ions f o r  f l i g h t  condi t ions 
which match the  f l i g h t  condi t ions when gust  response t r a n s f e r  
funct ions w e r e  measured on the  B-58. In  addi t ion,  the  r e l a t i v e  
importance of parameters and assumptions which a f f e c t  the  com- 
puted t r a n s f e r  funct ions w e r e  evaluated. 
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The scope of the investigation was limited to the response 
of the aircraft to the vertical gust velocity component. 
gust response transfer functions for accelerations along the 
fuselage centerline were considered with particular emphasis on 
the pilot station, center-of-gravity, and an aft fuselage station. 
Hence, this investigation will be of most value in evaluating 
means of computing transfer functions for ride quality assess- 
ment. 

Only 

Transfer functions from three separate flight test gust 
response runs were selected for comparison purposes. 
plane configuration and flight condition during each flight 
test gust response run were matched as closely as possible. 
airplane dry weight distribution and fuel distribution were 
matched for computing the normal modes of vibration employed in 
the analysis. 
location of the accelerometers used to measure transfer functions. 
The Mach number, true airspeed, air density, c.g. location, and 
stability augmentation system gains used in the analysis matched 
the average conditions which existed during each gust run. For 
one of the flight conditions small variations were made to the 
matching parameters. Transfer functions were computed for var- 
iations in fuselage station, Mach number (and corresponding true 
airspeed), air density, c.g. location, and stability augmenta- 
tion gains. The number of degrees of freedom employed in the 
analysis were varied. The effect of employing an aeroelastic 
mode as a degree of freedom was evaluated. The effect of re- 
placing the unsteady aerodynamic forces in the equations of 
motion by quasi-steady aerodynamic terms was evaluated, The 
sensitivity of the transfer functions to two-dimensional tur- 
bulence effect was investigated. The effect of spectral 
averaging which is required in obtaining measured transfer 
functions from flight test data was evaluated by applying the 
equivalent averaging process in the calculation of the com- 
puted transfer functions. Finally, the effect of variations 
in structural damping and natural frequency were investigated. 
In addition to comparing measured and computed transfer functions 
directly, comparisons were made between the A and No data from 
computed and measured transfer functions. 

The air- 

The 

Transfer functions were computed for the exact 
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B-58 GUST RESPONSE FLIGHT TEST PROGRAM 

The purpose of the  B-58 gus t  response f l i g h t - t e s t  program 
w a s  t o  measure da ta  f o r  evaluat ing t h e  f a t i g u e  l i f e  of t h e  B-58 
s t r u c t u r e o  A t h ree  view drawing of t he  B-58 is  shown i n  f i g u r e  
1. The tests w e r e  conducted during t h e  time period from 
October 1961 through August 1962. The data  which w e r e  selected 
f o r  comparison w e r e  measured during August 1962. 
placed on measuring t r a n s f e r  funct ions r a t h e r  than l i m i t i n g  
a t t e n t i o n  t o  the  gust  response PSD, 
ve loc i ty  during a s i n g l e  gust  run i s  not  necessar i ly  represent-  
a t i v e  of t h e  gust  ve loc i ty  PSD obtained over a very long t i m e  
per iod,  the  response PSD f o r  a s i n g l e  run would not  necessar i ly  
be representa t ive ,  However, t h e  t r a n s f e r  funct ions should be 
independent of  t h e  gust  ve loc i ty  PSD, Furthermore, t he  pro- 
b a b i l i t y  da ta  needed t o  p red ic t  t h e  p robab i l i t y  of encountering 
turbulence of any spec i f i ed  l e v e l  i s  d i r e c t l y  r e l a t e d  t o  a 
spec i f i ed  gust  ve loc i ty  PSD, These da ta  w e r e  ava i l ab le  f o r  
t he  Dryden gust  ve loc i ty  PSD, Therefore, each measured t rans-  
f e r  funct ion w a s  combined with the  Dryden gus t  ve loc i ty  PSD 
(normalized t o  a one foot  p e r  second r m s  gust  ve loc i ty)  t o  
obta in  the  response PSD f o r  a s tandard gust  PSD, This response 
PSD w a s  then used t o  compute the  A and No data .  These da ta  
together  with the  gust  ve loc i ty  p robab i l i t y  data ,  w e r e  then 
used t o  p red ic t  t he  expected number of response peaks exceeding 
any spec i f i ed  l e v e l  f o r  any spec i f i ed  number of f l i g h t  hours. 
F ina l ly ,  t he  expected number and magnitude of t he  stress peaks 
w e r e  used t o  p r e d i c t  t he  f a t i g u e  l i f e  of t he  s t ruc tu re .  

Emphasis w a s  

Since t h e  PSD of t h e  gust  

Gust Probe 

To measure the  gust  ve loc i ty  a Douglas A i r c r a f t  5-Probe 
D i f f e r e n t i a l  Pressure Head w a s  a t tached t o  a boom mounted on 
t h e  nose of t he  B-58. 
shown i n  f igu re  2. The bas ic  head cons i s t s  of two angle  of 
a t t a c k  probes, two angle  of s i d e s l i p  probes, and a t o t a l  pressure 
probe mounted on a semi-spherical  head. 
probes are mounted i n  t h e  v e r t i c a l  plane a t  an angle  of 45O 
with the  hor izonta l  plane.  
pressure.  

A sketch of t h e  gust  boom and probe i s  

The angle  of a t t a c k  

These probes measure d i f f e r e n t i a l  
Two similar angle  of s i d e s l i p  probes are located i n  
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t h e  ho r i zon ta l  plane and a l s o  measure d i f f e r e n t i a l  pressure.  
To ta l  p ressure  i s  measured a t  t h e  cen te r  of  t h e  head. 
pressure sensing s y s t e m  i s  incorporated i n t o  t h e  rear po r t ion  
of t he  probe. Two sepa ra t e  s t a t i c  pressure  systems are provided. 
Two v e r t i c a l l y  opposed p a i r s  of o r i f i c e s  are used f o r  computa- 
t i o n  of a i r speed  and a l t i t u d e  and f o r  determination of v e r t i c a l  
gust  ve loc i ty .  Two hor i zon ta l ly  opposed p a i r s  of o r i f i c e s  are 
used f o r  t h e  c a l c u l a t i o n  of lateral  gust  ve loc i ty .  

A s ta t ic  

The v e r t i c a l  gus t  ve loc i ty  i s  obtained from equation (I) 
which i s  a l s o  shown i n  f i g u r e  2. The f i r s t  t e r m  on t h e  r i g h t  
s i d e  of equat ion (1) i s  the  t o t a l  v e r t i c a l  v e l o c i t y  sensed a t  
t he  pressure  head. 

t 
w = vAa - vAa’ - v A d d t  4- t A a z d t  g 

The angle of a t t a c k  a t  t h e  pressure  head i s  determined from t h e  
d i f f e r e n t i a l  p ressure  measured by the  angle  of a t t a c k  probes and 
the  dynamic pressure i s  obtained from the  t o t a l  p ressure  and . 
s t a t i c  pressure.  
gives  the  t o t a l  v e r t i c a l  v e l o c i t y  a t  t h e  head. The second t e r m  
on t h e  r i g h t  c o r r e c t s  f o r  changes i n  angle  of a t t a c k  sensed a t  
t he  head due t o  boom bending. This  co r rec t ion  i s  obtained from 
s t r a i n  gauges a t  t h e  base of t h e  boom. 
t h e  a i r p l a n e  p i t c h  angle. 
ing t h e  p i t c h  ra te  measured by a p i t c h  rate gyro loca ted  i n  t h e  
nose of t h e  a i rp l ane .  The l a s t  t e r m  c o r r e c t s  f o r  t h e  angle of 
a t t a c k  sensed a t  t h e  head due t o  t o t a l  a i r p l a n e  v e r t i c a l  motion. 
This t e r m  i s  obtained by i n t e g r a t i n g  an accelerometer loca ted  
very near  t h e  pressure  head, 

The product of t r u e  a i r speed  and angle  of a t t a c k  

The next t e r m  c o r r e c t s  f o r  
The p i t c h  angle i s  obtained by in t eg ra t -  

The lateral  gust  v e l o c i t y  i s  obtained i n  a completely 
analogous manner using t h e  s i d e  s l i p  d i f f e r e n t i a l  pressure 
probes, s t r a i n  gauges measuring boom s i d e  bending, a yaw rate 
gyro and a la te ra l  accelerometer. 

The gus t  probe i s  described i n  d e t a i l  i n  re ference  1 and 2. 

Accelerat ion Instrumentation 

The B-58 w a s  instrumented wi th  a l a r g e  number of s t ra in  
gauges f o r  measuring stress response, More emphasis w a s  placed 
on measuring stress response t r a n s f e r  funct ions than accelera- 
t i o n  t r a n s f e r  funct ions because t h e  u l t i m a t e  goal w a s  t o  
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determine f a t i g u e  l i f e .  However, accelerometers w e r e  loca ted  
a t  each of t h e  po in t s  ind ica ted  i n  f i g u r e  3. 
a t i o n  da ta  w e r e  considered t o  have lower p r i o r i t y  than the  stress 
da ta ,  the  acce le ra t ion  da ta  w e r e  not  reduced t o  t r a n s f e r  funct ion 
form f o r  a l l  accelerometers f o r  each gus t  run. However, t he  
da ta  measured by t h e  v e r t i c a l  accelerometers a t  t h e  p i l o t  sta- 
t i o n ,  A428, a t  t h e  nominal center-of-gravity,  A l ,  and a t  t h e  t a i l  
cone, A l l ,  w e r e  reduced t o  t r a n s f e r  func t ion  form f o r  a l a r g e  
number of gus t  runs. These gust  runs are l i s t e d  i n  Table 1, 
Since t r a n s f e r  funct ions obtained from measurements by these  
t h r e e  accelerometers are of most i n t e r e s t ,  from the  r i d e  q u a l i t y  
poin t  of view, they w e r e  chosen f o r  comparison with computed 
t r a n s f e r  funct ions . 

Since t h e  acceler- 

Airborne Recording Sys tern 

A block diagram of t h e  airborne recording system is  shown 
i n  f igu re  4. The frequency range of i n t e r e s t  f o r  measuring data  
w a s  between 0 and 10 cps,  Bridge type instrumentation, such as, 
s t r a i n  gauges, accelerometers, and pressure transducers w e r e  ex- 
c i t e d  with a 100 cps vol tage,  Potentiometer type instrumentation 
such as rate gyros and pos i t i on  ind ica to r s  were exc i ted  with a 
D. C. voltage. The appl ied  in t e l l i gence ,  such as, s t r a i n  o r  
acce lera t ion ,  amplitude modulated the  e x c i t a t i o n  o r  c a r r i e r  
frequency , 

The c a l i b r a t i o n  rack contained a c a l i b r a t i o n  un i t .  C a l i -  
During b ra t ion  runs were made before  and af ter  each data run. 

a da ta  run t h e  AM s igna l  en ter ing  the  c a l i b r a t i o n  rack bypassed 
the  c a l i b r a t i o n  u n i t  and w a s  fed  i n t o  an a m p l i f i e r ,  

The output of t h e  c a l i b r a t i o n  rack  w a s  fed i n t o  a vol tage 
cont ro l led  o s c i l l a t o r .  The AM s igna l  frequency modulated a 
standard RDB c a r r i e r  frequency. Only RDB bands 11, 12 and 1 3  
with c a r r i e r  frequencies of 7,35 KC, 10.5 KC and 14,5 KC w e r e  
used f o r  t he  br idge type instrumentation. The frequency mod- 
u l a t ed  output w a s  then multiplexed with as many as seven o ther  
channels of i n t e l l i g e n c e  which were t r e a t e d  i n  e s s e n t i a l l y  t h e  
same manner. The multiplexed output s i g n a l  w a s  then amplified 
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and recorded on t h e  t r a c k  of a magnetic tape.  
t r acks  of i n t e l l i g e n c e  could be recorded simultaneously. 
t r a c k  could conta in  a s  many as 8 multiplexed channels. 

A s  many as 24 
Each 

I n  add i t ion  t o  t h e  24 t r a c k s  of i n t e l l i g e n c e ,  two t r a c k s  
w e r e  used t o  record a 16  KC s i g n a l  f o r  WOW and f l u t t e r  COK- 
r e c t i o n s  i n  the  playback system and t o  make skewed t ape  cor- 
r ec t ions .  Two t r acks  w e r e  used t o  record t i m e  re fe rence  s i g n a l s  
(000 t o  999 seconds), One t r a c k  w a s  used t o  record an audio 
s i g n a l  containing p i l o t  and engineer comments. 

The a i rborne  recording system w a s  manufactured by Victor.  
The magnetic tape  speed during t h e  gus t  runs w a s  15 inches pe r  
second. The a i rborne  recording system i s  described i n  more 
d e t a i l  i n  re ference  1. 

Recording Playback System 

A diagram of t h e  Recording Playback System is shown i n  
f i g u r e  5. The magnetic tape  recorded i n  f l i g h t  was  fed  i n t o  
a tape  playback u n i t .  The 1 6  KC re ference  s i g n a l s  w e r e  fed  
i n t o  16  KC discr iminators .  
a t o r s  w e r e  used t o  con t ro l  t he  t a p e  playback speed i n  order  t h a t  
any low frequency v a r i a t i o n s  i n  t h e  recording speed would be 
dupl icated by t h e  playback speed. High frequency tape  speed 
v a r i a t i o n s  w e r e  made by a e l e c t r o n i c  amplitude and phase 
adjustment on each RDB frequency discr iminator  from the  output 
of t he  16  KC discr iminators .  
two 1 6  KC discr imina tors  w e r e  used t o  make skewed t a p e  cor rec t ions .  

The output  of t h e  16 KC discrimin- 

Differences between output of t h e  

The playback u n i t  s e l e c t e d  and read each t r a c k  of t he  
magnetic tape.  The s i g n a l  w a s  fed  i n t o  a preamplif ier .  The 
output of t h e  preampl i f ie r  which w a s  a s i g n a l  containing t h e  8 
multiplexed FM channels was  fed  i n t o  e igh t  s epa ra t e  f i l t e r s  
and discr iminators .  
bands and f ed  t h e  output  i n t o  a discr iminator .  
t h e  8 d iscr imina tors  w e r e  8 sepa ra t e  AM channels. Each AM 
channel was  f ed  i n t o  a demodulator, The ou tpu t  w a s  t he  o r i -  
g i n a l  appl ied  in t e l l i gence .  

Each f i l t e r  passed one of t h e  RDB frequency 
The outputs  of 
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The output  of t h e  demodulator w a s  fed i n t o  a low pass  f i l -  
ter which i s  down 3 Db a t  8 cps. This  operat ion w a s  performed 
t o  minimize the  e f f e c t  of fold-back i n  subsequenct PSD com- 
puta t ions ,  
t o  d i g i t a l  converter  which read the  da ta  a t  equal t i m e  i n t e r v a l s  
and recorded it on magnetic tape .  
t he  response data  w a s  sampled a t  1/20th of a second i n t e r v a l s  
and the  da ta  used t o  compute the  gust  ve loc i ty  was sampled a t  
1/40th of a second i n t e r v a l s ,  The reason f o r  the  d i f fe rence  i n  
sampling rates i s  explained i n  the  subsequent discussion of the  
reduct ion of t he  da t a  t o  t r a n s f e r  funct ion form. The Analog t o  
D i g i t a l  converter  w a s  a Model 210, High-speed D i g i t a l  Data Re- 
cording System, b u i l t  by Beckman System Divis ions,  The output 
of t he  analog t o  d i g i t a l  converter  w a s  a d i g i t i z e d  t a p e  of the  
da ta  runs and c a l i b r a t i o n  runs.  

The output of t h e  f i l t e r  w a s  fed i n t o  a analog 

For power s p e c t r a l  analyses  

This  tape was  fed i n t o  a IBM program which used the  c a l i -  
b ra t ion  da ta  t o  c a l i b r a t e  and s c a l e  the  measured da ta  t o  
engineering u n i t s  of stress, acce lera t ion ,  rate, e t c .  The 
output w a s  d i g i t a l  t a p e  of ca l ib ra t ed  corrected data .  

The tape playback u n i t  w a s  manufactured by Victor .  The 

The recording playback 
discr iminators  and demodulators, e t c ,  were manufactured by 
Electro Mechanical Research Company. 
system i s  described i n  more d e t a i l  i n  reference 1. 

Reduction of Data t o  Transfer  Function Form 

A l l  measured data used t o  compute the  gust  ve loc i ty ,  as 
expressed by equation (l), w e r e  sampled a t  the  rate of 40 
samples  p e r  second by t h e  analog t o  d i g i t a l  converter .  The 
p i t c h  rate and the  v e r t i c a l  acce le ra t ion  a t  the  gust  probe w e r e  
in tegra ted  numerically. However, before  in t eg ra t ing  a mean value 
and a l i n e a r  ramp w e r e  subtracted from the  d i g i t i z e d  p i t c h  rate 
and acce lera t ion  data .  This  w a s  accomplished by f i t t i n g  the  
da ta  with a least  squares f i r s t  order  polynomial and then sub- 
t r a c t i n g  t h e  polynomial from the  data ,  

Since the  in tegra ted  and non-integrated da ta  of equation (1) 
are combined t o  obta in  the  gust  ve loc i ty  it i s  important t h a t  
t h e  numerical i n t eg ra t ion  technique produce exac t ly  a 900 phase 
s h i f t ,  i n  order  t h a t  t he  combined da ta  i s  not  d i s t o r t e d  by the  
numerical i n t eg ra t ion ,  The in t eg ra t ion  of the  p i t c h  rate and 
acce lera t ion  i n  equation (1) w e r e  performed by Tick's 
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i n t eg ra t ion  method, 

where y is  the  i n t e g r a l  of X. The t r a n s f e r  funct ion f o r  the  
in t eg ra t ion  method has a 90° phase s h i f t :  

0.636 A t  s i n  ( @?/?I - .182 A t  s i n  ( 
1 - COS ( a h t )  

H ( w )  = -j 

Tick 's  method r equ i r e s  40 samples p e r  second data  i n  order  t o  
y i e ld  20 samples  p e r  second da ta  a f t e r  i n t eg ra t ion ,  This is 
the  reason t h a t  t he  gust  da ta  w e r e  sampled 40 t i m e s  per  second 
where as the  response da ta  w e r e  sampled only 20 t i m e s  p e r  second, 

After  a l l  terms i n  equat ion (1) were combined the  r e s u l t -  
ing gust  ve loc i ty  data  w e r e  f i t t e d  with a least squares t h i r d  
order  polynomial and the  polynomial w a s  subtracted from the  
data .  This operat ion w a s  performed i n  an attempt t o  remove 
very low frequency spurious s igna l s  from the  data .  An i l l u s t r a -  
t i o n  of gust  ve loc i ty  data before  and after t h i s  operat ion i s  
shown i n  reference 3. 

From t h i s  po in t ,  t h e  gust  da ta  and t h e  response da ta  w e r e  
in tegra ted  by the  same method. Since no subsequent operat ion 
re u i r e d  the  addi t ion  of in tegra ted  and non-integrated data  the 
90 phase s h i f t  requirement f o r  t he  in t eg ra t ion  technique was  
re laxed.  A l l  subsequent numerical i n t eg ra t ions  employed the  
rectangular  i n t eg ra t ion  method, 

8 

which has the  following t r a n s f e r  funct ion 

- cos(*+- 
) 

(5) 
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Transfer  funct ions are obtained from quo t i en t s  i n  which t h e  
numerator and denominator have been obtained through t h e  same 
numerical i n t e g r a t i o n  processes. Hence, t he  e r r o r s  introduced 
by equation (4 )  being less than a p e r f e c t  i n t e g r a t o r  are t h e  
same f o r  both numerator and denominator and cancel  i n  the  
quot ient .  Therefore,  t he  use of equation ( 4 )  should introduce 
no e r r o r s  i n  e i t h e r  t h e  magnitude o r  phase angle  of t he  t r a n s f e r  
functions.  

The mean of both t h e  gus t  v e l o c i t y  and t h e  response da t a  
w a s  computed by the  following r e l a t i o n ,  

where N i s  the  t o t a l  number of da ta  po in t s  f o r  t he  gus t  
v e l o c i t y  o r  each response i t e m .  Since a l l  gus t  runs w e r e  
approximately four minutes the  value of N w a s  approximately 
4800. The mean w a s  then subt rac ted  from the  data. 

The data w a s  then prewhitened by t h e  following operation. 

A -  5 -  xn - Xn-I 

The prewhitening operat ion has the  following t r a n s f e r  funct ion 
magnitude, 

The prewhitening operat ion w a s  appl ied t o  both the  gus t  v e l o c i t y  
da t a  and the  response data .  

The au tocor re l a t ion  func t ion  w a s  computed f o r  the  pre- 
whitened da ta  as follows, 

A A  x x  
A 1 R(m) = - 

N-m n n+m n=l 
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The maximum number of lags, M , was 150. Since the increment 
was 1/20 of a second, the Nyquist frequency was 10 cps. 
choice of 150 lags implies 150 estimates of the power spectrum 
at 1/15 cps frequency intervals. 

The 

The so called "raw" estimates of the PSD were obtained by 
the following relation. 

M 
A T A hm 17 

e R(m) 'Os ( M ) m Lh = 4 A t  L 
m = O  

where em = k m = O , M  

em = 1 O < m < M  

The so called "smoothed" estimates of the PSD were obtained 
by the following relations 

A A $ 0 = %L,+%Ll 

The cross correlation functions were computed for the pre- 
whitened data by the following relations 

N-m 

N-m 

where x and y are used to indicate gust velocity and re- 
sponse data respectively in equations (13) through (22), 

Raw estimates of the cospectrum exy(h) and the quad- 
spectrum + (h) were then obtained by the following relations 

XY 
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M 

Raw estimates of the cross spectrum are then expressed as 

(17) 
A A A 
L x y W  = c x y w  - i qxy(h) 

The raw cross spectrum estimates were then smoothed using the 
relations expressed in equation (12). 

All smoothed spectral and cross spectral estimates were 
then "post darkened" by dividing by the square of the magnitude 
of the prewhitening transfer function. 

$y (h) 4 (h) = 

4 s i n 2  (iM 7rh 1 Y 

The transfer functions were computed by two methods. 
method yields only information on the magnitude of the transfer 
function and was obtained from the ratio of the response PSD to 
the gust PSD as follows. 

One 
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The o ther  
and phase 
the  r a t i o  

method y ie lds  information on both t h e  magnitude 
angle  of t h e  t r a n s f e r  funct ion and i s  obtained from 
of t h e  c ross  spectrum t o  the  gust  PSD. 

o r  t he  magnitude can be expressed as 

and the  phase angle  can be expressed as 

The coherency funct ion w a s  computed from the  t r a n s f e r  
funct ions as obtained by both methods. 

Using the  r e l a t ionsh ips  developed by Goodman (reference 4 ) ,  
confidence bands on the  t r a n s f e r  funct ions w e r e  computed. 

where H and are t h e  upper and lower confidence bands U 
respec t ive ly  and 
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E( Y 2, = 

where c i s  t h e  confidence l i m i t  (c = .90 means 90% confidence 
l i m i t ) .  

The t r a n s f e r  funct ions 
successively with the  Dryden gust  spectrum t o  obtain a response 
spectrum based on a s tandard gust  spectrum. 

Hu, Hc and %, were then combined 

where 

These response spec t ra  w e r e  then in tegra ted  t o  obta in  the  
and No as follows 

M 

M 

(30) 
N 2  - - IT h *  2 1 

A 2  M A t  h=l  
Hence, an and No p a i r  w a s  obtained using the  measured Hc 
t r a n s f e r  funct ion,and the  upper and lower 90% confidence 
l i m i t s  on Hc. 

( M a t )  $ h  - 
0 

Selec t ion  of F l igh t  Conditions 

From t a b l e  1 gust  runs 131-10, 134-7 and 131-3 w e r e  
chosen f o r  comparing measured and computed t r a n s f e r  funct ions,  
These gust  runs w e r e  chosen pr imari ly  because the  p i l o t  s t a t i o n  
acce lera t ion  coherency funct ions f o r  these  th ree  runs w e r e  the  

20 



b e s t  of t h e  da ta  ava i lab le ,  Secondary considerat ions,  such as, 
an objec t ive  t o  compare t r a n s f e r  funct ions a t  two Mach numbers 
and f o r  both a heavy and l i g h t  gross  weight a l s o  l e d  t o  the  
s e l e c t i o n  of  these  th ree  runs. The t r a n s f e r  funct ions Hs and 
Hc together  with t h e  coherency funct ion y 2  f o r  each of  these 
th ree  runs are shown i n  f igu res  6, 7 and 8. 

If  t h e  r e l a t ionsh ip  between the  v e r t i c a l  component of the  
gust  ve loc i ty  measured a t  the  gust  probe ( input)  and the  v e r t i c a l  
acce le ra t ion  measured a t  the  p i l o t  s t a t i o n  (output) i s  l i n e a r  
and i f  no e r r o r s  o r  noise  have been introduced i n t o  t h e  measure- 
ment of t h e  input  and t h e  output then the  coherency funct ion would 
be un i ty ,  Therefore,  t he  proximity of t he  coherency funct ion t o  
the  uni ty  l e v e l  can be used as a means of judging the  q u a l i t y  
of t he  measured t r a n s f e r  funct ion o r  the  degree of confidence i n  
i t s  v a l i d i t y .  Since the  coherency funct ion cannot exceed the  
u n i t  l e v e l ,  low confidence i s  indicated by low values of the  
coherency funct ion.  In  f igu res  6 through 8 it can be seen t h a t  
the  coherency funct ion i s  high i n  the  frequency range where 
the  magnitude of the  t r a n s f e r  funct ion is  high (high s igna l  t o  
noise  r a t i o )  and the  coherency funct ion i s  low where the  t rans-  
fer funct ion magnitude i s  low (low s igna l  t o  noise  r a t i o ) .  
The t r a n s f e r  funct ion obtained from the  c ross  spec t ra ,  
w a s  used r a t h e r  than Hs f o r  comparison with the  computed 
t r a n s f e r  funct ions because Hc i s  not  a f f ec t ed  by some e r r o r  
sources t h a t  do a f f e c t  Hs, reference 5 .  

Hc, 

The & and No data  obtained by combining the  t r a n s f e r  
funct ions with the  Dryden gus t  spectrum with 
a 500 feet  s c a l e  of turbulence are l i s t e d  i n  t a b l e  2, The da ta  
a r e  l i s t e d  f o r  t he  p i l o t  s t a t i o n  accelerometer A428, nominal 
center-of-gravi ty  accelerometer A l ,  and the  t a i l  cone accelero- 
meter A l l .  

HU, Hc and HL 
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METHOD OF ANALYSIS 

The response of t h e  a i r c r a f t  w a s  computed by solving 
sets of simultaneous equations obtained by applying Lagrange's 
equations of motion. 

where L = T-U 
T = k i n e t i c  energy 
U = p o t e n t i a l  energy 

r=l, ... N 

Qr = general ized force  on t h e  r t h  - generalized 
coordinate  

qr = r t h  - general ized coordinate  
The d e f l e c t i o n  a t  any poin t  on the  a i rcraf t  i s  assumed t o  be 
equal t o  a summation of t h e  de f l ec t ions  a t  t h e  poin t  due t o  each 
of t h e  general ized coordinates.  For example, t he  v e r t i c a l  d i s -  
placement a t  a poin t  would be expressed as 

h(X,Y,ZSt) - - $ hr(x,y,z)  q r ( t )  (32) 
r=l 

where x,y,z = Car tes ian  coordinate sys t em a t tached  t o  the  a i r -  

h(x,y,z , t )  = t o t a l  v e r t i c a l  de f l ec t ion  a t  poin t  (x,y,z) a t  

hr (x ,y ,z )  = v e r t i c a l  de f l ec t ion  a t  po in t  (x,y,z) due t o  

craf t  

t i m e  t 

u n i t  de f l ec t ion  of t h e  r t h  - general ized COOP 
d ina t e  

When n a t u r a l  modes of v i b r a t i o n  of t h e  s t r u c t u r e  are used as 
generalized. coordinates ,  t h e  equat ions reduce t o  t h e  following 

general ized mass t e r m  
general ized damping t e r m  
n a t u r a l  frequency of the  r t h  - mode 
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The general ized fo rce  includes t h e  general ized aerodynamic force 
produced by t h e  gus t  and t h e  general ized aerodynamic force pro- 
duced by the airplane response. For s inuso ida l  motion, equation 
(33) reduces t o  t h e  following expression, i n  matr ix  form, after 
dividing each equat ion by - o 2. 

- 

A21 . . . 
- 

A12 

A22 

AN2 . 0 . 

-I 

A I N  

*2N 

. . 
’ ( 3 4 )  

where [ 1 i s  a square matrix 

[ }  i s  a column matr ix  

A r s  = %s + Q r s / U  f o r  r # s 
2 

Qrg/w 
w = e x c i t i n g  frequency (gust v e l o c i t y  frequency) 

$3, = s t r u c t u r a l  damping c o e f f i c i e n t  f o r  t h e  r t h  - mode. 

The complex magnitude of t h e  general ized coordinates  are r e l a t e d  
t o  the  general ized coordinates by the  equation: 

The n a t u r a l  f requencies  and mode shapes are bas i c  input  
data  i n  t h e  equations of motion. 

Generalized Aerodynamic Terms 

The general ized aerodynamic terms on t h e  l e f t  s i d e  of 
equation ( 3 4 )  are of t h e  form 
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where Aps is the pressure between the upper and lower surface 
of the aircraft due to the sth generalized coordinate 
oscillating with unit amplitae and the integration is 
over the lifting surface planform. 

The generalized aerodynamic terms on the right side of equation 
( 3 4 )  are of the form 

Qrg = J, hr Apg dS 
where ~p is the pressure difference between the upper and lower 

sur fi ace of the vehicle due to the downwash produced by a unit 
sinusoidal gust wave traveling across the aircraft in the 
negative flight direction. 

The oscillatory pressure distribution over the wing was 
obtained by the kernel function method which can be expressed 
as follows, reference 6 .  

where e , q  is a coordinate system identical to the x,y coordinate 
system that is employed in order to relate the pressure at 
points ( e ,  q ) due to the downwash at point (x,y) . 
K = kernel function 

k = reduced frequency 

M = Mach number 

w(x,y) = downwash at point x,y. 

A solution to equation ( 3 7 )  was obtained by expressing the 
unknown pressure as 

where Ap (x,y) is a known predetermined pressure distribution, 
and 
Equation ( 3 8 )  was substituted into equation ( 3 7 )  and the integra- 
tion performed by the numerical method shown in reference 7 to ob- 
tain one equation relating downwash at one point to the coefficients. 
The operation was repeated for p different downwash locations-to 
obtain a set of p equations with p unknowns. 

I-G 
is an unknown coefficient. aP 
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- iw3 - (39) 

Solving for a - coefficients by equation (39) and substituting 
into equation (38)  the pressure distribution is obtained. When 
computing Qrs terms the downwash at a point is expressed by 

W 
S 

VCY 
S 

+ i o h  
S 

where hs and a s  are the deflection and streamwise slope at 
a point on the surface due to unit deflection of the sth gen- 
eralized coordinates. When computing pressure due to t h e  gust 
velocity, for the Qrg terms, h and CY are expressed as follows: 

and 

1 
a = v c o s  (kx) 
g b 

The origin of the x axis was located at the gust probe so that 
the phase angles of the computed transfer functions could be 
compared directly to the phase angles of the measured transfer 
functions. 
side of the fuselage centerline. 
wash points are shorn on figure 9 .  

Twenty-five downwash points were employed on each 
The location of these down- 

Aerodynamic terms for the portion of the fuselage forward 
of the wing-fuselage intersection were computed by slender body 
theory. Aerodynamic terms for the nacelles and pylons were com- 
puted by quasi-steady theory using wind tunnel data, The total 
aerodynamic matrices for all components were then summed. 

+ (42)  
wing fuselage [ Qrs 1 nacelles + [ ~ r s ]  [ ~ r s ]  = [ ~ r s ]  

, were obtained in the same 
Qr% 

The total gust aerodynamic terms, 
manner. Rigid body translation, rigi body pitch and the first 
eight symmetric modes of vibration were used as degrees of free- 
dom. The elements of the total aerodynamic matrix which were com- 
puted for rigid body translation and rigid body pitch for the 
lowest value of frequency (1/15 cps) were used to determine the 
slope of the lift curve, CLa and aerodynamic center (a.c.) 
resulting from this method of analysis. 
and a.c. for each of the three selected flight conditions are 
tabulated in table 3 for comparison with the corresponding 
data obtained from wind tunnel tests of rigid 3-58 model. 

The computed % 
a 
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Figure 9 Location of Downwash Collocation Points 
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Table 3 Rigid  Airplane S t a b i l i t y  Der iva t ives  

Measured C 
La 

Measured a.c. % MAC 

Computed Wing + Nacelle C 

Computed Wing + Nacelle a.c . % MAC 
La! 

cLa 
Computed fuselage 

Computed fuselage a..c. % MAC 

Computed To ta l  C 
La  

Computed Total a.c. % MAC 

Adjusting Constant C1 

Adjusting Constant C2 

Run 134-7 
and 131-1C 

3 . 1742 

37.1 

3.2171 

38.23 

. 03482 

-82.53 

3.252 

36.95 

-9774 

.8572 

Run 131-3 

2.8419 

34.0 

2.9148 

35.62 

.03482 

-82.53 

2 . 949 

34.23 

.9616 

1.1193 
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It can be seen that the comparison is quite good. 
to force perfect agreement in the low frequency range the 
magnitude of the pressure computed for rigid body motion were 
adjusted by first computing the constants 
following equations: 

However, 

C1 and C2 in the 

(c ) = (CM 
Ma fuselage CY measured + c2 wing + nacelle c1 (%la) 

(43) 

These two constants were used to adjust the two columns in the 
total aerodynamic matrix which contain the pressure produced 
by rigid body translation and rigid body pitch in the following 
manner 

=[qrT Q ~ P L  (44) I a justed 
+ ‘2 iQrT QrP fuselage [ Qn Q r ~  1 wing + nacelle 

total 

The required values of C1 and C2 are listed in table 3, The 
adjustment to the wing and nacelle terms are very small whereas 
the adjustment to the fuselage terms is relatively large, How- 
ever, the fuselage terms are a small part of the total aero- 
dynamic terms before and after adjusting. 
applied to the column of gust aerodynamic terms 
manner. 
which contain pressure produced by each of the flexible degrees 
of freedom 

The same constants were 
Qrg in the same 

No attempt was made to adjust the aerodynamic terms 

Longitudinal Stability Augmentation System 

The stability augmentation system (SAS) requires the cal- 
culation of additional aerodynamic terms. A block diagram of the 
B-58 SAS is shown in figure 10, It can be seen that the elevon 
deflection (deflecting symmetrically as an elevator) can be ex- 
pressed as the product of an acceleration transfer function times 
the acceleration and a pitch rate transfer function times the 
pitch rate. 
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6 ( 0 )  = Ha(a) a@) + H d ( m )  b ( w )  (45) 

The acceleration and pitch rate at the acceleration and pitch 
SAS sensor location can be expressed as 

where hr and or are the vertical deflection and slope at 
the sensor location for unit deflection of the rth - generalized 
coordinate 

Substituting equations ( 4 6 )  and (47) into (45) yields an 
expression for the elevon deflection with the following form 

The pressure produced by this elevon deflection can be expressed 

(49) 

Consequently, the N x N generalized aerodynamic matrix produced 
by the addition of the SAS can be expressed as the product of a 
column and row matrix as follows, 
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where 

The aerodynamic terms defined by equation (51) were computed by 
s t r i p  theory.  
these  ca l cu la t ions .  
(1/15 cps)  was used t o  eva lua te  
theory. The values of C obtained f o r  each of t he  t h r e e  f l i g h t  
condi t ions are tabula ted  i n  t a b l e  4 f o r  comparison with measured 
wind tunnel  da t a  obtained from a r i g i d  mode. A l l  [Qrslterms 
w e r e  mul t ip l ied  by the  r a t i o  of  measured t o  computed 
No attempt w a s  made t o  a l ter  the  loca t ion  of t he  a.c. due t o  elevon 
de f l ec t ion  as predic ted  by s t r i p  theory. The computed and measured 
a.c. l oca t ions  are a l s o  shown i n  t a b l e  4 f o r  comparison, 

The elevon span w a s  divided i n t o  s i x  s t r i p s  f o r  
The QT, = 1 element f o r  the lowest frequency 

% s as predic ted  by s t r i p  

Ls 

CLS 

Table 4 Rigid Control Surface S t a b i l i t y  Derivat ives  

Measured C - p e r  rad ian  

Measured (a ,c . )  - % MAC 

Computed - per  rad ian  

Computed (a.c.) - % MAC 

Run 134-7 
and 131-10 

1.355 

83.00 

1 . 9918 

84.20 

131-3 

1.2291 

71.4 

1 . 989 

84.20 

For analyses of t h e  unaugmented a i r p l a n e  (SAS OFF) the  
aerodynamic elements described by equation (42) w e r e  employed. 
For analyses  of t h e  augmented a i r p l a n e  (SAS ON) t h e  [Qr-]terms 
expressed by equation (50) w e r e  added t o  t h e  [ Qrs ] matrix of 
equation (42). A matrix of con t ro l  sur face  general ized mass 
terms[Mrs]were computed i n  an analogous manner and added t o  the 

[Mrs] matrix when SAS w a s  engaged. 
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Gust Response Calculations 

The equations of motion were solved for the generalized 

To obtain accelera- 
coordinate complex magnitudes over a frequency range from 
1/15 cps to 10 cps at 1/15 cps increments. 
tion transfer functions, the response of the generalized coor- 
dinates were combined in the following manner: 

where h, 
generalized coordinate at the point where the acceleration is to 
be computed. 

is the deflection due to unit amount of the rth - 

The acceleration response PSD was computed by combining the 
square of the magnitude of the transfer function with the Dryden 
gust spectrum with unit rms gust velocity, 

The and No data were computed by substituting the computed 
response PSD into equations (29) and (30). A 500 feet scale 
of turbulence was employed in the calculation of A and No 
throughout, the investigation. 
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COMPUTED NATURAL MODES OF VIBRATION 

During t h e  t es t  program of t h e  B-58 a i r p l a n e  two ground 
v i b r a t i o n  tests w e r e  conducted, The f i r s t  test w a s  conducted 
on a i r p l a n e  number 2 with t h e  a i r p l a n e  supported on i t s  landing 
gear.  The second ground v i b r a t i o n  test  (GVT) w a s  conducted on 
a i r p l a n e  number 42 with t h e  a i r p l a n e  supported on a s o f t  sus- 
pension system. The r e s u l t s  of t he  second ground v ib ra t ion  
tes t ,  and a desc r ip t ion  of t h e  s o f t  suspension system is re- 
ported i n  re ference  8. 
test  i s  considered t o  be more r ep resen ta t ive  of t h e  f r ee - f r ee  
modes and frequencies of t h e  a i r p l a n e  because of t h e  sof t  sus- 
pension support system, the re fo re  these  test r e s u l t s  have been 
chosen as the  base l ine  f o r  mode shape co r re l a t ion .  The gross  
weight of t h i s  configurat ion w a s  142,872 l b .  

The a i r p l a n e  number 42 ground v ib ra t ion  

Mathematical Model of the S t ruc tu re  

The simulation of t h e  B-58 wing s t r u c t u r e  i s  shown i n  
f i g u r e  11, S t i f f n e s s  matrices w e r e  computed f o r  each beam 
segment between i n t e r s e c t i n g  spars and bulkheads, The tor -  
s i o n a l  s t i f f n e s s  of the  ind iv idua l  regions inclosed by spars, 
bulkheads and upper and lower sk in  sur faces  w e r e  represented by 
torque boxes, S i m i l a r  representa t ions  of t h e  nace l l e s ,  pylons 
and fuselage were employed, The fuselage forward of t h e  wing 
w a s  represented by a beam. The ind iv idua l  s t i f f n e s s  matrices 
w e r e  combined t o  ob ta in  a s t i f f n e s s  matrix def ining force  
de f l ec t ion  r e l a t i o n s  f o r  598 coordinates .  

Lumped masses were loca ted  a t  99 of t h e  coordinates de- 
f ined  by the  s t i f f n e s s  matrix. By combining t h e  mass matrix w i t h  
t he  f l e x i b i l i t y  matrix assoc ia ted  with the  mass poin ts ,  t he  
eigenvalue problem w a s  formulated f o r  determining the n a t u r a l  
frequencies and mode shapes. 

S t i f f n e s s  Matrix Modifications 

The lumped mass d i s t r i b u t i o n  which matches the  142,872 lb .  

These mass da ta  w e r e  then used with t h e  s t i f f n e s s  

The comparison of frequencies between these  

configurat ion of a i r p l a n e  42 during the  ground v ib ra t ion  tests 
w a s  computed. 
matr ix  mathematical model of t he  s t r u c t u r e  t o  compute normal 
modes of v ib ra t ion ,  
two sets of da ta  are l i s t e d  i n  t a b l e  5. 
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Table 5 Comparison of GVT and Computed Frequencies 
With Original  S t i f f n e s s  Matrix 

~ 

Mode Number 

2.7 

3 . 2  

3 .5  

4.1 

5 . 0  

Analysis (cps) 

2.24 

2.68 

3.29 

3.88 

4.94 

GVT/Analys is I 
1 205 

1 . 194 

1,064 

1.057 

1.013 

The mode shapes compare very w e l l  between the  ground v ibra t ion  
tes t  and t h e  ana lys i s ,  
and fuselage deformationswhereasrnodes 3,  4 and 5 cons i s t  pr imari ly  
of engine motion. Modifications of the  s t i f f n e s s  matr ix  w e r e  
then made with the  a i m  of increasing the  frequencies  of mode 1 
and 2 without s i g n i f i c a n t l y  changing the  frequencies  of modes 3 ,  
4 and 5 ;  and without s i g n i f i c a n t l y  changing the  mode shapes of  
any of the  modes, The major changes which were incorporated t o  
accomplish the  above goal are described below: 

Modes 1 and 2 cons i s t  p r i m a r i l y  of wing 

10 The fuselage v e r t i c a l  bending s t i f f n e s s  w a s  increased 
an average of 40 percent.  
the  e n t i r e  fuselage length)  

(This increase w a s  not  uniform over 

2 .  Since the  lower cover of  the  main gear  wheel w e l l  i s  
not a load carrying member and hence the  wheel w e l l  i s  a r a t h e r  
f l e x i b l e  torque box, ne i the r  the lower nor upper cover skins  on 
the wheel w e l l  were included i n  t h e  o r i g i n a l  s t i f f n e s s  matr ix  
representat ion.  
spanwise and chordwise bending as w e l l  as t o r s ion  w a s  included 
i n  the  new idea l i za t ion .  

The cont r ibu t ion  of the  upper sk in  i n  both 

3.  The fuselage weight and fuselage f u e l  w e r e  o r i g i n a l l y  
represented as lumped masses along the  wing fuselage i n t e r s e c t i o n  
(span s t a t i o n  3 2 ) .  
fuselage cen te r l ine  (span s t a t i o n  zero) .  

These lumped masses w e r e  lumped along the  
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4. The a i rp l ane  w a s  supported on a s o f t  mount during t h e  
ground v ib ra t ion  tests. 
body p i t c h  frequency of 0.15 cps and a r i g i d  body v e r t i c a l  
t r a n s l a t i o n  frequency of  0.91 cps. 
modes corresponded t o  f r ee - f r ee  modes with the  a i rp l ane  f r e e l y  
suspended i n  space. The s o f t  mounting system w a s  added t o  the  
rev ised  s t i f f n e s s  matr ix  representat ion.  

The s o f t  mounting produced a r i g i d  

The previously computed 

The above mentioned changes i n  the  s t i f f n e s s  matrix re= 
presenta t ion  improved the  co r re l a t ion  between GVT modes and 
ana lys i s ,  but  the  c o r r e l a t i o n  w a s  s t i l l  far from s a t i s f a c t o r y .  
To improve the  frequency co r re l a t ion ,  the  mathematical model of 
the  s t r u c t u r e  w a s  s t i f f e n e d  i n  se l ec t ed  regions r a t h e r  than 
uniformly. These increases  i n  s t i f f n e s s  can be j u s t i f i e d  only 
on the  basis of producing b e t t e r  agreement between measured and 
computed n a t u r a l  f requencies  and mode shapes. These changes i n  
the  s t i f f n e s s  matrix representa t ion  of the  s t r u c t u r e  are de- 
sc r ibed  below: 

1. The fuselage and inboard r i b  (span s t a t i o n  56) w e r e  
increased i n  modulus by 12.4%. 

2. The wing spar  modulus w a s  everywhere increased by 40%. 

3.  Local beefup on the  wing leading edge i n  the  v i c i n i t y  
of the  inboard pylon w a s  also made i n  an attempt t o  increase the  
inboard nace l l e  p i t c h  frequency, 

4. The wing t o r s i o n a l  s t i f f n e s s  between the  inboard and 
outboard pylons was increased by 35% t o  cause the  outboard 
nace l l e  p i t c h  frequency t o  be increased. 

The n a t u r a l  f requencies  which w e r e  computed a f t e r  these  
changes i n  the  s t i f f n e s s  matr ix  were incorporated are shown i n  
t a b l e  6 f o r  comparison with the  GVT data. 
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Table 6 Comparison of GVT and Computed Frequencies 
With Modified Stiffness Matrix 

MODE 

Rigid Body Pitch 

Rigid Body Transla- 
tion 

Flexible Mode 1 

Flexible Mode 2 

Flexible Mode 3 

Flexible Mode 4 

Flexible Mode 5 

GVT FREQ. 

.15 

091 

2.70 

3.20 

3.50 

4.10 

5.00 

COMPUTED FREQ. 

.246 

.908 

2.720 

3.150 

3.460. 

3.790 

4.840 

GVT /COMPUTED 

. 609 
1.001 

. 996 
1.014 

1.012 

1.082 

1.032 

These computed mode shapes art’ compared to the measured mode 
shapes in Appendix A. 

Based on the above correlation of modes and frequencies, the 
simulation of the actual stiffness by the mathematical model was 
considered adequate. Free-free modes for the gross weight con- 
dition discussed above were computed. These modes show that the 
soft suspension system has very little effect upon the computed 
modes and frequencies. 

Normal Modes for Selected Flight Conditions 

Since there are no structural changes between the airplane 
number 42 structure and the airplane number 7 structure (which 
was the airplane used for measuring gust response data), the 
same stiffness data used in the mode correlation work could be 
used in the calculation of normal modes for the selected flight 
conditions. There were however, significant changes in the 
unfueled weight of the two airplanes. 
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The f u e l  weights by tanks for the  th ree  s e l e c t e d  f l i g h t  con- 
di t ion;  w e r e  combined with t h e  a i r p l a n e  number 7 dry weight and 
d i s t r i b u t e d  t o  t h e  s imulat ion panel po in ts .  The f irst  e i g h t  
f l e x i b l e  f r ee - f r ee  modes for  t h e  t h r e e  s e l e c t e d  f l i g h t  condi t ions 
w e r e  then computed. 
n a t u r a l  mode frequencies  are l i s t e d  i n  t a b l e  7. 

These modes are shown i n  Appendix B. The 

G.W. lb .  

82 , 575 

Table 7 Computed Natural  Frequencies 

2 
COG.  F.S,(in) C.G. % MAC I p i t c h  Ib. i n  

659.37 25.2 1.6824 x 10 9 

Mode 

98,350 

137,430 

Run 131-10 
Freq.-cps 

658 . 50 

666.31 

2.949 

3 . 365 

3.493 

4 . 143 

5.572 

6 . 602 

7.289 

25.0 

26.8 

9.235 

1.7774 x lo9 
9 

2.4913 x 10 

Run 134-7 
Freq .-cps 

2 . 901 

3.339 

3.485 

4.113 

5 . 397 

6.505 

7.162 

9.202 

Run 131-3 
Freq. i cps  

2 . 676 

3 . 192 

3.467 

3.827 

5.021 

6.276 

6.813 

8.698 

The amplitudes of t h e  modes f o r  t he  t h r e e  s e l e c t e d  f l i g h t  
condi t ions along t h e  fuselage c e n t e r l i n e  a r e  shown i n  f i g u r e  12. 
These curves show which modes have the  l a r g e s t  r e l a t i v e  amplitudes 
and will con t r ibu te  most t o  t h e  fuselage c e n t e r l i n e  response. 

The gross  mass p rope r t i e s  which w e r e  matched f o r  each gus t  
run are l is t  i n  table 8. 

Table 8 Gross Mass Proper t ies  

I Run No, 

131-10 

134-7 

I 131-3 
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5 . 5 7  
3.36 
7.29 
2.95 
6.60 

9.23  
3.49 

4 .14  

5.40 
3.34 
7.16 
2.90 

6.51 

3.48 

9.20 

4 .11  

8.69 

3.19 
5 -02 

2.68 
6.28 

3.47 

6.81 

3.83  

I 
I 

1 I 1  I 
I 1 

I I 1  I , I  
I I 

I 
I I 

0 200 400 600 800 1000 12 00 
Fuselage Station - inches 

Figure 12 Fuselage Centerline Vertical Deflections for 
Each Computed Natural Mode 

43 



CORRELATION WITH MATCHED FLIGHT CONDITIONS 

I n  add i t ion  t o  matching the  gross  weight and center of 
g rav i ty ,  . t h e  Mach number (M), t r u e  a speed  (V),  and a i r  den- 
s i t y  ( p ) ,  and SAS gains  which ex i s t ed  'during each of t he  t h r e e  
se l ec t ed  gus t  runs w e r e  matched exac t ly  i n  t h e  analyses and a r e  
l i s t e d  i n  t a b l e  9. 

05 

05 

1.0 

Table 9 Matched F l igh t  Conditions 

. 149 .05 

0 161 . 05 

. 062 05 

131-10 

134-7 

131-3 

p 3  
6 lugs / f t 

.002068 

.002092 

.002073 

Mach 

. 93 

0 93 

. 80 

V 

f t / s e c  

1069 

1062 

921 

SAS GAINS 

I I P i t c h  
K1 I K2 IDamper 

I I 

As mentioned ear l ier  the  aerodynamic terms assoc ia ted  with 
t h e  r i g i d  body degrees of freedom w e r e  ad jus ted  t o  force  the  slope 
of t he  l i f t  curve and aerodynamic cen te r  t o  agree exac t ly  ( a t  zero 
frequency) with measured data  from wind tunnel tests of a r i g i d  
model. After  t h e  f i r s t  e i g h t  symmetric modes of v ib ra t ion  were 
added t o  t h e  r i g i d  body degrees of freedom, t h e  f l e x i b l e  s lope 
of t h e  l i f t  curve and aerodynamic cen te r  as predicted by t h e  
ana lys i s  a t  1 / 1 S  c p s  were computed. The measured and computed 
s lope  of t he  l i f t  curve (CL ) and t h e  aerodynamic cen te r  (a.c.) 

are l i s t e d  fo r  comparison i n  t a b l e  10. 
a! 
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Table 10 Comparison of F lex ib l e  S t a b i l i t y  Derivat ives  

Run 

N o  . 
131-10 

134-7 

131-3 

Measured Analysis 
Rig id  F lex ib l e  F lex ib l e  

a.c. C a x .  
%i F.S. F.S. La F.S. 

3.1742 711.01 2.804 696.30 3.1589 710.52 

3.1742 711.01 2.804 696.30 3.1605 710.58 

2.8419 697.56 2.618 688.97 2.8434 G97.68 

cL,, a.c. 

The data  i n  the  above t a b l e ,  l i s t e d  under measured f l e x i b l e  
der iva t ions  w e r e  obtained by applying f l e x i b i l i t y  co r rec t ion  
f a c t o r s  t o  the  measured r i g i d  data.  Hence, a comparison of the 
f l e x i b l e  da ta  i s  equivalent  t o  comparing f l e x i b i l i t y  e f f e c t s  
predicted by a s t a t i c  a e r o e l a s t i c  ana lys i s  with t h a t  predicted 
by the  method used t o  p r e d i c t  t r a n s f e r  funct ions a s  the  f r e -  
quency approaches zero. The f l e x i b l e  degrees of freedom pro- 
duce v i r t u a l l y  no change i n  t h e  r i g i d  s t a b i l i t y  de r iva t ives  a t  
1/15 cps. 

Corre la t ion  With Gus t  Run 131-10 

Comparisons between computed and measured t r a n s f e r  functions 
f o r  run 131-10 a r e  shown i n  f igu re  13. The u p p e r  por t ions  of the 
p l o t s  a r e  the  magnitudes of t he  t r a n s f e r  funct ions and the  lower 
por t ion  i s  the  phase angle  between the  response and the  gus t  
ve loc i ty  a t  t h e  gust  probe loca t ion .  The t r a n s f e r  funct ion as 
measured a t  t he  p i l o t  s t a t i o n  (A428), near  t h e  nominal cen ter  
of g rav i ty  ( A l ) ,  and a t  t he  fuselage t a i l  cone ( A l l )  a r e  shown 
from l e f t  t o  r i g h t .  
p l o t t e r .  

A l l  p l o t s  were made by the  SC4020 automatic 

The f i r s t  peak near  1.25 cps  corresponds t o  the  frequency 
of t h e  sho r t  period mode. The ana lys i s  p red ic t s  t h e  s h o r t  period 
frequency very w e l l  but  s l i g h t l y  overpredicts  t he  magnitude of 
the peak a t  the p i l o t  s t a t i o n  while under p red ic t ing  t h e  peak 
a t  t h e  o the r  two s t a t i o n s .  I n  general ,  the  ana lys i s  p red ic t s  
peaks which are much higher  than measured f o r  each of t he  n a t u r a l  
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frequencies.  
magnitudes occurs a t  t h e  nominal cen ter  of g rav i ty  s t a t i o n .  It 
i s  a l s o  noted t h a t  t h e  peak frequency assoc ia ted  with the  f i r s t  
n a t u r a l  mode is higher fo r  the  computed t r a n s f e r  functions than 
f o r  the measured t r a n s f e r  functions.  This i nd ica t e s  t h a t  t h e  
mathematical model of the  s t r u c t u r e  would have produced b e t t e r  
frequency c o r r e l a t i o n  i f  it had not  been s t i f f e n e d  t o  force  
b e t t e r  agreement with ground v ib ra t ion  test r e s u l t s .  
angle p l o t s  from the ana lys i s  have s imi l a r  shapes t o  t h e  measured 
data, The bes t  phase angle c o r r e l a t i o n  is obtained fo r  accelero- 
meter A 1  and A l l .  

The b e s t  c o r r e l a t i o n  between t r a n s f e r  funct ion 

The phase 

The r a t i o  of the  computed t o  t h e  measured t r ans fe r  functions 
are p lo t t ed  i n  f igu re  14. 
the  r a t i o  of the  magnitudes of t h e  computed and measured t r a n s f e r  
funct ions.  
The lower por t ion  of the curve shows the  d i f fe rence  i n  phase 
angles between the  computed and measured t r a n s f e r  functions.  
Per fec t  agreement occurs where t h i s  d i f fe rence  is zero. These 
p l o t s  i nd ica t e  good magnitude and phase angle  Correlat ion i n  the  
frequency range between 0.5 and 2.0 cps, 
t i o n  over the e n t i r e  frequency range i s  b e s t  fo r  the  A1 aecelero- 
meter , 

The upper po r t ion  of each p l o t  shows 

Per fec t  agreement occurs where t h i s  r a t i o  i s  uni ty .  

The phase angle ca r r e l a -  

The computed and measured t r a n s f e r  funct ions are p l o t t e d  
together with the  upper and lower 90 percent confidence l i m i t s  
i n  f igu re  15. 
f e r  function compared w i t h  i t s  upper and lower 90 percent 
confidence l i m i t s .  
f idence l i m i t s  broadens above 4 cps where the  coherency function 
begins t o  decrease. In  the  upper row of p l o t s  t he  computed t rans-  
f e r  function is  compared with the  upper and lower confidence 
limits on t h e  measured Hc t r a n s f e r  funct ion,  
t r a n s f e r  funct ion t h a t  comes c lose  t o  f a l l i n g  wi th in  the  confidence 
l i m i t s  is  the one a t  t h e  nominal c.g. 

The lower .row of p l o t s  show the measured Hc t rans-  

The band between the  upper and lower con- 

The only computed 

Correlat ion With Gust Run 134-7 

Comparisons between computed and measured t r a n s f e r  functions 
fo r  run 134-7 are shown i n  f igu re  16,  
a sho r t  period mode frequency somewhat higher than measured and 
p red ic t s  the magnitude of t he  sho r t  period mode peak t o  be lower 

The ana lys i s  p red ic t s  
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than measured a t  a l l  th ree  s t a t i o n s ,  The computed peaks associated 
with each of t h e  normal modes of v ib ra t ion  are a l l  higher than t h e  
measured peaks as they were f o r  run 131-10. However, the  phase 
angle  c o r r e l a t i o n  is b e t t e r  f o r  run 134-7 than 131-10. For both 
runs t h e  co r re l a t ions  a t  t h e  nominal c,g., Al, i s  the  bes t  of the 
t h r e e  s t a t i o n s ,  The r a t i o s  of the computed to  measured t r a n s f e r  
funct ions f o r  run 134-7 are shown i n  f igu re  17 .  In  general ,  the  
l a r g e  r a t i o s  of magnitudes occurs where peaks on the computed 
t r a n s f e r  funct ions are compared with non-peak magnitudes on t h e  
measured curves and v i s  versa.  

The computed and measured t r a n s f e r  funct ions fo r  run  134-7 
are p l o t t e d  i n  f igu re  18 f o r  comparison with the  upper and lower 
90 percent  confidence l i m i t s  of t he  measured Hc t r a n s f e r  funct ion.  
The computed t r a n s f e r  funct ion a t  s t a t i o n  676 again comes the  
c l o s e s t  t o  f a l l i n g  wi th in  the  confidence l i m i t s .  A t  s t a t i o n s  
286.3 and 1121.3 t h e  computed t r a n s f e r  funct ion peaks assoc ia ted  
with the  n a t u r a l  modes of v ibra t ion ,  exceed the  peaks i n  the  
upper 90 percent  confidence l e v e l  curves. 

Correlat ion With Gust Run 131-3 

Comparisons between computed and measured t r a n s f e r  funct ions 
f o r  run 131-3 are shown i n  f igu re  19. The magnitude and f r e -  
quency assoc ia ted  with the  shor t  per iod mode are considerably 
less f o r  t h i s  gust  run than f o r  the  previous two gust  runs. The 
ana lys i s  pred ic t s  the  magnitude and phase angle  of the  t r a n s f e r  
funct ions i n  t h e  v i c i n i t y  of the  sho r t  per iod mode very w e l l  f o r  
accelerometers A428 and A 1  but  underestimates the  magnitude f o r  
accelerometer All, The computed peak near 2.6 cps i s  less than 
measured a t  a l l  th ree  s t a t i o n s  and the  computed peak near 3.7 cps  
i s  l a r g e r  than measured a t  a l l  th ree  s t a t i o n s .  Overal l ,  the  cor- 
r e l a t i o n  between computed and measured t r a n s f e r  funct ions is  bes t  
a t  the  c,g. accelerometer,  A l .  

The r a t i o s  of the  computed t o  measured t r a n s f e r  funct ions 
f o r  run 131-3 are shown i n  f igu re  20. 

The computed and measured t r a n s f e r  funct ions for run 131-3 
are p lo t t ed  i n  f i g u r e  2 1  f o r  comparison with the  upper and lower 
90 percent  confidence l i m i t s  of the measured Hc t r a n s f e r  funct ion,  
The computed t r a n s f e r  funct ion a t  s t a t i o n  286.3 fa l l s  within the  
confidence l i m i t s  from zero t o  approximately 2 cps even though 
the  confidence bands are very narrow, However, the  computed 
t r a n s f e r  funct ion peak near 3.7 cps f a r  exceeds the peak i n  the  
upper 90 percent  confidence l i m i t .  The t r a n s f e r  funct ion a t  
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s t a t i o n  676 comes c lose r  t o  f a l l i n g  in s ide  the  confidence l i m i t s  
throughout t h e  frequency range than does the  o the r  t w o  computed 
t r a n s f e r  functions.  The computed t r a n s f e r  func t ion  a t  s t a t i o n  
1121.3 f a l l  far ou t s ide  the  confidence l i m i t s .  

E and No Versus Cutoff Frequency 

The A and No da ta  w e r e  evaluated with the  upper l i m i t  of 
i n t eg ra t ion  t r e a t e d  as a var iab le  and defined as a cu tof f  fre- 
quency. The cu tof f  frequency was var ied from 1/15 cps t o  10 
cps i n  frequency increments of 1/15 cps. 
versus cu tof f  frequency f o r  run 131-10 are shown i n  f i g u r e  22. 
Both computed and measured da ta  are p lo t t ed .  The two sets of 
curves compare very w e l l  t o  a t  least  2 cps. Above 2 cps the  
computed da ta  i n  general  i s  higher than t h e  measured data.  The 
computed da ta  compares b e s t  with the  data measured a t  accelero- 
meter AI. A t  t h e  10 cps cu tof f  frequency t h e  computed A and No 
data  a t  t h e  p i l o t  s t a t i o n ,  A l ,  t a i l  cone, A l l ,  are higher 
than measured. 

P l o t s  of A and No 

P l o t s  of computed and measured and No versus cutoff  f r e -  
The comparison be- quency f o r  run 134-7 are shown i n  f i g u r e  23. 

tween computed and measured is much b e t t e r  f o r  this gus t  run 
than f o r  gust  run 131-10 across  the e n t i r e  frequency range. 
Comparisons between computed and measured No data  are good for 
cutof f  frequencies below i4 cps. Above 4 c p s  the computed da ta  
is cons i s t en t ly  higher than measured. 

P l o t s  of computed and measured and No data  versus cu tof f  
frequency f o r  run 131-3 are shown i n  f i g u r e  24. 
data  compares very w e l l  with the  measured da ta  a t  the  cog .  accelero- 
meter A l .  
measured a t  the  p i l o t  s t a t i o n  accelerometer, A428, and the t a i l  
cone accelerometer, A l l ,  f o r  cu tof f  frequencies above 3.5 cps. 
The No computed da ta  a l s o  agrees very w e l l  wi th  t h e  measured 
da ta  a t  accelerometer Al. However, the computed No is  much 
higher than measured a t  A428 and All f o r  cu tof f  frequencies above 

The computed A 

However, t he  computed A data  are much higher than 

3.5 cpso 

The A and No data  computed with a 10 cps cu tof f  frequency 
are l i s t e d  i n  t a b l e  11 fo r  comparison with t h e  measured data.  
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Table 11 A and No Data For Matched F l i g h t  Condit ions 

3.1297 I .03188 I 2.473 

1 2.2366 I .05440 I 1,957 

1 3.9741 I .11590 I 2.436 
I 1 

2 . 9014 ,03178 2 .411  
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AIR DENSITY VARIATIONS 

The B-58 gus t  runs w e r e  made a t  an  a l t i t u d e  of approximately 
2000 feet above sea l eve l .  
t he  t e r r a i n  during the  gus t  runs var ied  between 700 t o  1200 feet, 
approximately. During t h e  e a r l y  p a r t  of t he  inves t iga t ion  it 
w a s  assumed tha t  t h e  a i r  dens i ty  during each r u n  was  equal t o  t h e  
a i r  dens i ty  a t  2000 feet  a l t i t u d e  f o r  a s tandard day. 
t r a n s f e r  funct ions f o r  run 131-3 a t  2000 f e e t  a l t i t u d e  w e r e  
t r e a t e d  as a s tandard f o r  comparison with o the r  t r a n s f e r  funct ions 
t o  eva lua te  t h e  e f f e c t  of s m a l l  parameter va r i a t ions .  
v e s t i g a t e  the  e f f e c t  of a l t i t u d e  v a r i a t i o n s  the  t r a n s f e r  func- 
t i o n s  f o r  gus t  run 131-3 w e r e  computed f o r  a s tandard day dens i ty  
a t  4000 f e e t  and again a t  sea l eve l .  Subsequently, t h e  average 
temperature and average pressure which ex i s t ed  during each gus t  
run w a s  used t o  compute an average densi ty .  The average dens i ty  
f o r  gus t  run 131-3 w a s  equivalent  t o  t h e  dens i ty  a t  4600 f e e t  on 
a standard day. 
131-3 and the  values used i n  the  analyses  t o  eva lua te  the  e f f e c t  
of dens i ty  v a r i a t i o n s  are l i s t e d  i n  t a b l e  12. 

The a l t i t u d e  of t he  a i r p l a n e  above 

Computed 

To in-  

The ac tua l  average a i r  dens i ty  during gus t  run 

Table 12 A i r  Density Variat ions For Run 131-3 

Measured 

Std. Day 
A l t o  (Ft.) 

Analysis 

Density S td .  Day 
Slug/Ft3 1 A l t .  (Ft.) 

.002073 

.0021110 

.002241 

.002377 

4600 

4000 

2000 

0 

I Density Rat io  

Analysis 
Measured 

1.0 

1.02 

1.08 

1.15 

Analysis 
2000 F t .  

0.93 

0,95 

1.00 

1.07 
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Run 131-3 With Standard Day 2000 Feet A l t i t ude  Density 

Comparisons between the  computed t r a n s f e r  functions using 
a 2000 f e e t  s tandard day densi ty ,  with t h e  measured t r a n s f e r  
funct ions a r e  shown i n  f i g u r e  25. The l a r g e r  air  densi ty  in-  
creases  the frequency and magnitude of the sho r t  period mode. 
The frequency of t he  sho r t  period mode can be approximated very 
w e l l  by the  following s imple formula 

t fi 

where 

1 - cog.) CL s & 
27T a! 2 

= - I (a.c. T 

f 

J %go 

a.c. i s  the  fuselage s t a t i o n  of the aerodynamic center  

c o g o  i s  the  fuselage s t a t i o n  of the  center-of-gravi ty  

is t he  m a s s  moment of i n e r t i a  of the  a i rp l ane  about 
i t s  cog .  

L g .  

Since the  densi ty  a t  2000 feet is  8 percent g r e a t e r  than t h e  
densi ty  a t  4600 f e e t  t he  expected increase  i n  frequency of the  
shor t  period mode as estimated by equation ( 5 6 )  would be approxi- 
mately 4 percent.  
f o r  4600 and 2000 f e e t  ( f igu res  19 and 25) i t  can be seen tha t  
t he  sho r t  period fre,quency increases  approximately 4 percent. 
This increase improves t h e  c o r r e l a t i o n  between measured and com- 
puted t r a n s f e r  funct ions i n  the frequency range near the sho r t  
period mode f o r  the c o g ,  and a f t  fuselage loca t ions  while pro- 
viding about t h e  same degree of c o r r e l a t i o n  a t  t h e  p i l o t  s t a t i o n .  
The r a t i o  of the  computed t r a n s f e r  funct ions a t  2000 f e e t  t o  the  
measured t r a n s f e r  funct ions fo r  run 131-3 are shown i n  f i g u r e  26. 

Comparing the computed t r a n s f e r  functions 

To see the  e f f e c t  of increasing t h e  dens i ty  more c l e a r l y ,  
t he  r a t i o  of the  computed t r a n s f e r  function f o r  a 4600 f e e t  al-  
t i t u d e  densi ty  t o  t h e  computed t r a n s f e r  funct ion f o r  a 2000 f e e t  
a l t i t u d e  dens i ty  i s  shown i n  f igu re  27. The densi ty  r a t i o  fo r  
these two a l t i t u d e s  is  0.93. The r a t i o  of t he  t r a n s f e r  funct ion 
magnitudes is not  constant but the r a t i o  is  less than un i ty  
over most of the  frequency range. 
peaks and va l leys  i n  the  t r a n s f e r  functions.  Ssnall s h i f t s  i n  
peak and va l ley  frequencies produce l a r g e  v a r i a t i o n s  i n  the  
r a t i o s ,  Phase angle v a r i a t i o n s  are very small across  the  e n t i r e  
frequency range. 

Large va r i a t ions  occur near 
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Run 131-3 With Standard Day Sea Level Al t i t ude  Density 

Comparisons between the  computed t r a n s f e r  funct ions using 
sea l e v e l  s tandard day dens i ty  with the  measured t r a n s f e r  funct ions 
are shown i n  f i g u r e  28. The increased densi ty  f u r t h e r  increases  
the  frequency and magnitude of the  sho r t  per iod mode over t h a t  
obtained f o r  the  2000 f e e t  a l t i t u d e ,  The c o r r e l a t i o n  with t h e  
measured t r a n s f e r  funct ion i n  the frequency range near t he  sho r t  
per iod mode i s  improved a t  the  c.g. accelerometer A 1  and a f t  
fuselage accelerometer A l l  but the  c o r r e l a t i o n  i s  degraded a t  
t he  p i l o t  s t a t i o n s  accelerometer A428. The r a t i o s  of the  com- 
puted t r a n s f e r  funct ions f o r  sea l e v e l  dens i ty  t o  t h e  measured 
t r ans fe r  funct ions are shown i n  f i g u r e  29. 

The r a t i o  of t he  computed t r a n s f e r  funct ions f o r  sea l e v e l  
a l t i t u d e  densi ty  t o  computed t r a n s f e r  funct ions f o r  2080 feet 
a l t i t u d e  densi ty  are shown i n  f igu re  30, The densi ty  r a t i o  
between these  two a l t i t u d e s  is  1,07. The r a t i o s  of t he  magnitudes 
again va r i e s  with frequency but  i s  g rea t e r  than un i ty  over most 
of the  frequency range. 
very small. 

Again the  phase angle  va r i a t ions  are 

and No Variat ions With A i r  Density 

The computed t r a n s f e r  funct ions f o r  a l t i t u d e s  of 4600, 
4080, 2000 and sea 1evel .were combined with the  Dryden gust  
spectrum with a 500 feet  s c a l e  of turbulence t o  obta in  
data .  These data  f o r  t e n  degrees of freedom, two degrees of 
freedom ( r i g i d  body t r a n s l a t i o n  and p i t ch )  and one degree of f ree-  
dom ( r i g i d  body t r a n s l a t i o n )  are l i s t e d  i n  t a b l e  13. 
densi ty  var ia t ions ,  the  da ta  vary approximately proport ional  t o  
the densi ty  whereas t h e  No data  are almost invar ian t  with densi ty .  

and No 

For small 

To obta in  good co r re l a t ion  between computed and measured 
values  f o r  accelerometers A428 and A l l  by a i r  densi ty  var- 

i a t i o n s $  would r equ i r e  dens i t i e s  f o r  a l t i t u d e s  t h a t  are unrea- 
sonably higher  than 4600 f e e t .  An a l t i t u d e  increase would not  
s i g n i f i c a n t l y  improve the comparison of the  No values o r  the  
comparison between t r a n s f e r  funct ions.  
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VARIATIONS IN NUMBER O F  DEGREES O F  FREEDOM 

Ten DOF (degrees of freedom) were used as a standard number 
of DOF in all the investigations for comparisons with measured 
data. In addition, transfer functions were also computed for 
one and two DOF. The calculation of transfer functions require 
considerable data processing and digital computer calculations. 
It is easier to anticipate or estimate characteristics of the 
one and two DOF transfer functions with a few slide rule cal- 
culations than transfer functions for many DOF. Hence, the one 
and two DOF transfer functions sometimes provide a more easily 
recognizable signal that an error exists in the analysis than 
does the ten DOF transfer functions. In addition, the phase 
angle of the transfer functions are more easily understood for 
one and two DOF transfer functions. 

Computed transfer functions for run 131-3 using 2000 feet 
altitude density are shown in figure 31 for ten, two and one DOF. 
Rigid body translation and pitch are used for the two DOF where- 
as only rigid body translation is used for the one DOF. 

Consider the equation of motion for one DOF rigid body 
translation assuming quasi-steady aerodynamics and assuming the 
gust velocity is measured at the a.c. 

n 
L 

wL 
cLa v 0 .  2 g - E  

S C L  - - 2  + pY 
2 a v  

mh (5 7 )  

where h is the vertical translation, 

m is the mass of the airplane, and 

S is the wing area 

Assuming sinusoidal motion, the transfer functions between gust 
velocity (positive up) and acceleration (positive up) can be 
expressed as 

7 2  
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The magnitude and phase angle of the transfer function can be 
expressed as 

t 

I 0 .  I 

I *I 
-1 s c PV 

4 r  Em 
= tan La 80 

(59) 

The limits of the magnitude as frequency approaches zero and 
infinity, respectively, are shown below. 

lim 
f -0 

The numerical values of the constants in equation (57) through 
(61) are l i s t e d  below for run 131-3. 

S = 1542,6 Ft2 

= 2.84 
3 

cLo, 
P = .002241 slug/ft 

v = 921. ft/sec 

m = 4270. slugs 
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Equation (59) is  evaluated a t  several frequencies and l i s t e d  
i n  t a b l e  14 i n  u n i t s  of g ' s  p e r  foo t  per second of gust  v e l o c i t y  
f o r  comparison wi th  the  magnitude of t he  t r a n s f e r  funct ion com- 
puted f o r  one DOF. 

f 

(CPS) Eq, (59) One DOF (SAS OFF) 

_---_- 0 0 

1/15 .01210 .01208 

6/15 . 03031 -02979 

1.0 . 03244 .03142 

21/15 '03266 ,03109 

10 ,03289 .03196 

,03289 e----- 

m 

Table 14 Comparison of Equation (59) With One DOF Magnitude 

.03289 asympotically as frequency increases .  Comparing, with 
t h e  one DOF t r a n s f e r  funct ion magnitude p l o t t e d  on f igu re  31 
shows good agreement from zero t o  0.5 cps, Between 0.5 cps and 
1.0 cps  t he  one DOF t r a n s f e r  funct ion p l o t t e d  on f igu re  31 
reaches a peak and decreases with frequency beyond t h a t  point .  
This  reduct ion i s  p r i m a r i l y  due t o  the  reduct ion i n  the magnitude 
of the l i f t  produced by the  t r ave l ing  gust  v e l o c i t y  wave when 
unsteady aerodynamics are employed. Hence, t he  simple quasi-  
s teady equation f o r  t he  one DOF t r a n s f e r  funct ion should approach 
the  unsteady one-DOF-transfer funct ion a t  t h e  low frequency end. 
Throughout t h e  frequency range the quasi-steady one DOF magni- 
tude provides an upper l i m i t  t h a t  should never be exceeded by 
the  unsteady one DOF t r a n s f e r  function. 

Since the  gus t  v e l o c i t y  is  sensed a d is tance  ,4! upstream of 
the  a,c. t h e r e  w i l l  be a t i m e  delay between t h e  i n s t a n t  t h e  peak 
of the  t r ave l ing  gus t  wave passes the  gust  sensor and t h e  i n s t a n t  
i t  passes t h e  a.c. Assuming the  l i f t  produced by the  gus t  vel- 
o c i t y  is  a maximum a t  the  i n s t a n t  t h e  gus t  v e l o c i t y  peak a r r i v e s  
a t  the  a.c. the  add i t iona l  phase angle l a g  produced e n t i r e l y  by t h e  
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dis tance  between the  gus t  sensor and the  a,c., can be expressed as 
follows 

Subtract ing equations (62) from ( 5 9 ) ,  the  t o t a l  phase angle  
for t he  one DOF quasi-s teady t r a n s f e r  funct ion can be expressed 
as 

- F(360) (63) 
-1 s CL PV e = t a n  a! 

v 4 T f m  

The dis tance A between gust  sensor  and a.c. for run 131-3 is 
41.1 f e e t .  Equation (63) i s  evaluated fo r  s eve ra l  f requencies  
and l i s t e d  i n  t a b l e  15 f o r  comparison with t h e  one DOF phase 
angle obtained from the  ana lys i s  with SAS OFF. 

Table 15 Comparison of Equation (63) With One DOF Phase Angle 

0 

1/15 

6/15 

1 

21/15 

10 

goo 

65 

13.26' 

-14.28' 

-16.54' 

132.45O 

One DOF (SAS OFF) 

It can be seen t h a t  equat ion (63) pred ic t s  t he  one DOF phase 
angle  of f igu re  31 very w e l l ,  
increases  with frequency and can be a t t r i b u t e d  t o  the  increasing 
phase angle  predicted by unsteady aerodynamics as frequency in- 
creases. Equation (59) and (63) a l s o  p red ic t  the  magnitude and 
phase angle  of the  one DOF t r a n s f e r  funct ions f o r  run 131-10 and 
134- 7 . 

The d i f fe rence  i n  phase angles  

When r i g i d  body p i t c h  i s  added as a DOF the  two DOF t r a n s f e r  
funct ions p red ic t  t he  response i n  the  sho r t  per iod frequency range 
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very w e l l .  Refer r ing  t o  f igu re  31, i t  can be seen t h a t  both t h e  
magnitude and phase angle  of the  two DOF t r a n s f e r  funct ions agree 
very w e l l  with the  t en  DOF t r a n s f e r  funct ions from zero t o  approxi- 
m a t e l y  2 cps. Above 2 cps the  e l a s t i c  degrees of freedom have a 
pronounced e f f e c t  on t h e  t r a n s f e r  funct ions.  

Var ia t ion  i n  Transfer  Functions a t  S t a t i o n  286.3 with 
Number of Degree of Freedom 

Transfer  funct ions w e r e  computed a t  s t a t i o n  286,3 ( p i l o t  
s t a t i o n  accelerometer A428) f o r  run 131-3 (using 2000 feet a i r  
densi ty)  f o r  3, 4 ,  5, 6, 7 ,  8 a n d - 9  DOF by adding n a t u r a l  modes 
1, 2, 3, 4 ,  5, 6 ,  7 successively t o  t h e  two r i g i d  body degrees 
of freedom. The t r a n s f e r  funct ions f o r  3 through 8 DOF are 
p l o t t e d  i n  f igu re  32. 
near  2.6 cps f o r  t he  3 DOF t r a n s f e r  funct ion is approximately 
1 3  percent  higher than  measured. This  peak is  reduced by the  
add i t ion  of the second n a t u r a l  mode f o r  t he  4 DOF t r a n s f e r  
funct ions t o  a l e v e l  t h a t  is approximately 5 percent  below the  
measured value. The 5 DOF t r a n s f e r  funct ion is  very s imi l a r  t o  
the  4 DOF ind ica t ing  t h a t  t h e  t h i r d  n a t u r a l  mode cont r ibu tes  
very l i t t l e  t o  t h e a c c e l e r a t i o n a t  s t a t i o n  286,3, The add i t ion  
of the four th  n a t u r a l  mode t o  ob ta in  the  6 DOF t r a n s f e r  funct ion 
reduces the  peak near 2.6 cps t o  a l eve l  t h a t  is approximately 
22 percent  below the  measured l eve l .  In  add i t ion ,  t he  peak 
near 3.7 cps produced by .adding t h e  four th  mode is  so l a rge  it 
maskes the  peak near 3.1 cps on t h e  4 and 5 DOF t r ans fe r  funct ions,  
The magnitude of t he  peak near 3.7 cps i s  approximately 2,7 
t i m e s  t he  measured value. The e f f e c t  of adding modes 5 and 6 
successively t o  ob ta in  the  7 and 8 DOF t r a n s f e r  funct ions i s  
t o  add peaks a t  4.9 cps and 6.2 cps without s i g n i f i c a n t l y  al- 
t e r i n g  t h e  peaks assoc ia ted  with t h e  6 DOF t r a n s f e r  funct ions.  
The 9 DOF t r ans fe r  func t ion  is not  p l o t t e d  but  it can be de- 
sc r ibed  as very similar t o  the  8 DOF t r a n s f e r  funct ion with a 
s l i g h t  shoulder i n  t h e  magnitude near  6.7 cps. The e f f e c t  of 
adding both modes 7 and 8 can be seen by r e f e r r i n g  back t o  the  
10 DOF t r a n s f e r  funct ion p l o t t e d  on f igu re  31, The e ighth  mode 
adds a l a r g e  peak near 8.7 cps, The measured data show no in-  
d i ca t ion  of t h i s  peak. It should a l s o  be noted t h a t  t he  addi- 
t i o n  of each degree of freedom improves the  phase angle comparison. 

It is of i n t e r e s t  t o  note  t h a t  the  peak 
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Variat ion i n  Transfer  Functions a t  Stat ion.676.0 With 
Number of Degrees of Freedom 

Transfer  funct ions f o r  3, 4, 5, 6, 7 and 8 DOF f o r  s t a t i o n  
676.0, A l ,  are p l o t t e d  i n  f i g u r e  33 f o r  run 131-3 as computed 
f o r  a 2000 f e e t  a l t i t u d e .  It i s  of i n t e r e s t  t o  note  t h a t  t he  
magnitude of the  peak near 2,6 cps f o r  the  3 DOF t r a n s f e r  func- 
t i o n  i s  a l s o  approximately 13 percent  higher than measured as  
previously observed f o r  comparisons with A428. The addi t ion  of  
t he  second mode f o r  the  4 DOF t r a n s f e r  funct ions reduces t h i s  
peak t o  a l e v e l  t h a t  is  approximately 7 percent  below the  
measured peak which is  a l s o  very similar t o  t h e  e f f e c t  produced 
a t  A428. A small peak near 3 cps is  a l s o  added. The 5 DOF 
t r a n s f e r  funct ion is  again almost the  same as the  4 DOF t r a n s f e r  
funct ion,  The addi t ion  of the  fou r th  na tu ra l  mode t o  obta in  t h e  
6 DOF t r a n s f e r  funct ions reduces the  peak near 2.6 cps t o  a 
l e v e l  t h a t  is  approximately 31 percent  below the  measured l e v e l  
(compared with 22 percent  f o r  t he  similar comparison a t  A428). 
The four th  mode adds a peak near 3.7 cps with a magnitude which 
is  approximately 1.63 t i m e s  the  measured value. The addi t ion  
of the  f i f t h  normal mode (7 DOF) produces a peak a t  5.0 cps 
without s i g n i f i c a n t l y  e f f e c t i n g  the  o ther  peaks. The measured 
da ta  has a peak a t  5.4 cps with almost the  same amplitude. 
addi t ion  of  mode 6 (8 DOF) adds a shoulder and a va l ley  a t  
approximately 6.2 cps without s i g n i f i c a n t l y  changing the  other  
peaks, The a d d i t i o q o f  the  seventh na tu ra l  mode produces very 
l i t t l e  change. The e f f e c t  of adding both the  seventh and eighth 
mode can be seen by r e f e r r i n g  back t o  the  10 DOF t r a n s f e r  func- 
t i o n  on f i g u r e  31. The e ighth  mode adds a peak near 8.7 cps 
but  no corresponding peak appears on the  measured data .  In  
general ,  t h e  phase angle  c o r r e l a t i o n  improves as addi t iona l  de- 
grees  of freedom are added f o r  A 1  as w a s  t he  case f o r  A428. 

The 

Variat ion i n  Transfer  Functions a t  S t a t i o n  1121.3 with 
Number of Degrees of Freedom 

Transfer  funct ions f o r  3, 4, 5, 6, 7 and 8 DOF f o r  s t a t i o n  

The peak near 2,6 cps has a magnitude 
1121.3, A l l ,  are p l o t t e d  i n  f i g u r e  34 f o r  run  131-3 as computed 
f o r  a 2000 f e e t  a l t i t u d e .  
t h a t  i s  approximately 10 percent  less than the  corresponding 
peak i n  the  measured data. 
t i o n s  provide good c o r r e l a t i o n  with the  sho r t  per iod frequency 

Therefore,  the  3 DOF t r a n s f e r  func- 
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and the  f i r s t  n a t u r a l  mode peak f o r  a l l  t h ree  accelerometer 
s t a t i o n s .  
approximately 13 percent  g rea t e r  than measured and the  computed 
peak a t  A l l  is approximately 10 percent  less than measured, 
The add i t ion  of the  second normal mode (4 DOF) reduces the  2.6 
cps peak amplitude approximately 25 percent  below the  peak on 
the  3 DOF t r a n s f e r  funct ion.  The addi t ion  of  t he  t h i r d  mode 
produces no s i g n i f i c a n t  change t o  the 2.7 cps peak and adds 
a small peak near  3.5 cps. 
mode (6 DOF) reduces the  peak a t  2.6 cps t o  approximately 70 
percent  of i t s  value on the  5 DOF t r a n s f e r  funct ions.  
mode also adds a l a r g e  peak a t  3.7 cps which maskes the  small 
peak a t  3,5 cps,  
mate ly  3.6 t i m e s  the  measured value. The addi t ion  of the  f i f t h  
mode (7 DOF) produces a peak near 4.9 cps without s i g n i f i c a n t l y  
e f f ec t ing  the  o ther  peaks. 
cps is approximately t w i c e  the magnitude of the.  measured peak 
a t  5.3 cps.  
a peak near 6.3 cps without s i g n i f i c a n t l y  changing the  o ther  peaks. 
The add i t ion  of t h e  seventh mode produces very l i t t l e  change. 
The e f f e c t  of adding both t h e  seventh and e ighth  modes can be 
seen by r e f e r r i n g  t o  the  10 DOF t r a n s f e r  funct ion p lo t t ed  i n  
f igu re  31. The phase angle  comparison with accelerometer All 
appears  t o  cont inua l ly  improve with the  addi t ion  of degrees of 
freedom. 

The computed peak magnitude a t  A428 and A 1  are 

The add i t ion  of the  four th  na tu ra l  

The fou r th  

The magnitude of the  peak a t  3,7 cps is  approxi- 

The magnitude of  the  peak near 4.9  

The add i t ion  of the  s i x t h  mode (8 DOF) produces 

and No Variat ions with Number of Degrees of Freedom 

The v a r i a t i o n  of K and No with number of degrees of freedom 
f o r  run 131-3 are shown i n  t a b l e  16. The computed value of A 
a t  s t a t i o n  676.0 ( A l )  f o r  2 DOF is  very c lose  t o  the  measured 
value and changes very l i t t l e  with added DOF. However, t he  com- 
puted values of H a t  s t a t i o n s  286.3 (A428) and 1121.3 (All)  as 
predicted by 2 DOF are considerably less than the  measured data .  
A s  would be expected from observing the  t r a n s f e r  funct ions,  the 
A f o r  these  two s t a t i o n s  increases  very sharply from the  5 DOF 
values t o  the  6 DOF values.  As the  number of degrees of f ree-  
dom are increased beyond 6 DOF the  K f o r  both A428 and A l l  con- 
t i nue  t o  increase.  The c o r r e l a t i o n  between computed and measured 
values of A i s  b e t t e r  f o r  3 DOF than f o r  10 DOF. 
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The No values computed for 2 DOF are considerable less than 
the measured values. 
the 5 DOF values to the 6 DOF values. The No values at A428 
and All for 6 DOF exceed the measured values and the difference 
increases with the addition of more DOF. 

The No values also increase sharply from 

Although there are many differences between the computed 
and measured transfer functions, it is the large response of the 
fourth natural mode of vibration in the computed transfer 
functions that is primarily the reason for the poor correlation 
between A and No data at accelerometer A428 and All, 

VAR U T  IONS I N  FUSELAGE STAT ION 

Transfer functions were computed for run 131-3 with a 
2000 feet density altitude for twelve fuselage stations ranging 
from the nose to the tail extremities of the fuselage centerline, 
Computed transfer functions (1) and station 186.3 (100 inches 
forward of accelerometer A428 location ), (2) at the station 286.3 
(coinciding with accelerometer A428 location), and (3) at a 
station 386.3 (100 inches aft of accelerometer A428 location) 
are shown in figure 35. Comparing the magnitude of the transfer 
function at station 186.3 and 286.3 it can be seen that the com- 
puted transfer funct-ion at station 186.3 compares more favorable 
with the measured data from zero to 3 cps. 
parison is not as goode The phase angle correlation is approxi- 
mately the same. Comparing the computed transfer function at 
stations 286.3,and 386.3 it can be seen that the computed trans- 
fer function at station 386.3 compares less favorably with the 
measured data from zero to 3 cps but the comparison is better 
above 3 cps. The phase angle correlation is about the same be- 
low 3 cps but somewhat degraded above 3 cps. 

Above 3 cps, the com- 

Computed transfer functions (1) at station 576.0 (100 inches 
forward of accelerometer A1 location), (2) at station 676.0 (coin- 
ciding with the accelerometer A1 location), and (3) at station 
776.0 (100 inches aft of the accelerometer A1 location) are 
shown in figure 36, 
relation between the magnitude of the computed and measured 
data. The degree of phase angle correlation is about the same 
from zero to 8 cps, The computed transfer function magnitude 

A 100 inch forward shift degrades the cor- 
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for the station 100 inches aft of A 1  compares better with 
measured data from zero to 5 cps but compares less favorable 
above 5 cps. 
that the computed transfer function for the fuselage station 
which coincides with the accelerometer A 1  location correlates 
best with the measured data. 

Considering the entire frequency range it appears 

Computed transfer functions (1) at station 1021.3 (100 
inches forward of the accelerometer All location), (2), at 
station 1121.3 (coinciding with the accelerometer A l l  location) 
and (3) at station 1161,6 (extreme aft fuselage station) are 
shown on figure 37. 
computed for the station 100 inches forward of A l l  compares 
more favorable with the measured data over the entire frequency 
range with the exception of the frequency range. between 0.5 and 
1.5 cps. 

It can be seen that the transfer function 

Variations in A and No With Fuselage Station 
A and No data computed at twelve fuselage stations for run 

131-3 using a 2000 feet altitude density are listed in table 17. 
Computed data for 1, 2 and 10 DOF are tabulated. These data are 
also plotted in figure 38 along with the measured data. A and 
No data computed for a density which actually existed during 
run 131-3 (4600 feet standard day) are also shown at the three 
accelerometer locations as flagged symbols. Restricting atten- 
tion first to the computed data for 10 DOF on figure 38 it can 
be-seen that the computed ?i and No at a station approximately 
50 inches aft of A428 compare very well with the measured data 
at A428. 
very well with the measured data at A l .  
approximately 100 inch forward shift in the computed data to 
obtain reasonable correlation with the data measured by acceler- 
ometer A l l .  It is also of interest to compare the computed 
data from the 1 and 2 DOF solutions. The 1 DOF 
compare very well with the measured data at A l .  
very well with the 
about one half of the measured value. It considerably under- 
estimates the A . i d  No measured data at A l l ,  

The computed A and No data at the A 1  location compare 
However, it requires 

and No data 
It also agrees 

data at A428 although the No value is only 

The values for 
, 
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RUN 131-3 SAS ON 
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Figure 38 A and No Versus Fuselage Station Run 131-3 
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2 DOF agrees with the 1 DOF value near the cog. but decreases 
forward of the point and increases aft of the point. Similarly 
the No value for 2 DOF is very close to the 1 DOF value at 
stations near the cog. but increases for stations both fore and 
aft of the point. In general, the 2 DOF and No values correlate 
better with the measured data than does the 1 DOF values. The 
10 DOF and No values are very close to the 2 DOF values near 
the cog, but are considerable greater as the fore and aft dis- 
tance from this point is increased. 

and No data computed at twelve fuselage stations €or run 
131-10 using a 2000 feet altitude density are listed in table 18, 
These data are also plotted on figure 39. Comparing the values 
obtained from the 10 DOF solution with the measured data it can 
be seen that the computed 
50 inches aft of the A428 location would compare very well with 
the A428 measured data. The correlation between computed data 
and measured data at A1 is very good. The correlation between 
computed and measured A values at All is also very good but 
could be improved by comparing with computed values at a station 
approximately 50 inches forward. However, to obtain a good 
comparison with No measured at A l l  it is necessary to compare 
with the computed values approximately 200 inches forward of 
the All location. The computed by the 1 DO analysis again 
compares very well with the measured data at A1 although it 
underestimates the No considerably. The No computed by the 
2 DOF analysis compares as well or better with the measured 
data than the No computed by the 10 DOF analysis at all three 
accelerometer locations. The 2 DOF A values match the measured 
A values at A428 and A1 very closely. 

and No at a station approximately 

A and No data computed at 12 fuselage stations for run 134-7 
using a 2000 feet altitude density are listed in table 19. 
These data are plotted on figure 40. 
the 10 DOF analysis compares very well with the measured data 
at all three accelerometers locations. However, the comparison 
can again be improved by comparing 
computed data approximately 50 inches af t  of A428 and the x 
measured at 11 with the computed value approximately 50 inches 
forward of A l l .  
pares very well with the measured data at A428 and A 1  but over 
estimates the measured No at All by almost a factor to two. 

The A data computed by 

measured at A428 with the 

The No computed by the 10 DOF analyses also com- 
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RUN 131-10 SAS ON 

Measured Data 
Computed Data 
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Figure 39 A and No Versus Fuselage Station Run 131-10 
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RUN 134-7 SAS ON 
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Summarizing, the computed data compares very well with the 
data measured by accelerometer Ai. 
the cog. and in this region the A and No values change very 
little with fuselage station. 
A428 and the aft fuselage accelerometer All the A and No values 
change rapidly with fuselage station. 
correlation between computed and measured data is not as good 
as at the cog. 

This accelerometer is near 

At the pilot station accelerometer 

At these stations the 

VARIATIONS IN MACH NUMBER 

To evaluate the effect on the transfer functions which 
would be produced by small errors in the measured Mach number 
or true air speed, transfer functions were computed for small 
variations in Mach number. The transfer functions computed for 
run 131-3 using a 2000 feet altitude standard day density were 
used as a reference and recomputed changing the Mach number from 
0.8 to 0.77 and 0.83. The true air speed was changed by the 
ratio of the Mach numbers. The Mach numbers and true air speeds 
which were used for this part of the investigation are listed 
in table 20, 

Table 20 Mach Number and Velocity Variations for Run 131-3 

Computed Transfer Functions, Run 131-3, For Mach No. 0.77 

Computed transfer functions €or run 131-3 assuming the 
Mach number to be reduced from 0.80 to 0.77 are plotted on 
figure 41. Computed transfer functions at fuselage station 
286.3, 676.0 and 1121.3 are shown for comparison with measured 
data from accelerometers A428, Al, and All respectively. The 
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pr inc ipa l  e f f e c t  of the  Mach number reduct ion is  t o  reduce 
the frequency of the  sho r t  per iod mode. The reduct ion of  t h e  
ve loc i ty  by the  r a t i o  .9625 produces about a 2 percent reduc- 
t i o n  i n  the frequency of t h e  sho r t  per iod mode. This  change 
s l i g h t l y  degrades the  c o r r e l a t i o n  between the  computed arid 
measured magnitude of t he  t r a n s f e r  funct ions i n  the  v i c i n i t y  
of t he  sho r t  per iod n a t u r a l  frequency f o r  a l l  th ree  s t a t i o n s .  
The amplitude of the  peak near 2.6 cps i s  a l s o  reduced which 
f u r t h e r  degrades the  c o r r e l a t i o n  with the  measured peak a t  t h a t  
frequency. The ratios of the  computed t r a n s f e r  funct ions a t  
0.77 Mach number t o  the  measured t r a n s f e r  funct ions fo r  run 131-3 
are shown i n  f i g u r e  42. Comparing these r a t i o s  with the r a t i o s  
obtained using computed t r a n s f e r  funct ions f o r  Mach No.  0.8, 
f i g u r e  26, the  s l i g h t  degradation i n  the r a t i o s  can be seen. 
To see the  e f f e c t  on the computed t r a n s f e r  funct ions produced 
by the  Mach number change, t he  r a t i o s  of the  computed t r a n s f e r  
funct ions fo r  Mach No. 0.80 are shown i n  f i g u r e  4 3 .  This 
f igu re  shows t h a t  t he  t r a n s f e r  funct ion r a t i o  i s  not  constant  
with Mach number. However, the  va r i a t ions  appear t o  f l u c t u a t e  
about a r a t i o  which i s  s l i g h t l y  less than uni ty .  The lower 
ve loc i ty  produces a small increase i n  phase angle  lag.  

Computed Transfer  Functions, Run 131-3, For Mach No. 0.83 

Computed t r a n s f e r  funct ions f o r  run 131-3 assuming the  
Mach number t o  be increased from 0.80 t o  0.83 are p lo t t ed  i n  
f igu re  44. 
increase i s  i n  the  s h o r t  per iod mode. 
cent  increase i n  ve locf ty  produces approximately a 2 percent  in-  
crease i n  the frequency of the  sho r t  per iod mode. 
improves the c o r r e l a t i o n  with the  measured da ta  a t  A 1  and All 
while degrading the  c o r r e l a t i o n  a t  A428 s l i g h t l y .  
Mach number a l s o  increases  the  magnitude of t h e  peak near 2 . 6  cps 
which improves the co r re l a t ion .  The r a t i o s  of  the  computed 
t r a n s f e r  funct ions at 0.83 Mach number t o  t h e  measured t rans-  
f e r  funct ions f o r  run 131-3 are shown i n  f i g u r e  45. 
paring f igures  42 and 45 the  changes i n  the  degree of co r re l a t ion  
produced by the  small Mach number changes can be observed. 
r a t i o s  of  the computed t r a n s f e r  funct ions a t  0.83 t o  the  com- 
puted t r a n s f e r  funct ion at 0.80 are p lo t t ed  i n  f igu re  46. 
r a t i o s  again vary widely but the  va r i a t ions  appear t o  f l u c t u a t e  
about an average value t h a t  is  s l i g h t l y  g rea t e r  than uni ty .  
higher ve loc i ty  decreases the phase angle lag.  

Again the  p r i n c i p a l  e f f e c t  of t he  s m a l l  Mach number 
The approximately 4 per- 

This e f f e c t  

The increased 
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and No Variat ions With Mach Number 

The t r a n s f e r  funct ions computed f o r  run 131-3 f o r  Mach 
numbers 0.77 and 0.83 were combined with the  Dryden gust  spectrum 
using a ve loc i ty  compatable with Mach 0.80. 
No obtained i n  t h i s  manner r e f l e c t  only the  change i n  t r a n s f e r  
funct ions produced by Mach number and ve loc i ty  changes, without 
changes i n  the  gus t  spectrum with which they were combined. 
These A and No values  are tabulated i n  t a b l e  21. Large re- 
ductions i n  Mach number and ve loc i ty  would be required t o  obta in  
good co r re l a t ion  between computed and measured 
accelerometers A428 and All. 

Hence, t he  3 and 

and No data  a t  

Table  21 3 and No Versus Mach Number, .Run 131-3 

1 I Computed (2000 Ft .  A l t . )  I 
M = 0.83 I 
li 

.03862 

. 03152 

.07876 

,~ 

4.0197 

VARIATIONS IN C , G ,  LOCATION 

Transfer  funct ions were computed €or run 131-3 to  evaluate,  
t he  e f f e c t  of small f o r e  and a f t  v a r i a t i o n  i n  the  cog .  No 
attempt: w a s  made t o  def ine  the  weight r e d i s t r i b u t i o n  which would 
be compatable with t h e  s h i f t  i n  c o g .  locat ion.  The na tu ra l  
f requencies  and mode shapes computed f o r  run 131-3 w e r e  assumed 
t o  be uneffected by t h e  s m a l l  s h i f t  i n  cog .  
weight d i s t r i b u t i o n  used t o  compute these modes w a s  not changed 
so the  general ized masses f o r  each of the  n a t u r a l  modes w a s  
not  changed. The loca t ion  of  t he  p i t c h  a x i s  f o r  the  r i g i d  body 

Similar ly ,  the  
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p i t c h  degree of freedom w a s  not  changed. 
w a s  introduced i n t o  the  ana lys i s  by changing only the  mass coupling 
terms between r i g i d  body p i t c h  and r i g i d  body t r a n s l a t i o n  which 
would r e s u l t  from the  c.g. s h i f t .  

The s h i f t  i n  cog .  

The c.g. during run 131-3 as measured by f l i g h t  test data  

Transfer  funct ions were recomputed with the  c o g .  
w a s  loca ted  a d is tance  26.8 percent  of t he  MAC a f t  of t he  MAC 
leading edge. 
s h i f t e d  forward 3 percent of the MAC and then a f t  3 percent of 
the  MAC. The fuse lage  s t a t i o n  of each of these  c o g ,  pos i t i ons  
together  with the  changes i n  the  sho r t  period mode frequency as 
predic ted  by  equation ( 5 6 )  are shown i n  table 22 .  

Table 22 C.G. Variat ions f o r  Run 131-3 

I C.G. Location I Frequency of Short  PeriG-1 

Computed Transfer  Functions, Run 131-3, With C O G .  Shi f t ed  
Forward t o  23.8% MAC 

Computed t r a n s f e r  funct ions fo r  run  131-3 using a 2000 
f e e t  a l t i t u d e  standard day dens i ty  and with the  cog .  s h i f t e d  
forward t o  the  23.8 percent  MAC pos i t i on  (13 inches forward of 
the measured cog .  p o s i t i o n  f o r  run  131-3) are p l o t t e d  on f igu re  
47 f o r  comparison with the  measured data. 
s h i f t  increases  the  frequency of t he  sho r t  per iod mode s l i g h t l y  
more than predic ted  by equation 56, table 2 2 ,  The c o r r e l a t i o n  
between computed and measured da ta  is improved i n  the  frequency 
range between 0,2 and 1.5 cps. 
t r a n s f e r  funct ion t o  t h e  measured t r ans fe r  funct ion is  shown 
i n  f igu re  48.  
t he  phase angle  d i f f e rence  is c lose  t o  zero i n  the  frequency 
range from approximately 0.2 t o  1.5 cps. The degree of cor- 
r e l a t i o n  i s  not  s i g n i f i c a n t l y  improved above 1.5 cps. 

The forward cog .  

The r a t i o  of t he  computed 

The magnitude r a t i o  i s  very c l o s e  to  un i ty  and 
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The r a t i o s  of the  computed t r a n s f e r  funct ions wi th  c,g. a t  
23,8 percent  MAC t o  the  computed t r a n s f e r  funct ions with c ,g ,  a t  
26.8 percent  MAC are shown i n  f i g u r e  49, 
magnitudes v a r i e s  through wide excursions i n  t h e  frequency range 
below 1.5 cps.  Above 1.5 cps t h e  magnitude r a t i o s  are less than 
f 10 percent .  
above 1,5 cps i s  produced by the  c.g. s h i f t ,  S imi l a r ly  l a r g e  
d i f fe rences  i n  t h e  phase angles  occur below 1.5 cps but  t h e  
d i f fe rences  become small above 1.5 c p s ,  

The r a t i o  of t h e  

Very l i t t l e  change i n  t h e  magnitude of the  peaks 

Computed Transfer  Functions, Run 131-3, With C,G, Sh i f t ed  
A f t  t o  29,8% MAC 

Computed t r a n s f e r  funct ions f o r  run 131-3 using a 2000 
feet  a l t i t u d e  s tandard day dens i ty  and wi th  t h e  c,g. s h i f t e d  a f t  
t o  the  29.8 percent  MAC pos i t i on  (13 inches a f t  of t h e  measured 
c.g, pos i t i on  for run 131-3) are p l o t t e d  i n  f i g u r e  50 f o r  com- 
par i son  with t h e  measured data .  The a f t  c o g .  s h i f t  lowers the  
frequency of t h e  s h o r t  per iod mode s l i g h t l y  more than pre- 
d i c t ed  by equation (561, table 22. The degree of c o r r e l a t i o n  
between computed and measured magnitudes and phase angles  is  
s i g n i f i c a n t l y  degraded f o r  frequencies below 1.5 cps .  Above 
1.5 cps t h e  a f t  c,g. s h i f t  produces very l i t t l e  d i f fe rence  i n  
t h e  t r a n s f e r  funct ions.  The r a t i o s  of t he  computed t o  the  mea- 
sured t r a n s f e r  func,tions are shown i n  f i g u r e  51. This f i g u r e  
c l e a r l y  shows the  degradation i n  t h e  t r a n s f e r  funct ion c o r r e l a t i o n  
below 1 0 5  cps  which is  produced by the a f t  c,g.  s h i f t .  

The ra t ios  of t he  computed t r a n s f e r  funct ions with c o g .  a t  
29,8 percent MAC t o  t h e  computed t r a n s f e r  funct ions wi th  t h e  
c o g ,  a t  26,8 percent MAC are shown i n  f i g u r e  52. The magnitude 
r a t i o  i s  as high as 6.0 a t  0,2 cps.  Phase angle  d i f fe rences  
as high as 80 degrees also occur near  0.2 cps. 

Var ia t ion  I n  and No With C O G .  Location 

2 and No data w e r e  computed f o r  run 131-3 with the  c.g. 
s h i f t e d  forward t o  the  23.8 percent MAC and a f t  t o  t h e  29,8 
percent MAC. These da t a  are l i s t e d  i n  t a b l e  23 f o r  comparison 
with the measured data. The predominant effect  of s h i f t i n g  
t h e  c o g ,  can be observed by r e f e r r i n g  t o  t h e  and No data  
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t abula ted  f o r  t he  2 DOF analyses.  
a t  the  s h o r t  per iod frequency i s  a p i t ch ing  motion about a p i t c h  
a x i s  t h a t  is  loca ted  upstream of t h e  fuse lage  nose. A forward 
s h i f t  i n  t he  c o g .  produces a l a r g e  d is tance  between t h e  cog .  
and a.c. causing a l a r g e r  aerodynamic moment which i n  t u r n  
causes t h e  s h o r t  per iod mode p i t c h  a x i s  t o  move af t .  This  
causes the  A a t  t h e  s t a t i o n  286,3 t o  decrease and the  a t  
s t a t i o n  1121.3 t o  increase, Conversely, t h e  a f t  s h i f t  i n  c o g .  
reduces t h e  d is tance  between a.c. and cog . ,  reducing t h e  aero- 
dynamic moment and causing t h e  s h o r t  per iod mode p i t c h  ax is  t o  
move forward. The r e s u l t  i s  t o  increase  the  A a t  s t a t i o n  286.3 
and decrease the  a t  s t a t i o n  1121,3, The a t  s t a t i o n  676.0 changes 
very l i t t l e  with c o g .  s h i f t .  The forward s h i f t  i n  c o g .  increases  
t h e  frequency of t h e  s h o r t  period mode which i n  tu rn  increases  
No. Conversely, t h e  a f t  s h i f t  i n  c o g o  reduces the  frequency 
of t he  sho r t  period mode which i n  t u r n  decreases No, 

The motion of  t h e  a i r p l a n e  

Turning a t t e n t i o n  t o  t h e  and No data  obtained from the  
10 DOF ana lys i s  i t  can be seen t h a t  t h e  c h a r a c t e r i s t i c s  which 
are e a s i l y  explained by t h e  2 DOF ana lys i s  remain i n  the  10 DOF 
r e s u l t s .  A forward s h i f t  i n  c o g .  decreases a t  s t a t i o n  286,3 
and increases  a t  s t a t i o n  1121.3. A forward s h i f t  i n  c o g o  
increases  the  value of No a t  a11 t h r e e  s t a t i o n s .  

It i s  concluded t h a t  s h i f t i n g  t h e  c o g .  forward t o  t h e  
23,8 percent  MAC pos i t i on ,  improves the  c o r r e l a t i o n  between 
computed and measured t r a n s f e r  funct ions f o r  run 131-3. The 
c o r r e l a t i o n  between computed and measured 1 values i s  a l s o  
improved f o r  accelerometers A428 and A 1  while only s l i g h t l y  
degrading t h e  c o r r e l a t i o n  wi th  accelerometer All, 
c o r r e l a t i o n  is  s l i g h t l y  improved at A 1  and s l i g h t l y  degraded 
a t  A428  and All by t h e  forward c o g o  s h i f t .  

The No 

VARIATIONS IN SAS GAINS 

A block diagram of the s t a b i l i t y  augmentation system f o r  
longi tudina l  con t ro l  w a s  shown i n  f i g u r e  10. The elevon 
ac tua to r  rece ives  th ree  inputs  which command e l eva to r  de- 
f l e c t i o n s .  One input  is from the  p i t c h  damper loop, The 
p i t c h  rate i s  sensed by a p i t c h  rate gyro loca ted  a t  fuselage 
s t a t i o n  687, The p i t c h  damper ga in  i s  a func t ion  of a l t i t u d e .  
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For example, i t s  value is 0.05 a t  2000 f e e t  and 0.17 a t  30,000 
feet a l t i t u d e .  A second input  is from t h e  autotr im loop, The 
v e r t i c a l  acce le ra t ion  i s  sensed by an accelerometer located 
a t  fuselage s t a t i o n  687, This  loop has two va r i ab le  gains ,  
K 1  and K2. Its 
value i s  0.5 f o r  gross  weights less than 100,000 lbs .  and 1.0 
f o r  gross  weight above 135,000 lbs .  Between 100,000 lbs .  and 
135,000 lbs. the  gain va r i e s  continuously from 0,5 t o  1,O. 
The Kz gain i s  a funct ion of Mach number, s t a t i c  margin, 
a l t i t u d e ,  and gross  weight. For the  f l i g h t  condi t ions com- 
p a t i b l e  with run 131-3 t he  value of the  K2 gain w a s  .062. 
the  a l t i t u d e  w e r e  increased t o  30,000 f e e t  holding a l l  other  
f l i g h t  condi t ions constant  t h e  K2 gain  would increase  t o  a 
value of 0.135. The t h i r d  input  t o  the  elevon ac tua to r  i s  
from t h e  s t i c k  pos i t i on  o r  p i l o t  input .  
K3 and K4, associated with t h i s  input .  
analyses  i t  w a s  assumed t h a t  no p i l o t  input  ex is ted .  Hence 
the  K3 and Kq gains  w e r e  zero f o r  a l l  of the  computed t r ans fe r  
funct ions . 

The K 1  gain i s  a funct ion of  gross  weight. 

If 

There are two gains ,  
Throughout a l l  of the  

Transfer  Functions f o r  Run 131-3, With Variat ions i n  
SAS Gains 

To evaluate  the  e f f e c t  of t he  SAS, t r a n s f e r  funct ions were 
computed f o r  run 132-3, using a 2000 f e e t  a l t i t u d e  s tandard 
day densi ty ,  with the  SAS disengaged, The t r a n s f e r  funct ions 
with SAS-OFF w e r e  found t o  be very c lose  t o  the  t r a n s f e r  funct ions 
with SAS-ON, The r a t i o  of the  SAS-OFF t o  t h e  SAS-ON t r ans fe r  
funct ions are p l o t t e d  i n  f i g u r e  53. When SAS is turned o f f ,  
the  magnitude of t he  t r a n s f e r  funct ions decrease as much as 
20 percent a t  frequencies near 0.2 cps. Between 0,5 c p s  and 8 
cps the  d i f fe rence  i n  the  t r a n s f e r  funct ion magnitudes is  less 
t h a n k  5 percent ,  
magnitude of the  t r a n s f e r  funct ion with SAS-OFF i s  approximately 
15 percent  g rea t e r  than with SAS-OFF. 
fuselage def lec t ion  a t  t h e  sensor loca t ion  i s  l a r g e  f o r  the 
na tu ra l  mode near t h i s  frequency. Hence the  p i t c h  damper loop 
of t he  SAS reduces t h i s  peak. The phase angle  d i f fe rences  are 
very c lose  t o  zero except f o r  f requencies  below 0.5 cps and 
above 8 cps. 

A t  the  peak frequency near 8.7 cps the 

The s lope of the  
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Transfer  funct ions were a l so  computed f o r  the  same 2000 
f e e t  a l t i t u d e  but  wi th  t h e  p i t c h  damper ga in  and t h e  K2 gain 
increased t o  the  value they would have i f  the  a l t i t u d e  were 
increased t o  30,000 f e e t .  These gains  were u n r e a l i s t i c a l l y  
high f o r  a 2000 f e e t  a l t i t u d e  but  w e r e  chosen t o  L l l u s t r a t e  
the  e f f e c t  of an extreme increase i n  the  gains ,  T.he real- 
i s t i c  gains  fo r  2000 f e e t  and the  gains  a t  30,000 f e e t  are 
shown i n  t a b l e  24. The increased gains  reduced the  magnitude 
of the  t r a n s f e r  funct ions i n  the  v i c i n i t y  of t he  sho r t  per iod 
mode, s l i g h t l y  degrading the  c o r r e l a t i o n  with the  measured data .  

Table 24 Variat ions i n  SAS Gains With Al t i tude  

It a l s o  reduced the  magnitude of  the  peak near 8.7 cps approx- 
ima te ly  25 percent  a t  s t a t i o n  286.3 and 1121.3 and approximately 
10 percent  a t  s t a t i o n  676.0, The t r ans fe r  funct ions between 2 
cps and 8 cps w e r e  e s s e n t i a l l y  unchanged by the  increase i n  
gains .  

E and No Variat ions With SAS Gains 

The and No data  w e r e  computed f o r  t he  SAS-OFF t r a n s f e r  
funct ions and the  SAS-ON with 30,000 f e e t  ga in  t r a n s f e r  func- 
t ions .  
bas ic  condi t ion with t h e  SAS gains  compatible with a 2000 feet 
a l t i t u d e  are a l s o  l i s t e d  f o r  comparison. It is  concluded 
t h a t  the  SAS has very l i t t l e  e f f e c t  on the  computed 
data ,  

They are l i s t e d  i n  t a b l e  25, The A and No data  f o r  the 

and No 
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EFFECT OF INCLUDING AN AEROELASTIC MODE 

An initial step in applying Lagrange's equations of motion 
is to express the deformed shape of the structure as a summation 
of the products of predetermined deformed shapes and unknown 
generalized coordinates as expressed by equation (32). It is 
necessary to determine the stored elastic energy which results 
from deforming the structure into each of the predetermined de- 
flection shapes. 
ized coordinates are employed, the structure is not constrained 
by expressing the deformation in this manner. If only N gen- 
eralized coordinates are employed, the structure is constrained 
to deform in some linear combination of the N predetermined 
deformation shapes. Hence, Lagrange's equations of motion pro- 
vide a practical means of obtaining good approximate solutions 
if N 
mation to the exact solution (obtained with an infinity of 
terms),, The analyst is free to choose any set of deformation 
shapes (provided each cannot be expressed as a linear combination 
of the others) consistent with the boundary conditions imposed 
on the structure. Natural modes of vibration are often used as 
degrees of freedom in dynamic response analyses for two reasons: 

If an infinity of linearly independent general- 

deformation shapes are chosen which provide a good approxi- 

1. Experience and intuition indicate that good approxi- 
mate solutions can be obtained with fewer elastic degrees of free- 
dom using normal modes than with any other type of deformation. 

2.  The stored elastic energy is known as soon as the 
mode shape, natural frequency, and mass distribution are known. 
The generalized spring constant can be expressed as the product 
of the natural frequency (rad/sec) squared times the generalized 
mass ,, 

However, there are occasions when deformation shapes 
other than normal modes of vibration might improve the 
solution with fewer generalized coordinates. Consider the 
deformation shape of an aircraft responding to the excitation 
of a pure sine wave gust velocity tuned to the short period 
frequency of the airplane. 
considerably below the first natural frequency of the structure, 
the deformation of the structure might be considerably different 

If the short-period frequency is 
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from the  f i r s t  n a t u r a l  mode. Furthermore, i t  might take a r a t h e r  I 

l a r g e  number of n a t u r a l  modes t o  provide s u f f i c i e n t  freedom f o r  
the  constrained s t r u c t u r e  t o  assume the  shape of the short-per iod 
mode deformation. A t  h igher  f requencies ,  the  normal mode 
coordinates  might produce a very good approximation of the  
deformation of the  s t r u c t u r e .  
and incorporated i n  the  equations of motion t o  observe i t s  e f f e c t .  

An a e r o e l a s t i c  mode w a s  computed 

The a e r o e l a s t i c  mode w a s  computed by  the  following s t e p s :  

S t e p  One 

The f l e x i b i l i t y  matr ix  which w a s  used t o  compute the  
normal modes of v ib ra t ion  w a s  computed with one point  on 
the  cen te r l ine  of the  fuselage f ixed aga ins t  r o t a t i o n  and d i s -  
placement. 
was  set a t  a u n i t  angle  of a t t a c k  and a s t a t i c  . aeroe las t ic  ana lys i s  
( fo r  f l i g h t  condi t ions corresponding t o  run 131-3 
t o  determine the  r e s u l t i n g  elastic deformations (ha} and 
compatible aerodynamic loads {La) . These loads were reacted 
a t  the  f ixed  point  by a v e r t i c a l  load, 

Using the  same f l e x i b i l i t y  matr ix  the  f ixed  point  

w a s  conducted 

Ra , and pi tching moment, 
Ma! O 

S t e p  Two 

The operat ions of s t e p  one w e r e  repeated with t h e  f ixed  
point  a t  zero angle  of a t t a c k  and the  elevon set a t  a u n i t  
e leva tor  angle of a t tack .  A s t a t i c  a e r o e l a s t i c  ana lys i s  ( f o r  
f l i g h t  condi t ions corresponding t o  run 131-3) w a s  conducted t o  
determine the  r e s u l t i n g  ela t i c  deformations {ha] and com- 
p a t i b l e  load d i s t r i b u t i o n  (La] . These loads w e r e  reac ted  a t  
the  f ixed point  by a v e r t i c a l  load, Rg , and a p i tch ing  moment, 
Ma O 

S t e p  Three 

A 1-g i n e r t i a  load d i s t r i b u t i o n  {LI]was appl ied t o  the  
f l e x i b i l i t y  matr ix  and the  r e s u l t i n g  e l a s t i c  deformations (h$ 
were computed f o r  the  weight d i s t r i b u t i o n  assoc ia ted  with run 
131-3, 
weight of t he  a i rp l ane ,  W , and the  pi tching moment of the 
weight about a p i t c h  a x i s  through the  f ixed  po in t ,  M. 

These loads w e r e  reac ted  a t  the  f ixed  point  by the  
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Step Four 

To  balance the  a i rp lane ,  t he  angle  of a t t a c k  and e leva tor  
angle  need t o  remove the  r eac t ions  a t  the  f ixed  poin t  were com- 
puted from the  following p a i r  of equations.  

As a matter of i n t e r e s t  
method w a s  2.81 degrees 

R a 6  = W  

Ma8 = M  

t h e  angle  of a t t a c k  computed by t h i s  
compared t o  the  f l i g h t  test measured 

t r i m  angle  of a t t a c k  (measured from the angle  of zero l i f t )  
of 3.0 degrees fo r  run 131-3. The computed e leva tor  angle  
w a s  -2.58 degrees compared t o  the  f l i g h t  test value of -1.46 
degrees. The combined balanced load d i s t r i b u t i o n  f o r  the  
a e r o e l a s t i c  mode w a s  obtained by t h e  following r e l a t i o n  

The corresponding combined e l a s t i c  deformation of the  a e r o e l a s t i c  
mode w a s  obtained as follows. 

The a e r o e l a s t i c  mode deformation shape i s  p l o t t e d  on f igu re  54. 

The s to red  energy assoc ia ted  with the  a e r o e l a s t i c  mode 
can be expressed as follows: 

where the  superscr ip t  T i nd ica t e s  t ranspose of 
matrix.  The ra te  of change of t h e  s to red  energy 
t o  the  a e r o e l a s t i c  general ized coordinate  is  

the  column 
with respect  
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Figure  54 Aeroelastic Mode 
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To p lace  the  r i g h t  hand s i d e  of equat ion (68) i n  the  same form 
as used f o r  each of t h e  normal modes of v ib ra t ion  a f i c t i o u s  
frequency w a s  assoc ia ted  with the  a e r o e l a s t i c  mode and computed 
by the  following r e l a t i o n  

m 

where Maa i s  the  general ized m a s s  of t he  a e r o e l a s t i c  mode 

and oa is  the  f i c t i o u s  frequency assoc ia ted  with t h e  aero- 
elastic mode. 

The general ized mass f o r  t he  a e r o e l a s t i c  mode w a s  computed i n  the  
same manner as the  general ized masses for each of t he  normal 
modes of v ibra t ion ,  namely, 

m 

where m is  a diagonalmass matr ix  of the  lumped mass repre-  
s en ta t ion  of the  a i rp l ane  mass. 

Transfer  Functkons with Aeroelast ic  Mode 

The a e r o e l a s t i c  mode w a s  used to  rep lace  the  las t  f l e x i b l e  
mode of v ib ra t ion  (mode 8) used i n  the previous 10 DOF analysis .  
The general ized aerodynamic terms f o r  t he  a e r o e l a s t i c  mode was  
computed i n  the  same manner as the  o ther  modes. Mass coupling 
terms between the  a e r o e l a s t i c  mode and a l l  o ther  degrees of 
freedom w e r e  computed. The t r a n s f e r  funct ions computed with the  
a e r o e l a s t i c  mode included f o r  run 131-3 with a 2000 f e e t  a l t i t u d e  
s tandard day densi ty  are p l o t t e d  i n  f i g u r e  55.  
f e r  funct ions w e r e  computed with the SAS-OFF but  as previously 
discussed the  SAS makes very l i t t l e  d i f fe rence  i n  the  t r a n s f e r  
funct ions) .  
t r a n s f e r  funct ions is  very good i n  the  frequency range near 
t he  sho r t  per iod mode. However, t he  add i t ion  of t h e  a e r o e l a s t i c  
mode degrades the  comparison i n  the  frequency range between 2 
cps and 4 cps. The frequency of t he  peak assoc ia ted  with the  

(These t rans-  

The comparison between computed and measured 
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f i r s t  n a t u r a l  mode has been s h i f t e d  down t o  approximately 2 
cps compared t o  t h e  measured peak a t  2.5 cps. The comparison 
appears t o  be b e t t e r  above 7 cps but  t h i s  i s  pr imar i ly  due t o  
t h e  removal of  t he  e ighth  n a t u r a l  mode of v ib ra t ion  as a degree 
of freedom. The r a t i o  of  t he  computed t r a n s f e r  funct ions wi th  
t h e  a e r o e l a s t i c  mode t o  the  measured t r a n s f e r  funct ions are 
p l o t t e d  i n  f i g u r e  56. 
be c l o s e r  t o  u n i t y  over most o f ’ t h e  frequency range than has 
been obtained wi th-previous  va r i a t ions .  Again p a r t  of t h i s  i s  
due t o  t h e  removal of the  e ighth  mode which caused high magnitude 
r a t i o s  near 8.7 cps  on previous p l o t s .  

The r a t i o  of t he  magnitudes appears  t o  

F,S. 

( in )  

286.3 

676.0 

1121.3 

The r a t i o s  of the  t r a n s f e r  funct ions with t h e  a e r o e l a s t i c  
mode t o  the  bas i c  t r a n s f e r  funct ions (SAS OFF) are p l o t t e d  i n  
f i g u r e  57, The add i t ion  of t he  a e r o e l a s t i c  mode produces l a r g e  
va r i a t ions  i n  the  magnitude r a t i o s  but very small d i f fe rences  
i n  phase angle. 

Computed (2000 Ft .  A l t . )  
SAS OFF Measured 

Accel . Data 
Basic With Aeroelast ic  

Mode 
- - - 
A No A NO A NO 

A428 -03838 3.2362 -03496 2.8274 ,02814 2,391 

A 1  ,02980 1.5951 .03080 1.5103 .03019 1.638 

A l l  .07691 4.1474 .07413 3.0464 ,05888 2.454 

Effect of Aeroe las t ic  Mode on and No Values 

The a and No values obtained from the computed t r a n s f e r  
funct ions obtained with t h e  inc lus ion  of the  a e r o e l a s t i c  mode 
a r e  l i s t e d  i n  t a b l e  26. The computed 
a e r o e l a s t i c  mode as computed with SAS-OFF a r e  also l i s t e d  i n  
t a b l e  26. 

and No data  without the  
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The aeroelastic mode improves the correlation between computed 
and measured A and No data. However, part of this improvement 
results from deleting the eighth natural mode of vibration. 

COMPUTED TRANSFER FUNCTIONS USING QUAS I-STEADY AERODYNAMICS 

The oscillatory pressure as computed by the kernel function 
method is a complicated implicit function of the oscillation 
frequency. This complication makes it more attractive to use 
digital techniques to compute transfer functions at discrete 
frequencies than to use analog techniques. However, when non- 
linearities are important the transfer function approach is no 
longer applicable and it is necessary to turn to solutions in 
the time domain, Here the analog approach is more attractive if 
the aerodynamic terms can be expressed as an explicit function 
of frequency. 
was to evaluate quasi-steady aerodynamic methods in computing 
transfer functions. The term Quasi-Steady is used here to mean 
any method which reduces the aerodynamic elements from a complicated 
implicit function of frequency to a relatively simple explicit 
function of frequency. Two quasi-steady methods of computing the 
[Qrs]elements of equation (35) were investi ated. No attempt was 
made to compute the gust aerodynamic termsfQrg}by quasi-steady 
methods . 

The objective of this portion of the investigation 

Quasi-Steady Method One 

The downwash for unit amount of each generalized coordinate 
as expressed by equation (40) is composed of two parts. 
part is a function of the streamwise slope distribution and the 
other part is a function of the vertical displacement distri- 
bution associated with each generalized coordinate. 
evaluate the [Qrs] terms for the wing by the first quasi-steady 
method, the [ B ]  matrix of equation (39) was evaluated for 
zero frequency. The VCU portion of the downwash was substituted 

coefficients were sub- 
stituted into equation (38) to obtain t e steady pressure dis- 
into equation (39) and the resulting 

tribution, This pressure was then used to evaluate the integral 
on the right side of equation (35). 
using the vertical deflection, h , in place of the downwash 
Va . 
by the following equation 

One 

To 

The operation was repeated 

The quasi-steady[Qrs]terms for the wing were then obtained 
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where [ Qrs ] is the matrix of aerodynamic terms due to the VCY 

ized coordinate s,  and 

is the matrix of aerodynamic terms due to the h 

coordinate S. 

VCY portion of the downwash associated with general- 

19rs 1 h portion of the downwash associated with generalized 

The[Qrs]terms for the nacelles and pylons were not altered since 
they were already computed by a quasi-steady method. 
terms for the fuselage were not altered since they were com- 
puted by slender body theory and were already expressable as 
simple explicit functions of frequency. 
dynamic terms due to the SAS were not changed and hence were 
based upon modified strip theory as previously described. 
gust aerodynamic termS{Qrg] were also unaltered. 
steady aerodynamic terms computed by method one agree exactly 
with the unsteady aerodynamic terms at zero frequency but 
deviate from the unsteady aerodynamic terms to an increasing 
extent with increasing frequency, 

The[Qrs] 

The additional aero- 

The 
The quasi- 

Transfer functions for run 131-3 with a 2000 feet altitude 
standard day density were computed using the quasi-steady method- 
one described above. The transfer functions are plotted on figure 
58 for comparison with measured data. Comparing figure 58 with 
figure 25 it can be-seen that the transfer functions computed 
using quasi-steady aerodynamic method-one have peaks with 
magnitudes that are generally higher than those obtained using 
unsteady aerodynamics. 
measured transfer function magnitudes is degraded, However, 
the phase angle comparison between computed and measured data is 
practically the same as obtained by unsteady aerodynamics. The 
ratios of the computed transfer functions, using quasi-steady 
method-one, to the measured transfer functions are shown in 
figure 59. This method apparently reduces the aerodynamic damping 
associated with each resonant frequency but otherwise the trans- 
fer functions are good approximations to the transfer functions 
obtained with unsteady aerodynamics, 

The comparison between computed and 
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Quasi-Steady Method Two 

The aerodynamic terms containing pressures due to rigid 
body degrees of freedom are the same for method two as previously 
described for method oneo However, the remaining aerodynamic 
terms were altered. The aerodynamic terms which contain the 
pressures due to the first elastic mode as computed using un- 
steady aerodynamics at the frequency of the first elastic mode 
were used to approximate these terms for all other frequencies. 
This approximation was made by assuming the real part to be 
invariant with frequency and the imaginary part to vary linearly 
with frequency. The procedure is repeated in a like manner 
for each of the elastic degrees of freedom. The quasi-steady 
aerodynamic terms in the second method which contain pressures 
produced by the first flexible mode agree exactly with the 
corresponding unsteady aerodynamic terms at the natural fre- 
quency of the first flexible mode and are approximate at other 
frequencies. The quasi-steady aerodynamic terms which have 
pressures produced by flexible mode two, agree exactly with the 
corresponding aerodynamic terms at the natural frequency of 
mode two and are approximate elsewhere; etc. 

Transfer functions for run 131-3 with a 2000 feet altitude 
standard day density were computed using the second quasi-steady 
method, The transfer functions are plotted on figure 60 for 
comparison with measured data. 
25 it can be seen that the transfer functions computed using the 
second quasi-steady method agrees very closely with those obtained 
using unsteady aerodynamics. The degree of correlation with the 
measured data is almost the same as obtained with unsteady aero- 
dynamics. 
quasi-steady method two to the measured data is shown in figure 
61 . 

Comparing figure 60 with figure 

The ratio of the computed transfer functions using 

A and No Data Using Quasi-Steady Aerodynamics 

The and No data computed by both the quasi-steady aero- 
dynamic methods are listed in table 27. 
and No data obtained using unsteady aerodynamics are also listed 
for comparison. 
are a good approximation to the unsteady data. 
and No obtained by the second method are almost identical to the 
unsteady data. 

The corresponding A 
The A and No data obtained by the first method 

However, the ?i 
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Table 27 and No Data Using Quasi-Steady Aerodynamics 

quasi-Steady 
F.S. Unsteady 
(in> 

138 

Method One Method Two 
I 

- 
N = 1G 

2 8 6 . 3  ,4428 

676.0 A 1  

1121.3 All 

- 

, CUL,C, 3.2472 

.03236 1.5812 

,08635 4.0090 



TWO DIMENSIONAL TURBULENCE TRANSFER FUNCTIONS 

The proceding sec t ions  have been concerned with computing 
the  response t o  one dimensional turbulence which var ies  i n  the 
f l i g h t  d i r e c t i o n  but  does not  vary i n  the  spanwise d i r ec t ion  
(perpendicular t o  t h e  f l i g h t  d i r ec t ion )  , 
t h e  response t o  two dimensional turbulence w a s  developed i n  
reference 9 which considers  t h e  v e r t i c a l  component of the  
gust  ve loc i ty  to be random i n  both t h e  f l i g h t  d i r ec t ion  and the 
span d i rec t ion .  

A method of computing 

The concept of dividing t h e  l i f t i n g  sur face  i n t o  s t r i p s  
i s  employed i n  re ference  9 as a means of descr ibing the  pro- 
cedure, The method i s  r e a d i l y  extended t o  permit the  u t i l i z a -  
t i o n  of t he  kernel  funct ion as a means of computing the  o s c i l l a -  
to ry  pressure d i s t r i b u t i o n .  For c l a r i t y ,  the  method of ana lys i s  
as appl ied here in  is b r i e f l y  developed. 

A s  previously descr ibed a co l loca t ion  method is  used t o  
obta in  approximate so lu t ions  t o  t h e  i n t e g r a l  equation r e l a t i n g  
downwash, pressure,  and kernel  funct ion,  equat ion (37).  As 
employed here  the  downwash is s a t i s f i e d  a t  25 co l loca t ion  poin ts  
on each s i d e  of the  fuselage cen te r l ine ,  Five chordwise poin ts  
are located on each of t h e  f i v e  streamwise l i n e s  on the wing 
on each s ide  of the  cen te r l ine .  
wave i s  described along t e n  streamwise paths as shown i n  f igu re  
62 . 

Hence, the  t r ave l ing  gust  ve loc i ty  

3-3- f 3- 3 

Figure 62 Gust Veloci ty  St reamwise  Paths 
f o r  Downwash Collocat ion Points  

139 



The one dimensional traveling gust velocity wave is expressed 
as 

- iot io( t - 6 ) W w e  = e  8 g 

-iox/v - 
W g = e .  (73) 

where x is measured from the location of the gust probe. For 
collocation purposes the gust wave is defined along the ten 
streamwise paths illustrated in figure 62. In matrix notation, 
the gust velocity is defined by a 50 x 1 column matrix which can 
also be expressed as the sum of ten column matrices 

is a 50 x 1 column matrix in which all the elements 
are zero except the five elements corresponding to 
the five downwash points along the nth streamwise path - 

Each column on the right hand side of equation (74) represents 
the gust velocity along one path with the gust velocity along 
all other paths set equal to zero. The sum of the oscillatory 
pressures produced by each of the ten sets of gust velocities 
is equal to the pressure produced by a continuous one dimensional 
gust wave. 

is the pressure produced by satisfying the gust 
velocity on the collocation points along the nth 
streamwise path - 

The generalized aerodynamic terms produced by the one dimensional 
gust wave can be expressed by 

+.e..+ (9 1 (76) 
rg10 
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The s inusoida l  response t o  the  one dimensional s inusoida l  gust  
wave ( t r a n s f e r  funct ion)  can then be expressed as the  sum of 
the  responses t o  each of t h e  t e n  forcing funct ions on the  r i g h t  
s i d e  of equat ion (76) 

where Hn( w )  is  the  response t o  the  forc ing  funct ion produced by 

The Fourier  
r e l a t i o n  . 

where h ( t )  

sa t i s fy ing '  the  gust  ve loc i ty  downwash at-  the  colla= 
ca t ion  po in t s  along the  n th  - streamwise path.  

transform of equation (77) yields t he  following 

is t h e  response of some point  on the  a i rp l ane  due t o  
f l i g h t  through a u n i t  impu l se  downwash located along 
the  x = 0 a x i s  and 

i s  t h e  cont r ibu t ion  t o  h ( t )  produced by s a t i s f y i n g  
the  downwash a t  the  co l loca t ion  points  along the n t h  - 
streamwise path due t o  f l i g h t  through the  l i n e  of 
u n i t  impulses located along the  x = 0 ax i s .  

Therefore, t h e  response of some i t e m  due t o  f l i g h t  through 
random turbulence which can have a d i f f e r e n t  p r o f i l e  along 
each of the  t e n  f l i g h t  paths ,  can be expressed as 

a ( t )  = f wgl( T )  hl( t -  7 )  d7 + 
-03 -00 

oc a 

w ( r )  h ( t - 7 )  d r  J 810 10 
+ 0 . .  + 

-03 

The Fourier  transform of equation (79) y i e lds  

(79) 
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where W (a) and Hn( 0) are the  Fourier  transforms of w (t) 

and hn( t )  respec t ive ly .  
gn gn 

The PSD of the  response can be expressed as 

Reference 9 shows t h a t  equat ion (80) can be reduced t o  the  
following form 

142 



is the response PSD +a where 

is gust velocity PSD 

is the gust cross spectrum between the gust 
velocity along streamwise path one and stream- 
wise path n 

+g 

4 In 

Re means real part 

Equation (81) can be recast with the gust spectrum factored out 
to yield the following 

where He is the equivalent transfer function.and should be much 
closer to being equivalent to the transfer function measured 
during flight tests than are the one dimensional transfer 
functions 

The procedure reduces to computing the response PSD from 
equation (82) and then solving for the effective transfer 
function by equation ( 8 3 ) ,  In order to compute the response 
PSD it is necessary to compute each of the ten transfer functions 
in equation (82 ) ,  
velocity acting on the collocation points along a single stream- 
wise path, it is necessary to compute (1) the symmetric response 
to gust velocities acting on pairs of streamwise paths equally 
distant from the fuselage centerline, and (2) the antisymmetric 
response to equal but opposite gust velocities acting along the 
same streamwise paths. The transfer functions for the gust act- 
ing along a single streamwise path is obtained by adding and 
substracting the symmetric and antisymmetric response and dividing 
by two, The concept is illustrated in figure 63. 

‘In order to obtain the response to the gust 

Figure 6 3  Combining Symmetric and Antisymmetric 
Response to Obtain Asymmetric Response 
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In general, it is necessary to compute the response to anti- 
symmetric excitation using antisymmetric rigid body modes and 
antisymmetric natural modes of vibration as well as the response 
to symmetric excitation. 
to vertical acceleration response along the fuselage centerline 
there is no response due to antisymmetric excitation. 
the computational task is only one half of the task associated 
with the general case. 

However, when attention is limited 

Hence, 

The description of the two dimensional turbulence analysis 
to this point has considered only the gust excitation forces 
produced on the wing as computed by the kernel function. To 
complete the description of the analysis, the{Qrg} terms for each 
nacelle and pylon were added to the[Qrd terms for the wing, 
equation (76), computed for the streamwise path closest to the 
nacelle centerline . Similarly, the fuselage{Qr8j terms were 
dividing by two and one half was added to the wing[Qrg]terms 
computed for the streamwise paths on each side and adjacent 
to the fuselage centerline (streamwise paths 5 and 6 ) o  

The gust cross spectra relations are also developed in re- 
ference 9 for the Dryden gust spectrum. It should be noted 
that the equivalent transfer function is not unique but is 
dependent on the gust spectra and cross spectra, The Dryden 
gust spectrum with a 500 feet scale of turbulence was used 
throughout the two dimensional analysis, 

Equivalent Transfer Functions For Two-Dimensional 
Turbulence 

Transfer functions were computed for run 131-3 using a 2000 
feet altitude standard day density and considering the tur- 
bulence to be two-dimensional. The computed transfer functions 
are plotted on figure 64 for comparison with the measured data. 
The equivalent transfer function magnitudes correlate with the 
measured data somewhat better than the computed one-dimensional 
transfer functions. The magnitude of the peak near 2.7 cps is 
slightly higher at all three stations whereas the magnitudes 
of the peaks at higher frequencies are reduced. 
information is obtained for this method of computing the re- 
sponse to two-dimensional turbulence. The ratios of the equival- 
ent transfer function for two-dimensional turbulence to the 
measured data are plotted in figure 6 5 ,  

No phase angle 
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The effect of two-dimensional turbulence on the transfer 
functions can be seen more clearly in figure 66 where the ratios 
of the computed two-dimensional transfer functions to the computed 
one dimensional transfer functions are plotted, This ratio would 
be expected to approach unity as the frequency approaches zero. 
This trend appears to be taking place except for the behavior of 
the ratios at the lowest frequency. The ratios at 1/15 cps are 
from 0.92 to 0,95 at the three stations. However, the ratios 
from 2/15 cps to approximately 1.5 cps are all slgghtly greater 
than unity. The ratios are predominantly less than unity for 
frequencies above 1.5 cps. Exceptions are noted at the transfer 
function peak near 2.7 cps which is increased approximately 5 
percent at each station. The ratios which are larger than unity 
at higher frequencies are all associated with valleys in the trans- 
fer functions, The large peaks near 3.7 cps are reduced by 7 to 
8 percent at the three stations, 
are also reduced by 7 to 8 percent, Since the airspeed for this 
run is 921 feet per second the gust wave length at 10 cps is 92.1 
feet. The ratio of this wave length to the B-58 wing span is 1.621. 

The large peaks near 8.7 cps 

Computed (2000 Ft. Alt,) 
One - Dim. I Two - Dim, 

- 
A and No Data For Two-Dimensional Turbulence 

The and No data computed for the two-dimensional tur- 
bulence analyses are listed in table 28 along with the correspond- 
ing data computed for one-dimensional turbulence-for comparison. 
The two-dimensional effects reduce the computed A at stations 
286.3 and 1121.3 by approximately 4 percent while the 
676.0 increases approximately 1 percent, The two-dimensional 
effects reduce the value of No by approximately 3 percent at all 
stations. These trends are in the right direction for improving 
correlation with the 
magnitude to significantly improve the correlation. 

at station 

and No data but are not of sufficient 

Measured 

Table 28 and No Data For Two-Dimensional Turbulence 

A 1  

A l l  

F.S. 

(in) 

286.3 

676.0 

1121 . 3 
,03071 

.07G90 

1.5443 

4.0427 

.03110 1,5052 ,03019 

.(I7342 3.9307 .05888 

~ 3.1525 ,03687 3.0484 ,02814 

NO 

2 . 391 
1 . 638 
2.454 
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EFFECT OF SPECTRAL AVERAGING 

There are many sources of p o t e n t i a l  e r r o r  i n  the  measured 
PSD data .  Among t h e  p o t e n t i a l  sources of e r r o r s  is t h e  sen- 
s o r s ,  t h e  recording system, t h e  playback system and t h e  analog- 
t o - d i g i t a l  converter  which samples t h e  gus t  v e l o c i t y  and re- 
sponse t i m e  h i s t o r i e s  a t  equal t i m e  increments. In addi t ion ,  
e r r o r s  o r  d i s t o r t i o n s  are introduced by the  ca l cu la t ions  which 
are performed on the  d i g i t i z e d  t i m e  series t o  obta in  measured 
spectral  estimates. This  d i s t o r t i o n  is produced by using mea- 
surements, a t  d i s c r e t e  t i m e  i n t e r v a l s  r a t h e r  than continuous 
measurements, by t runca t ing  t h e  au tocor re l a t ion  funct ion and by 
using numerical i n t e g r a t i o n  techniques. It i s  t h i s  source of 
e r r o r  o r  d i s t o r t i o n  t h a t  i s  t h e  sub jec t  of t h i s  por t ion  of the  
inves t iga t ion  and is  r e f e r r e d  t o  as s p e c t r a l  averaging here in .  
The d i s t o r t i o n  produced by spectral  averaging cannot be removed 
from t h e  measured da ta  but it can be in t roduced . in to  t h e  com- 
puted da ta  and i t s  effect  observed. To be more s p e c i f i c ,  sup- 
pose the  t i m e  series of gus t  ve loc i ty  and response represented 
by equation (7) have been taken from a continuous t i m e  h i s t o r y  
of gus t  v e l o c i t y  and response f o r  which t h e  exact  PSD of both 
are known. Performing t h e  operat ions defined by equations (8) 
through (18) y ie lds  estimates of t h e  PSD. The question t o  be 
inves t iga ted  i s ;  how do the  spectral estimates of equation (18) 
compare with t h e  t r u e  PSD and i f  d i f fe rences  do e x i s t  how do 
they e f f e c t  t he  t r a n s f e r  funct ions obtained by equation (19) 
and equation (20)?  

Effec t  of Spec t r a l  Averaging on t h e  Response PSD 

Since only the  response PSD, and the  c ross  spectrum obtained 
by combining t h e  computed t r a n s f e r  funct ions wi th  t h e  Dryden 
Gust Spectrum w e r e  ava i l ab le ,  operat ions must be made on these  
funct ions r a t h e r  than the  au tocor re l a t ion  and cross -cor re la t ion  
funct ions 

I n  re ference  10 i t  i s  shown t h a t  the  process of computing 
t h e  au tocorre la t ion  func t ion  a t  equal t i m e  i n t e r v a l s  as ind ica ted  
by equation (10) and t h e  r a w  estimates of t h e  PSD by equation (11) 
can be viewed as being equivalent  t o  any of the following t h r e e  
r e l a t i o n s h i p s  
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where P( f )  i s  the  t r u e  PSD defined over both pos i t i ve  and 

negat ive frequencies ,  t h a t  i s  
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where Pa(f)  i s  the a l i a s e d  PSD defined over both p o s i t i v e  and 
negat ive frequencies ,  and 

h - f ' )  
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V i e w  Three 

L - 
-2 O t  

All t h ree  views can be i n t e r p r e t t e d  as viewing the  t r u e  
spectrum o r  the  a l i a s e d  spectrum through a f i l t e r  window, All 
t h ree  views are equivalent  but t he  in t eg ra t ion  requirements 
d i f f e r .  V i e w  one requi res  the  in t eg ra t ion  from minus i n f i n i t y  
t o  plus  i n f i n i t y  but the  t r u e  computed response PSD w a s  ava i l ab le  
only over t he  freqtency range from -10 cps t o  + 10 cps ,  Although 
the  frequency range could have been extended, it obviously could 
not  have been extended t o  cover an i n f i n i t e  frequency range. 
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View two requi res  the  in t eg ra t ion  from minus i n f i n i t y  t o  
p lus  i n f i n i t y .  Although the  a l i a s e d  spectrum is  per iodic  i n  
frequency with per iod equal t o  twice the  Nyquist frequency, 
the  f i l t e r  window defined by equat ion (88) is  not  per iodic ,  
Hence, view two has a double i n f i n i t y  i n t e g r a t i o n  range re- 
quirement t h a t  i s  as una t t r ac t ive  as the  requirements f o r  view 
one , 

V i e w  th ree  r equ i r e s  the  in t eg ra t ion  from the  negat ive 
Nyquist frequency t o  the  p o s i t i v e  Nyquist frequency convoluting 
the  f i l t e r  window defined by equation (86) with t h e  a l i a s e d  
spectrum, 
ab le ,  it is  only necessary t o  assume the  t r u e  response spectrum 
t o  be zero f o r  f requencies  g rea t e r  than the  p o s i t i v e  Nyquist 
frequency and less than the  negat ive Nyquist frequency, t o  con- 
c lude t h a t  t he  t r u e  PSD and the  a l i a s e d  PSD are one and the  
same. The measured data were f i l t e r e d  by a low pass  f i l t e r  
designed t o  remove a l l  f requencies  components above the  Nyquist 
frequency i n  an a t t e m p t  t o  minimize foldback and hence make the  
a l i a s e d  PSD as c lose  as poss ib l e  t o  the  t r u e  PSD, 
per fec t  low pass  f i l t e r s  do not  e x i s t ,  the  assumption t h a t  the  
a l i a s e d  computed response PSD is  the  same as the  t r u e  computed 
response PSD i s  equivalent  t o  applying a pe r fec t  low pass f i l t e r  
t o  the  t r u e  computed response PSD removing a l l  f requencies  out- 
s i d e  the  - 1 t o  + - 1 frequency range while t he  PSD 

ins ide  t h i s  range remained’ unchanged. 
by equation (86) i s  a l s o  per iodic  i n  frequency with the  per iod 
equal t o  twice the  Nyquist frequency, The f i l t e r  window as 
appl icable  t o  run 131-3 i s  p l o t t e d  i n  f igu re  67. The f i l t e r  
window i s  symmetric i n  frequency about the  center  frequency so 
only one ha l f  the  f i l t e r  window from the center  frequency t o  the  
Nyquist frequency is  p l o t t e d  i n  f igu re  67. Note t h a t  t h e  mag- 
n i tude  of the  f i l t e r  window i s  zero a t  each 1/15 cps frequency 
increment, Since the  computed response PSD w a s  determined only 
a t  the  same 1/15 cps frequency increments i t  is necessary t o  
make an assumption with respec t  t o  the  v a r i a t i o n  of the  response 
PSD between each of the  computed points .  
the  response PSD var ied l i n e a r l y  between adjacent  computed 
poin ts ,  
a t  40 equal  frequency subincrements across  each 1/15 cps f r e -  
quency increment t o  perform the  in t eg ra t ion  expressed by 
equat ion (89) , The in t eg ra t ion  w a s  performed numerically by 
the  t rapezoida l  i n t eg ra t ion  method, 

Although t h e  a l i a s e d  response spectrum w a s  not  ava i l -  

Although, 

2 A t  2 A t  
The f i l t e r  window defined 

It w a s  assumed t h a t  

The response PSD and the  f i l t e r  window were evaluated 
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Figure 67 Filter Function for Run 131-3, Eq. (88) 
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The s t e p s  involved i n  eva lua t ing  the  effect  of spectral  
averaging are summarized as follows: 

Step One 

Compute t h e  response PSD f o r  run  131-3 by combining 
t h e  computed t r a n s f e r  funct ions p l o t t e d  i n  f i g u r e  25 wi th  t h e  
Dryden gus t  spectrum with a 500 feet  scale of turbulence.  
response PSD are defined from zero t o  10 cps. 

These 

Step Two 

Multiply each response PSD computed i n  s t e p  one by 
t h e  square of the  magnitude of the  prewhitening t r a n s f e r  funct ion 
defined by equation (9 ) .  These response PSD are from zero t o  10 
cps 0 

S t e p  Three 

Divide the prewhitened PSD by two and f o l d  about the  
zero frequency a x i s  t o  ob ta in  the  two s ided  PSD defined over 
both negat ive and p o s i t i v e  frequencies P( f )  . 

S t e p  Four 

Convolute t h e  f i l t e r  window and the  two s ided  re- 
sponse PSD of s t e p  t h r e e  by performing t h e  i n t e g r a t i o n  in -  
d ica ted  i n  equation (89).  Due t o  symmetry t h e  i n t e g r a t i o n  need 
only be performed wi th  t h e  cen te r  frequency of t h e  f i l t e r  window 
loca ted  a t  each 1/15 cps frequency increment from zero t o  10 cps. 

S t e p  Five 

Double the  spectral  estimates obtained by s t e p  four  
t o  r e t u r n  t o  the  one s ided  response spectrum defined from zero 
t o  10 cps. These s p e c t r a l  estimates correspond t o  t h e  "raw" 
prewhitened estimates of the  PSD indica ted  by equation (11). 

S t e p  S i x  

Smooth t h e  "raw" estimates of t h e  PSD by applying t h e  
operat ions ind ica ted  by equation (12) .  
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Step Seven 

Post  darken the  smoothed PSD estimates by applying 
the  operat ion indicated by equation (18) , 

The response PSD as obtained a t  t h e  end of  s t e p  seven 
are p lo t t ed  i n  f igu re  68, 
ing,  the  r a t i o s  of the  averaged spectrum as obtained by s t e p  
seven t o  the  o r i g i n a l  spectrum obtained by s t e p  one are p l o t t e d  
i n  f igu re  69. The s p e c t r a l  estimate f o r  the  f i r s t  frequency 
increment i s  most e f f ec t ed  by t h i s  operat ion,  Since the  t r u e  
PSD a t  1/15 cps i s  very low and the  s lope of the  PSD is  very 
large small amounts of "power" which "leak" through the  lobes 
of the  f i l t e r  window produce l a r g e  percent  changes i n  the  averaged 
spectrum. Furthermore the  prewhitening operat ion which w a s  
designed t o  prewhiten the  gust  spectrum i s  not  e f f e c t i v e  i n  pre- 
whitening the  response spectrum. 
t h e  prewhitening operat ion increases  the  s lope of the  response PSD 
r a t h e r  than reducing it t o  the  desired zero s lope,  The r a t i o  
of the  averaged PSD t o  the  t r u e  PSD a t  1/15 cps  ranges from 11 
t o  12.6 f o r  the  th ree  fuselage s t a t i o n s .  This  r a t i o  r ap id ly  
reduces t o  uni ty  a t  a frequency near 0,5 cps which corresponds 
t o  t h e  frequency a t  which the  f i r s t  peak i n  the  PSD occurs. 
Above 0.5 cps the  r a t i o s  are very c lose  t o  un i ty  over most of 
the  frequency range. By comparing f igu res  68 and 69 it can 
be seen t h a t  the  r a t i o s  of f i g u r e  69 have the  l a r g e s t  deviat ions 
from un i ty  near the  frequencies  a t  which peaks and va l leys  
occur on the  PSD, In  general  the  r a t i o s  are g rea t e r  than uni ty  
near va l leys  i n  the  PSD and less than un i ty  near peaks i n  the  
PSD. Hence, s p e c t r a l  averaging tends t o  increase the  va l leys  
of t h e  t r u e  PSD and decrease the  peaks of the  t r u e  PSD. 

To see the e f f e c t  of  s p e c t r a l  averag- 

In  the  very low frequency range 

The e f f e c t  of s p e c t r a l  averaging on the  cross  spectra of 
gust  ve loc i ty  and response w a s  inves t iga ted  i n  a similar manner. 
The cross  spectrum i s  obtained from Equation (90) by combining 
the  computed t r a n s f e r  funct ions p l o t t e d  i n  f i g u r e  25 with t h e  
Dryden gust  spectrum with a 500 f e e t  s c a l e  of turbulence.  
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The cospectrum and quadspectrum can be computed as follows 

9 f > o  

% ( f )  and H ( f )  are the  real and imaginary parts of t he  I 
where 
computed t r a n s f e r  funct ion f o r  gust  run 131-3, 

Since the  cospectrum i s  symmetric i n  frequency and t h e  
quadspectrum is antisymmetric i n  frequency both are known over 
negat ive as w e l l  as p o s i t i v e  frequencies.  The a l i a s e d  two-sided 
cospectrum and quadspectrum w a s  assumed t o  be equal t o  the  non- 
aliased cospectrum and quadspectrum. 
f i r s t  by the  cospectrum and then by t h e  quadspectrum and per- 
forming the operations of s t e p s  two through s t e p  seven above 
y i e lds  the  averaged cospectrum and quadspectrum. It should be 
noted t h a t  t h e  r a w  estimates of the quadspectrum are zero a t  h=O 
and h=M. The cospectrum and quadspectrum are then combined t o  
y i e l d  t h e  c ross  spectrum magnitude and phase angle  d i s t o r t e d  
by s p e c t r a l  averaging, 

Replacing the  response PSD, 

Effect of Spec t r a l  Averaging on the  Dryden Gust PSD 

The Dryden gus t  spectrum and i t s  Fourier  transform o r  auto- 
c o r r e l a t i o n  funct ion provide a means of evaluat ing t h e  e f f e c t  of 
s p e c t r a l  averaging on t h e  gus t  PSD by operat ing on e i t h e r  the  
au tocor re l a t ion  func t ion  o r  t he  PSD. The Dryden autocorrela-  
t i o n  funct ion f o r  u n i t  r m s  gus t  ve loc i ty  can be expressed as 

Hence, the  Dryden au tocorre la t ion  funct ion can be evaluated a t  
1/20 second t i m e  intervals. 

The Dryden gilstocorrelation funct ion evaluated a t  150 t i m e  in- 
t e r v a l s  of 1 /20  second each f o r  t he  ve loc i ty  compatible with 
run  131-3 i s  p l o t t e d  i n  f i g u r e  70. The au tocorre la t ion  funct ion 
af ter  the  prewhitening operat ion on the t i m e  series, equation 
(8), can be computed from t h e  au tocorre la t ion  func t ion  of t h e  
t i m e  series before prewhitening, by the  following operat ions 
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Figure 70 Dryden Autocorrelation hnctfon,  True PSD, Distorted PSD and Ratio of Distorted PSD to True PSD 
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A where RD(m) i s  the  Dryden au tocorre la t ion  funct ion a f t e r  pre-  
whitening t h e  gust  ve loc i ty  t i m e  series. 

Replacing equat ion (10) with equat ion (96), and performing 
the  operat ions ind ica ted  by equat ions (ll), (12), and (18) 
y ie lds  150 estimates of the  Dryden gust  spectrum. These esti-  
mates are p lo t t ed  on f i g u r e  70 f o r  comparison with the  exact  
Dryden gust  spectrum. The r a t i o  of t he  estimates t o  the  exact  
spec t r a  i s  a l s o  p l o t t e d  on f igu re  70, It can be seen t h a t  the  
numerical operat ions produce estimates t h a t  are higher than the  
exact  values a t  both the  low and high ends of the  frequency 
range. The est imates  are very c lose  t o  being exact  i n  the  
middle of the  frequency range. The increase a t  the  low frequency 
end i s  caused pr imari ly  by the  prewhitening operat ion.  The 
increase a t  the  high frequency end i s  caused by.fold-back o r  
a l i a s i n g  because the  Fourier  transform of the  Dryden auto- 
co r re l a t ion  funct ion has components above the  Nyquist frequency, 

It is  also  poss ib le  t o  determine the  e f f e c t  of s p e c t r a l  
averaging on the  non-aliased Dryden gust  spectrum, Assume the  
a l i a s e d  gust  spectrum and t h e  Dryden gust  spectrum between 
zero and 10 cps t o  be iden t i ca l .  The steps involved i n  evaluat ing 
t h e  e f f e c t  of s p e c t r a l  averaging upon the  non-aliased gust  spectrum 
are summarized as follows: 

S t e p  One 
Multiply the  gust  spectrum by the  square of t he  magnitude 

of the  prewhitening-transfer  funct ion defined by equation (9) . 
Step  Two 

Divide t h e  prewhitened gust  spectrum by two and f o l d  about 
t h e  zero frequency axis t o  ob ta in  the  two s ided  gust  spectrum 
defined over both negat ive and p o s i t i v e  frequencies.  

Step Three 

Convolute the  f i l ter  window and the  two s ided  gust  spectrum 
of s t e p  two by  performing the  in t eg ra t ion  indicated i n  equation 
(89). Due t o  symmetry the  in t eg ra t ion  need only be performed 
with t h e  center  frequency of the  f i l t e r  window located a t  each 
1/15 cps frequency increment from zero t o  10 cps, 
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Step  Four 

Double the  s p e c t r a l  estimates obtained by s t e p  th ree  t o  
r e t u r n  t o  the  one s ided gus t  spectrum defined from zero t o  
10 cps. 

S t e p  Five 

Smooth the  "raw" estimates of  the  gust  spectrum by applying 
the  operat ions indicated by equat ion (12). 

S tep  S ix  

Post darken the  smoothed PSD estimates by applying the  
operat ion indicated by equation (18). 

The r a t i o  of the s p e c t r a l  estimates obtained i n  t h i s  
manner t o  the  t r u e  gust  spectrum is  p l o t t e d  on the  l e f t  s i d e  
of f i g u r e  71. It can be seen t h a t  s p e c t r a l  averaging produces 
p r a c t i c a l l y  no d i s t o r t i o n  of t h e  non-aliased spectrum except 
i n  the  very low frequency region which again can be a t t r i b u t e d  
t o  the  prewhitening operat ion,  
with a l i a s i n g  (as shown i n  f i g u r e  70) t o  the  spectral estimates 
without a l i a s i n g  i s  p l o t t e d  on the  r i g h t  hand s i d e  of f igu re  71. 

The r a t i o  of the  s p e c t r a l  esttmates 

Effec t  of Spec t ra l  Averaging on Transfer  Functions 

The t r a n s f e r  funct ions obtained from the  r a t i o  of the  
s p e c t r a l  averaged PSD (without a l i a s i n g ) ,  f i g u r e  68, t o  the  
spectral averaged Dryden gust  PSD (with a l i a s ing )  are p l o t t e d  
i n  f igu re  72 f o r  comparison with the  measured data .  These 
computed t r a n s f e r  funct ions are analogous t o  the  measured Hs 
t r a n s f e r  funct ions computed by equat ion (19). The co r re l a t ion  
between computed and measured da ta  i s  degraded i n  the  frequency 
range below 0,5 cps. Above 0.5 cps the  c o r r e l a t i o n  i s  somewhat 
improved due t o  the  reduct ion i n  the  amplitude of t he  peaks 
and t h e  o v e r a l l  reduct ion i n  t r a n s f e r  funct ion magnitudes across  
the  e n t i r e  frequency range. 

The r a t i o  of the  c ross  spec t r a  after s p e c t r a l  averaging 
(without a l i a s ing )  t o  the Dryden gus t  spectrum after s p e c t r a l  
averaging (with a l i a s ing )  are p l o t t e d  i n  f i g u r e  73 f o r  comparison 
with the  measured data .  
analogous t o  t h e  measured Hc t r a n s f e r  funct ions computed by 
equation (20), 
i n  t he  comparison between t h e  computed and measured da ta  by 

These computed t r a n s f e r  funct ions are 

This process produces s i g n i f i c a n t  improvements 
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rounding-off t he  peaks and f i l l i n g - i n  t h e  va l l eys  of the  computed 
t r a n s f e r  funct ion magnitudes, and by an o v e r a l l  reduct ion of 
the  magnitudes with increas ing  frequency. However, t he re  is  
no j u s t i f i c a t i o n  f o r  assuming t h a t  t he  measured gus t  spectrum 
w a s  f u l l y  a l i a s e d  and the  measured response spec t r a  and cross  
spec t ra  were completely non-aliased. 
measured gus t  ve loc i ty  and response records w e r e  f i l t e r e d  by 
the same low pass  f i l t e r  i n  an attempt t o  minimize fold-back. 
Therefore the  t r a n s f e r  funct ion comparisons presented i n  f igu res  
72 and 73 represents  an extreme e f f e c t  producted by spectral 
averaging. 

A s  mentioned earlier the  

The t r a n s f e r  funct ions obtained from the  r a t i o  of  the  
s p e c t r a l  averaged response PSD (without a l i a s i n g ) ,  f i gu re  6 8 ,  
t o  t he  s p e c t r a l  averaged Dryden gust  PSD (without a l i a s i n g )  are 
p l o t t e d  i n  f i g u r e  7 4  f o r  comparison with the  measured data .  
The c o r r e l a t i o n  between computed and measured data  i s  degraded 
i n  the  frequency range below 0.5 cps. Above 0.5 cps the cor re la -  
t i o n  i s  somewhat improved due t o  t h e  reduct ion i n  the  amplitude 
of the  peaks. 
f i gu re  72 does not  appear i n  f i g u r e  7 4  because the  gust  spectrum 
without a l i a s i n g  is lower i n  the  high frequency range than t h e  
aliased gust  spectrum ( f igure  71) . 

The o v e r a l l  reduct ion i n  the  magnitude seen i n  

The r a t i o  of the  c ross  spec t ra  a f t e r  s p e c t r a l  averaging 
(without a l i a s i n g )  t o  t he  Dryden gust  spectrum after s p e c t r a l  
averaging (without a l i a s i n g )  are p l o t t e d  i n  f i g u r e  75. For 
comparison with the  measured data. This process produces some 
improvements i n  the  eomparison between the  computed and measured 
data  by rounding-off the  peaks and f i l l i n g - i n  t h e  va l leys  of 
the  computed t r a n s f e r  funct ion magnitudes. 

Effect of Spec t ra l  Averaging on the  Coherency Function 

The e f f e c t  of s p e c t r a l  averaging on the  coherency funct ion 
can be observed by dividing the  computed Hc t r a n s f e r  funct ion 
magnitude by the  computed Hs t r a n s f e r  funct ion magnitude and 
squaring the  r a t i o .  
PSD and cross  spectrum are considered t o  be non-aliased and the 
gust  spectrum is  considered t o  be completely a l i a sed .  
Hc t r a n s f e r  funct ions f o r  t h i s  case are p l o t t e d  i n  f igu res  72 and 
73, 
are p l o t t e d  i n  f igu re  76 f o r  comparison with the  measured co- 
herency funct ion.  

F i r s t  consider  the  case i n  which the  response 

The Hs and 

The coherency funct ions computed with these  t r a n s f e r  funct ions 

It should be noted a t  t h i s  po in t  t h a t  t h e  
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computed and measured coherency funct ions should agree exac t ly  
only i f ,  

(1) the  measured gust  PSD is  c lose ly  approximated by the  
Dryden PSD with L = 500, 

(2) the computed t r a n s f e r  funct ion is the  t r u e  t r a n s f e r  
funct ion,  

(3)  there  are no o ther  sources s f  e r r o r  o ther  than s p e c t r a l  
averaging, 

( 4 )  the  measured gust  spectrum w a s  f u l l y  a l i a s e d  (no 
frequency components above the  N y q u i s t  frequency 
w e r e  removed before  passing the  measured data  
through the  analog t o  d i g i t a l  converter) ,  and 

(5)  the  measured response spectrum and cross  spectrum 
contained no a l i a s i n g  o r  foldback. 

Although none of these condi t ions are r ea l i zed  the  similarities 
between the  computed and measured coherency funct ions a r e  i n t e r -  
e s t i n g  t o  observe. The coherency funct ion computed i n  t h i s  manner 
can be i n t e r p r e t t e d  as an extreme e f f e c t  o r  a l i m i t i n g  case on the 
ex ten t  t o  which the coherency funct ion can be reduced by s p e c t r a l  
averaging (minimum foldback i n  the  response spectrum and cross  
spectrum and maximum foldback i n  the  gust  spectrum). 

Next, consider the  case i n  which the  g u s t  spectrum as w e l l  
as  the response spec t rum and the  cross  spectrum i s  considered t o  
be completely non-aliased. The Hs and Hc t r a n s f e r  funct ions fo r  
t h i s  case are p lo t t ed  i n  f igures  74 and 75. The coherency func- 
t i ons  computed with these  t r a n s f e r  funct ions are p lo t t ed  i n  f igu re  
76 f o r  comparison with the  measured coherency funct ion.  The com- 
puted coherency funct ion obtained i n  t h i s  manner should agree with 
the  measured coherency funct ion only i f  condi t ion (I), (2), (3 )  
and (5) of the previous paragraph a r e  m e t  and condi t ion ( 4 )  i s  
replaced by the  statement t h a t  the  measured gust  spectrum contained 
no a l i a s i n g  o r  foldback. The coherency funct ion computed i n  t h i s  
manner represents  another  l imi t ing  case (minimum foldback i n  the  
response spectrum, cross  spectrum and gus t  spectrum). This 
operat ion shows t h a t  without a l i a s i n g ,  s p e c t r a l  averaging does not  
reduce the coherency funct ion s i g n i f i c a n t l y  below the  uni ty  
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l e v e l  except over t he  frequencies  i n  the  v i c i n i t y  of va l l eys  
i n  the  t r a n s f e r  func t ion  magnitude. The realistic effect  of spec- 
t ra l  averaging on t h e  coherency func t ion  i s  somewhere between 
the  two extremes which have been examined. 

Spec t r a l  Averaging E f f e c t s  on and No 

The computed t r a n s f e r  funct ions d i s t o r t e d  by s p e c t r a l  
averaging were combined with t h e  t r u e  Dryden gus t  v e l o c i t y  
PSD t o  ob ta in  A and Ne data .  
29 f o r  comparison with similar da t a  using t h e  o r i g i n a l  (no 
s p e c t r a l  averaging) t r a n s f e r  funct ions and f o r  comparison with 
t h e  measured data.  

These da t a  are l i s t e d  i n  t a b l e  

The upper p a r t  of t he  t a b l e  shows the  r e s u l t s  which are 
obtained when t h e  response spectrum and cross spectrum are assumed 
t o  be non-aliased and t h e  gus t  spectrum i s  assumed t o  be completely 
aliased. Using t h e  H s  t r a n s f e r  funct ion t h e  da ta  are reduced 
from 3 t o  8 percent  by s p e c t r a l  averaging and t h e  No values were 
reduced from 6 t o  9 percent.  
A values  a t  t h e  p i l o t  s t a t i o n  and a f t  fuselage s t a t i o n  were re- 
duced by 10 and 15 percent  while the  x a t  t h e  c . g .  was reduced 
only 2 percent ,  The No values w e r e  reduced by approximately 15 
percent.  

Using the  Hc t r a n s f e r  funct ion,  t he  

The lower p a r t  of t he  t a b l e  shows the  r e s u l t s  which are 
obtained when t h e  gus t  spectrum as w e l l  as t h e  response spectrum 
and the  c ros s  spectrum i s  assumed to  be non-aliased. 
t h e  A and No data  obtained wi th  e i t h e r  t h e  Hs or Hc t r a n s f e r  
funct ions are changed by less than 2 percent due t o  s p e c t r a l  
averaging. It is  concluded t h a t  t h e  f i l t e r  window e f f e c t  i n  the 
s p e c t r a l  averaging produced i n s i g n i f i c a n t  effects  on t h e  measured 

averaging could have produced s i g n i f i c a n t  effects. 

In  general ,  

and No. However, t h e  e f f e c t  of foldback i n  t h e  s p e c t r a l  
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VARIATIONS I N  STRUCTURAL DAMPING ANI) NATURAL FREQUENCY 

Natural  
Mode 
1 

2 

Previous v a r i a t i o n s  i n  parameters had r e l a t i v e l y  small 
effect  on r a i s i n g  t h e  magnitude of t h e  computed peak near 2.6 
cps and lowering t h e  peak near 3.7 c p s  f o r  run  131-3. The 
lack  of c o r r e l a t i o n  between the  computed and measured peaks 
a t  these  frequencies is  a major factor i n  the f a i l u r e  t o  g e t  
good agreement between computed and measured A and No data 
a t  s t a t i o n s  286.3 and 1121.3. During t h e  v a r i a t i o n  i n  t h e  
number of DOF, i t  w a s  noted t h a t  t h e  add i t ion  of t h e  four th  
na tu ra l  mode introduces the  peak near 3.7 cps and simultaneously 
reduces the magnitude of the peak near 2.6 cps.  Therefore, 
i n  order  t o  obta in  b e t t e r  c o r r e l a t i o n  between computed and 
measured t r a n s f e r  funct ions t h e  damping assoc ia ted  with the  
four th  na tu ra l  mode w a s  increased. For a l l  previous analyses 
the  s t r u c t u r a l  damping w a s  assumed t o  be .03 f o r  each na tu ra l  
mode. T o  reduce the  magnitude of the  peak near .3 .7  cps, t h e  
s t r u c t u r a l  damping of t he  fou r th  n a t u r a l  mode w a s  increased t o  
.08. To increase the  magnitude of t h e  peak near 2.6 cps the  
s t r u c t u r a l  damping of the  f irst  n a t u r a l  mode w a s  decreased t o  
.02, Simultaneously, the  n a t u r a l  frequencies of modes 1, 4 
and 5 w e r e  changed by small precentages t o  make t h e  peak fre- 
quencies i n  the  computed t r a n s f e r  funct ions more near ly  match the  
measured peak frequencies.  The r a t i o  of t h e  ad jus ted  na tu ra l  
frequencies t o  t h e  computed n a t u r a l  frequencies and the  changes 
i n  s t r u c t u r a l  damping are l i s t e d  i n  t a b l e  30. 

S t r u c t u r a l  Damping 
Coeff ic ient  

0 02 

.03 

Table 30 Variat ions In S t r u c t u r a l  Damping 
and Natural  Frequency, Run 131-3 

, . 03 
I .08 

.03 

.03 

.03 
-03 

Adjusted Freq. 
Computed Freq. 

-96 

1.00 

1.00 
1.02 
1.06 
1.00 
1.00 
1.00 
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In  addi t ion  t o  t h e  changes ind ica ted  i n  t a b l e  30, t he  c.g. 
w a s  s h i f t e d  forward t o  a pos i t i on  23.8% of the  MAC a f t  of the  
MAC leading edge, An a i r  dens i ty  f o r  a 4600 f e e t  a l t i t u d e  
s tandard day which matches the  densi ty  measured during run 131-3 
w a s  a l s o  employed. The computed t r a n s f e r  funct ions obtained 
with these  changes t o  t h e  b a s i c  condi t ion are p l o t t e d  i n  f i g u r e  
77 f o r  comparison with the  measured t r a n s f e r  funct ions.  The 
magnitude of t h e  t r a n s f e r  funct ion peaks compare much more 
favorable  with the  measured peaks below approximately 4 cps. 
The phase angle  comparisons are not  s i g n i f i c a n t l y  changed. 
r a t i o  of the  computed t o  t h e  measured t r a n s f e r  funct ions are 
shown i n  f i g u r e  78. 
measured t r a n s f e r  funct ions a t  the  c.g. accelerometer A l ,  i s  
very good and i s  much improved a t  the  p i l o t  s t a t i o n ,  A428, 
and t a i l  cone, A l l .  Large discrepancies  e x i s t  i n  the  high 
frequency range. 

The 

The c o r r e l a t i o n  between computed and 

I n  an a t t e m p t  t o  f u r t h e r  improve the  t r a n s f e r  funct ion 
co r re l a t ion ,  f l e x i b l e  modes 6, 7 ,  and 8 w e r e  de le ted  and a 7 
DOF ana lys is  w a s  conducted with the  same frequency and damping 
changes described i n  the  above paragraph, These t r a n s f e r  func- 
t i ons  are p lo t t ed  i n  f i g u r e  79 f o r  comparison with the  measured 
data. It can be seen t h a t  t h e  peak magnitude near 5,5 cps com- 
pares much more favorably with the  measured da ta  as a r e s u l t  of 
de le t ing  t h e  last  th ree  n a t u r a l  modes. The r a t i o s  of the  com- 
puted t o  measured t r a n s f e r  funct ions are p lo t t ed  i n  f igu re  80. 
Considering a l l  t h ree  s t a t i o n s  and the  e n t i r e  frequency range, 
the  r a t i o s  shown i n  f i g u r e  80 represent  the  bes t  co r re l a t ion  t h a t  
was obtained between computed and measured t r a n s f e r  funct ions 
f o r  run 131-3, 

and No Data With Variat ions i n  S t ruc tu ra l  
Damping and Natural  Frequencies, Run 131-3 

The t r a n s f e r  funct ions computed with va r i a t ions  i n  s t r u c t u r a l  
damping and n a t u r a l  f requencies  as described i n  the  preceding 
paragraphs were combined with the  Dryden gus t  spectrum t o  obta in  
A and No data.  These da ta  are l i s t e d  i n  t a b l e  31 f o r  comparison 
with the  measured da ta ,  The A obtained from the  10 DOF ana lys is  
compare very w e l l  wi th  the  measured data.  a t  t h e  
p i l o t  s t a t i o n  exceeds the  measured value by only 4 percent.  

The computed 
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Table 31 A and No Data With Variations In Structural 
t Damping and Natural Frequencies 

N = 10 

676.0 

1121.3 

.02939 3.1571 

.02869 1.5546 

.06536 4 , 1086 

N = 7  

1286.3 

676.0 

1121 . 3 

A428 

A 1  

A l l  

,02871 

.02903 

.06008 

2.7233 

1.5856 

3.0051 

.02814 

. 03019 

.05888 

.02814 

.03019 

. 05888 

2.391 

1.638 

2.454 

1 
2.391 

1.638 

2,454 
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The computed A a t  t h e  nominal cog .  i s  5 percent  less than measured 
and t h e  x a t  fuselage t a i l  cone i s  about 12 percent  g rea t e r  than 
measured. 
values a t  the  p i l o t  s t a t i o n  arid fuselage t a i l  cone by l a r g e  
percentages.  

The computed values of  No s t i l l  exceed the  measured 

The values f o r  the  7 DOF analyses  compare even b e t t e r  
with the  measured data .  However, the  b ig  improvement obtained 
by de le t ing  t h e  highest  t h r e e  na tu ra l  modes occurs i n  the  No 
comparison. The computed values of N exceed the  measured values 
a t  the  p i l o t  s t a t i o n  and fuselage tai? cone by only 15 and 23  
percent ,  respec t ive ly .  

CONCLUDING REMARKS 

Computed t r a n s f e r  funct ions compare much b e t t e r  with 
measured t r a n s f e r  funct ions a t  the  c o g ,  than they do a t  the  
p i l o t  s t a t i o n  and the  t a i l  cone. The peaks i n  the  magnitude 
of t h e  computed t r a n s f e r  funct ion,  which are assoc ia ted  with 
the  f l e x i b l e  modes i n  general ,  far exceed the  measured peaks a t  
t h e  p i l o t  s t a t i o n  and t a i l  cone. 
compare very w e l l  wi th  measured data  a t  the  c o g ,  bu t  exceed the  
measured data  a t  the  p i l o t  s t a t i o n  and t a i l  cone. 

The computed and No values 

Smal l  var ia t fons  i n  a i r  densi ty ,  Mach number (with com- 
p a t i b l e  ve loc i ty) ,  c o g .  loca t ion ,  and SAS gains  do not  produce 
s i g n i f i c a n t l y  improvement i n  the  t r a n s f e r  funct ions f o r  f r e -  
quencies above the  sho r t  per iod mode frequency. Only small 
improvements i n  x and No a t  the  p i l o t  s t a t i o n  and t a i l  cone 
are obtainable .  
e f f ec t ed  by any of  t he  parameter var ia t ions .  

The A and No values a t  t h e  c.g. are least 

The addi t ion  of  the  higher frequency modes i n t o  the  ana lys i s  
produce l a rge  d i f fe rences  between computed and measured t r a n s f e r  
funct ion magnitudes i n  the  higher por t ion  of the  frequency range. 
The degree of c o r r e l a t i o n  between computed and measured n a t u r a l  
f requencies  and mode shapes decreases with the  order  of the  
modes and undoubtly increases  the  d i f f i c u l t y  of pred ic t ing  t h e  
t r a n s f e r  funct ions a t  higher  frequencies.  The higher frequencies 
make much l a r g e r  cont r ibu t ions  t o  No than t o  . 
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Transfer  funct ions computed f o r  fuse lage  s t a t i o n s  near t h e  
c o g .  are r e l a t i v e l y  i n s e n s i t i v e  t o  s m a l l  v a r i a t i o n s  i n  fuselage 
s t a t i o n .  However, s m a l l  v a r i a t i o n s  i n  fuse lage  s t a t i o n  make 
l a r g e  d i f f e rences  i n  t r a n s f e r  funct ions a t  t h e  p i l o t  s t a t i o n  and 
t a i l  cone. P l o t s  of  fuse lage  de f l ec t ion  i n  each normal mode 
show small va r i a t ions  near t h e  cog .  and l a r g e  v a r i a t i o n s  as t h e  
fuselage extremeties  are approached. 

The inc lus ion  of an a e r o e l a s t i c  mode as a degree of freedom 
i n  t h e  equations of motion improves the  t r a n s f e r  funct ion 
comparison i n  t h e  low frequency range but degrades t h e  com- 
par i son  near t he  frequency of t h e  f i r s t  n a t u r a l  mode. 

Transfer  funct ions computed using quasi-steady aerodynamics 
compare favorable  wi th  those computed using unsteady aero- 
dynamics. The second quasi-steady method is  t h e  b e t t e r  of t he  
two employed herein.  

The app l i ca t ion  of two-dimensional turbulence reduces 
the  magnitude of t h e  t r a n s f e r  funct ions as compared with 
t r a n s f e r  func t ions  computed f o r  one-dimensional turbulence. 
The e f f e c t  i s  more pronounced a t  t h e  high end of t he  frequency 
range and improves the  comparison with t h e  measured t r a n s f e r  
funct ions.  However, t h e  improvement i n  t h e  c o r r e l a t i o n  between 
computed and measured t r a n s f e r  funct ions,  
small f o r  t he  B-58, 'The  e f f e c t  would be more pronounced on 
a i r c r a f t  wi th  smaller r a t i o s  of a i r speed  t o  wing span. 

and No i s  very 

Spec t r a l  averaging c o n s i s t s  of two i n t e r r e l a t e d  e f f e c t s ,  
namely, t h e  e f f e c t  of t h e  f i l t e r  window and t h e  e f f e c t  of fold- 
back. The f i l t e r  window reduces t h e  magnitude of t he  peaks and 
increases  the  magnitude of t h e  va l leys  i n  t h e  computed t r a n s f e r  
funct ions,  I f  t h e  response spectrum and t h e  c ros s  spectrum are 
assumed t o  be completely non-aliased and t h e  gus t  spectrum i s  
considered t o  be completely a l i a s e d ,  s p e c t r a l  averaging decreases 
the  o v e r a l l  magnitude of t h e  t r a n s f e r  funct ion from an i n s i g n i f i c a n t  
amount near zero frequency t o  a s i g n i f i c a n t  amount near t h e  
Nyquist frequency, When the  gus t  spectrum as w e l l  a s  t he  response 
spectrum and cross  spectrum i s  assumed t o  be non-aliased, t he re  
i s  no reduct ion i n  t h e  t r a n s f e r  funct ion magnitude o the r  than 
t h a t  produced by t h e  f i l t e r  window, The low values of t he  co- 
herency func t ion  which t y p i c a l l y  occur below t h e  frequency of t h e  
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shor t  per iod mode f o r  a l l  of t he  B-58 gus t  runs i s  p a r t i a l l y  
a t t r i b u t a b l e  t o  spectral averaging, The low values  of the  
coherency funct ion over f requencies  i n  the  v i c i n i t y  of 
va l leys  i n  the  t r a n s f e r  funct ion magnitude are a l s o  p a r t i a l l y  
a t t r i b u t a b l e  t o  s p e c t r a l  averaging. 
and cross  spectrum are considered t o  be non-aliased and the  gust  
spectrum is considered to be completely a l i a s e d ,  s p e c t r a l  averag- 
ing produces s i g n i f i c a n t  reduct ions i n  the  A and No values. 
However, when the  gus t  spectrum as w e l l  as the  response spectrum 
and cross  spectrum are assumed t o  be non-aliased, s p e c t r a l  averag- 
ing produces no s i g n i f i c a n t  change i n  the  A and No values.  

When the  response spectrum 

Good comparisons between computed and measured t r a n s f e r  
funct ions f o r  run 131-3 w a s  obtained only a f t e r  increasing the  
s t r u c t u r a l  damping of  the  fou r th  mode from .03 t o  .08 and de- 
creasing the  s t r u c t u r a l  damping of  t he  f irst  mode from .03 t o  .02. 
The co r re l a t ion  w a s  f u r t h e r  improved by de le t ing  t h e  highest  
t h r e e  na tu ra l  modes from the  ana lys i s .  The measured s t r u c t u r a l  
damping va r i e s  from mode t o  mode and somewhat from a i rp l ane  t o  
a i rp lane .  The range i n  s t r u c t u r a l  damping on the  B-58 var i e s  
from approximately .02 t o  .05. Hence, the  increase  i n  s t r u c t u r a l  
damping of mode four  t o  ,OS is  somewhat above a cred ib le  l e v e l ,  
Therefore,  the  need fo r  such a l a r g e  increase i n  s t r u c t u r a l  
damping i s  probably due t o  t h e  f a i l u r e  of the  ana lys i s  t o  pre- 
d i c t  s u f f i c i e n t  aerodynamic damping. 
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APPENDIX A 

COHPARISON OF GROUND VIBRATION T E S T  MODES 

AND COMPUTED MODES 
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APPENDIX B 

COMPUTED MODES FOR MATCHED F L I G H T  CONDITIONS 
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APPENDIX C 

SYMBOLS 
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APPENDIX C - SYMBOLS 
The primary symbols used in  t h i s  r e p o r t  are l i s t e d  as 

follows : 

A 

a 

a 

a.c. 

II. 

%a! 

A 
C 

XY 

f 

g r  

H 

HC 

He 

HL 

HS 

HU 

r m s  response t o  u n i t  r m s  gus t  v e l o c i t y  

a c c e l e r a t i o n  

c o e f f i c i e n t  i n  pressure  series 

aerodynamic cen te r  l oca t ion  

s lope  of l i f t  versus  angle  of a t t a c k  curve 

s lope  of  moment versus angle  of a t t a c k  curve 

r a w  estimate of prewhitened cospectrum 

frequency, cps 

s t r u c t u r a l  damping of r t h  mode 

t r a n s f e r  func t ion 

t r a n s f e r  funct ion obtained from the  r a t i o  of t h e  c ros s  
spectrum t o  t h e  gus t  PSD 

equivalent  t r a n s f e r  funct ion by r a t i o  PSD response t o  two- 
dimensional turbulence t o  gus t  PSD 

lower 90 percent  confidence l e v e l  on Hc t r a n s f e r  funct ion 

t r a n s f e r  funct ion obtained from the  square r o o t  of re- 
sponse PSD t o  t h e  gus t  PSD 

upper 90 percent  confidence l e v e l  on Hc t r a n s f e r  funct ion 

- 

W , Y , Z )  de f l ec t ion  of s t r u c t u r e  perpendicular t o  sur face  a t  
po in t  x,y,z 
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h 

he) 

k 

La 

Lh 

L 

1 
MAC 

M 

M 

M r S  

m 

N 

N 

NO 

P 

'a 

AP 

Qr 

Qrs 

index indicating h A f frequency 

response to unit impulse 

reduced frequency bo /v 
loads compatible with deformed shape of aeroelastic mode 

raw estimates of power spectrum 

scale of turbulence 

distance from gust sensor to aerodynamic center 

mean aerodynamic chord 

maximum number of lags in autocorrelation function 

Mach number 

generalized mass coupling between generalized coordinates 
r and s 

mass 

number of degrees of freedom 

maximum number of data points in time series 

characteristic frequency, cps 

two sided power spectrum over negative and positive 
frequency range 

aliased P power spectrum 

difference in aerodynamic pressure between upper and 
lower surface 

generalized 

generalized 
produced by 

force acting on rth - generalized coordinate 
force acting on rth generalized coordinate 
unit deflection orsth - generalized coordinate 
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Qo 
A 

qXY 

Qr 

f i  
R 

fix, 

RD 
t 

v 
W 

g W 

filter function or spectral window 

raw estimate of prewhitened quadrature spectrum x and y 
time series 

rth - generalized coordinate 
autocorrelation function 

autocorrelation function of prewhitened data 

autocorrelation function of prewhitened x and y time 
series 

autocorrelation function of Dryden gust spectrum 

time 

true airspeed 

downwas h 

vertical component of gust velocity 

X,Y,Z Cartesian coordinate system 

XtY 

a 

CY' 

Y 2  

A 

6 

8 

8 

8 

input and output time series, respectively 

angle of attack 

slope of elastic deflection of gust boom 

coherency function 

incremental value 

elevator deflection 

pitch angle 

phase angle 

pitch rate 
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P 

c’ )  
t J  

[ IT 

a ir  dens it  y 

t i m e  

one s ided  power spectrum over positive frequencies 

Dryden gust spectrum 

frequency, radians per second 

column matrix 

row matrix 

square matrix 

transpose of [ 1 matrix 
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