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One Diménsional Study of Tonks-Daltner Resonances

S, Ramchandran and M. Eisner

The resonances occurring in a cylindrical plasma column
being dfiven by a transverse electric field have been the sub-
ject of much investigation since they were initially observed
by Tonks.cl’z) Although only a single resonance at the plasma
frequency was expected on the basis of simple theories, in fact
a series of resonances Qere observed. Tonks attributed these
to the inhompgeneify of the plasma density. Crawford(s) showed
that these are two types of modes which propagate radially in
a non-uniform cylindrical plasma column, the first mode is
similar to that which would exist in a cold plasma whi:e the
second depands on the electron temperature. Leavens(4} solved
the Vlasov equation to obtain the resonance spectrum of a re-
alistic model of a plasma cylinder inéluding a sheath. He re-
duced the cylinder to a thin one dimensional slab of collision-
léss thermal plasma. He found that there was no relation between
the first resonance frequency and the average plasma resonance
and also found resonances above the series limit.

--The present work uses asplasma similar to that us=d by
Leavens but the analysis is based on a sheet plasma dynamics
rather than solutions of the conductivity kernel as used by
Leavens. The sheet model has been extensively used and the work
of pawson (%) and Elridge and Feix(®) are useful guides for the

detailed procedures.



Description of the Computer Experiment
In setting up the numeriecal Experimént, a one-dimensional fwc-component
plasma is used. Electrons a.ré distributed according to the Ma.méllia.n velocity

kdistri'bxitio‘n. Heavy- i{)ns. a.ré kept stationary and disﬁributed qb as to satisfy

the Poisson equation. The distribut;ion mnction'fornthe elect;'ons 3 p.sed is
o - o (g e e
: RN T S
" vhere W, is a constant, rJ is the mass of the electron, (PO is the potential
which is a mnction"bf‘ position 2C , V- ig _tﬁe velocity and j.:; T is the
thermal energy.

It is assumed that the mass rVvV of the eiectron is equal to 1 a.nd’ ghe
" mass of ion is very large. Electron has a charge .J(/'J_.= -1 ané the charge of ion
is _Q)+ = ‘+1.

The total thickness of the system is 284,19 arbitrary units of length and is
divided into 60 equal space intervals, each of length 4.7365 units. The first
52 of these intervals are ‘ix\x the i:lasma. and the remaining 8 are in the sheath.
The efl.ectric field E OV_i‘n the plasma is constant a.nd increaéé; linearly in the
sheath (Refer Figure 3). The "fields are measured 121 units of J:g T/JQ )(g)where
}’:’/ T is the ‘therr‘né..i energy, and >\£(>0) is the D;ziyé :‘l.ength., evaluated at the

position X=0, The constant \fie‘ld E; ‘in the plasm has a va.ing/a 0.01625. The'



plasma frequency at the sheath edg(:, (AJT;G) h?.s a vaiue 9f 0.1314& after sealing
it to the plasma jfrequency at the ‘positiog X=0,

For the generation of plaéma in the rmmerica:!:‘ experiment tﬁe following
procedure was used. First the tot;al length of the syéﬁem was divided ix;to
;mall segments of % ofy’chel spa.cé interval mentioned above. Then the /distribi.ttion
function f(x,v) was integrated over x and v between the proper limits to obtain
‘the corresponding number of particles in each segment, The electrons and the
ions are arranged alternately, the e]:\ectrons at .equa.l spatial intervals and
ions at rendom intervals. The initial electron velocities are obta.ined acco?ding
to the Maxwellian velocity distribution by using e random number generator
subroutine,

A total of 19,01k particles are used in the system, including electrons and
ions out of which 18,862 are in the plasma, the rest in the sheath.

The eleétrons are emitted from the wall at the‘ position X=0, with a Max-
wellian velocity distribution. The inner wall at the position X=0 also absorbs
all the electrons which strike it. A \few of the e‘;l.ectro'ns z;ea.ch 'the‘ floating
wall’ at the position X=L, where L is the length of the system.

Oscillé.ting electric fields with various frequencyies and amplitudes are

applied to this system and the dynamics of the system are 6b3e'md at intervals



‘of time DT. The quantities of interests measured are the potential energy,

ki_netic energy, the tota‘.l,energy. and the gu.rrent vhich are defined as follows:
N 2 S
Potential energy = é LE (& 1—1)] (1 - X ;)
. =i R A
N

Yy
T

R A

Kinetic energy =

. fv\

R)

Total energy = Kinetic energy + Potential energy

®

Current =

A
N

P

"
r.h
P

Here, N is the total number of particles in the system. The results are then
} N
Fourieranalyzed using the equation
)
F(UJ) = 3T }-v(.(,'))u o a
-l

" The plasma model was sebt up and the numerical experiments were conducted
‘on the UNIVAC 1108 electronic computer at the National Aeronautics and Space
Administration at Houston.

~

During the experiment, the current and energy w_ere measured at inte;nrals
of 0.01 of an electron plasma period. ’i’he éystem was su’bjecteid to the o’scillati'.ng‘
electric field for about 1.5 plasma periods. The time taken to generate -the

| plasma initially 5 waS"a.pproximately 2 minutes on .UNIVAC 1108 computer. On the

average, it took about 25 minutes of computer timé for 20 individual measure-

ments. The results are then Fourier analyzed to’ find the frequency dependence.



Results and Discussion

The numerical .experiment wag done for several different frequencies of the
“impinging oscillating elect}ic field, Also two different amplitudes were used
_ for the driving fieli‘and the driving field consists of square waves.
%‘. ; ’

The results of the numerical experiments are'preSented graphically

(Figures 4-17) showing the relationship of frequencies used in the study to the

’
‘

i
i}

values of current obtained in the analysis. IP the'resu;ts shown, Figures 4
through 11, the amplitude of the driving field-uaed was 1.0 whereas in Figures
12 through 17, the amplitude used was 0.1, The frgqnencies are expressed in
terms of the plasma frequency at X = O in the plasma model and the current is
| expressed in arbitrary units. Figures'h through 7 shows the relationship of the;
frequencies used to the absolute value of the current whereas Figures 8'through
‘1l are the corresponding ;eal and imaginary parts 6f the current.
Specifically,'Figure s gives the depende;cg of current on frequency when
the driving electric fiel@ is a square wave of period T = 0.30 ( éﬁkb':‘Ch;&‘)'
Here the first resonance oécuré at the fréqnencyyo;lj and the sharpest resonance
is seen at the frequency 0.19. There are also about 5 weaker resonances occurring

at frequencies 0.26,'0.31, 0.35; 0.51 and 0.55. In Figure 5 is shown the

relationship, of current versus fieqnency for a driving field bf yériod 0.35
R



!( AT = 0.18), Here also, as shown ig Figure U, the first r;sénance is aﬁ
. the frequency 0.13 and the sharpest resonance.is ﬁt the frequency 0.19. There
~are additional weaker resonances, occurring'at the frgqnencies,b.25; 0.31,
0.35, o.hs; O.Sl;ignd'0.56. In t@e case of drifing fiela of period 0.LkO
( Efz = 0.15), the situation is slightly different (Figure 6). The first

r G‘\

and the sharpest fesonance is at;the frequency 0.lhvand all the other resonances

i
A

are weak, the second resonance being at the frequency 0.20. There are at least

6 more wesker resbsances, the frequencies being at 0.25, 0;30, 0.35, 0.ho,

0.46, 0.52.'In.Figure 7, the driving field'hés a period 0.48 ( Eé;o) = 0.13).

This is very similar to that of Figure 6, the first and sharpest resonance

being at thé frequency 0.14 and the second resonance being at the frequency 0.20,
’ Here also gxcept the first one, the rest of the resonances are wesk and occurs

at frequencies 0.24, 0.30, 0.34%, O.41 and 0.h6f The next set of results are

for the driving fieids of amplitude O.lz.In Figure 12, is shown the relationship

of frequency versus current for g driving field of pefiod 6.30. Here the first

resonance occurs at the frequency 0.13 an& the second, the sharpest resonance

occurs at thg f;gqnency 0.19 and there are additional, several weaker resonancesﬁ

occurring at frequencies 0.26, 0.30, 0.35, 0.40, 0.45, 0.50 and 0.56. Figures

13 and 14 are the frequency- dependence on currenp for the driving fields with



~ periods 0.33 ( ﬁ%hg= 0.19) and 0.35 ( %%30= 0.18) respectively. In both

these cases the first resonance occurs at the frequency 0.13 and the second

.
.

' is the sharpest resonance and‘occurs at the freq#?ncy,o.l9. In Figure 13,
: th¢ additional 7 weaker resonances oceurs at frequencies 0.25, 0.30, 0.35, 0.40,
0.45, 0.50 and 0.56. In Figyre 14, the additional weaker‘reson;nces are seen
at frequencies 0.25, 0.30, 0.3, 0.40, 0.45, 0.50 and 0.56.

All the;e regults clearly emphasizes the fact th'atv there is no relationship
between the first resonance frequency and the 'averagé plasma frequency, as

7)
predicted by Dittner's experimental investigation  and the present result

agrees with the results of Leavens, (8) {‘ An absolute comparison with any of
the earlier -investigations is not possible in this case, since we 'navé used

& weaker sheath in the numerica; experiment., It has been shown (8) ’that it
is the sheath which influences the position of the resonances. For a stronger
sheath, there is no resonance below thé plasme frequency at the sheath edgg

( Wr(&)). This cut-off at \N’olb) is not seen in this experiment. Hence, it
can be said that a wesker sheath-req%ly‘would behave differently and is possible

to'bfing resonances below U?KS). In the present investigation the rumber of

resonances observed is also more &s compared to the case of a stronger sheath

"

a @y o ; : o v ’
used by Leavens., It is also interesting to note that the first resonance .



frequency increases with a smaller driving field f_rgquency. For a stronger

; .
driving field, (amplitude = 1.0) the higher resonances are not as well defined
as in the case of & weaker driving field (amplitude = 0.1). This is probably
due to the effect of non-linear processes in the case of stronger driving fields.
This effect on higher resonances 'is. significantly noticeable in the case of

higher driving field frequencies.



Conclusions
The purpoae.of tﬁis work was to investigaée:thé resonances in g one-dimensiona%,
two eomponent, Qen-uniferm sheabhﬁbeugded glasma;’Alene-dimensienal plasme with
appropriate boundary conditions was'simulated. The system was driven by
oscillating electric fields of various freqpencies and the corresponding time
varying currents were obtaihed. The time varying current was then Fouriér
lanalyzed to obtain the freqnepéy'dependence. The numericel experiment was
'performed for two diffe;ent ampiitudes. This one-dimensional charge' sheet model
is a simple and sensible model system, exhibiting some of the properties of a
‘plasma. Several of the theoretical predictions have been verified: using
.one-dimensional homogeqeous'plasma. The present experiment proves its appliéability '
to nop-homogeneous one-dimensional system.
It was found that the model did show resonances. Although it was not
possible tp’ﬁake an absolute comparison. with ﬁhe ?esulté obtained by earlier
investigators, because of the difference in the sheath strength, the follbwing |
conclusions could'be‘qué.
(l)' There is no relaﬁion,bgtween the first resonance frequency and the
#veraéeﬁplasma freqﬁgngy, in ag:eemehpvwithvthe result obtained by

Leavens.



(2)

The sheath strength influences the.resonances, and a wesker sheath

‘would show resonances belcwvbg%!gkahereas a stronger sheath would

cut off the resonances at (. (3) This weaker sheath also increases

?a

“the number of resonances.

(3)

()

There is a shift in the first resonance frequency as the frequency of
the driving field changes, in the case of a weaker sheath.
In the case of stronger driving fields, the effect of non-linear

processes is seen for higher regonanceg,.

It would be interesting to do the experiment with various sheath strengths,

as the plasma behave differently for a weaker sheath.

References '

1.7 L.ATonks, Phys. Rev. 37, 1458 (1931a).

2. L. Tonks, Phys. Rev. gg; 1219 (1931b).

3. F, W Carwford, Mlcrowave Laboratory Report No. 1945

4. W. M. Keayens, Dlssertatlon, Un1vers1ty of California, San Diego,
California. .

5. 3..Dawson, Phyé. Flulds,bé 445 (1962).°
0. C.

Eldrige and M. Feix, Phys F1u1ds,.§L 398 (1963).



D130

Cl-

y2

-1 -

5T

ke

23S

4 A

o}

,
44 »
i

.h“lA.-c.t. N

pe
Bagbw

ST

e o

0
s
=hpas:

e~ em oty

ARt Bt

: - 9
LTLLERGS

ARttt

iy b pirt
Sagibpasbe i

s i

e s e

] -
ey

o

L3 Seramas

.
-

ppas

g

e

SR
s 714
it

Pl el & |

Dhpohe:

.y s ety

§.

15

§

be

IR

-

1!

Paal Bt

Teaay
ey

1

st

f

=

v 6 NNt 20WK
‘DD NINZLII0 IN3OND

HIYD HAVNE NIDZLITA MM

HILINTUN




A

gy o
e vebegie

pn s poey

IS e s had
o i iede e

10T
et g e 44
et
S g Pk S wwps
e et e 24 o
o o o 4o
PRt FRaes = :
wirbu g SO IES N 1 T3
wnds prows b ERH Tt s
sppefe Wi e desands ! —
gorbe
wgo s
gt oo e >

X I
T b s 2
i - :
R anpat SEeyBERtsy
e T
ot = i e
! susa » Baci g UM
g Py
s pperdt 1:
vt e ey bipss A0 s gt
ady

PP ERORY 5
Coiliti e

et

e tad . ¢ Pk
P SRS PN

VR G S |
L 22 e vem g

: : sespboroad
st i prll.fy..

grame segde 43I id iiads gt

v s w mowR WILINITUN Ce

‘00 N3IOZLII0 INIBNE At AU AIEY  Aaeames b b



13

pregg et Y . v 11 3 : s=epERes r T -
peeppgEan
il
1
1
e 1. I
(PSS PRars [2oRsotett
eiPs M SERRETT
b ot b T3,
famrado i i
+
e
v rede :
T
ogmppiibod
et
ST ae
T
1
i T
Jota Bt
>
[ ey i by ;
[paking
B
T
11
T
s
L
H
L..IA..*AL‘I %
TS T
sR e hs :
Y
t
a
[ P epigy: abad FPRE Fod
b o e = e T
o= 1

¥
- : ; ? - : Iz
it : : ; st 2k =
ladd s nirfigd Eoleits Aoba 1o 5 : o it G b =3 Jp oply & brwp : : rgaad ba
T . =T . T y MR 5

PRy iirpny ;

s et [ean- Rk 3¢ % i [E92p DOIES S . et s pd e s 5
ik wmani & 2 b 1 2 spagpidime

PR e gs 3

bz r

T

e 4 Fpiy

v Sy
s b h

'

-

t
e i 3

- : MV i 4 : e
Tleed i odse ry i e b ] DEREY Seage as

v B TV Nt SAYN ’ HILINITTUN
‘LD N3DZA310 2NIDN2 MAAWH HAWNA MIATIAIO wedilieR 0N



RS ERRTS iy =2

1l

'R N

tisvgeres
pa sty

T 1+ B

BEFRE e P

el N

Sesie LT,
- ok o St g

LTI

1

b T Ty

S Semment R W

pOeioll ot St Sae

H43 A

t 4413

rgeoyoere

il
14

B Ll

1

1

o nge o
S Bl adsbs

.

B4

e eyt bes byl eone ke f
A R ooy

e

b R TR

v B T NI 2OVYN i HILIWNITUN

vomem SimEtw i RIM BAITRFS ART_AN a4 eSS ANEEMW ¢ THISM M AMNeES AR



PSR (s Supgaper

BREseisest € oo A.A..M 5

Te leae N RS SYiY

1% TER

i

‘v

3 e
Sttt

ey

pppon

337

S e

Firies.iy

ey N

=T

S L e

it
1Lt

RS Supuin

e etane

RS SER Bl ¥

g ey

a3 vds e o 2

H

41131 +4

it

i

20T [rialitisy

o s

~ ' now sgww BIIIWIITTIN
‘0D NIDZLII0 ANIGNE VAV HOV2E NZAT 1RO WNASE N




T e 3
SLulr 13 =
R blotiad bo b ngBay
B gt b e 3
o Seabebise bRkl
E At oy
7 8 Eort L adt pelppreaite s
2 pESperne s 4
ro b s 0..]AJ¢A.‘OA- + +
=3 Sennd e pyops byl 1 g
s
Froop o
1 e 2y ..UxLA T ¥
= pigts =t
- 231 v 4 ot +
i . P T 1
& BT e e pocy 3 ¥
e, po o S Sl oy oir > e
an el podot -+ L
. 2 ry + * r+ oy
saes
I
w”..:...
wss
e
oy (g
o5
, rbeaa|
, TSR
= z
: S8
i
f~ime 4
=
RO Rty Mty P e SRR b 220
Y 2 - wlry Sy H
K ol g o -
ek ipmaes [ Sl el ol B bbb i 5 Aobas boaby :
.I;JLMA JRT Pty gy ¢ drpeind
2 ESESE Papt ot
Bt S sgass
PES ey T
e 1;4‘—. — ﬂw
ok e ++
gt - s
b - - *
T HT, -
e o S
PEARRaots e oky -
Qs e s
e s
Somaton ol Ty ot
i
Ay b FyE
Dithani S ivh g bl Ry r
Samist L dp gty s BN g HE
iy 531
f s peme o L L ST L SpaTreH 3
0 = vna sl ey 1Tt T
savipitort FOPPYREN qiut T
. - g e ety pubiiepdaud b
% L ot el iy e
syt e pishokied
pparlepsiinly bolii o St Y oy
o oy
pibe eudos pOmK cueet DILESLLES Bt
R e i T e sERssines: =
Py oo PSS g P g s 3
Svwuly sudal bilagiibed poio bt Py ko - ol 1T % L33
sl ks ol b C ot I RS2 aCe i3
. * - RIS pReGuyRy ) v pERg S
e i daciin phetirt sagy o4 prt..:!ﬂu .
f rdabvoy bes i nen Aasadnd g bt o L S 3
el poted ealhos irm o Ko g o e MG 2 ot : 33

..1; o hoﬂi T YIALINITI L
‘RO NIDZLIG INIDND H3dVd HAVHE NIOZLAO W-HOWE



13

oy

3ea gt

- ¥ ol T

+e
S

o

IR
13t

R

|

1

& pu b

i

1S ey

LR

Y

1

i

o

SR

¥

1134

H 4

W Y NG aeR
‘B3 N3OZLII0 INIDNS

MBrdW el bdodWAET AINEVS A Wism Lo SiNeAsm Sewas



ST

bt

ooy

OD r Sbpaig

S pRE et phwes o e b e

ey < et e

E En e i

Pt

I
bl g

o i1
in

H
thi

it

Eaen]

i
Ly

= S

= st Eeed) Fpy- I : : > £ cpeeRthiee:

gy e i T A s N T B T

T ade

b ety sy b e st il KRBT FVC g 1 ik nEl by

PE PPt gy napae reany oo . p Y7 suspsibopst

ggsw

PRI PPt S S v : e

jerr s i it Bt Tt i

B

RS Pty muepe by
LPSE PDai

{411

1

B

S RN I it ert
e R e
et s pepbr e RENCE

4o
S50

T e s n s sovm HILIWITUW ‘
‘00 N3OZL310 ANIDNI MIdvd HAYNE NADZLTIG W-NOYE DN




- = » TreT 1919 Ty ze % 17
EE oS IS SRR TN RERYS KRS S py RSy il o s n i R e e T R “T.ua SEEREEEREs 252s: :
bt oo s Loed papdos ek fope plepn 2L} LR ezt ebane pRRRE SRR R pRanE o) 414 3 mx.. 1 T om
33T LA PP Fevst pessSiDE! s L s e 0&“; SR 3 »...H.IY riw i S ssasta = 3
= + e T e ety ass Y3314 o d Jdee o4 4743 I g v v
s iyl eepplriatptuss ) el tan o aeny’ ! Tiiire e sl TRt 3 be 54 ] v
T S B e Lot Rt LROhs [iwbherry [ $825 b bh Kpphd RRoRa ppoke binghatase souba ppgih Sabpboppit unbi T aJn ok pattages
Fogat s S L bt e FtefeIR] i it 8 228=3 BETe] EbEEs hE2E oD T =133
2ot pRUYS pug TR R R ] o R e T iy 35
D S e S e 3 IR Baply Sadl + s 13y e R R R RN e Rt EES LR Saras RLOPS LAFIH‘P«L ¥
g ol Dy ol B bptistbly) Sbippuoaditd GO feen u...;L PER RS bpay phe. ..M. fuh“ 1 s - PADo% pEets phbun ot
s pSDplpl DI he [ 2 s 151 taBantbal: b 2l L veas bhwoa. :
s - L X3 & P I n 4
¥ popt bahin s pbug 7 e 250
T Py e I a4y ned yiq-ad 13y BTHTN 2ubde b 8500 hboas B huR b o
SES CEoey SELiReeg) Lagt: 3 natbs oot Al sl e riat o il it e erd o1t
1317 AT Jad 335 fr b -y 13 1 o
= =~ thbs BEasRLaRsT stk P e s WL o e i
RS o BEIPD RIS EARS pEb | pANGS nibby HEpSE QAR salXg buns
BIE et ISEn [Erpt eets EBETACE- Lot i fERYSE SEastunet subablotdl eagpbymmt peulnzess:
T TR EEiESn A : =as
2 pn 38 &1 T = T T
- o o S e gy zes BEEages coysasapas raplp mavypes o
22, e ias be: krags syl STpeshags & =63 Joita odes -
e s enhs brs ko B : (B2 oatieobhis L, X z
¢ PTeyyaap sunes b b peaps pupsawas| .
ks 5 w3
Ry 3 s
shusaaiie pos] 3
hags smye fnmpa ot
T T
y
g s
11
. ¥
T
ot
=
Y
JITIoL
: Il
T I
T i
‘!
+
HHT
114
o nan
;
¥
]
+
+
T
T
yRwun:
+
¥ H 3
o, ¥
gt :
: +
T —
7 I I
hagaw
gy s
Ls nabunaualy
+rt
ol 24
DR |
s - T
phunnhens 1
i i
e
Seangel
s ya phosbans tr
2% i wpe & 2 DUDY papts SRRIRG Sl h b : 13
A i LIl et e st - s
B it G e s & B e T T : ‘ S5y
(R apas =3 s S Pl essan Inweapad bow pi bkt
1 bos S o < b 4

LLET 7
iemiea ] 3 L
rirde— :
= - . -

PG e it
poop} ossou;
3 -
'
I
o +
T T
T4 ey '3 ae
8 ) By
1=ty gy
pppeaniy e
a3t 4 T
(a8 .
PPapsates o —
SRR pnpad: HITE -k
13117 ia 1T »
plme S PRPLS DENEP ST Hort = Py 28

VRLINITUN

v 6 M N BOVN
HMIdVd HoWVMNA NICTLDA Ll MM S

‘00 N3IDZL3I0 ANIDNS



S e e

Speet-

EE RN

DRGED A1

LI e

kR
iy

Rt g

DS Sgpes B

P8 i s

2 eR

g pemet
APPSR Dacmpn
Ef BEdsGEnn:

= g
pepacaaie

R S Ea : SEEnCi e ...,H...#x”....... TR T e e T : : -
o : it o R e :

SRpER

3

ol

y iy

ey s

: Imt "

17

e § it <« e
wd gt

PG T ST SRR
“el333370

podish 54

apicten

i Shts guae s

il

2psopapes

e e e NILINITUN



i

s o4

5o Pageh- Rty

et bades

T35

TeaTTIIIL
[ g =

S S5 S

At < At e

LLTETAAC

oo are i

cRigiEe 2

[REESE-TEoree

SRy e

¥ BEPOGRGu

. %9 20 Sl S o by

e b

Bty B

L BEare e oY

Y ROP P
PO ES 4

Sinn
£E

[P

S Janes anpeg s

s des v ord

(aite

e i o

SR TP Iy
ST SEOPT S

erimteeesd-

-

S CGEN SO

‘v 5 N NI 30w
‘DD N3DZ1310 IN2DN3E

HALINTUN

MDA 2 2t hratem



oo

PSS h.5
§< =3

il

Bl Bohaa

Surien §

Hour s
G sl g e
i

DY RPRE 31
D e

e optes pmpdmpnay
BRI bt riey:

ey eniyas

SPDOERGRE DUg-SRe)
15205 Saade (8581

ot Sttt ne s 0 e L
iy

S D
o ]
PR g

9 "8 MW JOVA HILIWITNN
raM RITMYY RS DAIDIVED Catw Bes 2 a1 ILen s A rememEm s mm .



W B N NI DOV
0D N3DZAIIO INIBNZ

BILINITUAN ,
H3cdVd HaVNES NIBZLIIG W-HOPE ON

+ IH.—M B B B 3 Hud N«
> s WD Birgur U FRB O IS SR T T
B et g v g ] b b k! pe ry
: = S Toage eiet s tepetesaspnl
33 Tiisadiesy SOPR " piii gt prope e kot nans e t
2y [eRLTeyre €3 peueswito i R
3 v i oo Samone T 3 pad e
T TR 23 i 3 r
oy T S P08 pnmep 3¢ el aas
= seedy IS PO Sn pnpy pERDS S0 PN ba
pas sant SR bt b -y i i
e b s = R g b o
axs Euoed b bophs pudsss s ehpmangi ruSig pe sy B
.‘+ - AleH.‘H = e
28 3 e g ) s T e 3 a g
SR e P SEEF] e ipaes Fhes
bdew s gy alosy nos Balold e, : 3| 1 3
7§
Y - - ko b~y -4
SR T SRCE: St 2 =, FonEs
SSnereont Aued RERaes: o ke ST
5 : = a
T > e 13 T 2
1 > g e MIT d ' S po: 4+
socp fp ks o ek e o i v s + b X, 2 SSrspanpes = jopEapeeah fus o
Sount P aptvescbey Eik velspanen S Rasai ~ o]
S AISETEEIT IEEEPREeT 1Y e poie sqngpohags phole Lynoe sob! L
7 Ry g e s Eee: certepbiaa sy !
s b s v (s s o IOERppate cirmensgges. st T : 5
rver - s ..Jl.f.l_‘ % Ry Tt ane o £t 1 =i :
+ k) + dv o B s nul D 4 - ool - § oy 4
1 il sseesspelyl pppdt: sapt Sy foans euaxdele SRmalaten e %5
W ol pupenpmrse T e o ot
poo ) POy Pty aon i
a5 gy ] oy 1 =T
: > rat o by 2 S plagmiqus 5a; HE :
m e 3
- 4 JELS SRannp S 1T PR o .
1 25 Dhé b pal s b apesh st 2e) ipe = 1 :
13 ; sy Buiriry e wepges + s Basy:
T T b T i p i “+H ¥ - - -
rye roarey phig T : +HTTIT
+ e - e vy nuaasEmes 1+ e
L i ri k%) ot § e 3 1 44 .
e
i " B byt g oty : 3 i |
e srelaytos: Bl et e S Taes sas; -
T ba 2 it
T » parn s i s i ¥
T T =1 ; H ieae :
1 r o -
=} 2 et rp o guu—" : -
3 S T T e e % s pp] ] > S EEREEns T
—tt- = -y oy 1 - ] 1 >
201 : B WNWE ekt S0 T swive = T + 1
T S il Tt T : + o o 111
.\Hv‘ ~ i - L L3y T 1) 5 3 1 - 13
ry > = X 24 ey ot 0 1.3 -
= o e T »Mu > * Tr - voazye T > 2 sy T oy garm s T T
o y ey San - P pe Y ae 25 Byn gom - : e vem: n T
: s Ton s e gt B Rpmen SRaneRe: = - = ] : peaal it ovian g a (=% 2ususnas
Sl + & el b -+ T =9 palyas ot iod = pon S - Easua L 1 ¥ 13 i
T & T o 5 bus 180 s bann Friter
I - 2 b v—— T yoi g bauy! asabe
e .ll.uun : Sy ot o
: I 1
b 4 P
> 3 1 H T
¢h iy - . -
e | . T T oL o wT T
: + [ Gt e o ot T T
- ima S 2 pur R egs s m
ehins inrns banayBo o1
ARG Wi Tt s
1t 1
S s I e TIIT
[Nu®s vp1 T 1
13 ppopy pual "
T S1ir iy -
; plER P s
$33 ads: S A
i
14 1t T ~ )
(D0 i '
Y =g sreguEe:
1510} b
! 1
17T i
Tt T
RS b
T T 1 p
o § 1 B
T .
1
Nuppsssy i 3
+ t T g 8 g
s ang] 1 oy T
T T frre
28 Ride 4 WD B 13T
R u D i S SFPRAKAS 01 v
AT 1
e el coals banke al ul 3
1 hE RS i o 0 B )
LW RRRRE Jaap s t
I T4 o+ fits e 1
- T
wd e .
1 t
By & ] +
ot a.
o res
X
-~y P
- - ¥ 5
T
¥+
&1
= 3
pon ri
1
T
Ty
BRI H
Fated
1343
i Pl
') = T
. - 4 36..,”?,. +
A s shovhlabtysnta;
ff et d gAgs ot feimid
et read ¢ Py FQree pay
w o e abes
Sxaptidant i febas Eraadanse
Loy Tty -t
Tl Lok somes S ohbw nedbl v) sBuonnhews s




e ¥ T T P01 5 09U 2w Py ¢ 17 T PREPY 800 PP RSBSOS PERER OB FRS PR Y 1 P pig po b 4 20 T
52 beEB8 pEehs skpes phans En: e ge pep Y s EA R R Rs PR o fotianasts IpERosRzR EURSEERS Ll aia it n LA e ittty +
s ) tpyiEs Sipy padls [ops speb: peseialbybetia b TR 1334 e S s eea i et $eseastast iy bosiitedd bl ioith hidl 1 I
T 143 Y ..tl_.u.u IR S T M LETeeELEe, SEASIRZRLN s o s PRAEE Eutal Hinee It 3 s cpran sapia s p R b te Ib5 1
1 PRSY Py RESOLADPYD OREfp & pous ) " + + s g bt e fed i 4~ I3ed Py pue T - [EPPP Lo Ry Shep)
bt T e L T S P T T e o e e e s T R T g S R T I T T R S S
134 Hresjgaiipe it n st p R e s AT gepton opneLlla ata gut o opaenageds Rl 00es hbwwg Do W el n D iy 1
i -4 SHPE HAPEY PP § 5 QRS Sapanguy Dt ) PR PABSS (RIS HPSSS § e IR0 SPUNRPIIL R BRI vy - g » [Eaep bepae o -t d by
= FEES 1 e R T s e p ks e e p e e s e ge AU e d e e gL R oy
14 ok baitt b . oot frie el sl e ane
uu: 1 BE R Rt g e 1333 i1 II3T3ET Sgsseopihsonsepnpas suple i rphs prbberibes bebupondh opih A8hng shewn sy [y seal:
. * + * 1 T 1 33 5 [ SOERY RAGHG 5 IUNRILE b SRS P g + T Yotmbornt §rms <od g 1. pe pe <+
2% o0 en o : 251 BEoEe 2o Jos ST T Es R B L e S iakas dvpes s FoRRSHESY Pedabrands sscd FPRRD FRRRRRREPE Pty ontl shapurasts fo1L! AT RREERgR st 3
+ " : < i Be v 3 Syryrees ettt —t} papanss i pon B s e e R R ot g i
sasgd s t TR phads opspapaepirpabeadp ribad by i pg bl Boan g nph L1 PRRat pogniapnad Do pbbonp Bt < PEfpaes .LﬂHl.l..i;.: aveiy HL. PBEE2 et e, ¥
90 o= PR SRR M QS el DA | g pERsoge as = o g TERICTRES . rgTep)
s : SEPT:EETRERRENY S e e e s A FE s EEbea iBe! SR RRSETE: TR P 3 x
: : : Wx.u& Bants Eaynaswntd of ph s wipm s i ponas gumn
4 fii 4 Tmed T B8 R B9 8] ‘H R
+ f oty aods s fomea s Fiqs o § o iy ot b irde
- ! bEpSsttary pebeppsaatabpipiags phax: 1
* + ~1 3 13
SPPYS SHbES P ] b
: o Epstsangs plile RESe ok, FEseiatab
- POEBOGISS ity 1 (bt oot 1 % t
> aws Swas
: e pabs pyno:
e pt bbb pabid I ¥
: i% I ypasyatasatanet :
c.2 AR i v - b &
; £33 ]
e T
Ponnnskanl Senssenshy Booh byaus oas:
+ so8ii ss: 3 birtsd 3
™
- b gl e : an A b0 1
= 11 11T
4 Tl sy T o oy T
: T T
T 4 g5 cnara:
i t b s anay 4
Lo B "G — 57
3 = T T trr et
Eit I SEiT e T
+ = o ey
1 Saras T 8 B ol g e
-+ T T "
% : T i Saus T +
anly s T i T B0 i 2
Y 1 i iny T
+ 9 5 H - it -k
T T 3a mad 5 aeod
9 8 - 3 MG % R 1402 5.
s . B & 28 2 223 1
5 . S 1l
: B mEEessssvsaaae.
1 51 1 rephe. Pt o 58
o - el t :
: T ] s cmeL1 >
: T I3 14 T ¥
t : ™7 T T
+t b +
= TR ; T T
a1 ot al S trt 8 ment IBARE Fenynoat:
by ; IR E Sh et ot bws upld e - e pas i bn b e o t
- [ 7 ans sanunssube chvas Atwe Kb
pro=ts < 3 ¥ gy .J‘ﬁl +
e 1 - Bes i
e 61 1.8 o g 2. o
ol B PISSUS SRS B
> ey ptah e
* z 51 sl Bo S Aarue
Senas = :
T TEETRS
3 PuD wu PU R aO B D s B PR
; T - i
T : T
- B 5 B 1
: 1 Bbansas,
B [op o 5] 1 T
Pad od K % 2 Sk
T~ ey 11T
a0 saaa o wn:
: T Tt
f =+ 74 1 T
s S s A
; o
St :
T T T yus T T T
= sl - 5
vy < 5 et = B b Roh L
: :  To mas:
=3 . H Toghe, > T o 1
R + {odad .+ < =
g apad 3 SPReh PR tpha S RA M r
o -
oo, : pwes
saged bt : 3
st s T 3
SHpE PRy T FEaRE:
; frg 2o
s : gt o
) siswme & Sab B g + paTBS:
St pae PEfD e =37
By E fo
o
e il
el S
oy nese s
- -
R 5
py %
s Sl Sheky
- I .
T i +
: ase
t
pety aas
ot bgae ¥ i
i ases
e
o T % s . s
aib] mesew e ety
PEas PETey Ty b e LIS poll e e I
e b0 pSoh p0Rd RS DR 1
e, T g o tals I OB ORG BB [ - =T
35 p gt Rl M ropls SOSHE SEEpe tuogt 3 52
s |95 e BAumls s npiha parpidngle ....lef.. ST NS
o 2 P DR S S R = SRR S o JEadgoages -
bres " : PETP s % sitcamyg T < erf s ragere i Ll Loran L aodt sohe] e ] 5 +
il pois . 1 o o x shngttsee mouhl Tae
aebabefoes b F TR O HE R R 1T huphigoetes X i1 I
3. . : ey R e TR T I e SRl ra L e 11 +

UILIMNITUIN

‘v, '8 ‘N N IOV
MM MRAY LA 2MIAnNT



Solutions of the Lenard-Balescu Equation for Drifted Plasmas

by Kurt H. P. H. Sinz and M. Eisner

The effects produced on the plasma distribution by
external fields have been investigated'in connection with many
plasma applications. A starting point which has been usual
is the assumption that the principal effects of the external
field would be to produce drifted distributions. Thus, if one
had initially Maxwellian distributors the effect of the field
would be to produce Maxwellian distributionswhich were drifted
in the field direction. Using these distributions one could
calculate transport properties. The time development of the
distributions is calculated in turn from a kinetic equation
with an appropriate collision term. The Lenard-Balescu
equation includes a collision term which can be thought of as
a collision between dressed particles and therefore includes
the effects of wave particle interactions. Since plasma waves
may be generated in streaming plasmas the Lenard-Balescu equation
would seem to be quite appropriate. 1In this investigation
numerical integration of the “kinetic equation is undertaken for
a one dimensional drifted plasma with the aim of examining
the validitf of the drifted distribution assumption and the
effects of the wave particle interactions on the time develop-

ment of the distribution function.



METHOD OF SOLUTION

The Lenard-Balescu equation given in II-36 is a system
of simultaneous, nonlinear, transcendental, integro partial
‘differential equations. For convenience we restate the

.equations In more explicit form:
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where m and M are the electron and ion masses respectively

GWv) = tan™

3z (R

and )\Dloo is the number of particles of either
specles per electron Debye length. These equéfibns give
the ensemble average single particle Aistribution functions
£, and f_ when an external electric field is included. We
shall be interested in possible effects that the right hand

interaction term in III-1 mayfhavevon the distributions



andyany consequences that this may have on thé drag and the
'speétrum of waves given by the dispersion relation. Al-
tthgh this problem appears much too complicatgd to make an
ana!ytical solution possible, it, nevertheless, is simple
enough to permit an "exact" numerical analysis. Before
,embaLking upon such a course, we shall attempt to make
exact simplifications of III-1.

Let us suppose that for a first approximation we as-
sume the right hand "interaction" term to be negligible
so that we trivially solve the resuiting partial differ-
ential equations to findl

f=h(v-bt) ana £:=£(v-cz)
with bz —2—E, and c;_:.. E.

MA;No oo
These equations, of course, represent drifting solutions

that accelerate constantly in the é;ternal field but ex-
perience no diffusion or any change in "shape“. Utilizing
ITT-2 various attempts were made to evaluate at least the
coefficient of the arctangent function in III-1 when’us—
ing drifeed Maxwellians and dfifted Maxwellians that ex-
perienced only a very small dfag. Unfortunatgly'all such
efforts were pretty much futile.

To check the possibility of such solutions that ex-~
perience no effect except‘that they are drifted in the
external field, we eliminate G(v) between the ﬁWo équa~

tions in ITI-1 which leads to
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This equation can be integrated over time when assuming
solutions of the form III-2, and performing‘the derivative
on the right hand side of III-3 while using the homogenelity
of III-2 in v and t and then integrating. With integration

limits on ¢t from 0 to t, the result is
--—-75(\’71'} +£vt) = (vo) + -)C(VO)

Multiplying this result'by v and v2 respectively, then in-
tegrating over v and differentiating with respect to t,
establishes the conServation of momentum and produces the
claim of conservation of energy. The latter conclusion is
obviously inappropriate in view of the electrical field
that 1s acting upon the System. *We thus know that solu-
tions are not merely drifted and we expect the collision
term in III-1 to play a significant part when solving for
f, and f_.

Some insight into the behav1or of the interaction
term in III-1 may be gained by trying 51mp1e distributions

for which the principal value integral can be evaluated



exactly. To this end, square, triangular and parabolic
distributions do not appear to be too useful because of
‘their inherent discontinuities in slope;’however,‘at least
for the latter two, much can be done towards evaluating
the collision term. Of consideréble usefulness were dis-

tributions of the type
| an
_7((")=A[(v—l)(v+l)] ,n=02,... 0, =l¢vsel -4

as they match onto the line f=0 smoothly at. V=z2I

because at these points the zeroth through (2n - 1)th de-~
rivatives vanish. Functions constructed in this way bear
much resemblance to a Gaussian and can be simultaneously
normalized and assigned arbitrary temperatures. In the
preliminary stages of this work, much uée was made of III-4
with n=1, although this results in a discontinuous second
derivative and therefore a discontinuous interaction term
in III-1 at the "ends" of fhe distributions. This problem
can be overcome b& using n=2 in III-4. The fact that the
principal value integral in III-1 can be evaluated exactly
for this type of fgnction was helpful in making rough plots
in order to get an ihtuitive understanding'of the fuﬁction—
al behavior of the interactiop term. This same.feature.was
invaluable in making exact chécks of numerical methods when
developing the computer program fhat produced the numerical

solutions of III-1.



36

The numerical techniques employed to solve III-1 are'
rather straight forward. The basié scheme consists of
anerically evaluating the derivatives with respect to
v%locity of the distribution functions whose values at
time tn are known for all grid poihts of v. These deriva-
tives must be stored in an array as they are all needed
when evaluating the principal value integral. Once G as
defined in III-1 has been detérmined, the necessary differ-
entiation can be performed and we are thus able to solve
for the time derivative of the distribution functions for
all grid points of v at time tn. This derivative is then
used to updaté all values of the distributions to time
tpn+1 allowing us to repeat the above cycle for-the next
time step. The reevaluation of the principal value inte-
gral at each time step is very costly since the appropriate
ihtegration has to be carried out for each v. (The com-
puter time goes about as ﬁhe square of the number of grid
hﬁoints.) Some economy is possible, however, by noticing
that in regions where one of the distributions and its
first derivative vanish (or are negligibly small) the
coilision term in IIi-l can be ignored and the other dis-
tribution simply drifts in that region according to III-2.
In such a region, no recalculations are necessary except to
adjust the grid spacing and to delete and ihterpolate data

points as appropriate. Unfortunately this also complicates



the required bookkeeping because of the odd grid points

that are thus introduced.

t
{

i A special device must be used to perform the‘principal

vé}lue integration because of the singularity in the inte-
gx""and. The contripution to the Integral due to the grid
point at the singularity and the two pofnts immediately
next to it, is determined by fitting a parabolaAto the
numerator of the integrand and substituting the calculated

information into an analytic formula as follows.

In general we have for Xz # X,,X3

f&f[&] + (%) Fl0, %] 4 (x-x)(x-%) F[%, %,

X{l =
X X.Q - X d;{
IR+ IxJR+ $5,% 1) 8
where
fx] = F6)
) — fx)
f [x,,x,,] - X, ~ X,
_ __f) f65) __ft)
;[’(hxz'g Xs] = (% - %:)(%- X) * (x2-%)(%-%) * | (Xr)(.)(’;"‘z)



ar% the divided differences’ calculated from the ordinates

and abscissas of the grid points that have been fitted and

.where

b= A _ (4%

%%+ 20) (X, = %)

~(% +X)Enx) | 225

The remalining contribution to the integral can now be eval-

uated in a straight forward manner with the help of Simp-

son's rule.

For the first iteration, the distribution functions

were advanced according to the first two terms in the

j‘f)

Taylor expansion
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Thereafter, we employed the slightly more sophisticated
Adam's method |

f(Vm,#nﬂ) = v ) + o] 20t l

* .,
VO] (o)
Mt e

to advance our sclutions in time. This method 'is eQuiValent
to fitting a parabola to two poinés when one coordinate and
both slopes are known and then extrapolating along this
parabola. h

Throughout this work derivatives were taken,according

to

[’(vm), = FMa) = F(Y at)

28V

which can be shown to be accurate to third order. In con-
nection with the damping, third derivatives,had to be taken
but no extraneous noise was noticed in spite of the fact

that'numerical differentiation is ppohe to giving erratic



results.
f Needless to say,'the distributions have to be termi-

i

nated somewhere. Since the "widths" of f, and f_ are dif-
f%rent there will be régions where both functions are non-
'zéro (ﬁoverlap") or whefe only one funétion is nonzero.
In the overlap, both disﬁribut;onS*can be updated according
to_fhe prescripﬁion of the previous paragraph; but, as can
be seen from II1I-1, outside this regioﬁ .ajt-__ =0
for the vanishing function so that a speciéﬁbtreatment hés
to be devised to account for this. |

For the sake of definiteness, let us say that both to
the left and to the right of f, there is a sect;on of f_.
Now a positive field advances this right section of f_ éc—
cording to III-2. Rather than numerically solving III-1
with G=0 and thus preéerving the grid spacing, it is deemed
more accurate Eo simply narrow the spacing between the cut-
off and the first elebtron grid point outside the overlap.
Inevitably this gap will'attempt to become negative (the f_
grid point tries to enter theﬂoferlap) in which case the
corresponding data is discarded because in the oVerlap f_
is already representéd. In order to preserve continuity,
the interaction term has to become negligible near the
cut—-off which 1s indeed the case. Thermalization and
drift will meanwhile drive f, to the right’ouﬁside the.

overlap where, however,
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sB that 1t becomes necessary to extrapolate f This is

done by fitting a parabola to the last three points of the
ion distribution after it has been updated in the overlap.

Simultaneously the right section of the electron distribu-

tion has advanced to within an odd grid spacing of the old

cut-off. In order to keep this odd velocity increment out-
side the overlap (aﬁd thus preventing proliferation) it is

necessary to interpolate to mesh the grid points of the

two distributions iﬁ the new area of overlap. It should

be noted that outside the overlap, the right section of

the electron distribution experiences no changé in shape.

The left section of the electron distribution is
‘driven away from the overlap thus generating an ever grow-
ing gap which is filled by interpolﬁtion. Although the
field drifts the lons to the right,vallowance is made for
thermalization by extrapolating the ion distribution to-
the left in the same manner as described in the previous
paragraph for the right hand side.,

For the actual data runs, the initia; conditions for
the computer program were alﬁays Maxwellian distributions
for particles~with’an ion-electron mass ratio of two to one
and with the Same ratio app1ying to the electron-ion tem-

perature. The velocity grid spacing was usually .06; the
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S0 that it becomes necessary to extrapolate f This 1s
done by fitting a parabola to the last three points of the
ion distribution after it has been updated in the overlap.
Simultaneously the right section of the electron distribu-
tion has advanced to within an odd grid spacing of the old
cut-off. In order to keep this odd velocity indrement out-
side the overlap (aﬁd thus preventing prolifération) it is
necessary to interpolate to mesh the grid points of the

two distributions in the new area of overlap. It should

be noted that outside the overlap, the right section of

the electron distribution experiences no changé in shape.

The left section of the electron distribution is
driven away from the overlap thus generating an ever grow-
ing gap which is filled by interpolétion. Although the
field drifts the ions to fhe right, allowance is made for
thermalization by extrapolating the ion distribution to
the left in the same manner as described in the previous
paragraph for the right hand side.,

For the actual data runs, the initial conditions for
the computer program were always Maxwellian distributions
for particles with an ion-electron mass ratiQ of two to one
and with the same ratio applying to the glectron—icn tem-

perature. The velocity grid spacing was usually .06; the



latter enabled the program to perform atout sixty itera-
'tioné‘in fifteen minutes on a Univac 1108. The number of
particles per Debye length .A,nb in ITI-1 was always
chosen to be ten with external fields of either one or
ten. )

With time steps of .016 inverse plasma periods and’
an\external field of 1., the calculational stability of
the problem was found to be excellent proyided.the initial
conditions were not tco asymmetric. Noise as indicated
from the area under the distributions was restricted to
the seventh and eighth significant figures. Smoothing
techniques were found unnecessary and none were;used.. We
should note, however, that time steps only twice as large
caused the calculations to go unstable within a few itera-
tions.

The computer program was developed‘on an IBM 7094,
the data was obtained from runs on a Univac 1108 and all

~curves were plotted by the SC U4020.



" CONCLUSIONS

Generally there is some doubt as to ‘the usefulness of
inyestigations in one dimension because of the absence of
lateral effects. However, it is Certain1§ calculationally
advantageous ﬁo reduce the dimensionality of .a problem be-
cause much simpler equations result. In our case we wére
able to carry out numerically exact solutions of ﬁhe'one-
dimensional Lenard~B§1escu equation which enabled us to make
a very detalled investigation of our results. Due to the
accuracy of the calculations (the normalization of the par-
ticle distributions varied only in the seventh significant
figure), we we;e able to tax the precision of our éolutions
enough to.find very marked effects on a time scale as short
as one plasma period. Following 1s a brief summary of some
of the detailed effects obsérved.

It was found that drifted Maxwellian distributions tﬁat
were separated too much in velocity‘space did not satisfy
the Lenard-Balescu equation due to a discontinuity in the
collisioﬁ current that arises. This diScontinﬁity was
caused by the fact that when thefrepresentative point as-
~sociated with the arctangent function in eQﬁation.III-l was.
located in the third quadrant, the passing of the slope
function, in the same equatibﬁ,kacross fhéfveiocity axis

resulted in an infinite discontinuity in the ccl%ision cur-.



rent with no compensating change in sign,of the arctangenti
function which simply passed from a value,gréater,than.
- T to a value less than - | .

If, however, the distributions are drivén towards a
large separation when stérting.frpm-isotropy, a situation
is encountered wﬁere, at least for our low mass ratio; there
is 'an extremely strong local interaction in velocity spéce
beﬁween the 1ions énd electrons. How high the mass and
temperature ratios can be without destroying this effect ‘is
difficult to assess without further investigation.

. However, such‘interactions do distort not only the e-
lectron distribution but the lon distribution as wéll.
Since most plasma parameters such as damping depend on the
slopes of the distribution functions of particles in a sys-
tem, and since derivatives emphasize any irregularity of a’
function, it is.clear that the asymptotic ion behavior in a
plasma cannot be adequately described by a Maxwelllan that.
is merely dispiaced. ‘The interaction between two drifted
Maxwellians was seen to be locaily strong and very asymmet-
ric so that both distributioné undergo a change in shape.

Because of the formal Similarity between the one-dimen-
sional and the three-dimensional Lenard-Balescu equations,
we have to expect a similar‘region of strong interaction
of the distribuﬁions when an externalrfiéld}drives them to

anisotropy. This particular interaction casts éériohs,doubt_ 



on Pearson's assumption that the ion distribution in his
problem is simply‘a drifted Maxwellian that_experiences
no change in shape. Furthermore, a strong interaction_éé
reported here would be prone to generate numerical insta-
bilities of which Pearson reports many.

If in the three-dimensional case there also is a region'
beyond which displaced Maxwellians cannot satisfy.the,‘
Lenard-Balescu equation, then it is in doubt ﬁhether a
rigid ion distribution would permit the electron distribu-
tion to become distorted enough to prevent the solutions
from entering such a forbidden region. |

If the first of these phenomena does indeed have an
analog in three dimensions, one would then expect a dif-
ferent contribution to the dispersion relation from the
ions. Pearson did ﬁot find any appreciable change in the
damping and thé foregoing couid concelvably be a contribu;i_
ting reason.

In the présent work it was §hown'that the Lenard-Balescu
term in the Fokker-Planck eqﬁation does indeed cause drag
and diffusion. The drag was found to increase with the
separation of the distributions in velocity space. The
average deceleration per particle due‘to‘drag reached valﬁesv;
of up to 13% of the‘acceleration due to the field when the

distribution separation was about 2.5 thermal velocities.



Although the average ion acceleration was found to
decrease, 1t was observed'that the high energy tail of the
~lon listribution 1is subject to a constant accélefétion with
no drag. In spite of the fact that this sets the stage for
runaway, the ions on the average, experiénce.a'drag. |

For thermalization.a threshold was found beyond whiéh
both the electfon and the ion distribuéions were heated.
This threshold was found to be associated with the develop-
ment of a region of positive slope in the arctangent funcw- .
tioh of equation III-1.

When initial displacements were large enough to cause
changes in the arctangent as described In the previous
paragraph, very severe distortions in the distribution
functions were found. These distortions in turn gave rise
to new wavebands in the dispersion relation; One of these
bands corresponds to unstable waves, but it appears possiblé
that the longer time scale effects that would occur when
‘the distributions are allowed tqlproceed from,isotropy_tol
" the domain under discussion,.woﬁld distort the distribu-.

"~ tions sufficiently to either eliminate‘this unstable band -
| or to cause it to become stable.

In conclusion we see that even_a'oﬁe—dimensional p]asﬁa ;
model displays many physically meaningful properties. Al-
though the detailed computer érogramming is iong aﬁd'tedi;

ous, the many reSulté obtained and éheir_prééision'ére very



gratifying and Justifyifurther investigatipns along these
lines. Suchlinvestigationé might,/fof;example,Ainclude a
~study of the effects duevfo different external fields és'
well as different mass ratios and initial conditions. |
Furthermore, it would also appear that one-dimensional
applications shall ﬁrovide an excellent proving.ground for

higher order kinetic equationé.



Oscillations in Spatially Inhomogeneous Plasmas

J. C. Baker and M. Eisner

The effects of gross spatiai inhomogeneity on the
growth rate of instabilities has been ?nvestigated. The Vlasov
equation is solved assuming a gaussian distribution for the
initial density. The distribution function is expanded in a
series of Hermite polynomials for both the spatial and velocity
dependence. The series are truncated and the set of coupled
equations for the time dependent series coefficients are solved
numerically. The electric field generated in the plasma is analyzed
to obtain the frequency spectrum for several initial conditions on
the velocity. The plasma is started from a drifted state with
ions and electrons counterstreaming. The directed plasma motion
is rapidly diséipated in a turbulent fashion and the energy
contained in long wavelength modes is rapidly transferred to shorter
modes. The rate of transfer appears to be sufficiently rapid to
prevent the growth of instabili;ies. These results suggest that

the stability conditions can be profoundly affected by inhomogeneities.



