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ABSTRACT 

The addition of a certain fraction of ions to an otherwise stable 

cloud of electrons can in certain circumstances result in an instability. 

The case of a low density (q = o 

electron motions can be described by 5 t v 

detail. 

ion orbits (which characteristically traverse the entire electron cloud) 

should involve frequencies close to that of the diocotron wave that can 

propagate on the electron cloud. 

the ratio Z m  /m.q of the order of unity and is independent of the ion 

density, When instability is present, the growth rate is of the order 

<< 1) electron cloud in which the p/”c 

x B, = 0 is considered in -e  

The condition for onset of the instability is  that the unperturbed 

This condition is  equivalent to having 

e 1  

of the ion plasma frequency. 

... 
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ratio much larger than the value appropriate t 

result, it should in principle be possible to control such ensembles 

with magnetic fields far weaker than would be required for control of 

the ions alone. A basic question relevant to each of these applications 

concerns the number of ions that can be contained by a given electron 

cloud. A s  the ratio of ion to electron charge density is generally sma 

it is natural to begin by examining the containment (equilibrium, stability, 

etc. ) of the electron cloud by itself. 

understood, one can imagine the ions to be slowly added to the electron 

cloud and seek to define the point a t  which an instability can occur. 

Wh this is reasonably well 

is the presence of ong (zeroth ord 



necessarily dynamic, and will involve certain characteristic frequencies 

(e. g. , of rotation) of the electrons. The frequencies of importance 

can be different in different devices, so that in one case the gyro- 

frequency is basic to the equilibrium while in another case'' 

of the order of E/BL may be of greater importance. 

represent characteristic electric fields, magnetic fields, and dimensions. ) 

In the latter case the mass of the electron is unimportant. 

3 

a frequency 

(E, B and L 

Let us now imagine a single ion to be added to  an electron cloud 

The ion is trapped by the contained in some way in a magnetic field. 

potential well of the electrons, and i s  also influenced by the magnetic 

field. If the ion has charge Ze and mass m., and if n is a characteristic 

electron density, the ion motion will be characterized by two frequencies, 

namely the gyrofrequency ZeB/mi, and a frequency associated with 

1 e 

oscillation in the potential well which is roughly (Z ne e 2 / 2 e o  mi) 1/2 

These two frequencies a r e  both independent of the number of ions 

present, and decrease with increasing values of mi/Z. 

very massive (m./Z large), the ion motion will involve frequencies far 

below those characterizing the electron cloud, and the two systems can 

be thought of as essentially decoupled. 

will eventually arrive at a resonance, implying the possibility of an 

If the ion is 

1 

But as mi/Z gets smaller, we 

instability. 

a single ion, but in this case the growth rate would be small. Larger 

numbers of ions could be expected to have a fairly small effect on the 

stability limits of the parameters of the electron cloud, but the growth 

Such an instability could clearly occur even if there is only 

rate will depend in some way on the ion density. These general state- 

ments agree with the analytical results of the paper in suggesting that, 

-2- 



for non-neutral plasmas, the critical number of ions that can be stably 

contained dep.ends more strongly on ratios independent of the ion density 

than on ratios in which the ion density figures importantly. 

The outline of the paper is as follows: the basic model is described 

in Section 11, along with the character of the equilibrium, and the zeroth 

order electron and ion orbits. 

frequencies a re  defined. 

discussed. 

ion distribution, the perturbed ion density in any mode number. 

In Section VI these results a r e  applied to the fundamental mode of 

oscillation. 

derived and discussed in Sections VI1 and VIII. 

Sections a re  devoted to a general discussion of the results. 

In this section, all the important 

In Section I11 the drift approximation is 

Sections IV and V respectively treat the equilibrium 

Explicit dispersion relations fo r  two special cases a re  

The remaining 
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11. THEMODEL 

The model used in this paper is intended to  be representative of 

some of the non-neutral plasma devices currently of interest. Its 

basic features a r e  sketched in Fig. 1. 

conducting circular cylinder, of radius a, having a uniform magnetic 

field B along its axis, and containing a non-neutral cloud of electrons 

It consists of an infinite perfectly 

and ions. We assume that the effect of currents in the plasma on the 

applied magnetic field is negligible (quasi- static approximation), and 

that all quantities a re  at all times independent of the axial (z) coordinate. 

A steady state equilibrium is assumed in which all quantities a re  

independent of the azimuthal (6 ) coordinate; 

quantities (distinguished throughout by the subscript 0): 

Thus, for  the zero-order 

For simplicity only one species of ion is considered, and all the ions a r e  

Z-fold ionized. A useful ratio i s  

a = znio/neo 

representing the fractional neutralization of the electron cloud. 

zero-order quantities listed so far a re  functions only of the radial (r) 

coordinate. The motions of each charged particle will conserve both 

energy and canonical angular momentum; it is assumed that there is no 

motion in the z-direction. 

A l l  the 

In the devices to  which this model is supposed to apply, the electrons 
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Fig. 1 Basic features of the model studied, showing typical electron 
and ion orbits. 
0 5 r 5: b ; the region b 5 r 5 a is empty. The orbit of 
each ion is fixed by the numbers d and s corresponding to 
the minimum and maximum values of r . The size of the 
loops in the electron orbit is exaggerated. 

The electrons and ions occupy the region 
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satisfy the condition that 

me/Eo B' << 1 2 2  
q = w p / o c  = n eo 

Furthermore, the kinetic energy of each electron is characteristically 

much less than its potential energy. 

considered a s  "cold", their motions being governed by the equation 

E, t xe x B = 0. The electrons being cold, there is no need to 

introduce directly an electronic distribution function. 

It follows that the electrons can be 

N 

In equilibrium, 

go is  radial and B i s  axial, so that xeo is azimuthal, and v = - EJB. B eo N 

The electrons at radius r therefore rotate around the z-axis with the 

angular velocity - Ero/rB. 

quantity is  independent of the electron mass. 

having a small amount of thermal energy in addition to its drift energy 

is  shown in Fig. 1. 

A s  indicated in the Introduction, this 

A typical electron orbit 

We  now fix the equilibrium radial distributions of the electrons 

and the ions in a very special manner. 

that: 

We choose them in such a way 

f (0 I r 5 b )  
n (r)  = n = const. eo eo 

n. (r)  = n. = const. J 

n (r) = n. (r) = 0 (b I r 5 a) 

10 10 

eo 10 

(2 .3)  

A narrow radial range will be allowed near r = b for continuous 

transition of the density. 

The analysis of this paper could be carried through using somewhat 

less special electron and ion densities. This point i s  discussed in 

Section IX. The choice (2. 3) of the electron and ion densities makes 
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a a constant (for r 5 b) and determines the electric field as: 

- n e r  (1 - a ) / 2 c 0  (0 5 r 5 b) eo 
- - - 

- n  ebL (1 - a ) / Z r ~ ~  (b 5 r 5 a) eo 

and the potential a s  

2 4o (r) = neo e r (1 - a ) / 4 c 0  (0 5 r s b )  (2.4a) 

(2.4b) 

The electrons rotate about the axis as  a solid body with the unique 

angular velocity 

w e = n eo e ( l  - a) /ZeoB (2 .5 )  

The ion distribution fuction i s  (for the present) not constrained beyond 

the condition (2. 3). 

This choice of electron and ion density profiles will be seen to 

simplify the instability calculation to the point where useful results can 

be obtained, but it also carries with it certain rather far reaching 

implications. 

a parabolic potential well. 

cornment on the implications. 

for the ions, as  follows: 

These follow from the special quality of the ion orbits in 

We shall first derive these orbits, and then 

We can define two significant frequencies 

O c  = ZeB/mi = Q E / w e  2 
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The first of these is the frequency with which an ion would 

oscillate in the electric potential well defined by (2.4a) if  there were no 

magnetic field. The second, Qc, is just the ion gyrofrequency. The 

combination of the electric and magnetic fields results in a 

(aE t Q /4)l/' for the ion motion. An important ratio i s  

Qc/Qk which may be related to q by: 

2 2 
C 

2 

2 2  X = ac/aE = 2zrne/mi q (1  - a )  

frequency 

(2.7) 

where q is defined in (2.2). 

explicitly in this expression, q i s  proportional to m 

independent of it. The form (2. 7) is convenient, however, because it 

compares the electron-ion mass ratio directly with q. In particular, 

it is helpful to see the effect of varying the ion mass, all other quantities 

being held fixed. 

proportionality relations : 

Although the electron mass appears 

so that X is e 

The various frequencies introduced so far satisfy the 

Q : Q E :  w : w : w = X : X 1 / 2 :  1 : 2 ( l - c ~ ) - ' q - ' / ~ :  2 (1-0,) -1 q -1 (2.8) 
C e p c  

Since q << 1 ,  it is clear that for massive ions ( A  << l) ,  the ion 

frequencies a r e  far below all the frequencies associated with the electrons, 

amongst which the lowest a r e  of the order w e ,  a characteristic frequency 

for "diocotron waves". 

These waves a r e  described in references 4, 5, 6. In the drift 

approximation ( v  = x B/B ) they a r e  pure surface waves. Purely 

azimuthal modes have the loweit frequencies, given by 

2 
-e N 

"/me = Q - 1 t (b/a)2Q (2.9) 
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where Q is the azimuthal mode number. 

For very massive ions no electron-ion resonance is possible. As 

progressively lighter ions a r e  considered, X increases until, when X is 

of the order of unity, a resonance can occur between the ion motions and 

the electron rotation frequency o 

examine in detail. 

It is this resonance which we shall e' 

The motions of the ions can be understood most readily by viewing 

them in the Larmor frame of reference which rotates with angular 

velocity QC/2 and in which the Lorentz force is just cancelled by the 

Coriolis force. A centrifugl potential energy m (QC/2) r /2, however, 2 2  

2 must be added to the electrostatic potential energy m 52;  r /2 (see eq. 2.6). 
2 2  The result is  an effective parabolic potential well mr 52 /2 with 

(2. 10) 

the frequency of oscillation of each Cartesian co-ordinate in this frame. 

The orbits a r e  ellipses, and with the appropriate choice of axes: 

x = s cos !a y = d sin* (2.11) 

We shall assume s to be the major semi-axis and take s always positive 

while d, never larger than s in magnitude, can be positive o r  negative so 

as to describe clockwise and anticlockwise orbits. Figure 1 illustrates 

an elliptical orbit transformed back to the lab frame, ranging between 

r = d and r = s. Unlike the electrons, the ions a r e  not prevented by 

the magnetic field from crossing a substantial part of the potential well. 

A critical feature of these ion orbits is the fact that the frequencies 

It follows that involved a re  independent of the amplitude of the motion. 

- 10- 



after a time 2 n /O the ions all have the same relative positions a s  they 

had initially, although in the lab frame the picture a s  a whole has rotated 

through the angle -nOc/O . A vitally important consequence of this effect 

is that no Landau damping can occur as  a result of synchronism of some 

of the ions with any wave. 7 This result has been noted in other circumstances, 

and represents a generalization of the well-known fact that Landau damping 

does not occur in a cold plasma. 

the sense that all the ions at any place share a comrnon velocity. It is 

therefore necessary to introduce a microscopic distribution function to  

describe the ions. But the mutual synchronism of the ions suggests that 

there is  a sense in which the meaning of the word "cold" can be extended 

to cover our case. In this sense, our analysis aims at results analagous 

to cold plasma theory. 

definitely need modifying for application to warm cases - "warm" in this 

context meaning a non-parabolic potential well. Although no analysis of 

warm cases is presented, a discussion of some of the possibilities is 

offered in Section IX. Theoretically, the situation is precisely analagous 

to the use of plasma models with discrete structure, as treated, f o r  

8 9 instance, by Stix and Dawson . Such models cannot exhibit Landau 

damping, but can and do exhibit gross instabilities associated with 

resonances of one kind o r  another. The best known of these is the 

two-stream instability, and it therefore comes a s  no surprise that our 

dispersion relations (Sections VII and VIII) a r e  very similar in structure 

to the dispersion relation describing the two stream instability. 

Of course, the ions a re  not cold in 

A s  in the cold plasma case, our results will 
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III. THE DRIFT 

For the electrons, it is adequate to descri 

v = E /B (a perturbatio r e 

= -Er/B (= r we for unperturbed conditions) ve 
This is the basis of some previous studies of the "diocotron" modes 

(references 4, 5, 6) .  

we shall find it a useful guide to what actually happens when a full 

For  the ions, (3. 1) is a poor approximation, but 

distribution function analysis i s  carried out. 

Since E is curl-free and the velocity field i s  the E/B-field turned 
N N 

through a right angle, the velocity is divergence-free and the continuity 

condition states that the particle density n is  unchanged along the flow 

lines : 

a t  B d r  + Oe = o  (3 .2)  Ee a nl a nl + - -  

The subscripts "0" (unperturbed values) and "1 

placed as shown since an/at and an/ae a re  only perturbations. 

exp (iQ8 - i w t )  describing the Q th order mode, ( 3 . 2 )  leads to 

(perturbations) may be 

With 

no iE e 
d r  

ed by the elaborate 
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state potential well is effectively parabolic. 

From (3. 3) one sees that: 

(i) over the interior range where n 

eq. 

be Laplacian, proportional to r . 

is assumed constant (see 
0 

2. 3) one has no density perturbation and the potential will 

Q 

(ii) in the 'rskin'l where no drops to zero one gets a surface charge 

density wave 

(3.4) 

Each species, electrons and ions, will create a surface charge layer, 

proportional to its unperturbed density in accordance with (3.4), assuming 

the drift approximation to be valid for both. 

be taken to  give the net surface charge density due to both species, 

provided one interprets p 

or  ( 1  - a ) peo, identifiable a s  - 2 E B o  in accordance with eq. (2. 5). 

On this basis one can now proceed to match the ratio iEr/E across 

In that case (3.4) can also 

as the net charge density - e n  
0 eo t Z enio, 

o e  

e 
the boundary, using c $ ~  a rQ - (a2/r)' outside. The ratio jumps from 

1 to (b2' + a2' )/(b2' -a2' ), and the difference must be equated to  

i/EoE 

dispersion formula (2. 9) which had previously been derived fo r  

only. 

times the surface charge density. This leads to the "diocotron" 0 
electrons 

The ions seem to  have no influence on dispersion. This is not 

surprising since in the drift approximation the particle m s s  remains 

irrelevant and the ions a re  just "charges", like the electrons, scaling 

all charge densities down to the factor 1 - a ,  To get significant ion 
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effects, one must improve on the drift approximation, at least for ion 

dynamics. 

infinitely heavy rather than so light as to  make the drift approximation 

valid, .then the surface wave is only that due to  the electrons - meaning 

that it is  not partially neutralized. 

stronger than in the estimate above. 

the dispersion formula: 

If one goes to the opposite extreme of the ions being 

It is, in  fact, a factor 1/(1 - a) 
One then finds, instead of (2. 9), 
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IV. EQUILIBHUM ION 

In calculating ion d the ion distribution function 

and its perturbations , we follo 

10, 1 1 ,  12, where cylindrically sylrunetricql configurations and their 

stability analyses a r e  discussed. 

ples laid down in 

One classifies particles by their canonical momenta. One of these 

Two others, the canonical axial momemtum and is the total energy W. 

the canonical angular momentum are, like the energy, constants of 

motion in the steady state. We  have already pointed out that the most 

competitive electron modes a r e  those with no variation along the axis 

and hence we restrict all further studies to axial uniformity. 

co-ordinate remains completely ignorable and axial momenta remain 

irrelevant. 

that any axial momenta have been integrated over. 

The axial 

In any distribution function to be recorded, we shall imply 

Regarding the canonical angular momentum, a simplifying feature 

i s  the constancy and uniformity of the magnetic field. For one species 

(namely the ions), one can transform away this constant magnetic field 

by doing the entire analysis in the Larmor frame in which the canonical 

angular momentum becomes the ordinary angular momentum. Let 

us now consider the manifold of all possible ion orbits of 

The total energy W, 

w = r m ( v :  1 t v 2 t ZeO' 
9 

the type (2. 11). 

contains, in its effective electrostatic potential energy ZeO, the Larmor 
2 2  2 2  centrifugal part mr 52 . / 8 ,  bringing the total potential energy to mr 52 /2 c1 
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for the steady state. Substitution then gives: 

(4.2) 

The angular momentum L is readily calculated to be 

(4.3) L E mrv = mOsd e 

Throughout this and the two subsequent sections, an unsubscripted lfmll 

will denote the species under study - primarily the ions in our case. 

However, putting Z = -1, and going to the appropriate Larmor frame, 

makes the analysis immediately applicable to electrons also. 

One can use s and d as  alternative variables to W and L for classifying 

particles in a distribution. 

distribution function would be vr and v 

for passing from these to W and L is: 

The most common variables used in a 

o r  vx and v The Jacobian e Y' 

In cylindrical polars, with 8 now measured in the Larmor frame, the 

orbits (2. 11) a re  given by: 

2 2  1 2 2  1 r2 = - ( s  2 t d ) t (s - d ) cos2Ot 

w -t (W2 -52 2 L 2 ) 1/2 cos2Ot 
- - (4.5) 
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and tan 8 = (d/s) tanDt, o r  

(W2 4 L2)lI2 4- Wcos242t 

w f (W2 -a2 L2)lI2 cos242t 
COS 20 = 

(4.6) 
~ - ~ / m r  2 2 

($4 L )  
- - 

2 2 112 

, should depend ve The steady-state distribution function, fo (r ,  vr, 

only upon the constants of motion, W and L, or s and d: 

which leads to an ion density: 

(4.7) 

the range of integration being the parabolic domain 

2 2  2 2 ~ 2 m r  +L2/mr  (4.9) 

r' which insures a real v 

The factor 2 in (4. 8) is due to  the ambiguity of sign of vr after specifying only 

W and v i. e. whether g counts ingoing o r  outgoing particles. In the 

steady state these must be equally plentiful, but under perturbed 

f conditions we shall have to distinguish between two functions, g 

e '  0 

and g-. 

The function go (W, L) could be determined from a knowledge of 

the ionization process, 

kinetic energies in the lab frame and hence W M - mr 

and L w  mr 

with small spreads about these values. However, our analysis is 

One would have compamtively low initial 
1 2 2  2 

[ D 2 0 4- (Qc/2) ] 
2 D c/2 in the Larmor frame where r is  the radius of creation, 
0 0 
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restricted by condition 2. 3, namely constant n. 

condition, we ought to determine g 

equation (4.8). 

unique since the kernel only depends on the square of L and makes no 

distinction between clockwise and anticlockwise orbits. 

a given total number of particles arbitrarily among these. 

To comply with this 
10' 

(W, L) by inverting the integral 
0 

Such an inversion is possible in principle, but it is not 

One can distribute 

Fortunately, in most of the analysis that follows it will be 

unnecessary to specify precisely the solutions go (W, L) of the integral 

equation which results from the condition (2 .3)  on the total density. 

But in Section VIII, we make use of an especially simple form for  go. 

If we express W and L in terms of s and d by means of (4.2, 4.3) and 

and choose 

(4.10) 

= o  s I b  

all ions have effectively s = 

around the origin. 

for b 5 r 5 a there a r e  no ions. 

classes; and each class rotates as  a solid body. 

of the clockwise and anticlockwise classes a r e  - 7 G c  - t- S2 in the lab. 

frame, 

the Lorentz force Zex x 2 point radially outward, opposing the electric 

force. For the minus sign, the vector 

adding to the electric force, and requiring a larger angular velocity to 

provide the necessary outward centrifugal force. 

Id1 , that is, they a re  moving in circles 

The ion cloud has constant density n. for 0 S r 5 b; 
10 

The ions a re  also divided into two 

The angular velocities 

1 

For the plus sign, this angular speed is in the sense which makes 

x 2 points radially inward, 

Any division of the ions 
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between these two classes may be chosen. 

It may be seen that if  we had retained the full equations of motion 

for the electrons, a s  well as for  the ions, we would have developed 

essentially the sam'e formalism for each case allowing only for the 

differences in charge and mass. Since in our model the electrons a r e  

actually moving in circles, the distribution function (4. 10) would be 

appropriate for  these a s  f o r  the ions, with all the electrons in the class 

for which the Lorentz force -e (v,x 2) 
The angular speed fo r  this class is 

C /z - p 2 / 4  - 

But we have assumed (2.2) that w 2  << 

i s  approximately 
P 

opposes the electric force -eE. 
N 

2 1/2 
( 1 - a )  w p / 2 1  (4.11) 

w 2  so that this angular velocity 
C '  

(4. 12) (1 - a )  w p / ~ u c =  2 neo (1 - ~ ) / z E ~ B  = we 

a s  stated above. It will appear later that all our results a r e  susceptible 

of generalization by allowing the electrons to have a velocity distribution 

restricted by just those conditions which a re  imposed on the ions. 

However, since it adds little to our understanding of the situation, this 

permissible generalization is not carried through our analysis. 

The other angular speed available to the electrons corresponds to 

choosing the t sign for the square root in (4.11) , and, for q << 1, is 

about wc. 

fast solutions. 

These two angular speeds have been described as the slow and 

13 

Since both in the constant density requirement (2. 3) and in any 

comparison of the full theory with the drift approximation (3. 3) the radial 
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density gradient is important, we develop here an expression for dn. /dr 

in terms of the distribution function go from (4. 8). 

variable r from the boundary condition 4. 9, we introduce dimensionless 

energy and momentum variables: 

10 

To remove the 

w L 
* 5 =  2 

mr S2 2 2  mr ~2 /2 
p z  

giving n. in the form: 
10 

(4. 13)  

(4. 14) 

now readily differentiated to give: 

The vanishing of the double integral constitutes condition (2.3). 

-22- 



V. THE PERTURBED ION DENSITY 

We follow the principles outlined in references 10 and 11 for 

calculating distribution perturbations for systems with planar o r  

cylindrical symmetry. 

functions, of the form 

The perturbed outward and inward distribution 

must be constant along the (perturbed) orbits in phase-space. 

a r e  implied to be measured in the Larmor frame, throughout this 

section and section VI. 

(small) t e rm of 5.1, but orbital changes 

electrostatic potential perturbation A @ of the form 

8 and w 

Unperturbed orbits can be used in the second 

A W and A L due to an 

iQe - iot A @  = d l  (r) e (5.2) 

must be taken into account in the first term. We have the dynamical 

equations: 

d A L  = -Ze - a A @  dt = i Q Z e A @ d t  a e  
(5.3) 

dAW = Ze a - '@ dt = iwZeA@ dt a t  

which we integrate along the (unperturbed) orbits between an inner 

turning point, A, (see Fig. l),  at radius ld l ,  and a point P at arbitrary 

radius r. Because our aim is to determine the (yet unknown) function (r) 

of (5.2), we use r 

dt = dr/vr. 

rather than t as a parameter of integration, with 

The phase of the perturbations (Q times the angle in the 
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rotating wave frame), 

can be evaluated as  a function of r by means of eqs. (4.5, 4; 6). 

Only the combination AL ago/a L t AWa go/8 W of angular 

momentum and energy changes is of interest; its orbital change is 

given by: 

I 

(5.5) 
a go t AW m) = - igo Ze A @  dr/vr a go 

d ( A L  

where 

1 a go a go 
a w  t w- - go = Q- a L  (5.6) 

The orbital constancy of the distribution function 5. 1 yields: 

We have omitted the 

at the turning points r = 1 dl  and r = s the inward and outward functions 

+ I r  superscript deliberately from g1 ( id1 ) since 

g merge into each other and must be identical. The turning point 

conditions a re  discussed in some detail in reference 10, as well as by 

Ehrmann14 in studies of oscillations of a plasma in a potential well. 

Let us indicate phase changes between the inner turning point A 

at r = d and a general point P, o r  between any two positions P, P 
I 

on an outward orbit, a s  follows: 

-24- 



Then (5.7) becom 

and for the inward function g; one obtains a similar for 

integration of 5.5 between r'= r and 

between what we have done 

be noted: 

= Id1 . Th 

(i) the integration runs backward in radius 

(ii) vr = - lvrl 

(iii) the phase differences on an inward orbit a r e  just opposite to 

those on an outward orbit. 

on this leg of the orbit 

Thus one obtains, using +ipA and +ippl of (5.8) as calculated along an 

outward orbit and the definition vr 

orbit, 

which applies on an outward 1 v.l 

One obtains a condition on gl(jd) ) by identifying r with the outer 

-I- turning point B at r = s in both (5. 9) and (5. 10) and by equating gl with 

g 1  there: 
- 



after some elementary tr 

3n the square bracket. T two integrals c combi 

nometrical manupulation for 

P, is P' o r  p a  

alculating th on pe2t 

t 

rturbation of the Jacobian (4.4) 

one has, in addition to the integral of g1 (r) t 

over g 

on is, f e outward class, 

and which i s  susceptibl 
0 

iQe -iot a I! go - 
a e' 41  e 

Since differentiationof th 

of differentiation with respect to W, one can convert this contribution 

by an integkatf. arts. Taking into account bo ard and butward 

acobian with respect t o  (Zee')  is the nega 

equirement g 

no terminal contributions in this process and the total perturbation 

g;, becomes: 

) +  

-26 - 



displacement between o r  

emphasized in reference 10. In pinches, one has found significa 

marginally unstable mod 

effect and in which the canonical momentum distribution g remains 

unperturbed (references 15, 16 and 17). 

Formula (5. 16) has quite general validity and is, as such, not 

The features of this well a r e  contained restricted to the parabolic well. 

only in the nature of the unperturbed orbits, which enter into the relation 

between the phase, +, and the radius, r, (see eqs. 4 . 5 ,  4.6, 5 . 4 )  as 

well as  into the dependence of the turning points s ,  d on W, L (see 

eqs. 4 .2 ,  4 . 3 ) .  Formula 5.16 can even be used when there are axial 

variations in the perturbations - it only means that in the definition 5 . 4  

of the phase one has to include a t e rm kz (r). Also, if  the steady-state 

distribution function go depends on axial momentum P (the case of axial 

drifts), one would add a term ka g0/a P in 5.6 and, of course, integrate 

in 5.16 over P as well as W and L. 

Perhaps the most important feature in the application of 5. 16 to the 

parabolic well lies in the universality of the resonances between the 

particle motion and the wave, shown by the zeros of the denominator 

sinJrBA. For the parabolic well, these resonances, 

w - = integer of same parity as Q 

(since 8 BA = (sgn L) n/2,  tgA = n/2Q)-do not dependupon W o r  L - 
61 
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or near to resonance. In that case, the 

for gross instability. 

cliscrete reso 

-2%- 



charge density perturbation Zenil, w i  

(derived from (bl 

with 5. 16), into 

equation for (b 1' 

with some inspired guess. 

A common method of solution is iteration, starting 

In our case, one might start  such an iteration with the known 

results fo r  the drift approximation, or f o r  the case of ions which a r e  

unresponsive to the potential wave. With constant unper 

in the interior (conditlon 2. 3 ), the potential ibl is then a 

Laplace's equation and (bl cc r in the fundamental mode Q = 1. 

out - fortunately - that with such a (bl the integrals in (5. 16) can be 

evaluated and that an equation like (3. 3) results for the ion density 

perturbations. Using, again, the constancy of n a s  postulated by 2. 3, 

the ions still behave incompressibly so that the Laplacian nature of the 

(bl i n  the interior is confirmed and no further itera 

It turns 

io' 

It cannot be claimed that t 
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To evaluate n;, from (5.16) we first calculate the integrals in (5. 12). 
42. 

damental, + (s)  = 0 fo r  the outward leg w gins a t  

t = -7r/2 51 and finishes at t = 0. Hence 4 ( Id) ) = -+BA and 

one has to integrate such expressions as 

r C O S  ( 0  - w t  t $BA) = s cos at  cos(& - + 

and 

) t d sin51t sin (at - +BA) BA 

rcos (- 8 t at) = s cosa t cos w t  t d s i n a  t sinwt 

t 
1 with respect to t in order to get g 

from r to t as variable of integration is eqedient here. ) After some 

helpful cancellations, one finds 

t g; by equation 5.12. (Reverting 

and hence 

To facilitate the integration, we introduce the dimensionless 

energy and angular momentum-variables p and defined in (4.13), 

giving: 

which we can compare with the drift approximation (3 .3) .  

first, the factor in front of the integral. 

iE r. In the denominator we use 

Consider, 

$1 (r)  can be replaced by 
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for the funda (6. 5) the factor in 

front of the integ in (6. 3) becomes: 

and for the drift approximation, which implies ulab << O c  , we shall have 

achieved confirmation of (3. 3) ,  with substitution of dno/dr from (4. 15), 

provided we can establish identity of the two integrals - that in (4. 15) 

and that in (6. 3). 

This identity is readily checked by observing that the integrands 

differ only by a perfect divergence in 6 ,  p-space, namely of the vector 

with 
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replace the simple 

integrals, in (6. 3) 

denominator B 

and .(4, 15) does 

i s  the correct generalization of ( 3 . 3 )  to cases 

approximation is inadequate ~n 

called for. 

variety of conditions 

potential well being 

This is  a remarkably simple 

ion density vanishe 

i s  a surface charge layer. The electron surface charge density is 

determined by "cold" laminar fIow theory in the diocotron analysis 

(references 4,5,6) drift approxi 

laminar flow theory is inadequ 

to our theory developed in sections IV - VI. 

range (thickness 6 )  in which th total unpertusbe 

. Instead, we apply a limiting process 

We allow for a thin radial 

Zen. en elopes ze entiably) from 

its full uniform interior value. 

ions turn round iLn 

amount of the order 6 . 

10 eo 

eld that makes the 

back into the inte is only chang 
2 There will thus be phase delays of the order 6, 
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but over most of their orbits the ions that penetrate into the boundary 

layer will oscillate harmonically in the perfect parabolic part of the 

well. 

The phase integrals preceeding the result (6.1) a r e  therefore 

substantially unchanged and any deviations from 6.1 will go to zero with 

6. The fact that the ion flow is  not laminar and not purely peripheral, 

but that most ions dip down into the unspoilt part of the well is an 

advantage in this argument. The transport of perturbing field effects 

by the particles does not occur in the skin itself, but mainly in  the body 

of the plasma. 

The energy-momentum integrations 6.2 - 6 . 3  are, again, concerned 

with the distribution function overall and not with particles that a r e  

restricted to the "skin". The nature of the function go (W, L) which 

produces the sloping ion density in the skin need not be known, and the 

final result (6.9) based on a Laplacian interior potential C b l  (r) would 

appear to be correct to the order r l r j r '  even within the skin. 

us to integrate 6. 3 through the thickness of the skin, to give the ion 

surface charge density: 

This allows 

- e Pio - iE 

L B ( w e  - w - w / nc )  
(6.10) 

a s  the valid generalization of (3.4). 
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VII. THE DISPERSION RELATION 

In this section we put together our previous results and find the 

dispersion relation corresponding to the fundamental Q = 1) wave 

which has a surface charge layer of ions given by (6.10) and a surface 

charge layer of electrons given by (3.4). across the 

combined layer leads to: 

Matching iEr/E e 

w a w  
(7. 1) 

e - e - 1 
2 ( 1 - a )  ( w e  - w - w /ac) 2 2  - 1-b /a ( 1 - a )  ( w e  - w) 

This is the dispersion relation for the wave being examined. Before 

studying the behavior of the dispersion relation in detail, we can simplify 

its form by defining 

x = w/we 

so that x is an unknown non-dimensional frequency. 

2 2  -1 

Next let 

x = 1 - (1-b /a ) ( 1 - a )  D 

be the dimensionless frequency of the diocotron wave a s  it would be for 

unresponsive ions (see Eq. 3. 5). 

the dispersion relation (7. 1) reduces to: 

Recalling the definition (2. 7) of A ,  

(XD - 1)-l  = (x - l ) - l -  aX (x2 txX - X ) ' l  (7.2) 

This dispersion relation is (for the reasons explained in Section 11) similar 

in character to the dispersion relation describing the two-stream 

instability. We see that for given values of xD , a ,  and X there will be 
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three values of x. The condition for stability is  that all three values for 

x be real, and in the marginal case two of these will coincide. The 

2 2  geometry factor b /a enters only into xD' 

Preliminary conclusions that may be drawn from (7 .2)  a r e  that i f  

either a o r  X is  sufficiently small, there a r e  in general three real roots 

which approach xD and the roots of x 2 
t XX - X = 0. But this statement 

n 
L will not be true if (x t xDX - X )  i s  also small, or  in other words, D 

if the diocotron wave is closely in resonance with one o r  the other 

characteristic ion frequencies. 

then, stability will follow i f  the ions a r e  either sufficiently few (a << 1) 

In the absence of such a resonance 

o r  sufficiently massive (A << 1) .  In either of these cases, the two species 

a r e  effectively uncoupled. 

More precisely, suppose that xD is a fixed positive number, and that 

a is  small, If we let 

= - X I 2  - (A t X2/4) 1/2 

x2 = - X/2 t (A t X 2 / 4 ) 1 / 2  
x1 

there will be a real negative root of (7 .2)  close to  xl. 

found as a power series in a, the term in a 

poss'ible to use this root to factor the cubic equation; we a r e  left with 

a quadratic equation of the form 

This root can be 

0 being just xl. It is then 

(7 .3)  
2 x t 2 c 1 x  t c 2 = o  

the coefficients C1 and C2 can be found a s  lower series in a ; to lowest 

order C1 = - (x2 t xD)/2, C = xz xD. The stability condition is now 2 
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2 simply C1 - C2 = 0. 

for C1 and C2, we find the condition for instability is, approximately: 

On evaluation of the terms in a in the expansions 

lx2 - "D\ < 2 [a X (1 - 9) 2 /(xz- x 1 )] 
Hence instability is pre 

from the ion frequency x by a quantity of order 

when instability is present, the growth rate is of the order w 

and this is proportional to  n.ll2. This suggests 

natural unit for measurement of the real part of the frequency w, it is 

more appropriate to refer the imaginary part of o, representing the 

growth rate, to the ion plasma frequency S2 w and S2 a r e  connected 

by the relation 

nly when the diocotron fre  

2 

10 

P' e P 

Using the standard theory of cubic equations, the stability boundary 

associated with (7.2) can be found. The equation for this boundary has 

the form of a cubic in A ,  the coefficients depending on a and xw 

boundary is shown in Fig. 2 (solid lines) fo r  three values of the 

geometrical parameter b/a. 

space above the curves a r e  unstable, and vice versa. 

neutralization of the electron cloud can be achieved without instability 

for values of X up t o  0.2 for b/a = 0.75 and up to 1.4 for b/a = 0.9. 

Extending the electron cloud closer to the wall brings the charge 

perturbation closer to its image and hence speeds the wave up. 

turn makes it possible to contain lighter ions without approaching the 

condition of resonance. 

The 

For any b/a, points in ( X  , a ) parameter 

We note that 10% 

This in 

The stable region below the solid curves but to 
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0.6 

04 

0.2 

IO. 
0 
.01 .I 1.0 

Fig. 2 Stability boundaries in , u parameter space associated 
with the dispersion relation (7.2). 
geometrical parameter b/a , the stability boundary is shown 
as a solid line. 
points below it a re  stable. The dashed lines connect points 
which, for each u , maximize the ratio of the instability 
growth rate to the ion plasma frequency. Absolute values of 
this ratio a re  shown in Fig.  3. 

F o r  three values of the 

Points above the boundary a re  unstable, 
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the right of the resonant point is of less p 

In addition to finding the stability boundary, 

directly for x = O/We. In the unstable reg 

growth rate. 

value of a, the 

d then decreas The location 

h rate will both depend o 

d above, it i s  appropria 

If we traverse the unstable r 

frequency. With this normalization, the dashed lines 

in Fig. 2 show the values of X which, for  a fixed a, give the largest 

growth rate. The absolute values of the maximum growth rates 

corresponding to points on these dashed lines a r e  shown in Fig. 3. It 

may be seen that unless a is close to  b2/a2, the peak growth rates a re  
2 2  When a - b /a , numerically smaller than the ion plasma frequency. 

the peak growth rate becomes a large multiple of the ion plasma 

frequency, but this range is not of much physical interest since it 

corresponds to small values of x D 

for a given a, the peak growth rate occurs at  a value of X M 4 xD/27a 

2 2  = (b /a - a )/(1 - a ). Furthermore, 

3 

which is extremely small. We conclude that in most unstable cases 

the growth rate will be comparable to o r  somewhat less than the ion 

plasma frequency. 

the growth rate is approximately 

F o r  very small a, and very close to resonance, 
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Fig. 3 Instability growth rate divided by the ion plasma frequency 
at points corresponding to the dashed lines in Fig .  2. 
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The results given in the previous sections cov 

a r e  res 

ation. In 

special ze rder ion di ution fo 

corresponding to any value of Q may be fo 

of eq. (4. 10) for  which the ions a re  divided into two classes (t and-)  

each of which is in simple solid body rotation. 

are,  respectively, (+ - D - 2 D c). 

division of the ions into these classes, but prefer, for simplicity, to 

suppose that all the ions a r e  in just one of these classes, having angular 

velocity D io. 

vanishes for b 5 r 5 a. 

The angular velocities 

1 We could treat an arbitrary 

The ion density is again uniform for b 5 r 5 b and 

For this special choice of the ion distribution function the ions are 

truly cold in the sense that all the ions a t  any place have precisely 

the same velocity, and we can therefore treat  the problem using the fluid 

(Euler) equations. Let vr, v be the radial and tangential components 8 
of the perturbed ion velocity. The first-order 

determined by: 

n dynamics a re  then 

V - Q Qio) - ive dr r 

v r (2Qio t Qc) - ivo (w - Q Qio) = - (Qc/B) iQ4/r  

As before, we seek a wave which involves no perturbation in the ion 

sity except in the neighborhood o = b. It will tu 
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(3.4) of a Laplacian potential, 4 a: r ' is consistent with such a wave. 

4 (b). Q For the region where there a r e  ions (i. e., r 5 b),let 4 (r) = (r/b) 

Solving (8. 1) gives: 

Note that the divergence of the perturbed ion velocity (8.2) vanishes. 

The perturbed ion continuity equation is 

n. 1 ( w  - Q Oio) t i vr dnio/dr = 0 

and this equation shows that, as  expected, ni vanishes except near r = b. 

For the surface charge density we obtain: 

where 

K zs (QQc  t 2w)/252 

1 1 when Qio = (Q - 2 $2 When !Lo = -(Q + 7 Q c) the denominator of 

the first part of (8. 3) becomes (K + Q ) (K t Q - 2). 

when Q = 1 this formula reduces (in either case) to (6. lo ) ,  as indeed 

it must. 

general properties a re  just the same as those of the dispersion relation 

(7. 1) discussed in Section VII. I€ we let xD be w/we from the diocotron 

relation (3. 5) and also 

We can check that 

The dispersion relation for arbitrary Q is easily derived; its 

= - QX/2 t (Q - 2) (X t X2/4)1/2 x1 
2 112 = - Q X / Z  t Q (X t X  /4) x2 
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The form equivalent to  

-1 
( X D -  8) = (x- 

(7. 2) is 

(8.4) 

As for  (7.2), when a and a r e  both small, there a re  three real 

roots near x = x D, xl, and x2. 

Q - 2 and in the other case occur at  K = - Q  and - Q t 2. Instability 

can occur for small a if  X i s  such that one of the ion frequencies 

x or  x is close to the electron diocotron frequency x In keeping 

with our general philosophy, we a re  principally concerned with conditions 

such that the electron diocotron frequency is positive and not too much 

smaller than we, and such that the highest frequency available to the 

ions approaches the electron diocotron frequency. 

frequency available to the ions is clearly x2, and it is therefore the 

approach of x2 to  xD that is the minimum condition for resonance. 

the case in which ai, is negative and for Q 2 2, resonance i s  impossible 

for x 

case for which Qi0 > 0. 

The last two correspondto K = Q o r  

1 2 D’ 

The highest 

For 

> 0, which justifies our concentrating on the more dangerous D 

For  this case, then, the stability boundary is plotted in Fig. 4 as 

a function of a and A ,  for a single value of the geometrical parameter 

b/a, and for Q = 1, 2, 3 and 4. For the physically interesting range of 

values of X (below the resonant value for the fundamental mode) we find 

as expected that the fundamental mode is the most likely to be unstable. 

This result therefore lends support to the claim that the stability 

boundary associated with (7. l),  which is restricted to Q = 1, is likely 

to be the true stability boundary associated with any mode number I. 

However, no proof of this claim has been found, and the analysis of this 
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b/a = 0.75 
Q) 0.6 < .- 
c 
It 0.4 
U 

0.2 

Fig .  4 Stability boundaries in , a parameter space associated 
with the dispersion relation (5.4). 
b/a is fixed at 0.75 and the different curves correspond to 
the mode numbers 1 = 1,2 ,3  and 4. Points in the cross- 
hatched region are  stable against all mode numbers. 

amental mode is the most dangerous. 
b/a , the entire system of curves shifts to  the right, enhanc- 
ing stability for  moderate values of X . 

The geometrical parameter 

F o r  
<, 1 , which is the range of physical interest, the fund- 

For larger values of 
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section is the only evidence in favor of its truth. For very small a, and 

very close to  the resonance between x 

cor responding to (7.4) is 

and x2, the growth rate D 

Im (0) = 52 [Q (1 - b2Q/a2Q)3/2 { Q 2  - (1 - b 
P 

For large Q this approaches Clt (2Q)’ 1/2 
P 
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e r  first vari  

analysis. 

permits an analytical treatrnent similar to that us 

with discrete structure. A non-parabolic well would greatly compl 

the analysis, but should also throw some light on the question of Landau 

damping. 

parabolic provided that neo - Znio is constant from the axis (r = 0 )  

out to some radius; it is not necessary that n and n. be independent- 

ly constant. 

wave in which the density perturbation is all concentrated a t  a single 

layer, which substantially simplifies the analysis. This approach is 

frequently used in problems of this type, and it is believed that results 

The adxantage of having a parabolic potential well  is that it 

for plasma models 

This is discussed briefly below. The potential well will be 

eo 10 

The advantage of this further restriction is that it yields a 

obtained for step-function density profiles a re  not importantly different 

from the results one would obtain from using somewhat smoother pro- 

files. 

electron and ion density profiles occur at different radii. As might be 

expected, the only effect of this is to reduce somewhat the coupling 

between the species. 

One generalization that has been tried is to have the steps in the 

In this sense, the case studied is the most critical. 

Other possible generalizations include the addition of different species 

of ions; as a special case, the electrons could also have been given a 

nt as opposed to the guiding center description 

This would have increased the complexity of the analysis actually used. 

with little compensating increase in clarity of the results. As a practical 
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matter, fo r  small q , the el lasma and gyro-frequencies a re  

too high to interact with the ions, while, if more species of ions were 

d in nt 

Z/mi had the largest value. 

It is interesting t o  note that the condition q << 1 is believe 

But we have s important for the stability of the electron cloud. 

with ions present, stability is enhanced if X << 1 . These two conditions 

can be written: 

n m c2 << B 2 << ( 1  - - a )  neo m. c2/2z eo e 

Thus it is desirable to  have the field strength B bracketed between two 

limits whose ratio is approximately (mi / 2Zm ) l l2  . There is no e 
difficulty in satisfying these conditions in practical cases - in this 

instance the large value of the mass ratio can be used to advantage. 

Turning next t o  the question of non-parabolic wells, we observe that 

such wells would produce an effective frequency spread in the ions. 

This is suggestive of Landau damping o r  growth, but only when the cold 

theory predicts a real (or nearly real) frequency. If the cold theory 

predicts a gross  instability, it is not likely that moderate frequency 

spreads would be of much help. But stability for the type of dispersion 

quencies and it is therefore 

possible that spr roduce small imaginary parts of the 
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Consider an ion oscillating in a potential well characterized by 

4 -  r . F o r  e = 0 , the frequency is independent of the amplitude, 

and therefore of the energy. 

increasing amplitude o r  energy, and for E > 0 the frequency increases 

with increasing amplitude or energy. 

situation of having an oscillation frequency just below that of a diocotron 

wave. If the ion becomes trapped by the wave, its frequency will  be 

effectively raised, but, as we have seen, this can either increase or  

decrease the energy. F o r  E < 0 (the reasonable case of the electron 

density decreasing with radius), trapping of a slightly slow ion will 

decrease its energy. 

of energy by a particle and absorption of the same energy by the wave 

results in growth, but in the diocotron case this familiar result is not 

valid. 

of wave energy (for example, because of slightly resistive walls) causes 

the wave to grow and vice versa. It therefore seems possible that if the 

trapping of slow ions transfers energy from the ions to the wave, damp- 

ing will result. 

For  e < 0 , the frequency decreases with 

Now consider an ion in the likely 

Now in the usual Landau damping situation, loss 

The diocotron wave has a negative energy in the sense that loss 

It wil l  be recognized that these assertions a re  highly speculative, and 

will  remain s o  until a more appropriate analysis is forthcoming. 

Finally, we have treated a cylindrical model, and would like to know 

how things differ if the infinite cylinder were bent round into a torus. 

The experiments reported by Daugherty et  all8 agree well with the theory 

of this paper, but were conducted in a torus. It is known19 that the 
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electrons can be in equilibrium in a torus even without a rotational 

transform, but the ion effects a r e  unknown. Although the ions must 

remain trapped since the potential well is topologically closed, their 

orbits are more complicated in that there is no known exact (or even 

approximate) integral of the motion corresponding to  the angular momen- 

tum in a cylinder. 

frequency spreads, but nothing concrete is known. 

Like the non-parabolic well, this is suggestive of 
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X. CONCLUSIONS 

Subject to a number of simplifying assumptions we have exhibited the 

possibility of an instability associated with resonance between the dioco- 

tron wave on a cylindrical crossed-field electron beam, and ion oscil- 

lations in the potential well of the electrons. 

associated with the occurrence of resonance which is largely independent 

of the number of ions present. 

Onset of the instability is 

The condition 

favors stability. 

rates of the order of the ion plasma frequency. 

If resonance occurs, instability is possible with growth 
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