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A model is developed to predict the lunar response 

t o  the time-varying interplanetary magnetic field. This model 

is applied to the interpretation o f  ALSEP magnetometer data, 

It is shown that, based on the theory, data from a single ALSEP 

magnetometer should be sufficient to calculate interior elec- 

trical conductivities up t o  a maximum of 'L 5(n-m) . This 

appears adequate to discriminate between currently proposed 

hot and cold models f o r  the lunar interior. 
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LUNAR RESPONSE TO THE TIME-VARYING INTER- 
PLANETARY MAGNETIC FIELD AND APPLICATION 

TO ALSEP MAGNETOMETER EXPERIMENT 

1.0 INTRODUCTION 

The primary purpose of the ALSEP magnetometer experi- 
ment is t o  study the interaction of the solar wind with the 
moon, and thereby provide information on the electrical proper- 
ties of the lunar interior. This report presents a theory for 
the response of the moon t o  the time-varying interplanetary 
magnetic field, and examines the applicability of the theory to 
the interpretation of ALSEP magnetometer data. 

The study of the interaction of the solar wind with 
the moon has thus far been directed primarily t o  the case of a 
constant magnetic field, a B / a t  = 0. In this case the problem 
may be viewed as that o f  a-moving conductor in a uniform magne- 
tic field. The current responsible for the induced field flows 
through the moon with the current paths closing in the solar 
wind plasma. The magnitude of the induced field depends upon 
the characteristic electrical conductivity of the moon for this 
interaction, namely that of the lunar crust. The absence of an 
interaction on the sunlit side of the moon (Colburn et al., 
1967) implies that the energy density of this induced magnetic 
field is much less than the directed kinetic energy density of 
the solar wind. By a calculation similar t o  that of Dessler 
(1967), this disparity in energies can be used to compute an 
upper bound for the conductivity of the lunar crust. The re- 
s u l t  is u < (a-m)-l. To determine the electrical conduc- 
tivity of the lunar interior we must proceed t o  a consideration 
of time-varying magnetic fields. 

The response of the moon t o  the time-varying inter- 
planetary field is governed by eddy currents which flow in the 
lunar interior. The strength of the magnetic field induced by 
these currents provides a measure of the interior electrical 
conductivity of the moon. The time scale for decay of eddy 
currents is the Cowling time T~ = ,uL2, where L is the charac- 
teristic dimension of the conductor. Therefore the response of 
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the moon t o  interplanetary magnetic field variations of periods 
T % T provides the most sensitive measure of the electrical 
conductivity of the lunar interior. The Cowling times for 
various models of the lunar interior range from a few tenths of 
a day t o  thousands of days. The maximum power in the inter- 
planetary magnetic field spectrum occurs at periods associated 
with field reversals, which fall within this range of possible 
Cowling times. Thus the understanding of the lunar response 
to these magnetic field variations appears t o  be an attractive 
method for determining the lunar interior conductivity. 
Knowledge of the conductivity would also provide information 
on the temperature of the lunar interior. 

C 

2.0 FORMULATION 

2.1 Sector Structure and Power Density Spectrum of the Inter- 
planetary Field 

Except for periods when it is in the geomagnetic tail, 
the moon is imbedded in the solar wind and experiences the time- 
varying interplanetary magnetic field. There exist fluctuations 
of the interplanetary field due t o  many sources, e.g., waves and 
turbulence. We are principally concerned with those fluctua- 
tions caused by the corotation of the sector structure of the 
interplanetary magnetic field with the sun. Figure 2.1 shows 
schematically the sector structure as reported by Wilcox and 
Ness (1965). In the positive sectors the field is directed 
outward from the sun along an Archimedes spiral. At the orbit 
of the earth the Interplanetary field lies predominately in the 
ecliptic plane, and the angle between the field vector and the 
radius vector from the sun is approximately 45'. This entire 
structure corotates with the sun in a period of about 27 days, 
and the pattern (number and size of the sectors) is relatively 
stable over at least several solar rotations. Simultaneous 
measurements of the field by two spacecraft separated by 
1 . 3  x 10 km show a high degree of correlation, with a time lag 
corresponding t o  the time necessary t o  rotate the field pattern 
from one observation point t o  the other (Ness, 1966). Thus, at 
least for separations 10 km, measurements at one point can be 
used t o  predict the field configuration at another point by 

6 
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V = 400 kmlsec 
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FIGURE 2.1 - SCHEMATIC ILLUSTRATION OF THE INTERPLANETARY 
MAGNETIC FIELD SECTOR STRUCTURE 
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assuming that the  f i e l d  p a t t e r n  c o r o t a t e s  w 
o r b i t  of t h e  ear th ,  t h e  wid th  o f  the  s e c t o r  
of 1 0  km, and t h e i r  az imutha l  v e l o c i t y  i s  % 

convec t ion  of t h e  s e c t o r  s t r u c t u r e  spa t ia l  
p a s t  t h e  moon t h e n  appear as temporal  f l u c t  

8 

f = vc/h 

where v 
s p a t i a l  wavelength.  
separated by a d i s t a n c e  Ax i s  

% 400 km/sec i s  t h e  convec t ion  speed and h i s  t h e  
C 

The phase d i f f e r e n c e  between two p o i n t s  

A t  t h e  f r e q u e n c i e s  of i n t e r e s t  here ( <  l / d a y ) ,  t h e  spat ia l  
wavelengths are l a r g e  ( >  1 0  k m )  compared w i t h  t h e  diameter of 
t h e  moon. Thus i t  i s  a p p r o p r i a t e  f o r  our  purposes  t o  t r e a t  
t h e  f i e l d  changes seen  by t he  moon as be ing  s p a t i a l l y  uniform 
and tempora l ly  i n  phase. 

7 

The power d e n s i t y  spectrum of the i n t e r p l a n e t a r y  
magnetic f i e l d  i s  shown i n  F igu re  2 .2 .  The s o l i d  curve i s  
t aken  from S i scoe  e t  a l .  (1968) ,  and the  dashed curve i s  from 
Coleman (1968) .  The dependence on frequency i n  t h e  range shown 

. According to the  a l r a lys i s  of  Coleman, i s  approximately f 
a t  f r e q u e n c i e s  above 2 x 10-5Hz (0 .5  day p e r i o d )  t h e  spectrum 
i s  dominated by f l u c t u a t i o n s  pe rpend icu la r  t o  t he  s p i r a l  f i e l d .  
Below t h i s  f requency t h e  spectrum i s  the  r e s u l t  of f l u c t u a t i o n s  
p a r a l l e l  to t h e  s p i r a l  f i e l d  d i r e c t i o n ,  e .g . ,  t h e  change i n  
s i g n  of t h e  spiral  f i e l d  a c r o s s  s .ec tors .  T h i s  i s  the  most 
e n e r g e t i c  p o r t i o n  of t h e  spectrum, and c o n t a i n s  t h e  f l u c t u a -  
t i o n s  of p r i m a r y  i n t e r e s t  i n  t h i s  paper .  

-1.5 

2.2 E l e c t r i c a l  Conduct iv i ty  of t h e  Moon 

The response  of the moon to magnetic f i e l d  changes i s  
dependent upon t h e  e l e c t r i c a l  p r o p e r t i e s  of t h e  l u n a r  i n t e r i o r .  
To provide  mot iva t ion  f o r  ou r  e v e n t u a l  choice  of a model, w e  
now p r e s e n t  a b r i e f  review of c u r r e n t  knowledge of the e l e c t r i -  
c a l  c o n d u c t i v i t y  of  the moon. 



lo’* 10- 
FREQUENCY (Hz) 

FI GURE 2.2 - POWER DENSITY SPECTRUM OF THE iNTERPLANETARY 
MAGNETIC FIELD 
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The l a c k  of a d i s tu rbance  i n  the s o l a r  wind on the  
s u n l i t  s ide of the  moon i n d i c a t e s  tha t  the  l u n a r  c r u s t  has a 
c o n d u c t i v i t y  cs < (Q-rn)-’. T h i s  upper bound i s  compatible  
w i t h  the  s u r f a c e  be ing  composed of e i t h e r  d r y  rocks,  f o r  which 
cs < l o m 7  (&m)-’, o r  rocks  con ta in ing  f rozen  water, f o r  which 
cr < (Q-rn1-l. 

P resent  in format ion  on the  conduc t iv i ty  of t he  l u n a r  
i n t e r i o r  i s  based on t h e o r e t i c a l  s t u d i e s .  England e t  a l .  
(1968) have c a l c u l a t e d  the e l e c t r i c a l  conduc t iv i ty  of t h e  moon 
f o r  va r ious  thermal models u s i n g  the e l e c t r i c a l  p r o p e r t i e s  of 
o l i v i n e .  The two thermal models shown i n  Figure 2.3 a r e  based 
on a young, 0.9 b i l l i o n  y e a r ,  and an o l d ,  4.5 b i l l i o n  year, 
c h o n d r i t i c  moon. 

The minera l  composi t ion of c h o n d r i t i c  me teo r i t e s  i s  
predominately o l i v i n e  (45%) and pyroxene (30%) .  There are a t  
p r e s e n t  no measurements of the e l e c t r i c a l  conduc t iv i ty  of chon- 
d r i t e s .  However, there i s  data on the e l e c t r i c a l  conduc t iv i ty  
of o l i v i n e ,  i nc lud ing  t h e  e f f e c t s  of p r e s s u r e ,  The conduc- 
t i v i t y  of  o l i v i n e  i s  

G = 55 exp[-(.92 - 5 . 1  x 10m3P)/kT] 

(2.1) 7 + 4 x 1 0  exp[-(2.7 + 4.8 x 10-3P)/kT] 

2 where P = 47[1-(r/b) ] i s  t h e  luna r  p re s su re  i n  k i l o b a r s ,  b i s  t h e  
r a d i u s  of the moon, k i s  the Boltzmann c o n s t a n t ,  ana T i s  t h e  
a b s o l u t e  temperature .  The f i r s t  te rm of ( 2 . 1 )  r e p r e s e n t s  i n -  
t r i n s i c  serciconduction, and the second term i s  due t o  i o n i c  
conduct ion.  A t  temperatures  above about 1 6 0 0 O ~ ,  i o n i c  conduc- 
t i o n  dominates.  

The c o n d u c t i v i t y  of the moon based on t h e  two thermal  
models and t h e  e l e c t r i c a l  p r o p e r t i e s  of o l i v i n e - i s  shown i n  
Figure 2 .4 .  For the  young, co ld  moon, the  maximum conduc t iv i ty  
i n  the l u n a r  i n t e r i o r  i s  l o m 2  ( Q - m > - l ,  and for t h e  o l d ,  hot  
moon i t  i s  almost  lO(n-m)-’. The dashed curve r e p r e s e n t s  a 
hot  moon w i t h  par t ia l  mel t ing  i n  the i n t e r i o r .  The par t ia l  
me l t ing  r e s u l t s  i n  an i n c r e a s e  i n  the maximum conduc t iv i ty  t o  
n e a r l y  1 0  ( Q - m > - l .  2 There i s  a 3 t o  4 o r d e r  Of magnitude 
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difference in the interior electrical conductivity between the 
cold and hot lunai- models. 'l'herefore even a crude measurement 
of the conductivity should allow one to distinguish between 
these proposed models of the lunar interior. 

2.3 Models for Lunar Response 

For all the models of the preceeding section, the 
conductivity increases rapidly in the first 300 km and is a 
relatively insensitive function of depth below 600 km. As an 
approximation we choose a simple two layer model, i.e., a uni- 
form core of radius a and conductivity ol, surrounded by a 
uniform crust of thickness b-a and conductivity 02, with a 2  < <  ala 

This model retains the gross features of the conductivity pro- 
files in Figure 2.4, and is mathematically convenient. 

We wish to determine the response of this model to the 
spatially uniform time-varying magnetic field described in Section 
2.1 .  The fluctuating field produces eddy currents in the l una r  
interior which give rise to an induced lunar magnetic field, The 
apparent absence of a disturbance in the solar wind on the sun- 
lit side of the moon implies that the kinetic energy density of 
the solar wind there is greater than the energy density of any 
lunar magnetic fields. Consequently both induced and permanent 
lunar fields are compressed and excluded from khe solar wind by 
currents which flow in the conductive plasma environment. The 
confining current is due to the deflection of solar wind parti- 
cles by the induced magnetic field in a layer, above the sunlit 
lunar surface, whose thickness will be shown to be much smaller 
than the lunar radius. In this limit of large solar wind kine- 
tic energy density, the volume current on the sunlit side of 
the moon may be approximated by a current sheet at the lunar 
surface. Only the unperturbed solar wind field exists exterior 
to the surface current. In Section 4 we show that this current 
sheet model is a systematic approximation to the actual confin- 
ing solar wind currents on the sunlit side. 

In the anti-solar direction there exists a plasma 
void due to the interception of solar wind particles at the 
lunar surface, and we anticipate the induced field to be sub- 
stantially confined within the cavity region. Here the confine- 
ment is controlled by currents which flow at the boundaries be- 
tween the undisturbed solar wind and the plasma cavity, and the 
situation is much more complex than on the sunlit side. We 
therefore restrict our attention to the study of the sunlit 
side and, for mathematical convenience, compute the sunlit side 
solution by replacing the confining solar wind currents, that 
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exist in the anti-solar direction, by a surface current on the 
back side of the moon, which is identical to that on the Sunlit 
side. By introducing this approximation we sacrifice the 
ability to calculate corrections to the sunlit side solution 
which arise from the asymmetary between the solar and anti- 
solar directions. ILi Section 4 a qualitative picture of the 
effects of the interaction in the anti-solar direction is pre- 
sented, and a quantitive estimate of the error introduced is 
given. The error is estimated by computing the contribution 
to the front side surface magnetic field due to the back side 
model surface current, which contribution is shown to be small. 

3.0 RESPONSE TO TIME-VARYING FIELDS 

The problem is most conveniently solved by perform- 
ing a Fourier time analysis of the field. The procedure then 
reduces to computing the response of the moon to a uniform, 

-iwt time-varying component of the solar wind field, B = B e 
The formalism of the resulting vector boundary value problem 
is treated in the Appendix. The model admits only a poloidal 
magnetic field solution which is independent of the azimuthal 
angle 9 .  The geometry is shown in Figure 3.1. The solution 
in the lunar interior is (hereafter omitting the time depen- 
dence e 

-0 - 

-iwt) 

where 

and + is the solution of the scalar Helmholtz equation, 

Here jn(z) and yn(z) are the spherical Bessel functions, and 
Pn(cose) the Legendre polynomials. The components of - B are 
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- 1 a 2  Cr$,l 
W 

B e - k r  arae n=o 
( 3 . 5 )  

A separate se t  o f  equa t ions  ( 3 . 3 )  - (3 .5 )  e x i s t s  f o r  t h e  co re  
( k  = kl) and the c r u s t  (k  = k2). 
f o r  t h e  co re  and c r u s t  are determined from t h e  fo l lowing  bounda- 
r y  cond i t ions  

The c o e f f i c i e n t s  an and 6, 

B < o o  r = o :  9 Br> e 

r = a : By, B cont inuous , e 

r = b : B = B cose = B P ( c o s e )  . 
0 1  r 0 

The s u r f a c e  c u r r e n t  J" a t  r = b i s  determined by t h e  magnitude 
o f  t h e  jump i n  B r e q u i r e d  to reduce  t h e  c r u s t  f i e l d  t o  t he  
i n t e r p l a n e t a r y  va lue ,  -B s i n e .  From t h e  boundary cond i t ion  at  
r = b ,  i t  i s  apparent  that  only t h e  n = 1 term w i l l  s u rv ive  i n  
t h e  sum ( 3 . 3 ) .  

+ 
0 

0 

The co re  and t h e  c r u s t  s o l u t i o n s  are c h a r a c t e r i z e d  by 
t he  parameters  lkLI2 = UT . 
we need no t  cons ide r  t h e  g e n e r a l  ca se  lklal = O(lk  b ) = O(1). 

[k1aI2 f i n i t e ,  and lklaI2 3 00 with k2b f i n i t e .  The former cor-  
responds  t o  a d i e l e c t r i c  c r u s t  and may b e  viewed as t h e  lowest  
o rde r  s o l u t i o n  i n  a sys t ema t i c  expansion i n  powers o f  t h e  s m a l l  
parameter  Ik2b 1 . 
t h i s  approximation i s  v a l i d  f o r  pe r iods  T > >  4 min. The second 
l i m i t i n g  c a s e  cor responds  t o  a p e r f e c t l y  conduct ive  co re  

S ince  a2 < <  ul, Ik21 < <  lkll and C 

It s u f f i c e s  t o  cons ide r  the two l i m i t i n g  cases  Ik2bl 4 3 0 w i t h  

2 For a c r u s t  conduc t iv i ty  of  l o e 5  ( Q - m ) - l ,  
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and may be viewed as the lowest order solution in a systematic 
expansion in powers of the small parameter lklal-2. 

this approximation is valid for periods T < <  100 days. Thus for 
the above values of the parameters, the entire frequency spectrum 
is included in the tho limits. 

For a 
representative core conductivity of 1 (Q-m)” and a = 1.1 x 10 3 km, 

3.1 Dielectric Crust 
2 In the limit Ik2bl -f 0, = VJ, in the crust (Morse 

and Feshbach, 1953), where J, is now the solution of Laplace’s 
equation, 

Utilizing the boundary conditions (3.6) - (3.8), we obtain the 
following solutions f o r  Br and B e :  

Core 0 < r < a - - 

Crust a < r < b - - 

= Box[l - R(r) a 3  ICOS8 
Br 

where 
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The surface current in the azimuthal direction at r = b is 

The c 
terpretation. 
and we recover 
to a uniform, t 
of a uniform fi 

rust solution (3.12) and (3.13) has a simple in- 
If we look at the limit b + to, the factor A + 1 
the solution for a conductive sphere subjected 
ime-varying vacuum magnetic field, i.e., the sum 
eld Bo and an induced dipole field of magnitude 

RBo. 
efficient for the core. Expressed in terms of elementary func- 
tions, R assumes the form 

We may therefore identify R as a complex reflection co- 

- '1 , (3 .17 )  R =  3 sinh2x-sin2x 1-i-[ 3 sinh2x+sin2x 
2~ C O S ~ ~ X - C O S ~ X  2~ C O S ~ ~ X - C O S ~ X  x 

where x = a/61 and 61 = (2/polw) 'I2 is the skin depth of the 
core. 
Figure 3.2. For a highly conductive core x > >  1 and R + 1, 
while in the opposite limit of a poorly conductive core R + 0 
as expected. The reflection coefficient is a sensitive func- 
tion of the core parameters in the range 1 < < 10, For a 
lunar core of conductivity u 

tween 0.5 and 55 days. 

A plot of R as a function of a/til is presented in 

= 1 (Q-m)-' and radius 1 
a = 1.1 x 10 3 km, this corresponds to periods in t h e  range be- 

We identify the crust solution as the sum of a uni- 
form and a dipole field, increased by the factor A. From (3.15) 
we see that A represents a volume compression of the field, 
which manifests the confinement of the field by the solar wind. 
For a perfectly conductive core and a crust of 600 km thickness, 
we obtain h = 1.4. 

Figure 3.3 shows the magnitude of the field components 
as a function of radial distance and core skin depth. When the 
skin depth is equal to the conductive core radius, the field 
components Br and Be are essentially uniform throughout the core 
and crust. As the skin depth decreases, the radial component 
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Br is diminished within the core and crust. 
creases with decreasing skin depth near the center of the core, 
but it rises to values greater than the source field near the 
core surface and in the crust. The compression of the field 
arising from solar wind currents is evidenced by comparing the 
solution with that which would exist in the absence of the con- 
fining solar wind curr?ents (see unconfined field solution in 
Figure 3.3). 

Similarly, B de- e 

3.2 Perfectly Conductive Core 

(klaI2 > >  1. 
for periods T < <  100 days. Since + is a solution of the 
Helmholtz equation, lklal -t m forces + + 0. Consequently the 
magnetic field is excluded from the core, and Br = Be = 0 for 
r < a. To determine the field in the crust, the boundary con- 
ditions (3.7) at r = a must be relaxed t o  permit a surface 
current. 
(3.5) with the boundary condition (3.8) yield the following 
solution in the lunar crust : 

The lunar core behaves like a perfect conductor when 
For a core conductivity of l(Q-m)-’ this occurs 

2 

At r = a we may o n l y  require Br = 0. Then (3.3) - 

The forms of (3.18) and (3.19) are not very trans- 
parent and are indicative of the algebraic complexities one 
encounters in proceeding to multi-layered lunar models. The 
field components are shown in Figure 3.4 where the parametric 
dependence on the crust skin depth is illustrated. At large 
values of the skin depth the induced field results primarily 
from the currents at the surface of the perfectly conductive 
core. In fact, in the limit Ik2bl = &/S2 < <  1 we obtain 
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T h i s ,  as w e l l  as t h e  cor responding  form for B matches 
t h e  d i e l e c t r i c  c r u s t  s , o l u t i o n  expanded for Ik,al  > >  1. 

0' 

11 2 

w i t h  

A s  t he  
c r u s t  s k i n  depth dec reases ,  t he  f i e l d  i s  diminished deep w i t h -  
i n  t h e  c r u s t ,  wh i l e  the nea r  s u r f a c e  va lues  o f  Be i n c r e a s e  

A 

r a p i d l y .  

t h e  c r u s t  i s  a p p r e c i a b l e .  
(n-m)-', t h i s  c o n d i t i o n  i s  sa t i s f ied  a t  f r equenc ie s  greater 
t h a n  0 . 1  Hz. 

When b/62 2 3, t h e  i n d u c t i o n  due t o  c u r r e n t  flow i n  
For  a c r u s t  conduc t iv i ty  a2 = 

4 . 0  D I S C U S S I O N  OF THE MODEL 

F i r s t ,  a p l a u s i b i l i t y  argument f o r  t h e  use  of t h e  
s u r f a c e  c u r r e n t  model on t h e  s u n l i t  s ide  o f  t h e  moon i s  pre-  
s en ted  which i n d i c a t e s  t ha t  t h i s  model i s  a sys t ema t i c  approxi-  
mation t o  t h e  t r u e  c u r r e n t  d i s t r i b u t i o n .  A s u r f a c e  c u r r e n t  
model may be  viewed as a mathematical  l i m i t i n g  p rocess ,  

4 
J" = l i m  A J 

A+o 

9 where t h e  l i m i t  i s  t aken  a t  f i x e d  conf in ing  c u r r e n t .  Here J 

i s  t h e  conf in ing  c u r r e n t  d e n s i t y ,  and A i s  t h e  t h i c k n e s s  of a 
l a y e r ,  ad j acen t  t o  t h e  s u n l i t  l u n a r  s u r f a c e ,  where t h e  confin-  
i n g  s o l a r  wind c u r r e n t s  f low,  and where Be dec reases  from i t s  
l u n a r  s u r f a c e  va lue  t o  t h a t  of  t he  undis turbed  s o l a r  wind. A 
necessary  c o n d i t i o n  f o r  t he  use  o f  t h e  s u r f a c e  c u r r e n t  approxi-  
mation i s  A <<  ( b - a ) ,  i . e . ,  A must b e  s h o r t e r  t han  the  smallest 
r e l e v a n t  l e n g t h  s c a l e  i n  our  model. It i s  a l s o  r e q u i r e d  tha t  A 
be small compared w i t h  t h e  s o l a r  wind pro ton  Larmor r a d i u s  based 
on t h e  s t reaming p ro ton  v e l o c i t y .  S a t i s f y i n g  t h i s  c o n d i t i o n  
ensu res  that  t he  p ro ton  o r b i t s  exper ience  a n e g l i g i b l e  per turba-  
t i o n ,  as r e q u i r e d  f o r  c o m p a t i b i l i t y  w i t h  t h e  observed absence 
of an i n t e r a c t i o n  of the  s o l a r  wind w i t h  t h e  moon on t h e  s u n l i t  
s ide.  
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An upper bound f o r  A can be e s t ima ted  without  r e s o r t -  
i n g  t o  a d e t a i l e d  c a l c u l a t i o n  of the p h y s i c a l  mechanism which 
produces t h e  conf in ing  c u r r e n t .  Since it i s  by v i r t u e  of t h e  
l a r g e  pro ton  energy that  t h e  l u n a r  magnetic f i e l d  i s  compressed, 
the pro tons  must b e  c e n t r a l  t o  t h e  confinement p rocess .  An 
upper bound f o r  A i s  obta ined  by assuming a l l  t h e  c u r r e n t  t o  be 
c a r r i e d  by t h e  p ro tons .  Then as t h e  pro tons  t r a v e r s e  t h e  d i s -  
t a n c e  A ,  t h e i r  t r a j e c k o r i e s  are per turbed  by t h e  magnetic f i e l d  
g r a d i e n t .  T h i s  produces an ordered  change i n  t h e  pro ton  veloc-  
i t y  of o r d e r  of magnitude (A/rB)V, where V i s  t h e  pro ton  stream- 
i n g  v e l o c i t y ,  and rB = MV/eBo i s  t h e  pro ton  Larmor r a d i u s  based 
on V. For t y p i c a l  s o l a r  wind parameters  rg 'L 500  k m .  

d e n s i t y  which r e s u l t s  from t h i s  v e l o c i t y  change i s  
The c u r r e n t  

J ' ~ n e r V  A 

9 B 

where n i s  t h e  pro ton  number d e n s i t y .  The upper bound f o r  A i s  
obta ined  f rom t h e  r e l a t i o n  J* Q, A J  where J* i s  given by (3.16). 
We t h e r e f o r e  e s t i m a t e  

9 9 '  9 

The q u a n t i t y  i n  b r a c k e t s  i s  t h e  r a t i o  o f  t h e  magnetic f i e l d  
energy d e n s i t y  t o  t h e  pro ton  energy d e n s i t y ,  and i s  much l e s s  
t han  1. Thus, i n  a l a y e r  whose th i ckness  i s  small compared w i t h  
rB and (b-a) ,  t h e  s o l a r  wind pro tons  can provide a l a r g e  enough 
c u r r e n t  t o  conf ine  t h e  induced l u n a r  magnetic f i e l d .  The pre- 
sence o f  t h e  more mobile s o l a r  wind e l e c t r o n s  can se rve  only t o  
decrease  t h e  value of  A .  Thus, t h e  a c t u a l  conf in ing  c u r r e n t  
d i s t r i b u t i o n  e x i s t s  i n  a l a y e r  of t h i c k n e s s  < <  rB, and our  su r -  
f ace  c u r r e n t  model on t h e  s u n l i t  s i d e  of t h e  moon i s  a system- 
a t i c  approximation,  c o r r e c t  i n  t h e  asymptot ic  l i m i t  A / a + O .  

We now cons ide r  q u a l i t a t i v e l y  the  c o r r e c t i o n s  t o  our  
s o l u t i o n  a r i s i n g  from t h e  asymmetry between t h e  s o l a r  and a n t i -  
s o l a r  d i r e c t i o n s .  To f a c i l i t a t e  the d i s c u s s i o n  w e  assume tha t  
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t h e  moon has a d i e l e c t r i c  c r u s t .  The c r u s t  s o l u t i o n  i s  t h e n  
t h e  sum o f  a uniform and an  a l i g n e d  d i p o l e  f i e l d ,  modified by 
t h e  presence  of c u r r e n t s  which flow i n  t he  s o l a r  wind. There- 
f o r e  t h e  f i e l d  c o n f i n i n g  c u r r e n t s  must e x i s t  a d j a c e n t  t o  t h e  
l u n a r  s u r f a c e  on the s u n l i t  s ide ,  and i n  the r e g i o n  between 
the  und i s tu rbed  s o l a r  wind and the  p lasma void  i n  t he  a n t i -  
s o l a r  d i r e c t i o n .  The l a t t e r  n e g l e c t s  the p o s s i b i l i t y  of  plasma 
e x i s t i n g  i n  t he  vo id  r e g i o n  and producing a s i g n i f i c a n t  c u r r e n t .  
The r e s u l t i n g  induced f i e l d  c o n f i g u r a t i o n  i s  shown schemat i ca l ly  
i n  F i g u r e  4 . 1 .  The induced f i e l d  i n  t he  a n t i - s o l a r  d i r e c t i o n  i s  
similar t o  t h a t  of a skewed d i p o l e  conf ined  w i t h i n  a c y l i n d e r .  

On t h e  a n t i - s o l a r  s i d e  of t he  moon we have r e p l a c e d  
t h e  t r u e  c u r r e n t  d i s t r i b u t i o n  by  t h e  same s u r f a c e  c u r r e n t  sheet 
J n  used on t h e  s u n l i t  s ide  i n  o r d e r  t o  p r e s e r v e  t h e  symmetry i n  
our model. To o b t a i n  a q u a n t i t a t i v e  estimate of t he  e r r o r  i n -  
t roduced  by t h i s  model f o r  t h e  back s ide  c u r r e n t s ,  we have 
numer ica l ly  computed t h e  c o n t r i b u t i o n  t o  t h e  magnetic f i e l d  a t  
a p o i n t  on t h e  s u r f a c e  of the s u n l i t  hemisphere a r i s i n g  from 
t h e  model back s ide  s u r f a c e  c u r r e n t  g iven  by (3.16), assuming a 
p e r f e c t l y  conduct ive  co re  of  r a d i u s  1.1 x 1 0  k m .  The s o l u t i o n  
i s  q u a n t i t a t i v e l y  c o r r e c t  i n  r e g i o n s  where t h i s  c o n t r i b u t i o n  
i s  small. T h i s  c r i t e r i o n  i s  p rope r ,  because the  model s u r f a c e  
c u r r e n t  on t h e  back s ide  of t he  moon makes a l a r g e r  con t r ibu -  
t i o n  t o  t h e  s u n l i t  s i d e  f i e l d  t h a n  t h e  a c t u a l  c u r r e n t  d i s t r i -  
b u t i o n  which produces l e s s  confinement i n  t h e  a n t i - s o l a r  
d i r e c t i o n .  A t  t h e  s u b s o l a r  p o i n t ,  t h e  c o n t r i b u t i o n  t o  t h e  
magnetic f i e l d  a r i s i n g  from t h e  back s ide  s u r f a c e  c u r r e n t  i s  
computed t o  be 5%. The c o n t r i b u t i o n  r ises t o  1 2 %  a t  a s u n l i t  
side s u r f a c e  p o i n t  i n  t h e  e c l i p t i c  p l ane  which i s  n / 4  from the 
s u b s o l a r  p o i n t .  Hence we estimate that  t h e  e r r o r  i n t roduced  
by our s u r f a c e  c u r r e n t  model i s  small i n  t h e  v i c i n i t y  of t h e  
s u b s o l a r  p o i n t ,  and i n c r e a s e s  as one approaches t h e  l i m b .  The 
de te rmina t ion  of t h e  a c t u a l  e r r o r  would r e q u i r e  t he  comparison 
of o u r  s o l u t i o n  w i t h  tha t  ob ta ined  f o r  t he  asymmetrical  prob- 
l e m .  

4 

3 

5.0 APPLICATION TO THE ALSEP MAGNETOMETER EXPERIMENT 

5 .1  Magnetic Environment of t he  Moon 

F igure  5 . 1  shows the moon i n  i t s  o r b i t  about  t he  
earth,  t o g e t h e r  w i t h  the  p o s i t i o n s  of the earth 's  bow shock, 
t h e  t r a n s i t i o n  r e g i o n  and the geomagnetic t a i l .  Upstream from 
t h e  shock t h e  i n t e r p l a n e t a r y  f i e l d  l i e s ,  on the  average, i n  
t h e  e c l i p t i c  p l ane  and makes a s p i r a l  ang le  of approximately 
45' w i t h  the  v e c t o r  t o  t he  sun. A t  t h e  o r b i t  of t he  moon there 
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i s  a small change i n  the  s p i r a l  ang le  through the  shock, accom- 
panied  by a jump i n  t h e  magnitude o f  the  f i e l d  (Behannon, 1 9 6 8 ) .  
The i n t e r p l a n e t a r y  f i e l d ,  i n c l u d i n g  t h e  s e c t o r  s t r u c t u r e ,  i s  
convected a c r o s s  t h e  shock w i t h  these  changes ( F a i r f i e l d  and 
Ness, 1 9 6 7 ) .  The presence  of t h e  magnetosphere causes  a r e -  
a l ignment  of t he  i n t e r p l a n e t a r y  magnetic f i e l d  i n  t h e  t r a n s i -  
t i o n  r e g i o n .  I n  t h e  v i c i n i t y  of  t h e  geomagnetic t a i l  boundary, 
t h e  f i e l d  t e n d s  to be  a l i g n e d  t angen t  to t h e  boundary, and t h i s  
rea l ignment  produces a l a r g e  component of t h e  f i e l d  o u t  of  t h e  
e c l i p t i c  p l a n e .  Observa t ions  i n  t h e  t r a n s i t i o n  r eg ion  a t  l u n a r  
o r b i t a l  d i s t a n c e s  show t h e  f i e l d  d i r e c t i o n  d e v i a t i n g  by as much 
as +60°  ou t  o f  t h e  e c l i p t i c  (Behannon, 1968) .  These f l u c t u a -  
t i o n s  out  of  t h e  e c l i p t i c  have a t i m e  s c a l e  of  s e v e r a l  hours  
and have been t aken  to i n d i c a t e  t ha t  t h e  i n t e r p l a n e t a r y  l i n e s  
of f o r c e  are a l t e r n a t e l y  draped  over  and under t h e  magnetosphere 
and t h e  geomagnetic t a i l .  

When t h e  moon i s  i n  t h e  t r a n s i t i o n  r eg ion ,  t h e  k i n e t -  
i c  energy of t h e  s o l a r  wind plasma i s  l a r g e  enough to conf ine  
any induced l u n a r  magnetic f i e l d s .  Consequently ou r  model i s  
a p p l i c a b l e  i n  t h e  t r a n s i t i o n  r e g i o n  as w e l l  as i n  t h e  undis-  
t u rbed  s o l a r  wind. Although t h e  i n t e r p l a n e t a r y  magnetic f i e l d  
i n  t h e  t r a n s i t i o n  r e g i o n  has l a r g e  f l u c t u a t i o n s  ou t  of  t h e  
e c l i p t i c  p l ane ,  these  f l u c t u a t i o n s  have p e r i o d s  which are much 
l e s s  t han  t h o s e  a s s o c i a t e d  w i t h  t h e  s e c t o r  s t r u c t u r e .  

I n  t h e  geomagnetic t a i l ,  t h e  magnitude of t h e  f i e l d  
i s  l a r g e r  t h a n  i n  t h e  t r a n s i t i o n  r e g i o n ,  and t h e  f i e l d  v e c t o r  
p o i n t s  e i t h e r  toward or away from t h e  sun ,  depending on whether 
t h e  moon i s  &ove o r  below t h e  n e u t r a l  s h e e t .  Thus, as t h e  
moon t r a v e r s e s  t h e  geomagnetic t a i l ,  it exper iences  a t i m e -  
vary ing  magnetic f i e l d  w i t h  a pe r iod  on the  o rde r  of  days .  
Confinement of the  induced f i e l d  should occur  i f  t h e  energy 
d e n s i t y  of t h e  induced f i e l d  i s  less  than  t h e  energy d e n s i t y  
of  t h e  geomagnetic plasma environment.  S ince  t h e  induced f i e l d  
and geomagnetic plasma energy d e n s i t i e s  can be  of t h e  same 
o r d e r  of magnitude, i t  i s  no t  known a t  p re sen t  whether conf ine-  
ment occur s .  

The f a c t  t h a t  Explorer  35, w h i l e  o r b i t i n g  t h e  moon i n  
t h e  geomagnetic t a i l ,  d i d  not  d e t e c t  any s i g n i f i c a n t  magnetic 
v a r i a t i o n s  a t t r i b u t a b l e  to t h e  moon, es tabl ishes  an  upper l i m i t  
of a few gammas f o r  any l u n a r  f i e l d s  a t  an  a l t i t u d e  of  800 km 
(Ness e t  a1 . ,1967) .  Thus t h e  l a c k  of  observable  l u n a r  f i e l d s  
a t  t h i s  a l t i t u d e  can be t aken  to i n d i c a t e  e i t h e r  t h a t  t h e  in -  
duced f i e l d  i s  conf ined ,  or t h a t  it i s  unconfined and less  t h a n  
a f e w  gammas i n  s t r e n g t h .  The l a t t e r  a l t e r n a t i v e  does no t  i n -  
d i c a t e  t h a t  t h e  moon i s  a poor conductor ,  as an  induced f i e l d  
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of ly at 800 km, assuming an unconfined induced dipole, would 

in a typical geomagnetic tail source field of 8 y .  
result from a perfectly conductive core of radius 1.1 x 10 3 km 

5.2 ALSEP Magnetometer Site Selection 

To interpret. the lunar surface magnetic data by appli- 
cation of the theory developed in this paper, the criterion f o r  
selection of an ALSEP magnetometer site is that the continuous 
observing time spent on the sunlit lunar hemisphere, while the 
moon is outside the geomagnetic tail, should be maximized. The 
magnetometer location is restricted to proposea Apollo landing 
sites, which lie near the lunar equator and within about 45' 
from the subearth point. From Figure 5.1, it is readily seen 
that, of the proposed Apollo landing sites, the one furthest 
from the subearth point represents the most desirable magneto- 
meter location. 

Consider, for example, a magnetometer at site 1, 45O 
from the subearth point in Figure 5.1. As the moon progresses 
in its orbit, starting from position A, the magnetometer at 1 
spends approximately 6.7 days in the undisturbed solar wind, 
during which time it moves from the terminator to within 8" of 
the subsolar point. For the next 2.7 days the moon is in the 
transition region and the observation site is near the subsolar 
point. During the major portion of the remaining part of the 
orbit, the magnetometer at site 1 is either in the geomagnetic 
tail or on the dark hemisphere. Thus for site 1, there are 
about 9 days during which continuous data may be collected while 
the magnetometer is on the sunlit hemisphere and in the solar 
wind. For comparison, a magnetometer located at the subearth 
p o i n t  provides only 6 days of continuous data during which the 
conditions required f o r  the theory exist. 

It has been suggested that the recently discovered 
mass concentrations in the ringed marias may be due to large 
masses of meteoric iron (Muller and Sjogren, 1968). The gravi- 
metric map of the nearside lunar hemisphere, including the 
location of the Apollo landing sites, is shown in Figure 5.2. 
The largest acceleration is observed over Mare Imbrium, and is 
equivalent to an acceleration that would be produced by a 
spherical iron mass of 50 km radius at a depth of 50 km. A 
mass o f  this size with the electrical conductivity of iron, 
0 % 10 (Q-m)-', would produce a substantial induced field. 
this is the case, the magnetometer must be located sufficiently 

5 If 



FIGURE 5.2 - LUNAR GRAVIMETRIC MAP, CONTOUR INTERVAL 4 MMISEC? 
APOLLO LANDING SITES SHOWN BY BLACK SQUARES. 
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far from any mass concentration so that the magnetic field in- 
duced in the core dominates the field induced by the mass. The 
induced field of such a meteoric iron mass has a dipole-like 
character at distances large compared with its linear dimension. 
Therefore the induced field will fall below the resolution of 
the magnetometer (%O.ly) if the magnetometer is located at a 
distance comparable or greater than 4 times the characteristic 
dimension of the disturbing mass. The separation between the 
magnetometer and the suspected iron masses should then be of the 
order of a few hundred kilometers. The eastern and western 
Apollo landing sites are over 200 km from the closest mass con- 
centrations at Mare Nectaris and Mare Humorum, respectively. 
However, the central site is within 75 km of the small mass con- 
centration near Sinus Medii. Thus, to minimize the effect of 
possible induced fields, the preferential listing of the Apollo 
sites is western, eastern, and central. 

5.3 Interpretation of Lunar Surface Magnetic Data 

We have proposed a model which enables us to calculate 
the magnetic field induced in the moon by interplanetary magne- 
tic field variations. The induced magnetic field at the lunar 
surface is a function of the electrical conductivity ~ ( r )  in the 
lunar interior. It is therefore of interest to investigate how 
the ALSEP lunar surface magnetic field measurements, in conjunc- 
tion with our theory, may be employed to determine this conduc- 
tivity, and hence to provide information on the temperature of 
the lunar interior. 

The cold moon model has a maximum temperature of 
1200°K, a core conductivity 0 % 10'' (Ci-m)-', and therefore 
a Cowling time fC % 0.15 days. 
mum temperatures > 2000°K, core conductivities 1 < CJ < 10 
(Q-rn)-', and Cowling times 15 < T~ < 1500 days, with the higher 
values arising from partial melting in the lunar interior. The 
portion of the interplanetary magnetic field power spectrum 
associated with field reversals has appreciable,energy in the 
period range from a few to tens of days. Thus the condition 
T % T can be satisfied for a range of possible core conduc- 
tivities, and certainly for 2 1 (Ci-m)-'. Provided this condi- 
tion is attained, the bulk of the moon surrounding the core will 
appear to be poorly conductive. At such a frequency our core- 
crust model with a dielectric crust is a reasonable representa- 
tion for the electrical response of the moon. The core conduc- 
tivity may then be calculated from lunar surface magnetometer 
data. At the lunar surface (3.12) and (3.13) reduce to 

The hot moon models have maxi- 
2 
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where 

is the transfer function for our model of the moon and is shown 
in Figure 5.3. With Bo and 8 established from independent ob- 
servations of the interplanetary magnetic field, (5.1) may be 
used as a check on the accuracy of our model, and (5.2) can be 
solved for H ( w ) ,  which contains the two parameters a/b and R ( w )  
that characterize the electrical properties of the lunar core. 
Assuming the theory t o  be correct, the core conductivity can 
be estimated by a bestparametrlc fit of (5.3) t o  the data. 
The independent measurement of the interplanetary magnetic 
field can be provided by either lunar or earth orbiting space- 
craft. In the latter case the source spectrum at the moon is 
determined by assuming the field corotates, and applying the 
appropriate time lag or lead. Lacking an independent measure- 
ment of the interplanetary magnetic field, (5.1) can be used to 
determine the source spectrum if the angle 8 is known. As was 
pointed out in Section 2.1, the fluctuations of period T > .5 days 
are predominantly parallel to the spiral field direction, so to 
a first approximation one may equate 0 to the angle between the 
theoretical spiral direction and the radius t o  the observation 
point. 

The above discussion of the interpretation of the 
data neglects certain effects caused by the rotation of the sur- 
face observation site with the moon. These effects are similar 
to those encountered in making magnetic field measurements from 
rotating satellites, and are discussed by Sonett (1966). The 
essence of the matter lies in the fact that the rotation of the 
observation point produces an amplitude modulation of the magne- 
tic field. This is evident from the crust solution, (5.1) and 
( 5 . 2 1 ,  if we ascribe the effect of the rotation as producing 
the time dependence in the angle 0 ,  e = Qt, where 62 is the 
angular rotation frequency of the moon. Alternatively, we can 
view this effect as resulting from the rotation of the source 
field at a frequency 62 measured with respect to a coordinate 
system fixed with the moon. 
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The modulation o f  the f l u c t u a t i o n s  i n  t h e  t i m e  domain 
i s  e q u i v a l e n t  t o  the convolu t ion  of the source  spectrum B ( w )  

w i t h  t h e  spectrum of the r o t a t i o n  M ( w ) .  The t r a n s f e r  f u n c t i o n  
H ( w )  i s  t h e n  determined by d i v i d i n g  the measured spectrum by 
t h e  convolu t ion  of t he  source  and r o t a t i o n a l  s p e c t r a .  If our  
s o l u t i o n s  (5 .1 )  and ( 5 . 2 )  were exac t  over  the e n t i r e  l u n a r  sur -  
f a c e ,  t hen  t h i s  s imple s i n u s o i d a l  amplitude modulation would 
g ive  r i s e  t o  a modulation spectrum M(o) which c o n s i s t s  of a p a i r  
o f  d e l t a  f u n c t i o n s  a t  w = + 5 2 .  Actua l ly ,  the day-night asymmetry 
of t h e  induced magnetic f i e l d  c o n f i g u r a t i o n  w i l l  produce a more 
complicated modulation spectrum con ta in ing  harmonr’cs of 52. 

0 

A t  f r e q u e n c i e s  much greater t h a n  5 2 ,  t h e  angu la r  changes 
are small du r ing  t h e  p e r i o d  of t h e  f l u c t u a t i o n  and t h e  e f f e c t s  of 
r o t a t i o n  can be  ignored .  A s  t h e  frequency of  t h e  f l u c t u a t i o n s  
approaches 52, t h e  e f f e c t s  of  t h e  r o t a t i o n a l  modulation become 
impor tan t .  Consider ,  for example, t h e  data c o l l e c t e d  a t  s i t e  1 
of F igure  5 . 1  du r ing  t h e  9 day  p e r i o d  when t h e  magnetometer i s  
on t h e  s u n l i t  hemisphere and i n  t h e  s o l a r  wind. The e f f e c t s  of 
t he  l u n a r  r o t a t i o n  may be  approximated by a s i m p l e ,  s i n u s o i d a l  
modulation f o r  p e r i o d s  o f  t h e  o r d e r  of a day,  and ignored  a t  
much higher  f r e q u e n c i e s .  Thus t h e  observed t i m e  domain data can 
be  t ransformed i n t o  t h e  frequency domain, and H ( w )  can be calcu-  
l a ted  f o r  p e r i o d s  l ess  t h a n  a f e w  days.  T h i s  approach should be 
adequate ,  as f l u c t u a t i o n s  w i t h  p e r i o d s  T < 3 days can be  used to 
determine t h e  c o r e  conduc t iv i ty  i f  CT < 5 (52-m)-’. T h i s  range of 
c o n d u c t i v i t y  encompasses t he  co ld  and ho t  (without  p a r t i a l  m e l t -  
i n g )  l u n a r  models of England e t  a l .  
lower bound may be  p l aced  on the conduc t iv i ty  for measurements 
made a t  p e r i o d s  T < 3 days.  To determine h ighe r  va lues  f o r  t h e  
c o n d u c t i v i t y ,  t h e  i n t e r p r e t a t i o n  of t he  measurements must be  
extended t o  longe r  p e r i o d s .  A s  no ted  above, t h i s  r e q u i r e s  a 
de t e rmina t ion  of t h e  r o t a t i o n a l  modulation spectrum, i n c l u d i n g  
t h e  e f f e c t s  of day-night asymmetry. 

I f  u > 5 (Q--rn)-l only a 

6 . 0  C O N C L U S I O N S  

The f a c t  t ha t  the  spectrum of t he  i n t e r p l a n e t a r y  mag- 
n e t i c  f i e l d  has a p p r e c i a b l e  power a t  pe r iods  w i t h i n  t h e  range 
of Cowling t i m e s  f o r  proposed l u n a r  models sugges t s  t h a t  there 
w i l l  b e  an  observable  l u n a r  response .  I n t e r p r e t a t i o n  of t h e  
response  pe rmi t s  t h e  c a l c u l a t i o n  of the  e l e c t r i c a l  conduc t iv i ty  
of t h e  moon. T h i s  p rovides  informat ion  on the temperature  of 
t h e  l u n a r  i n t e r i o r ,  which i s  c e n t r a l  t o  t h e o r i e s  of l u n a r  f o r -  
mation and h i s t o r y .  
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The induced l u n a r  f i e lds  are confined by t h e  e n e r g e t i c  
s o l a r  wind, and hence measurements must be made on the s u r f a c e .  
Confinement of the l u n a r  f i e l d  i s  a l s o  p o s s i b l e  when t h e  moon i s  
i n  t h e  geomagnetic t a i l .  On t h e  basis  of t he  theory  developed i n  t h i s  
paper ,  i f  only one ALSEP magnetometer i s  to be  deployed, i t  
should be l o c a t e d  as f a r  from the subea r th  p o i n t  as i s  compati- 
b l e  w i t h  t h e  Apollo c o n s t r a i n t s .  During each l u n a t i o n ,  a magne- 
tometer  s i t e  45' from the  s u b e a r t h  p o i n t  w i l l  provide cont inuous 
data f o r  about  9 days when the  moon i s  i n  the s o l a r  wind. Using 
our  model, t h i s  l e n g t h  of cont inuous data can be  used to measure 
t h e  l u n a r  response  to i n t e r p l a n e t a r y  magnetic f i e l d  v a r i a t i o n s  
w i t h  p e r i o d s  l ess  t h a n  a f e w  days .  T h i s  i s  adequate to calcu-  
l a t e  t h e  e l e c t r i c a l  conduc t iv i ty  o f  a l u n a r  co re  i f  t he  conduc- 
t i v i t y  i s  3 5 ( Q - m ) - l .  T h i s  range i s  s u f f i c i e n t  to d i s t i n g u i s h  
between proposed ho t  and co ld  l u n a r  models. If t he  Cowling t i m e  
o f  t he  l u n a r  core  i s  s u b s t a n t i a l l y  g r e a t e r  t h a n  a few days ,  only 
a lower bound on t h e  conduc t iv i ty  can b e  ob ta ined ,  un le s s  t h e  
problems a s s o c i a t e d  w i t h  data i n t e r p r e t a t i o n  o f  very low fre-  
quency f l u c t u a t i o n s  a r e  r e so lved .  

An independent ,  s imultaneous measurement of t he  i n t e r -  
p l a n e t a r y  magnetic f i e l d  spectrum i s  desirable as it provides  a 
check on t h e  accuracy of our  model. Such measurements can be 
ob ta ined  by e i t h e r  a l u n a r  o r b i t e r  or a s p a c e c r a f t  i n  t h e  earth- 
moon v i c i n i t y .  Lacking an independent measurement, t h e  spectrum 
may be de r ived  from measurements o f  the  r ad ia l  component of t h e  
f i e l d  a t  t he  l u n a r  s u r f a c e ,  under the assumption t h a t  t h e  f l u c -  
t u a t i o n s  a t  t h e  f r equenc ie s  o f  i n t e r e s t  are i n  t h e  d i r e c t i o n  of 
t h e  t h e o r e t i c a l  i n t e r p l a n e t a r y  magneti e l d  s p i r a l  angle .  

fdL W .  R .  22 S i l l  

WRS 
1 0  1 4 -  J L ~ -  j a n  

v J. L/ Blank 
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APPENDIX 

We p r e s e n t  here the d e r i v a t i o n  of the v e c t o r  Helmholtz 
equa t ion  and i t s  s o l u t i o n  f o r  a s p h e r i c a l  geometry. The mathe- 
m a t i c a l  procedure i s  a b s t r a c t e d  from S t r a t t o n  (1941) and Morse 
and Feshbach (1953), and these works may be  referred t o  f o r  a 
more d e t a i l e d  and complete d i s c u s s i o n .  Our method of s o l u t i o n  
paral le ls  t h a t  of Eckhardt (1963), who s t u d i e d  i n d u c t i o n  i n  t he  
ear th  u s i n g  a layered model f o r  the e l e c t r i c a l  c o n d u c t i v i t y .  

It i s  most convenient  to t r e a t  the  t i m e  dependence of 
Maxwell 's equa t ions  by a s u p e r p o s i t i o n  o f  harmonic s o l u t i o n s .  

and, upon combining t h e  two c u r l  equa t ions  and assuming O h m ' s  
law, = ag, to be v a l i d ,  w e  a r r i v e  a t  

- i w  t 
Accordingly,  w e  seek s o l u t i o n s  which have a t i m e  v a r i a t i o n  e ¶ 

where 

Any v e c t o r  may be decomposed i n t o  an  i r r o t a t i o n a l  and a so le -  
n o i d a l  component. Therefore  w e  t a k e  - E = girrot + Esol, where 

k2 =I 0, t h e n  E i r r o t  = 0 .  Consequently E =2Esol, and upon us ing  
t h e  v e c t o r  i d e n t i t y  V x V x E = V(V7.E) - v E ,  w e  e s t a b l i s h  tha t  
t h e  e l e c t r i c  f i e l d  satisfies-the veccor  H e l a o l t z  equa t ion  

= O a n d  V * E  = 0 ,  and from (A.l) w e  see t h a t  i f  %ro t  -rot 

2 2 v E + k E = O  . - - ( A . 3 )  

Knowing E, t h e  magnetic f i e l d  i s  determined by t h e  
Maxwell equa t ion  
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I f  w e  assume that t h e  c o n d u c t i v i t y  c ( r )  i s  cons tan t  except  f o r  
a f i n i t e  number of d i s c o n t i n u i t i e s  at  r ad i i  r r . - e ,  t h i s  

assumption be ing  a p p r o p r i a t e  t o  a l aye red  l u n a r  model, t hen  
(A.3) i s  v a l i d  i n  each  l a y e r ,  w i t h  k a d i f f e r e n t  cons t an t  i n  
each l a y e r .  The s o l u t i o n s  i n  t h e  va r ious  layers are matched 
uniquely by t he  use o f  the u s u a l  boundary cond i t ions  on - B and 
E. 

Morse and Feshbach use a h e u r i s t i c  approach t o  con- 

1' 2' 

2 

- 

s t r u c t  t h e  g e n e r a l  s o l u t i o n  of (A.3) by u t i l i z i n g  techniques  
suggested by t he  s tudy  of t h e  s c a l a r  Helmholtz equat ion  

It can be v e r i f i e d  by d i r e c t  s u b s t i t u t i o n  that  i n  a s p h e r i c a l  
coord ina te  system, t h r e e  independent s o l u t i o n s  of  (A.3) are 

- E = L = V $  - , 

where t h e  $ ' s  are s o l u t i o n s  o f  (A.5) and 2 i s  t h e  p o s i t i o n  vec- 
t o r .  A l inear  s u p e r p o s i t i o n  of (A.6) - (A.8) c o n s t i t u t e s  t h e  
g e n e r a l  s o l u t i o n  of (A.3). 

I n  s p h e r i c a l  coord ina te s ,  t he  most gene ra l  s o l u t i o n  
of  (A.5) which i s  independent of  t h e  azimuthal  angle  + and i s  
a non-singular  f u n c t i o n  of the p o l a r  angle  0 i s  

00 00 

where j n ( z )  and yn (z )  are the  s p h e r i c a l  Bessel f u n c t i o n s ,  
Pn(cos8) are the  Lengendre polynomials,and an and 6, are 
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2 constants. Now if k 0, the condition V E = 0 requires 
- L = 0, and the general solution of (A.3) becomes 

m 

- E = + i i  C[aIVI n-n + b N )  n-n ’ 
n=o 

( A . 9 )  

where M and N 
and ( A . 8 ) ,  respectively. Then from (A.4) we find 

are obtained by substituting Yn for Y in ( A . 7 )  -n -n 

m 

B = (anPJn + b M 1 n-n - 
n=o 

( A . 1 0 )  

The M and N solutions have a particularly simple in- 
terpretation wEen they are independent of the azimuthal angle 
4 .  If we use ( A . 5 ) ,  ( A . 7 )  and ( A . 8 )  to evaluate the components 
of - M and - N in this case, we find 

M = O  r , M e = O  

( A . l l )  

- 1 = 0 . ( A . 1 2 )  
2 

OD OD a (r$,) 
Ne - E arae 9 N+ 

n(n+l) 
n=o Nr = 1 kr n n=l 

Hence N gives the poloidal magnetic field, and M - the toroidal 
magnetqc field. 

To determine the electromagnetic field in the lunar 
interior we must specify boundary conditions at the lunar sur- 
face. A properly posed boundary value problem requires that 
Nr and M4 be given at the surface. 
the continuity of the normal component of the magnetic field, 
Br, and determines the poloidal magnetic field, while the 
latter follows from the continuity of the tangential component 
of the electric field, E,, and determines the toroidal magnetic 
field. 

The former derives from 
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The form of the magnetic source field allows only 
the poloidal magnetic field solution, ( B r J  B e ) .  The toroidal 
field B is zero above the lunar surface, but since a surface 
current J, can exist, e.g., due to the day-night asymmetry, 
the toroidal field is not necessarily zero in the lunar inter- 
ior. B vanishes identically only if E, = 0 over the entire 

(P 
lunar surface. 

9 
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