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ABSTRACT

The Spin-Spin matrix elements for f 4 eectron configura-

tions are computed and tabulated for general usage.
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MATRIX ELEMENTS OF THE SPIN-SPIN

INTERACTIONS FOR f4 CONFIGURATIONS

J. A. Barnes, B. L. Carroll and L. M. Flores

Lockheed Electronics Company, Houston, Texas

Introduction:

The introduction of mutual magnetic interactions arising

from relativistic corrections to the many-electron atom

should lead to improvement in theoretical multiplet

structure calculations.

Previously, researchers have made available tables of

the Spin-Spin' and Spin-Other-Orbit 2 interactions for f3
i

configurations. Judd, et a1 3,4 have presented the Spin-Spin

and Spin-Other-Orbit matrix elements for diagonal terms of

maximum multiplicity in fn systems. In this paper we

present the Spin-Spin matrix elements for f 4 configurations.

Matrix Elements of the Spin-Spin Interaction:

The matrix elements of the Spina-Spin interaction for fn

configurations 5 can be written in t;:nsor operator form as,
1 '

	

S S	 2

fn SLJ H	 n' 'S'L'J' = 8(J J' -1 	
+L+J	 l

^ Y	 I ss^f Y	 )	 ^ )^ ) 
S	

IL I L	 A

X (fnySL 1 1 
Hss I I fnY' S ' L ' )	 (1)
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The reduced matrix elements of H ss , occurring in Eq. (1)

are given by

(.fnYSL) IH SS I IfnY'S,L') _
	 ZkN[k-1	 (fn YSL) I "v (1 ' k-l) I IfnYSL)

k	 YSL

X 
(fn 

Y SL , , V(l ' k+l) I I fnY' s ' L ') (-1)S+L
+SI +LI

S	 S'	 2	 L''	 L	 2

X	 (2)

1	 1	 S"	 k-1 k+1 L"

where

z  = -4{5k(k+1) (2k-1) (2k+1) (2k+3) }1/2

X (31 I C(k-1) 113) ( 3 1 I C(k+l) 
11 3 )	 •	 (3)

The reduced matrix elements of the double tensor operator

V (l ' k) , and the tensor operator C  , are defined by,

(fnYSL I IV (1 ' k) I Ifny , S I P) = n{( 3 / 2 ) ( 2 S +1 ) ( 2L+1 ) ( 2S ' +1 ) ( 2L ' +1 ) 
}X_/2

X	 (fn YSL { I fn-l YSL) (fn-1YSL I }fn Y' SILT)

YSL

X

S	 S'	 1	 L	 LI	 K1

- 1 1/2 1/2	 S	 3	 3	 L

X (-1)9+L+S+L+1/2+K
	

(4)



indicates an accuracy of at least seven significant figures.

and

3	 k
(311Ck 113) = -7	

3

0	 0	 0

In Eqs . (1) thru (5)

a	 b	 c

and

0	 0	 0

.
	

(5)

a b c

d e f

are the Wigner 3-j	 and 6-j symbols. The coefficients

(fny SL{ Ifn-1ySL) are the coefficients of fractional

parentage introduced by Racah 6 and tabulated by Nielson and

Koster'. The radial integral, M (k-1) is defined by

Marvin' as	 ,

M(k -1) = 
(Tl ,) fp'

f

(r.)
n1	 ^

rlk_1

k+2 (r j )dridrjn1
j > r r 

where Pnl	 is the radial wave function for the shell	 (nl)

and	 c is the speed of light.

Discussion of Table:

Table I presents a tabulation of the matrix elements of

the Spin-Spin operator H ss for f4 configurations.

The calculations were performed in single precision on the

Univac 1108 computer. A comparison with the diagonal matrix

elements of maximum multiplicity for f 4 presented by Judd'



The matrix elements are tabulated in J-blocks. The states

j(UTv)SL) labeling a given J-block are listed in parenthesis

beside the J-value'. The matrices of H ss are presented

in upper-half diagonal form. Only the non-zero elements are

listed for a given J-block. Each matrix element is given as

the sum of three terms, one for each radial integral Mk

In a given J-block, the coefficients of the Mk 's are listed

in rows to the right of the desired matrix element. Each

entry in the table is to be multiplied by the power of ten

indicated by its following single digit.

-4-
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.^1.1 ^0f0Nînp MmN -4 100
.IIOnPO-I

04n O^O m0 Aa04O•N•1a ny 0► o ao N e0 M eD P► .1 N ^ ^0M•1.4.40+^OMNMin04040
To .4N r4 .4 m In. on0 V4 MAO

i " ►r	 "" Z H ►drr64H
N9M ,MMMMMMI m

O O O O O O 0 0 0 00 0 0OOOa1000000-000
"NMNMNMIMNMfNM M
vvvvV+vv%wvVw w %w

M M
O	 O O O
N	 M N M

0-400.40000000-4
+ 1 + + 1 + ......  1
00OM!P1DN OM0"1P3ino0 MNIOao.40M-4*NP0 0 •4 In M 0.* P* O M M 1D-40V)0O*r-00 inN*ID
In 040 Go N -4 P Car1 P*ka0%in W 0 .4 N P M ^ ^D O^ IA Mf

ON 0000-40000.1-4
+ 1 ♦ + + + 1 + + + + 1 1
O0 a,aDcaOOco - NMNtimOP OMMNM1n0 0V494*in 0 0 P -4 N tO -4 M 0% W)
r-

	 O
co4MDcoMN N0N?o0r

N f# i 
+0 0 N

OInOMM^OInO ^OM OOMOoOfA.4MPf+10Mf0010
OO^O(^m^NMOMOO.4000U?.4f► o.+^ON oo •^OO+o.lNOMMM.4 oOM
oOO .OSNMNN•1OVf0
oO^oN•4 ' *NNooalll

_ (D N' tD = I S ►r •r = Z c9
•4MMMMMMMMM•4.4M

^	 ^ w A r^ n w A. A w A w iw w r+

O OOOOOOQ:200000
u Noo-4 0 •4040 00V4N0

NNNWM-4NMNinNNNV V V V V V^ V V V' V ./ V

M r..^ lDMW

F N N
V V

0000 w1•iQO00 wgOri•4v4 v4v40000.1000O.IOri0 Coco cc
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•I.MiIN RmoMOfM^fioA .Ni.40^lM+INMĥfO^f►̂ .^4^0o+ ^p̂ {A^.-f•^4fh̀++OOFM OMM11
Mak Oh 94NO^0 WOW r-mon*0^o illpl . 04* 00Mh0► Oh1WMNhhh h O ;st ^O +Q o cQ e1 to s ► ^ IA M .1 ep N ^O 1`^ tD •4 a! M ^ tf1 O M U1 aD M .4 O ^ It! f+
0^0► M.IIA.+ oO+•4Y? MI'^NMM*4^f► gIM1.4MOif1 .7^aDtllMhhMN^Oh
MNNNwNOmNN .4N r4 .4;./N^.4 .4 NhhM•^	 COMN•

MII^IMOIMCoIfI^M MLLf1AMMOIMM Wow 1owe MMMMMfoM01MM
A. Ayy A A A A A .'^ A yA yA yA A 00", ,/y► yA. A /1 I+^ .",

	
*I+A .may /A I

y
^ 0" *0" /1 I'y! 11 00", yA Ay Iy^ ,y

A Iy!
+^ ^  wT r^T ^ ^ V ^I V V ^ ^T ^ ^I ^ ^T ^  ^• ^I +f +^ yIO O O O O O 0 0 0 0 0 0 0 0 O O 0 0 0 0 O O O O O O O O O O O O Q O O.40rl00V40M400400.400+#00.40 V400•'40000400040.400

NmNMNNMN.iNMNNM •4N" NMI N^ ) NNK^1hNNM4VNMNMM3V y y V ^.► V V y y V V Vlr V. y y V V V V V y V V v \/ V ^3 .'/ V V V v V w/ w.,

M_° 1'7 M_ 0_ M M

O O O O d O O

N •4 N MOI N N My %0 V V vI y

•4.4000000 0P4004W40 W4 0 0 0 0 0 0 0 0 0.4 0 94 0 04 V4 0 0 0 -4 0♦ 1 ♦ + + + + _+ t 1 + I l t l t + + + + + + + + 1 + 1 + 1 1 + + + 1 +
.4 N r-v4if• WMNMV)CP- 4 .400•P4CoM ONMhN000 • hm*h.4 InCDMO
NO.4v4InMMO W .-4m h00 InIn W•4.4 * W0*.-1 * MW0W)NN004tNhr4OW DOO&OMMr- GDO •4000MOhNOIAhOOM4D00MtANIn
N0Oh7N +000 WP- 4DU) 0 MV) M .4WOr4N '4mN AIM O f%-O-4*c0WCO
.'IIA:IIAOC^hhr4hOh*O^O^ONIAO^h^N * 141ffMNr4M^hhh1`► 0^NOOMOMWNNMMMM NMNO0 COW) M.*Or-MCD +Ohf-0-4 CO
l4W^NU) Wrt .4.4 M ,OMNOMhN*r!1MMU) W .-1r♦ Z.:;y. 0; 4 4n •4

1	 1 1 1	 1 1 1 1 1	 1 	 1 1 1 1	 1 1	 1	 11

00.40O.4OG`O+-10.4.40 r ♦ OO.d.1./dO•iO.4.-1 43 •'4.'4.4.4000.-1
++ I++ 1+++ i+ 1 1+ 1++ 1 1 1++ I+ I l+ l l l r++ t l0o I ll. MNMINW W V1 'lip ([1 OO^1R`^D^0•4U)00^Wa1 *a 70%Mh1n0%0MhCO
Mus on 0**OhNO' 4n ^ PiYsu5tp,P- of)0v0 0 .40V)CYV4f° 0%W0CDWtn0P-
M .4 MN0•*hh^Oh Aµ ^^tl}^+W',^"^SMhU) M.'1.4 M0 tn ^ONNNM Ox m!`-
MI^OMO + OIn0^C0M4Dtfn !̂ If1V. 101n.4.40?M*04CoinN1nCoW)
Mowwq * .4Tq ^OoweF ' • 0 O'400wm7^m04C ON000000)"oON• • • • • • 1 • • • • • • • 4t • • • • 1 • • • • • • • • • •

;j
 • • • •

U).-4^OWMNMNN +-4 r1 I n* WN-'4NhMN0MNN h * a0-4U) ri^O MN*(^
1 1	 1 1	 1	 1	 1	 ! 1 1 1 1 1 1	 11	 1 1 1 1 1	 6

1#
Z

tD

M

44F0O
N
v

M)	 ^

O0
V

•

0
0

4^irV-
•
J

M1	 VfA
O	 +'O
V V

•	 v
Q

f N

N	 ^'

0M
4>r
0
Ny

IOA	 _

O0
Nv

1Iǹ W
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