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RADIATIVE ASPECTS O F  LUNAR MATERIALS 

I n  t h i s  r e p o r t  we p r e s e n t  t h e  r e s u l t s  of f o u r  i n t e r r e l a t e d  

i n v e s t i g a t i o n s  on t h e  n a t u r e  of t h e  i n t e n s i t y  and a n g u l a r  d i s t r i -  

b u t i o n  of v i s i b l e  and i n f r a r e d  r a d i a t i o n  l e a v i n g  t h e  l u n a r  

s u r f a c e ,  The c h a p t e r s  a r e  pag ina ted  independen t ly  and may be 

read  independent ly .  

Chapter  I of t h e  r e p o r t  d e s c r i b e s  a c r a t e r  model f o r  t h e  l u n a r  

the rmal  r a d i a t i o n .  T h i s  t h e o r y  a p p l i e s  when t h e  l u n a r  s u r f a c e  

normal i s  i n  t h e  same p lane  a s  t h e  i n c i u e n t  s o l a r  r a y  and t h e  

r a y  be ing  observed.  Agreement between t h e o r y  and experiment  i s  v e r y  

good. 

I n  Chapter  I1 i s  g i v e n  a  compact mathemat ica l  e x p r e s s i o n ,  which 

h a s  been developed on a phenomenological b a s i s ,  and which f i t s  t h e  

d a t a  on l u n a r  i n f r a r e d  r a d i a t i o n  under a l l  c o n d i t i o n s  excep t  w i t h i n  

a  few d e g r e e s  of t h e  t e r m i n a t o r  and Dn t h e  d a r k  s i d e .  T h i s  expres-  

s i o n  mav be used f o r  a c c u r a t e  machine c a l c u l a t i o n  of view f a c t o r s  ' 

and thermal  f l u x e s  n e a r  t h e  l u n a r  s u r f a c e ,  

Chapter  111 c o n s i s t s  of a  d e t a i l e d  a n a l y s i s  of t h e - p h o t o m e t r i c  

f u n c t i o n  o r i g i n a l l y  d e r i v e d  by Hapke, Hapke's  model i s  modified i n  

o r d e r  t o  conform more c l o s e l y  t o  t h e  p h y s i c a l  c o n d i t i o n s  i n  which 



t h e  model i s  a p p l i c a b l h  and a l s o  t o  p rov ide  a r a t i o n a l e  f o r  

s e p a r a t i n g  t h e  d e r i v a t i o n  of Hapke ' s  r e t r o d i r e c t i v e  f u n c t i o n  

from a n  independent  t r e a t m e n t  of t h e  e f f e c t  of random l o c a l  -. 
v a r i a t i o n s  i n  t h e  s l o p e s  of t h e  l u n a r  s u r f a c e  m a t e r f a l .  The 

l a t t e r  phase of  t h i s  work remains t o  be completed bu t  w i l l  

f o l l o w  t h e  methods of  Chap te r  I. 

Chapter  I V  d e s c r i b e s  t h e  beg inn ing  o f  a  longer- range  program 

whose purpose i s  t o  t r e a t  t h e  l u n a r  s u r f a c e  a b  i n i t i o  as a  random 

s c a t t e r i n g ,  a b s o r b i n g ,  and r e f l e c t i n g  composi te  medium which i n t e r -  

a c t s  w i t h  t h e  i n c i d e n t  e l e c t r o m a g n e t i c  r a d i a t i o n .  I n  o r d e r  t o  

p r o p e r l y  pursue  t h i s  l i n e  of  i n v e s t i g a t i o n  i t  h a s  been n e c e s s a r y  

t o  deve lop  new t e c h n i q u e s  f o r  t r e a t i n g  s t o c h a s t i c  p r o c e s s e s  and 

s t o c h a s t i c  d i f f e r e n t i a l  e q u a t i o n s ,  These t e c h n i q u e s  a r e  d i s c u s s e d  

i n  t h i s  c h a p t e r .  
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CHAPTER I 

A CRATER MODEL FOR LUNAR THERMAL RADIATION 

R, Sex1 H ,  F o l k  
D, Burkhard J. Nance 

.- H. Sex1 

1 , '  ~ Z n t r b d u o t i o n :  

The d i r e c t i o n a l  c h a r a c t e r i s t i c s  of l u n a r  i n f r a r e d  r a d i a t i o n  

have been measured w i t h  gr*ea t  p r e c i s i o n  by S a a r i  and S h o r t h i l l ,  1 

Ashby and ~ u r k h e r d ~  have d e r i v e d  a phenomenologi-a1 e x p r e s s i o n  

which d e s c r i b e s  t h e s e  measurements r a t h e r  a c c u r a t e l y ,  Smith 3 

h a s  a t t empted  t o  e x p l a i n  t h e  s t r o n g  a n i s o t r o p y  of t h e  r a d i a t i o n  

w i t h  t h e  h e l p  of a  s t a t i s t i c a l  model o f  l u n a r  soughness .  E x c e l l e n t  

agreement  i s  o b t a i n e d  f o r  t h e  f u l l  moon d a t a  f o r  a  20° r . m , s ,  

s l ope .  However, no agreement  h a s  been o b t a i n e d  when comparison 

w a s  mad$ w i t h  t h e  v a r i a t i o n  of t h e  s u b s o l a r  r a d i a n c e  w i t h  phase ,  

A v e r y  s e r i o u s  drawback of  S m i t h ' s  method i s ,  f u r t h e r m o r e ,  t h a t  

no g e n e r a l  e x p r e s s i o n  h a s  been o b t a i n e d  f o r  t h e  l u n a r  i n f r a r e d  

r a d i a t i o n  and s e p a r a t e  c a l c u l a t i o n s  a r e  n e c e s s a r y  f o r  each  i n d i -  

4 v i d u a l  s i t u a t i o n  (phase ) .  Buhl h a s  used a d i f f e r e n t  approach.  

He c o n s i d e r e d  t h e  e f f e c t s  of c r a t e r s  i n  a l t e r i n g  t h e  e m i s s i o n  

c h a r a c t e r i s t i c s  of t h e  l u n a r  s u r f a c e .  Buhl s t u d i e d  s e v e r a l  c r a t e r  

d i s t r i b u * i o n s  b u t  w a s  unab le  t o  o a t a i n  s a t i s f a c t o r y  agreement  w i t h  

t h e  date. 

I I '  



Both t h e o r e t i c i i l  p a p e r s  have  i n  common t h a t  a L a m b e r t i a n  co- 

s i n e - l a w  was used  t o  d e s c r i b e  t h e  d i r e c t i o n a l  c h a r a c t e r i s t i c s  of a 

u n i f o r m l y  h e a t e d  f l a t  s u r f a c e  c d n s i s t i n g  of l u n a r  ma te rka? .  T h e r e  

i s  no  r e a s o n  f o r  t h i s  a s s u m p t i o n  t o  h o l d ,  E l e c t r o m a g n e t i c  t h e o r y  

p r e d i c t s  t h a t  a u n i f o r m l y  h e a t e d  d i e l e c t r i c  m a t e r i a l  r a d i a t e s  p r e -  

d o m i n a n t l y  i n  t h e  d i r e c t i o n  o f  t h e  s u r f a c e  normal ,  a l t h o u g h  t h o  

e x a a t  amount o f  t h i s  ejihancement i s  d i f f i c u l t  t o  c a l c u l a t e ,  

H e r e  we s h a l l  modi fy  B u h l ' s  c r a t e r  model by  g e n e r a l i z i n g  

t h e  b a s i c  a n s a t z  f o r  t h e  r a d i a t i o n  l a w .  Our model a s sumes ,  

f u r t h e r m o r e ,  a  l u n a r  s u r f a c e  c o v e r e d  i n  p a r t  w i t h  d i s t r i b u t i o n  of  

c r a t e r s  o f  v a r i o u s  d e p t h  t o  d i a m e t e r  r a t i o s ,  a s  d e t e r m i n e d  by  

S u r v e y o r  measuretnent. T h i s  i s  a l s o  a n  improvement o v e r  B u h l p s  work ,  

s i n c e  h e  w a s  a b l e  t o  d e a l  w i t h  c r a t e r s  o f  a  u n i f o r m  d e p t h  t o  d i a m e t e r  

r a t i o  on ly .  

A f u r t h e r  v e r y  i m p o r t a n t  improvement o f  t h e  a p p r o a c h  p r e s e n t e d  

h e r e  o v e r  p r e v i o u s  work c o n s i s t s  i n  t h e  e x t e n s i v e  u s e  of g r o u p  

t h e o r y  and  i n v a r i a n t  t e n s o r  methods.  These  methods e n a b l e  u s  t o  

d e t e r m i n e  which  f e a t u r e s  o f  t h e  d i r e c t i o n a l  c h a r a c t e r i s t i c s  o f  t h e  

l u n a r  i n f r a r e d  r a d i a t i o n  a r e  model d e p e n d e n t ,  i . e . ,  depend on t h e  

d e t a i l s  of  t h e  c r a t e r  d i s t r i b u t i o n ,  s h a p e ,  e t .  It t u r n s  o u t  t h a t  

t h e  t h e r m a l  b e h a v i o r  of t h e  l u n a r  r i m  a r e  t h e  o n l y  f e a t u r e s  o f  t h e  

r a d i a t i o n  which depend  s t r o n g l y  on t h e s e  d e t a i l s ,  

The o u t l i n e  o f  t h i s  p a p e r  i s  t h e  f o l l o w i n g s  I t i  S e c t i o n  2 we 

s h a l l  f i r s t l y  summarize t h e  r e l e v a n t  a s p e c t s  of p r e v i o u s  work. 



S e c t i o n s  3 and 4 d e a l  w i t h  t h e  r a d i a t i o n  e m i t t e d  by unshadowed 

c r a t e r s .  I n  t h e s e  iwo s e c t i o n s  t h e  g roup  t h e o r e t i c a l  method i s  

devs loped and e x p l a i n e d  i n  d e t a i l .  I n  t h e s e  s e c t i o n s  a l l  

q u a n t i t i e s  a r e  c a l c u l a t e d  up  t o  and i n c l u d i n g  e f f e c t s  of second 

o r d e r  i n  t h e  ave rage  s u r f a c e  s l o p e .  I n  t h e  subsequent  s e c t i o n s  

on ly  f i rs t  o r d e r  e f f e c t s  a r e  t a k e n  i n t o  a c c o u n t ,  The purpose of 

t h i s  method i s  t o  e s t i m a t e  t h e  e f f e c t  of n e g l e c t i n g  s h e s e  h i g h e r  

o r d e r  t e r m s ,  as  w i l l  be done i n  our  f i n a l  c a l c u l a t i o n s ,  It t u r n s  

o u t  t h a t  t h i s  approximat ion  t e n d s  t o  u n d e r e s t i m a t e  a l l  t e m p e r a t u r e s  

by 2-3OK. T h i s  i s  t h e r e f o r e  t h e  l i m i t  of a c c c ~ a c y  of our  t h e o r e t i c a l  

e x p r e s s i o n s .  

I n  S e c t i o n  5 we c a l c u l a t e  5 r r a d i a t i o n  c o r r e c t i o n s  and show 

t h a t  t h e y  must n o t  be n e g l e c t e d .  S e c t i o n s  6-10 d e a l  w i t h  t h e  

&@ shadowing of l u n a r  c r a t e r s ,  Our f i n a l  r e s u l t s  a r e  p r e s e n t e d  i n  

S e c t i o n  1 1 ,  and e x c e l l e n t  agreement  w i t h  t h e  e x p e r i m e n t a l  r e s u l t s  

i s  ob ta ined .  

. . . .  

The Energy Balance:  2. -w 

2 
I n  t h i s  s e c t i o n  we f i r s t  summarize t h e  work of Ashby on t h e  

i n f l u e n c e  of the rma l  c o n d u c t i v i t y  and t h e  l u n a r  a l b e d o  on t h e  

i n f r a r e d  r a d i a t i o n .  I n  Lable 1 we have l i s t e d  t h e  t o t a l  e n e r g y  

r e c e i v e d  p e r  u n i t  s u r f a c e ,  t h e  ene rgy  r e f l e c t e d  o p t i c a l l y  and t h e  

ene rgy  l o s t  by the rma l  c o n d u c t i v i t y  a s  f u n c t i o n s  of t h e  t h e r m a l  

l a t i t u d e  ,+) .. The t a b l e  shows t h a t  t h e  main t e rm t h a t  i n f l u e n c e s  

*) 1 i s  t h e  a n g l e  between t h e  s u r f a q e  ni;rmal 8 end t h e  d i r e c t i o n  
of t h e  ' i n c i d e n t  r a d i a t i o n  i, c o s  1 = (it%) 



t h e  energy balance i s  o p t i c a l  r e f l e c t i o n ;  l e s s  t han  1% of t h e  

i nc iden t  energy i s  l o s t  by thermal conduc t iv i t y ,  That i s  r a t h e r  

f o r t u i t o u s ,  s i nce  t h e  conduc t iv i t y  l o s s  depends not  only on 1, 

but  a l s o  on t he  thermal l ong i  .de, The va lues  quoted i n  t he  t a b l e  

a r e  averages  over t h e  long i tude ,  Sirlce t h e  magnitude of t he  

conduction term i s  s u f f i c i e n t l y  s m a l l  we can neg l ec t  t h e  long i tude  

dependence w i t h i n  t h e  requ i red  accuracy,  

Sub t r ac t i ng  t he se  two energy l o s s e s  from t h e  t o t a l  energy 

received we see  t h a t  t h e  energy a v a i l a b l e  f o r  thermal r a d i a t i o n  

i s  g iven  t o  a high degree  of accuracy by S o c o s i  ( i n s t e a d  of So 

cos  1 ) , where So = 1.88 cal/cm2 i s  t h e  s o l a r  cons tan t  co r r ec t ed  

f o r  conduction and r e f l e c t i o n .  T h i s  r e s u l t  i s  r a t h e r  important ,  

s i nce  it a l lows  u s  t o  t ake  i n t o  account t h e  two o the r  energy 

t r a n s f e r  p rocesses  i n  a very  simple manner, 

Next we check t h e  energy balance by i n t e g r a t i n g  t h e  energy 

r a d i a t e d  from t h e  subso l a r  po in t  i n t o  a l l  d i r e c t i o n s ,  The 

temperature of t h e  subso l a r  po in t  is  r e l a t e d  t o  t h e  energy by 

where i s  the  phase ang le ,  The t o t a l  energy E emi t ted  by a  u n i t  

su r face  a t  t h e  subso la r  po in t  i s  



where 4 i s  t h e  thermal longi tude.  Theevaluation of t h i s  i n t e -  

2 g r a l  l e a d s  t o  1.89 cal/cm min, agree ing  r a t h e r  p r e c i s e l y  wi th  

t h e  value  1.88 cal/cm2 min fo l lowing  from t h e  cons ide ra t i ons  

d i scussed  before.  Furthermore, we f i n d  t h a t  t h e  rad ia* ion  i n  

t h e  d i r e c t i o n  orthogonal  t o  t h e  su r f ace  i s  increased  by a f a c t o r  

1.06f0.01 compared t o  a  Lambertian r a d i a t o r ,  The apparent  

temperature i n  t h e  c e n t e r  of t h e  l u n a r  d i s k  a t  f u l l  moon fo l lows  

from t h i s  t o  be 

agree ing  r a t h e r  p r e c i s e l y  wi th  t h e  da t a  of S a a r i  and S h o r t h i l l .  
1 

The o lde r  va lue  T = 4070~ due t o  P e t t i t  and Nichelson i s  

incompatible wi th  t h i s .  

3. Thermal Radia t ion  from a S i n g l e  Crater-Case of no Shadowing 

Next we have t o  i n v e s t i g a t e  t h e  c h a r a c t e r i s t i c s  of  t h e  

r a d i a t i o n  emit ted  by a  s i n g l e  c r a t e r .  To c a l c u l a t e  t h i s  we have 

t o  make a n  assumption abouk t h e  behavior of a f l a t  s u r f a c e  element. 

We s h a l l  assume t h a t  i t  r a d i a t e s  wi th  a n  angula r  d i s t r i b u t i o n  pro- 

p o r t i o n a l  t o  

r and t a r e  two c o n s t a n t s ,  de sc r ib ing  the  d e v i a t i o n  of t h e  rad ia -  

-b -b 
t i o n  from a  pu re ly  Lambertiad.cos-law. e  and n  a r e  u n i t  v e c t o r s  



i n  t h e  d i r e c t i o n  of  t h e  e m i t t e d  r a d i a t i o n  and t h e  l o c a l  s u r f a c e  

-b -b 
normal r e s p , ,  ( e , n )  = cosc d e n o t e s  t h e i r  s c a l a r  p roduc t ,  

The i n c i d e n t  e n e r g y  f l u x  on a  s u r f a c e  a r e a  f i s  f ( 2 , $ ) 0 S ,  

2 
where S Is %he s o l a r  c o n s t a n t ,  S = 1-99  csl /cm s e c ,  P a r e  of 

this e n e r g y  i s  r e f l e c t e d  i n  *he form of v i s i b l e  l i g h t  and p a r t  

i s  conducted away by t h e r m a l  c o n d u c t i v i t y ,  as d i s c u s s e d  i n  t h e  

p r e v i o u s  s e c t i o n ,  

T h e r e f o r e  on ly  a f r a c t i o n  s o d f  (? ,d)  5 s  a c t u a l l y  r e r a d i a t e d  

2 
. i n  t h e  form of  i n f r a r e d  r a d i a t i o n ,  So = 1,88 cal/cm s e c ,  The 

ene rgy  b a l a n c e  i s  f u l f i l l e d  i f  w e  w r i t e  the i n f r a r e d  e n e r g y  

e m i t t e d  p e r  u n i t  s o l i d  a n g l e  u n i t  t ime  as  

One e a s i l y  checks  t h a t  t h e  t o t a l  r a d i a t i o n  e m i t t e d  p e r  u n i t  t ime i s  

where dQe i s  t h e  s o l i d  a n g l e  e lement  of t h e  e m i t t e d  r a d i a t i o n ,  

N e x t  we s h a l l  c a l c u l a t e  t h e  r a d i a t i o n  e m i t t e d  from a s u r f a c e  

of a r b i t r a r y  s l o p e  d i s t r i b u t i o n  u s i n g  t h e  f o l l o w i n g  approx ima t ions :  

1 )  There  a r e  no p r e f e r r e d  d i r e c t i o n s  of t h e  s u r f a c e  

2) W e  n e g l e c t  r e r a d i z t i o n  

3) W e  n e g l e c t  shadowing. 



Approximation 1 )  i s  t r u e  f o r  a  s u r f a c e  covered by c i r c u l a r  

c r a t e r s  o r  h i l l s ,  bu t  a l s o  f o r  much more g e n e r a l  s u r f a c e s ,  

provided t h a t  t h e  a s p e r i t i e s  a r e  not  a l i g n e d  i n  one dominant 

d i r e c t i o n .  T h i s  approximat ion  i s  w e l l  f u l f i l l e d  f o r  t h e  moon. 

The o t h e r  assumpt ions  concern ing  shadowing and r e r a d i a t i o n  w i l l  

be e l i m i n a t e d  i n  t h e  second p a r t  of t h i s  paper  by u s i n g  t h e  s p e c i a l  

s u r f a c e  model d i s c u s s e d  above, 

The c a l c u l a t i o n  o roceeds  a s  f o l l o w s ,  We have t o  i n t e g r a t e  

t h e  r a d i a t i o n  e m i t t e d  over  a s u r f a c e  w i t h  v a r y i n g  s u r f a c e  

-b 
normal n ( f )  where f s t a n d s  f o r  t h e  s u r f a c e  element  cons ide red ,  

The t o t a l  r a d i a t i o n  becomes 

where % i s  the a v e r a r e  s u r f a c e  normal. T h i s  i n t e g r a l  can  be 

e v a l u a t e d  r i g o r o u s l y ,  L e t  u s  c o n s i d e r  e.g. t h e  f i rs t  t e rm (we 

i n t r o d u c e  t e n s o r  no ta t ion :  n  i = 1 , 2 , 3  are t h e  components of  .is 

t h e  u n i t  v e c t o r  2) 

The i n t e g r a l  can on ly  be o f  t h e  form 



T h i s  can  be shown f o r m a l l y  w i t h  t h e  h e l p  of e l e m e n t a r y  g roup  

t h e o r y 5  ( t h e  r e s u l t  f o l l o w s  from t h e  r o t a t i o n  i n v a r i a n c e  

assumed, i o e o  t h a t  t h e r e  a r e  no p r e f e r r e d  d i r e c t i o n s  on t h e  

moon). It is ,  however, i n t u i t i v e l y  c l e a r  s i n c e  N i s  t h e  on ly  

q u a n t i t y  t h a t  can  e n t e r  ou r  r e s u l t  b e s i d e s  t h e  i n v a r i a n t  u n i t  

t e n s o r  6ik .  

By c o n t r a c t i n g  (3.6) ove r  k  and m ( m u l t i p l y i n g  by hkm) we 

o b t a i n  

S d f  = a, +3a2 

and by m u l t i p l y i n g  (3.6) w i t h  NkNm we have 

+ 2 
S d f ( 8 , n )  = a l + a 2  

(8 , ; )  = cosa  i s  t h e  c o s  of t h e  s l o p e  of t h e  s u r f a c e ,  i . e o ,  

2 -J'df($,;) = E c o s  a = kc2 

., 
where t h e  b a r  d e n o t e s  a v e r a g i n g  ove r  t h e  s u r f a c e  and F is t h e  

t o t a l  s u r f a c e  c o n s i d e r e d :  

We w i l l  however,  r e - e x p r e s s  our  r e s u l t s  i n  t e r m s  of  t h e  a p p a r e n t  

s u r f a c e  a r e a  (we i n t r o d u c e  t h e  n o t a t i o n  cosna = cn)  l 
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T h i s  comple tes  t h e  e v a l u a t i o n  of t h e  i n t e g r a l  ( 3 * 6 ) .  I n s e r t i n g  

t h e  r e s u l t  i n t o  (3.5) we have f o r  t h i s  t e rm 

S i m i l a r l y  t h e  o t h e r  t e r m s  can  be e v a l u a t e d  i n  t e rms  of  t h e  s l o p e  

d i s t r i b u t i o n  t h e  s u r f a c e .  The r e l e v a n t  t e n s o r s  a r e  of  t h e  form 

Sdfninknm = b1NiNkNm+b2 (6 ikNm+6 im~k+6km~i) 

- 
and 

T h i s  f o l l o w s  from symmetry and r o t a t i o n  i n v a r i a n c e ,  The c o n s t a n t s  

can  be de termined as b e f o r e  t o  be 



The v a l u e s  of  t h e  cons tants  c l  can, o f  course ,  only  be g i v e n  f o r  

a  s p e c i a l  surface model, i . e ,  the  c r a t e r  model, Here t h e  f i n a l  

r e s u l t  i s  t h a t ,  n e g l e c t i n g  shadowing and r e r a d i a t i o n ,  t h e  r a d i a t i o n  
- n from a sur face  wi th  s l o p e  d i s t r i b u t i o n  c o s  a = cn i s  g i v e n  by 



4. Geometry of  S p h e r i c a l  C r a t e r s  

Next we s p e c i a l i z e  t o  a  s u r f a c e  covered  i n  p a r t  by c r a t e r s .  

The s p e c i a l  model which we s h a l l  u se  i s  t h a t  t h e  c r a t e r  i s  p a r t  

of a s p h e r e  ( s e e  F ig .  1 ) .  F o r  t h e s e  one can  e a s i l y  c a l c u l a t e  

t h e  c o n s t a n t s  c i  a s  a  f u n c t i o n  of t h e  dep th /d iamete r  r a t i o  of  t h e  

c r a t e r s .  T h i s  can  be t a s i l y  done w i t h  t h e  h e l p  of a  s t e r e o g r a p h i c  

p r o j e c t i o n  on p l a n a  39rough t h e  c e n t e r  of t h e  s p h e r e  of  which 

t h e  c r a t e r  i s  p a r t .  ( s e e  Fig.  2 ) .  We can  d e s c r i b e  a p o i n t  on t h e  

s p h e r e  e i t h e r  by t h e  t h r e e  C a r t e s i a n  c o o r d i n a t e s  ( x , y , e )  o r  by 

i t s  s t e r e o g r a p h i c  c o o r d i n a t e s  ( 5  ,q), From t h e  f i g u r e  one e a s i l y  



Denoting the  radius  o f  the  c r a t e r  by a and the  projec ted  

radius  by -a: ( s e e ,  F i g o  4 )  we have from ( 4 , 2 )  

h 

This  enab les  u s  t o  f i n d  the  sur face  F o f  the  c r a t e r  

Introducing the parameter s by 

we f i n d  



A f t e r  t h e s e  p r e l i m i n a r i e s  we a r e  a b l e  t o  c a l c u l a t e  t h e  

c o n s t a n t s  ci  n e c e s s a r y  f o r  t h e  e x p l i c i t  e v a l u a t i o n  of (3.19). 

The a n i t  normal v e c t o r  hae t h e  components 

T h e r e f o r e  t h e  c o l s t a n t s  cn become 

I n t r o d u c i n g  p o l a r  c o o r d i n a t e s  t h i s  becomes 

These i n t e g r a l s  can be e v a l u a t e d  w i t h  t h e  h e l p  of  t h e  s u b s t i t u -  

t i o n  (R+z)- '  = z t  t o  be 

c0=1 c1 =l  -s 4 2  c2=l  -2s+-s 3 

c3=1 -3s+4s2-2s 2  c4=l  -4s+8s2-8s 3 +3.2s 4 

- 
2  2- 4 2  From c2 = cos  a = 1 - s i n  a = 1-2s+-s we o b t a i n  ( n e g l e c t i n g  t h e  

3 
s2 term) t h e  s imple  i n t e r p r e t a t i o n  
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2 

S N _ +  s i n a  0 

(4 .14)  r e l a t e s  s and t h e  s q u a r e  o f  t h e  a v e r a g e  s u r f a c e  s l o p e .  

We e x p e c t  t h a t  t h e  a v e r a g e  s of  t h e  l u n a r  s u r f a c e  w i l l  be i n  

t h e  r ange  0,Or S s s 0.20,  i , e .  s i s  a  s m a l l  pa rame te r .  

T h e r e f o r e  i t  i s  j u s t i f i e d  t o  n e g l e c t  terms of t h i r d  and  h i g h e r  

o r d e r  i n  s, s i n c e  t ' i ey  w i l l  c o n t r i b u t e  l e s s  t h a n  I$ 60  t h e  

t o t a l  r a d i a t i o n  e n e r g y ,  c o r r e s p o n d i n g  t o  a c o n t r i b u t i o n  of 1  O K  

t o  t h e  a p p a r e n t  s u r f a c e  t e m p e r a t u r e .  I n s e r t i n g  (4 .13)  i n t o  (3.19) 

we o b t a i n  f o r  t h e  t o t a l  e n e r g y  e m i t t e d :  

I n  t h i s  way we a r e  a b l e  t o  e x p r e s s  t h e  i n f r a r e d  e n e r g y  i n  terms 

of t h e  c o e f f i c i e n t s  r , t  o f  t h e  r a d i a t i o n  law f o r  a  f l a t  s u r f a c e  
/ 

and  i n  terms of  t h e  s q u a r e  ~ f '  t h e  a v e r a g e  s u r f a c e  s l o p e ,  28,  

5. R e r a d i a t i o n  Oorractiop_s_: 

I n  t h i s  anel t h e  subsequen t  s e c t i o n s  we s h a l l  n e g l e c t  a l l  
. Y 

s"' and t t e r m s ,  s i n c e  t h e  r e s u l t s  d e r i v e d  s o  far w i Z l  be 

s i m p l i f i e d  t o  estimate t h e  o r d e r  of  magni tude  of  t h e s e  c o n t r i -  

b u t i o n s .  It t u r n s  o u t  t h a t  t h e y  a r e  a c t u a l l y  n s g l i g f b l e .  



Then we s h a l l  c a l c u l a t e  t h e  c o n t r i b u t i o n  of t h e  r a d i a t i o n  

e m i t t e d  by  one p a r t  of  t h e  c r a t e r  s u p f a c e  and s u b s e q u e n t l y  a b s o r b e d  

and  r e - e m i t t e d  by  a n o t h e r  p a r t  of  t h e  c r a t e r ,  

4 3 3  The g e o m e t r i a a l  s i t u a t i o n  i s  shown i n  F i g .  3 ,  e ,  i, e10 
3 L.) 4  = -eel , I , I ~  , n o  are u n i t  v e c t o r s  i n  t h e  d i r e c t i o n s  i n d i c a t e d ,  The 

r a d i a t i o n  e m i t t e d  i n t o  the  d i r e c t i o n  e f rom p o i n t  9 becomes (p '  

i s  d e f i n e d  by ( 3 . 1 ) )  

We have  t o  s e l e c t  t h o s e  t e r m s  f r o m  (5.1)  which  l e a d  t o  t e r m s  of  

f i r s t  o r d e r  i n  s (we  s h a l l  a l s o  i n c l u d e  t e r m s  p r o p o r t i o n a l  t o  

s 3'2)e To e v a l u a t e  (5 .1)  w e  f i r s t  n o t e  t h a t  

as  c a n  be s e e n  f rom e l e m e n t a r y  g e o m e t r i c a l  conr4.derat ions .  

T h e r e f o r e  p becomes 

The r e r a d i a t i o n  c o r r e c t i o n  o f  f i rs t  o r d e r  becomes 



. . 

The term proportional t o  1-r is  e a s i l y  evaluated s ince  

It contr ibutes  

t o  the to ta l : rad ia t ion ,  The next term, proport ional  t o  r, i s  

s l i g h t l y  more complicated: 

The i n t e g r a l  contained i n  (5.7) can be evaluated t o  be 

This completes our discussion of reradiat ion.  The t o t a l ?  i n f r a r e d  

energy becomes, therefore, adding (4.15), (5.6) and (5.7) (neglec t ing  

s2 and t term#,) 



6. Shadowing: Geometrical Considerat ions  

We now t u r n  t o  t he  shadowing of t he  c r a t e r s .  Two d i f f e r e n t  

types  of shadowing have t o  be d i s t i ngu i shed ,  i . e , ,  a c t u a l  and 

apparent  shadowing. 

Actual  shadowing i s  due t o  t he  f a c t  t h a t  t h e  angle  of 

incidence exceeds a l i m i t i n g  va lue ,  determined by the  depth 

t o  diameter r a t i o  of t h e  c r a t e r .  I n  t h i s  case  p a r t  of t h e  c r a t e r  

w i l l  be shadowed. 

Apparent shadowing occurs when the  angle  of observat ion exceeds 

a c r i t i c a l  value ,  I n  t h i s  case  p a r t  of t h e  c r a t e r  sv r f ace  w i l l  be 

i n v i s i b l e  from the  d i r e c t i o n  o f  observation.  I n  gene ra l  both 

e f z e c t s ,  apparent  a s  we l l  as a c t u a l  shadowing, a r e  p resen t  

simultaneously. ( s ee  Fig. 4), l ead ing  t o  r a t h e r  complicated 

geometr ical  conf igura t ions ,  

We have r e s t r i c t e d  ourse lves  t h e r e f o r e  t o  s i t u a t i o n s  which 

can be d e a l t  wi th  e a s i l y ,  i.e. t h e  fol lowing ( s e e  Fig.  5). 

a )  Only apparent  o r  a c t u a l  shadowing presen t  

b) Apparent and a c t u a l  shadows do not  over lap  

c )  Apparent and a c t u a l  shadows over lap  completely. 
.- 

The s imples t  s i t u a t i o n  i s  obviously a ) ,  we s h a l l  d e a l  w i th  i t  f i r s t ,  



We s p e c i a l i z e  aga in  t o  s p h e r i c a l  c r a t e r s ,  For  t hese  i t  i s  

we l l  known t h a t  t he  shadowed a rea  i s  bordered by a c i r c l e  wi th  

r ad ius  equal  t o  t h e  one of t h e  c r a t e r  r i m .  Th is  can a l s o  be 

read off from F i g o  6 ,  by observing the  symmetry of t h e  f i g u r e  

wi th  respec t  t o  r e f l e c t i o n s  a t  t he  ( 3 , d )  plane.  Therefore  t h e  

shadowed a r e a  has  t h e  form shown in F i g o  7 (seen from the  d i r e c t i o n  

) . The s i z e  of t h e  shadowed a r e a  can be determined from Fig,  6. 

X 
dgrl = ._?; = d g i  

b cos(90-i)  = - a-x 

The r a t i o  (R-h)a can be expressed i n  terms of t he  parameter 

s = h/2R in t roduced i n  (4 .6) ,  us ing  a = 2 w s ( l - s )  

The length  b,  c h a r a c t e r i z i n g  the  s i z e  of t he  shadowed a r e a  i s  

t h e r e f o r e  given by 



b  h a s  t o  be p o s i t i v e ,  o t h e r w i s e  t h e  shadow v a n i s h e s .  Shadowing 

s e t s  i n  a t  an  a n g l e  of  i n c i d e n c e  f o r  which b  = 0, i . e .  

T h i s  comple tes  t h e  d i s c u s s i o n  of t h e  g e o m e t r i c a l  c o n f i g u r a t i o n  of 

t h e  shadowed a r e a ,  

Shadowing o f  Lamber t ian  R a d i a t i o n  

Here we s h a l l  c a l c u l a t e  t h e  i n f l u e n c e  of  shadowing on t h e  

Lamber t ian  p a r t  of  t h e  r a d i a t i o n .  We have t o  e v a l u a t e  t h e  i n t e g r a l  

(3.6) f o r  t h i s  pu rpose ,  t a k i n g  i n t o  accoun t  t h a t  t h e  r e g i o n  of  

i n t e g r a t i o n  h a s  t o  be ex tended ove r  t h e  unshadowed s u r f a c e  a r e a  

only.  T h i s  i s  done b e s t  by w r i t i n g  
1 

( c - - c r a t e r ,  s--shadowed p a r t  of c a r t e r )  

The f i rs t  t e r m  on t h e  r i g h t  hand s i d e  h a s  been e v a l u a t e d  i n  (3.14). 

The symmetry of  t h e  shadowed a r e a  can  be used t o  s i m p l i f y  t h e  

i n t e g r a t i o n  of *he second t e r m .  F o r  t h i s  purpose  we r o t a t e  t h e  

c o o r d i n a t e  s y s t e m w e d  i n  such a way t h a t  t h e  x-axis p o i n t s  i n  t h e  

d i r e c t i o n  o f  t h e  i n c i d e n t  s o l a r  l i g h t  ( ~ i g .  8 ) .  Then t h e  v e c t o r  

? h a s  t h e  components (1  0 0 ,  i . e .  on ly  ax -coa iponen t ,  s o  t h a t  

o n l y  t e rms  
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inv .  

( i n v . - - i n v i s i b l e  area). vi and ve a r e  of course  t h e  same f u n c t i o n ,  

d i f f e r i n g  only  by t h e i r  argument, 

If both  apparen t  and a c t u a l  shadowing a r e  p r e s e n t  t h e  s i t u a t i o n  

i s  more compl ica ted ,  If  t h e  two shadows a r e  s i t u a t e d  a s  i n  Fig .  

5b t h e y  can be h a t e d  independen t ly ,  and we have t o  r e p l a c e  vi 

by vi+ve i n  t h i s  case ,  If  t h e  two shadows o v e r l a p  comple te ly ,  a s  

i n  Fig .  5c only  t h e  l a r g e r  one h a s  t o  be t a k e n  i n t o  a c c o u n t ,  s i n c e  

i t  i s  i r r e l e v a n t  t h a t  e ,g ,  p a r t  of t h e  i n v i s i b l e  a r e a  i s  shadowed. 

The c o r r e c t  e x p r e s s i o n  f o r  t h e  r a d i a t i o n  l a w  f o r  a l l  s i t u a t i o n s  

shown i n  F i g .  5 i s  t h e r e f o r e  

where viUve i s  t h e  s e t  t h e o r e t i c  union of t h e  a r e a s  vi and ve. 

8, Shadowing: Lambert ian R e r a d i a t i o n  

The r e r a d i a t i o n  c o r r e c t i o n s  t o  Che Lambert ian t e r m  i s  g i v e n  

S oFs 2 + 
-(I - r )  (i,f!) (28 )  

ll (8.1) 

F i r s t  we c o n s i d e r  t h e  i n f l u e n c e  of apparen t  shadowing on 

( 8  I f  p a r t  of t h e  s u r f a c e  of t h e  c r a t e r  i s  i n v i s i b l e  t h e  
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i n t e g r a l  S d f l  i n  (5.5) h a s  t o  be extended over  t h e  obse rvab le  

p a r t  of t h e  s u r f a c e  only. Denoting t h e  f r a c t i o n  of  t h e  c r a t e r  a r e a  

which i s  i n v i s i b l e  a t  a p a r t i c u l a r  a n g l e  of o b s e r v a t i o n  by 

we s e e  t h a t  (8.1)  h a s  t o  be rep laced  by 

The s i t u a t i o n  i s  s l i g h t l y  d i f f e r e n t  f o r  a c t u a l  shadowing. 

There t h e  i n t e g r a l  over  d f o  a s  w e l l  a s  t h e  one over  d f l  have t o  

be extended over  t h e  unshadowed f r a c t i o n  of t h e  s u r f a c e  on ly ,  

g i v i n g  r i s e  t o  a  f a c t o r  ( 1 - ~ . ) ~  where ui is d e f i n e d  by 
1 

The g e n e r a l i z a t i o l  of our  r e s u l t  t o  a l l  s i t u a t i o n s  shown i n  

F i g ,  5 i s  

. . 

T h i s  completes  Ghe d i s c u s s i o n  of Lambert ian r a d i a t i o n ,  
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9. Shadowing: Non-Lambertian Terms 

I n  o r d e r  t o  f i n d  t h e  a p p r o p r i a t e  m o d i f i c a t i o n s  of  t h e  non- 

Lamber t ian  te rms we have t o  e v a l u a t e  e x p r e s s i o n s  of t h e  form 

We decompose t h e  i n t e g r a l  a s  i n  ( 7 , l ) .  The symmetr ies  

can a g a i n  be used t o  s i m p l i f y  t h e  i n t e g r a t i o n ,  I n  t h e  c a s e  of 

a c t u a l  shadowing we use  t h e  c o o r d i n a t e  sys tem shown i n  F i g .  8, 

I n t e g r a l s  of t h e  form 

have t o  be  e v a l u a t e d ,  The o n l y  non-vanish ing  5 n t e g r a l  i s  (due 
i 

t o  symmetry) 

T h e r e f o r e  we have t o  s u b t r a c t  

2 
-21 e e Jdfnxnz 

X X Z  

from t h e  t o t a l  r a d i a t i o n .  The f a c t o r  2 i s  due t o  t h e  f a c t  t h a t  t h e  

t e rms  n=x m=z and n=z m=x c o n t r i b u t e  t h e  same amounts t o  (9 .4) .  
. . 2 The i n t e g r a l  Sdfnxn, i s  p r o p o r t i u n a l  t o  s because  of  t h e  f a c t o r  

s 
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n2 appear ing i n  ii. Since ns dev ia t e s  from 1 only by terms of 
X 

order  s 

we can replace  (9 .4)  i n  t h e  des i r ed  approximation (neglec$ing t b r m s  

2 of order  Y ) by 

-21 e  e / d f n 2  = -21 e e  v  SF 
X X Z  X x x z i  (906) 

Next we have t o  t ransform from the  s p e c i a l  coord ina te  system used 

t o  gene ra l  coord ina tes ,  which w i l l  be done by w r i t i n g  (9 ,6)  i n  an 

i n v a r i a n t ,  v e c t o r i a l  form. ixex becomes i n  t h i s  way (?:) a s  before.  

Qz i s  given by the  s c a l a r  product (23) where 3 (shown i n  Fig.  6 )  

-b 
i s  the  u n i t  vec to r  normal t o  i: 

+ ik(8xt) i'X(iSXt) 
J = - 

( t X (  f xi') 1 - s i n i  " 

The shadowing term (9.6) becomes t h e r e f o r e  

-2(?2) [ (8d) - ( i ' t ) (d t ) ]  d - s i n i  vi SF. 



3 M u l t i p l y i n g  (9.8)  by zSor /n  we o b t a i n  t h e  c o n t r i b u t i o n  of  t h i s  

shadowing t e rm t o  t h e  tots$ r a d i a t i o n  
1 

Next we c o n s i d e r  a p p a r e n t  shadowing. S i n c e  t h e  non-Lambertian 

r a d i a t i o n  i s  n o t  symmetric i n  i and e we canno t   imply r e p l a c e  
1 

i by e  i n  a l l  e q u a t i o n s ,  We choose t h e  x - a x i s  of t h e  c o o r d i n a t e  j 
.. -. - i 

sys tem i n  t h e  d i r e c t i o n  of o b s e r v a t i o n  2. The shadowing c o n t r i -  

b u t i o n  becomes 

To r e w r i t e  t h i s  i n  invarian-b v e c t o r i a l  form we proceed  a s  b e f o r e  

and o b t a i n  

we i s  d e f i n e d  by  (9 .9 ) ,  t h e  argument i b e i n g  r e p l a c e d  by e .  

If bo th  a c t u a l  and a p p a r e n t  shadowing a r e  p r e s e n t  and do  no t  

o v e r l a p  both we and wi have t o  be t a k e n  i n t o  accoun t .  F o r  s i t u a -  

t i o n s  l i k e  t h e  one shown i n  F i g .  5c  o n l y  t h e  l a r g e r  one of  t h e  two 

shadowing f u n c t i o n s  i s  r e l e v a n t ,  t h e  o t h e r  one h a s  t o  be s e t  e q u a l  

t o  z e r o .  
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The on ly  remaining  e f f e c t  which we have t o  c o n s i d e r  i s  t h e  

shadowing of t h e  non-Lambertian r e r a d i a t i o n  terms.  Arguments 

s i m i l a r  t o  t h o s e  p r e s e n t e d  bef 'ore show t h a t  t h e  e f f e c t  of t h e s e  

t e rms  adds  

t o  t h e  t o t a l  r a d i a t i o n .  

C o l l e c t i n g  a 1 1  r e s u l t s  we o b t a i n  t h e  f i n a l  e x p r e s s i o n  f o r  

t h e  r a d i a t i o n  l a w  ((38) = c o s i ,  (28)  = cooe ,  (3:) = c o s a ,  a i s  t h e  

phase a n g l e )  

The t e rms  u n d e r l i n e d  i n  (9.14)  wore o b t a i n e d  w i t h  t h e  h e l p  of p u p  

t h e o r e t i c a l  arguments  only.  These t e rms  a r e  t h e r e f o r e  independen t  

of t h e  d e k a i l e d  shape of t h e  c r a f  e r .  



10. E v a l u a t i o n  of t h e  Shadowing F u n c t i o n s  

The f u n c t i ~ n s  u ,v ,w have t o  be c a l c u l a t e d  f o r  v a r i o u s  c r a t e r  
" " . .. 

shapes ,  We n o t e  t h a t  a 1 1  shadowing, f u n c t i o n s  a r e  m u l t i p l i e d  by 

a f a c t o r  s i n  t h e  r a d i a t i o n  l a w ,  IL i s  t h e r e f o r e  s u f f i c i e n t  

t o  e v a l u a t e  u,v  and w t o  lowes t  o r d e r  En s only ,  

L e t  u s  s t a r t  w i t h  u ,  d e f i n e d  by ( 8 , 2 ) ;  a u  i s  t h e  shadowed 

f r a c t i o n  of t h e  c i r c l e ,  a s  shown i n  Fig. 7 ,  i.e. 

The f a c t o r  4 i s  due t o  t h e  f a c t  t h a t  L3e i n t e g r a l  c o v e r s  on ly  one 

quadran t  of t h e  ( 5 , ~ )  p l a n e ,  -c=b-a i a  t h e  < -coord ina te  of t h e  

c e n t e r  of t h e  c i r c l e ,  The i n t e g r a l  can be shown t o  be 

where e = c/a,  z h a s  been computed as  a f u n c t i o n  of i and e 

r e s p z c t i v e l y  i n  (6.4) .  

The second s h a d ~ w i n g  f u n c t i o n ,  v, can  bt! d e r i v e d  w i t h  t h e  h e l p  

of  (4.2) and (4 .9 ) :  



Neglecting terms of order s this becomes after elementary 

integrations 

w is simply given by 

v i 
W - -  i - sini 

The functions u and v are given in T2bles 2 and 3, For 

practical purposes the approximation 

is sufficient and will be used for all numerical work, 

The model of the lunar surface used is the following: 

20s of surface area covered with craters with depth: 

diameter ratio 1 : 3  

40% with large random asperities with 10°  rms slope, 

as indicated by radar data. 



This  i s  i n  agreement w i t h  Surveyor  o b s e s ~ r a t i o n s ,  i n d i c a t i n g  t h a t  

rough ly  60% o f  t h e  l u n a r  s u r f a c e  i s  covered  by c r a t e r s ,  The 

v a r i o u s  d e p t h  t o  d i a m e t e r  r a t i o s  co r re spond  t o  a  rn%xture r f  

p r imary  and secondary  c r a t e r s .  

T h i s  d i s t r i b u t i o n  of c r a t e r s  and random s u r f a c e  f e a t u r e s  on 

t h e  moon co r responds  t o  a  4 = 300rms s u r f a c e  s l o p e ,  t h e  a v e r a g e s  

b e i n g  

The v a l u e s  of  t h e  shadowing f u n c t i o n s  u  and -r a r e  c a l c u l a t e d  by 

add ing  t h e  shadowing f u n c t i o n s  of  t h e  v a r i o u s  c r a t e r s  w i t h  t h e  

a p p r o p r i a t e  w e i g h t s  i n d i c a t e d  b y  (10 .8 ) .  The r e s u l t i n g  a v e r a g e  

shadowing f u n c t i o n s  a r e  shown i n  F i g ,  9, 

11. Numerical R e s u l t s  

i n  o r d e r  t o  e v a l u a t e  ( 9 - 1 4 )  n u m e r i c a l l y ,  s p e c i f i c  v a l u e s  f o r  

r,s,u and v have t o  be i n s e r t e d .  I n  t h e  p r e v i o u s  s e c t i o n  we 

determined a l l  b u t  r from l u n a r  s u r f a c e  d a t a ,  The pa ramete r  r ,  

c h a r a c t e r i z i n g  t h e  r a d i a t i o n  l a w  of a f l a t  s u r f a c e  e l emen t ,  was 

de termined by f i t t i n g  t h e  c u r v e s  t o  t h e  ~ a a r i - s h o r t h i l l '  measure- 

ments.  The b e s t  f i t  w a s  o b t a i n e d  f o r  



W e  have a l s o  t r i e d  t o  e s t i m a t e  t h e  s r d e r  of magnitude of the 

parameter  t c o n t a i n e d  i n  (3.1) and f i n d  

The c a l c u l a t i o n s  c o n t a i n e d  i n  S e c t i o n s  2-4, which Sncluded 

2 
s terms, permi t  u s ,  f u r t h e r m o r e ,  t o  e s t i m a t e  tho e f f e c t  of the 

omiss ion  of t h e s e  on our  r e s u l t s .  It turns cc$ t h a t  ->hey 

terzd t o  i n c r e a s e  t h e  p r e d i c t e d  t empera tu re  b y  2 - 3 C K ,  ' T h i s  5 s  

Ciiarefore t h e  l i m i t  of a c c u r a c y  of ou r  c a l c u l a t i o n s ,  

Numerical  r e s u l t s  f o r  s e v e r a l  t y p i c a l  situations are shown 

in Figs, 10-12. 

12,  Conclus ion  

W e  have been a b l e  t o  e x p l a i n  t h e  d i r e c t i o n a l  c h a x ~ a c t e r i s t i c s  

c f  t h e  l u n a r  i n f r a r e d  r a d i a t i o n  i n  t e rms  of a non- lamber t ian  

parameter r = 0..13 and a = 3 0 ° r m s  l u n a r  surface slope. I n c l u d e d  

En this s u r f a c e  s l o p e  a r e  a l l  s u r f a c e  f e a t u r e s  t h a t  are n o t  Ln 
-- - . -- - - 

thermal e q u i l i b r i u m .  S u r f a c e  f e a t u r e s  of a n  a v e r a g e  s%e S 10cm 

have a r a t h e r  un i fo rm t e m p e r a t u r e  due t o  t h e  f i n t t e  t h e r m a l  con- 

ductivity of t h e .  moon. 
6 

The main n o v e l  f e a t u r e s  of ou r  work as compared k o  p r e v i o u s  

theories 3 9 4  a r e :  



(a )  The inc lus ion  of  a  non-Lambertfan term i n  the bas ic  

radiat ion law (3 .1) .  

(b)  The use of ten- ca lcu lus  and group theory, which 

enabled u s  t o  carry out the rather elaborate 

mathematical operations necessary i n  t h i s  work, 



Table 1 

A l l  energ ies  i n  c a l / c P  min 

i s c o s e  Ref lected Conducted Remaining f o r  
Energy Energy i n f r a r e d  r a d i a -  

t i o n  = SocosiO 



Table 2 

The Shadowing Function u 

s 1 O0 20 30 40 5 0  60 70 80 90 



T a b l e  3 

The Shadowing F u n c t i o n  v 
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CHAPTER I1 

AMGULAR DISTRIBUTION OF LUNAR INFRARED RADIATION 

by 

N e i l  Ashby 

Exper imen ta l  d a t a  on t h e  a n g u l a r  d i s t r i b u t i o n  of l u n a r  i n f r a -  

r e d  r a d i a t i o n  ( a s  observed through t h e  10-12 micron  window i n  t h e  

a tmosphere ) ,  i s  now q u i t e  e x t e n s i v e .  ' 2 9 3  Ex:*mination of t h i s  

d a t a  r e v e a l s  d i s t i n c t  non-di f fuse  e m i t t a n c e  c h a r a c t e r i s t i c s .  A t  

s m a l l e r  a n g l e s  of i n c i d e n c e  o f  t h e  s o l a r  i l l u m i n a t i o n ,  t h e r e  i s  a  

g e n t l e  peak whose maximum i s  d i r e c t e d  back toward t h e  sun ,  A s  

t h e  a n g l e  of i n c i d e n c e  i n c r e a s e s  t h i s  peak s h a r p e n s  and a c q u i r e s  

some s t r u c t u r e .  F o r  f i x e d  i n c i d e n c e  and phase  a n g l e s ,  t h e  

b r i g h t n e s s  t empera tu re  depends on t h e  a n g l e  of o b s e r v a t i o n ,  

T h i s  dependence q u i c k l y  becomes pronounced as t h e  magnitude of 

t h e  phase a n g l e  i n c r e a s e s  f rom z e r o ,  b r i n g i n g  i t s  ~ h a r a c ~ e r  a t  a 

phase approx ima te ly  90° i n  magnitude. 

We have found i t  p o s s i b l e  t o . f i t  most of  t h e  e x p e r i m e n t a l  

d a t a  by means of a r e l a t i v e l y  s imple  mathemat ica l  e x p r e s s i o n .  

I n  w r i t i n g  t h i s  e x p r e s s i o n  t h e  f o l l o w i n g  n o t a t i o n  i s  used:  

i and c a r e  t h e  a n g l e s  of  i n c i d e n c e  ahd o b s e r v a t i o n ,  r e s p e c t i v e l y ,  

measured from t h e  outward s u r f a c e  normal;  a i s  t h e  magnitude of 

t h e  phase a n g l e .  The the rma l  l o n g i t u d e  i s  denoted  by  A ;  A = 0 

cor responds  t o  t h e  g r e a t  c i r c l e  d i r e c t e d  Prom t h e  s u b - s o l a r  p o i n t  

t o  t h e  sub-ea r th  p o i n t .  I n  t e r m s  of i, q ,  and a ,  A i s  .g iven  by 

11-1 . 



cosg = c o s a c o s i + s i n a s i n i c o s h  . ( 1 )  

2 Then the  in frared  radiance ,  i n  cal/cm min s t e r a d i a n ,  i s  g i v e n  

by 

where S(U) i s  the  sch6nberg shadowing f u n c t i o n ,  

and the  a = cons tants  ai a r e  g i v e n  by 

The f a c t o r  c ( ~ , x , ~ )  i s  construc*ed s o  thaf  a long  she thermal 

meridian h = O ,  or a t  t h e  subso lar  p o i n t ,  or  a t  zero pbase,  . 

c ( i , h , a )  = 1: Then c ( i , A  ,a,) i s  g i v e n  by: 

where 



The b r i g h t n e s s  tempera ture  T ( O K )  may be ob ta ined  from ~ ( i , g , a )  

by 

where o = 0.8127X10 2  4 - l o  cal/cm minOK i s  t h e  Stefan-Boltamann 

c o n s t a n t .  

The i n f r a r e d  r a d i a n c e  g i v e n  by Equa t ion  (3) r e p r e s e n t s  a n  

average  f o r  t h e  l u n a r  s u r f a c e ;  no d i s t i n c t i o n  i s  made between 

maria and h i g h l a n d s ,  o r  between p o s i t i v e  and n e g a t i v e  phases ,  o r  

between p o s i t i v e  and n e g a t i v e  the rmal  l a l i t u d e s ,  The e x p r e s s i o n  

i s  n o t  v a l i d  w i t h i n  about  5 degrees  of t h e  t e r m i n a t o r  o r  on t h e  

d a r k  s i d e ,  

The r m s  d e r i v a t i o n  between t h e  expoess ion  ( 3 )  and t h e  d a t a  of 

4 2 S a a r i  and S h o r t h i l l  i s ,  i n  te rms c i f  r a d i a n c e ,  ,036 cal/cm min s t e r  

wB i cb a t  a  t empera tu re  of 375OK would correspond t o  a n  e r r o r  

of f 7 o K ,  

The e m i t t e d  energy,  i n t e g r a t e d  a v e r  a l l  a n g l e s ,  ob ta ined  from 

2 
( 3 )  can be r e p r e s e n t e d  t o  w i t h i n  1% by 1.88c0si(ca1/cm min) out  t o  

w i t h i n  a few d e g r e e s  of t h e  t e r m i n a t o r ,  T h i s  r e s u l t  i s  i n  e x c e l l e n t  

5 agreement w i t h  c o n s i d e r a t i o n s  of ene rgy  ba lance ,  , <  

It i s  i n t e r e s t i n g  t o  n o t e  t h a t  t h e  d i s t r i b u t i o n  a c r o s s  t h e  

l u n a r  d i s c  a t  f u l l  moon, ob ta ined  fzTurn (3)  by s e t t i n g  a=0, i s  

[ a l c o s i + a l + a  1, The a n g u l a r  f - r m  of t h i s  r e s u l t  i s  i d e n t i c a l  3 
2/3 - i t h  t h e  coo i l a w ;  proposed by P e t t i t  and ~ i c h o l s o n ?  Lo 

w i t h i n  4$, f ~ r  a n g l e s  i l e s s  t h a n  about  600. 
a - *  
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The r . m . s .  d e r i v a t i o n  between ( 3 )  and  t h e  d a t a  of  S i n t o n  
2 

2 
i s  .031 cal /cm min s t e r ,  o r  a b o u t  5% on t h e  a v e r a g e ,  E x p r e s s i o n  

(3)  i s  pe rhaps  a l i t t l e  t o o  s h a r D l y  peaked a t  q=O i n  t h i s  c a s e .  

The d e v t - a t i o n s  f rom Lamber t i an  b e h a v i o r  i n  Eq. ( 3 )  a r e  f o r  

t h e  most p a r t  small--by f a r  t h e  l a r g e s t  c o n t r i b u t i o n  a r i s e s  from 

t h e  t e r m  a , c o s f .  These 1 d e v 2 a t i o n s  can  p r o b a b l y  be  e x p l a i n e d  mainly 

as t h e  r e s u l t  o f  s u r f a c e  roughness  and shadowing e f f e c t s .  We s h a l l  

make no a t t e m p t  h e r e  t o  p r e s e n t  a model on t h e  b a s i s  of which (3)  

may be d e r i v e d .  Our i n t e n t  i s  r a t h e r  t o  p r e s e n t  t h e  e x p r e s s i o n  

a s  a n  a i d  i n  machine compu ta t ion  & e n e r g y  f l u x e s  o r  v iew 

f a c t o r s  f o r  o b j e c t s  n e a r  t h e  l u n a r  s u r f a c e .  I-Iarrison6 h a s  

performed such c a l c u l a t i o n s  u s i n g  a n  e a r l i e r  v e r s i o n  of Eq. ( 3 ) .  

The e r r o r s  o b t a i n e d  u s i n g  t h e  above  e x p r e s s i o n  i n  such  c a l c u l a -  

t i o n s  shou ld  be no more t h a n  a b o u t  2$, as t h e  main e r r o r s  a r i s e  

i n  s i t u a t i o n s  i n v o l v i n g  o n l y  v e r y  s m a l l  c o n t r i b u t i o n s  t o  t h e  e n e r g y  

( e .g . ,  i n e a r  9@ q n e a r  900,  a n e a r  1800) .  
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APPENDIX TO CHAPTER I1 

EXTENSION OF SCH~NBERG SHADOWING FUNCTION 

I n  t h e  s e m i - e m p i r i c a l  e x p r e s s i o n  o b t a i n e d  f o r  t h e  r a d i a n t  

e n e r g y  l e a v i n g  t h e  l u n a r  s u r f a c e ,  p r e s e n t e d  above ,  t h e  sh8nbe rg  

f u n c t i o n  

... 
appea red .  T h i s  f u n c t i o n  r e p r e s e n t s  t h e  e n e r g y  r e c e i v e d  f rom a  

smooth,  d i f f u s e l y  r e f l e c t i n g  ( o r  r a d i a t i n g )  sphere, a t  phase  

a n g l e  a be tween  s o u r c e  o f  i l l u m i n a t i o n  and o b s e r v e r ,  if t h e  

e n e r g y  r e c e i v e d  a t  z e r o  p h a s e  a n g l e  i s  u n i t y .  T h i s  i s  a w e l l -  

known r e s u l t  f o r  a s p h e r i c a l  geomet ry ,  We w i s h  t o  p rove  h e r e  

t h a t  t h e  e x p r e s s i o n  ( 1 )  i s  o f  c o n s i d e r a b l y  w i d e r  v a l i s - f i t y ,  It 

h o l d s  f o r  a n y  o b j e c t  which  p o s s e s s e s  r o t a t i o n a l  symmetry a b o u t  

a n  axis which l i e s  a t  r i g h t  a n g l e s  t o  t h e  d i r e c t i o n s  o f  t h e  

i l l u m i n a t i n g  r a y s  and  t h e  l i n e  f rom o b s e r v e r  t o  c e n t e r  o f  o b j e c t .  

C o n s i d e r  i n  t h e  d i r g r a m  t h e  s u n  as  t h e  s o u r c e  of i l l u m i n a t i o n  

and %he e a r t h  as  t h e  o b s e r v e r ' s  p o s i t i o n ,  L e t  t h e  e l e m e n t  o f  

s u r f a c e  S r e p r e s e n t  a p o r t i o n  of t h e  s u r f a c e  o f  some o b j e c t  which  

i s  symmetr ic  w i t h  r e s p e c t  t o  t?otaLions  a b o u t  t h e  z - a x i s  ( i . e , ,  

a l o n g  c). The  o b j e c t  i s  i l l u m i n a t e d  b y  t h e  sun ;  a p o r t i o n  of t h e  

i l l u m i n a t e d  s u r f a c e  is  v iewed  f r o m  the e a r t h .  W e  wis11 t o  c a l c u -  

l a t e  t h e  f r a c t i o n  o f  e n e r g y  r e c e i v e d  by a n  o b s e r v e r  a t  t h e  e a r t h  



at  a general  phase angle a ,  a s  compared t o  the  amount rece ived  

when a = 0 .  . .-, @ 

a.* ' 

L e t  dA be an element of surface area  a t  ang le  q. If the  

qurface S has a radius r ,  a s l a n t  h e i g h t  dh and lies a t  an a n g l e  

of 8 with %he vert ical ,  then 



CHAPTER I11 

DERIVATION O F  PHOTOMETRLC FUNCTION 

by 

D. G. Burkhard 

1.  I n t r o d u c t i o n  

I n  t h i s  c h a p t e r  we d e r i v e  a n  improved photometr ic  f u n c t i o n  

f o r  t h e  l u n a r  s u r f a c e  b y  i n c l u d i n g  more d e t a i l  i n  t h e  k ind  of model 

I proposed by Hapke. The model on which Hapke t s  der iva . t ion  i s  based 

c o n s i s t s  of a  s e m i - i n f i n i t e ,  porous o r  l o o s e l y  packed medium con- 

t a i n i n g  channe l s  of v a r i o u s  d e p t h s  down which l i g h t  can p e n e t r a t e .  

I n c i d e n t  l i g h t  w i l l  p e n e t r a t e  v a r i o u s  d e p t h s  b e f o r e  be ing  r e f l e c t e d  

from an i n t e r f e r i n g  o b j e c t  o r  r e f l e c t e d  from t h e  bottom of an  open 

channel .  Based on t h i s  model t h e  e x p r e s s i o n  f o r  t h e  r e f l e c t e d  

energy,  I ( i ,  ,a) p e r  u n i t  s o l i d  a n g l e  p e r  u n i t  t ime from a 

u n i t  a r e a  of l u n a r  s u r f a c e ,  when t h e  i n c i d e n t  s o l a r  f l u x  i s  

i n c i d e n t  a t  a n g l e  i from t h e  mean s u r f a c e  normal and t h e  r e f l e c t e d  

r a d i a t i o n  i s  observed a t  a n g l e  e from t h e  mean s u r f a c e  normal,  w i t h  

a t h e  a n g l e  between i n c i d e n t  and o b s e r v a t i o n  d i r e c t i o n s  i s  g i v e n  

by 

cose c o s i  
~ ( ~ ~ ) ( i , e  ,a)  = s ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ + ~ ~ ~ ~  ~ ( a , g )  



where So i s  t h e  s o l a r  c o n s t a n t ,  and f i s  t h e  t o t a l  r e f l e c t i v i t y  o f  

an  o b j e c t ,  i . e . ,  t h e  f r a c t i o n  of ' l i g h t  r e f l e c t e d  by t h e  o b j e c t  

i n t o  a l l  d i r e c t i o n s .  The f u n c t i o n  b ( a )  18 t h e  s c a t t e r i n g  law of  

an i n d i v i d u a l  o b j e c t .  Hapke u s e s  t h e  b a c k s c a t t e r i n g  e x p r e s s i o n  

which s a t i s f i e s  t h e  n o r m a l i z a t i o n  c o n d i t i o n  S b ( a ) d a  r 1  and 

corresponds  t o  d i f f u s e  r e f l e c t i o n  from a n  opaque s p h e r i c a l  

p a r t i c l e .  The t e rm cosr  c o s i ( c o s i + c o s 6  ) - I  i s  t h e  Lommel-Seeliger 

f a c t o r  and g i v e s  t h e  amount of  l i g h t  which r e a c h e s  t h e  s u r f a c e  

a f t e r  t h e  i n c i d e n t  and e c a t t e r e d  beams e x p e r i e n c e  a b s o r p t i o n  i n  

t h e  medium. The l a r g e r  c and i a r e ,  t h e  g r e a t e r  i s  t h e  p a t h  l e n g t h  

i n  t h e  medium and t h e r e f o r e  t h e  s m a l l e r  i s  t h e  amount of  l i g h t  

e v e n t u a l l y  r e a c h i n g  t h e  s u r f a c e .  I n  a  l a t e r  p a p e r , 2  Hapke i n t r o -  

duced a  wr inkled  s u r f a c e  ( s i n u s o i d a l )  and o b t a i n e d  a n  ave raged  

Lommel-Seeliger f a c t o r  conta i r i ing  t h r e e  independent  parameters .  

With t h e  photometric f u n c t i o n  s o  modif ied  Hapke o b t a i n s  somewhat 

b e t t e r  agreement w i t h  e x p e r i m e n t a l  d a t a  t h a n  t h e  s i m p l e r  

e x p r e s s i o n  ( I ) ,  

The f u n c t i o n  ~ ( a , g )  e x p r e s s e s  t h e  shadowing e f f e c t  of  *he 

channe l s  down wtAch t h e  l i g h t  p e n e t r a t e s .  Hapke g i v e s  Lhe fo lzowing 

e x p r e s s i o n  f o r  t h i s  s o - c a l l e d  " r e t r o - d i r e c t i v e  funct ionI1:  



tana. 
~ ( a ~ ~ )  = 2-  -(I-e -g/tana) (gee -g/ tana 

2g 
) a S n D 9  

= I a > -n/2 

( 3 )  

where g is  a parameter  r e l a t e d  t o  t h e  degree  of p o r o s i t y  of t h e  

l u n a r  s u r f a c e  m a t e r i a l ,  o r  t o  t h e  f r a c t i o n  of v o i d  space  a t  t h e  

s u r f a c e .  The parameter  g may v a r y  from p l a c e  t o  p l a c e  on t h e  

s u r f a c e ;  ~apke .  o b t a i n s  many of  h i s  good f i ts  w i t h  exper imen ta l  

d a t a  by choos ing  g = 0.6. However, g may v a r y  from 0 - 4  t o  0.8. 

The b e s t  average v a l u e  f o r  g u s i n g  E q u a t i o n  (3) f o r  t h e  whole 

moon seems Co be g % 0.7* 

The parameeer f may a l s o  v a r y  from p l a c e  t-o p l a c e ;  i t  i s  

determined from the a l b e d o  a t  t h e  p a r t i c u l a r  l o c a t i o n  of  i n t e r e s t ,  

These e x p r e s s i o n s ,  w i t h  p roper  c h o h e  o f  m u l t i p l i c a t i o n  

f a c t o r  b ,  r e p r e s e n t  r e a s o n a b l y  w e l l  t h e  observed pho tomet r i c  

p r o p e r t i e s  of  t h e  moon. A t  l a r g e  a n g l e s  of i n c i d e n c e ,  however, 

and at large phase a n g l e s ,  t h e  observed r e f l e c t e d  l i g h t  i s  g r e a t e r  

t h a n  that p r e d i c t e d  by E q u a t i o n  (1). 

W e  now a s k ,  how can  we improve t h e  e x p r e s s i o n  ( I ) ?  W e  n o t e  

t h a t  b a s i c a l l y  t h e  model g i v e s  r i s e  t o  a r e s u l t  which is t h e  

product  of  t h r e e  f a c t o r s ;  t h e r e  a r e  first t h e  Lommel-Seeliger 

f a c t o r  ( c o s ~ c o s i ) / ( c o s i + c o s e )  which i n s u r e s  t h a t  I (re)  = 0 when 

5. I 900; secondly ,  t h e  r e f l e c t i v i t y  f a c t o r  f and t h e  s c a t t e r i n g  

l a w  b ( a ) ;  and ,  t h i r d l y ,  t h e  shadowing f u n c t i o n  ~ ( a , g ) .  W e  s h a l l  

111-3 



now consider  poss ib le  modif icat ions  of Hapkets argument which 

w i l l  s t i l l  al low I (re)  t o  be w r i t t e n  a s  a  product of t he  same 

t h r e e  f a c t o r s .  

I f  one looks & t h e  d e t a i l e d  phys ica l  model implied i n  

Hapkels de r iva t ion ,  one sees  t h a t  t h e  square tubes  (square ,  s i nce  

t h e  r e f l e c t i n g  ob jec t s  a r e  assumed t o  be square f o r  s i m p l i c i t y  

i n  c a l c u l a t i n g  t h e  unshadowed (seen) andashadowed (unseen) re- 

f l e c t i n g  a r e a s  a t  t h e  base of the  tubes)  represen t ing  t h e  i nc iden t  

l i g h t  a r e  t runca ted  a t  r i g h t  ang les  t o  t he  beam a t  t he  l o c a t i o n  

of t h e  mean luna r  surface ,  These t c s - -  a r e -  then  o r i en t ed  s o  - t ha t  

one edge i s  perpendicular  t o  t h e  plane formed by t h e  i nc iden t  r ay  

and t h e  d i r e c t i o n  of observation.  This  s i m p l i f i c a t i o n  i s  made i n  

order t h a t  t h e  a r ea  seen a* t h e  base of t h e  cy l inde r  i s  a r e c t a n g l e -  

whose a r ea  i s  easy t o  compute a s  a func t ion  of a, and not  a t r i a n g l e  - 

o r  a  f ive-s ided f i g u r e  a s  i t  would be i f  t h e  i nc iden t  square cy l inde r  

of l i g h t  were not ro t a t ed .  I n  our t reatment  we s h a l l  continue t o  

r o t a t e  r e f l e c t i n g  p a r t i c l e s  about the  a x i s  of t he  i nc iden t  l i g h t  

cy l inde r  i n  order  t o  s imp l i fy  t he  a r e a  of t he  r e f l e c t i n g  base. 

Hapke in t roduces  t he  mean luna r  sur face  a s  a  re fe rence  plane 

when a c t u a l l y  one should t r e a t  t he  f a c e  of each r e f l e c t i n g  u n i t  

of t he  i r r e g u l a r  l una r  sur face  i t s e l f  a s  a re fe rence  plane.  We 

s h a l l  r e f e r  t o  such an a r e a ,  l a r g e  or  smal l ,  which makes a d e f i n i t e  
--- 

angle  wi th  respec t  t o  t h e  mean luna r  sur face  a s  a f ace t .  It would 

be a good approximation t o  use t he  mean l u n a r  su r f ace  as a  re fe rence  



plane  if t h e  p e n e t r a t i o n  of t h e  l i g h t  i n t o  t h e  m a t e r i a l  were l a r g e  

compared wi th  t h e  dimensions of t h e  r e f l e c t i n g  p a r t i c l e s  o r  

elements i n  t h e  medium. T h i s  i s  not  t h e  c a s e ,  however, s i n c e  

Hapke found t h a t  t h e  p e n e t r a t i o n  dep th  i s  approximate ly  e q u a l  t o  

t h e  d iameter  of t h e  r e f l e c t i n g  p a r t i c l e s  i n  t h e  medium. He 

obta ined b e s t  f i t  w i t h  experiment when t h e  r a t i o  g  = ( a / ~ ) * l .  

a  i s  t h e  d iamete r  of t h e  p a r t i c l e s  and T t h e  a t t e n u a t i o n  d i s t a n c e ,  

t h a t  i s ,  t h e  d i s t a n c e  over  which r a d i a t i o n  d e c r e a s e s  t o  l / e  of 

i t s  i n i t i a l  va lue .  A l i t e r a l  i n t e r p r e t a t i o n  of  Hapkeqs  model 

would be one i n  which a l l  f a c e t s  were normal t o  t h e  d i r e c t i o n  of 

t h e  i n c i d e n t  beam, If t h i s  were t h e  c a s e ,  t h e n  t h e  d i s t a n c e  over  

which t h e  l i g h t  i s  a t t e n u a t e d  on i-ts way out  should be measured t o  

t h e  s u r f a c e  of t h e  f a c e t .  Such a  s u r f a c e  would be s imply  a n  exten-  

s i o n  of :the s u r f a c e  end of t h e  square  c y l i n d e r .  Hapke, however, 

ex tends  t h e  pa th  of t h e  r e f l e c t e d  s a y s  t o  t h e  mean l u n a r  s u r f a c e ,  

A l i t e r a l  i n t e r p r e t a t i o n  of t h e  model, however, may no t  i g n o r e  t h e  

d e t a i l s  of t h e  geometry of t h e  l i g h t  c y l i n d e r s  a t  t h e  s u r f a c e  and 

t h e  change i n  pa th  l e n g t h  i n  t h e  a b s o r b i n g  medium a s s o c i a t e d  w i t h  

t h o s e  d a t a i l s ,  T h e r e f o r e ,  i t  i s  n o t  p roper  t o  w r i t e  zcos f  

= z t c o s e  = y a s  does  Hapke ( ~ i ~ u r e  2 ) ,  where y  i s  t h e  v e r t i c a l  

depth  from mean l u n a r  s u r f a c e  t o  a r e f l e c t i n g  p a r t i c l e  and 2; and 

z *  a r e  i n c i d e n t  and r e f l e c t i n g  pa th  l e n g t h s  from mean l u n a r  s u r f a c e  

t o  r e f l e c t i n g  o b j e c t ,  Measuring t h e s e  l e n g t h s  t o  t h e  l u n a r  s u r f a c e  

e n a b l e s  Hapke t o  i n t r o d u c e  t h e  a n g l e s  i and c through t h e  above 
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e q u a t i o n  and t h e r e b y  o b t a i n  t h e  Lornmel-Seeliger laws a s  p a r t  

of h i s  f i n a l  r e s u l t .  

S i n c e  t h e  s u r f a c e  of t h e  f a c e t s  do n o t  c o i n c i d e  w i t h  t h e  

mean l u n a r  s u r f a c e  i and c should  be r e p l a c e d  by i t  and c 

where t h e  l a t t e r  a r e  measured w i t h  r e s p e c t  t o  a normal t o  t h e  

f a c e t  i t s e l f  r a t h e r  t h a n  t h e  normal t o  t h e  l u n a r  s u r f a c e .  

Allowing t h e  f a c e t s  a r b i t r a r y  o r i e n t a t i o n  by i n t r o d u c i n g  i t  and 

c ' one may g e n e r a l i z e  t h e  problem by l e t t i n g  t h e  f a c e t  upon 

which t h e  l i g h t  i s  i n c i d e n t  t r u n c a t e  t h e  i n c i d e n t  c y l i n d e r  i n  

an  a r b i t r a r y  manner, One o f  t h e  d i f f i c u l t i e s  t h a t  e n t e r s  t h e  

d e t a i l s  of t h i s  model i s  d e r i v i n g  a s imple  e x p r e s s i o n  f o r  t h e  

a r e a  of  t h e  bot tom of  t h e  c y l i n d e r  a s  s e e n  by a n  observer .  The 

v i s i b l e  a r e a ,  t h e  n o n - v i s i b l e  a r e a ,  t h e  i n c i d e n t  p a t h  l e n g t h ,  

and e x i t i n g  p a t h  l e n g t h  would be expressed  i n  t e rms  of a n g l e s  i t  

and e l .  A f t e r  an  e x p r e s s i o n  f o r  t h e  i n t e n s i t y  of t h e  emergent 

beam i s  ob ta ined  f o r  a  p a r t i c u l a r  f a c e t ,  one must i n t r o d u c e  a 

r e f e r e n c e  l i n e  normal t o  t h e  mean l u n a r  s u r f a c e  and ave rage  

f i n a l  r e s u l t s  over  a l l  o r i e n t a t i o n s  of t h e  f a c e t s ,  The a l g e b r a  

r e q u i r e d  t o  r e l a t e  r e s u l t s  f o r  a n  a r b i t r a r y  f a c e t  and i n v o l v i n g  

a n g l e s  i t  and C '  t o  a f i n a l  e x p r e s s i o n  i n v o l v i n g  i and c p l u s  a n  

a d d i t i o n a l  a n g l e  r e q u i r e d  t o  u n i q u e l y  s p e c i f y  f a c e t  o r i e n t a t i o n  

and t h e n  ave rage  ove r  a l l  v a l u e s  of t h i s  a n g l e  i s  q u i t e  compl ica ted .  

Although i n  t h i s  pape r  we t r e a t  t h e  geometry of t h e  l i g h t  c y l i n d e r s  

more r e a l i s t i c a l l y  we a v o i d  t h e p o b l e m  of  a v e r a g i n g  ove r  a l l  f a c e t  



o r i e n t a t i o n s  by i n t r o d u c i n g  t h e  Lommel-Saeliger law a s  a  s e p a r a t e  

f a c t o r  ( e f f e c t i v e l y  by assuming t h i s  l a i  Lo be t h e  r e s a l t  of 

averaging)  as w i l l  be seen  l a t e r ,  The Lommel-Seeliger law i s  

s e p a r a t e l y  modif ied.  The purpose of pursu ing  a t  l e a s t  some 

g e n e r a l i z a t i o n  of Hapke's  model i s  t o  e s t a b l i s h  a  reasonable  range 

of f l e x i b i l i t y  i n  t h e  f i n a l  r e s u l t s .  One w i l l  t h e n  know how much 

he can tamper w i t h  t h e  t h e o r e t i c a l  cu rves  i n  o r d e r  t o  o b t a i n  b a s t  

agreement wi th  experiment .  

We modify Hapkebs  t r e a t m e n t  i n  two ways. F i r s t  we recogn ize  

t h a t  t h e  r e f l e c t e d  l i g h t  from t h e  shadowed a r e a  i s  n o t  a t t e n t u a t e d  

over a  d i s t a n c e  measured from t h e  r e f l e c t i n g  s u r f a c e  t o  t h e  mean 

l u n a r  s u r f a c e  or  even t o  t h e  s u r f a c e  of t h e  r e f l e c t i n g  f a c e t  b u t  i s  

a t t e n t u a t e d  only a f t e r  it reaches  t h e  w a l l  o f  t h e  i n c i d e n t  l i g h t  

c y l i n d e r .  Secondly,  w e  r ecogn ize  t h a t  by t r u n c a t i n g  t h e  i n c i d e n t  

l i g h t  by t h e  s u r f a c e  f a c e t  t h e  i n c i d e n t  l i g h t  a t t e n u a t i o n  p a t h  

v a r i e s  from r a y  t o  r a y  i n  t h e  i n c i d e n t  l i g h t  c y l i n d e r .  When such 

d e t a i l s  a r e  Zmportant t h e  e x p o n e n t i a l  a t t e n u a t i o n  f a c t o r  i t s e l f  may 

no t  s t r i c t l y  be a p p l i c a b l e .  I n  a l l  c a l c u l a t i o n s  t h e  c y l i n d e r  i s  

r o t a t e d  s o  t h e  edge i s  p e r p e n d i c u l a r  t o  t h e  p lane  formed by t h e  

i n c i d e n t  r a y  and t h e  r e f l e c t e d  ray ,  To c a l c u l a t e  t h e  d i s t a n c e s  

t r a v e l l e d  by both  p e n e t r a t i n g  and s c a t t e r e d  l i g h t  r a y s ,  t h e  r a y s  

a r e  regarded a s  e n t e r i n g  and e x i t i n g  from a  f a c e t  a t  r i g h t  a n g l e s  

t o  t h e  l i g h t  c y l i n d e r .  I n  t h e  l a t t e r  case  t h e  s u r f a c e  w i l l  f i rs t  

be assumed t o  c o i n c i d e  w i t h  t h e  mean l u n a r  s u r f a c e .  The r e s u l t  



depends on ly  on a and g i v e s  Hapke l s  r e t r o d i r e c t i v e  f u n c t i o n .  

The a n g l e s  i and c  e n t e r  H a p k e q s  e x p ~ e s s i o n  th rough  t h e  

Lommel-Seeliger law which a p p e a r s  a s  a  s e p a r a t e  f a c t o r  m u l t i p l y i n g  

t h e  f u n c t i o n  ~ ( a ) .  I n  ordn - t o  make fo rmulas  s a t i s f y  o p t i c a l  

r e c i p r o c i t y ,  Hapke makes t h e  s u b s t i t u t i o n  s e c i  " ( s e c i + s e c c ) / 2 ,  

i and c  do not  e n t e r  ou r  d e s c r i p t i o n  when d e r i v i n g  t h e  r e t r o -  

d i r e c t i v e  f u n c t i o n ,  We i n t r o d u c e  them by suppos ing  t h a t  t h e  

ave rage  s l o p e  of  t h e  f a c e t s  c o i n c i d e s  w i t h  t h e  mean l u n a r  s u r f a c e ,  

I n s t e a d  of a t t e m p t i n g  t o  ave rage  o u r  r e t r o d i r e c t i v e  f u n c t i o n  ove r  

a l l  f a c e t  o r i e n t a t i o n s  we assume t h a t  such ave rag ing  can be r e p l a c e d  

by w r i t i n g  z c o s i  = z t c o s e  = y  ( ~ i g u r e  2), T h i s  s t a t e m e n t  r e c o g n i a e s  

t h a t  a l a r g e  c o r  a l a r g e  i w i l l  i n t r o d u c e  a  l o n g e r  a t t e n u a t i o n  

p a t h  t o  such a g i v e n  v e r t i c a l  d i s t a n c e  below t h e  s u r f a c e  of t h e  

a b s o r b i n g  medium t h a t  would s s m a l l  c o r  i, Using t h e  above 

e x p r e s s i o n  one d e r i v e s  t h e  Lommel-Seeliger l a w  i n  t h e  u s u a l  manner 

independen t ly  of  any  c o n s i d e r a t i o n s  about  t h e  r e t r o d i r e c t i v e  

f u n c t i o n .  The Lommel-Seeliger f u n c t i o n  t h e n  modulates  t h e  f u n c t i o n  

Lommel-Seelige~. Law 2 ,  - 
Consider  a  p l ane  wave of l i g h t  i n c i d e n t  upon a m6diuml cons'ist$ng 

o f  randomly d i s t r i b u t e d  s c a t t e r i n g  e lements .  Suspended p a r t i c l e s  
. . 

of d u s t  wou3.d s a t i s f y  t h i s  model i f  t h e  p a r t i c l e s  were  k e p t  s e p a r a t e d  

from each  o t h e r  by e l e c t r o s t a t i c  f o r c e s .  When l i g h t  e n c o u n t e r s  a 

p a r t i c l e ,  i t  w i l l  be s c a t t e r e d  in t h e  a n g l e  range da as s p e c i f i e d  



by a  s c a t t e r i n g  f u n c t i o n  b ( a ) ,  Above t h e  p a r t i c l e  t h e r e  i s  

e f f e c t i v e l y  a n  empty tube  e x t e n d i n g  t o  t h e  s u r f a c e  of t h e  medium 

ou t  of which some l i g h t  can e scape  .with z e r o  p r o b a b i l i t y  of a 

c o l l i s i o n  with a n o t h e r  p a r t i c l e .  The d e c r e a s e  i n  t h e  a r e a  of t h e  

beam B ( t h a t  i s ,  t h e  p o r t i o n  s c a t t e r e d )  in t r a v e l i n g  d i s t a n c e  dz  i s t  

where a = a2 i s  t h e  a r e a  of t h e  i n t e r c e p t i n g  e l emen t s  end no is 
0 

t h e  number of e l emen t s  p e r  u n i t  volume, Area of beam a t  s u r f a c e  

i s  Bo s o  t h a t :  

Thus ene rgy  s c a t t e r e d  ou t  of beam i n  d i s t a n c e  dz ( l a y e r  dy) 

( ~ i g u r e  3) i s  

"oaoY -- 
-n a  z 

B S n a e  O O d z = B S n a e  c o s i  
0 0 0 0  0 0 0 0  

dy /cos i  

~ i n c e  dz = dy/cos i ,  The beam i s  i n c i d e n t  a t  a n g l e  i w i t h  r e s p e c t  

t o  t h e  normal t o  t h e  s u r f a c e .  So i s  t h e  ene rgy  f l u x  p e r  u n i t  a r e a  

of  t h e  beam. T h i s  ene rgy  i s  i n c i d e n t  o v e r  a n  a r e a  of  l u n a r  s u r f a c e  

~ ~ / c o s i .  So ene rgy  i n c i d e n t  over  u n i t  s u r f a c e  a r e a  of t h e  m6dium 



a y/ccrsi 
and s c a t t e r e d  out  i n  d i s t a n c e  a  i s  Sonoaoe-nO O dy  The 

energy s c a t t e r e d  p e r  u n i t  volume ( s i n c e  volume of  scat . f .er ing 
-noaoy/cosi 

r eg ion  i s  ( ~ ~ / c o s i ) d ~ )  i s  Sonoaoe There fo re  
-noaoy/cosi 

S n a e  i s  t h e  energy produced per  u n i t  volume of 
0 0 0 

s c a t t e r i n g  m a t e r i a l  p e r  u n i t  s o l i d  ang le .  If t h e r e  i s  some pure 

a b s o r p t i o n  then  on ly  a f r a ' c t i o n  ( s a y  f )  of  t h i s  ene rgy  w i l l  be 

s c a t t e r e d ,  

If w e  c o n s i d e r  t h e  l i g h t  which h i t s  a s c a t t e r i n g  c e n t e r  as 

a g a i n  t r a v e l i n g  through t h e  same medium and t h e r e f o r e  having a 

p r o b a b i l i t y  of b e i n g  s c a t t e r e d  a g a i n  b e f o r e  reach ing  t h e  s u r f a c e ,  

we can w r i t e :  

where B = B' when a t  = 0 .  Thus t h e  f r a c t i o n  of l i g h t  s c a t t e r e d  

a t  8 '  = 0 which g e t s  out  a f t e r  t r a v e l i n g  d i s t a n c e  a t  i s  

We w i l l  now l e t  noao = 1/7 where T i s  t h e  mean a t t e n u a t i o n  

l e n g t h  of a beam of l i g h t  r a y s  i n  t h e  medium. If  t h e  p a r t i c l e s  c r e  

far  a p a r t  (average  d i s t a n c e  a p a r e  l a r g e  compared w i t h  d iamete r  of 

p a r t i c l e s )  t h e n  T = l /nDao e x a c t l y .  If t h e  o b j e c t s  a r e  c l o s e  to -  

g e t h e r ,  s h i e l d i n g  o f  one o b j e c t  by a n o t h e r  w i l l  be common s o  t h a t  



A 

e a c h  o b j e c t  i s  l e s s  e f f i c i e n t  a t  b l o c k i n g  l i g h t  and hence  

T > ~ o a e  

The e n e r g y  l e a v i n g  & volume of t h i c k n e s s  d y  and u n i t  a r e a  

i s  ~ ~ ( e x p - ~ / r c o s i ) / ~ .  M u l t i p l y i n g  t h i s  by t h e  f r a c t i o n  exp-y/rcoac 

which r e a c h e s  t h e  s u r f a c e ,  we o b t a i n  fo .  t h e  e n e r g y  E, l e a v i n g  a  

u n i t  a r e a  o f  s u r f a c e  p e r  u n i t  s o l i d  a n g l e  p e r  s econd !  

u E = 
c o s i c c o s e  

T h i s  i s  t h e  Lommel-Seel iger  law,  T h i s  t r e a t m e n t  h e l p s  one 

u n d e r s t a n d  why. a r b i t r a r y  s y m m e t r i % a t i o n  i n  i and c ( s t r i c t l y  v a l i d  

o n l y  f o r  s m a L l  i and c  ) t o  a c h i e v e  H a p k e 9 s  r e s u l t  d o e s  n o t  s e r i o u s l y  

res-1; r ic t  a p p l i c a t i o n  t o  l a r g e  v a l u e s  o f  i and  c .  We s h a l l  l a t e r  

i n d e p e n d e n t l y  modi fy  t h e  Lommsl-Seel iger  l a w  by a v e r a g i n g  i t  o v e r  

a l l  s u r f a c e  f a c e t s ,  

I n  t e r m s  o f  t h e  b r i g h t n e s s  t h i s  e n e r g y  i s  e x p r e s s e d  as 

~ ( i , e ) c o s c ,  Thus:  

The b r i g h t n e s s  i s  t h e  e n e r g y  t h r o u g h  a u n i t  a r e a  p e r p s n d i c u l a r  t o  

tho d i r e c t i o n  o f  o b s e r v a t i o n .  E q u a t i o n  ( 4 )  must be m u l t i p l i e d  by  

t h e  p r o j e c t e d  l u n a r  a r e a  s e e n  by  t h e  d e t e c t o r  and a l a o  m i l t i p l i e d  

by t h e  s o l i d  a n g l e  s u b t e c d e d  by t h e  d e t e c t o r  a s  s e e n  f r o m  t h e  

l u n a r  s u r f a c e .  



3. D e r i v a t i o n  of I I apkefs  R e s u l t s  

The g e n e r a l  f e a t u r o s  of Hapkels  model have a l r e a d y  been 

descrd,bed, R e s u l t s  a r e  d e r i v e d  h e r e  i n  o r d e r  t o  examine t h e  

assumptions.  At1 absorb ing ,  s c a t t e r i n g  medium w i l l  a t tenua-6e a 

l i g h t  beam e x p o n e n t i a l l y ,  I f  t h e  s c a t t e r i n g  c e n t e r s  a r e  of dimensions 

compatbahl.e t o  t h e  a t t e n u a t i o n  d i s t a n c e ,  t h e n  one w i l l  wish t o  a l low 

for t h e  f a c t  t h a t  some of t h e  l i g h t  w i l l  be s c a t t e r e d  back i n  t h e  

d i r e c t i o n  of t h e  incicient  beam and can escape  from t h e  medium 

wi thou t  a d d i t i o n a l  s c a t t e r i n g  o r  a b s o r p t i o n  t a k i n g  p l a c e ,  This is 

because t h e r e  i s  an oren channel  from t h e  s u r f a c e  t o  t h e  f i r s t  

s c a t t e r i n g  c e n t e r .  L i g h t  w i l l  be s c a t t e r e d  back wi thou t  f u r t h e r  

a b s o r p t i o n  o r  s c a t t e r i n g  i n  d i r e c t i o n s  from which t h e  bottom of 

t h e  l i g h t  c y l i n d e r  can be "seenf1  from a p o s i t i o n  o u t s i d e  of t h e  

l i g h t  c y l i n d e r .  An obse rve r  look ing  a l o n g  l i n e  G'P ( s e e  F igure  4 )  

w i l l  on ly  s e e  p a r t  of t h e  a r e a  of t h e  bottom of t h e  c y l i n d e r ,  

R e f e r r i n g  t o  F i g u r e  4 t h e  viewed a r e a  i s  gi,ven by A = a (a -x )  where 

x  = z t a n a ,  A s  mentioned e a r l i e r ,  Hapke now w r i t e s  

s o  t h a t  t h e  e x i t i n g  r a y  i s  measured t o  t h e  l u n a r  s u r f a c e .  Z i s  

t h e  p a t h  of i n c i d e n t  r a y  and z l  t h e  p a t h  of t h e  e x i t i n g  ray .  If 

one goes  a long  w i t h  t h i s ,  we can now w r i t e  



From t h i s  the  seen f r a c t i o n  F = ~ / a *  of t h e  t o t a l  a r e a  A is: 

The f r a c t i o n  of t he  a r e a  which cannot be seen d i r e c t l y  is: 

1-F = x/a. The express ion f o r  F i s  not symmetrical i n  i and C .  

I n  order  t o  make i t  symmetrical i n  i and g Hapke then  makes t h e  

s u b s t i t u t i o n  s e c i  * (seci+sece) /2 .  With t h i s  s u b s t i t u t i o n  

Eq. (6 )  f o r  F becomes 

Th i s  express ion f o r  F i s  t h e  same as Haplie1s except  t h a t  i n  

h i s  no t a t i on ,  h i s  x i s - o u r  x/a and h i s  y i s  ou; a/2. For a g iven  

a ,  A becomes ze ro  f o r  z z where z = aco ta .  
0 0 

Energy s c a t t e r e d  out of beam i n  d i s t ance  dz i s  S ~ A ~ - ~ / ' ~ Z / T  

2 f o r  seen a r e s ;  s 0 ( a  - ~ ) e - ~ ' ~ d z / ~  f o r  unseen a r ea ;  Soa e -z/'dz/~ i s  

energy s c a t t e r e d  out i n  dx f o r  unseen a r e a  a f t e r  depth i s  such t h a t  no 

p a r t  of base a r ea  i s  v i s i b l e .  The proceeding ene rg i e s  a r e  i nc iden t  

2 
w e r  an  a r ea  o f  l una r  su r f ace  a /cosi .  Therefore  energy i n c i d e n t  



over  u n i t  area of s u r f a c e  a r e a  and s c a t t e r e d  ou t  i n  d i s t a n c e  z 

2 
i s  sum of above d i v i d e d  by a / c o s i o  S i n c e  Hapke u s e s  t h e  re- 

l a t i o n  z c o s i  = z' cosc = y one can  s a y  t h a t  e n e r g y  s c a t t e r e d  p e r  

2 
unFt volume i s  t h e  sum o f  ,&he above f a c t o r  d i v i d e d  by a dz 

2 = a dy/cosF, To o b t a i n  n e t  ene rgy  ou t  of  l u n a r  s u r f a c e  one must 

m u l t i p l y  sum o f  e n e r g y  from s e e n  and unseen a r e a  by f r a c t i o n  

fo ,  which i s  s c a t t e r e d  mul t ip1y;by  t h e  s c a t t e r i n g  f u n c t i o n  b(a), 

-8/7 and by t h e  a t t e n u a t i o n  f a c t o r  e /T ,  A f t e r  t h e  c r i t i c a l  dep th  

i s  reached e n e r g y  from unseen  is m u l t i p l e d  by t h e s e  f a c t o r s ,  

- Thus ene rgy  I l e a v i n g  p e r  u n i t  a n g l e  p e r  second from a 

u n i t  area of s u r f a c e  is:  

where 2 = a c o t a .  
0 

E x p r e s s i n g  r e s u l t s  i n  term6 of  y one h a s  

2 Yo 
I = [ s o f b ( a ) c o s i / a  T](S ( I  -gec i t anae  -y,'~ c o s i  d y ) / a c o s i  

0 

+a2j  y s e c i t a r n e  -~(1/c0si)+1/c0s61~/7dy/acosi 

where y = a c o t c c o s s .  
0 



Examining t h e s e  i n t e g r a l s  we n o t e  t h a t  n e i t h e r  t h e  e x p o n e n t i a l  

f a c t o r  n o r  t h e  rnu?.%iplicat ive f a c t o r  i n  t h e  f i r s t  i n t e g r a l  a r e  

symmetrical  i n  i and e ,  To sa-kisfy o p t i c a l  r e v e r s i b i l f t y  Hapke 

symmetrizes t h e s e  by a r b i t r a r i l y  making t h e  s u b s k i t u t i o n  

s e c i  = ( s e c i + s e c e ) / 2  and l / c o s i  = [ ( l / c o s i ) + l / c e s ~ ] / 2 ,  Note t h a t  

t h e  l a t t e r  s u b s b l t u t i o n  i n  t h e  e x p o n e n t i a l  i s  e q u i v a l e n t  t o  f n t r o -  

ducing zn a t t e n u a t i o n  of t h e  r e f l e c t e d  l i g h t  on t h e  way out  from 

t h e  seen a r e a ,  The e x t r a  p a t h  l e n g t h  s o  in t roduced  i s  on ly  h a l f  

t h e  e x i t i n g  p a t h  length ; a t  t h e  same t ime t h e  incoming path l e n g t h  

i s  reduced by h a l f  a s  a r e s u l t  of t h e  s u b s t i t u t i o n ,  

The a r e a  f a c t o r s  ( s e c i )  of  t h e  first two i n t e g r a l s  m s s t  be 

r ep laced  by ( s e c i + s e c a ) / 2  i n  o r d e r  t o  comple te ly  symmetrize t h e  

express ions .  L i t e r a l l y ,  t h e  symmetr iza t ion  i m p l i e s  cose = c o s i  

and would t h e r e f o r e  be a good approxima%ion only  f o r  small a n g l e s .  

The formula g i v e s  r easonab le  r e s u l t s  however even f o r  l a r g e  

a n g l e s .  The ~ i r s t  i n t e g r a l  i s  p r o p o r t i o n a l  t o  l i g h t  r e f l e c t e d  from 

t h e  "seenu a r e a  a t  t h e  base of t h e  channel ,  For  deep channe l s  i 

and G w i l l  be s m a l l  s o  cosc"cosi i s  ~ a t i s f i e d ,  For  sha l low 

channe l s  t h e  a r e a  f a c t o r  w i l l  be l a r g e s t ( m o r e  a r e a  seen)  f o r  s m a l l  

i and c .  A s  i and/or c i n c r e a s e  t h e  s e e n  a r e a  becomes smal l  and 

t h e  e 2 f e c t  of t h e  symmetry assump.~ion i s  l e s s  impor tant .  A s  far  

" as t h e  e x p o n e n t i a l  f a c t o r  is  concerned t h e  symmetrizing approxima- 

t i o n  w i l l  be l a r g e s t  when e and/or i a r e  l a r g e ,  howevar, t h e  
t 

corresponding small-seen-area m u l t i p l i c a t i v e  f a c t o r  w i l l  reduce 



t h e  o v e r a l l  c o n t r i b u t i o n  t o  t h e  n e t  r e s u l t ,  The second i n t e g r a l  

d e s c r i b e s  r e f l e c t e d  l i g h t  f rom unseen a r e a  when p a r t  of t h e  

t o t a l  base  a r e a  i s  s t i l l  v i s i b l e ,  The e x p o n e n t i a l  i n  t h i s  t e rm i s  

a l r e a d y  symmetr ica l ,  Some e r r o r  i s  i n t r o d u c e d  i n  t h e  m u l t i p l i c a t i v e  

a r e a  f a c t o r  as  a r e s u l t  of r e p l a c i n g  s e c i  b u t  i s  n o t  a s  impor tan t  

as  a change would be i n  t h e  e x p o n e n t i a l .  These o b s e r v a t i o n s  a r e  

made i n  o r d e r  t o  under s t and  why such a r t i f i c i a l  symmetr iza t ion  may 

no* have a profound e f f e c t  on t h e  r e s u l t s ,  The t h i r d  i n t e g r a l  

r e p r e s e n t s  c o n t r i b u t i o n s  t o  t o t a l  l i g h t  when t h e  channe l  dep th  

and t h e  a n g l e  of obser*vat ion  i t s  such t h a t  t h e  base  i s  not "seen1'. 

T h i s  i n t e g r a l  i s  a l r e a d y  symmetric i n  i and e ,  The l i m i t  

yo = aco tacosc  i s  no t  symmetric i n  i and 5 ,  Adjustment of  t h i s  

t e rm through t h e  replacement  cosg = ( c o s e + c o s i ) / 2  p robab ly  i s  t h e  

s o u r c e  of  g r e a t e s t  e r r o r  when symmetr izing.  

I n t e g r a t i n g  and c o l l e c t i n g  t e rms  ( w i t h o u t  symmetr izing t h e  

l i m i t s )  : 

s,,fbfa) 
I = { (2-3tanajBg+[-2&+(2+tana)/g]e -ghcose/2tanu 

h  

+[ 1 - h t / 2 - ( t a n a ) / ~ ~ ] e  
-ghcose / t a w  3 ( 9 )  

where g = a / ~  ( ~ a ~ k e 9 s  y i s  o u r  a / 2 ) ,  h  = l / c o s c + l / c o s 5  and 

4, = ( c o s ~ + c o s i ) / 2  s o  h t  = ( l + c o s i / c o s e )  (1+cosc /cos i ) /2 ,  h& can  

be r e p l a c e d  by  2  s i n c e  i t  changes on ly  slawly w i t h  i and c .  For  



example,  when i = 0 and c = 0 ,  b& = 2 ,  When i = 0  and c = 450, 

bt = 2.05, I n  t h e  exponene ia l  hcosa i s  r e p l a c e d  by 2 ,  , t h e  

l a r g e s t  source  of  e r r o r  a s s o c i a t e d  w i t h  symmetr iza t ion ,  The 

e r r o r  i n  t h i s  s u b s t i t u t t o n  i s  s m a l l  when c o s e ~ c o s i ,  

The e x p r e s s i o n  i n  b r a c k e t s  i s  t h e  same a s  H a p k e f s  r e t r o d i r e c t i v e  

f u n c t i o n  ~ ( a , g )  ( fo rmula  4-81 r e f e r e n c e  1 ). l / h  i s  t h e  Lommel- ! 

S e e l i g e r  f a c t o r ,  

4. M o d i f i c a t i o n  of H a p k e t s  Model 

W e  now modify Hapkets  model by e x p l i c i t l y  t r u n c a t i n g  t h e  s q u a r e  

i n c i d e n t  l i g h t  c y l i n d e r s  a t  r i g h t  a n g l e s  t o  t h e  i n c i d e n t  l i g b t ,  

The s u r f a c e  of t h e  c y l i n d e r  i s  n o t  t h e  l u n a r  s u r f a c e ,  T h e r e f o r e ,  

t h e  a n g l e s  i and c do no t  e n t e r  t h e  geometry and t h e  r e l a t i o n s h i p  

z c o s i  = z ' c o s ~  which l e a d s  t o  t h e  Lommel-Seeliger l a w  does  n o t  

appear .  

R e f e r r i n g  t o  F i g u r e  4, t h e  i n c i d e n t  ene rgy  p e r  u n i t  a r e a  

s c a t t e r e d  i n  a u n i t  s o l i d  a n g l e  p e r  second is: 

2 
0 "0 a0 

I(re' = ~ ~ f b ( ~ ) [ S  a ( a - ~ ) e - ~ / ' d e + ~  axe  - ( z + z v  ) / 7 d z + o + ~  a 2 e - ( s + ~ '  )/7da1 
0 0 z 

0 



The f i rs t  in, tegral  i s  t h e  seen  a r e a  t imes  t h e  incoming a t t e n u a t i o n  

f a c t o r ;  t h e  second f n f e g r a l  i s  t h e  unseen a r e a  t imes  incoming 

a t t e n u a t i o n  f a c t o r  t imes  outgoing a t t e n u a t i o n  f a c t o r ,  Both 

i n t e g r a l s  a r e  i n t e g r a t e d  between z  = 0 and z = z o o  z o  i s  t h e  

maximum value  f o r  z  f o r  which t h e  bottom a r e a  can be seen ,  z o  

= a / t ana .  Both z  and z.' a r e  measured t o  t h e  common edge of t h e  

seen and unseen a r e a .  W e  w i l l  e x p r e s s  t h e  i n t e g r a n d s  i n  te rms of 

z  u s i n g  t h e  f a c t  t h a t  z t  = aycosa.  The i n t e g r a n d  i n  t h e  f i rs t  

i n t e g r a l  i s  z e r o  a f t e r  z = z s i n c e  a f t e r  t h a t  x = a .  x i n  t h e  
0 

second i n t e g r a l  i s  rep laced  by a and t h e  i n t e g r a l  extended from 

a  = zb  t o  m a s  shown i n  t h e  t h i r d  i n t e g r a l ,  I n  t e r m s  of z ,  

(I1 ) becomes 

Carrying out t h e  i n t e g r a t i o n s ,  d i v i d i n g  by a2 and m u l t i p l y i n g  

by s o p b ( a )  one ob ta ins :  



I t  i s  i n t a r e s t i n g  So n o t e  t h a t  i f  we r e p l a c e  t h e  i n t e g r a n d s  

- ( z + z / ~ ~ s ~ ) / ~  by -2% ,'T e t h e n  ( 5 2 )  i n t e g r a t e s  t o  

The e x p r e s s i o n  i n  b r a c k e t s  i n  ( 1 4 )  i s  Hapkets  r e t r o d i r e c t i v e  

f u n c t i o n  ~ ( a ) .  

N e g l e c t i n g  t h e  l /cosu  f a c t o r  i n  t h e  e x p o n e n t i a l  i n  t h e  

p reced ing  i n t e g r a n d s  i s  e q u i v a l e n t  t o  a t t e n u a t i o n  of t h e  l i g h t  

on t h e  way out  of  t h e  medium ( a f t e r  b e i n g  s c a t t e r e d )  by $he same 

amount (same p a t h  l e n g t h )  as i t  w a s  a t t e n u a t e d  i n  r e a c h i n g  t h e  

s c a t t e r i n g  c e n t e r ,  I f  t h e  e x p o n e n t i a l  f a c t o r s  a r e  r ega rded  a s  

measures of p r o b a b i l i t y ,  t h e n  t h e  p r o b a b i l i t y  of p e n e t r a t i o n  t o  

a d i s t a n c e  z i s  t a k e n  as t h e  same as a  p r o b a b i l i t y  of  e s c a p i n g  

a f t e r  be ing  s c a t t e r e d  a t  2,  There  i s  no p h y s i c a l  b a s i s  f o r  t h i s  

assumpt ion  b u t  i t  i s  i n t e r e s t i n g  t h a t  by  making i t ,  we a r r i v e  

a t  H a p k e t s  r e t r o d i r e 5 t i v e  f u n c t i o n ,  The preceding. d i s c u s s i o n  

h a s  se rved  t o  b r i n g  ou t  t h e  approx ima t ions  invo lved  i n  o b t a i n i n g  

t h e  r e t r o d i r e c t i o n  f u n c t i o n  ( I & ) ,  

We now d e r i v e  a n o t h e r  r e t r o d i r e c t j . v e  f u n c t i o n  pay ing  c l o s e r  

a t t e n t i o n  t o  t h e  p h y s i c a l  d e t a i l s  which should  be t a k e n  i n t o  

c o n s i d e r a t i o n  i n  t h i s  model. C a l c u l a t i o n s  w i l l  be uiade t o  compare 

t h e  r e s u l t  w i t h  Hapkegs r e t r o d i r e c t i v e  f u n c t i o n ,  S p e c i f i c a l l y ,  

we w i l l  t a k e  i n t o  account  t h e  f a c t  t h a t  t h e  l i g h t  s c a t t e r e d  from 

t h e  unseen a r e a  w i l l  n o t  a t t e n u a t e  u n t i l  i t  e s c a p e s  from t h e  c y l i n d e r .  



The outgoing  a t t e n u a t i o n  d i s t a n c e  w i l l  be measured ' f rom t h e  c e n t e r  
I 

of  t h e  unseen a r e a .  T h i s  means t h a t  b e f o r e  e ruacd  s so, t 
z t 2 e t c o s a .  When z  > z o ,  t h e  a t t e n u a t i o n  p a t h  i s  A P  as 

shown i n  F i g u r e  5 ,  The i n t e g r a l s  t h e n  becomes 

where upon u s i n g  t h e  f o l l o w i n g  r e l a t i o n s :  

4, = x/2tana. 4,) = 2-4, 

I n t e g r a t i o n  of ( I  5 )  yields: 

*a/ tana  
. S a e 2  -z/'da = a ~ ( 1 - e  -a/' t ana  

n '  
1 3  

a -- a 
(1+1/2cosa) 2 - T t a n a  Ttana (1  +1/2cosa) 

a ~ e  T (1-e 
z a t a m [ -  

t a n & ( l t  i/2coqa) ' + ( l+ l / i cosa)g  ) I .  . 



Adding, 

a -- 1 1  +- 
tanae T tam ( 2cox i )  - a / ~  (I+- + t / c o s a )  - Bsin& 

a(1t&)2 + b m c  osa 
3 

- a!1+2cosa 
e  P tam ~ t a r d ~  1 e  -a/27sina - a / ~  kana - (1 + e  

. 1  . I  + ( l + l / c o s a )  3 (16)  '+ Zcosa 

R e s u l t s  of c a l c u l a t i o n s  w i t h  t h i s  e x p r e s s i o n  have been p resen ted  

i n  t h e  f i n a l  r e p o r t  of our  preceding c o n t r a c t .  

Before a r e a l l y  b a s i c  improvement of t h e  photometr ic  f u n c t i o n  

can be made, t h e  random o r i e n t a t i o n  of t h e  i n d i v i d u a l  r e f l e c t i n g  

f a c e t s  an t h e  l u n a r  s u r f a c e  muet be t aken  i n t o  account .  A s  

desc r ibed  i n  Chapter  I of t h i s  r e p o r t  w e  a r e  now a b l e  t o  do t h i s .  

We hope t h a t  t h e  n e x t  phase of our  work w i l l  r e s u l t  i n  a n  improved 

and more r e a ? i s t i c  t r e a t m e n t  of t h e  l u n a r  photometr ic  p r o p e r t i e s .  
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Figure 1 .  S c a t t e r i n g  a r e a  a and 
oorreeponding ernp& 
l i g h t  tubes ,  

F igure  2 .  R e f l e c t i n g  a r e a  A sh.?dwing 
a n g l e  o f  inc iden ,e  i, 
a n g l e  o f  r e f l e c k i o n  c , 
a n g l e  a .  

F igure  3 .  Incoming path s and out- 
g o i n g  a t  a f t e r  s c a t t e r i n g  
of l i g h t  from a p o i n t  ver-  
t i c a l  dis.tance y i n  ~rredium, 
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F::,ture 4. Figure for deviving H a p k e q s  photometric function. 

Figure 5 ,  Figure for deriving modified retrodirective function. 
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CHAPTER I V  

ON THE TREATMENT 1 ' LUNAR SCATTERING AND 

RELATED PROBLEMS 

BY STOCHASTIC OPERATOR EQUATIONS (PART I)  

by 

G. Adomian 

In t roduc t ion :  

The f i e l d  r e f l e c t e d  by t h e  l u n a r  s u r f a c e  when i l l umina t ed  

by e lec t romagnet ic  waves f l u c t u a t e s  i n  time wi th  slow f l u c t u a t i o n  

a t t r i b u t e d  t o  ionospher ic  e f f e c t s  and much more r ap id  v a r i a t i o n s  

a s soc i a t ed  wi th  t h e  i r r e g u l a r i t i e s  of t h e  moon's su r f ace .  I n  

order  t o  determine t h e  e f f e c t  of t h e s e  i r r e g u l a r i t i e s  on t h e  re- 

f l e c t e d  radia-kion, it i s  convenient  t o  suppose t h a t  t h e  su r f ace  

i s  represented ( a s  done by Beckman and o t h e r s )  by a s t a t i o n a r y  

random func t i on  o r  s t o c h a s t i c  p rocess  S ( x , ~ ) ) ,  ( o r  s imply (x )  , 
suppress ing u), where x r e p r e s e n t s  p o s i t i o n  (e.g. l a t i t u d e  and 

l onc i t ude ) ;  x  i s  an  element of t he  index space of t h e  process ;  

UI i s  an element of t h e  p r o b a b i l i t y  space. Thus 5 can r ep re sen t  
- - 

t h e  su r f ace  he igh t  which i s  unknown e x p l i c i t y l y ;  i f  t h e  var iance  

of 5 i s  ze ro ,  we have a  smooth su r f ace .  The t h e  problem a t  

hand i s  e s s e n t i a l l y  one of so lv ing  a s t o c h a s t i c  d i f f e r e n t i a l  

equa t ion ,  i , e , ,  a wave equa t ion  i nvo lv ing  random f u n c t i o n s  i n  

t h e  boundary condi t ions  o r  elsewhere ( c o e f f i c t e n t s  o r  source  

func t i on )  depending upon t h e  p a r t i c u l a r  formulat ion.  
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Random boundary c o n d i t i o n s  have been used  e.g. by D. E. 

B a r r i c k  ( A  More Exac t  Theory  of  B a c k s c a t t e r i n g  f rom - S t a t i s t i c a l l y  

Rough S u r f a c e s ,  Ph.D. D i s s e r t a t i o n ,  Department of  E l e c t r i c a l  

E n g i n e e r i n g ,  Ohio S t a t e  U n i v e r s i t y ,  1965) t o  s t u d y  b a c k s c a t t e r i n g  

of  - e l ec t romagne t i c  waves from rough s u r f a c e s .  S t a r t i n g  w i t h  t h e  

Chu-St ra t ton  v e c t o r  i n t e g r a l  e q u a t i o n ,  h e  o b t a i n s  b a c k s c a t t e r i n g  

c r o s s  s e c t i o n s  f o r  rough s u r f a c e s  w i t h  v a r i o u s  s t a t i s t i c a l  models, 

To a l l o w  s u f f i c i e n t  f l e x i b i l i t y  f b r  a ma themat i ca l ly  c o r r e c t  

and g e n e r a l  t r e a t m e n t  of l u n a r  scattering as w e l l  as a number of  

impor tan t  r e l a t e d  problems (eOg. s c a t t e r i n g  i n  t u r b u l e n t  l a y e r s  

o f  the -  a tmosphere,  a b s o r p t i o n  of i n f r a - r e d  i n  a e r o s o l s ,  e t c , )  we 

w i l l  c o n s i d e r  t h e  p r o p e r  s o l u t i o n  of  s t o c h a s t i c  o p e r a t o r  e q u a t i o n s  

w i t h  s t o c h a s t i c  p r o c e s s e s  invo lved  anywhere--in t h e  boundary 

c o n d i t i o n s ,  i n  t h e  f o r c i n g  f u n c t i o n ,  o r  i n  t h e  c o e f f i c i e n t s .  

 e en era lie at ions t o  v e c t o r  e q u a t i o n s  and p a r t i a l  d i f f e r e n t i a l  

e q u a t i o n s  have caused  no e s s e n t i a l  d i f f i c u l t y ) .  Thus t h e  o b j e c t i v e  

i s  t o  make a v a i l a b l e  mathemat ica l  models f o r  c o n s i d e r a t i o n  of  t h e  

s t o c h a s t i c  p r o p e r t i e s  of t h e  s o l u t i o n  p r o c e s s  whe the r  t h e  random- 

n e s s  i s  due t o  a s u r f a c e  f u n c t i o n  s c a t t e r i n g  incoming wave, a? -deep  

d u s t  l a y e r  on t h e  s u r f a c e  which &he waves p e n e t r a t e ,  o r  e f f e c t s  of 

t h e  ionosphere .  The e f f e c t s  of  ionosphere  a r e  u s u a l l y  s e p a r a t e d ,  

however t h e  p resence  of s e v e r a l  l a y e r s  of plasma w i t h  d e n s i t i e s  

and posit ions v a r y i n g  w i t h  h e i g h t  and- t ime  makes t h e  problem one 

of  p ropaga t ion  i n  a  random medium which h a s  n o t  been t r e a t e d  



adequate ly  f o r  t h e  case  of appreo iab le  randomness. S e t t i n g  a s i d e  

t h i s  problem, we must so lve  a t  l e a s t  a  reduced wave equa t ion  wi th  

random boundary condi t ions .  I n  many t r ea tmen t s  i n  t h e  l i t e r a t u r e ,  

one f i n d s  t h e  random func t ions  handled a s  i f  t hey  were e x p l i c i t  

d e t e r m i n i s t i c  func t ions  then  an  ensemble average thrown i n  a t  t h e  

end, It i s  supposed t h a t  t he  average s o l u t i o n  of s t o c h a s t i c  

equa t ions  is t h e  s o l u t i o n  o f  averaged equa t ions ,  which i s  g e n e r a l l y  

not  t h e  case ,  and opera t ions  a r e  made on t h e  random functicpns which 

cannot be made except  i n  some c a r e f u l l y  def ined  sense  on r e s t r i c t e d  

processes.  We w i l l  a l low t h e  random behavior t o  be i n  t h e  

boundary cond i t i ons  as mentioned above, o r  i n  t h e  f o r c i n g  f u n c t i o n s ,  

if e.g. we cons ider  t h e  i l l umina t ed  random su r f ace  a s  a source;  

o r  i n  t h e  c o e f f i c i e n t s  i f  our model i nc ludes  a random index of 

r e f r a c t i o n ,  o r  a random k f o r  t h e  wave v e c t o r  of t h e  s c a t t e r e d  

2 2 wave i n  ( V  +k )@ = 0 ,  o r  i f  we employ t h e  method of t h e  pseudo 

p o t e n t i a l  ( s ee  e.g,  Y. M. Chen, J. Math, Phys. 2, 1 1 ,  Nov. 1964, 

p. 1541-6) t o  incorpora te  t h e  e f f e c t  of boundary cond i t i ons  i n  our 

equation.  

The s c a t t e r i n g  from a volume o r  three-dimensional  configura-  

t i o n  of d i s c r e t e  s c a t t e r e r s  i s  a l s o  of i n t e r e s t  he re  comparing t h e  . - 
l u n a r  problem t o  one of r ada r  s c i n t i l l a t i o n  f r o m  a  complex air-  

c r a f t  t a r g e t  where a s  t h e  a i r c r a f t  r o t a t e s  wi th  r e spec t  t o  t h e  

observer ,  va r ious  a r e a s  change i n  t h e i r  c o n t r i b u t i o n  t o  t h e  echo. 

S imi l a r  phenomena occur i n  s t e l l a r  images i n  t e l e scopes  due t o  t h e  

random medium of t h e  atmosphere l ead ing  t o  a " twinkl ing"  



( i r r e g u l a r  f l u c t u a t i o n  of t h e  l i g h t  i n t e n s i t y )  and a llquive-ringft 

( i r r e g u l a r  f l u c t u a t i o n  of t h e  ang je  of a r r i v a l ) ,  a l s o  c a l l e d  ' 

ampli tude and angula r  s o i n t i l l a t i o n .  The problem of mu l t i p l e  

s c a t t e r i n g  by randomly pos i t ioned  ob jec t6  has ,  of course ,  been 

e tud ied  by a l q r g e  number of au tho r s ,  however, t h e  p re sen t  

approach o f f e r s  an  oppor tun i ty  t o  avoid r e s t r i c t i o n  t o  smal l  

random e f f e c t s ,  averaging methods and t h e  approximations g e n e r a l l y  

made, and furt9".a a l lows  t h e  c a l c u l a t i o n  of s p e c t r a l  d e n s i t i e s ,  

mutual coherence func t ions ,  and c o r r e l a t i o n s  i n s t e a d  of simple 

expec ta t ions .  We seek t o  f i n d  d i s t r i b u t i o n s  or  a t  l e a e t  second 

order  s t a t i s t i c s ,  no t  t o  assume them o r  t h e  eo lu t i one  and t o  

avoid  mathematical r e s t r i c t i o n s  not  p h y s i c a l l y  necessary  and t o .  

see  what e r r o r s  a r e  involved i n  t h e  u sua l  approximatione. Hence 

f o r  s t o c h a s t i c  d i f f e r e n t i a l  and i n t e g r a l  equa t ions  a r i e i n g  i n  

phys i ca l  problems, t h e  ob j ec t i vee ,  limitations, and r e s t r i c t i v e  

aseumptions of t h e  va r ious  methods w i l l  f i rs t  be s tud ied ,  

Some promising new methods have been developed which e l iminh te  

t h e  va r ious  l i m i t a t i o n 8  and a l low t rea tment  of a  wide c i a s s  of 

a p p l i c a t i o n s  as w e l l  as t h e  l una r  s c a t t e r i n g  i t s e l f ,  

Of course ,  cons iderab le  l i t e r a t u r e  e x i s t s  on random equa t ions ,  

most of i t  however a p p l i e s  t o  f irst  order  d i f f e r e n t i a l  equa t ions  

o r  t o  equa t ions  w i th  cons tan t  c o e f f i c i e n t s  wi th  t h e  element of 

randomness a r i s i n g  from e i t h e r  a random f o r c i n g  func t ion  o r  - 

random boundary  condition^. Theae ca se s  a r e  fundamental ly rcmpLer 



t h a n  t h e  case  of s t o c h a s t i c  c o e f f i c i e n t s  because  of t h e  d e t e r -  

r n & n i ~ t i c  r e l a t i o n s h i p  of t h e  p r o b a b i l f s t % c  o r  s t a t i s t i c a l  

p r o p e r t i e s  of t h e  random q u a n t i t y ,  These c a s e s  a r e  w e l l  covered  

i n  a su rvey  by ~ y s k i '  and w i l l  n o t  be d i s c u s s e d  h e r e  excep t  as 

s p e c i a l  c a s e s  of a more g e n e r a l  approach,  S t u d i e s  of random 

o p e r a t o r s  on Banaeh spaces  have u s u a l l y  been i n a p p l i c a b l e  t o  

s t o c h a s t i c  d i f f e r e n t i a l  o p e r a t o r s  f o r  r e a s o n s  t o  be d i s c u s s e d ,  

Much of  t h e  r e l a t e d  work i n  a p p l i c a t i o n s  ( p r o p a g a t i o n  and 

s c a t t e r i n g )  has minimized t h e  p r o b a b i l i s k i c  a s p e c t s  u s i n g  mekhods 

whose v a l i d i t y  i s  open t o  q u e s t i o n  and which a r e  g e n e r a l l y  i n -  

c o r r e c t ,  (averaging  methods,  sample f u n c t i o n  approach,  e t c , ) .  

F i n a l l y  much i n t e r e s t i n g  work h a s  been r e s t r i c t e d  t o  s p e c i a l  pro- 

c e s s e s  (wh i t e  n o i s e ,  e t c , )  and i t  would be d e s i r a b l e  t o  c o n s i d e r  

t h e  problem i n  g r e a t e r  g e n e r a l i t y ,  T h i s  pape r  w i l l  be concerned 

p a r t i c u l a r l y  with t h e  l i n e a r  random o p e r a t o r  e q u a t i o n s  

where 



and t h e  a,,(t) and x ( t )  a r e  s t o c h a s t i c  p rocesses .  The x ( t ) ,  o r  

x ( t , ~ ) ,  i s  t o  be t a k e n  a e  s t a t i s t i c a l l y  independent  of t h e  a v ( t ) ,  

o r  a V ( t , W ) ,  ( a l though  t h r  a v ( t )  may be c o r r e l a t e d  w i t h  each  o t h e r ) .  

T h i s ,  t o o  h a s  been s tudic- l  by a  number of workers  i n  t h e  l a s t  f e w  

yea r s ;  we r e f e r  p a r t i c u l a r l y  t o  t h e  work of J o  C. ~ a m u e l s . *  and 

4 J. C.  Samuels and A.  C .  ~ r i n ~ e n ~  ( c f .  a l s o  U. Grenander  ). Some 

importans m a t t e r s  w i l l  n o t  be d i s c u s s e d  h e r e ,  @ , g o ,  t h e  s t a b i l i t y  

of systems d e s c r i b e d  by t h e  s t o c h a s t i c  d i f f e r e n t i a l  e q u a t i o n s ,  and 

w e  w i l l  make no a t t e m p t  t o  d i s c u s s  t h e  numerous p o s s i b l e  a p p l i c a -  

t ions ,  ( s e e  G. s do mi an^ o r  a for thcoming monograph' by A. To 

~harucha-Fte id6  and most r e c e n t l y  t h e  work of Lo s i b a l O 7 )  

K e l l e r  h a s  d i s t i n g u i s h e d  Y W O  methods of s o l v i n g  random 

d i f f e r e n t i a l  e q u a t i o n s  of  t h e  form S y  = x where t h e  o p e r a t o r  1 

i n ~ r o l v e s  a random parameter  q ( t h e  "hones t t t  and " d i s h o n e s t t t  methods) ,  

I n  t h e  f i rs t  method, t h e  s o l u t i o n  y ( r , t , a )  i s  de termined f o r  each  

v a l u e  of t h e  random parameter  a.  Thus t h e  randomness p l a y s  no 

r e a l  r o l e  i n  t h e  p r o c e s s  of f i n d i n g  y e  Then t h e  random n a t u r e  

of t h e  s o l u t i o n  i s  cons ide red  and t h e  e x p e c t a t i o n  

i s  computed as a  w e i g h t i n g  of each s p e c i f i c  s o l u t i o n  w i t h  i t s  

p r o b a b i l i t y .  H i g h e r  o r d e r  s t a t i s t i c s  a r e  s i m i l a r l y  found. 

T h i s  i s  a sample f u n c t i o n  approach and i s  g e n e r a l l y  n o t v a l i d .  



I n  t h e  second method, a d i r e c t  d e t e r m i n a t i o n  i s  made of t h e  

e q u a t i o n s  s a t i s f i e d  by t h e  v a r i o u s  moments of t h e  s o l u t i o n ,  

To do t h i s ,  t h e  e q u a t i o n ,  and a h i e r a r c h y  d e r i v e d  from i t  ( i n  

a  manner t o  be d i s c u s s e d )  a r e  ave raged ,  T h i s  i s  g e n e r a l l y  i n -  

c o r r e c t  a l s o ,  The s o l u t i o n  of t h e  averaged  e q u a t i o n  i s  n o t  

a lways ( o r  even  u s u a l l y )  t h e  ave rage  s o l u t Q o n  o f  t h e  random 

e q u a t i o n ,  Fur thermore ,  a  s o - c a l l e d  " c l o s u r e  approx ima t ionu  i s  

invo lved  which cannot  be j u s t i f i e d  and ,  i n  a c t u a l i t y ,  i s  equiva-  

l e n t  t o  t h e  u s e  of  p e r t u r b a t i o n  t h e o r y  t o  some o r d e r  i n  t h e  f i r s t  

p lace .  The f i r s t  method i s  r i g h t  i n  p r i n c i p l e  b u t  a s k s  t o o  much, 

It i n v o l v e s  o b t a i n i n g  a s o l u t i o n  f i rs t  and t h e n  o b t a i n i n g  t h e  

s t a t i s t i c s .  T h i s  i s  n o t  a lways  p o s s i b l e ;  i n  f a c t ,  it i s  e s s e n t i a l l y  

l i m i t e d  t o  t h e  c a s e  of a f i r s t  o r d e r  e q u a t i o n  ( c o n s i d e r e d  by 

~ i k h c n o v , '   dom mi an, * ~ s t r o m ,  and o t h e r s )  s i n c e  i t  i n v o l v e s  t h e  

i n v e r s i o n  of a  s t o c h a s t i c  m a t r i x ,  and even t h e n  o n l y  when t h e  i t e r a -  

t i v e  method ( o f  Adomian o r  i t s  f o r m u l a t i o n  by ~ c h u l )  a r e  used. 

S ince  on ly  s t a t i s t i c a l  i n f o r m a t i o n  o r  ensemble a v e r a g e s  are t o  

be t h e  end r e s u l t ,  t h e n  e l i m i n a t i o n  of t h e  i n t e r m e d i a t e  s t e p  

which r e q u i r e s  more t h a n  t h i s  should  r e s u l t  i n  a  c l e a n e r  and 

more u s e f u l  method. The u l t i m a t e  g o a l  i n  such problems i s  t h e  

complete  s t a t i s t i c a l  d e s c r i p t i o n  of  t h e  o u t p u t  y  from t h e  

s t a t i s t i c a l  knowledge of $he c o e f f i c i e n t s  and t h e  i n p u t ,  

Of t en ,  however, i t  i s  s u f f i c i e n t  t o  de te rmine  l e s s  complete  

n s t a t i s t i c a l  measuresu* i n  t h e  form of e x p e c t a t i o n ,  c o r r e l a t i o n  

* 
The term w i l l  be r i g o r o u s l y  d e f i n e d  e lsewhere ;  h e r e ,  i t  

w i l l  be "define-dn by example and w i l l  s imply  s t a n d  f o r  t h e  use- 
f u l  q u a n t i t i e s  which can be c a l c u l a t e d  f o r  t h e  random p r o c e s s  y, 



f u n c t i o n ,  o r  s p e c t r a l  d e n s i t y ,  O f  c o u r s e ,  by t h e  use  of .var ious  

approximat ions  based on a s sumpt ions  of slow v t i r i a t i o n  of  para-  

m e t e r s ,  s m a l l  f l u c t u a t i o n s ,  and r e s t r i c t e d  c l a s s e s  of p r o c e s s e s  

( w h i t e  n o i s e ) ,  e t c . ,  s o l u t i o n s  can  be found t o  r. w i d e r  c l a s s  of 

d i f f e r e n t i a l  e q u a t i o n s  t h a n  t h e  f i r s t  o r d e r  e q u a t i o n  s o  t h e  

s t a t i s t i c a l  p r o p e r t i e s  can  be de termined ( ~ s t n u e l s , ~  Chelpanov, 10 

~ e l l e r , ~ . .  ) ; however, we wish t o  e l i m i n a t e  t h e s e  r e s t r i c t i o n s .  

To summarize, t h e n ,  t h e  f i r s t  method r e q u i r e s  t h e  i t e r a t i v e  

approach;  a s  used ,  i t  i s  o f t e n  invo lved ,  The second method 

i n v o l v e s  unsuppor t ab le  assumpt ions  of s e p a r a b i l i t y  and works 

on ly  i n  h i g h l y  r e s t r i c t e d  ( ~ i r a c  measure)  s p a c e s  o r  w i t h i n  a  

p e r t u r b a t i o n  t h e o r y  framework, Our o b j e c t i v e  i s  a method f o r  

de te rmin ing  d e s i r e d  s t a t i s t i c a l  measure& of  t h e  dependent  v a r i a b l e  

d i r e c t l y  w i t h o u t  a v e r a g i n g  and unjust i f  i a b l e  assumpt ions ,  There  

a r e  two p o s s i b l e  ways of do ing  t h i s .  The f i r s t  i s  a  m o d i f i c a t i o n  

of Samuelsl method which a v o i d s  t h e  d i f f i c u l t y  i n  s e p a r a b i l i t y .  

The second,  a  s t o c h a s t i c  expans ion  method sugges ted  by Adomian, 1 1  

a p p e a r s  promis ing  and some i n t e r e s t i n g  r e s u l t s  have been ob ta ined .  

The q u e s t i o n  asked  i s  whether  one can f i n d  a  s t o c h a s t i c  G r e e n ' s  

f u n c t i o n  f o r  t h e  d e s i r e d  s t a t i s t i c a l  measure of t h e  dependent  

v a r i a b l e  ana logous  t o  f i n d i n g  a  G r e e n ' s  f u n c t i o n  f o r  a n  o r d i n a r y  

equa t ion .  

Most e q u a t i o n s  of mathemat ica l  p h y s i c s  and e n g i n e e r i n g  s c i e n c e  

a r e  assumed t o  be i n  t h e  form 



where L i s  a  d e t e r m i n i s t i c  l i n e a r  o p e r a t o r .  (L may be a 

d i f f e r e n t i a l  o p e r a t o r  of n ~  o r d e r ,  o r  a  Hamil tonian  o p e r a t o r ,  

d d o r  t h e  ( s e l f - a d j o i n t )  S turm-Liouvi l le  o p e r a t o r  - =[p(x) =]-q(x) ,. 
It i s  u s u a l l y  assumed t h a t  t o  L co r responds  an i n t e g r a l  k e r n a l  o r  

Green ' s  f i lnc t ion  k ( ~ , x t )  such t h a t  

i s  t h e  s o l u t i o n .  

The analogous  e q u a t i o n s  f o r  a s t o c h a s t i c  o p e r a t o r  can be 

w r i t t e n  

~f (x)  = s ( x )  

Both forms s imply  show a  f u n c t i o n  b e i n g  t ransformed i n t o  

a new f u n c t i o n  by a n  o p e r a t o r  bu t  i t  i s  convenient  f o r  b o t h  

mathematical  and phye ioa l  r e a s o n s  t o  c o n s i d e r  t h e  two e q u a t i o n s  

s e p a r a t e l y ,  Equa t ion  1 (a)  i n v o l v e s  a d i f f e r e n t i a l  opepa to r  8s 

. - - - - - .  -. .*  < _ * "  . * -. -- 
- 

~ e n e r a l i s a t i o n  t o  random f i e l d s  and p a r e i a l  d i f f e r e n f  i a l  
a g e r a t e r s  fo l l ews  b u t  wit1 no t  be d isousued # p e c i f i c a l X v  he re .  
See r e f e r a n c e  5 a l s o ,  . . .  , . I * 



and  a f u n c t i o n  s ( x )  which  may be a n  o r d i n a r y  f u n c t i o n  and 

s p e c i f i c a l l y  g i v e n ,  o r  a  random f u n c t i o n  whose s t a t i s t i c s  

are known, Then t h e  a o l u t i o n  f ( x )  i s  a  random f u n c t i o n  ( s t o c h a e -  

t i c  p r o c e s s )  whose s t a t i s t i c s  must be  f o u n d ,  I n  t h e  second  fo rm 

l ( b ) ,  s ( x )  i s  a g a i n  g i v e n ,  e i t h e r  a5 a n  o r d i n a r y  f u n c t i o n  i f  

d e t e r m i n i s t i c ,  o r  t h r o u g h  i t s  s t a t i e t i o s  i f  random, # i s  a 

g i v e n  r andox  t r a n s f o r m a t i o n  which t r a n s f o r m s  s ( x )  i n t o  a n o t h e r  

random f u n c t i o n  f ( x ) ,  8 i s  a known o p e r a t o r ,  a  measurement ,  o r  

a p r o c e s s i n g  of  t h e  s i g n a l  s ( x )  ( b y  a  known f f b l a c k  boxff  W ) ,  

ki i s  s t o c h a s t i c  by v i r t u e  o f  paramteters ,  one o r  more of  which 

are random, b u t  whose s t a t i s t i c s  are known t o  t h e  n e c e s s a r y  d e g r e e ,  

W e  c a n  c o n s i d e r  1 t o  be a H s t o c h a s t i c  f i l t e r t f  and  t h e  r e s u l t i n g  

t h e o r y  a g e n e r a l i z a t i o n  o f  o r d i n a r y  f i l t e r *  t h e o r y ,  

A b i l i t y  t o  t r e a t  t h e s e  two p o s s i b i l i t i e s  would g i v e  u s  a 

*wo-pronged a t t a c k  on most  p h y s i c a l  probL3:ms, i n  which we would 

e i t h e r  d e t e r m i n e  t h e  c h a r a c t e r i s t i c s  o f  t h e  s o l u t i o n  t o  a 

( s t o c h a s t i c )  d i f f e r e n t i a l  e q u a t i o t l ,  o r  the  ( s t a t i s t i c a l )  c h a r a c t e r -  

i s t i c s  o f  t h e  random f u n c t i o n  r e s u l t i n g  f r o m  a s t o c h a s t i c  t r a n s -  

f o r m a t i o n ,  S i n c e  t h e  r e s u l t  i n  e i t h e r  c a s e  is a s t o c h a s t i c  

p r o c e s s ,  o u r  knowledge of  t h e  p r o c e s s  w i l l  be s p e c i f i e d  i n  t h e  

fo rm of e x p e c t a t i o n s ,  s p e c t r s l  d e n s i t i e s ,  h i g h e r  moments, o r  a t  

mos t ,  i n  a d i s t r i b u t i o n  f u n c t i o n ,  We w i l l  lump t h e s e  t e r m s  t o -  

g e t h e r  u n d e r  the t e r m  n s t a + ; i s t i c a l  measu re sn  f o r  t h e  p r o c e s s  

(and  use i t  r a t h e r  t h a n  t h e  u n s a t i s f a c t o r y  t e r m  f f s t a t i s t i c s H  



used above).* Thus, ou r  o b j e c t i v e  w i l l  be t o  s p e c i f y  d e s i r e d  

s t a t d a t i c a l  measures f o r  an  o u t p u t  p r o c e s s  i n  terme of t h e  known 

s t a t i s t i c a l  measures of t h e  i n p u t  p r o c e s s  and an  i n t e g r a l  k e r n e l  

depending upon t h e  o p e r a t o r  which we t hen  c a l l  a " s t o c h a s t i o  

G r e e n l s  f u n c t i o n .  e l  1 

* 
S t a t i u % i c a l  measures ,  a t a t i s t i c a l  o p e r a t o r s ,  s t o c h a s t i c  

' ,opera tors  and t h e  r e l a t i o n s h i p  o f  s t o c h a s t i c  mappings on Car t eeean  
p roduc t  s p a c e s  and t h e  random o p e r a t o r s  o f  space  are d i s c u s e e d  i n  
a for thcoming book, 



I, a e r a t o r  Formulat ionn 

Suppose a  l i n e a r  s t o c h a s k i c  o p e r a t o r  W o r  1 f o r  
& B e  0 * 

b r e v i t y ,  a c t s  upon a random f u n c t i o n  { x ( g p w )  , W C C ] ,  whicb we 

u s u a l l y  w r i t e  s imply a s  x(g )  and asrjume t o  he s t a t i s t i c a l l y  

,known. Assume # i s  s t a t i s t i c a l l y  independent  of x, P h y s i c a l l y , -  

# may r e p r e s e n t  a  f i l t e r ,  a e c a t t e r i n g  medium, a c o m m ~ n i c a t i o n  

channe l ,  or* a  measurement, a ( < ) ,  ~ ( g ) ,  . . ., represent sys tem 

pa ramete r s ,  o r  pa ramete r s  of t h e  opera.;:? H, a t  l e a s t  one of 

whicb we suppose t o  be random, # is t h e n  de termined by t h e  d f s -  

t r i b u t i o n s  of i t s  pa ramete r s  and r e p r e s e n t s  a n  ensemble of opera-  

t o r s  H c o l l e c t i v e l y  r e p r e s e n t e a  by [HI o r  8 W r i t i n g  t h e  

s t o c h a s t i c  e q u a t i o n  

we s e e  t h i s  r e p r e s e n t s  a n  ensemble of  e q u a t i o n s  depending upon 

t h e  parameter  a which rangee over  a n  appropx3.at.e space  A ,  i n  

t h i s  c a s e  one i n  which a p r o b a b i l i 8 t y  d e n e i t y  p(a.) i s  de f ined .  

p(@) de te rmines  t h e  p r o b a b i l i t y  of  a g i v e n  v a l u e  f o r  a and 

t h e r e f o r e  of t h e  co r re spond ing  e q u a t i o n  of t h e  ensemble. We 

view # as mapping t h e  random f u n c t i o n  x i n t o  t h e  random f u n c t i o n  

y o  Concep tua l ly ,  each  H of [H] h a s  a n  a s s o c i a t e d  G r e e n ' s  

f u n c t i o n  h (5 ,q )  which representca t h e  r e sponse  a t  5 of t h e  
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r e p r e s e n t a t i v e  sys tem H t o  a  u n i t  impulse 6 ( ~ - q ) , *  Then t h e  

response of t h e  H system Lo a n  i n p u t  x i s  y ( s )  where 

i f  x i s  a d e f i n e d  con t inuous  member of t h e  x p r o c e s s  ( i . e , ,  a 

r e a l i z a t i o n ) ,  and H i s  a  c a u s a l  ( p h y s i c a l l y  r e a ~ i z a b l e )  system. 

F o r  example, i f  5 and q a r e  t h e  t ime c o o r d i n a t e s  t and 7 ,  

h ( t , ~ )  = 0 f o r  t c T ,  

We d e f i n e  now t h e  a u t o c o r r e l a t i o n  of t h e  t r ans fo rmed  p r o c e s s  

y = #[XI by: 

when t h e  n o t s t i o n  i n d i c a t e s  an  a v e r a g i n g  ove r  b o t h  ensembles  i n -  

volved. Q u i t e  g e n e r a l l y  t h e  e x p e c t a t i o n  v a l u e  symbols c a n  be 

moved i n s i d e  t h e  i n t e g r a l .  ( F u b i n i l s  ~ h e o r e m ) . ~ e n c e  R 
Y 

3C 
O f  course  one need neve r  t a l k  of d e l t a  f u n c t i o n s .  W e  can  

e q u a l l y  w e l l  u se  S t i e l t j e s  i n t e g r a t i o n s  o r  d i s t r i b u t i o n s  i n  t h e  
sense  of Schwartz . .  The l a t t e r  approach i s  p a r t i c u l a r l y  i n t e r e s t i n g  
and l e a d s  t o  s t o c h a s t i c  g e n e r a l i z e d  f u n c t i o n s  o r  d i s t r i b u t i o n s  
r e l a t e d  t o  t h e  work of Gel fand ,  Urbanik and U l l r i c h ,  
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is now 

* 
Recognizing (x(ql)x(q2)) as the autocorrelation function 

~ ~ ( q ,  ,q2) of the original process, the integrand can be separated 

into the product of ensemble averages for the system and the input 

by virtue of the statistical independence of # and s. Thus, 

or as a convenient general form: 

i.e., the autocorrelation of the transf ovrned process # [x] is 

given in the terms of the autocorrelation of the original process 

x(4) and a kernel function-in this case, G g 9  (which is itself an 

autocorrelation-depending on the stochastic system a). T . l i s  

kernel function is called the ustochastic Green's function," 

In general x might be a function of time, position, or frequency 

and the Green's functions are appropriate to the operator, We 

. -will discuss the representative case where x = x(t) and 34 is a 



randomly time-varying operator which may represent a medium of 

transmission, or of scattering, or an observation, experiment, 

or measurement , 

The limits of integration may be finite in a particular 

problem and depend on the range of def%nition of the processes 

involved and on the existence of causalty and memory, 

We do not expect, of course, to find Greenes functions for 

ea-ch and every realization although this may be possible in the 

analysis of assumed mathematical models where we may generslize 

a Green's function for a deterministic problem to a stochastic 

Green's function for the corresponding stochastic problem.* 

Rather, we hope to calculate the stochastic Greenss function 

from statistical knowledge which would ordinarily be available. 

We emphasize we do not make a sample function approach, This is 

a formal relation which occurs generally and which suggests an 

approach directly through the stochastic Green's function. If 

instead of simple functions we consider a matrix or state space 

formulation, the equation y = 8x relates the sop. y to the s,p. 

x and the h(!,y) becomes a random Greenss function. Taking the 

correlation of the s.p, y be immediately obtain the same rela- 

tionship between correlation function of uoutputu and "inputtf 

and the identification of the stochastic Greenes function for 

*See Ch, 4 of dissertation referenced in (5), 



that particular stwtistical measure of input and output 

prcesses. Details will be discussed in the section on tbe 

iteraeive procedure. 

Let us now examine some forms of (21, Suppose x(t) is a 

stationary stochastic process. 'Then 

Suppose the transformation by 61 preserves stationarity in the 

transformed process. (1n general, it does not but %t can under 

special condftions; we defer these questions for now, Precise 

conditions have been derived and will be published in a 

dissertation by the authosPs student, W. W. Walker, Js.). Then 

Consequently, 

%,(B) = J4(i390)~~(0)d0 

where 

g,(B,o) = /d7(h(t,7)h(t+B97+0)) (4)  

is the stochastic Greenss function for the autocorrelation for the 



stationary case, By appropriate transformation, the spgctral 

density can be found, 

where* 

Expression (4) must be safisfied for stationnsEty to hold, 

fee,, the kernel must not depend on time, 80 the ensemble avosags 

must be time independent, which requires that the parameters of 

3 muet at least be stationary. If W is ergodic as well, each member 
. . 

of the ensemble gives the same time average as every other member 

so it may be possible to f%nd a single Green's function, and 

from it9 the stochastic Green's function by auitable averaging. 

Thus 

Since the a,@,.. enter into the hts, we have more explicitly 

*An example kn this form appears in a d e t a i l e d  consideration 
of Bhe random sampling of  a random process in the author's 
dissertaeion, ( 5 ) .  P 
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l i m  1 T o o "  * 
T* ,, [ d u ~ d a ~ d ~ . . . p ( u ) p ( 8 ) . .  . h ( a , 8 ,  .. . t + u , ~ ) ~ h ( 0 , 8 ,  ... t + P + u , ~ w ) .  - 

11. P e r t u r b a t i o n  Theory Approachr* 

L e t  u s  suppose f i r s t  t h a t  t h e  random v a r i a t i o n s  a r e  s u f f i c -  

i e n t l y  s m a l l  s o  c o r r e c t i o n s  t o  t h e  d e t e r m i n i s t i c  s o l u t i o n  a r e  of 

low o r d e r ,  Then p e r t u r b a t i o n  t h e o r y  i s  u s e f u l .  Consider  a  l i n e a r  

o p e r a t o r  J: depending upon a parameter  a which ranges  over  a measure 

space  o r  s e t  A. Suppose p ( a )  i s  a  p r o b a b i l i t y  d e n s i t y  d e f i n e d  over  

A ( o r  a p p r o p r i a t e  s u b s e t s  of A ) .  Then i s  a  s t o c h a s t i c  o p e r a t o r  

and we can c o n s i d e r  t h e  s t o c h a s t i c  e q u a t i o n ,  

where ( a t  f i r s t )  g  i s  a  g i v e n  non-random element  of  t h e  l i n e a r  space ,  

Assuming a unique  s o l u t i o n  u ( a )  f o r  each a ,  t h e  s o l u t i o n  depends 

upon a. Thus u ( a )  i s  a random s o l u t i o n  and p(a) de te rmines  t h e  

p r o b a b i l i t y  d e n s i t y  of  u ( a ) ,  Tl,e s t a t i s t i c a l  measure of u  which i s  

of i n t e r e s t  t o  u s  i s  s p e c i f i e d  t o  be t h e  e x p e c t a t i o n  ( u )  

Assume J: = g ( a , € )  depends upon a s m a l l  parameter  c , and 
a 

t h a t  f o r  c = O ,  S, r educes  t o  a d e t e r m i n i s t i c  o p e r a t o r  L. Expanding 

*See r e f e r e n c e  7. 
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$ i n  powers of c , we may w r i t e  
Q, 

2 3 c = L+tE1 ( a )+€  e 2 ( a ) + 0 ( c  ) 

and 

Thus ,i! i s  g i v e n  by t h e  sum of t h e  o p e r a t o r  L which is deter-  

m i n i s t i c ,  and El  and L2 which a r e  random and r e p r e s e n t  s t o c h a s t i c  

p e r t u r b a t i o n s  of t h e  d e t e r m i n i s t i c  o p e r a t o r  L .  Suppose 

( e l )  = (g2)  = 0 f o r  s i m p l i c i t y .  If c = 0, t h e  s o l u t i o n  of t h e  

- 1  r e s u l t i n g  d e t e r m i n i s t r i c  e q u a t i o n  Lu = g  i s  uo = L g  assuming 

L-' ie def ined .  Now 

If we ave rage  now t o  g e t -  ( u ) ,  we have q u a n t i t i e s  l i k e  (.Xlu) 

o r  (SU) which o r d i n a r i l y  would n o t  s e p a r a t e  f u r t h e r  s i n c e  t h e y  

i n v o l v e  t h e  o p e r a t o r  and t h e  dependent  v a r i a b l e  o r  s o l u t i o n  p rocess .  

However t h e y  do now because w e  have assumed p e r t u r b a t i o n  t h e o r y  

t o  be app lkcab le .  Thus by i t e r a t i o n  o r  Successive s u b s t i t u t i o n  

2  u  = uo+€ul+b u2+. . becomes 



Tak ing  t h e  e x p e c t a t i o n  now, '  

E q u i v a l e n t l y ,  s i n c e  uo  = ( u )  +0(c2)  

which i s  g i v e n  by K e l l e r  ( r e f e r e n c e  7 )  (and a l s o  found by Adomian 

( r e f e r e n c e  17) ) . 
We n o t e  i t  i s  n o t  n e c e s s a r y  t h a t  g be d e t e r m i n i s t i c .  If  g  

i s  s t o c h a s t i c ,  L - ' ~  i s  s t o c h a s t i c ,  and i n  t a k i n g  t h e  e x p e c t a t i o n  

we g e t  L - ' ( ~ ) .  W e  f i n d  t h a t  a v e r a g e s  i n v o l v i n g  S1 o r  e2 and g 

s e p a r a t e  by on ly  t h e  s t a t i s t i c a l  independence o f  C and g. Thus 

we need make no f u r t h e r  a s sumpt ions  of a n  a r t i f i c i a l  n a t u r e  i n  a n  

a t t e m p t  t o  s e p a r a t e  (Lu) i n t o  ($,)(u), I n  g e n e r a l  S  canno t  be 

assumed t o  be s t a t i s t i c a l l y  independent  of u  b u t  u9 = L-lg i s  

d e t e r m i n i s t i c  i n  t h e  f i r s t  c a s e  s o  i t  s e p a r a t e s  out .  And i n  t h e  

second c a s e  LFlg i s  s t o c h a s t i c  b u t  t h e  s t a t i s t i c a l  independence 

of L and g  i s  s u f f i c i e n t  f o r  t h e  s e p a r a t i o n s .  To s e e  t h i s  we 

proceed as f o l l o w s :  
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- 1 Let uo = L go. Then 

Thus the  c o e f f i c i e n t  o f  the  F term i s  ul  ; the  c o e f f i c i e n t  of  the  

c 2  term i s  u2. 

Combining the  second and the  four th  terms 



2  - 3  
( u )  = L-l(g)-€ L ( S 1 ~ - l S 1 ) L m l ( g )  

if = (S2)  = O ,  t h i s  can  bc s i m p l i f i e d  f u r t h e r ,  t h u s  

2  -1 
(u )  = ~ - ~ ( g ) [ l - e  L  ( L ~ L - ~ S ~ ) ]  

Without  t h e  assumpt ion  of s t a t i s t i c a l  independence of S and g ,  

a d d i t i o n a l  te rms a p p e a r  a s  Chen p o i n t s  out18 which d i s a p p e a r  on ly  

i f  e i t h e r  E l  and S2 o r  g l  and g2 a r e  z e r o ,  which i s  p h y s i c a l l y  

r easonab le .  However, i n  t h e  c a s e  of s t a t i s t i c a l  independence ,  

2  -1 i t  i s  n o t  t r u e  t h a t  t h e r e  i s  a c o u p l i n g  t e rm c L ( S ~ ) L - ' ( ~ ~ ) .  

T h i s  t e rm and t h e ' $ u o  p a r t  of  ul=L-' ( g l - S l ~ , )  combine t o  g i v e  

2 1  l ( S 1 ) ~ l ( g )  j u s t  as u 0 + c L - " ( g l ) + ~  L- (g2)  becomes L-l (g). 

The use  o? t h e  p e r t u r b a t i o n  *heory f o l l o w s  from t h e  r e q u i r e -  

ment t h a t  t h e  random p a r t  of $ be s m a l l ,  which i n  t u r n  a r i s e s  

from t h e  need t o  make o n l y  uo be invo lved  i n  t h e  (Su)  s o  it 

w i l l  s e p a r a t e .  Thus we have seen  t h a t  t h e  d e s i r e d  " s t a t i s t i c a l  

measurew of u ,  i n  t h i s  c a s e ,  t h e  mean o r  e x p e c t a t i o n  v a l u e ,  i s  

g i v e n  i n  t e rms  of t h e  same s t a t i s t i c a l  measure of g (when g i s  

random) and a  f u n c t i o n a l  i n v o l v i n g  on ly  c e r t a i n  a v e r a g e s  ove r  L. 17 



g r e e n l s  Func t ion  ~ e t h o d : ~  L e t  u  = u ( x )  be o n-component v e c t o r  

f u n c t i o n  of a  v e c t o r  v a r i a b l e  x ,  Then L, L1,$Z,bb.  a r e  r e p r e s e n t e d  

by n~  o r d e r  m a t r i c e s ,  each element  o f  which i s  an  o p e r a t o r  ( d i f -  

f e r e n t i a l  o r  i n t e g r a l  o p e r a t o r ) .  The i n v e r s e  o p e r a t o r  L-' is 

a l s o  a n& o r d e r  m a t r i x  which we s h a l l  r e p r e s e n t  a s  a n  i n t e g r a l  

o p e r a l o r ,  The k e r n e l  G ( x , x t )  i s  t h e  G r e e n ' s  m a t r i x  d e f i n e d  by 

L G ( X , X ~ )  = IG(X-XI)  

where I i s  t h e  u n i t  m a t r i x  and 6 i s  the  D i r a c  6 ,  Now i n  g e n e r a l  

L- ' f (x)  = S ~ ( x , x l ) f  (xq)dxt  

We had $u(x )  = g ( x )  s o  L = ~ ( x ) .  Now t h e  e q u a t i o n  f o r  (u)  

d e r i v e d  e a r l i e r  i s  w r i t t e n  

Suppose we now do no t  immediately assume t h e  random pact is 

small--and s imply  assume we can s e p a r a t e  t h e  o p e r a t o r  i n t o  t h e  

sum of two o p e r a t o r s  L + R where L i s  d e t e r m i n i s t i c  and R i s  

random. Then 
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where vo a ~ e u m e  L-' i s  de f ined .  Now w e  proceed a s  be fore  but 

aesume for s i m p l i c i t y  t h a t  gl  = g2 = 0 and ( x p )  = 0,  i . e . ,  we 
2 aaeume ttsmall randomnessw by l e t t i n g  u I uO+tul+e u2. Then we 

get 

t h e  peraurbation theory  r e s u l t .  However suppose we s imply c a l l  - 1 L g =  uo and l e t  u = uO-u1+u2.. . .  i . e . ,  we s a y  nothing about 

emallness  of R. Now 



we s e e  t h a t  i f  R i s  s m a l l  t h i s  i s  t h o  aame a s  p e r t u r b a t i o n  

theory .  However i f  i t  i s n ' t ,  and t h e  convergence can  be es- 

t a b l i s h e d  f o r  c a s e s  of i n t e r e s t ,  t h e  r e s u l t s  may be of i n t e r e s t .  

Consequent ly we w i l l  examine t h i s  i s  much more d e t a i l  p r e s e n t l y .  

111. Hfera rchy  Equa t ions  

T h i s  approach which h a s  r e c e i v e d  c o n s i d e r a b l e  u s e  i n  

t h e o e t i c a l  phys ics*  i n v o l v e s  o b t a i n i n g  a  h i e r a r c h y  o f  e q u a t i o n s  

and t h e  use  of some t r u n c a t i o n  procedure  ( c l o s u r e  approximat ion)  

t o  t e r m i n a t e  t h e  h i e r a r c h y .  Thus,  g i v e n  a s c a l a r  f u n c t i o n  u ( x )  

s a t i s f y i n g  t h e  s t o c h a s t i c  equaeion  

where t h e  s t o c h a s t i c  o p e r a t o r  E = Lx+n(x),  where we assume t h a t  

L i s  a  d e t e r m i n i s t i c  o p e r a t o r ,  and g ( x )  i s  a d e t e r m i n i s t i c  
X 

f u n c t i o n ,  bu t  n ( x )  i s  random ( s o ,  o f  c o u r s e ,  u ( x )  is  random). 

If  (1 )  i s  averaged i n  a n  a t t e m p t  t o  f i n d  ( u ( x ) )  , we f i n d  t h a t  

~ ~ ( u ( x ) ) + ( n ( x ) u ( r ) )  = g j x ) .  But i n  t h e  seccnd t e rm an t h e  l e f t  

s i d e ,  n(x)  and u ( x ) a r e  n o t  s t a t i s t i c a l l y  independent  and c a m o t  

36 
Tamm-Dancoff method (I. Tamm, R e l a t i v i s t i c  I n t e r a c t i o n  of  

Elementary  P a r t i c l e s ,  J. Phys. (USSR), 9, 449, 1945; Green ' s  func-  
t i o n  method of X a r t i n  and Schwinger (P. C. Mar t in  and J. Schwinger,  
Theory of Many P a r t i c l e  Systems I, Phys. R e v .  (2), 115, 1342-1373, 
1959; BBGKY H i e r a r c h y  (N.N,  Bogoliubov, Problems of  a Dynamical 
Theory i n  S t a t i s t i c a l  P h y s i c s ,  - S t u d i e s  i n  S t a t i s t i c a l  Mechanics,  
d e  Boer and G. E. Uhl-enbeck, eds. ,  p, 5-116, North Hol l and ,  
Amsterdam, 1962)- 



be s e p a r a t e d  f o r  t h e  de term2nat ion  of ( u ( x ) ) ,  I f ,  t o  de termine  

( n ( x ) u ( x ) )  we m u l t i p l y  ( 7 )  by n ( x )  and average  a g a i n ,  we g e t  t h e  

term ( n ( x ) ~ ~ u ( x ) ) ,  bu t  Lx does no t  commute i n  g e n e r a l  w i t h  n ( x ) .  

However, n (x1)  can commute w i t h  Lx, t h e r e f o r e  we m u l t i p l y  by 

n ( x l )  and average  t o  g e t  

If w e  could  s o l v e  t h i s  f o r  t h e  f i r s t  term, e v a l u a t e  t h e  r e s u l t  

as i t  approaches x l = x  and s u b s t i t u t e  back: we g e t  ( ~ ( x ) ) .  Aside 

from t h e  g e n e r a l l y  ignored q u e s t i o n  of  t h e  v a l i d i t y  of l e t t i n g  

x,=x, w e  f i n d  we need now t h e  new moment ( n ( x l ) n ( x ) u ( x ) )  s o  i t  

i s  necessa ry  t o  r e p e a t  t h e  procedure m u l t i p l y i n g  by n (xp) .  We. 

a r e  l e d  t o  a n  i n f i n i t e  s e t  of e q u a t i o n s  c a l l e d  t h e  h i e r a r c h y  

e q u a t i o n s  f o r  t h e  h i e r a r c h y  of moments. I f  we want 3 l s o  h i g h e r  

moments of u ( x ) ,  w e  proceed i n  t h e  same manner m u l t i p l y i n g  by 

u ( x I ) ,  e t c .  Thus,  t h e  s o l u t i o n  i n v o l v e s  averag ing  f i r s t  which. 

w i l l  l a t e r  be shown t o  be wrong and a n  a r b i t r a r y  t r u n c a t i o n  

procedure which h a s  been j u s t i f i e d  only  by i t s  a r b i t r a r y  assumption. 

I f  a t  any  l e v e l  i n  t h e  h i e r a r c h y  t h e  " c l o s u r e  approximationt1 

can be made, t h a n  t h e  h i e r a r c h y  can be t e rmina ted .  Thus, i f  

( n ( x , ) n ( x ) u ( x ) )  = ( n ( x l ) n ( x ) ) ( u ( x ) )  i n  (a) ,  we can s o l v e  f o r  

( n ( x l ) u ( x ) ) ,  e v a l u a t e  a t  x1 = x  and s u b s t i t u t e  i n t o  ( 7 )  t o  

l l so lve"  f o r  ( u ( x ) ) ,  assuming Lx i s  a  known o p e r a t o r  and t h e  

i n % t i a l  c o n d i t i o n s  a r e  s p e c i f i e d ,  One o t h e r  p o s s i b i l i t y  e x i s t s  
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bu t  appea r s  t o  be of l i t t l e  p h y s i c a l  i n t e r e s t ,  If % h e r e  e x i s t s  

a very sma l l  c o r r e l a t i o n  l e n g t h  f o r  n ( x )  compared t o  u ,  i . e . ,  i f  

n i s  v a r y i n g  v e r y  r a p i d l y  compared t o  u ,  t h e  t r u n c a t i o n  may be 

j u s t i f i e d .  Howeve)?, s i n c e  a  i n  a  s e n s e  i s  t h e  s o l u t i o n  t o  be 

found,  a p r i o r i  assumpt ions  on I ts b e h a v i o r  a r e  u n d e s i r a b l e .  

The same procedure  h a s  been used t o  g e t  a  c o r r e l a t i o n  f u n c t i o n  

f o r  u s  o r  i t s  h i g h e r  moments, The g e n e r a l  c a s e  g i v e s  t h e  i n f i n i t e  

s e t  of equat ions19 '20  ( l i i e r a r c h y  e q u a t i o n s )  

The source  t e rm g ( x )  i s  assumed s t a t i s t i c a l l y  independent  of t h e  

parameter  n ( x ) .  We s e e  t h a t  a n  i n f i n i t e  s e t  of e q u a t i o n s  a r e  

needed t o  find a l l  t h e  moments, i,e., any  moment i n v o l v e s  a l l  

t h e  moments of h i g h e r  o r d e r  and a c l o s u r e  procedure  i s  n e c e s s a r y  

t o  g e t  a c u t o f f .  Thus,  i n  t h e  kth member of t h e  h i e r a r c h y ,  we set 

Connect ion t o  P e r t u r b a t i o n  Theory: 

S e t  X2 = 0 f o r  s i m p l i c i t y  and a l s o  assume ( e l )  = 0. Take 

g as  non-random. We have 



The e x p e c t a t i o n  (d ropp ing  0 ( c 3 )  ) i s  

But ( g l u )  i s  unknown and i t  cannot  be s e p a r a t e d  w i t h o u t  p e r t u r b a t i o n  

t h e o r y ,  To s e e  i f  p e r t u r b a t i o n  t h e o r y  can  be avo ided ,  we w r i t e  

b e f o r e  a v e r a g i n g  a g a i n  

M u l t i p l y  by L-' 

Nor m u l t i p l y  by E l  and ave rage  t o  g e t  a n  e x p r e s s i o n  f o r  (.glu). 

Thus,  

- 1 
( r , u ) + c ( e , ~ - ' e , u )  = ( E ~ ) L  g = o 

To avo id  go5bg on f o r e v e r ,  we assume b l i n d l y *  t h a t  

-- 

* 
Closure  approximat ion  o r  s o - c a l l e d  " l o c a l  independence." 



Now, 

S u b s t i t u t i n g  (10) i n  ( . 9 ) ,  

which i s  t h e  same answer a s  d e r i v e d  by p e r t u r b a t i o n  t h e o r y .  The 

s i g n i f i c a n c e  w i l l  be obvious s h o r t l y ,  We cou ld  go  f u r t h e r  i n  t h e  

hFerarchy of c o u r s e  b e f o r e  invok ing  " c l o s u r e .  " We can  r e t u r n  t o  

t h e  e x p r e s s i o n  f o r  u ,  m u l t i p l y  by L , L - ~ E ~  and ave rage  t o  g e t  

and s e p a r a t e  t h e  second t e r m  by assumpt ion  a g a i n  i n t o  

~ s l ~ - ' e l ~ - ' o l ~  ( u ) .  

Now l e t  g be s t o c h a s t i c  

I n  t h e  p e r t u r b a t i o n  approach ,  we had 



- 1  2 u = u,-cL $,uo+O(r  ). 

If we use  t h i s  and m u l t i p l y  by E l  we have 

2 e , ~  = e , y o - t e , ~ - ' e , u o + o ( c  ) 

There f  o r e ,  

which i s  t h e  same a s  t h e  p r e v i o u s  r e s u l t  i f  S2 = 0 and ( e l )  = 0 '  

Thus a s  K e l l e r  h a s  p o i n t e d  o u t ,  when t h e  randomness i s  s m a l l ,  

i,e,, when t h e  p e r t u r b a t i . n  t h e o r y  approach  i s  u s e f u l ,  t h e  a v e r a g e  

( s , L - ~ ~ , u )  can  be r r t t t e n  ( $ l ~ - l ~ l ) ( u ) ,  and i t  i s  n o t  n e c e s s a r y  

t o  assume i t ,  It works f o r  p e r t u r b a t i o n  t h e o r y  b u t  t h e n  i t  

i s n ' t  needed, If S i s  a d i f f e r e n t i a l  o p e r a t o r ,  i t  i s  obv ious ly  

wrong t o  assume s t a t i s t i c a l  independence of $ and i t s  operand u  

a l t h o u g h  i t  i s  re 'asonable t o  assume s t a t i s t i c a l  independence of 

S  and g .  

The h i e r a r c h y  method h a s  been w i d e l y  used i n  s t a t i s t i c a l  f i e l d  

p h y s i c s ,  bo th  f o r  t h e  l i n e a r  and n o n l i n e a r  case .  I n  t h e  quantum 



mechanical  many body problem o r  i n  t h e  t h e o r y  of t u r b u l e n c e ,  20 

non- l inea r  s t o c h a s t i c  e q u a t t o n s  a r i s e .  The dynamical  e q u a t i o n s  

l e a d  t o  an  i n f i n i t e  h i e s a z c h y  of coupled e q u a t i o n s  i n  which 

g i v e n  ensemble a v e r a g e s  a r e  r e l a t e d  t o  s u c c e s s i v e l y  h i g h e r  o r d e r  

terms.  T h i s  d i f f i c u l t y  o c c u r s ,  a s  we have s e e n ,  i n  t h e  ? . inear  

c a s e  as w e l l .  The c l o s u r e  approximat ion  ( a  t r u n c a t i o n  and c l o s u r e  

of t h e  h i e r a r c h y )  i s  always assumed t o  f i n d  a n  approximat ion  f o r  

t h e  d e s i r e d  s t a t i s t i c a l  q u a n t i t i e s  bu t  t h e  v a l i d i t y  o r  e r r o r  

invo lved  h a s  n o t  been a d e q u a t e l y  d i s c u s s e d .  It i s  i n t e r e s t i n g  

t o  n o t e  t h a t  i f  we c o n s i d e r  

ave rage  t o  g e t  

d i f f i c u l t i e s  a r i s e  even i n  t r u n c a t i n g  a t  t h e  nex t  level, Thus,  

i f  we w r i t e  (assuming t h e  s e p a r a t i o n )  

i t  h a s  been assumed L  ( o r  Lt)  commutes w i t h  a ( t l )  which i s  t h e  

season  f o r  n o t  m u l t i p l y i n g  by a ( t ) ) .  However, i f  we t h e n  e v a l u a t e  



a t  t l = t ,  a commutalor rill have been  n e g l e c t e d .  ( ~ u r t h e r m o r e  

t h e  s e p a r a t i d n  i s  n o t  v a l i d  when t l= t ) .  L e t  u s  f i r s t  s o l v e  t h e  

above f o r  ( a ( t l ) u ( t ) )  by m u l t i p l y i n g  by L - I  i . e . ,  

Now 

S u b s t i t u t i n g  (12) i n t o  ( I I ) ,  t h e  e q u a t i o n  c a n  be r e a r r a n g e d  i n t o  

where  R i s  t h e  c o r r e l a t i o n  f u n c t i o n  f o r  a, We o b s e r v e  w e  have  a 
(u)  i n  t e r m s  of ( g )  and e n  i n t e g r a l  k e r n e l  o r  s t o c h a s t i c  G r e e n ' s  

t 
f u n c t i o n  5 9 1 1 9 2 2  ~ ( t - T ) [ l + S & ( t - 7 ) ~  ( t - T ) ~ T  where  L and  Ra a r e  g i v e n .  

0 
a 

Suppose i n s t e a d  o f  m u l t i p l y i n g  by u ( t , ) ,  we s o l v e  f o r  u ( t )  

and  m u l t i p l y  by  a ( t ) ,  t h u s  



a v e r a g i n g ,  

i f  we assume t h e  s e p a r a b i l i t y  on t h e  r i g h t  and a  z e r o  mean p r o c e s s  

f o r  u ( t ) .  T h i s  obv ious ly  g i v e s  t h e  same r e s u l t  a s  t h e  p r e v i o u s  

procedure  i f  we s u b s t i t u t e  back i n t o  t h e  f i r s t  averaged  e q u a t i o n  

( 3  T h i s  a v o i d s  t h e  commutator problem b u t  makes i t  s t i l l  l e a s  

c l e a r  why t h e  s e p a r a t i o n  can be assumed s i n c e  a ( t )  cannot  be 

s a i d  t o  be s t a t i s t i c a l l y  independent  of u ( t ) .  

The b a s i c  e r r o r  h e r e  i s  i n  t h e  a v e r a g i n g ,  Averaging t h e  

e q u a t i o n  Eu = & r e s u l t s  i n  (Eu) = (g*). I f  $ = L + R we have 

L(u)+(Ru) = (g) .  I f  P i s  r e p l a c e d  by L which c l e a r l y  means 

throwing away t h e  H s o  we have a s imple  d e t e r m i n i s t i c  e q u a t i o n ,  

t h e n  (LU) becomes (LU) = L(U) which can  be r e w r i t t e n  ( $ ) ( d o  

The-misconcep t ion  h a s  appeared  i n  t h e  l i t e r a t u r e  t h a t  t h e  s o l u t i o n  

of t h e  averaged  e q u a t i o n  i s  t h e  expec ted  v a l u e  of t h e  s o l u t i o n  of 

t h e  random e q u a t i o n  which we see i s  t r u e  i f  E i s  r e p l a c e d  by L, 

t e e , ,  i f  R=O. A t  t h e  nex t  level of t h e  h i e r a r c h y  w e  w r i t e  



( u )  = L - ~ ( ~ ) - L - ' ( R u )  (35)  
u 

T O  e v a l u a t e  (RU) i n  (15) we r e t u r n  t o  (14) and m u l t i p l y  by R t o  g e t  

ave rag ing  

Now j u s t  as we rgp laced  L by L i n  o r d e r  t o  s e p a r a t e  (CU) we now 

r e p l a c e  RL-'R by (RL-'R) i n  t h e  r i g h t  hand s i d e  of (18). Then 

(RU) = - ( R L - ' R ) ( ~ ) .  

 thus^ (u) = L- ' (~)+L- ' (RL- 'Ru)  

becomes 

( u )  i s  t h e  s o l u t i o n  o f  t h e  averaged  e q u a t i o n  w i t h  t h e  o p e r a t o r  

RL-'R r e p l a c e d  by i t s  average .  We have of  c o u r s e  thrown away 

t h e  random p a r t  of RL-'R j u s t  a s  we threw away t h e  random p a r t  

of & i f  we d i d  t h i s  a t  t h e  f i r s t  s t a g e  of t h e  h i e r a r c h y .  



It c l e a r l y  i s  n o t  t r u e  t h a t  t h e  a v e r a g e d  e q u a t i o n  g i v e s  t h e  

e x p e c t a t i o n  of t h e  s o l u t i o n  of t h e  e t o c h a s t i c  e q u a t i o n  s i n c e  a t  

b o t h  l e v e l s  of t h e  h i e r a r c h y  d i s c u s s e d ,  we have  r e p l a c e d  a random 

o p e r a t o r  by a d e t e r m i n i s t i c  one and t h e r e f o r e  have  l o s t  some th ing ,  

[ I n  r e f e r e n c e  22 (page  1 4 )  we s e e  t h a t  t h e  r ep l acemen t  o f  t h e  

o p e r a t o r  by i t s  a v e r a g e  s h o u l d  n o t  g i v e  t h e  e x p e c t a t i o n  ( y )  s i n c e  

a l l  t h e  t e r m s  i n v o l v i n g  c o r r e l a t i o n  of  a would have  been  l o s t , ]  

Many t r e a t m e n t s  o f  random e q u a t i o n s  i n  a p p l i c a t i o n s - - p a s t i c u -  

l a r l y  f o r  waves p r o p a g a t i n g  i n  a random medium, w h i l e  d i f f e r i n g  

i n  d e t a i l ,  a r e  e s s e n t i a l l y  v a r i a t i o n s  of  t h e  h i e r a r c h y  o r  p e r t u r b a -  

t i o n  methods and ,  f u r t h e r ,  i n v o l v e  many q u e s t i o n a b l e  and  r e s t r i c t i v e  

a s s u m p t i o n s ,  The methods which f o l l o w  remove many o f  t h e  r e s t r i c -  

t i ons  and a p p l i c a t i o n s  ba sed  on t h e  p r e s e n t  d i s c u s s i o n  w i l l  be 

s e p a r a t e l y  r e p o r t e d .  

I V .  I t e r a t i v e  Method: 22 

Suppose w e  c o n s i d e r  t h e  s t o c h a s t i c  d i f f e r e n t i a l  e q u a t i o n  

Ly = x where  

and x ( t )  and t h e  a, , ( t)  a r e  random f u n c t i o n s  ( o r  s t o c h a s t i c  

p r o c e s s e s )  whose s t a t i s t i c s  ( s t a t i s t i c a l  measu re s )  a r e  known. 

It i s  assumed t h a t  x ( t ; w )  i s  s t a t i s t i c a l l y  i n d e p e n d e n t  of  t h e  

a, , ( t ;w).  The o b j e c t i v e  i s  t o  d e t e r m i n e  t h e  s t o c h a s t i c  G r e e n ' s  

I V - 3 5  



f u n c t i o n  f o r  t h e  d e s i r e d  s t a t i s t i c a l  measure  of y ,  e x p r e s s e d  d i -  

r e c t l y  i n  t e r m s  of t h e  s t a t i s t i c s  of the c o e f f i c i e n t s  a v ( t ) .  

Then t h e  s o l u t i o n  i n  a s t a t i s t i c a l  s e n s e  w i l l  have been  o b t a i n e d  

and we w i l l  have  a v o i d e d  a s k i n g  f o r  a  l l s o l u t i o n l l  of  t h e  s t o c h a s t i c  

e q u a t i o n  which i s  t h e n  t o  be u s e d  t o  f i n d  t h e  s t a t i s t i c s ,  The 

f o l l o w i n g  i s  based  on t h e  e a r l i e r  work of Samuels  and on a 

s u g g e s t i o n  of   dom mi an' f o r  a n  a p p r o x i m a t i o n  method e l i m i n a t i n g  

t h e  u n j u s t i f i a b l e  a s s u m p t i o n s  of  a p r i o r i  s p e c t r a l  s e p a r a t i o n  o r  

t h e  c l o s u r e  app rox ima t ion .  The method i s  e l e m e n t a r y  i n  p r i n c i p l e  

s i n c e  i t  i s  bas ,>d on a Born a p p r o x i m a t i o n  f rom s c a t t e r i n g  f k e o r y ,  

o r  on s u c c e s s i v e  a p p r o x i m a t i o n s ,  Suppose t h a t  E = L+R where  L 

i s  a d e t e r m i n i s t i c  o p e r a t o r  and R i s  a random o p e r a t o r .  Then we 

c a n  w r i t e  

Ly = x-Ry 

To d o  t h i s ,  assume,  f o r  example ,  t h a t  

a v ( t )  = ( a v ( t ) ) + a v ( t )  

Thus 

and 



Now w r i t i n g  E ( t  ,r ) a s  t h e  o r d i n a r y  Green! s fu t lc t ion* corresponding 

t o  t h e  d e t e r m i n i s t i c  o p e r a t o r  L,  we wri te** 

f t n  n  
= S ~ ( t , 7 ) ~ ( 7 ) d ~ - S 4 ( t 9 7 ) ~ ~ ~ 4 ,  (7 )  u d 7 +  cubv ( t )  . 

o  o  d7" v=o 

The bv a r e  a s e t  of independent  s o l u t i o n s  of t h e  homogeneous 

equa t ion  Ly = 0  and t h e  cv a r e  a r b i t r a r y  c o n s t a n t s .  T h i s  can  

be w r i t t e n  as 

where 

* 
For  s i m p l i c i t y  we w i l l  t a k e  c o e f f i c i e n t s  i n  L  t o  be c o n s t a n t s .  

The d ( t , 7 )  i s  a c t u a l l y  l ( t -7 ) .  

**The l i m i t s  ace  a  m a t t e r  of choice .  The upper l i m i t  can be 
w r i t t e n  o as w e l l  s i n c e  t h e  Green 's  f u n c t i o n  i s  z e r o  i f  t - 7 ~ 0  f o r  
a r e a l i z a b l e  system. The lower l i m i t  can be -00 o r  to  depending 
on t h e  memory involved.  Using to  imp1i . e~  t h a t  t h e  e a r l i e r  v a l u e s  
are not  s i g n i f i c a n t .  

*** 
It i s  i n t e r e s t i n g  t h a t  t h i s  e x p r e s s i o n  i s  s i m i l a r  t o  t h a t  

, f o r  a  c losed  system w i t h  feedback. I n  t h e  f i r s t  t e rm 4 ( t , ~ )  i s  
t he  impulse Rauction o f  t h e  forward loop ,  and i n  t h e  second term, 
k ( t , 7 )  i s  t h e  feedback impulse f u n c t i o n ,  



I n t e g r a t i o n  by p a r t s  of t h e  remaining i n t e g r a l  o r  use of G r e e n Q s  

fo rmula  i n  t e r m s  of the a d j o i n t  o p e r a t o r  y i e l d s  

The e x p e c t a t i o n  of y i s  

The ' d i f f i c u l t i e s  a r i s e  i n  t h e  l a a t  te rm i n  s t t e m p t i n g  t o  

separa$e t h e  ensemble average  o r  e x p e c t a t i o n  i n t o  t h e  p roduc t  

o f  ave rages  over  k and over  .y, s i n c e  y i s  no t  s t a t i s t i c a l l y  

independent  of  t h e  a invo lved  i n  t h e  k, (k,e. i n  R). It i s  

d e s i r a b l e  a t  t h i s  p o i n t  t o  a v o i d  t h e  use  of  a p r i o s i  s p e c t r a l  

separat%on* o r  e i t h e r  e x p l i c i t  o r  impl icQt  assumptions of smal l  

amount of  randomness i n  S,  

If t h e  random p a r t  were assumed t o  be s m a l l  (cog. l e t  each 

c o e f f i c i e n t  ai = Y i + C a i  and use  t h e  same c i n  a p e r t u r b a t i o n  

s e r l e s  f o r  Y) we can t h e n  a c h i e v e  a s e p a r a t i o n ,  But wi thou t  

assuming a smal l  random p a r t ,  o r  slow var-hat ions ,  o r  whi te  n o i s e ,  

we use  i n  t h e  p l a c e  of a  p e r t u r b a t i o n  s e r i e s  a s imple a l t e r n a t i n g  

series y(t) = yo-yl +y2-a . . i , e , ,  

x- 
The Born-Oppenheimer approximation i s  n o t  always j u s t i f i e d ,  

( i n  consbder ing  e l e c t r o n s  i n  a meta l  bu t  n e g l e c t i n g  electon-phonon 
i n t e r a c t i o n s  - s e e  He B. C a l l e n  i n  t h e  Handbook of Physics . )  



T h i s  i s  sugges ted  by t h e  Born expans ion  and Po*n approxi -  

mation used i n  a most impor tant  c l a s s  o f  problems i n v o l v i n g  con- 

kinuous e i g e n v s l n e s - - t h a t  of s c a t t e r i n g  theory .  The s t a k e  f u n c t i o n  

f o r  a n  elas-bfc s c a t e e s i n g  problem s a t i s f i e s  t h e  p a r t i a l  d i f f e r e n t i a l  

equa t f  on 

-. . - 

o r  i n  o p e r a t o r  form 

~ I $ ( r l l  = ~ ( r ) # ( r ) ~  

By t h e  Greens$  funck ion  method w e  w r i t e  

where q O ( r )  is  t h e  s o l u t i o n  of t h e  homogeneous e q u a t i o n  

2 2 
~ [ $ ( r ) ]  I 0 o r  ( V  +k )$I, = 0. The g e n e r a l  problem i s  a d i f f i c u l t  

one f n v o l v i n g  t h e  s o l u t i o n  of t h e  i n t e g r a l  e q u a t i o n  s u b j e c t  t o  

t h e  boundary c o n d f t i o n s  and t h e  p roper  a sympto t i c  form . f o r  JI 

a t  l a r g e  d i s t a n c e s  f rom t h e  s c a t t e r i n g  c e n t e r ,  One s o l v e s  by 

i t e r a t i o n  t a k i n g  q o  a s  a z e r o t h  approximat ion  and t h e  ntb approxi -  

mation from i n  t h e  in togrand .  I f  t h e  s c a t t e r i n g  i s  s m a l l  



t h e  f i r s t  approximation i s  s u f f i c i e n t ,  We w i l l  now proceed i n  

t h e  same manner t a k i n g  ~ ( t )  as yo. Thus yo i s  t h e  s o l u t i o n  

n e g l e c t i n g  R i n  t h e  o r i g i n a l  equa t ion ,  For  s i m p l i c i t y ,  w r i t e  

(+I)  = a v o  If t h e  av a r e  c o n s t a n t s  . t ( t , ~ )  = ~ ( t - T ) .  Assume 

t h e  a y ( t )  a r e  s e r o  mean random processes  s o  (a,, (t)) = 0, I f  t h e  

a r e  z e r o ,  t h e  s o l u k i o n  is j u s t  ~ ( t ) ,  We w i l l  n e g l e c t  t h e  

homogeneous s o l u t i o n  ,dv f o r  t h e  purposes of t h i s  paper .  We w i l l  

no t  c o n s i d e r  s t a b i l i t y  q u e s t i o n s  h e r e  hu t  on ly  s t a b l e  s o l u t i o n s  

w i l l  be  of F n t e r e s t ,  We have now 

and each s u c c e s s i v e  y i s  g i v e n  i n  terms of t h e  preceding y i i- 3 

t h u s  

The convergence q u e s t i o n  i s  c r u c i a l  t o  g e t  more than a  formal  

s o l u t i o n  and we w i l l  r e t u r n  t o  i t ,  However, t h e  immediately 

i n t e r e s t i n g  p o i n t  i s  t h a t  t h e  i d e n t i f i c a t i o n  of ~ ( t )  a s  t h e  

f i r s t  t e rm and t h e  i t e r a t i v e  procedure r e s u l t  i n  t h e  d e s i r e d  

s e p a r a t i o n  of ensemble averages  of t h e  u g s  and yo T h i s  i s  because 

each t e r m  of y can be worked backward through y  
i i - l 9  Yi-29 t o  

Y O  o r  ~ ( t ) ,  which depends only  on 4 ( t , 7 )  and on x ( t )  b u t  no t  

on t h e  a . ' s ,  Thus t h e  assumption of s t a t i s t i c a l  independence of  

JC and x i s  s u f f i c i e n t  and one does no t  need t o  invoke s e p a r a t i o n  



of y  and t h e  a t a  by assuming it a p r i o r i ,  o r  u s i n g  a  N c l o s u r e n  

approximation. F u r t h e r  we g e t  a reversed  h i e r a r c h y  where each 

term invo lves  t h e  one be fo re  it r a t h e r  than  t h e  one a f e e r  it. 

If t h e  randomness 9 s m a l l ,  t h i s  g i v e s  t h e  same r e s u l t  a s  

p e r t u r b a t i o n  theory*. I f  it is n o t ,  t h e  number o f  te rms can  go 

t o  i n f i n i t y .  Before c o n s i d e r i n g  t h e  m a t t e r  f u r t h e r ,  l e t  u s  s e e  

Sf t h e  procedure a p p e a r s  u s e f u l  f o r  h i g h e r  moments. W e  can ,  
* 

e.g., f i n d  t h e  c o r r e l a t i o n  f u n c t i o n  R ( k t  ' t 2 )  = ( y ( t 1 ) y ( t 2 ) )  
Y * 

by m u l t i p l y t n g  Y ( t l  ) and y ( t 2 )  and averaging.  Thus 

* 
~ ~ ( t , ' t ~ )  = ( ~ ( t ,  ) y ( t 2 ) )  

Examination of t h i s  e x p r e s s i o n  t e r m  by term w i l l  show t h a t  a11 

t h e  averages  w i l l  s e p a r a t e  i n  t h e  manner we have d i s c u s s e d  when 

t h e  B t e r a t i o n  s e r i e s  is s u b s t i t u t e d .  T h i s  i s  because each t ime 

" i . e ,  t h e  perturbat ' ior ,  expans i  on a* ;omplishes t h e  same, r e s u l t  
b u t  2s only  va l id  i f  t h e  expansion parameter  i s  smal l  ( s m a l l  
randomness). 



a yk Is worked backword t o  yk - a n o t h e r s  k  and a n o t h e r  i n t e g r a t i o n  

appear.  When we g e t  t o  yo,  s t a t i s t i c a l  independence of x and 

t h e  a l l o w s  u s  Lo s e p a r a t e  t h e  e n t i r e  average  i n t o  a product  

of %wo averages ,  one over  the  product  of a l l  %he kqs and t h e  

o t h e r  i n v o l v i n g  only  t h e  x, which is i d e n t i f i e d  as t h e  au to -  

c o r r e l a t i o n  of x. Examining t h e  e x p r e s s i o n  f o r  R ( t 1 9 t q )  t e r n  
Y 

by term shows t h e  s e p a r a t i o n  always occurs ,  Thus t h e  f % s s L  tesm 

i s  

The inkegrand of t h e  second tesm R w i t h  t h e  s e r t e s  s u b s % i t u t % o n  is 
Y 

The f i rs t  term of t h i s  fs z e r o  s i n c e  

s i n c e  (a,,) = 0. The second Germ of t h e  same e x p r e s s i o n  (second 

term of R ) i s  
Y 



The t h i r d  term of t h e  same e x p r e s s i o n  i s  

Thus i t  i s  c l e a r  t h a t  t h e  s e p a r a t i o n s  always occur b u t  s u c c e s s i v e  

te rms of t h e  k e r n e l  w i l l  g o  t o  h i g h e r  and h i g h e r  moments even 

though only t h e  c o r r e l a t i o n  of t h e  output  i s  r e q u i r e d ,  Remembering 

t h a t  %he terms we d i s c u s s e d  and t h e  h i g h e r  moments n o t  e x p l i c i t l y  

shown were f o r  t h e  second t e r m  of R s i m i l a r  e x p r e s s i o n s  can be 
Y 

written down by i n s p e c t i o n  f o r  t h e  t h i r d  te rm of R , e t c ,  F i n a l l y  
Y 

we consLder t h e  l a s t  term of t h e  express ion :  

TO s h o r t e n  t h e  w r i t i n g ,  l e t  Sd'r1Sd'r2 be denoted by S d T  and 
* 

k ( t 7  9 ~ 1 ) ~ ( t 2  , T ~ )  = lc1k2 which r e s u l t s  i n  
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a l l  of which s e p a r a t e ,  Thus i n  t h e  g e n e r a l  e x p r e s s i o n  , , 

we can  i d e n t i f y  and c a l c u l a t e  t h e  s t o c h a s t i c  G r e e n ' s  f u n c t i o n  

G a s  a s e r i e s  of te rms i n v o l v i n g  moments of a ,  Assumption of H 
s t a t i o n a r i t y  s i m p l i f i e s  t h e  e x p r e s s i o n s .  I f  t h e  a a r e  assumed v 

t o  be g a u s s i a n ,  p roduc t s  i n v o l v i n g  a n  odd number of k f s ,  l i k e  

(k k  k  ) a r e  z e r o .  The even  p roduc t  (klk2k3k4) i n v o l v e s  t h r e e  
1 2 3  

ave rages  by p a i r s  t h u s  

The t e rm w i t h  6 k @ s  i n v o l v e s  1 5  a v e r a g e s  by p a i r s ,  e t o .  

However a l l  of t h e s e  a r e  g i v e n  i n  t e rms  of t h e  a u t o c o r r e l a t i o r .  

of t h e  a which i s  kncwn, Thus t h e  o u t p u t  a u t o c o r r e l a t i o n  

( s t a t i s t i c a l  measure) i s  g i v e n  i n  t e r m s  of t h e  i n p u t  a u t o -  

c o r r e l a t i o n  anC a s t o c h a s t i c  G r e e n ' s  f u n c t i o n  depending on ly  

on t h e  known a u t o c o r r e l a t i o n  of a,,(t).*,** 
-7- - _ . -  

- - -  A -  

. -  2 .  

* 
O f  cours-e,,$he---input e n d  t h e  o p e r a t o r  need n o t  be t ime  

. dependent .  The .Greenas l u n c t i o n  can  b e '  t h e  r e s p o n s e  f o r  a n  im- 
p u l s e  i n  t ime  o r  f r equency  o r  p o s i t i o n  depending  on t h e  q u a n t i t i e s  
of i n t e r e s t r 3 n  a p h y s i c a l  problem, 

- .- ** 
I f  a n  e x p l i c i t  e x p r e s s i o n  f o r  G,, i s  w r i t - ~ e n  f o r  t h e  Gauss ian  

c a s e ,  t h e  r e s u l t s  should  c o r r e l a t e  wi%h t h e  s t o c b a s t f  c  G r e e n ' s  
f u n c t i o n  f o r  t h e  f i r s t  o r d e r  s t o c h a s t i c  d i f f e r e n t i a l  e q u a t i o n  
( ~ h .  4 of r e f e r e n c e  5) .  
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F u r t h e r  r e s u l t s  f o r  t h e  r t e r a t i v e  approach w i l l  d e a l  w i t h  

t h e  case  of a  d i f f e r e n t i a l  o p e r a t o r  i n v o l v i n g  a s i n g l e  random 

c o e f f i c i e n t .  

D i f f e r e n t i a 1  Opera tor  With One Random C o e f f i c i e n t :  

I n  t h e  s t o c h a s t i c  d i f f e r e n t i a l  o p e r a t o r  

l e t  a l l  t h e  a, ,(t)  be d e t e r m i n i s t i c  except  one. We w i l l  BUPPOSR 

t h e  one random c o e f f i c i e n t  i s  a o ( t )  E ( a O ( t ) ) + a ( t )  and assume 

t h a t  -&he non-random c o e f f i c i e n t s  a r e  a c t u a l l y  c o n s t a n t s ,  s o  

4.(t97) = $ ( t - T ) .  The random c o e f f i c i e n t  need not  be ao; i t  can 

be a i ( t )  where i c n  and t h e  same t r ea tment  w i l l  a p p l y  s i n c e  i n  

Q L + R ) ~  = x 

y  = L-'~-L-'R~ 

36 
By use  of Green ' s  formula. The b i l i n e a r  concomitant is 

z e r o o  



where  o n l y  t h e  f o r m  of  k changes  i f  i # 0, However we c o n s i d e r  

t h e  c a s e  where  a i s  random a s  s t a t e d .  The e q u a t i o n  t o  be con- 
0 

s i d e s e d  i s  t h e r e f o ' r e  of t h e  fo rm 

where  L i s  t h e  d e t e r m i n i s t i c  o p e r a t o r  and  a ( % )  and x ( t )  a r e  

s t o c h a s t i c  p r o c e s s e s ,  Ws w r i t e  

where  

& ( t 9 7 )  i s  t h e  G r e e n ' s  f u n c t i o n  f o r  L and k ( t 9 7 )  = & ( t 9 7 ) a ( 7 ) .  

L e t  y - ( t )  be g i v e n  by  

and i d e n t i f y  ~ ( t )  as yo. Then 

- * 
~ ( t )  p r o p e r l y  i n c l u d e s  t h e  s o l u t i o n s  of t h e  homogeneous 

e q u a t i o n  which  we have  n e g l e c t e d  f o r  s i m p l i c i t y ,  



T a k i n g  t h e  e x p e c t a t i o n  

where  t h e  ensemble  a v e r a g e s  a l l  s e p a r a t e  a s suming  o n l y  t h e  s t a t i s t i -  

c a l  independence  o f  a and  x ,  s i n c e  each  y  i s  e x p r e s s e d  i n  t e r m s  f 

of t h e  p r e c e d i n g  yi , u n t i l  we g e t  t o  yo which i s  ~ ( t )  and  which - 
depends  o n l y  on x ,  We assume ~ ( t )  # 0 and  have  i m p l i c i t l y  assumed 

t h e  o p e r a t o r  $ can  be  w r i t t e n  as  t h e  sum of  L and R and t h e  G r e e n J s  

f u n c t i o n  f o r  L  e x i s t s .  S i n c e  t h e  C e n t r a l  L i m i t  Theorem i s  s o  

o f t e n  i n v o l v e d  i n  p h y s i c a l  a p p l i c a t i o n s ,  i t  i s  o f  i n t e r e s t  now 

t o  i n v e s t i g a t e  t h e  r e s u l t  k f  ~ ( ~ t )  i s  assumed t o  be Gauss i an .  

A l s o ,  f o r  s i m p l i c i t y ,  l e t  b o t h  a ( t )  and  x ( t )  be s t a t i o n a r y .  

The a s s u ~ n p t i o n  t h a t  a ( t )  i s  a (zero-mean)  G a u s s i a n  p r o c e s s  

c a u s e s  t h e  t e r m s  i n v o l v i n g  t h e  e x p e c t a t i o n  of  a n  odd numbel* of  

k t s  ( o r  a ' s )  i n  (1.9) v a n i s h .  Thus 



L e t  ( a ( 7 ) & ( y  ) )  = % ( y - 7 )  and  ( a ( r ) a ( y ) a  ( b ) a ( o ) )  = 

R  Ct ( ~ - T ) R ~ ( o - ~ ) + R ~ ( ~ - T ) R ~  ( 3 - y ) + % ( u - 7 ) R  ( 6 - y )  b e c a u s e  o f  t h e  a 
G a u s s i a n  p r o p e r t y ,  Now 

With  some c h a n g e s  o f  v a r i a b l e s , *  we h a v e  

* 
In t h e  s e c o n d  t e r m  l e t  y -7  = F ,  dy E d F o  In  t h e  third 

t e r m ,  l e t  y-7  =: 5 ,  dy = d!. A l s o  0-6 = p ,  Now 6-7 i s  unchanged. 
O-y = 6+P-7 -5 ,  0 - 7  = 6 + p - 7 ,  and 6-y = 6-7-5 ,  



t 
we note that  the f irst  term, S ~ T $ . ( ~ . T ) ( X ( T ) )  = ~ - ' ( t ) ( x ( f ) )  by 

0 

d e f i n i t i o n  of  the  Greenqs funct ion c ( ~ , T ) ,  

I n  the second term, the  s imi lar  in t egra l  

becomes L-I (7+5)(x(r+5))  or L-I ( r + ~ ) ( x ( t ) )  s ince  x i s  stat ionary.  

The second term becomes 

0 

if we let f ( 7 )  = J ~ S L - '  (.<+r)4 (r  , r + f ) ~ ( S )  ( x ( t ) )  
-7 

Therefore the  second t e r m  i s  



I n  the  t h i r d  term, 

s o  the  e n t i r e  term can be w r i t t e n  

NOW the  P i n t e g r a t i o n  can be w r i t t e n  as  

* 
Let p * = p+6,  dp * = dP and then drop primes, 
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Theref ore 

where the "stochastic Greenss function" for this particular 

ws%atistical measureN i.eo, the expectation or mean, is 

Additional terms can be constructed without difficulty since in 

(20) kt 5 s  easy to write the following terms by inspection and use 

the expression in products of the correlation function far the 

expectation of the product of six, eight, or more a's. Then the 

procedure followed above is repeated over two additional integra- 

tions each time. Actually, the general term* can be found and the 

problem .bs.easily adapted i;o machine computation. We see the 

Jt 
e.go P. 83 Laning and Battin "Random Processes in 

Automatic Control, If McGraw Hill (1956), or p. 71, Miller, K,S,, 
wMultidimensional Gaussian Processes," Wiley, 1964, 



s t o c h a s t i c  Green's  func t ion  i s  an i n f i n i t e  s e r i e s  beginning 

with  c ( t  , T  ) with the  next term involving a two-f old i n t e g r a t i o n ,  

the  next a four-fold  i n t e g r a t i o n ,  e t c .  If g i s  small  enough so  

~ ~ ( 0 )  is  small enough G ( ~ , T ) + ~ ( ~ , T ) .  The r e s u l t  here  corres-  

ponds t o  the  pe r tu rba t ion  theory  r e s u l t  f o r  the  f i r s t  order  

correcf%on s ince  t h e  gaussian assumption d o e s n s t  a f f e c t  t he  

f i r o t  co r r ec t ion  term. ~ h u s  (y )  = L-I ( X ) + L - ~ ( ~ L ' " ~ ~ ) L - '  (x ) .  

However we a r e  not l im i t ed  t o  a pe r tu rba t ion  r e s u l t  and no non- 

v a l i d  assumptions a r e  incorporated i n  t he  s epa ra t ion  of (Ly) 

i n t o  ( L ) ( ~ ) .  I n  opera tor  no t a t i on  one can w r i t e  immediately 

where as  before  i t  i s  assumed t h a t  expec ta t ion  and i n t e g r a t i o n  

can be interchanged,  Thus the  problem has become completely 

* elementary. The r e s u l t  f o r  t he  gaussian case can now be re- 

w r i t t e n  i n  t he  fol lowing convenient form:. 

% If we assume s t a t i o n a r i t y  t h i s  w i l l  g ive  u s  t he  s'ame r e s u l t  
a s  before wi th  the  s t -ochast ic  GreenDs  f u n c t i o n  ~ ( t  ,l), Also, i f  
L i s  a constant  c o e f f i c i e n t  opera tor ,  ,4, ( t , ~ )  i s  4 ( t - T )  however we 
w i l l  l eave  i t  Pn the  above formo 



The g e n e r a l  term i s  t h e  n- fo ld  i n t e g r a l  

where n' = 0, 2,  4 ,  6 ,  0 0 0 0  

Wr i t ing  = a.i f o r  convenience we no te  

( a1a2)  = R12 

la2"'3'4)= R1 2R34'R1 3R24+R1 4R23 

O r  t h r e e  terms i n v o l v i n g  two p a i r s  each of s i x  averages .  

S i m i l a r l y  ( Q . , ( L ~ . ~ ~ &  ) g i v e s  f i v e  te rms of t h r e e  p a i r s  each 6 
o r  f i f t e e n  averages .  ( a l o o . o a g )  g i v e s  seven terms of f o u r  p a i r s  

each o r  twenty-eight  averages .  ( a l o o o o a  ) f o r  even n  g i v e s  n-1 n  

t e r m s  of n/2 p a i r s  each s o  t h a t  t h e  number of a v e r a g e s  involved 

i s  always ( z ) .  
For  t h e  g e n e r a l  te rm,  ( a l  ...& ) can be r e p r e s e n t e d  by n  

e  i j k e o o R I J O R k l o o o  where t h e  number of i n d i c e s  involved i s  n ,  

and each index v a r i e s  from 1  %o n o  The symbol e  i s  a  number 

- d e f i n e d  t o  be e e r o  i f  any of t h e  i n d i c e s  i, j ,  k,  1, ... a r e  



r e p e a t e d ,  and z e r o  u n l e s s  t h e  secon$ symbol o f  each  p a i r  i s  g r e a t e r  

t h a n  t h e  f i r s t ,  t h u s  j>i, l > k 9  e t c , ,  s o  t h e y  a r e  a lways  i n  t h e  

n a t u r a l  o r d e r ,  The symbol e  h a s  t h e  v a l u e  o f  one-half  i f  none 

of t h e  above c o n d i t i o n s  i s  v i o l a f 6 d .  Thus ele3: ; ,  = 1/2 , The 

summation r u l e  a p p l i e s  i f  any  index  on e  and a n  index  on R a r e  

3b 
t h e  same, T h i s  amou*lts t h e n  t o  a commutation p a i r w i s e  and throwing 

out  of te rms which a r e  r e a l l y  t h e  same s i n c e  t h e  i n t e r n a l  o r d e r  of  . 

t h e  a q s  o r  t h e  o r d e r  of t h e  R g s  d o e s n Q t  m a t t e r ,  Now 

wi$h n = 2 ,  4, ...=. 
We w i l l  assume a  bounded i n p u t  x ( t )  i n  a n  i n t e r v a l  [o,T] and 

a  t ime-limited+x* s t a t i o n a r y  s -bochas t ic  p r o c e s s  a ( t )  by which we'mean 

Jt 
E q u i v a l e n t l y  e=1 and we add t h e  c o n d i t i o n  t h a t  d = 0  i f  t h e  

R Q s  a r e  r e v e r s e d  from t h e  n a t u r a l  a s c e n d i n g  o rde r .  Thus R12R34 
i s  non-zero b u t  R34R12is ze ro .  

** 
A time-limited s t a t i o n a r y  s t o c h a s t i c  p r o c e s s  i s  p h y s i c a l l y  

r e a l i z a b l e .  ( s e e  AiV, B a l a k r i s h n a n  theorem i n  IEEE Trans .  on 
I n f o r m a t i  on Theory,  J anua ry  1965).  



R v a n i s h e s  f o r  I t l r ~ .  I f  d ( t , ~ )  i s  con t inuous  i n  t h e  i n t e r v a l ,  

i t  must be  bounded. S i m i l a r l y ,  a ( * )  i s  assumed con t inuous  w i t h  

p r o b a b i l i t y  ove s o  t h a t a l m o s t  a l l  sample f u n c t i o n s  a r e  bounded. 

The a b s o l u t e  v a l u e  of t h e  g e n e r a l  te rm i s  l e s s  t h a n  M1~iM;+'tn/n~ 

i f  MI i s  t h e  bound f o r  x ( i ) ,  M2 i s  t h e  bound f o r  a end Mg i s  t h e  
?C 

bound f o r  4 .  

For  f i n i t e  o b s e r v a t i o n  t i m e s , t h e  s e r i e s  converges  s i n c e  t h e  

s e r i e s  f o r  e t  converges.  By p l a c i n g  t h e  bound on ~ ( t )  r a t h e r  

t h a n  x ( t )  we can  combine M2 and Mg t o  w r i t e  n o t  on ly  t h e  g e n e r a l  

t e r m  b u t  t h e  nL p a r t i a l  sum a s  l e s s  t h a n  &feMqt. A c t u a l l y  s i n c e  

on ly  even v a l u e s  of n  occur  h e r e  s a e h e r  t h a n  a l l ,  we have 

as t h e  bound. Thus a t  t = O ,  t h e  bound i s  a e r o  and ( y ( t ) )  = 0 ,  

A t  t = T ,  t h e  bound i s  M [ C O S ~ ( M ~ T ) - I ]  where M i s  t h e  bound f o r  

y i s  not  n e c e s s a r i l y  s t a t i o n a r y  and we observe  t h a t  

f o r  t h e  non-gaussian c a s e ,  t h e  odd te rms do  no t  t h e n  d r o p  ou t  

bu t  i t s  e a s y  t o  s e e  convergence ho lds .  O f  cour se  t h e  mean v a l u e  

and t h e  c o r r e l a t i o n  do n o t  s p e c i f y  a g e n e r a l  random f u n c t i o n  x ( t )  

t n- 1 
*integration o f  t h e  n-f o ld  i n t e g r a l  S.. .S 67, . . .dTn g i v e s  

tn /n  ! o o 



m 
r
l 

0
 

S
I 

Q
) 

N
 

m
 
a
 

h
 

C
- 

w
 

er; 

3 t I7
 

ra 
nf 

-9
 

4
 
E
 
4
 

d
 

a3 
C
 

4= 

+
, 

nf 
S

 
E

 

h
.
 

0
 

0
 
t
.
 

Q
) 
1
 

'E
l 

0
 
6
 
:
 

'8
 

al 

f ?
 

% 
a 

T
l 
E
 

.
3
 

E
 

cd 
a3 
6
 

a, 

n
 

E
 

ai 
u
 

X
 

r
l 

&
 

-
I=

 
cd 
s a3 
0

 
E
 

ni 
4
 

h
 

a
 % 0 a, 
s
 

+= 
k
 

0
 

Po 
+' E t Q

 
r
l 

Q
) 

C
 

0
 

h
 

r
l 

'a 

. a
 

Q
) 

'E
l 

aL 
d
 

+
 

u
 C
 

a
 E
 

cB 

S a3 

z C
 

-P
 

a
 
E
 

w
 C
 

8
 

M
 

a3 
m M

 
a, 
0
 

0
 

Lr 
a
 

E: 
ld 
r
l 

PD 
m

 
3
 

al 
6D 

&
 

0
 

+
I 

'u
 

-
a
 

% d
 

1
 

ap 
E
 

r
l 

Y
 

OD 
4
 

'E
l 

6 
'E

l 
C

 
1

 
Sr 



The f i r e t  term i s  ( F ( t 1 ) F ( t 2 ) )  = ( ~ - ' x ( t ,  ) ~ - I x ( t , ) )  

The second term i s  -L-' ( t l ) ( a ( t l  )L-' ( t 2 ) x ( t 2 ) ~ - '  ( t l ) x ( * t l ) )  = 0 ,  

s i n c e  ( a )  s e p a r a t e s  out  and i s  e q u a l  t o  zerlo. The nex t  te rm 

i s  ~ - ' ~ ( t ~ ) ( a ( t , ) i ( t , ) ~ - '  ( t l ) a ( t l ) ~ ( . t ; l  j )  or  

~-'(t,)(a(t,)~-'(t,).~(t~))(~(t~)~(t~)) e t c .  We s e e  t h e  

s e p a r a t i o n s  occur  bu t  t h e  l a b o r  of  c a l c u l a t i n g  terns becomes 

r e p e l l e n t  and t h e  convergence q u e s t i o n  becomes s t i l l  more 

complicated.  However t h e  s o l u t i o n  can be c a r r i e d  out  as b e f o r e .  



V. Genera l  S I o c h a s t i c  Opera to r  

For  s t o c h a s t i c  d i f f e r e n t i a l  ope&,a tors  which a r e  comple te ly  

random r a t h e r  t h a n  a sum of a determinAq$ic and a random o p e r a t o r ,  

o r  f o r  c a l c u l a t i n g  h i g h e r  moments fL is e s s e n t i a l  Lo f i n d  o t h e r  

methods of proceeding.  The most f e a s i b l e  way of a t t a c k i n g  t h e  

g e n e r a l  problem a p p e a r s  t o  be t h a t  sugges ted  by Adomian i n  1961.* 

The method a t temp$s  t o  f i n d  a stochastic Green ' s  f u n c t i o n  f o r  t h e  
# 

d e s i r e d  s t a t i s t i c a l  measure o f  t h e  dependent v a r i a b l e ,  and i s  a 

g e n e r a l i z a t i o n  of Green ' s  f u n c t i o n  theory .  C o n s i d e r a t i o n  of t h e  

example* of a f i rs t  o r d e r  s t o c h a s t i c  d i f f e r e n k i a l  e q u a t i o n  as 

w e l l  as t h e  form of t h e  s o l u t i o n s  f o r  -:hc "random sampl?ngl* 

operator** s u g g e s t s  that  t h e  approach i s  f e a s i b l e  f o r  *he g e n e r a l  
/- 

case. The reasons  f o r  t h i s  are c l e a r  even though more work i s  

needed. An  n& o r d e r  d i f f e r e n t i a l  eqvlst;ion can be given as a 

system of first o r d e r  e q u a t i o n s  and a f i rs t  o r d e r  e q u a t i o n  can  

be so lved  i n  t h e  d e s i r e d  form,** 

The g e n e r a l  approach h a s  l e d  t o  d e t e r m i n a t i o n  of t h e  

power s p e c t r a l  d e n s i t y  f o r  a random p r o c e s s  which i s  randomly 

samplad i n  t ime accord ing  t o  a  p r o b a b i l i t y  l a w  and t o  t h e  c o r r e -  

l a t i o n  f u n c t i o n  of t h e  f i r s t  o r d e r  s t o c h a s t i c  d i f f e r e n t i a l  

* 
Chapter  4 ,  r e f e r e n c e  5 .  

** 
I b i d .  
_L_ 



* 

equation ( a l s o  obtained by ~ikhonov.')  I n  pr inc ip le  it 

should lead t o  complete s t a t i s t i c a l  determinat5on and can be' 

t o  the nonlinear (stochastis) equations c a l l e d  

gtreducible t o  l inearN by Pugachev, 

The preliminary work has been discussed previously,  5 9 7 1  

and i ts  extensions w i l l  be reported Later, 
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ON THE TREATMENT UF LTUNAR SCATTERING AND RELATED 

PROBLEMS BY STOCHASTIC OPERATOR EQUATIONS (PART IT ) 

Summary of Recent Works 

A f t e r  a p r e l i m i n a r y  r e p o r t  d i s c u s s i n g  p e r t u r b a t i o n ,  

h i e r a r c h y  method, and t h e  a u t h o r 9 s  i t e r a t i v e  method of s o l v i n g  

s t o c h a s t i c  e q u a t i o n s ,  s u b s t a n t i a l  work w a s  done on a n  i n t e g r a l  

e q u a t i o n  f o r m u l a t i o n  o f  t h e  s t o c h a s t i c  d i f f e r e n t i a l  e q u a t i o n  

s o l u t i o n  by i t e r a t i o n  r e l a t i n g  i t  t o  t h e  Neumann s e r i e s  s o l u t i o n  

i n  te rms of i t e r a t e d  k e r n e l s  s o  t h a t  t h e  s t o c h a s t i c  G r e e n t s  

f u n c t i o n  becomes awn ensemble average  of a r e s o l v e n t  k e r n e l ,  

Problems of convergence have been s t u d i e d  and of  c o n s t r u c t i o n  

of t h e  s t o c h a s t i c  Greenvs f u n c t i o n  and t h e  mathemat ica l  p r o p e r t i e s  

o f '  t h e  o p e r a t o r s ,  The r e s u l t s  were extended t o  p a r t i a l  d i f f e r e n t i a l  

e q u a t i o n s  and t h e  c o n s i d e r a t i o n  o f  wave p ropaga t ion  e q u a t i o n s .  

It i s  now a u s e f u l  method of s o l u t i o n  of a  l a r g e  c l a s s  of 

s t o c h a s t i c  d i f f e r e n t i a l  and i n t e g r a l  e q u a t i o n s  wi thou t  r e s o r t  

t o  t r u n c a t i o n  p rocedures  o r  p e r t u r b a t i o n s ,  . . 

Thu s i g n i f i c a n c e  of t h e  t r u n c a t i o n  o r  c l o s u r e  approximat ion  

h a s  been c l e a r l y  unders tood and e r r o r s  d e f i n e d ,  F u r t h e r  t h e  

t h e o r y  of s t o c h a s t i c  o p e r a t o r s  and t h e  work of spa%ek and o t h e r s  

on random o p e r a t o r s  h a s  been u n i f i e d  i n t o  a s i n g l e  coheren t  

t h e o r y  f o r  d e a l i n g  w i t h  p h y s i c a l  problems, It h a s  been proved 

t h a t  t h e  ave rage  s o l u t i o n  of t h e  s t o c h a s t i c  e q u a t i o n  i s  n o t  

g e n e r a l l y  t h e  s o l u t i o n  of t h e  averaged equa t ion ,  

B e t t e r  u n d e r s t a n d i n g  of t h e  i t e r a t i v e  procedure  and t h e  
I 

convergence q u e s t i o n s  h a s  l e d  t o  a  u s e f u l  t h e o r y  f o r  a t t a c k i n g  



m u l t i p l i c a t i v e  i n t e r f e r e n c e  in s t a t i s % - k c a l  communication t h e o r y  

and c o n t r o l  a p p l i c a t i o n s ,  change of p o l a r i s a t i o n  of a wave as 

it propaga%es through a e t o c h a s t i c  rngdium, e t c .  The "quas i -  

m o n ~ c h r o m a t ~ c ~ ~  assump%hn f o r  p r o p a g a t i o n  i n  a random medium 

(assuming t h e  s o l u t i o n  of  t h e  wave e q u a t i o n  i s  a  s i n u s o i d  a t  a 

s i n g l e  f requency %f t h e  s o u r c e  is a s inusokd a t  a skngke f r e -  

quency) hag been avoided  and one can  f i n d  t h e  s p r e a d i n g  of t h e  

power spectrum o f  t h e  wave f u n c t i o n  by %he randomly t ime v a r y i n g  

medbutn. The s c a l a r  wave e q u a t i o n  f o r  a randomly space  and time-, 

v a r y i n g  medium i s  conver t ed  i n t o  a Fredholm i n t e g r a l  e q u a t i o n  

f o r  t h e  s p e c t r a l  r e p r e s e n t a t i o n  of t h e  s c a l a r  wave funcLZon 

and so lved  f o r  s i n g l e  s c a t l e r f n g  o r  m u l t i p l e  s c a t t e r i n g  by  t h e  

i t e r a t i v e  procedure ,  

A very c o n s i d e r a b l e  amoun-k of work h a s  been done on a s t u d y  

of a n a l y t i c  random f u n c t i o n s  and L h e i r  a p p l i c a t i o n  t o  s t o c h a s t i c  

e q u a t i o n s  and on t h e  t h e o r y  of mappings on banach spaces ,  T h i s  

h a s  l e d  t o  u s e f u l  theorems s t a t P n g  c o n d i t i o n s  f o r  t h e  s t a t i o n a r i t y  
. .  . 

o r  n o r r s t a t i o n a r i t y  of  s o l u t i o n s  o f  s e o c h a s t i c  d i f f e r e n t i a l  equa- 

t i o n s  and a t echn ique  f o r  f i n d i n g  t h e '  power s e r i e s  c o e f f i c i e n t s  

of s o l u t i o n s  t o  s t o c h a s t i c  d i f f e r e n t i a l  equaeions .  

These r e c e n t  r e s u l t s  a r e  n o t  y e t  a v a i l a b l e  f o r  p u b l i c a t i o n ,  


