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FOREWORD

An exploratory experimental and theoretical investigation of gaseous nuclear

rocket technology is being conducted by the United Aircraft Research ILaboratories
under Contract NASw-847 with the joint AEC-NASA Space Nuclear Propulsion Office.
The Technical Supervisor of the Contract for NASA is Captain C. E. Franklin (USAF).
Results of portions of the investigation conducted during the period between
September 15, 1967 and September 15, 1968 are described in the following five
reports (including the present report) which comprise the required eighth Interim
Summary Technical Report under the Contract:

1.

Kendall, J. S., W. C. Roman, and P. G. Vogt: TInitial Radio-Frequency Gas
Heating Experiments to Simulate the Thermal Enviromment in a Nuclear Light
Bulb Reactor. United Aircraft Research Laboratories Report G-910091.17,
September 1968.

Mensing, A. E. and L. R. Boedeker: Theoretical Investigation of R-F Induction
Heated Plasmas. United Aircraft Research Iaboratories Report G—9lOO9l-18,
September 1968. (present report)

Krascella, W. L.: Thecoretical Investigation of the Composition and Line
Emission Characteristics of Argon-Tungsten and Argon-Uranium Plasmas. TUnited
Aircraft Research Iaboratories Report G-910092-10, September 1968.

Marteney, P. J., A. E. Mensing, and N. L. Krascella: Experimental Investigation
of the Spectral Emission Characteristics of Argon-Tungsten and Argon-Uranium
Induction Heated Plasmas. United Aircraft Research Iaboratories Report
3-910092-11, September 1968,

Latham, T. S.: Nuclear Studies of the Nuclear Light Bulb Rocket Engine.
United Aircraft Research Laboratories Report (-910375-3, September 1968.
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Theoretical Investigations of R-F Induction Heated Plasmas

SUMMARY

Theoretical analyses were made to investigate the power deposition and energy
removal in radio-frequency induction heated plasmas. These investigations were
directed toward the high-power, high-pressure, radiating r-f plasmas that are being
used to simulate the thermal environment of the nuclear light bulb reactor-

Two related investigations are described in this report. In one, the power
deposition and energy dissipation characteristics of infinite-cylinder r-f heated
argon plasmas at pressures of 1.0 and 10 atm were studied. It was assumed that the
thermal and electrical conductivities varied with temperature, that the gas radiation
per unit volume varied with both temperature and pressure, and that the plasma was
optically thin. The electromagnetic field equations, energy equation, and heat con-
duction equation were integrated numerically starting with specified values of tem-
perature and axial magnetic field at the centerline. Generalized curves suitable
for design and analysis of experiments were constructed. These curves show the
relationships between the radius of the plasma, the axial magnetic field external
to the plasma, the power radiated, and the radiation efficiency (the power radiated
divided by the sum of the pover radiated and the power conducted away from the
plasma). The results also show the importance of gas radiation on the character-
istics of the plasmas.

In the second investigation, the coupling between the plasma discharge and the
r-f generator was studied using an infinite-cylinder, constant-conductivity model.
Analyses performed by other investigators were combined and extended to develop an
analysis more useful in the nuclear light bulb reactor simulation program. The
analysis was used to investigate the effects of discharge power, reactive power,
and discharge size on the surface radiation heat flux and to examine the effect of
r-f frequency shifts on matching. In addition, an expression was derived from which
the magnetic pressure at the center of an r-f discharge can be calculated.



RESULTS AND CONCLUSIONS

1. In analyses of power deposition and energy removal in r-f induction heated
plasmas, it is important to include plasma radiation as an energy loss mechanism at
plasma pressures of about 1.0 atm and above. For example, for a 1.0-atm argon plasma
with a centerline temperature of 10,000 deg K and a centerline axial magnetic field
of 5.0 amp-turns/cm, the calculated power deposition per unit length of the plasma
is 0.153 kw/cm when radiation is neglected; the calculated power deposition is 3.27
kw/cm when radiation is included, even though the power radiated is only 1.14 kw/cm.
This large difference in power deposition is due to grossly different radial distribu-
tions of temperature which cause large differences in the thermal and electrical
conductivities.

2. In r-f induction heated plasmas, radiation causes the peak temperature to
occur in an annulus around the centerline rather than on the centerline as in d-c
plasmas.

3. The analysis developed in this report may be used to construct generalized
plots describing r-f plasmas. If the type of gas, the pressure and the r-f frequency
are specified, then the following four parameters of interest for simulation of the
nuclear light bulb reactor can be used to form these plots: (1) the power radiated,
(2) the radius of the plasma, (3) the energy loss by conduction, and (4) the axial
magnetic field external to the plasma. If the radius of the plasma is determined by
fluid dynamics considerations, then specification of any one of the three remaining
parameters determines the other two.

L, For a uniform electrical conductivity discharge, the transfer of power from
the magnetic field to the discharge can be characterized by a dimensionless coupling
coefficient defined as the ratio of the total discharge power to the reactive power
in the r-f induction coil. (The reactive power is approximately one-half the product
of coil voltage and coll current; the maximum voltage and current determine the limits
of resonator performance.) When the radius of the discharge approaches the radius
of the coil, the coupling coefficient approaches unity. When the radius of the dis-
charge becomes small compared with the radius of the coll, significant increases in
reactive power are required for a given discharge power.

S. An increase 1in either the discharge-diameter-to-skin-depth ratio or the
discharge-to-coil radius ratio increases the effective coll resistance and decreases
the effective coil inductance. For discharge-to-coil radius ratiocs less than about
0.35, frequency shifts (from the unloaded resonant frequency) of less than about
ten times the unloaded resonator bandwidth are required to provide proper impedance
matching, i.e., reactance equal to zero. These frequency shifts are usuvally less
than 2 percent of the resomant frequency.



6. Neglecting momentum changes that might occur in the plasma, time-averaged
magnetic pressure gradients in an r-f plasma cause an increase in pressure at the
center of the plasma. This pressure increase has a limiting value of Boz/hPo, where
By, 1s the peak magnetic field strength outside the discharge and p, is the magnetic
permeability. For a l.0-cm-dia inductively heated plasma having a discharge-diameter-
to-skin-depth ratio of 3.5 within an 8-cm-dia coil, the pressure increase at the
plasma centerline was 0.018 atm when 600 kw of power were deposited in the plasma.



INTRODUCTION

An experimental and theoretical investigation of gaseous nuclear rocket tech-
nology is being conducted by United Aircraft Research lLaboratories under Contract
NASw-847 administered by the joint AEC-NASA Space Nuclear Propulsion Office. The
research performed under this contract is primarily applicable to the vortex-
stabilized nuclear light bulb rocket concept described in Ref. 1. In this concept,
hydrogen propellant seeded with a small amount of tungsten is heated by thermal
radiation passing through an internally cooled transparent wall located between the
gaseous uranium fuel and the propellant. A buffer gas is injected tangent to the
inner surface of the transparent wall to establish a vortex flow which is utilized
to isolate the gaseous nuclear fuel from the transparent wall.

Non-nuclear laboratory simulation of the flow and radiant heat transfer charac-
teristics of a nuclear light bulb engine can be accomplished using an electrical
discharge to add energy to the central simulated-fuel region of the vortex. A high-
power radio-frequency induction heater has been selected for this purpose. Using
the UARL 1.2-megw r-f induction heater, efforts are being made to increase the power
deposited in the discharge and, through use of high pressures and seed materials, to
increase the power radiated from the discharge. The current status of this work is
discussed in Ref. 2.

R-F induction heaters have been used for many years to .create and heat plasmas.
However, certain of the phenomena involved which are of importance to the nuclear
light bulb research program are not fully understood. Accordingly, it is the pur-
pose of the present study to theoretically describe and investigate three aspects of
plasma induction heating: (1) the power addition and energy dissipation occurring
in the plasma, (2) the coupling coefficient and reflected impedance of a constant-
conductivity plasma, and (3) the magnetic pressure created by the interaction of the
r-f field and the plasma.

Equipment for adding energy to a plasma by r-f induction heating usually has
three main components: the power supply; the r-f power amplifier; and the resonator,
which consists of a capacitor section and an induction coil surrounding the plasma.
There is often strong interaction between the characteristics of the power amplifier
and the resonator. In general, the performance of a resonator in adding power to a
plasma is dependent upon the characteristics of the power amplifier. However, in
the present report, only the interaction between the resonator (or the electromag-
netic fields it produces) and the plasma is considered. Additional analyses are
required to solve the complete interaction problem among the various components.



COMBINED ELECTROMAGNETIC AND THERMAL ANATYSIS OF R-F GAS DISCHARGES

Background of Problem

It has been shown experimentally that high-power and high-power-density plasmas
can be created by means of radio-frequency induction heating (Refs. 2 and 3). However,
a sufficiently general theoretical analysis to determine the induced electromagnetic
fields, conduction and radiation heat fluxes, and temperatures within the plasma has
not been developed. A comprehensive analysis of the phenomena of r-f plasma heating
is desirable for guiding experiments described in Ref. 2 and for obtaining a better
understanding of the heating process. Because of the large variation with tempera-
ture of the electrical conductivity of a plasma, the classical solutions for induc-
tion heating of constant-electrical-conductivity metal work pieces (e.g., Ref. k)
are not applicable for determining the details of plasma heating although, as shown
in a later section of this report, a constant equivalent electrical conductivity can
be used to describe the coupling between the r-f generator and the plasma.

In the present analysis, the relationship between temperature and electrical
conductivity must be known to enable the temperature distribution within the plasma
to be calculated. BSince the temperature is dependent upon the heat flux within the
plasma, the heat transfer equations must be coupled with the electromagnetic equa-
tions which describe the power deposition. In Refs. 5 and 6, the conduction heat
flux equation was solved simultaneously with the electromagnetic field equations and
closed-form solutions were obtained. However, energy lost by radiation from the
plasma was neglected. In addition, the electriecal conductivity was assumed to be
constant in Ref. 6 and to be a simple function of radius in Ref. 5. The desire to
obtain closed-form analytic solutions did, of course, require the simplifying assump-~
tions employed in Refs. 5 and 6. These assumptions limit the applicability of the
solutions.

In the Soviet work described in Refs. 7 and 8, the one-dimensional differential
equations for the heat flux and the electromagnetic fields were integrated numerically.
The variations of gas radiation, electrical conductivity, and thermal conductivity
with temperature were prescribed. This method appears to adequately describe the
r-f induction heating of a plasma. However, only a relatively few results were pre-
sented in Refs. 7 and 8 and, since the results were obtained by numerical integration,
extrapolation to conditions other than those presented is not possible. 1In addition,
the variations of electrical conductivity, thermal conductivity and gas radiation with
temperature that were used in Refs. 7 and 8 are not widely used by investigators in
the U. S.



The objectives of this portion of the study was to establish a computer program
for numerically integrating the heat flux and electromagnetic equations and to obtain
solutions over extended ranges of operating conditions. The variations of gas pro-
perties with temperature for this computer program were derived from the best available
data and theoretical predictions.

Method of Analysis

The model used in the following one-dimensional analysis (i.e., variation in
the radial direction only) cousists of an axisymmetric cylindrical plasma, infinite
in axial extent. A sketch of the model employed is shown in Fig. 1. The plasma
radius 1is Tg and is defined as the radius at which the temperature is 1000 deg K.*
A1l gas properties within the plasma are dependent upon temperature. The plasma is
assumed to be optically thin (no self-absorption), in local thermodynamic equilibrium,
and purely resistive. Power is added to the plasma by the flow of induced currents
and is removed by both radiation and thermal conduction. It is assumed that there
are no convection losses within the plasma.

For an annulus of thickness dr within the plasma at radius r, the sum of (1)
the energy per unit length per unit time conducted into the annulus at radius r plus
(2) the energy per unit length per unit time added to the annulus by circulating
induced currents is equal to the sum of (3) the energy per unit length per unit time
conducted out of the annulus at radius r + dr plus (4) the energy per unit length
per unit time radiated from the annulus. Using the notation shown in Fig. 1, this
equality may be written as

W+ (2rrd oe? = W+l e lemrd) W
We +(27rdrloE " = W + Ir drj+{(2rdr WVRAD (1)

or

dw,
dr

2 —
=27r<oEe—w (2)

VRAD>

% The symbol Yo is used to be consistent with nomenclature used in Ref. 2 for
the plasma radius.



Fourier's law of heat conduction for the plasma annulus is

dr _ _ W
a9 CZwmrw (3)

Maxwell's equations for a conductor baving a permeability of 1.0 with negligible
displacement currents are, in vector form,

N A
VxE=-#o‘3—1 (4a)
and
VxH := oF (4p)

For the one-dimensional problem (i.e., variations with radius only) Egs. (L4a) and (4b)
can be written as

i 0 aHZ
T3 (rEe) = = py = (52)
and
OH,
= okg (50)
or

For alternating fields, the electric and magnetic fields are
i -¢.)
Eg - Eo e @' %e (62)

P

- zpei(wf—¢u) (60)



where EGP and HZP are the peak values of the electric and magnetic fields, respectively,
and ¢E and.¢H are the respective field phase angles.

Substituting Egs. (6) into Egs. (5), preforming the indicated differentiation,
and equating the real and imaginary parts,

dE Eo

o
drP I __rP ':“o“’HzPS'N(¢H_¢E) (72)
dH,
drP = crEePcos(¢H—4>E) (7o)
and
de wH,
E . 'LLOE £ cosl -¢.) (8a)
dr ep
de¢ ok
H 2]
e —— sin($,- ¢ (8b)
Zp

Equations (8), (7), (3), and (2) provide a set of gix first-order differential equa-
tions which must be solved simultaneously to determine the temperature, heat flux,
and electric and magnetic fields within the plasma. To solve these equations it is
first necessary to de§cribe the variations of N\ , o, and WV with temperature.

A1l calculations performed in this study were made for argon. The gas properties

of an argon plasma are fairly well documented at elevated temperatures throughout

a wide range of pressures. In addition, most experiments involving r-f plasmas

have employed argon as the working fluid.

Figure 2 presents the variation with temperature of the thermal conductivity,
A, of argon at 1.0 atm as presented in several references (Refs. 9 through 13).
The solid line of Fig. 2 is the assumed variation of thermal conductivity that was
used in all calculations in this study. This curve closely follows the calculated
values of Ref. 13 which appear to agree best with experimentally measured values
(Ref. 9). DNo variation of the thermal conductivity with pressure was included since



very little reliable data on this effect are available. The effect of pressure is
believed to be small for the range of pressures considered in this study (1.0 to
10 atm); however, at higher pressures and temperatures, neglecting the pressure
effect on thermal conductivity could cause erroneous results.

The variation of the electrical conductivity, o, of argon with temperature is
presented in Fig. 3. Curves from several sources (Refs. 13 through 16) are shown
and the variation that was assumed in this study is indicated by the solid line.
The variation assumed herein favored that of Ref. 1L since it is the most recent
and probably the most accurate information available. Results from Ref. 1l show
small differences in electrical conductivity with pressure (i.e., compare curves
for 1.0 atm and 10 atm in Fig. 3). However, the scatter and uncertainty of the
existing electrical conductivity information is greater than effects due to pres-
sure; hence, for the purpose of this study, it was assumed that there is no varia-
tion of electrical conductivity with pressure. When more relisble data on the
effects of pressure on thermal and electrical conductivities become available, they
can be incorporated into the computer program.

The power per unit volume radiated from the plasma, WV , was determined as
functions of both temperature and pressure by the method described in Appendix I.
From a calculated equilibrium composition of argon {Fig. 4 and Ref. 17), the radiation
from 71 argon lines and the continuum was calculated. The total radiation, WVRAD
(i.e., the sum of the line and continuum), is presented in Fig. 5 versus temperature
for pressures of 1.0 and 10 atm. The values of WVRAD used in Eq. (2) were obtained
from the curves of Fig. 5. Included on Fig. 5 is a data point from the r-f experi-
ments described in Ref. 18. The data were obtained at a pressure of 1.0 atm. The
agreement between the theory described in Appendix I and the data of Ref. 18 is quite
good. Both the theory and the data considered radiation only within the region of
3500 to 8500 A.

From the assumed temperature variation of A, o, and WVRAD’ the set of equations
(i.e., Egs. (8), (&), (72), (7)), (3), and (2)) can be solved once the appropriate
boundary conditions are prescribed. At r =0, WC = 0, Egp = 0, and ¢g - ¢g =‘W/2.
Since only the difference between ¢y and ¢y appears in the equations, the boundary
conditions employed were at r = O, ¢H = 0, and ¢p = 7/2. The two remaining boundary
conditions (on T and HZP) were also specified at the centerline. Physically, it
would be more logical to specify the temperature at the edge of the plasma and the
magnetic field external to the plasma. However, this results in mixed boundary
conditions (i.e., some at r = O and some at r = r,) and requires a complicated
iteration technique. Thus, to simplify the calculating procedure, both temperature
and magnetic field were specified at the centerline. The radius of the plasma, r6,
was determined, as previously stated, as that radius at which the temperature reaches
1000 deg K. Thus, the six boundary conditions were specified at the centerline
(i.e., at r = 0 it was specified that Wc =0, Bgp =0, ¢pg =0, ¢ = /2, T = TCL’



By = He L) and the six first-order differential equations (Egs. (8a), (8b), (Ta),
(To), (38, and (2)) were solved simultaneously by a straight-forward numerical
integration technique beginning at the centerline and proceeding radially outward.
The numerical integration technique employed was the third-order Runge-Kutta method
described in most advanced calculus text books. The equations were programmed in
dimensional form for the UNIVAC 1108 digital computer.

To check the accuracy of the numerical integration, a case was calculated in
which the electrical conductivity was assumed constant (independent of temperature),
and both the thermal conductivity and the power radiated were set equal to zero.
For this case exact solutions for the field strengths can be calculated (see, for
instance, Ref. 4 and following sections). In Fig. 6, the radial variation of the
magnetic field as calculated by the numerical integration method is compared with
the exact solution. The significance of the parameters x and d/8 is discussed sub-
sequently. The agreement shown in Fig. 6 is excellent.

Discussion of Results

Calculations were performed in which the centerline temperature, centerline
axial magnetic field, and discharge pressure were varied. The results of one
typical case are shown by the solid lines in Fig. 7. For this case the centerline
temperature was 10,000 deg XK, the centerline magnetic field was 5 amp-turns/cm,
the pressure was 1.0 atm and the r-f frequency was 10 mHz. The variations of gas
properties with temperature shown in Figs. 2, 3, and 5 were used. Figure 7 presents
the radial variations of conduction heat flux, temperature, circumferential electric

field, axial magnetic field, and magnetic As
discussed in the previous subsection, the
line temperature and axial magnetic field
the temperature is less than 1000 deg X.

is essentially constant; there is no heat

essentially constant thermal conductivity.

Of primary interest in Fig. 7 1s the
temperature peaks off the centerline at a

the centerline as ig the case with d-c arcs.

and electrical field phase angles.
calculations begin with an assumed center-
and procede in a radial direction until

At larger radii, the axial magnetic field
addition, negligible radiation, and

radial variation of temperature. The
radius within the plasma rather than at
The peak is, of course, associated

with the skin depth of the plasma such that power added to the plasma decreases sub-

stantially in the interior regions of the

plasma. The off-axis peaking of the plasma

temperature may be an important consideration in the design of a high-efficiency

The dashed curves shown in
, equal to zero.

light source.
radiation, Wy

evident that gas radiation is an important feature of the solution.
no radiation, the temperature has a maximum value at the centerline.

The same centerline conditions were used.

Fig. 7 were obtained by setting the gas

It is
Note that with
With radiation,

10



the maximum temperature occurs at a radius well away from the centerline. Thus,
radiation is one factor which causes the off-axis peaking of temperature that has
been experimentally observed in r-f plasmas (Refs. 2, 18, and 19). In experiments
employing vortex discharges, high convective velocities near the centerline of the
vortex could also contribute to this off-axis peaking.

Figure 7 also indicates an important result regarding the effect of radiation
on the total required power deposition. For the example given in Fig. 7 (a center-
line temperature of 10,000 deg K and a centerline axial magnetic field of 5 amp-
turns/cm), the calculated power deposition per unit length of the plasma was 0.153
kw/cm when radiation was neglected; the calculated power deposition was 3.27 kw/cm
when radiation was included, even though the power radiated was only 1.1k kw/cm.
This large difference in power deposition is due to the grossly different radial
distributions of temperature which cause large differences in the thermal and
electrical conductivities. Thus, in analyses of power deposition and energy dis=-
sipation in r-f induction heated plasmas, it is important to include plasma radia-
tion as an energy loss mechanism at plasma pressures of about 1.0 atm and above.

The temperature and axial magnetic field on the centerline are not too meaning-
ful since they are really dependent parameters and cannot be independently chosen in
any real plasma. Therefore, several cases were calculated with ranges of centerline
temperatures and axial magnetic fields. The results of these calculations were
then plotted using the axial magnetic field external to the plasma and the radius
of the plasma as independent variables, and the power conducted out of the plasma
and the power radiated as dependent variables. Figures 8 and 9 present these varia-
tions for pressures of 1.0 and 10 atm, respectively. The gas is argon and the r-f
frequency is 10 mHz. Also shown in Figs. 8 and 9 are curves of constant radiated
power per unit length, WRAD' These results are for a plasma which is assumed
infinite in axial length. Since the plasma is infinite in length, the surrounding
coil must also be infinite. For an infinite coil, the axial magnetic field external
to a plasma is related to the coll current by

Ho = — (9)
where N/{. is the number of coil turns per unit length and I, is the peak value of
the coil current.

The results presented in Figs. 8 and 9 show that the size of the plasma and the
magnetic field determine the power conducted and the power radiated from the plasma.

At the edge of the plasma (i.e., r = r6), a heat sink must exist to remove the power
conducted from the plasma, Wc6 (see Fig. 1). To provide this heat sink at r = Tgs

11



it is required to have either a flow in which there are very large axial convective
velocities or a cooled wall. Iarge convective flows at r = r, are desirable so that
the plasma can be confined away from the chamber walls. Since it is also assumed
that no convection exists within the plasma, small convective flows are required at
radii less than rg. Such a flow can be obtained using a confined vortex flow. It
has been shown experimentally in Ref. 20 that a radial-inflow vortex has a radial
stagnation streamline outside of which large axial flows exist while at radii less
than the stagnation streamline a cell flow exists having small convective flows.
Reference 20 also demonstrates that the radial position of the radial stagnation
streamline can be controlled by adjusting the percentage of injected flow that is re-
moved from the center of the vortex. Thus, a radial-inflow vortex has the desired
combined characteristics of low convective flow within the plasma while providing a
high convective flow which can act as a heat sink external to the plasma.

If the required radiated power and the size of the discharge are specified,
then the required axial magnetic field and the power conducted to the heat sink
outside the plasma (i.e., the large convective flow region) can be obtained from
Figs. 8 and 9. 1In general, if the radius of the plasma is specified, then specifica-
tion of any one of the three parameters Hy, Weg, or Wpap determines the other two.
Use of curves of this type is of particular interest in the nuclear light bulb pro-
gram where a high radiant heat flux per unit surface area of the discharge is being
sought (Ref. 2).

In Figs. 10 and 11, the results shown in Figs. 8 and 9 are replotted so that
the ordinate is the total power deposited in the plasma (i.e., the sum of the power
conducted out of the plasma and the power radiated). Again, the abscissa is the
axial magnetic field external to the plasma. Curves of constant plasma radius are
shown. In addition, two other sets of lines are presented. One of these is the
radiation efficlency, ng, defined as

>
o

U
R “%
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RAD (lO)
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+ /L
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The other set of curves, labeleQJ(eq, is the equivalent coupling parameter that
would exist if the total power, WD/l, were to be deposited in a cylinder of constant
electrical conductivity having a radius rg. The definition of « for a constant con-
ductivity plasma is

N i 2r
Tz T

= (11)



where & is the skin depth. The variation of skin depth with conductivity and fre-
quency is shown in Fig. 12. It is shown in the succeeding section that the power
per unit length deposited in a plasma of constant electrical conductivity is

_.)lE = —2l—(277f),u.o(Ho)2(7Tl’62)Q (12)

where Q is a magnetic flux integral. The variation of Q with ~ is shown in Fig. 13.
By equating WD L to‘ﬁc6+ WhAD for a plasma of a given radius, Tgs with a given
magnetic field external to6 the plasma, H,, the value of Q can be determined and the
resulting value of Keq can be found from Fig. 13. In Figs. 10 and 11 the cross-
hatched regions are where the value of the calculated Q is greater than 0.37, the
maximum value for a constant-conductivity cylinder; hence, keq cannot be defined in
these regions. Within the cross-hatched regions the plasma will absorb more power
than an equivalent constant-conductivity cylinder of the same radius and same axial
magnetic field. As a general rule, plasmas with low values of the equivalent coupl-
ing parameter have corresponding low values of radiation efficiency.

The data point shown on Fig. 10 has been obtained from the experiments of
Ref. 18. In these experiments, approximately 900 w/cm of power was deposited into
a 1.0-atm argon plasma. The plasma radius was determined from photographs to be
2.5 cm. From Fig. 10, the required axial magnetic field would be 27 amp-turns/cm
and the radiation efficiency would be about 18 percent. The experiments of Ref. 18
gave a coil current of 75 amps for a coil having 0.4 turns/ecm. Thus, the axial
magnetic field in the experiments is calculated from Eq. (9) to be 30 amp_turns/cm,
in very good agreement with values obtained from Fig. 10. The radiation efficiency
for the experiments in Ref. 18 was measured to be about 10 percent, significantly
lower than the value obtained from Fig. 10. Considering that the frequency of the
experiments of Ref. 18 was 7.25 mHz compared with 10 mHz for the calculated curves
of Fig. 10, and that three-dimensional effects were present in the experiments, the
agreement between theory and experiment is quite good.

Several authors (Refs. 21 and 6) have reported that the diameter of an r-f
induction heated plasma observed in experiments is approximately 3.5 times the skin
depth (i.e., K='2.5). Since this phenomendil is not predicted by the calculated results
shown in Figs. 8 through 11 nor in the results of Ref. 8, it may be that the experi-
mentally observed plasma diameter-to-skin-depth ratio of 3.5 was caused by the inter-
action between the particular resonator and r-f power amplifier equipment used in
those experiments. As discussed in the INTRODUCTION, this interaction has not been
included in the present study.

13



It is interesting to note that for a given magnetic field and given plasma
radius, two plasmas having different temperatures and heat fluxes can be obtained
(Figs. 8 through 11). For the lower value of power deposition, the plasma absorbs
very little power from the field and is a poor conductor. Conversely, for the
higher power deposition, the radius of the plasma is greater than the skin depth,
and thus the plasma is a good conductor. Experimental observations by many authors
(e.g., Refs. 2, 3, and 21) tend to show that only those plasmas having the higher
values of power deposition can be created. It appears that the lower-power plasmas
are not preoduced experimentally and may not represent a physically real situation.

It should be noted that, in the high-heat-flux regions of Figs. 8 through 11,
a substantial amount of uncertainty exists due to inaccuracies in the plasma pro-
perties (i.e., the electrical and thermal conductivities and the power radiated).
In these high-heat=flux plasmas (Wp/ ! greater than approximately 10 kw/cm) the
peak plasma temperatures exceed 20,000 deg K. The existing plasma properties are
not accurate at these temperatures, and the assumption of an optically thin plasma
may not be valid. Self-absorption will have a significant effect on these plasmas.
It is planned to extend this analysis to include the effects of self-absorption and
pressures higher than 10 atm.
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POWER AND IMPEDANCE FOR A CONSTANT-CONDUCTIVITY MODEL
OF THE GAS DISCHARGE

It is important to have an understanding of the basic electromagnetic aspects
of coupling that are encountered in using an r-f system to couple power to a highly
radiating plasma. In approaching the problem analytically, it is useful to consider
a constant-electrical-conductivity, infinite-cylinder model for the plaswa since this
model allows analysis of the electromagnetic aspects of the problem without detailed
consideration of the distribution of the plasma properties. A great deal of work on
r-f coupling has been published using this model (e.g., Refs. 4 and 22), but there
is need to further generalize this work and to derive new relations that are applica-
ble to small-diameter induction heated plasmas of the type being used to simulate the
thermal environment of the nuclear light bulb reactor.

Development of discharge and reactive power relations using both the applied-
coil-current approach and the electromagnetic-field approach improves physical
understanding of the interaction of the plasma and the electromagnetic fields.¥
Detailed consideration of a coupling coefficient between dissipative and reactive
power is also important since reactive power may be a limit on the performance of
an r-f induction heater. Neither a nondimensional coupling coefficient nor the
ratio of discharge diameter to coil diameter, r6/rc, have been used generally to
describe the addition of power to a gas discharge. Since large discharge powver
with corresponding high discharge surface radiation flux is an important goal of
the experiment in Ref. 2, the effect of discharge and reactive power limits on this
flux can be studied using the coupling relation.

To transfer power to a discharge efficiently requires that the impedance of
the resonator and discharge be close to the impedance required by the r-f generator.
In general, this requires large resistance (of the order of 1000 ohms) and near-zero
reactance. Thus, it is desirable to calculate the impedance, the effect of the
parameter r /r on the impedance, and the frequency shift necessary to minimize the
reactance. KnSWledge of these factors is particularly important for small values
of r6/rc; values of r /rC between 0.1 and 0.2 are of interest in the experiments
of Ref. 2. Finally, the above relations are useful in calculating discharge powers,
circuit currents and voltages, frequency shifts, etc., that are encountered with
the resonator of Ref. 2.

¥ 1In a resonating circuit, average discharge power is actual power in the load,
and average reactive power is approximately one-half the product of peak
sinusoidal current and voltage. These quantities impose limits on resonator
design.
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Development of Time-Average Discharge and
Reactive Power Equations

The transfer of power from a colil carrying r-f current to a discharge involves
the formation of an alternating magnetic field by an applied alternating current.
Energy is stored in an alternating magnetic field which, because of its alternating
nature, represents an energy flow out of and into the coil. This energy flow per
unit time is referred to conventionally as reactive power. In a resonator system,
the reactive energy would be stored alternately by the coil and a capacitor. When
an electrically conducting medium such as a plasma discharge is present, some of the
reactive power 1s absorbed and there is a net transfer of power out of the coil.
The absorbed power is referred to as the dissipative or discharge power. Instantaneous
coil power, W, is the product of instantaneous coll current and instantaneous voltage:

W=1IV (13)

Assuming sinusoidal time variation of I and V, the expression for coil power consists
of a term which has a zero time-average value over one complete cycle (reactive power)
and a term which has a nonzero time-average value (discharge power). By taking the
absolute value of the reactive power, an average reactive power over a complete cycle
can be defined.

For the model shown in Fig. 1 (variations in the radial direction only), the
instantaneous coil voltage¥ is

a¢,
V:Nlc[_ a—f} (14)
Here, a¢c/at is the rate of change of flux linked by the coil:
09 f %8, /rcaf’z (15)
—C - —Z - Z
31 | 37 27rdr + 5 kT 2 wrdr

¥ The voltage expression formed here does not include a resistive voltage drop
along the coil; this additional voltage drop is not pertinent to the discussion
of coupling and can be accounted for separately in analyses of power losses in
the r-f system.
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The first integral in Eg. (15) is integrated over the discharge area where B, varies
with radius and the second is integrated between the discharge and coll where B,

is a constant, By. The parameter r /rc is introduced by this process. The details
of the integration and the combination of BEgs. (13), (1), and (15) are given in
Appendix II. The average power results are

= . | 2. 22
Wy = 5 wp NI fmr®Ra (16)

and

2
We = & wpoNI 7 A { l—(:—i’) (I—P)J
(17)

where W_. is the discharge power and Wﬁ is the reactive power. The functions P and Q
are the dimensionless real and imaginary parts, respectively, of the complex flux
integral over the discharge area; they are identical to the relations presented in
Ref. 4. They are functions of the coupling parameter k = (#Ocu0172 re = (LA/2)(a/8).
The variations of P and Q with « are plotted in Fig. 13.

The result for W_ is the same as that obtained in Ref. 4 and elsewhere using
a field approach; that is,

2
W, =f —Jcer—- d(vol) (18)

The reactive power equation, Eq. (17), is not usually obtained. The flux integration
term, P, in Eq. (17) accounts for shielding of the magnetic field from the region of
the discharge by induced currents. The field approach can also be used to calculate

WR:

Y
—_ _ Y aB
WR —‘/ H - _af_ 4 d(VOI) (19)
vol

The integrals in Egs. (18) and (19) are more complicated to evaluate analytically
than the flux integrals in Eq. (15). Thus, the present coil current-voltage approach
may also prove useful when end effects, nonuniform conductivity effects, or other
complicating factors are treated. The equivalence of the coil current-voltage and
field approaches is used in Appendix II, however, to derive the averaging relations
for the magnetic field.
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Ratio of Discharge Power to Reactive Power

The ratio of Wb to ﬁﬁ is a nondimensional coupling coefficient, { , which
characterizes the transfer of power from the coil to the discharge. This coefficient
is a function only of « and r6/rc. From Egs. (16) and (17),

_WD_
¢= 0= (20)

The variation of the coupling coefficient,§ , with x for various values of r6/rc
is presented in Fig. 14%. The dashed line is the locus of the maximum values of & .
For low values of r /rc, the curves peak at « = 2.5. It will be shown later that
for (r6/r ) = 0.4, éhe approximation € = (r6/rc)2Q is accurate to better than 10
percent. “As r /r increases, induced currents have a significant effect on total
reactive power caﬁsing a broadening of the peaks in Fig. 1k and a shifting of the

peaks to greater values of k. For instance, at r /r = 1.0, & = Q/P, and for large
values of k, £ approaches 1.0. That is, for tight coupling (r6 = rc), the limit is
WD = WR.

The maximum values of & that can be obtained for a given value of r6/rc, and
the corresponding values of k, are shown in Fig. 15. These curves were obtained by
cross-plotting Fig. 1k. x , is the value of x for which § is a meximum at a given
r6/rc. The rapid increase of the coupling coefficient with increasing r /rc for
large discharges is caused by a rapid decrease in the flux integral, P, and, hence,
a decrease in the reactive power, Wk.

Effect of Reactive and Discharge Power Limits on
Discharge Surface Radiation Flux

An important characteristic of an induction heated plasma is the surface radia-
tion flux (see Ref. 2). Both W% and W, affect the radiation flux. A radiation
efficiency, mg, can be defined as WﬁAD?WD' Since radiation flux is Bg = Wrap/2mrg L,

Te%p i

B. =
S 2mwr L r6/rC

(21)
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From the definition of the coupling coefficient (Eq. (20)), Wh =£ W%. For a small
discharge (i.e., r6/rc = 0.4), the coupling coefficient is approximated by€¥=(r6/rc)2Q.
Thus,

(22)

To show the effects of WR and Wp on By, calculations were made for the plasma
and coil experiments described in Ref. 2. For these calculations, r, = 4 em and
2 =5 cm; g is assumed equal to 1.0 and the value of x is assumed equal to 2.5.
Since coil winding losses are riduced as 1“6/rC increases, the actual real power
available increases, and hence Wy, increases with increasing values of r6/rc. This
effect has not been included here. The results of these calculations are presented
in Fig. 16. The approximate design operating region for the equipment of Ref. 2
is shown by the shaded portion of Fig. 16. The resonator consists of two coils and
corresponding vacuum capacitor assemblies. kach coil-capacitor assembly will support
approximately 35 megw of reactive power. Figure 16 indicates that, in maintaining
a desired value of Bg, a tradeoff exists between Wk and W, as r6/rC is varied. 1In
varying r6/rc, however, it is also possible to hold the spacing between the coil and
discharge, & = r =~ r,, constant as Tg is varied rather than to hold the coil radius,
T, constant. A detailed discussion of the effects on.,BS of maintiining constant A
is given in Appendix ITII. It is shown there that BS for constant Wy always has a
maximum at r6/rc = 0.5.

Coil and Resonator Impedance Relations and
Discussion of Matching Conditions

Coil Impedance

Exact relations for coil impedance were developed from

complex O, .”
Ve magnifude{NK[— Bt TIcR (23)

¢ I, I

c

where dda/dt was developed previously and Rf is the coil resistance per turn which
produces a resistive voltage drop along the coil. The coil impedance can be put in
dimensionless form by dividing by the coil reactance,
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= C - i
2% ol - petidy (24)
where the unloaded coil inductance is L p Nanr . In Appendix IV the resistive
and reactive parts of the dimensionless c01l 1mpedance are shown to be
R r g
0 6
Ak (25
c cuLO rc>
and
r.\8
- 6
Te = I—(T(:)(I—P) (26)

Figure 17 presents the variations of Peo and 2’, with r6/r , assuming R /wL = 0.002.
This value of R /wL is the approx:.mate value for the experimental COll used in
Ref. 2.

Resonator Impedance

The r-f resonator consists of one or more capacitors in parallel with the coil
as shown schematically in Fig. 18. From the parallel impedance rule,

i ! |
- = + = (27)
Zy ZCAP Zc
or, in dimensionless form,
Zg | [ Zeap - Z¢ ] .
g = = = + 1Z
R P
Wi, wly | Zepe * 2 R R (28)

The resistive and reactive parts of the resonator impedance are derived in
Appendix IV. They are
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and

o . Xell-y%c) - yed
- et < o)
(1= y %) + y22 - (3

where y = (w/wo)2 =(u2LOC is a rei75ator frequency parameter and w/ is the unloaded
resonant frequency, w_ = 1/(LgC)™" -

The effects of discharge diameter and coupling parameter on resonator impedance
are shown in Fig. 19 for the conditionuJ=cuo. The curve of k= 0 represents no dis-
charge present; hence at w = w_ the resonator reactance, XR’ is zero. However, the
presence of a small discharge with an optimum value of k (i.e., k= 2.5) reduces the
resistive part of the resonator impedance, PR and causes substantial inductive
reactance, %R, at small values of r /rc. The presence of a large inductive reactance
causes an impedance mismatch between the resonator and r-f power amplifier result-
ing in a poor power transfer efficiency between the resonator and power amplifier.

A resonator is inductive if it is tuned to a frequency below actual resonance;
hence a frequency increase should produce a matched condition (i.e., reactive
impedance equal to zero). The effect of frequency shift on resonator impedance is
shown in Fig. 20. Note that small changes in frequency produce sustantial changes
in the impedance curves, particularly in %_ (Fig. 20b). At some discharge radius
ratio, a matching point, %R= 0,%is indicated for each value of y. ILarger fre-
gquency changes shift the matching point to larger values of r6/rc. The effects of
frequency shift on discharge radius ratio and resonator resistance at the matching
points of Fig. 20 are shown in Fig. 21. (Values of y are related to Aw and
ZMuﬂwa in Table I.) Frequency shift here has been expressed as change in fre-
quency relative to unloaded resomator bandwidth, Aw/Aw , where Aw_ = R /LO and

Aw = w- w,. For the conditions of Fig. 21, W Lo/R_ = 500; thusAuw, =w,/500 = 2t _/500
(for example, at £, =5 mHz, Aw = 62,800 Hz).

* This condition assumes that the power supply and transmission line between the
supply and resonator are purely resistive which is not necessarily an accurate
enough assumption for proper matching. In this case some value of ZR other than
zero could be specified to provide proper matching.
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Application of Results to Resonator of Ref., 2

It is of interest to apply the power and impedance relationships derived in the
preceding subsections to the resonator described in Ref. 2. This particular resonator
was designed so that hundreds of kilowatts of power could be deposited in a plasma
approximately 1.0 ch in diameter by 5 cm long. A schematic of the resonator is
shown at the top of Table II, and the geometrical and electrical quantities for
this resonator are listed below the schematic. Calculations were made for various
discharge sizes assuming that coil reactive power, Wﬁ, was constant and that the
matching condition, %X = 0, always prevaled. Constant reactive power, Wﬁ, for
high values of(uLO/RO, can be maintained by holding constant resonator voltage,

VR =V,. It is assumed also that the electrical conductivity of the plasma is con-
stant and equal to 2500 mhos/m. Calculations were performed for three different
plasma loads: r_ =0, 0.5, and 0.79 cm. Table II lists the values of power (real
and reactive), cOupling coefficients, impedances (resistive and reactive), frequency
shifts for match (i.e., reactive resonator impedance equal to zero) and applied
currents and voltages for each of the plasma loads., A summary of the equations used
and the method for performing calculations is presented in Appendix V.
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MAGNETIC PRESSURE ANALYSIS FOR AN R-F DISCHARGE
USING A CONSTANT-CONDUCTIVITY MODEL

The interaction of a circumferential current and an axial magnetic field within
a conducting medium will give rise to a force on the conductor normal to the plane
formed by the current and magnetic field vectors. 1In the case of an r-f gas dis-
charge, the induced currents and applied magnetic field will create a pressure gra-
dient in the radial direction. Calculations in Ref. 23 have shown that this pressure
gradient and the resulting pressure difference between the center and the edge of
the discharge were quite large and, hence, might cause large radial flows in the
plasma. However, the approximations used in Ref. 23 could cause the results to be
high. Thus, it is desirable to reexamine the magnitude of magnetic pressure that
may be expected in plasmas such as those of Refs. 2 and 3.

Calculation of Radial Distribution of Time-Averaged
Magnetic Pressure Gradient, |J x B|

The magunetic pressure gradient is the time-average of the cross product of the
induced current and axial magnetic field. An equation for lj'x B| is derived in
Appendix VI. The result in dimensionless form is

|7 x8] ie, sz> cos (e — Py)
8 /1ot BE /0% / \ Bo 2 (31)

The relationships for jep, B, "ﬁH and4¢E are derived in Appendixes II and VI.
Figure 22 presents the radial”variations of these quantities. Note that the phase
angle difference between current and field at the center of the discharge is always
270 deg; hence the cosine term in Eq. (31) is always zero at the center of the dis-
charge. From the curves of Figs. 22 and 6, Eq. (31) can be evaluated in terms of
K and r/r6. The effects of these parameters on the dimensionless magnetic pressure
gradient are shown in Fig. 23. The magnetic pressure gradient rises sharply near
the edge of the discharge.
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Calculation of Magnetic Pressure at Center of
Discharge by Graphical Integration

Neglecting changes in the momentum of the plasma, magnetic pressure is given by

0
P (pCL—prs) =f |78 dr (32)
rG

By graphical integration of Fig. 23, the variation of Py (in dimensionless form)
with x was obtained and the result is shown in Fig. 24k. For very large values of K,
the dimensionless magnetic pressure approaches a value of 0.25.

Direct Evaluation of Magnetic
Pressure at Center of Discharge
It is possible to evaluate Py directly before time-averageing from
o]
P =f jgB dr (33)
rs

where the asterisk indicates a time-varying quantity. Using

. | ds,
o * T Eg Tar (34)
one obtains
o]
| dB
Pi 7 - /"'—o,/: <drz>'Bz-dr (35)
6
or
o]
[ 6
X = - #_of 8,ds, (36)
r
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Equation (36) reduces to

2 2 -
0¥ = Bzlr=r, — Bzlr:0 (37)
" 2,“"0
The time-average value is
2 2
Bz,,r=rs _ Ber:O (38)
Pu ap,
and since szr=rs“ BO
Py _ Bzi r=0 (39)
—7— = 0.25 || — —
B0//"‘0 Bo

This checks with Fig. 2k.
Application to Conditions of Ref. 2

In Ref. 23, an approximate value of magnetic pressure, Py» Was calculated for
a discharge with a nonuniform conductivity distribution using a \j x'ﬁi distribution
approach. The result presented in Ref. 23 is higher by a factor of 470 than the
prediction of the uniform-conductivity model discussed here. This discrepancy
appears to be the result of inaccuracy in the approximations that were made in
Ref. 23. It is concluded that the present solutions give a more realistic estimate
of time-averaged magnetic pressure in an r-f discharge.

Applying the present results to the program of Ref. 2, the magnetic energy
density, B /i s can be related to discharge power and the coupling coefficient, &,
by use of Eq. (17), the relation I, = Bo/,u.oN, and the definition of &, Eg. (20):

2 2W,
0 . ° (10)

] ]
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For typical conditions of Ref. 2, W, = 600 kw, r, = 0.5 x 1072 m,w= 27 x 107 rad/sec,
Kk =2.5, and € = (r6/rc)2Q,. The results are B02 By = 1.25 x 10% newtons/m® and

Py = 0.018 atm. This pressure is small but perhaps not negligible in the discharge
momentum equation.
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LIST OF SYMBOLS

Transition probability (used in Appendix I), sec-l

Axial magnetic field induction, W'ebers/m2

Peak value of magnetic field induction in region between coil and
discharge, Bo = pONIC, webers/m2

Capacitance, farad
Speed of light (used in Appendix I), 3.0 x 108 m/sec
Diameter of discharge 2r6, cm
Electric field vector, volts/cm
Circumferential electric field, volts/cm
Upper level energy, ev
Frequency, Hz
Unloaded resonator frequency,:;%g%r,Hz
)
Statistical weight, dimensionless
Magnetic field intensity vector, amp-turn/cm
Axial magnetic field intemnsity, amp-turn/cm
Peak value of axial magnetic field at r 2 Tes amp~turn/cm
Planck constant, (used in Appendix I), 6.62 x 10—31L joule sec
Time-dependent coil current, amp
Peak magnitude of coil current, amp
VA

Circumferential current density, amp/cm?
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LIST OF SYMBOLS (Continued)

Boltzmann constant, 1.38 x 10723 joule/deg C
Inductance, henry

Unloaded coil inductance, L, = FON21Trc2 £, henry
Length of discharge, cm

Length of coil, cm

Number of coil turns per unit length, cm_l
Number density of electrons, em=3

Real part of magnetic field flux integral given in Ref. 4, dimensionless
Pressure, atm

Time-averaged magnetic pressure increment at center of discharge Py = Per, - pr6
Imaginary part of magnetic field flux integral given in Ref. L, dimensionless
Effective resistance of coupling coil in presence of discharge, ohms

Unloaded resistance of coil, ohms

Resistive part of resonator impedance, ohms

Coil resistance/turn, chms

Radius, cm

Radius of plasma, cm

Temperature, deg K

Time, sec

Time-dependent voltage across coil, volts
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LIST OF SYMBOLS {Continued)

Peak complex magnitude of coil voltage, volts

Time-dependent coil power; watts

Time-average power deposited in discharge, watts

Time-average reactive power, watts

Time-average power per unit length conducted, watts/cm
Time-average power deposited in coil, watts

Time-average power per unit length conducted out of plasma, watts/cm
Time-average power per unit length radiated from plasma, watts/cm
Time-average power stored in capacitor, watts

Time-average power per unit volume radiated from plasma, watts/cm3
Reactance of coil, ohms

Reactance of resonator, ohms

Complex impedance of coil, ohms

Complex impedance of resonator, ohms

Partition function, dimensionless

Dimensionless coil impedance, z, = ZcﬁuLo

Dimensionless resonator impedance, Zg = ZRAuLO

Radiation flux at surface of discharge, watts/cm2

Resonator frequency parameter, y = Qﬁ%)g, dimensionless

Spacing between coil and discharge A = Te-Tg, CW

Skin depth, cm
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1LIST OF SYMBOILS (Continued)

Coil efficie W/@ + )
il efficiency, Wp/Wj WCOIL

Radiation efficiency, Wppp/Wn, dimensionless
Coupling parameter, K = ﬁ %, dimensionless

Value of k for maximum coupling

Thermal conductivity, watts/cm—deg K; or wavelength of light (used in
Appendix I), cm

Permeability of free space, 47 X 1077, henry/cm

Dimensionless coupling coefficient between reactive and discharge powers,
§ = /Wy

Dimensionless coll resistance, p, = Rc/wLo

Dimensionless resgnator res:‘.s‘t:a.nce,pR = RR/o.)LO
Electrical conductivity, ohms/cm

Magnetic field flux linked by <coil, weber

Phase angle of circumferential electric field, rad

Phase angle of axial magnetic field, rad

Dimensionless coil reactance, ¥, = Xc/ouLO

Dimensionless resonator reactance,’ZR = XR/ wLO
Frequency, radians/sec

Frequency shift from unloaded resonance, Aw=w‘wo, rad/sec

Bandwidth of unloaded resonator, Awg= RO/LO, rad/sec
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LIST OF SYMBOLS (Continued)

Subscripts

c Value at coil

P Peak value of time=-varying quantity
6 Value at edge of plasma, r = rg

CL Value at center of plasma, r = O
Match Value of quantity when, X, =0

[¢]

Other Notation

| | Absolute magnitude of a complex or vector quantity

— Bar over a quantity indicates a time-average quantity
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APPENDIX I

RADIATION FROM AN ARGON PLASMA

Radiation from an argon plasma is due to both line radiation and continuum (or
background) radiation. The line radiation is due to bound-bound transitions of the
electrons, while continuum radiation is a combination of free-bound and free-free
transitions. Line radiation is dominant when plasma temperatures are less than
approximately 10,000 deg K while continuum radiation becomes dominant at higher
temperatures.

For an argon plasma which is optically transparent and in local thermodynamic
equilibrium, the radiation from a line is given by the well-~known equation

hc

vl . _n__ ~En/kT I-1
WVRADLINE X (gA) ZO e 8 ( )

where WVRAD is the radiation in all directions and has the units of w/cm3 and
LINE

n is the number of atoms per unit volume that can contribute to the radiation. For
unionized argon, n is the number of neutral atoms (i.e., Ar I). For temperatures
less than about 18,000 deg K, the number of doubly ionized argon atoms can be
neglected; thus, for singly ionized argon, n is assumed equal to the number of
electrons. The variation of the number density of both neutral argon atoms and
electrons with temperature was calculated using a computer program patterned after
that of Ref. 17. The results of these calculations are presented in Fig. 4 for
pressures of 1.0 and 10 atm.

The partition function, ZO, is assumed equal to 1.0 for Ar I radiation and
equal to 5.6 for Ar II radiation. These values are within a few percent of those
calculated in Ref. 15.

Wyeno was calculated (using Eq. (I-1)) for each of 48 lines of Ar I and
LINE

23 lines of Ar II; these values were then summed to obtain the total radiation due
to lines, E:WNRAD The gA values used were those listed in Ref. 2Lh. The
LINE
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where P and Q are the flux integral relations for the discharge region given in
Ref. 4. Writing the inner bracket of this last equation as a real part plus an
imaginary part and letting I = Gle[ I, eiwt ], the power equation

2
r
- iwt 2 : 2 __86 _ iwt I1-3
w Nlca'{v. Ic® fle [wBovrrGQ+|w807rrc (I _r2“ P)):Ie ( )
c
is obtained. This reduces to
(II-k)
2 .2 rg
= 242 2 2 - NS IS wmr? ( __%
w [,U-ON Igwmrg lco]cos wt [,U-O c clc' 2 1 P))]smwt coswt
c

The cos?wt term has a time average of 1/2 and is the discharge power of Eq. (16).

siNwt cos wt has a zero time average and is the reactive power. By taking an
absolute value,'an average reactive power level, WR, can be defined, This introduces
a factor of 1/2 and leads to Eq. (17).

According to the field point of view, Ref. 27,

.2 2
J - 0B — 7
w =f—o.—d(VOL) + | H: a'rz dlvoL) = Wy + W, (1I-5)

By direct integration, using relations in Ref., 22, it can be shown that this approach
gives results for WD and Wh identical to those above, Simpson (Ref. L) usesja/crto
evalEate Wp, but Wy was not obtained. Equating W_ and W_ from the field approach to WD
and Wy from the applied current approach, one obtains two averaging relations for B,:

e o
flﬁzlzrdf = Bof iBrdr (11-6)

(o] (]

e r 2 re
Hy o*wf ﬁ f|§1| rdr' | rdr = GQa Bof iﬁzrdr} (II-7)
0 o
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APPENDIX ITI

DISCHARGE SURFACE RADIATION FLUX REIATIONS FOR
CONSTANT SPACING BETWEEN COIL AND DISCHARGE

As one considers a tradeoff between W. and Wk, maintaining [35 constant as r6/rc
is varied, it is instructive to maintain constant spacing, A, between the coil and
the discharge. The value of this spacing might correspond, for example, to a distance
required to absorb the radiation B¢ in some light absorbing medium. The constant Wb

and W relations for B, Egs. (21) and (22), become upon substituting for rc the
relation r, = rg + A

— | s
7. W -7
R D
= ITI-1
BS 2mhA Mg ( )

(@]

and

(111-2)

These equations are

Radiation Flux at Discharge

Discharge -to-coil radius ratio, r6-/rc
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N The WR curves given by Eq. (III-2) have maximum Bg values for r6/r = 0.5. The
Wg and WD curves approach zero as 1'6/rc approaches unity since r, approaches infinity.
The exact curves, with the exact relation for optimum coupling valid for r6/rc > 0.5,
will peak just above r6/rc of 0.5.

Two coil and discharge geometries are shown in(h) and(B) below. These correspond
to the operating points@)and(®) in the above sketch.

@: rg/r, = 0.125 rg/r, = 0.5

In this comparison, BS®= Bs and A®= A . Thus ("c) / (rc),@ = 1.75 and,
from Egs. (III-1) and (ITI-2), (WR) /(WR)@ = 0.4k and (wD),/(wD.)® = 7.0,

respectively. This shows that some saving in W_ can be achieved by using a large 1'6/1'c
to obtain a specified BS,' however, a very large increase in WD is required. It
would not be worthwhile to increase rg/r, above 0.5.
. . A
Flnal_]:y, since r, = A

=g/,
specifies Wp, Wp, and r.. e/1c))

, note that specification of BS and r6/rC therefore
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APPENDIX IV
DERIVATION OF COIL AND RESONATOR IMPEDANCES

Deviation of the dimensionless coll impedance relation z, in Eq. (24) requires
evaluation of the coil voltage relation

1 9 b + 1 R']
Vo = complex mag § NX. |- 31 c (IV-1)

3 b
This can be done using Eq. (II-2) for ot with BO =/u,01\]Ic. Current IC then cancels
out in the impedance definition, Eq. (23), and by defining Lo =,u.oN27rrc2,ec, the
desired dimensionless form can be obtained.

Derivation of Resonator Impedance, ZR

According to the parallel rule for addition of impedances, the resonator model
(Fig. 18) has an impedance given by

L T B (1V-2)
ZR Zc (1 /iwC)
or Zc /iwC
z,: —/———
R 1/iwC + Z,
which reduces to
Z¢
Ig = — 0 - (1v-3)
|+ 1wC ZC
Now Zc can be written as
= vk
ZC ("“'ozc ( )
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Introducing Eq. (IV-4) into Eq. (IV-3), dividing by wL, and defining a dimensionless
resonator impedance

Zr .
H = + i X
2T we  fRTIOR (1v-5)
yields the relation
z
C
z = (Iv-6)
H 2
R L+ i(w?LyC) z,

Here, 7Y = szoC, introduces a parameter characterizing the operation of the resonator.
A value Y = 1.0 corresponds to the unloaded resonant frequency of the resonator,
. | w \2
w. = ——; hence, y = (2)°.
(o] w
VLC °
Equation (IV-6) can be written as the sum of real and imaginary parts. Since
Ze = Pa + 1 %X, then

P +1iX
¢ = —Z < (IV-T)
R 1417 (P +ixg)
Expanding the denominator and taking its complex conjugate gives
, - (PC + l%c) [(I _YXC) | YPC] (IV_S)
R . .
[G-rx ) +ive][(-rZ) —iva,]
which reduces to the desired form, Eqs. (29) and (30):
2
P XA 1=YX)=7R
z - ¢ i| == £ ¢ (IV-9)

R 2 2,2 +i )2 2,2
(=YX )"+ YA (-7x)"+ 7R
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APPENDIX V
CALCULATION PROCEDURE FOR QUANTITIES PRESENTED IN TABLE II

Values in Table II have been obtained using relations given in the report. The
relations used are identified and the procedure employed are discussed in this Appendix.

The circuit parameters listed in Table II correspond to one of the two coil-
capacitor assemblies of the resonator employed in the experiments of Ref. 2. Unloaded
coil inductance, Lo’ has been calculated from the relation

- 2 2
Lo = N7 1, LC (v-1)

Resonator capacitance is a given quantity and unloaded resonator frequency, f,, is

el o

o~ 2w ~
21/ LOC
The unloaded resonator "Q" .factor represents a typical "Q" factor for the resonator
of Ref. 2. Unloaded coil resistance (winding resistance) Ry is then

Q Q
R, = = (v-2)
0 wolg 2 fo Lo

Unloaded resonator bandwidth, A f,, is given by the relation that

f
Q
Hence,
f LA il
&, - ° (v-k)

The discharge conductivity shown in Table II is the design value of Ref., 2 and
skin depth is given by the relation shown in Table II.

The basic input parameter held constant for the calculation is coil reactive
pover, ﬁR. For the resonator of Ref. 2 coil reactive power would be maintained con-
stant by maintaining constant resonator voltage, V,, i.e., constant capacitor reactive
power, It is assumed that the match condition of zero resonator reactance would be
maintained by adjustment of frequency.

The parameter varied in Table II is discharge radius, r,, or equivalently the

ratio of discharge radius to coil radius, r6/rc. The unloaded resonator is specified
as rg = 0. The three finite discharge sizes shown represent (1) a typical small
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discharge, r /rc = 0.125, (2) a discharge giving the value of k for maximum Q,
= 2,50 (noée that this is not maximum € for r6/rC = 0.125 (Fig. 14)) and (3) a
typical large discharge, rg/r, = 0.50.

The coefficient & is obtained from Fig. 14, or from Eq. (20) using values of P
and Q for the appropriate values of « from Fig. 13. Discharge power is then simply
W, o= €W

Dimensionless coil reactance, X  and resistance, p,, are obtained from Fig. 17
or Egs. (25) and (26). Actual coil reactance X, and resistance R, are obtained from

X = (wiy) %e (V-5)

Re = (‘“LO)PC (V-6)
where w®wyis sufficiently accurate here.

Frequency shift, f-f,, necessary to establish the resonator matching condition,
Xgr = 0, can be obtained by setting the numerator of Eq. (30) equal to zero, l.e.,

’k’.c(l—y'xc) - ypcz =0 (Vv-7)
or, at match,
X
- c -8)
(" = 2. 2 (v
match xc +PC
Since
2 2 2(f -f
y = uFLOC u<7%—> - (L ~ l+~—£——4ﬁ (v-9)
) fo fo
or
f;O
(f=fo) = (1) (v-10)
. Aw Af . . .
The ratio = —— is then determined using the given value of AT,
A(JJO Afo

Resonator resistance is determined from Eg. (29). By directasubstitution of the
( ¥ )gatcn relation into Eq. (29), it follows that ( PR atcn =(7<C+,0C2)/pC . Note that
due to the coil winding resistance, R,, unloaded resonator reactance is not quite zero

I . .
when w 8 wa 8 ——— but is very small relative to Rp.
°" /i,C’ R
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Peak coil current is determined from the reactive power relation

— _ 2
We =5 XcIg (v-11)
Hence _ 1/2
2WR
I.=
c Xc (v-12)

Coil peak voltage, V., is determined by the relation

v = 1|z (V-13)

1/2

where ]ZC| = (Rc2 + Xc2) is the magnitude of coil impedance.

Power stored in the capacitor is then

2

-
WCAP—T?-Q)CVC (V-14)
Now for matched conditions, it w%? seen that Ypgotcn = wELOC = -—37—2—?;; this leads
to the relation WC) ptepy = —— -, OF 1Xc + R
X¢ + RE
% (v-15)
W _ _|_ C v 2
But cap” 2 2 2 o
X,  +Rg
2
Ve R (v-16)
=I
2 2 C
Hence, RC +-XC
W= - a W (V-17)
Weap = 7 XcTc @ Wg

Thus, at match, the reactive power stored by the capacitor is the same as that stored
by the coil. Thus WCAP = 35 x 10¥ here and is also shown separately in Table II.
Note also that Wpap can be given by

p— _ _|- _ -
Wenr = 2 VC|IC IR' (v-18)
where |IC-IR| is the peak value of current through the capacitor.
Power dissipated in the coil windings, ﬁCOIL’ is given by
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where Ro is the winding resistance of the coil. A coupling efficiency can be defined
as

" oty (v-20)

Since resonator reactance is zero, resonator current, Iz, is iIn phase with Vﬁ
(also Vo) and total power, W + W , is
c COIL

W W o _ (v-21)
Wop + Weo = 2 IgVg = Izl IeVe
Hence,
I = 2(Wy + Wy, ) (v-22)
R Ve

Magnetic pressure, Py, was determined from Fig. 24 and Eq. (ko).
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APPENDIX VI
DERIVATION OF MAGNETIC PRESSURE GRADIENT

Axial B and azimuthal j combine to produce a radial magnetic pressure gradient
given here by
=Y -3 i
IJXB|= JGBZ (VI-l)

where the positive direction in Fig. 1 is radially outwards by the right-hand rule.
Introducing complex sinusoidal notation for j and B,

i +w i + wt
quE'= Re { j, @ (P ) Re { B, e(<in ) (vi-2)
] op o

Taking the time average of this last expression yilelds the desired magnetic pressure
gradient relation given in dimensionless form as Eq. (31). It follows from the relation

for B, Eq. (II-1),%that
» > 1/72
r . r
BzP : ?berKr—+bel K?—?

B 1/2 (VE-3)
© (berzx + bei2/<>
and
beix —rr— bei
=tan”! [ ——&— | - tan™ <__e| K—)
i ber x - ber « (VI-4)
6
Finall . - | aBz
na since = w|l——
. i % Ho's @rL ’
6
> ; > ; 1/2 (VI-5)
. | _ ! L
o, ) K[ber (K o ) + bei (K "e)]
By /1ofe 172

(ber? x + bei® x)
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and.

bei'x -

e \ -t { bei x
r fan ( berK)

b= T+ tan™!
ber' « —

(VI-6)
s

These last relations have been evaluated and the results are shown in Figs. 6 and 23,
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Y
Aw=w-= Wy f

o}

TABLE I
RELATION OF FREQUENCY PARAMETER TO

FREQUENCY SHIFT FROM UNLOADED RESONANCE
AND THE UNLOADED RESONATOR BANDWIDTH

(w/wo)zz [l + 2Aw/wo] '=[1 + 2 (Ro/wLo) Aw/Aw, ]

= w,/27 = 5.0 oz, Af, = Aw /27 = 0.01 nHz, A%ﬁb=RJIb=OO%

Fre quenc—y Bandwidth Frequency Shift From
Ef:?ameter, y Ratio, Aw/A w Resonance, Af = Aw/2m, Hz
1.0000 0.0 0]
1.000k 0.1 1,000
1.0020 0.5 5,000
1.0100 2.5 25,000
1.0400 10.0 100,000
1.1000 25.0 250,000
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TABLE IT
PARAMETERS FOR RESONATCR OF REF. 2

(See Appendix V for Calculation Procedure)

coiL

PLASMA LOAD

SKETCH OF RESONATOR

Circuit Parameters

Coil radius, r, = 4 cm

Coil length, £, = 3.2 cm

Discharge length, £= 3.2 cm

Coil turns/length, N = 1/4, = 0.31 turns/cm

Unloaded coil inductance, L, = uolomro 24, = 0.20 x 10-6 henry
Resonator capacitance, C = 4.5 x 109 farad

Unloaded resonator resomant frequency, f, = wo/2m = 5.3 x 106 Hz
Unloaded coil impedance, WL, = 6.70 ohm

Unloaded resonator "Q" factor, "Q" = wgyly/Rgy = 500

Unloaded coil resistance (winding resistance), R, = 0.013 ohu
Unloaded resonator bandwidth, Af, = 10,600 Hz

Discharge Properties

Electrical conductivity, ¢ = 2500 mhos/m

Electrical skin depth, § = /ﬁw_ = 0.4 em
07 %o

Basic Input Parameter

= 6

Coil reactive power, WR =35x 10" w
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TABLE II (Continued)

Unloaded

o Pa_;-»apgtgr . Resonator Loaded Resonator
Discharge Radius, rg - cm [o] 0.5 0.78 2.0
Ratio of discharge radius to coil radius, .'1-6/:('c [¢] 0.125 0.195 0.500
Coupling parameter, K = ,/I_Z_ —2;—6 o] 1.60 2.50 6.40
Coupling coefficlent, & o] 0.00k4k 0.0142 0.060
Discharge power, WD -V [} 0.154 x 106 0.497 x 106 2.10 x 106
Dimensionless coil reactance, xc 1.00 0.998 0.986 0.807
Coil reactance, Xc ~ ohms 6.70 6.68 6.60 5.40
Dimensionless coil resistance, pc 0.002 0.006 0.016 0.052
Coil resistance, R, - obms 0.013% 0.043 0.170 0.348
Value of frequency parameter, 7, for matching 1.000 1.001 1.015 1.232
Frequency shift for matching, £-f, - Hz 0 2.6 x 103 39.8 x 103 615.0 x ZI.O3
Ratio of frequency shift for matching to
unloaded bandwidth, (f-f,)/Af, = Aw/bu, 0 0.25 3.75 58.0
Dimensionless resonmator reactance, Xp -1.00 0 0 0
Resonator reactance, XR - ohms =-6.70 [¢] o] o]
Dimensionless resonator resistance, Pp 500 166 61 12.5
Resonator resistance, Ry - ohms 3340 1110 k10 84
Peak coil current, I, - amps 3240 3243 3260 3600
Peak coll voltage, V, - volts 21.7 x 103 21.7 x 103 21.5 x 103 19.5 x 103
Reactive power on capacitor, ‘—’CA.P -W 35 x 106 35 x 106 35 x 106 35 x 106
Power dissipated in coil windings, WCQIL - W 70.0 x 103 70.2 x 103 T1.3 x lO3 87.0 x 103
Overall coupling efficiency, 7, = ﬁD/(?ICOIL + ﬁD) 0 0.69 0.88 0.96
Resonator current, I, - emps 6.5 20.7 52.4 225.0
Magnetic pressure, py - atm 0 ‘ | 0.005 0.018 0.039
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FIG. 11

SKETCH OF ONE-DIMENSiONAL MODEL USED IN COMBINED ELECTROMAGNETIC
AND THERMAL ANALYSIS OF R-F DISCHARGES

SHADED AREA DENOTES PLASMA REGION

H OR B VECTOR
(<} o

(DIRECTION IS NORMAL TO
AND OUT OF PLANE OF FIGURE)

POWER CONDUCTED
OUT OF PLASMA
ASSUMED TO BE
DEPOSITED IN SINK
LOCATED AT r,

CoIL

PLASMA
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THERMAL CONDUCTIVITY, A - W/CM - DEG K

VARIATION OF ARGON THERMAL CONDUCTIVITY WITH TEMPERATURE

PRESSURE =1 ATM

Sl“ﬂﬁ'i SOURCE INVESTICATION
O REF. 9 EXPERIMENTAL

A REF. 10 EXPERIMENTAL
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5
== R
2 27 ==
i m -
| o //'l j
10-2 u I O
g = = = = =
|E=ES=S=SS====Essssssssss === =E==S=ES ===
2 =
1
74
/ e
‘A I/
10-3 = ===z
g 7
f ESee e e e === =
2
107 '~
0 4000 8000 12,000 16,000 20,000

TEMPERATURE, T - DEG K

53

FIG. 2




ELECTRICAL CONDUCTIVITY, o — MHOS/CM

10-2.

VARIATION

FIG. 3

OF ARGON ELECTRICAL CONDUCTIVITY WITH TEMPERATURE
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.EFFECT OF TEMPERATURE ON ARGON COMPOSITION

PARTICLE NUMBER DENSITY, n - cu~3

CALCULATED USING MODIFIED METHOD OF REF. 17
NEUTRAL ATOMS
== === — ELECTRONS

1019 ———TOTA{F
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w2l L 1

6000 8000 10,000 12,000 14,000
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VARIATION OF

- W/cMm3

VRAD

POWER RADIATED PER UNIT VOLUME, W

POWER RADIATED WITH TEMPERATURE FOR ARGON

CALCULATED USING METHOD OF APPENDIX I
O DATA AT p =~ 1 ATM FROM REF, 18
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TYPICAL COMPARISONS OF RADIAL DISTRIBUTIONS OF AXIAL MAGNETIC
FIELD CALCULATED USING EXACT AND NUMERICAL METHODS

COMPARISONS MADE FOR CONSTANT ELECTRICAL CONDUCTIVITY
AND NO THERMAL CONDUCTION OR RADIATION

1 d

LS S
TYPICAL VALUES OF PARAMETERS
CAEELATION LIEOR x | a5 | TO PROVIDE SPECIFIED d/8
PROCEDURE SYMBOL
f — MHZ|O—-MHO/CM| & —cM| d ~CM
EXACT 2.0 | 2.83 10 25 0.32 | 0.9
ANALYTICAL
METHOD e o 5 10 25 0.32 1.8
NUMERICAL O 2.0 | 2.83 10 25 0.32 0.9
METHOD o 4.0 | 5.66 10 25 0i32, | 1.8
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TYPICAL THEORETICAL RADIAL VARIATIONS OF TEMPERATURE, HEAT FLUX, AND ELECTRIC
AND MAGNETIC FIELDS IN AN INDUCTION HEATED PLASMA WITH AND WITHOUT RADIATION TERMS

ARGON PRESSURE = 1.0 ATM

FREQUENCY = 10 MHZ

BOUNDARY CONDITIONS:
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FIG. 8

EFFECTS OF PLASMA RADIUS AND AXIAL MAGNETIC FIELD ON POWER CONDUCTED
AND RADIATED FROM ARGON PLASMA AT 1.0-ATM PRESSURE
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- W/CM

POWER CONDUCTED FROM PLASMA, W,

FIG. 9

EFFECTS OF PLASMA RADIUS AND AXIAL MAGNETIC FIELD ON POWER
CONDUCTED AND RADIATED FROM ARGON PLASMA AT 10-ATM PRESSURE
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TOTAL POWER DEPOSITED IN PLASMA PER UNIT LENGTH, W, /4

EFFECT OF PLASMA RADIUS AND AXIAL MAGNETIC FIELD ON TOTAL POWER
DEPOSITED :IN PLASMA, RADIATION EFFICIENCY, AND EQUIVALENT COUPLING

PARAMETER FOR ARGON PLASMA AT 1.0-ATM PRESSURE
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FIG. 1

EFFECTS OF PLASMA. RADIUS AND AXIAL MAGNETIC FIELD ON TOTAL
POWER DEPOSITED IN PLASMA, RADIATION EFFICIENCY, ANDEQUIVALENT
COUPLING PARAMETER FOR AN ARGON PLASMA AT 10-ATM PRESSURE
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E

SKIN DEPTH, § - CM

FIG. 12

VARIATION OF PLASMA SKIN DEPTH WITH ELECTRICAL CONDUCTIVITY
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EFFECT OF COUPLING PARAMETER ON DIMENSIONLESS MAGNETIC FIELD FLUX INTEGRAL RELATIONS
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FIG. 15

VARIATION OF MAXIMUM Wp/Wr AND CORRESPONDING
COUPLING PARAMETER WITH DISCHARGE SIZE
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FIG. 16
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FIG. 17

EFFECT OF DISCHARGE SIZE AND COUPLING PARAMETER ON COIL IMPEDANCE
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—

CIRCUIT MODEL FOR RESONATOR
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FIG. 19

TYPICAL MISMATCH CONDITION CAUSED BY DISCHARGE \WHEN RESONATOR .FREQUENCY
IS MAINTAINED AT UNLOADED RESONANCE VALUE
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FIG. 20
TYPICAL RESONATOR MATCHING CONDITIONS WITH DISCHARGE PRES_ENT
OBTAINED BY FREQUENCY SHIFT FROM UNLOADED RESONANCE
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L. FIG. 21
EFFECT OF FREQUENCY SHIFT FROM THAT OF UNLOADED RESONANCE ON

DISCHARGE SIZE AND RESONATOR RESISTANCE FOR THE MATCH CONDITION
THAT. RESONATOR ‘REACTANCE BE ZERO
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FIG. 22
TYPICAL RADIAL VARIATIONS OF INDUCED CURRENT AND
FIELD PHASE ANGLES IN AN INDUCTION HEATED PLASMA
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6-910091-18' _ '
EFFECT OF COUPLING PARAMETER ON MAGNETIC PRESSURE GRADIENT

IN AN INDUCTION HEATED PLASMA
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FIG. 24

EFFECT OF COUPLING PARAMETER ON_ MAGNETIC PRESSURE AT THE CENTER
OF AN INDUCTION HEATED PLASMA
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