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FOREWORD

This report presents the results of work performed by Lock-
heed's Huntsville Research & Engineering Center while under sub-
contract to Northrop Nortronics (NSL PO 5-09287) for Marshall
Space Flight Center (MSFC), Contract NAS8-20082. This task was

conducted in response to the requirement of Appendix A-1, Schedule
Order No. 23,

The NASA technical coordinator for this study is O.E. Smith
of the Aerospace Environment Division of the Aero-Astrodynamics

Laboratory,
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SUMMARY

In this document the probability that the mth largest of the
past L observations will be exceeded k times in N future trials
is derived. The expected number of exceedances and the variance
are also found. An interpolative scheme is presented for defining

probabilities associated with values not actually observed.
The EDNE computer program, which calculates the proba-
bilities of exceedances and plots the interpolative solution, is dis-

cussed. A user's manual and listing of this program is also included.

Several asymptotic distributions for large future sample sizes

are developed.
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Section 1
INTRODUCTION

In many situations, past observations or results are used to predict
future events, If a variable, such as wind speed, has been observed L
times in the past, it is often desirable to make probability statements about
the values it will assume in N future observations. At times it is sufficient
to study the number of times a given value is surpassed in the future trials.
For instance, if the wind is great enough to blow over a building or a vehicle
erect on the launch pad, the exact strength of the wind is not important. For

such cases the theory of exceedances has been developed.

This document is intended to be a basic treatment of the theory of ex-
ceedances., The theoretical development is quite complete, and a practical
example is included. For a more authoritative treatise of the subject, the
reader is referred to Chapter 2 of E.J. Gumbel's Statistics of Extremes,
Columbia University Press, New York, 1958.
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Section 2

THEORETICAL DERIVATION OF THE DISTRIBUTION
OF THE NUMBER OF EXCEEDANCES

A set of L. observations — X2 Xopye e — has been obtained in such a

y X
manner that the observations comprise a randlc-;m sample; that is, the obser-
vations are independent random variables drawn from the same probability
space with cumulative distribution function F [F(x) = Pr (an observation € x)].
The random variables are assumed to be continuous. The distribution function
F, however, need not be known. The observations are arranged in descending
order and written X1y X2y ,x(L), where,x(l) 2 x(z)?_ el 2 X(p)- Thus,

is the largest observation, x(z) is the second largest, and x(m) is the

*(1)
mth largest.

In the future a new set of N observations — Yireeor YN — will be drawn

" from the same population. Of these N observations, k of them will be greater
than x(m), the mth largest of the past L observations (k=0,1,...,N; m =1,
2,...,L). The probability density function of k [p(L, m, N, k) = probability
that k observations out of N will exceed the mth largest of L past observa-

tions] is derived below.

2.1 THE PROBABILITY DENSITY OF THE NUMBER OF EXCEEDANCES
AS A FUNCTION OF THE INITIAL DISTRIBUTION

The mth largest of the L values, X(m)’ partitions the real line into
two sections. For any number y, either y < x(m) or y >x(m). If yis

drawn from the underlying probability distribution of the observations, then

Pr(ny(m)) = Fix, ,) = Fo

(m)

Prly >x)) = 1 - Flx ) = 1-F

(m)
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where Fm is the distribution function for x(m). Thus, if one value is drawn
in the new sample (N = 1), the probability that it does not or does

exceed x is
(m)

Pr(x, ., exceeded 0 times|N=1) = F

(m) m

exceeded 1 time|N=1) = 1 - F
m

Pr(x(m)

where Pr(AI B) denotes the conditional probability of A given B.

If two independent observations Y, and y, are made (N = 2), then the
following hold:

1 = < <
Pr (x(m, exceeded 0 tunea'N 2) Pr(yl < x(m) and Yo S

x(m))

= Priy, Sx ) Priy, S x ) = rfn

Pr(x exceeded 1 time|N = 2)

(m) Pr(y1 < x(m) and Y, > x(m))
+ Priy, > X(m) and vy, < x(m))

= Fm(l'. Fm) + (1 - Fm) Fm

= 2{(1 - Fm) Fm

Pr (x exceeded 2 timesIN = 2)

(m) Pr(yl >x

(m) and Y, > x(m))

2
= (1 -Fm)
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Extending this procedure to N future observations,

Priyv
o X \ea

(m)

Pr(x exceeded 1 timelN)
(m)

Pr(x exceeded N-1 times IN)
, (m)

"
'
3]

<

\4

R,

i=1

= N(1 - F )N'l F
m m

N
E Pr(yi < x(m) and all others > x

m)

m)

)

)

Pr(x(m) exceeded N times |N) = Pr(yl > x'(m), e YN > x(m))
_ N
= (1 - Fm)
This can be written
Pr(x, . exceeded k times|N) = (N}(1 -F ) FN'X k-0,1,...,N (2.1-1)
(m) k m m
m=1,2,...,L
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where

(N‘) - N!
k) = kI'(N-k)!

A random variable which follows the above density function is said to have a

binomial distribution.

As the form given in Equation (2.1-1) depends upon the value Fm, the
probability should be written as a conditional probability. The probability
that the mth largest of L past observations will be exceeded k times in N

future observations, given the distribution Fm, is

p(L,m,N,k|F_) = (i‘)u -F ) FNE (2.1-2)

* -
The expression () (1- Fy)® iy D is the (k+1) term in the

expansion of ([1 - Fm] +Fm)A. Thus,
A\ _ Al
B/~ B!(A - B)!

is called a binomial coefficient. The following identities are
used repeatedly in the theoretical development:

un




LMSC/HREC A791583

2.2 THE PROBABILITY DENSITY OF THE NUMBER OF EXCEEDANCES
FREE OF THE INITIAL DISTRIBUTION

In many cases the value F_  is unknown and a form must be found that
is independent of the distribution F,,. To accomplish this, the density

function of F. , g(Fp,), is derived. The marginal density function is then

1

p(L,m N, k) = fp(L,m,N,lem> g(F ) dF
o

(2.2-1)

m

The previous sample has been drawn and arranged in descending order

- x(l), ey x(L); these values are known and considered constant. Therefore,
the sequence F;, ..., Fp = F(x(l)), ey F(x(L)) is also fixed, Consider
taking a new sample and arranging it in descending order — V(1) ++ 0 Y(L)*

The probability distribution of F,, is computed as the probability that the
mth largest value in the new sample will not be greater than the mth largest
in the past sample.

Since F(x( ) is a distribution function, it is a nondecreasing function

m)
of X (m) and is bounded by 0 and 1. Thus, the distribution function of F_, is

GlFy) = Pr[Fg) € Foom)] = Priviy) < xqp)
G(Fm) = Pr(at least L - m+1l values of L are < x(m))
G(Fm) = Pr(at most m-1 of L exceed x(m))

Q

hy
3_

t

m-1

E Pr(x exceeded k timeslN = L)
(m)

k=0




By Equation (2.1-1), this is

m-1
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G(Fm) - 2 (11:)(1 B Fm)k F;-k

k=0
The density function of Fm is thus-
m-1
d - L L-k
g(Fm) = 4dF G(F_) = (k)(l - F_)
=0
m
_ _d L k _L-k
g(Fm) IF Fm + )(1 -F ) F
k
m-1
_ L-1 L-k
gF_) = LFL 4 ( )(-k)(l - F )kl F
k=1
m-1
k L-k
+ ( )(L k) (1 - m) Fm
k=1
m-1
[ L k-1 _L-k
gF ) = - Z (k_l) (L-{k-1pa-rF ) F
k=1

+

A

o)

m-1

w‘

( )(L K1 -F )
=1

L(l-F )0 LOl

k Lkl
m
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m-2
. L s o j L-j-1
| g(F_) = (J.)<L pa-rF ) Fl
j=0
j=k-1
m-1
(L . j L-j-1
" (j)(L-J)(l-Fm) rl
j=0
i=k

g(F ) = (ml_‘l)(L -m+1)(l - Fm)m'1 F;'m
- L-
g(Fm) = (L)m(l - Fm)m 1 me , 0 < Fms 1 (2.2-2)

Substituting Equation (2.1-2) and Equation (2,2-2) into Equation (2.2-1),

the marginal density function becomes

n

1
p(L, m, N, k) f p(L,m,N,k|[F ) g(F,)dF_
7.

1
N k N-k (L m-1 _L-m
p(L, m, N, k) f(k)(l -F ) F_ (m)m(l -F_) F dF
S .

m

1
N k- -
pP(L,m,N, k) = (k)(f;l)m f (1 - F )] gLtk g
o

() ()= |
p(L,m,N, k) = k/Am (2.2-3)
({0 + L) (N+L‘ 1)

k+m-1
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The above equation gives the probability that the mth largest among L

* past observations will be exceeded k times in N future trials. This formula

is distribution free; i.e., it does not depend upon the underlying distribution

function F.
Equation (2.2-3) can be written as

(N+L—m-k) (k+m— 1)
L-m m-1

P(L, m, N: k) = (N+L) (2-2‘4)

L

2,3 THE MEAN AND VARIANCE OF THE NUMBER OF EXCEEDANCES

Given m, L, and N, the expected or mean number of exceedances is com-

puted as

N (N+L-m-k) (k+m-1)
L-m m-1

N
E(k) = ka(L,m,N,k) = Z NiL
k=0 - k=1 (L )

~ | i\ [i+[m+1] -
Cim - 3 oo (AT )CE)

j=k-1
N+L g oy (N-1] + [L+1] -[m+1] -i\[i+[m+1] - 1\ [[m+1] -1
( L )E(k) ) (j+l)< [L+1] - [m+1] )( [m+l]-l>( i+l )

=0

e

N+1] + [L4] -[m+] - 5){j+ [m+1] -1

[ «
m([N-l] + [L+I]) Al < [L+1] - [m+1] J)( [m+1] -1 )
(L+1] £ ( [(N-1] + [+ 1])

(L+1]

N+L
( N ) E(k)
0
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By Equation (2.2-4), this is

(NEL) E(k) = (Eﬁ“) Z p(L+1, m+l, N-1, j)

N+L ) N+L) _ _ N _(N+L
(L)E(k)'m(ul)'m ( )

Therefore, the mean number of exceedances is

E(k) = -I%I"l— (2.3-1)

As would be expected, the mean number of exceedances increases with m.
The second central moment is computed as
N+L-m-k) (k+m-l)
1

N
2 2( L-m m-
Ek™) = Z k (N+L)
k=0

L

For values of N greater than one, this can be expanded as

(NEL) EKZ) - 2 K(k - 1)(N+L -m- k)(k+m 1) + i k( k)(k:nrr:l)

k=0

10




L

(N+
L

: (N+L) E(kz)

(N+L) E(kz)

| (N+L) Ex2)

L) E(k%)

E(kz)
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N-2 i\[j+ imt2] -
semon(PRELET ) ()
e

(NEL) E(k)

NZ-Z{(j 3G <[N-2] + [L47) - [m+2] - j)(j + [m+2] - 1)

[L+2] - [m+2] [m+2] -1
i=0

(G+2)(j+ 1) L J L+l

([m+2] - 2)([m+7] - 1>|+ (N+L) mN_

N-2) + [L+2) ~
(m+1) m( ) >E p(L+2, m+2, N-2, j) +(N+L) mN

[L+2] ord L | T+1

L+l N+L} mN
(m+1) m(m) ' ( B

(m+1) mN(N-1) + mN
(L+1)(L+2) L+1

The variance is, therefore,

var{k)

Ex%) - [Ex)]

mN(N+L+1){(L-m+1)

var(k) 3
(L+1)" (L+2)

N >1

11




LMSC/HREC A791583

For the case in which N = 1, the density function is

(L+1-m-k)<k+m—l)
p(L, m, N, k) = ~L-m m-1/  x-0,1, N=1I
L+1

The variance is

var®) = EG&Y) - [E®W]® = 0% p(Lym, 1,004 12+ p(L,m, 1, 1) - —1—
(L+1)
var(k) = 4T - ——5 = —=— , N =1
(L+1) (L+1)
Thus, the form given below holds for all positive integers N,
var(k) mN(N+L+1) (L-m+1) (2.3-2)

(L+ 1)2 (L+2)

Actually, Equations (2. 3-1) and (2.3-2) should be written in the conditional

form.

mN

E(k|L,m,N) = 7o

(2.3-3)

mN(N+L+1) (L-m+1)

var(k| L, m, N) 5
(L+1)° (L+2)

(2.3-4)

It can be shown that var(k|L,m,N) = var(le, L-m+1, N); i.e., the variance
of the m‘Ch largest is also the variance of the (m-1) smallest observation.

Note that if L, and N are held constant, the variance is smaller for small or
large values of m than it is for values near N/2. In fact, the variance is at
a minimum for m =1 or m = L., This is contrary to what one would at first

expect.

12
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In summary, the probability of having k values in N future observations

exceed the mth largest among L past observations is given by:

(L )(N) (N+L-m-k) (k+m- 1)

™ \m/\k _ L-m m-1
N+L-1\ ~ N+L

(N+k) k+m-l> ( L )

p{l,m,N, k) =

The expected number of exceedances and the variance are

var(k) = mN(N+L+1) (L-m+1)

(L+1)% (L+2)

13
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Section 3
PRACTICAL TECHNIQUES FOR REAL DATA

Several questions that arise when the theory is applied to real data must
be considered. For instance, a convenient method of displaying the proba-
bilities must be found; the difficulty in interpretation caused by repeated values
in the initial sample must be overcome; and a procedure should be developed
for estimating the probability of exceeding a value that was not actually obtained
in the past sample. Suggested solutions to these problems are presented in

terms of the example below,

The annual peak winds, in knots, at 10 meters above the ground at Cape

Kennedy, Florida, for the years 1950 through 1966, are the following:

Year '50 '51 '52 '53 '54 '55 '56 '57 '58 '59 '60

Wind Speed 58 43 59 62 53 43 60 47 43 44 46

Year '61 '62 '63 '64 '65 '66

Wind Speed 42 39 43 53 48 48

Arranged in descending order, the past sample is:

m 1 2 3 4 5 6 1 8 9 10 11

Wind Speed 62 60 59 58 53 53 48 48 47 46 44

m 12 13 14 15 16 17

Wind Speed 43 43 43 43 42 39

14
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In this case the size of the past sample, L, is 17. If four future years are of
interest, then N is equal to 4.

3.1 DISPLAYING THE PROBABILITIES

A convenient way to present the probability density function is in the form
of a table, which for the above exarhple is shoWn in Table 1. Thus, the proba-
bility that in four future years the peak wind for exactly one year will exceed 60
knots, found in the column m = 2 and the row k = 1, is 0.273. The probability

of at most 2 exceedances over 59 knots is the sum of the probabilities of 0, 1

and 2 exceedances over the third largest observation (0.511 + 0.341 + 0.120 = 0.972).

The expected number of exceedances over the smallest value of 39 knots is 3.78.
Each column (exclusive of mean and standard deviation) adds to one, since it is

a true probability density of k, the number of exceedances.

Note that the table depends only upon the sample sizes L. and N and not
upon the actual observations themselves. In this sense, the exceedances

approach is '"probabilistic'' and not "statistical."
3.2 REPETITIONS IN THE INITIAL SAMPLE

A problem arises in determining the probability that 53 knots will be
exceeded k times in the future. This is because both the fifth and sixth

largest observations are equal to 53 knots.

In the example given, as well as in most practical situations, the
assumption that each observation is drawn from a continuous distribution
is not valid. If the underlying distribution is truly continuous, the proba-
bility of obtaining two equal observations is zero. However, because of the
limits of the precision of the measuring device, the observation is actually
a discrete variable. The two observations of 53 knots would, with probability

one, not be equal if a sufficiently accurate measuring instrument were used.

15




Table 1
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THE PROBABILITY THAT THE MTH LARGEST AMONG 17 PAST

OBSERVATIONS WILL BE EXCEEDED K TIMES IN 4 FUTURE TRIALS

NE AN
SDEV

1
0.80952381E 00
0.16190476E 00
0.25563909E-01
0.28404343E-02

0.16708437€-03 _

0.22222222E 00
0.49296546E 00

5

' 0.30409355E 00

0.38011694E QO
0.22807016E 00
0.76023387€~01
0.11695905€£-01

0.1L111111E O1

0.96393713€ 00

9

0.82706761E-01

0.24812028E 00
0.33834584E 00
0.24812028E 00
0.82706759E-01

.. 020000000 Ol

0.10760552E Ol

13
0.11695905€-01

.0.76023387E~01

0.22807016E QO
0.38011694E 0O
0.30409355E 00

0.28888889E 01

.0.96393713E 00

17
0.16708437E-03
0.28404343E-02

. 0.25563909E-01

0.1619047¢&E 00
0.80952381E 00

0.3777777€0E 01
0.49296546E 00

M

2
0.64761904E 00
0.27268170E 00
0.68170425E~-01
0.10693400E-01
0.83542186E-03

0.44444444E 00
0.67634303E 00

6
0.228067017€ QO
0.36491226E 00
0.27368420E 0C
0.11228069€ 00
0.21052630E-01

C.13333333€ 01
0.10145146E 01

10

. 0.55137839E-01
0.20050123E 00

C.33082704E QO
0.29406848E QO
C.11946532€E 0O

0.22222222€ 01
0.10693922E 01

14
0.58479529€-02
0.46783623E-01
0.17543859E QC
0.37426899E 00
0.39766081E 00

0.31111111€ 01

. 0.89471772€E Q0

16

3
0.51127€18E 00
0.3408%5¢12E CO
0.12C30C75E 00
0.25C62€55E-01
0.25C62€55€E~02

C.66666€E66E 00
0.80204417E 00

7
0.16725145E 00
0.334502S51E 00
C.30877191E 0O
C.15438E595€E Q0
C.35087716E-01

C.15555556€E 01
0.10491495E 01

11
0.35C8717116€E-01
C.154385S5E 00
C.320877191€ 00
0.334502G51€ 00
0.16725145E 00

0.24444444E O1

C.10491495¢E 01l

15
C«25C62¢€55€E-02
C.25062¢55E~C1
0.12C30C75€ 00
0.34085212E 00
0.51127€18E 00

C.33333233E Ol
C.802C4417E 00

4
G.397¢€CBLE CC
Ce3T742€E599E 0OC
0.17543859€E OC
C.46T7E2623E-D1
G.58475529E-232

C.838E8E8B9E OC
0.89471772E OC

g
C.1184¢€532E GC
Ce294CeE48F OC
C.330VE2704F OC
3.2005C123t 0OC
C¢551327€39E-01

"€.177117178E 01

G.10663922€& 01
1.2

- 6421052¢30E-01

G.11228C69¢ 0OC
Ce273€E420F GC
0.36451226E 0C
6.228C7C1TE 0OC

Ce26ECEEELTE 01
G+s10145146E 01

1€
C.83542186E-C3
0410663400E-01
G.68176425E-01
G.272€€170E OC
CG464T7€1504E OC

0.3555£556t N1
G.67634303E 0OC
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The safest way of quoting the probability of all four future values being less
than 53 (k = 0) is '"between 0.228 and 0.304."

3.3 INTERPOLATIVE PROCEDURE FOR VALUES BETWEEN THE GIVEN
OBSERVATIONS

Suppose that the probability of not exceeding 61 knots (k = 0) is desired.
Since 61 knots was not actually observed, the probability cannot be read from
the table. If L, N and k are held constant, p(L, m, N, k) can be considered
as a function of m. This is not a probability density function on m, since it

does not total one.

As 6] lies between the largest and the second largest observations, the
probability of not exceeding 61 knots would logically lie between 0.648 and
0.810. The rank of m =14 could artificially be assigned to 61 knots. For

purposes of interpolation, the author suggests

_ 1 T (N+L-m-k+1)/ (k+m)
p(L,m, N, k) = (N+L) FT-m+D) TN-k+D) M) IGfp @ L s™ sk
L |

Here the gamma function is defined

00 1

: -1
Ty = ft“‘l etat = f (tn :—)u dt

o o
Also, IN'u+l) = ul'(u) and, if u is an integer, [(utl) = u!

The advantages of this approximation is that a smooth curve is obtained
that matches the values for which m is exactly an integer. The five curves
(k=0,1,2,3,4) for this example (L=17, N=4) are shown in Figures 1 through
5.

17
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Figure 2 - Interpolative Approximation, L. = 17, N =4, k =2
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Figure 4 - Interpolative Approximation, L = 17, N=4, k=3
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The interpolative scheme cannot be used for values greater than the
largest observation or less than the smallest observation. However, it can
be said, for example, that the probability that the annual peak wind will not

exceed 63 knots in four years is at least 0.810.

Note that this approximation is the author's own invention and, as far

as she knows, has not been developed by others.
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Section 4

THE EDNE PROGRAM

The Exact Distribution of the Number of Exceedances (EDNE) computer
program calculates the probability that the mth largest among L past obser-
vations will be exceeded k times in N future trials. The mean number of
exceedances and the standard deviation of the number of exceedances is deter-
mined for each value of m. The means and the standard deviations are com-

puted by the formulas:

E(k) =

1/2
8. dev. (k) = [var(k)]l/z - [mN (N+L+21)(L-m+1)]
(L+1)" (L+2)

The probabilities are based upon the equation:

(L)(N)
m k‘
p(L, m, N, k) = =

- (N+L) (N+L-1>

k+m-1

To avoid overflow in the computer, however, the following set of relationships

is utilized:

piL, 1,N,0) = 2%

(L - m) (k +m)

p(L) m+1: ND k) m(N+L"m-k) p(L) m, N, k)
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___(ktm) (N-k)
p(L,m, N, ktl) = sl p(L, m, N, k)

p{L, L-m+}, N, N-k) = p(L,m,N,k)

The program will also, upon request, supply plots of the approximating
function discussion in Section 3.3. The probability is plotted as a function of

m, where m varies from | to LL in increments of Am, an input quantity.

The program was written for the IBM 7094 digital computer and the IBM
4020 plotter.

4.1 INPUT

The first data card contains the four positive integers L1, L2, N1 and
N2 in a 4I3 format. These are the bounds on L and N. For each pair
L and N, where Ll €L £L2 and N1 < N < N2, the program will output the
corresponding table and/or set of plots. The second card contains the real
numbers OPT1, OPT2, DELM in a 3E12.8 format. The tables will be output
only if OPT! = 1, and the plots will be given only if OPTZ2=1. The value

DELM determines the increment of m for the plots.

After a set of data, the program reads another card under an I3 format,
If this card has an integer greater than zero, the program will read another

case; if this field is blank, the program will exit.
4.2 OUTPUT

For a given pair of positive integers L and N and for OPT! = 1., the
output is a (N+3) by L table. The columns are identified by the rank m of
the past L. observations. The last two rows list th.e mean and standard
deviation of the number of exceedances for the respective value of m. The

first N+ 1 rows are identified by the number of exceedances, k. Thus, the
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th

number in the (k+ l)St row and m™" column is p(L, m, N, k), the probability

that k values of N will exceed the mth largest of L past observations.

If OPT2 = 1., N+1 plots will be made for each pair LL and N. Each
plot corresponds to a value of k between 0 and N. The number of points
on each plot is (L -1)/DELM + 1; this should not exceed 1024.

4.3 SAMPLE CASE
Shown in Tables 2 through 5 and Figures 6 through 16 is a sample case

from the EDNE program. For this case, the data consists of the five cards

below, followed by a blank card:

1234587880 HITUHBKUBIBNRIDBINDIADABINNNNND
Pouivd 4 i

12348878 80UMUNUBHUNIIBRNNDUNBRDADININIUNEIRNININL

121454783 UMNIBUBNBIRINANNDIADRTANNARIUBRININGQAUNN

. JI 3 83 T8 SIN IR NI 222124252820 9290038 2230 42526 17 36 39 40 41 42 43 M &

RERETRS NS SN B O VN AL A 6y LTI N PO R B L O L T L

Data for Sample Case
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THE PROBABILITY THAT THE MTH LARGEST AMONG 16 PAST

OBSERVATIONS WILL BE EXCEEDED K TIMES IN 4 FUTURE TRIALS
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THE PROBABILITY THAT THE MTH LARGEST AMONG 16 PAST

OBSERVATIONS WILL BE EXCEEDED K TIMES IN 5 FUTURE TRIALS
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Table 4 (Continued)
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THE PROBABILITY THAT THE MTH LARGEST AMONG 17 PAST
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Figure 8 - Interpolative Approximation, L = 16, N =4, k =2
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Figure 9 - Interpolative Approximation, L = 16, N =4, k =3
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Figure 11 - Interpolative Approximation, L = 16, N=5, k=0
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Figure 12 - Interpolative Approximation, L =16, N =5, k =1
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Figure 13 - Interpolative Approximation, L = 16, N = 5, k
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Figure 14 - Interpolative Approximation, L = 16, N =5, k =3
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Figure 15 - Interpolative Approximation, L
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4.4 LISTING OF THE EDNE PROGRAM

$J0B

$EXECUTE 18U0OB

$18J08B

$IBFTC MAIN

C

C THE EONE PROGRAM

c

c

c

C

o

d

c

c PROGRAMMER ~ Me Me HANSING

C STATISTICIAN - Ne Ee RICH

I
DIMENSION P(200¢51)s XMEAN(200) s
DIMENSION X(1000)+Y(1000)
DIMENSION BTIL(12)+STIL(12)
DATA BTIL/6HM s 11%6H
DATA STIL/6HP s 11%6H

¢

10 READ(S5¢110) L1sL2+N1eN2

READ(Ss111) OPT1+0PT2,DELM

c
IF(OPT1eNEele) GO TO gO1

d
DO 800 L=L1sL2
DO 800 N=N1+N2
RL=L
RN=N
RLPN=L+N
RNDLP1=RN/(RL+14)
RNDLP2zRN/ ( (RL+1e) ¥%#2%(RL+2e))
Ll2=(L+1) /2 '
NP 1=N+1
L12P1=L12+]

¢

LMSC/HREC A791583

LMSC CARTER BIN202+¢470650+00¢12¢140CE

THE EXACT DISTRIBUTION OF THE NUMBER OF EXCEEDANCES (EDNE)
COMPUTER PROGRAM CALCULATES THE PROBABILITY THAT THE M'TH LARGEST
AMONG L PAST OBSERVATIONS WILL BE EXCEEDED K TIMES IN N FUTURE
TRIALS. THE MEAN NUMBER OF EXCEEDANCES AND THE STANDARD ODEVIATION
OF THE NUMBER OF EXCEEDANCES ARE DETERMINED FOR EACH VALUE OF Me

46
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0000

20

36

40

300
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P(1¢1)=RL/RLPN

DO 30 M=1eL 12

RM=M

XMEAN (M) =RM#¥RNDL P

VAR(M) =RM¥* (RL—RM4+ ] ¢ } # (RLPN+1 ¢ ) #RNDLP2
STDEV(M)=SQRT (VAR{I(M))

DO 20 K=1eN
RK=K~-1
P(MeK+]1) = (RK+RM) #IRN=-RK) /7 ( {RLPN-RM=-RK )} # ({RK+16e) ) #¥P (MeK)

P(M+141)=(RL=-RM)/ (RLPN-RM)#P(Ms 1)

DO 40 I=L12P1 L
Ki=L=-I+1i

Rl=]
XMEAN(T1)=RI*RNDLP]
STDEVI(1)=STDEV(K])

DO 40 U=1+NP1
K2=NP1~-J+1
P(IeN)=P(K1eK2)

WRITE STATEMENTS FOR CONTROLLED OUTPUT

WRITE(6+700)

WRITE(6+720) LN

IF(LeGTea) GO TO 40C
WRITE(6¢730) (ICOLeICOL=1sL)

DO 300 I=1eNP}

IROW=1-1

WRITE(6¢740) IROWs(P(e]l)eJ=1sel)
WRITE(6+750) (XMEAN(JyeJ=1.L)
WRITE(6¢760) (STDEV(JyeJd=1al))

GO TO 800

417
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e

400

S5u0
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ICOUNT=1

DO 510 KFIR=1+Log

KLAST=KFIR+3

IF (KLAST eGTeL) KLAST=L

WRITE(6+¢730) (ICOL«ICOL=KFIR«KLAST)

DC 500 I=1+NP]
IROW=1~1
WRITE(6+740) IROWs (P(Jel) s I=KFIRIKLAST)

WRITE(6¢750) (XMEAN(J) o J=KFIRKLAST)
WRITE(6¢760) (STDEV(J)esJ=KFIR«KLAST)
IF(KLASTeEQeL) GO TO g00
WRITE(6+¢710)

ICOUNT=ICOUNT+1

ICUT=(NP1+6)*ICOUNT

IF(ICUTeLTeS7) GO TO 510
WRITE(6+700)

WRITE(6¢720) LN

{COUNT=1

CONT INUE

CONT INUE

IF(OPT2eNEsle) GO TO 9999
CALL CAMRAV(9)

DO 900 L=L1sL2

DO 900 N=N1 N2

RL=L

RN=N

RLPN=z=L_+N

NP1 =N+1

NUMPTS = (RL-1¢)/DELM +1.
DO 1000 kP1 = 1eNPt

K = KPPt - 1

RK = K

DO 1010 I =1+NUMPTS
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RI = 1

X(I)=1e+(RI—14)%*DELM
IF(KeEQeN) GO TO 1020
IF(KeEQeO) GO TO 1030

FACY1 = 1o
DO 1040 J = 1¢K
RJI = J
1040 FAC]1 = ((RN-RJU+1e)I#(X(1)+RJ=~1e))/(RIH(RLPN~RJI+]a))*FAC]
NMK = N-K
FAC2 = 1l

A = RLPN-X{1)-RK+1,
8 = RUPN-RK4+1,
DO 1050 J = | sNMK
RJ = J :
1050 FAC2 = ((A-RJU)I/Z(B-RJ) )#FAC2
Y1) FAC1 # FAC2
GO TO 1010
1020 IF (NeNEel) GO TO 1024
Y(I) = X(1)/(RL+1e)
GO TO 1010
1021 YU(1) = 1.
DO 1022 J = 1N
RJ = U
1022 Y1) = YUI)®(RN+X(1)-RJ)/(RLPN=RJ+14)
GO TO 1010
1030 Y(1) = 1.
DO 1031 J = 1eN
RJ = U - 1
1031 Y(I) = Y(I)®(RLPN-X(]1)~RJ)/Z(RLPN-RJ)
1010 CONTINUE
WRITE(6+770) (X(I)eY(I)el=1eNUMPTS)
770 FORMAT(6E17.8) '
CALL QUIK3VI(=1162¢BTILsSTIL=NUMPTSeXaY)
1000 CONTINUE
QUG CONTINUE
70C FORMAT(1H1)
71C FORMAT(/)
720 FORMAT(IH ¢11Xe43HTHE PROBABILITY THAT THE M*TH LARGEST AMONGe |4
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1184 PAST OBSERVATIONS//22Xe27HWILL BE EXCEEDED K TIMES INs 134
214H FUTURE TRIALS///746Xe 1 HM)
730 FORMAT(1HO 1 1XeIHKeT10e¢7Xe11007Xe1]10e7Xe110/)
740 FORMAT(1H +9Xs1344E17,8)
750 FORMAT(1HO+8Xs4HMEAN4E178)
760 FORMAT(1H ¢8Xe+4HSDEV+4E17.8)
c .
9999 READ(Se110) 1CASE
IF(ICASE«GTe0) GO TO 10
sTOP
110 FORMAT (A l3)
111 FORMAT(3E12.8)
END
+DATA
16 16 a4 5
le le ol
2
100100 1 1
le
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Section 5
SOME ASYMPTOTIC DISTRIBUTIONS

There are occasions when quick estimates are needed of the probabilities
of the number of exceedances. The exact distribution is always superior; how -
ever, if a computer is not convenient, the necessary calculations may be
forbidding. To this end, several asymptotic distributions have been derived.
In this section are discussed the distributions of the number of exceedances
over the larger past values (small m) for two cases. In the first case, the

initial sample is small in comparison to the future sample (L << N). In the

second case, both samples are large.
5.1 INITIAL SAMPLE SMALL AS COMPARED WITH FUTURE SAMPLE

Frequently, the past sample is quite small as compared to the future
sample, L. K N. Since N is large, the number of exceedances k and the
proportion of exceedances q = k/N (0 < q <1) can be considered as con-

tinuous variables. The density function of k, from Equatior (2.2-3), is

()=
p(L,m, N, k) = ——K/\m

e (BE2)

The density function of q then becomes

(E)
h(q) = [%] p(L,m, N, Nq) = k/\m

N+ 1) (1)

h{q) NT) (N+L)T (N9 ! (N-Ng)"

il
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Substituting Stirling's formula,

and combining terms leads to

N Ng+m-1 N-Ng+L-m

1 (Ng4+m-1)

m(r];)N(NJrl) (N -Nq+ L - m)

N-Nq

h{q) =
(N+ L)V (ngNT (N - Ng)

(N4 1) (Ng+m-1)(N-Ng+L-m) 1/2
(N+ L) (Nqg) (N - Nq)

2N+L (N3) 1/2

Dividing numerator and denominator by N leads to

N Ng+m-1 N-Ng+L-m
L ( l) ( m-l) ( L-m)
m(m) 1¥x) Ot x l-a+7x

)N+ L

h(q) =
L

(1+‘ﬁ

T d)e- =) - o k52)]
(l ¥ '1151‘) q(l -q)

N -
NN (1 - gN-Na

As N hecomes large, this tends to a form independent of N;

h{q) = m(rI;) q™! (l—q)L'nrl , 0<£q <1, N>L (5.1-1)
Note that this is the same distribution as that of Frn a8 discussed in Section 2.2.
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The expected value and the variance of q are

1 L\ m-1 L-m m(rl;l)m' (L - m)!
[am(%)e™ "t a-g ™ -
o

Ela) = L+
m
E(q) = T+ (5.1-2)
1 2
2 L -1 L-
var(@) = E@%) - [E@)? - fq m(m)qm (1-q97™dq - (LT,)
(o]
m(L (m+ 1)! (L - m)! 2
) m ! ' m
- (L+2)°¢ (L + l“)i
var(q) = —2ll-mtl) (5.1-3)
(L+1)°(L+2)
Thus, the asymptotic density of the smallest values (m = L) is
hi(q) = LqL'1 , m =L (5.1-4)
The distribution function
H(q) = qL ) m =L (5.1-5)

gives the probability that up to q +100% of a future large sample will exceed

the smallest value of the L past observations.
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For the largest value, m = 1, the asymptotic density and distribution

function are
h@) = LU -1, m=1

Hq = 1-0-9F, m=1

(5.1-6)

(5.1-7)

Thus, the above formula gives the probability that at most a fraction q of a

future large sample will be greater than the largest or less than the smallest

of a past sample of size L.

5.2 INITIAL SAMPLE AND FUTURE SAMPLE BOTH LARGE

At times both the past and the future samples are large. A different

asymptotic formula must be derived for this case.

The probability density from Equation (2.2-4)

(N+L-m-k) (k+m- 1)
p(L, m,N, k) = L'(I?WL m-!
L)

can be written as

k+m-l) (N+L-m-k)! L! N!

p(L,m, N, k) = ( m-1 ) {L-m) ! (N-K | (NtL)!

By Stirling's formula,

J! = J° e 2nmJ
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the density is approximated by

. (ktm-1} (N+L-m-k) LN
p(L, m, N, k) ~( m-1 ) L-m N+L

(L -m) (N-k)N'k (N+L)

N+L-m-k _ L N
(L-m)(N-k)(N+L)

(N+L-m-k) LN ]1/2

As N and L become large, the last factor goes to one. Thus, after a bit of

rearranging,

p(L,m, N, k) = [(k+m-1) L™ N* ][ L gNK Lo gV mk ]
( »

m-1 ) L™ || (L o B ™ (- N K (4 N Lmok

If m and k are kept smail L and N increase, the density approaches
{1, m ..k
p(L, m, N, k) =~ kk:n“_lil) —E (5.2-1)
(L+N)

Note that this formula should be used only for small values of m.

The probability that the mth largest value is never exceeded (k=0) in

N future observations is

N m
p(L,m,N,0) » (N+L) (5.2-2)

The probability that the largest value (m=1) will be exceeded k times is

k
~ L N

In the case of equal sample sizes, N = L, Equation (4.2-1) becomes

m+k
p(L, m, L, k) = (k;“_l;l)(%) | (5.2-4)
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Since m is small compared to L, this is called the law of rare exceedances.

For L =N, the probability that the mth largest value will never be exceeded
(k=0) is

1 m
p(L,m, L, 0) = (—) (5.2-5)

The probability that the largest value (m=1) will be exceeded k times is

1)k+1

p(L, 1, L, k) = (5 (5.2-6)

By procedures similar to those used in the derivation of Equation (2.3-1)

and Equation (2.3-2), it can be shown that for N =L the mean and variance are

(5.2-7)

8

E(k)

2m (5.2-8)

var(k)
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Section 6
CONCLUSIONS

The theory of exceedances should be applied in cases in which the prob-
ability of surpassing a previously attained value is of importance. If, in the
example discussed in Section 2, the value of 60 knots was considered as
critical, exceedances theory could be used to give the probability of exceeding

the critical value in future events.

As another example, in a study done by the Systems Optimization Section
of LMSC/HREC for NASA, R-AERQ-DAP, the amount of flight propellant
reserve (FPR) to be carried by a future Saturn missile was to be decided.

One hundred flights with different values of perturbations in flight parameters
were simulated on a high-speed computer and the necessary FPR for each
flight was calculated. The largest of these was taken as a conservative esti-
mate of the amount of reserve fuel needed for any one future flight. According
to Table 4 in Section 4.3, the probability of exceeding the largest of the 100

FPR values in a future run is .0099.

The theory of exceedances can thus be 1sed for both real and simulated
data. It should not, however, be applied to cases in which the population
distribution is of importance, e.g., for estimating the population mean or

variance.
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