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ABSTRACT 

Several d i f f e r e n t  forms of i n t e g r a l  s o l u t i o n s  e x i s t  t o  

t h e  problem of d i p o l e  r a d i a t i o n  i n  presence of a h a l f  space 

w i t h  p l ane  boundary, a l l  of which can be e a s i l y  shown t o  

ag ree  wi th  one another  by t ransformat ion .  For t h e  evalua-  

t i o n  of these i n t e g r a l s ,  a number of assumptions a r e  u s u a l l y  

made on some parameters i n  t h e  express ions  such a s  t h e  me-  

dium p rope r ty ,  t h e  wavelength and so on. Unfor tuna te ly ,  

however, even wi th  these s impl i fy ing  ( b u t  meaningful) assump- 

t i o n s ,  p r a c t i c a l l y  u s e f u l  r e s u l t s  f o r  t h e  d i p o l e  r a d i a t i o n  

problem a r e  s t i l l  lack ing .  A l s o  it appears  t h a t  there i s  no 

theory  of d i p o l e  r a d i a t i o n  when t h e  p l ane  boundary i s  roughened. 

T h i s  paper sets o u t  t o  f i n d  s t eady  s ta te  s o l u t i o n s  i n  us- 

a b l e  form f o r  an  a r b i t r a r i l y  o r i e n t e d  d i p o l e  source .  The 

smooth boundary case i s  considered f i r s t ,  which i s  followed 

by a s t a t i s t i c a l l y  rough boundary case .  U s e  i s  made of a 

method which may be c a l l e d  a "p lane  wave approach." T h i s  

method d i f f e r s  from o t h e r  c l a s s i c a l  p l ane  wave methods i n  

t h a t  here t h e  i n c i d e n t  Her tz ian  wave i s  uniquely decomposed 

so  t h a t  t h e  r e f l e c t e d  and t h e  t r a n s m i t t e d  waves a r e  found f o r  

each component Her tz ian  wave us ing  t h e  F resne l  c o e f f i c i e n t s .  

The i n t e g r a l s  are eva lua ted  i n  the  geometr ica l  o p t i c s  approx- 

imat ion us ing  t h e  s t a t i o n a r y  phase method. The r e s u l t s  are 

e i t h e r  new ( t h e  rough boundary c a s e )  or  of new form ( t h e  

smooth boundary case).  
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In the case of the smooth boundary, the applicability 

of such results is carefully reviewed. In both the vertical 

and the horizontal dipole cases for reflection as well as 

transmission, it is found that the source and the observa- 

tion points cannot simultaneously approach the boundary. 

An exception to the above is the case of an horizontal di- 

pole when the observation point lies on or near the dipole 

axis for the reflected field. The results also indicate 

that in the case of the horizontal dipole the total Hertz 

potential everywhere need not of necessity have a vertical 

component in addition to the component in the direction of 

the dipole, as has been hitherto generally believed. In fact, 

one finds that a Hertz potential, in order to be a solution to 

the horizontal dipole problem, must have at least two compo- 

nents in the rectangular coordinate system, so that there are 

altogether four permissible resolutions of the Hertz potential. 

For the formulation of Hertz potentials for the roughened 

plane boundary, the vector Helmholtz integral is utilized, of 

which we give a somewhat more general derivation. To accomo- 

date the vector nature of scattering including the effect of 

polarizations, dyadic reflection and transmission coefficients 

are used at the boundary. The rough boundary is slightly 

rough and considered to be a stationary random process with a 

gaussian height distribution. The stationary phase method is 

applied with respect to the mean plane of the rough boundary 

for the evaluation of the integrals. This was motivated by 

the physical fact that the density of the stationary points 
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of such a rough boundary is the greatest in the neighborhood 

of the stationary point of the mean plane. Results are ob- 

tained for the expected values of Hertz potentials, electro- 

magnetic fields, and power. Each of these results involves 

a factor representing the effect of roughness, which in the 

limit of a smooth plane boundary correctly reduces to unity. 

A method for experimentally determining the r.m.s. slope of 

a class of natural surfaces by using overflight data is out- 

lined. 
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CHAPTER 1 

INTRODUCTION 

1.1 Motivat ion and Objec t ives  of t h e  P r e s e n t  Study 

The problem of r a d i a t i o n  of an o s c i l l a t i n g  d i p o l e  source 

i n  presence of e a r t h  has  been of g r e a t  i n t e r e s t  academically 

a s  w e l l  as p r a c t i c a l l y  s i n c e  t h e  e a r l y  p a r t  of t h i s  cen tury .  

The f i rs t  i n v e s t i g a t i o n  of t h e  problem w a s  made i n  1909 when 

Sommerfeld [ 1 9 0 9 ]  publ i shed  h i s  c l a s s i c a l  work on t h e  e f fec t  

of a f i n i t e l y  conducting p l ane  on t h e  r a d i a t i o n  of a d i p o l e  

l o c a t e d  on the  p l ane .  S ince  t h a t  t i m e  s p e c t a c u l a r  progress  

has  been made by many r e s e a r c h e r s  toward t h e  s o l u t i o n  and 

b e t t e r  understanding of e s s e n t i a l l y  t h e  same problem: what 

i s  t h e  e lec t romagnet ic  f i e l d  everywhere due t o  r a d i a t i o n  of 

a d i p o l e  (electric o r  magnetic,  v e r t i c a l  o r  h o r i z o n t a l )  which 

i s  l o c a t e d  above t h e  e a r t h ,  o r  even embedded w i t h i n  t h e  e a r t h ?  

The reason f o r  p a r t i c u l a r  i n t e r e s t  i n  t h i s  problem i s  obvious,  

i f  one no te s  t h a t  any source of e lec t romagnet ic  r a d i a t i o n  can 

be r ep resen ted  i n  t e r m s  of a d i s t r i b u t i o n  of e lec t r ic  and mag- 

n e t i c  d i p o l e s  and, i f  necessary ,  h i g h e r  order po le s .  

I t  has  been u s u a l l y  assumed w i t h  r e s p e c t  t o  t h e  e a r t h ' s  

geometry t h a t  the  s u r f a c e  of t h e  earth i s  an i n f i n i t e  p l ane .  

This  assumption, be ing  i d e a l ,  d e v i a t e s  f r o m  t h e  more exac t  

e a r t h ' s  s u r f a c e  i n  t w o  major r e s p e c t s .  I n  t h e  f i r s t  p l a c e ,  

t h e  t r u e  earth is  of s p h e r i c a l  shape r a t h e r  than  an i n f i n i t e  

h a l f  space so t h a t  there i s  d i f f r a c t i o n  of waves, and reflec- 

t i o n  of waves occurs  i n  a d i f f e r e n t  manner than  from a p lane  

boundary. Thus i f  e i t h e r  o r  bo th  of t h e  source  p o i n t  and t h e  
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observa t ion  p o i n t  i s  s u f f i c i e n t l y  f a r  f r o m  t h e  ground, t h e  as- 

sumption may become i n a p p l i c a b l e .  Secondly, t h e  e a r t h ' s  s u r f a c e  

i n  gene ra l  i s  rough ra ther  than  smooth. I f  t he  scale of rough- 

ness  i s  comparable t o  o r  g r e a t e r  than  t h e  wavelength of t h e  ra- 

d i a t i o n ,  t h e  assumption may a l so  become inapp l i cab ly  poor. 

I n  the  p a s t ,  many a t tempts  have been made wi th  f a i r  success  

t o  solve t h e  d ipo le -ea r th  problem w i t h  t h e  assumption of t h e  

s p h e r i c a l  ear th  by such workers as Watson [1918], Eps te in  [ 19351  

and B r e m m e r  [ 1 9 4 9 1  H o w e v e r ,  no no tab le  work has been r epor t ed  

on t h e  s tudy of t h e  problem involv ing  a rough ground. T h i s  i s  

understandable  i n  view of t h e  extreme d i f f i c u l t i e s  of s o l v i n g  

boundary va lue  problems associated w i t h  a rough ( i r r e g u l a r )  sur -  

face. H e r e  t h e  boundary cond i t ions  i n  t e r m s  of any f i x e d  co- 

o r d i n a t e  system vary  f r o m  p o i n t  t o  p o i n t  a long t h e  s u r f a c e .  

T h e  s tudy  of s c a t t e r i n g  of waves from a bounded reg ion  

of rough s u r f a c e s  w a s  i n i t i a t e d  i n  t h e  l a t e  1 9 t h  century .  I n  

r e c e n t  decades wi th  t h e  advent  of  r a d a r ,  an enormous amount of 

r e sea rch  has been carried o u t  on t h i s  s u b j e c t .  I n  m o s t  such 

i n v e s t i g a t i o n s ,  it i s  assumed t h a t  t h e  t r a n s m i t t e r  i s  s o  f a r  

removed f r o m  t h e  f i n i t e  area of t h e  rough s c a t t e r i n g  s u r f a c e  

t h a t  t h e  i n c i d e n t  wavefront could be cons idered  p lane .  T h i s  

is  indeed t h e  case f o r  a g r e a t  number of  r a d a r  t a r g e t s  of in -  

terest, such as the  a i r p l a n e ,  t he  s h i p ,  and t h e  moon. F o r  a 

given s u r f a c e  roughness,  t h e  above t w o  assumptions,  namely, 

t h e  f i n i t e n e s s  of t h e  s c a t t e r i n g  s u r f a c e  and t h e  p lane  wave 

The yea r  i n s i d e  t h e  b r a c k e t  does n o t  n e c e s s a r i l y  i n d i -  
cate t h e  yea r  t h e  au thor  con t r ibu ted  t h e  f i r s t  t i m e ;  r a ther ,  
i t  i d e n t i f i e s  t h e  r e f e r e n c e  at. t h e  end of t h i s  paper.  

I 

2 



inc idence ,  cons iderably  s impl i fy  t h e  a n a l y s i s  i n  m o s t  theories 

and enable  one t o  c a r r y  o u t  t h e  necessary  i n t e g r a l s .  

These t w o  s impl i fy ing  assumptions,  however, are n o t  ap- 

p l i c a b l e  t o  a d i p o l e  r a d i a t i o n  problem i n  presence of an i n -  

f i n i t e l y  extending rough i n t e r f a c e .  Thus a new method must 

be developed t h a t  i s  d i f f e r e n t  from those employed i n  m o s t  

s c a t t e r i n g  theories from rough s u r f a c e s  so f a r .  T h i s  problem 

i s  n o t  only of an acaemic i n t e r e s t  b u t  a l so  of g r e a t  importance 

i n  ground-to-ground and ground-to-air  communications, or  v i c e  

versa. Often it i s  desirable t o  d i s c r i m i n a t e  t h e  background 

c l u t t e r  (ground o r  sea) f r o m  a d e s i r e d  radar echo from a fi- 

n i t e  t a r g e t .  I n  r e fe rence  t o  t h e  space e x p l o r a t i o n  programs, 

an important  experiment involves  a t r a n s m i t t e r  on an o r b i t i n g  

s p a c e c r a f t  around a p l a n e t  body and a s i g n a l  bounced o f f  from 

it being rece ived  on ear th .  When t h e  s p a c e c r a f t  i s  s u f f i c i e n t l y  

near  the  planet,  a t h e o r e t i c a l  modeling of t h e  problem may re- 

q u i r e  cons ide ra t ion  of t h e  s c a t t e r i n g  s u r f a c e  i n f i n i t e  and t h e  

i n c i d e n t  wavefront curved. 

N o  s i g n i f i c a n t  work, i f  any, has appeared on t h e  problem 

of scattered t ransmiss ion  through a rough i n t e r f a c e .  The ra- 

d i a t i o n  of a d i p o l e  immersed i n  t h e  conducting medium seems 

t o  have been f i rs t  s t u d i e d  around 1 9 5 0  [Moore, 1 9 5 1 1 .  Sub- 

sequent ly ,  f a i r l y  abundant work on t h i s  s u b j e c t  appeared. 

A l l  of t h e s e ,  however, assume t h e  i n t e r f a c e  t o  be a p lane .  

T h e  t ransmiss ion  theory  a l so  b e a r s  importance i n  numerous ap- 

p l i c a t i o n s  such as t h e  air-to-submarine communications and 

vice ve r sa .  I t  i s  a l so  necessary f o r  problems of wave propa- 

g a t i o n  through l aye red  media w i t h  rough i n t e r f a c e s .  
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The o b j e c t i v e  of t h e  p r e s e n t  s tudy  i s  t o  o b t a i n  complete 

s o l u t i o n s  of t h e  ( a r b i t r a r i l y  o r i e n t e d )  d i p o l e  problem i n  pres -  

ence of an i n f i n i t e  boundary, bo th  smooth and rough. W e  w i l l  

d e r i v e  i n t e g r a l  express ions  which r e p r e s e n t  Hertz  p o t e n t i a l s  

i n s i d e  and o u t s i d e  t h e  i n t e r f a c e  by uniquely decomposing the  

s p h e r i c a l  Her tz ian  wave a t  t h e  boundary and by s a t i s f y i n g  t h e  

boundary cond i t ion  i n  t e r m s  of e lec t romagnet ic  p l ane  waves. 

These i n t e g r a l s  w i l l  b e  eva lua ted  us ing  t h e  method of s t a t i o n a r y  

phase. Thus t h e  r e s u l t s  are s t r i c t l y  v a l i d  w i t h i n  t h e  l i m i t  of 

t h e  geometrical o p t i c s  approximation. The rough i n t e r f a c e  w i l l  

b e  desc r ibed  by a random process  w i t h  a gauss ian  h e i g h t  d i s -  

t r i b u t i o n ,  and subsequent ly  w e  w i l l  f i n d  expected H e r t z  poten- 

t i a l s  as w e l l  as expected powers. W e  w i l l  assume the  i n t e r f a c e  

t o  be  g e n t l y  undula t ing  ( l a r g e  c o r r e l a t i o n  d i s t a n c e )  and s l i g h t l y  

rough ( s m a l l  v a r i a n c e ) .  W e  w i l l  a l so  assume t h a t  there i s  no 

shadowing of one p a r t  by another  and t h a t  no m u l t i p l e  scat ter-  

i n g  e x i s t s  between elements of t h e  i n t e r f a c e .  These assumptions 

are necessary f o r  t h e  p r i c e  of o b t a i n i n g  e s p e c i a l l y  simple 

closed form r e s u l t s  a l lowing us  greater p h y s i c a l  i n s i g h t s  i n  

t h e  phenomena. S ince  w e  w i l l  b e  cons ider ing  an a r b i t r a r i l y  

o r i e n t e d  d i p o l e  sou rce ,  t h e  i n t e g r a l s  as w e l l  as t h e  r e s u l t s  

can b e  r e a d i l y  s p e c i a l i z e d  t o  e i the r  t h e  case of the ver t ica l  

o r  t h e  h o r i z o n t a l  d i p o l e  ,' making t w o  s e p a r a t e  formulat ions 

unnecessary. 

W e  w i l l  cons ide r  on ly  t h e  s t eady  s t a t e  e lec t romagnet ic  

r a d i a t i o n  a r i s i n g  from a s t e a d y  s t a t e  e x c i t a t i o n  of an 

'The terms "vert ical"  and "hor i zon ta l "  are wi th  r e f e r -  
ence t o  t h e  mean p lane  f o r  t h e  case of rough i n t e r f a c e .  

4 



elementary d ipo le .  Thus w e  do n o t  cons ide r  such a s p e c i a l  

f e a t u r e  as t r a n s i e n t  phenomena, I n  p r i n c i p l e ,  however, w e  

can cons ide r  the s t eady  s t a t e  t o  be a member  of t h e  Four ie r  

expansion of a non-steady s ta te  problem. 

1 . 2  Previous Work on Radiat ion of Dipole Located Above an 
I n f i n i t e  P lane  Surface  - 

T h e  e x a c t  problem a t t a c k e d  by Sommerfeld i n  1 9 0 9  w a s  

t h a t  of a v e r t i c a l  d i p o l e  located a t  t h e  i n t e r f a c e  of a fi- 

n i t e l y  conducting p lane  ea r th .  I n  view of t h e  tremendous 

amount of i n f l u e n c e  t h i s  work has had on la ter  work by o t h e r s  

i n  r a d i a t i o n  problems, w e  w i l l  o u t l i n e  it i n  a l i t t l e  more 

d e t a i l  [ S t r a t t o n ,  1 9 4 1 1 .  

The a x i s  of t h e  d i p o l e  co inc ides  w i t h  t h e  z-axis of a 

r e c t a n g u l a r  coord ina te  system, and t h e  p l ane  zZO r e p r e s e n t s  

t h e  ear th 's  s u r f a c e .  

of t h e  media above ( t h e  a i r )  and below t h e  i n t e r f a c e ,  respec- 

The  wave numbers are denoted k2  and kl 

t i v e l y ,  where k2=u/c.  The coord ina te  of t h e  observa t ion  

p o i n t  i s  given as ( r , + , z )  i n  t h e  c y l i n d r i c a l  coord ina tes  and 

These r e l a t i o n s  are il- R i s  t h e  r ad ia l  d i s t a n c e ,  R= 7 r +z . 
l u s t r a t e d  i n  F igure  1-1. 

I n  t e r m s  of t h e  z-component of t h e  t o t a l  Hertz  p o t e n t i a l s  

the  boundary cond i t ion  i s  found as 

a n ,  an ,  c1 c1 

where IT1 and 112 are Hertz  p o t e n t i a l s  w i t h i n  t h e  ear th  and i n  

t h e  a i r ,  r e s p e c t i v e l y ,  and each is  given as t h e  sum of t h e  

direct  wave and t h e  d i f f r a c t e d  wave. Using t h e  c y l i n d r i c a l  
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Figure  1-1. Geometry for  Sommerfeld's 
Dipole Problem 
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wave r e p r e s e n t a t i o n  of a s p h e r i c a l  wave func t ion  

ikR 
R 

e h d h  I 

he i s  a b l e  t o  w r i t e  

The func t ions  f l ( A )  and f 2 ( A )  a r e  determined from t h e  bound- 

a r y  cond i t ion .  Thus Sommerfeld f i n a l l y  o b t a i n s  a formal so- 

l u t i o n  i n  t e r m s  of i n f i n i t e  i n t e g r a l s :  

CXr) -h2-k ,  2 z 

e h d h  , z>O = 2  - 

where 
I 

' 2  2 N = k i  d'h --k2 + kg 

The v e r t i c a l  d i p o l e  problem has  been l a t e r  gene ra l i zed  

by Weyl [ 1 9 1 9 ]  i n  t h e  sense  t h a t  t h e  d i p o l e  w a s  p u t  a f i n i t e  

d i s t a n c e  above the  s u r f a c e .  H i s  method is  based on t h e  p lane  

wave expansion of a s p h e r i c a l  func t ion  and S n e l l ' s  law. The 

7 



r e s u l t s  n a t u r a l l y  reduce t o  an i d e n t i t y  wi th  Sqmmerfeld's re- 

s u l t s  as t h e  e l e v a t i o n  of t h e  d i p o l e  i s  shrunk t o  zero .  There 

are a few o t h e r  methods which l e a d  t o  t h e  s a m e  r e s u l t s .  Among 

t h e s e  w e  mention i n  p a r t i c u l a r  Niessen ' s  [1933] and Brekhovskikh's 

[1960]. Niessen uses  a s u r f a c e  i n t e g r a l  and t h e  Kirchoff-Huygens 

P r i n c i p l e ,  and Brekhovskikh a p p l i e s  e s s e n t i a l l y  t h e  same p lane  

wave method as Weyl's, excep t ,  however, t h a t  he  assumes t h e  

F resne l  c o e f f i c i e n t s  t o  b e  known. 

The s o l u t i o n  t o  t h e  h o r i z o n t a l  d i p o l e  problem w a s  appar- 

e n t l y  f irst  obta ined  by Horschelmann [1912] and subsequent ly  

by Sommerfeld [1926], Frank and von M i s e s  [1935], and Niessen 

[1938]. The s t e p s  l ead ing  t o  t h e  i n t e g r a l s  a r e  shown t o  be 

s i m i l a r  t o  t h e  v e r t i c a l  d i p o l e  case  b u t  more involved owing t o  

t h e  n e c e s s i t y  of assuming t w o  components f o r  t h e  H e r t z  p o t e n t i a l s .  

I n  a l l  t r ea tmen t s ,  t h e  choice  of t h e  components f o r  t h e  H e r t z  

p o t e n t i a l s  i s  t h e  z-component i n  a d d i t i o n  t o  t h e  x--component 

( f o r  an x-or ien ted  d i p o l e )  . 
The case of a magnetic d i p o l e  has  a l s o  been t r e a t e d  ex- 

I t  has  been shown t h a t  s o l v i n g  a magnetic d i p o l e  t e n s i v e l y .  

problem i s  a r e l a t i v e l y  s imple ma t t e r  once t h e  s o l u t i o n  t o  

t h e  corresponding electric d i p o l e  problem i s  obta ined .  This  

i s  understandable  i n  view of t h e  change of t h e  r o l e s  of E and 

H ,  and as a r e s u l t  t h e  p o l a r i z a t i o n  of t h e  elementary p lane  

waves i n t o  which t h e  s p h e r i c a l  wave i s  expanded. 

Each s o l u t i o n  t o  a d i p o l e  problem obta ined  from t h e  a fo re -  

mentioned methods i s  f i r s t  g iven  i n  i n t e g r a l  r e p r e s e n t a t i o n s  

and as such i s  exac t .  The t r u e  d i f f i c u l t y  has  been t h e  
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eva lua t ion  of t h e  i n t e g r a l s  t o  y i e l d  r e s u l t s  which are gene ra l  

and s imple enough t o  a l l o w  p r a c t i c a l  u s e  of them. Sommerfeld 

[19091, Weyl [19191, and o t h e r s  have ob ta ined  r e s u l t s  us ing  

techniques of complex i n t e g r a t i o n .  However, t h e  r e s u l t s  w e r e  

no t  a l l  c o n s i s t e n t  and t h e r e  w a s  some cont roversy  over  t h e  

p o s s i b i l i t y  of r e s o l v i n g  t h e  t e r m s  i n t o  t h e  sky wave and t h e  

s u r f a c e  wave. Bar?os [ 1 9 6 6 ]  concludes t h a t  Sommerfeld's s u r -  

face wave indeed e x i s t s .  A t  any r a t e  t h e  i n t e r e s t  of t h e  cur-  

r e n t  i n v e s t i g a t i o n  l ies  i n  t h e  geometr ica l  o p t i c s  t e r m  of t h e  

sky wave, and n o t  i n  t h e  s u r f a c e  wave. 

For t h e  v e r t i c a l  d i p o l e  problem t h e  geometr ica l  o p t i c s  

r e s u l t s  o r  t h e  asymptot ic  r e s u l t s  have been de r ived  by Norton 

[1937], Brekhovskikh [1960] and Bafios [1966].  I n  p a r t i c u l a r ,  

Bar?os i n  h i s  book [1966]  r e p o r t s  complete work on t h e  h o r i z o n t a l  

d i p o l e  problem inc lud ing  t h e  r e s u l t s  f o r  t h e  t r a n s m i t t e d  f i e l d .  

1 . 3  Previous Work on S c a t t e r i n g  from Rough Surfaces  

The theory  of s c a t t e r i n g  of e lec t romagnet ic  waves from 

rough s u r f a c e s  has  been s t u d i e d  cont inuously s i n c e  t h e  l a t e  

19th  century ,  e s p e c i a l l y  i n  a l a r g e  number of papers  on t h e  

s u b j e c t  publ i shed  i n  t h e  l a s t  twenty y e a r s .  I n t e r e s t  i n  t h e  

problem has  been n o t  only i n  determining t h e  scattered f i e l d  

from a known s u r f a c e ,  b u t  a l so  i n  t h e  converse,  namely, de te r - -  

mining t h e  s u r f a c e  c h a r a c t e r i s t i c s  of a body, such as t h e  elec- 

t romagnet ic  parameters ( e . g . ,  11, E o r  a )  o r  roughness,  f r o m  

a s tudy  of t h e  scattered f i e l d .  I n  connect ion wi th  t h e  radar 

astronomy, emphasis has  been s h i f t e d  t o  t h e  l a t t e r  problem. 
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I n  s p i t e  of t h e  g r e a t  amount of work done on s c a t t e r i n g  

from ( i r r e g u l a r )  rough s u r f a c e s ,  it appears  t h a t  t h e r e  does 

n o t  as y e t  e x i s t  a s a t i s f a c t o r y  theory  s imple enough f o r  use  

and a t  t h e  same t i m e  s u f f i c i e n t l y  r igo rous .  Most of t h e  the-  

oret ical  r e s u l t s  a l so  l ack  g e n e r a l i t y  because of a number of 

assumptions and approximations t h a t  had t o  be introduced t o  

o b t a i n  them. T h e  assumptions are made according t o  t h e  spe- 

c i f ics  of t h e  problem, and some of the  more important  and f r e -  

quent ly  

1. 

2.  

3 .  

4. 

5 .  

6. 

7. 

made are [Beckmann and Spizz ich ino ,  19631  : 

The dimensions of t h e  s c a t t e r i n g  elements of t h e  

rough s u r f a c e  are taken as e i ther  much smaller o r  

much g r e a t e r  than  t h e  wavelength of t h e  i n c i d e n t  

r a d i a t i o n ;  

T h e  r a d i u s  of cu rva tu re  of t h e  s c a t t e r i n g  elements 

is taken t o  b e  much g r e a t e r  than  t h e  wavelength of 

t h e  i n c i d e n t  r a d i a t i o n ;  

Shadgwing effects are neglec ted ;  

Only the  f a r  f i e l d  i s  c a l c u l a t e d ;  

Mul t ip l e  s c a t t e r i n g  is  neglec ted ;  

The d e n s i t y  of  i r r e g u l a r i t i e s  (number of scatterers 

p e r  u n i t  l eng th  o r  area of t h e  s u r f a c e )  i s  n o t  

considered ; 

The t r ea tmen t  i s  r e s t r i c t e d  t o  a p a r t i c u l a r  model 

of s u r f a c e  roughness,  e . g . ,  s i n u s o i d a l  o r  saw-tooth 

undu la t ions ,  p r o t r u s i o n s  of d e f i n i t e  shape i n  ran- 

dom p o s i t i o n s ,  random v a r i a t i o n s  i n  h e i g h t  given 

by t h e i r  s t a t i s t i c a l  d i s t r i b u t i o n  and c o r r e l a t i o n ,  e tc .  
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Approximations are then  app l i ed  i n  accordance wi th  t h e  set  of 

p a r t i c u l a r  assumptions. 

I n  order t o  f i n d  t h e  t o t a l  f i e l d  a t  t h e  s u r f a c e  wi th  

g e n t l e  s l o p e s  (assumption 2 of t h e  above) ,  one of  t h e  m o s t  

commonly made approximations i s  t h e  t angen t  p lane  approxima- 

t ion. '  

p o i n t  on t h e  s u r f a c e  i s  given e i t h e r  by mul t ip ly ing  t h e  in -  

c i d e n t  f i e l d  by t h e  F resne l  c o e f f i c i e n t  a t  t h a t  p o i n t  [Bar- 

I n  t h i s  approximation, t h e  r e f l e c t e d  f i e l d  a t  each 

r i c k ,  19653 o r  by approximating t h e  s u r f a c e  c u r r e n t  by t h e  

c u r r e n t  on t h e  tangent  p lane  [Kodis, 1 9 6 6 1 .  There e x i s t s  

another  method t h a t  circumvents t h e  t angen t  p lane  approxima- 

t i o n  by us ing  a new set  of approximate boundary condi t ions  

d i r e c t l y  i n  t e r m s  of t o t a l  f i e l d s .  Th i s  new set of boundary 

condi t ions  w a s  o r i g i n a l l y  developed by Leontovich [19481 and 

i s  a l s o  c a l l e d  t h e  impedance boundary cond i t ion .  I t  i s  ap- 

p l i c a b l e  when t h e  r e f r a c t i v e  index of  t h e  s c a t t e r i n g  medium 

is  l a r g e  i n  a d d i t i o n  t o  t h e  gen t l eness  of t h e  s u r f a c e  s lopes  

(compared wi th  t h e  s k i n  depth)  [Senior ,  1 9 6 0 1 .  

For t h e  case of a s l i g h t l y  rough s u r f a c e ,  B a s s  and 

Bocharov [1958] have developed a method which i s  e s s e n t i a l l y  

based on t h e  concept of p e r t u r b a t i o n s .  I n  t h i s  method, t h e  

e f f e c t  of t h e  s u r f a c e  roughness i s  obta ined  i n  t e r m s  of an 

equ iva len t  source  d i s t r i b u t i o n  on t h e  unperturbed s u r f a c e ,  

by expanding t h e  per turbed  f i e l d  about t h e  unperturbed su r -  

f a c e  and applying t h e  boundary cond i t ion  t o  each t e r m .  R i c e ' s  

'Some au thors  a l so  use  f o r  t h e  s a m e  meaning t h e  phrase  
"'Kirchoff approximation." But it seems t h a t  t h e r e  are d i s -  
c repancies  among people i n  t h e  d e f i n i t i o n  of t h e s e  phrases .  
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[1951] method i s  a l so  based on a s imilar  i d e a  of p e r t u r b a t i o n  

b u t  uses  t h e  F o u r i e r  analysis . .  The F o u r i e r  c o e f f i c i e n t s  of 

t h e  f i e l d  are found by us ing  t h e  divergence r e l a t i o n  and t h e  

boundary cond i t ion .  A s i d e  from t h e  problem of summing t h e  

i n f i n i t e  series, t h e  advantage of t h e  p e r t u r b a t i o n  methods 

over  t h a t  of t h e  t angen t  p l ane  approximation i s  obviously 

t h e  f a c t  t h a t  t h e  t o t a l  f i e l d  a t  t h e  s u r f a c e  i n  t h e  p e r t u r -  

b a t i o n  method is exac t .  

The f i n a l  stage of d i f f i c u l t i e s  i n  m o s t  s c a t t e r i n g  the-  

or ies  i s  t h e  one a s s o c i a t e d  wi th  t h e  c a r r y i n g  o u t  of t h e  i n t e -  

g r a t i o n .  Given t h e  t o t a l  f i e l d  a t  t h e  s u r f a c e ,  t h e  next  

u sua l  procedure is  t o  e v a l u a t e  t h e  Helmholtz i n t e g r a l  o r  t h e  

Stratton-Chu i n t e g r a l .  The Green 's  f u n c t i o n  i n  t h e  in t eg rand  

can b e  r e a d i l y  approximated i f  t h e  s u r f a c e  i s  f i n i t e  and t h e  re- 

c e i v e r  is  in thefar-zone, which f a c i l i t a t e s  i n t e g r a t i o n .  Usu- 

a l l y  m o r e  approximations are needed t h a t  depend on t h e  spe- 

c i f ics  of t h e  problem, e s p e c i a l l y  on t h e  p a r t i c u l a r  model of 

s u r f a c e  roughness. Where t h e  h igh  frequency approximation 

is  app l i cab le ,  t h e  method of s t a t i o n a r y  phase has  been used 

t o  o b t a i n  geometr ica l  o p t i c s  r e s u l t s  [Semenov, 1 9 6 4 1  t h a t  

f u r t h e r  s i m p l i f y  t h e  eva lua t ion  of t h e  i n t e g r a l .  
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CHAPTER 2 

REFLECTION AND TRANSMISSION O F  DIPOLE RADIATION 
DUE TO AN I N F I N I T E  PLANE INTERFACE 

2 . 1  Hertz P o t e n t i a l  Due t o  a Dipole Source 

When t h e  source  c u r r e n t s  have a common d i r e c t i o n ,  t h e  

primary e lec t romagnet ic  f i e l d  due t o  such sources  can be de- 

scribed i n  t e r m s  of a s i n g l e  scalar  f u n c t i o n ,  namely, a rec- 

t angu la r  component of the  Hertz p o t e n t i a l  i n  the  d i r e c t i o n  

of t h e  c u r r e n t s .  I f  t h e  coord ina te  system for  t h e  problem 

i s  so chosen t h a t  t h e  H e r t z  p o t e n t i a l  i n  t h e  d i r e c t i o n  of 

t h e  c u r r e n t s  may be decomposed i n t o  more than  one component 

i n  t h a t  coord ina te  system, each component Hertz p o t e n t i a l  can 

be considered s e p a r a t e l y .  By t h e  p r i n c i p l e  of supe rpos i t i on ,  

t h e  e lec t romagnet ic  f i e l d  due t o  t h e  a c t u a l  c u r r e n t s  can then  

be found by adding t h e  e lec t romagnet ic  f ie lds  described by 

each component Hertz p o t e n t i a l .  Therefore, f o r  a boundary 

va lue  problem of an a r b i t r a r i l y  o r i e n t e d  d i p o l e  antenna above 

o r  on an i n f i n i t e  p lane  i n t e r f a c e ,  it is  s u f f i c i e n t  t o  con- 

sider only t w o  components, t h e  v e r t i c a l  and t h e  h o r i z o n t a l ,  

f o r  t h e  i n c i d e n t  H e r t z  p o t e n t i a l ,  by choosing one of t h e  co- 

o r d i n a t e  p l anes  t o  co inc ide  wi th  t h e  p lane  i n t e r f a c e ,  

When the  source c u r r e n t s  c o n s i s t  of s m a l l  c u r r e n t  loops 

whose axes have a common d i r e c t i o n ,  due t o  t h e  symmetry be- 

tween E and H i n  Maxwell's equat ions ,  w e  can cons ider  another  

kind of Hertz p o t e n t i a l  which has t h e  same use f o r  t h e  analy- 

s is  of t h e  problem as t h e  Hertz p o t e n t i a l  f o r  l i n e a r  c u r r e n t  

sources .  The l i n e a r  c u r r e n t  sources  and t h e  Hertz p o t e n t i a l ,  

-t + 
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usua l ly  denoted 8 ,  are called ' 'electric type , "  whi le  t h e  loop 

c u r r e n t  sources  and t h e  H e r t z  p o t e n t i a l ,  d x ,  are c a l l e d  "mag- 

n e t i c  type .  " 

I n  t h e  p r e s e n t  s tudy ,  t h e  case of t h e  magnetic type  

sources  w i l l  n o t  be t r e a t e d  s e p a r a t e l y ,  s i n c e  i n  most cases 

the  aforementioned symmetry between E and H i n  Maxwell's 
-t + 

equat ions  enables  us  t o  immediately w r i t e  t h e  r e s u l t s  f o r  

t h e  case of magnetic type  sources  by s imple in spec t ion  of 

t h e  r e s u l t s  ob ta ined  f o r  t he  case of electric type  sources .  

However, t h e  r e s u l t s  f o r  t h e  case of a v e r t i c a l  d i p o l e  and 

those  f o r  t h e  case of a h o r i z o n t a l  d i p o l e  are cons iderably  

d i f f e ren t - -usua l ly  t h e  former are s impler  t han  t h e  l a t te r ,  

T h e  reason  can be e a s i l y  seen  by no t ing  t h a t  t h e  geometry 

of t h e  v e r t i c a l  d i p o l e  i s  c y l i n d r i c a l l y  symmetrical ,  whereas 

t h a t  of t h e  h o r i z o n t a l  d i p o l e  i s  no t .  

Therefore ,  a t  t h e  o u t s e t  w e  w i l l  assume an a r b i t r a r y  

o r i e n t a t i o n  f o r  t h e  d i p o l e  and o b t a i n  r e s u l t s  f o r  t h i s  gen- 

e ra l  case so t h a t  r e s u l t s  corresponding t o  t h e  v e r t i c a l  d i -  

po le  o r  the  h o r i z o n t a l  d i p o l e  can be obta ined  by spec ia l i . z ing  

the  d i p o l e  p o l a r i z a t i o n  i n  the  gene ra l  r e s u l t s .  T h e  medium 

i n  which t h e  d i p o l e  i s  s i t u a t e d  i s  assumed t o  be t h e  a i r ,  

which i s  homogeneous and i s o t r o p i c  and occupies  the  upper 

h a l f  space above the  i n f i n i t e  p l ane  i n t e r f a c e .  The lower 

medium i s  a r b i t r a r y ;  it could be the  ear th ,  the  sea, o r  

some gaseous medium such a& the  ionosphere.  T o  d i s t i n g u i s h  

t h e  symbols f o r  t h e  medium parameters  between t h e  upper and 

t h e  lower medium, s u b s c r i p t  2 w i l l  be used t o  r e f e r  t o  t h e  

upper medium and s u b s c r i p t  1 t o  refer t o  t h e  lower medium. 

14 



W e  w i l l  now derive an express ion  f o r  t h e  i n c i d e n t ,  or 

primary, Hertz p o t e n t i a l  fo r  a d i p o l e  o r i e n t e d  i n  an  a r b i -  

t r a r y  d i r e c t i o n .  For c u r r e n t  sources  d i s t r i b u t e d  i n  a vol- 

ume V w i t h  d e n s i t y  given by J=Joe - i w t ,  it can be shown t h a t  

t h e  primary H e r t z  p o t e n t i a l  i s  given by [ S t r a t t o n ,  p. 4311 

dv I h =  i 47rWE2 J j o e  R 

where R i s  t h e  d i s t a n c e  between t h e  source  p o i n t  and t h e  ob- 

s e r v a t i o n  p o i n t .  

glected by w r i t i n g  Jo i n s t e a d  of J as t h e  source func t ion .  

I f  the source  i s  a d i p o l e ,  which may be phys ica l ly  considered 

A s  u sua l  t h e  t i m e  dependence of i? i s  ne- i 
3 + 

as a s t r a i g h t  f i l amen t  of w i r e  w i t h  an i n f i n i t e s i m a l  l eng th ,  

s a y ,  dR, t hen  on r e p l a c i n g  Jodv by IdRaT, where I i s  t h e  cur- 

r e n t  i n  the  f i l amen t  and aT i s  the  u n i t  v e c t o r  i n  t h e  d i r ec -  

t i o n  of t h e  c u r r e n t ,  and dropping t h e  i n t e g r a l  s i g n ,  w e  o b t a i n  

-t 3 

+ 

from ( 2 - 1 )  

The factor  mul t ip ly ing  the  s p h e r i c a l  f u n c t i o n  i n  (2-1) charac- 

terizes t h e  s t r e n g t h  of t h e  wave f u n c t i o n  and i s  i r r e l e v a n t  

as f a r  as i n v e s t i g a t i o n s  of r e f l e c t i o n  and t ransmiss ion  from 

and through i n t e r f a c e s  are concerned, Therefore  f o r  s implic-  

i t y  w e  may drop t h i s  factor  and w r i t e  t h e  i n c i d e n t  Hertz  po- 

t e n t i a l  as 
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A s  w e  are going t o  use  a " p l a n e  wave approach" as t h e  

b a s i s  f o r  our  formula t ion ,  w e  need t o  express  (2-3) i n  t e r m s  

of a family of p lane  waves. This  can be done by us ing  t h e  

formula [Brekhovskikh, 1 9 6 0 ,  p. 2391 , 

ik2xx + i k  y + i k 2 z ( h - z )  2Y 
ik2R 

(2 -4 )  
2Y 

dk2xdk 
k2z 

e 
R 

where k 2 z = m  2 2  , R=Jx 2 2  +y +(h-z)  and h i s  t h e  h e i g h t  2 2x 2y 
t o  t h e  d i p o l e  from t h e  interface z-0, so t h a t  t h e  i n c i d e n t  

H e r t z  p o t e n t i a l  can be expressed as 

x+ik (h-2) 
2Y + . (2-5) 03 ik2x 

e aTdk 2x dk 2y 
' k 2 z  

I f  w e  choose t h e  x-coordinate  i n  t he  d i r e c t i o n  of t h e  projec-  

t i o n  of t h e  d i p o l e  on t h e  h o r i z o n t a l  p l a n e ,  then  t h e  d i p o l e  

l i es  i n  t h e  xz-plane and aT can be reso lved  a s  
+ 

The symbol 2 w i l l  be used f o r  t he  u n i t  v e c t o r  wi th  a s u b s c r i p t  

i n d i c a t i n g  t h e  d i r e c t i o n  of t h e  u n i t  vec to r :  f o r  example, t h e  

u n i t  v e c t o r s  i n  t h e  x-, y- and z -d i r ec t ions  are given by ax ,  

a and aZ ,  r e s p e a t i v e l y .  

3 

+ -+ 
Y 

2 .2  R e f l e c t i o n  and Transmission C o e f f i c i e n t s  f o r  Plane 
Her tz ian  Waves 

Consider ing a t y p i c a l  member of t h e  Her tz ian  p l ane  waves 
i 

2 ~ k ~ ~ )  g iven  i n  t h e  in t eg rand  of (2-5) (except  f o r  t h e  f a c t o r  

1 6  



i k i x x + i k  y+ik2z  (h-z), 
2Y 3 

I T .  ( x ,y , z )  = e 
1 

w e  now in t roduce  a new r e c t a n g u l a r  coord ina te  system ( x ' , y ' , z )  

wi th  the  z-coordinate  unchanged so t h a t  the  y 'z-plane coin- 

c i d e s  w i t h  t h e  p lane  of inc idence  of ;f Then t h e  x ' -d i r ec -  i' 
t i o n  i s  perpendicular  t o  t h e  p lane  of inc idence .  With r e s p e c t  

t o  t h e  new coord ina te  system, (2-7) can be w r i t t e n  a s  

i k  r y ' + i k 2 z  (h-z)  
2Y 3 3 3  + (a reaz)  az)e 

where kzy1-  -- k2x+k2y and y ' = m .  Thus each component i n  

t h e  (x' , y '  , z )  system i s  g iven  by 

(2-10) 

(2-11) 

Next w e  w i l l  o b t a i n  t h e  r e f l e c t i o n  and t ransmiss ion  c o e f f i -  

.rr by conver t ing  these i n t o  e l e c t r o -  i y '  i z  c i e n t s  f o r  x i X l f  IT 

magnetic waves through the  equa t ions ,  

3 4 
E = V(V 11) + k2z 

H = -iw&V X 3 
, 

3 , 

and r e q u i r i n g  t h a t  t h e  r e s u l t i n g  8 
cond i t ion .  I t  can be e a s i l y  shown 

(2-12) 

and 8 s a t i s f y  t h e  boundary 

t h a t  each of n ix ' ,  IT i y  ' 
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and riz a l s o  r e p r e s e n t s  a p l ane  e lec t romagnet ic  wave, and 

t h e r e f o r e  it i s  s u f f i c i e h t  t o  cons ide r  e i t h e r  E or H a lone  

i n  determining the r e f l e c t i o n  o r  t h e  t ransmiss ion  c o e f f i c i e n t s  

f o r  t h e  Her tz ian  waves. I t  w i l l  be a l s o  assumed t h a t  t h e  lower 

medium i s  homogeneous and i s o t r o p i c  a s  w e  assumed f o r  t h e  a i r ,  

and i t s  conduc t iv i ty  i s  e i ther  f i n i t e  or  i n f i n i t e .  L e t  u s  now 

cons ide r  t h e  fo l lowing  d i s t i n c t  ca ses  of p o l a r i z a t i o n  of t h e  

i n c i d e n t  v-wave (see Figure  2 - 1 ) .  

3. 3 

+ 

1) Ti  = rix, 

T h i s  i s  t h e  case  where the  v e c t o r  d i r e c t i o n  of t h e  H e r t z -  

i a n  wave is  d i r e c t e d  perpendicular  t o  t h e  p lane  of inc idence .  

P u t t i n g  (2-9)  i n t o  t h e  f i r s t  of (2-12)  and c a r r y i n g  o u t  t h e  

i n d i c a t e d  v e c t o r  o p e r a t i o n s ,  w e  immediately o b t a i n  

(2-13) 

+ 
Thus si i s  a l s o  directed i n  t h e  same d i r e c t i o n  as v i ,  and i s  

hence perpendicular  t o  t h e  p lane  of inc idence .  

t h e  boundary cond i t ion  i s  s a t i s f i e d  only i f  [ S t r a t t o n ,  1 9 4 1 ,  

p. 4931 

-t 
For such Ei 

4.4- -3 A+ 
( 2 - 1 4 )  + 

Er = R Ei , Et  = T Ei 

where R" and TA are t h e  F r e s n e l  r e f l e c t i o n  and t ransmiss ion  

c o e f f i c i e n t s ,  r e s p e c t i v e l y ,  f o r  pe rpend icu la r ly  po la r i zed  

waves ; 

p--x-- 
p-7-T-  

1.l~c0s.a - n - s i n  a 

p cosa + n - s i n  a 
RA(a) = t 

r 
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Z 

Y '  

Y '  

Figure 2-1. Reflection and Transmission Coef- 
ficients for Hertzian Plane Waves 
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A 21-1 rCOSa 
T ( a )  = p-7- 1 

Prcosa + n - s i n  a 
(2-15) 

where n i s  t h e  index of r e f r a c t i o n ;  n=k /k 

I n  analogy t o  (2-13) , w e  can w r i t e  

and pr=v1/'p2. 1 2 '  

(2 -16)  

F i n a l l y  combining (2-131, ( 2 - 1 4 )  and (2 -16)  y i e l d s  t h e  re- 

f l e c t i o n  and t h e  t ransmiss ion  c o e f f i c i e n t s  f o r  t h e  Her tz ian  

wave, rix,; 

(2-17) 

Qy 2 )  ITi = 

I n  t h i s  case t h e  Hertz v e c t o r  l ies  i n  t h e  p lane  of i n c i -  

dence and p a r a l l e l  t o  t h e  i n t e r f a c e .  I n s e r t i n g  (2 -10)  i n t o  

t h e  second of (2 -12)  and manipulat ing g i v e  

(2-18) 

T h i s  t i m e  gi i s  i n  the  d i r e c t i o n  perpendicular  t o  t h e  p l ane  

of inc idence ,  and t h e r e f o r e  gi i s  i n  the p lane  of inc idence .  

Denoting r e s p e c t i v e l y  t h e  F resne l  r e f l e c t i o n  and t ransmiss ion  

c o e f f i c i e n t s  f o r  p a r a l l e l  po la r i zed  waves by RN and TI', so  

t h a t  

fK--T 

2 /-7--T-F 

n - s i n  a 'r n cosa - 

n cosa + pr n - s i n  a 

2 
R " ( a )  = 
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2 2n cosa T" ( a )  = 4- I 

2 n  COS^ + 1-1 n - s i n  a r 

w e  have [ S t r a t t o n ,  1 9 4 1 ,  p. 4941 

3 Hr = R"Si , 3 Ht = T /I+ Hi 

S ince ,  by (2-18) , 

3 3 4 - , Ht = -WE k 
3 

Hr - WE2k2z7Try'ax' 1 l z T r t y ' a x '  

(2-19)  

(2 -20)  

(2-21)  

3 
where t h e  p l u s  s i g n  i n  Hr is  because of t h e  change i n  s i g n  of 

kaz on r e f l e c t i o n ,  w e  f i n a l l y  o b t a i n  

(2 -22)  

I n  t h e  above E~ i s  t h e  complex d i e l e c t r i c  c o n s t a n t ,  

E ~ + - ( ~ O ~ / W ) .  Since kl=w 1-1 E , ( 2 - 2 2 )  can be a l t e r n a t i v e l y  

w r i t t e n  as 

= 

0 2 2  
1 1  

(2-23) 

3) ITi = Triz  

For t h i s  case t h e  Hertz  vector i s  d i r e c t e d  perpendicular  

t o  t h e  i n t e r f a c e .  Using t h e  second of (2-12)  on (2 -11)  g i v e s  

which shows t h a t  si i s  aga in  i n  t h e  p lane  of incidence.  

combining (2-20)  and (2 -24)  a long wi th  

Thus 

2 1  



c 

we obtain 

1-I 
Tr - 

I TtZ - - 2 iz = R'l~r~~ 
n 'rz 

(2-25) 

(2-26) 

For easier reference, we summarize the results of the reflec- 

tion and the transmission coefficients for each component 

plane Hertzian wave: 

1 

(2-27) 

We also list for comparison the reflection and the trans- 

mission coefficients for each component of E: 
+ 

It is interesting to note that the reflection coefficients 

for each corresponding component of % and E are identical 
whereas the transmission coefficients are not. 

3 

2.3 Formulation and Evaluation of Reflected and Transmitted 
Hertz Potentials 

Now that the reflection and the transmission coefficients 

for a typical Hertzian plane wave are found, we are able to 
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write integral expressions for the reflected and the trans- 

mitted Hertz potential owing to the original incident Hertz 

potential (2-5) as 

'+ik h-iklzZ1 - + + + e  ik2y1Y1 22 'r 
n k2z + T" (a;az) aZ) dk 2xdk2y 

(2-29) 

where we have used the fact that klyl=k2yl in writing the 

phase fuhction of the exponential in the expression for IIt. 

On writing the integrands of gr and 8, in terms of the com- 
ponents in the primary system (x,y,z), (2-29) becomes 

3 

x +ik y +ik2z(h+z2) ik2x 2 2y 2 

k2z dkZxdk 2Y 
+ + e  +R" (ZT 0 aZ) aZ 3 

2 3  



ik2x x 1 +ik 2y y 1 +ik2zh-iklzz1 
. (2-304 

2Y 
e dk2xdk 

k2z 

3 -+ 
Y' , Here we have to keep in mind that the unit vectors ax' and a 

as well as the Fresnel coefficients R , R N ,  T and T", are 
I 1 

2Y 
all functions of the variables of integration, k2x and k 

Before we attempt to evaluate the integrals given fn 

(2-30), we mention an interesting observation. If we let 

a =a (the horizontal dipole problem), then the z-components + 3  

1 T x  
-E. 

of both br and ?ft vanish and all three vectors Zi, ?ir and TIt 

become purely horizontal. Since the total Hertz potential 

above and below the interface can be given by, respectively, 

+ 
E,=$ i +ifr , I I , = i F  t ,  ( 2-3 1) 

the result is that the total Hertz potential everywhere con- 

tains only the horizontal components. At first sight, this 

seems embarrassing since, according to most previous works 

on the horizontal dipole problem including those by Sommer- 

feld [1949, p. 2571, the Hertz potential everywhere is shown 

to require a vertical component in addition to the horizontal 

component in the direction of the dipole orientation. A 
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r a t h e r  important  task of r e s o l v i n g  t h i s  apparent  d i f f i c u l t y  

w i l l  be postponed u n t i l  Sec t ion  2 .6 ,  so t h a t  w e  may p r e s e n t l y  

proceed wi th  our o r i g i n a l  problem of e v a l u a t i n g  IIr and Ilt. 
4 -t 

Returning t o  t h e  i n t e g r a l s  ( 2 - 3 0 ) ,  w e  w i l l  use  t h e  

s t a t i o n a r y  phase method f o r  e v a l u a t i o n  [Carrier, e t  a l . ,  

19661. T h i s  method makes use  of t h e  s e l f  c a n c e l l i n g  o s c i l -  

l a t i o n s  of an exponen t i a l  f a c t o r  i n  a n  in t eg rand  so  t h a t  t h e  

e v a l u a t i o n  of the  i n t e g r a l  i s  c a r r i e d  o u t  by neg lec t ing  con- 

t r i b u t i o n s  of t h e  in t eg rand  everywhere except  i n  the  neigh- 

borhood of a c r i t i c a l  p o i n t  where t h e  phase of t h e  exponent ia l  

i s  s t a t i o n a r y .  This  i s  t h e  p o i n t  a t  which t h e  law of r e f l e c -  

t i o n  i s  s a t i s f i e d  ( t h e  specu la r  p o i n t )  between the  i n c i d e n t  

and t h e  r e f l e c t e d  r a y s  i n  t h e  case  of r e f l e c t i o n ,  and t h e  

p o i n t  a t  which the law of r e f r a c t i o n  i s  s a t i s f i e d  between 

the i n c i d e n t  and the  r e f r a c t e d  r ays  i n  t h e  case  of t ransmis-  

s ion .  Thus t h e  r e s u l t s  ob ta ined  through the  a p p l i c a t i o n  of 

the  s t a t i o n a r y  phase method are those  of t h e  geometr ical  

o p t i c s  approximation. 

With r e s p e c t  t o  the  i n t e g r a l s  ( 2 - 3 0 ) ,  it i s  n o t  d i f f i -  

c u l t  t o  see what happens p h y s i c a l l y .  When t h e  observa t ion  

p o i n t  i s  f a r  from the  source  p o i n t ,  t h e  phase of a p lane  wave 

reaching  t h e  observa t ion  p o i n t  a f t e r  r e f l e c t i o n  ( o r  t r a n s -  

mission)  o s c i l l a t e s  r a p i d l y  as t h e  d i r e c t i o n  of t h e  i n c i d e n t  

wave on the  i n t e r f a c e  changes. A s  a r e s u l t ,  m o s t  p lane  waves 

v i r t u a l l y  cance l  one ano the r f  f o r  each neighborhood of i n c i -  

d e n t  wave d i r e c t i o n ,  as they a r e  superposed a t  t he  observa- 

t i o n  p o i n t .  However, i n  t h e  neighborhood of a p a r t i c u l a r  
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d i r e c t i o n  f o r  which t h e  phase i s  s t a t i o n a r y ,  t h e  phase changes 

slowly from one wave t o  another  d e s p i t e  t h e  g r e a t  d i s t a n c e  t h e  

waves t r a v e l  between t h e  source  and t h e  obse rva t ion  p o i n t ,  and 

hence t h e s e  waves add up and amplify themselves. 

Consider t h e  fo l lowing  i n t e g r a l :  

2 Y  
= 11; dkZxdk (2-32) 

where w e  f i r s t  l e t ,  f o r  t h e  purpose of eva lua t ing  ifr, 

4 = k x + k y + k2z(h+z2)  , 
2x 2 2Y 2 

+ + +  II + +- 
3 J - +  3 - + 3  
g = {R ( a T * a X l )  ( a x , * a x ) - R  (aT*a  , >  ( a y l e a x ) ) a x  

Y 

J - +  3 3 3 .  - + + 3  3 3 3  
+{R (areaX,) ( a x l - a  ) - R " ( $ T e g  ( a y l m a  ) ) a  +R"(aToaz)az  . 

Y Y Y Y  

(2-33) 

For t h e  a p p l i c a b i l i t y  of t h e  s t a t i o n a r y  phase method, w e  as- 

sume k2RT t o  be l a r g e  where RT=R +R2=/x2+y2+(h+z2) 2 2  

w i l l  c a l l  g2x and i; z y r  w e  p u t  

2 . T h e  
0 

geometry i s  i l l u s t r a t e d  i n  F igure  2-2.  To f i n d  t h e  va lues  

of kZj, and k a t  which p o i n t  4 i s  s t a t i o n a r y ,  which w e  
2Y 

ob ta in ing  

(2-34) 

h+z2 
- (2-35) - - x2 

k2x - k 2  iq G2z - k 2  
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Figure 2-2. Symbols and Geometry 
for Reflection 
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On expanding $ i n  a power series a t  t he  s t a t i o n a r y  p o i n t  up 

t o  t h e  second o rde r ,  

(2-36) 

where t h e  symbol [ l e v  i n d i c a t e s  eva lua t ion  of t h e  func t ion  

i n s i d e  t h e  b r a c k e t  a t  t h e  s t a t i o n a r y  p o i n t ,  and r ep lac ing  g 

and k2z  i n  t h e  f a c t o r  by the i r  va lues  eva lua ted  a t  the  s ta-  

t i o n a r y  p o i n t ,  (2-32) becomes 

+ 

(2-37) 

where 

I t  i s  easy  t o  show t h a t  (2-38) i n t e g r a t e s  o u t  t o  

With r e f e r e n c e  t o  F igu re  2-2,  w e  have a t  t h e  s t a t i o n a r y  p o i n t  

28 



+ - P  + +  a * a  = s in$o  , a ' * a x  = , 

a * a  = -cos$o , a * a  = s in$o  

x '  x Y 

x' Y Y' Y 
+ +  - P +  

(2-40)  

Therefore  t h e  bracke ted  q u a n t i t i e s  i n  (2-36) can be  given as  

x2 ) 2 }  = - - ( l+ tan  RT 2 aOcos 2 $09 11+ (- 
h+z2 k 2  

RT 2 2 
{ 1 + ( Y 2 ) 2 1  = - - ( l+ tan  a o s i n  (Pol , RT [$%lev 2 Y  = - - k 2  h+z2 k 2  

RTX aY 2 = - -  RT t a n  2 aocos$osin$o (2 -41)  

k 2  2 [3k~~!k2,],, = - k 2  (h+z2) 

Using ( 2 - 4 1 )  w e  can s impl i fy  (2-39) ,  which then becomes 

- 2.rrk2cosa 0 
I1 - i R T  I 

so t h a t  I ,  (2-371, can be  g iven  by 

i k 2 R T  
21T e 
i RT 

I = -  

(2-42)  

(2-43) 

-3 + +  
I f  w e  l e t  zT*ax=sin8 

w r i t e  

and aT*a  Z =c0sf3~ i n  (2-6)  , t hen  w e  can 
0 

+ -+ -P 
a IT = singoax + coseoaz , 

and t h e r e f  ore 

(2-44)  

(2-45) + +  + +  
= s i n e  s in$o  , area = sineocos$o . 

0 Y' alT*axl 
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By (2 -40)  and (2-45) , given  by (2-33) becomes a t  t h e  sta- 

t i o n a r y  p o i n t  

S ince  

+ i +  n r  = - I ,  2Tr 

(2 -46)  

(2-47)  

w e  f i n a l l y  o b t a i n  the r e f l e c t e d  Hertz p o t e n t i a l ,  

+ 
Next, f o r  t h e  purpose of eva lua t ing  T i t ,  w e  p u t  i n  (2-32) 

(2 -49)  

For t h i s  case w e  assume k2Ro+klR1 t o  be l a r g e  for t he  v a l i d i t y  

of t h e  s t a t i o n a r y  phase method, T h e  s t a t i o n a r y  p o i n t  can be 

found aga in  through (2-34) (see Figure  2-3); 
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Figure 2-3. Symbols and Geometry 
for Transmission 
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k2sinaocos4, - 
f 

k2x - k l x  = {  klsinf3 ocas$ 

k2s ina  s in4  

2Y lY klsinB s in4  
k = k  = {  0 0 I 

0 0 

k2z  = k2cosa , klz = klCosPo 
0 

(2-50) 

Using (2-50),  w e  o b t a i n  

= - - ( l+ tan  RO 2 aOcos 2 $o)- F ( l + t a n  R1 2 Bocos 2 + o l  , 
k 2  1 

RO 2 2 R1 2 2 - ( l+ t an  a o s i n  4,)- ---(l+tan B o s h  40) @le* 2Y = - k 2  kl I 

RO 2 R1 2 

k 2  kl 
- t a n  aocos+osin$o- - t a n  PocosOosin$o , 

(2-51) 

which on i n s e r t i n g  i n t o  (2-39) and reducing  now give  

2nr klcosa 0 cosBo 
I1 - - i 

i ( n R  +R1) (nRocos 2 Po+RICos 2 ao) 
0 

(2-52) 

4" g iven  i n  (2-49)  a t  t h e  s t a t i o n a r y  p o i n t  becomes 

(2-53) 
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The t r a n s m i t t e d  Hertz  p o t e n t i a l  can be g iven  by 

3 

(2-54) 

and hence 

1. p r  4 
-{T (ao) cosBo- T” ( a o )  cosao}sineocos@ s i n @  a 

0 O Y  

i k 2  (Ro+nR1) 
+ v ~ T ~ /  (ao) cos~ocoseoazl 3 e 

nJ(nRo+R1) (nRocos 2 Bo+R1cos 2 ao9 

(2-55) 

+ II and 3 given  i n  (2-48) and (2-55) are t h e  desired r e s u l t s  

f o r  t h e  r e f l e c t e d  and t h e  t r a n s m i t t e d  Hertz  p o t e n t i a l s  due 
r t 

t o  a d i p o l e  of g e n e r a l  o r i e n t a t i o n  and an i n f i n i t e  p l ane  in-  

terf  ace @ 

2 . 4  Some S p e c i a l  C a s e s  

The prev ious  r e s u l t s  have been obta ined  under t h e  geo- 

metrical o p t i c s  approximation,  and hence t h e i r  v a l i d i t y  i s  

l i m i t e d  by t h e  requirement  of far-zone obse rva t ion  as w e  

have assumed i n  apply ing  t h e  s t a t i o n a r y  phase method. How- 

ever, i n  some l i m i t i n g  cases, they  become e x a c t  and l e a d  t o  

w e l l  known r e s u l t s ,  namely, when n+l  o r  n+a. T h e  l i m i t  n+-1 

corresponds t o  t h e  case where t h e r e  i s  no i n t e r f a c e  (an 

imaginary i n t e r f a c e ) .  For n = l  w e  e a s i l y  see from (2-48) 

and (2-55) t h a t  
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i k 2  (Ro+R1) 

+ I I ~  o , iT t  = (singoax 3. + coseoaz) + e  
+R1 0 

(2-56) 

where now R +R1=jxl+yl+(h-zl) 2 2  2 . A s  w e  should expec t ,  no re- 
0 

f l e c t i o n  occurs  and t h e  t r ansmi t t ed  H e r t z  p o t e n t i a l  i s  j u s t  

t h e  same as t h e  i n c i d e n t  H e r t z  p o t e n t i a l  a t  t h a t  p o i n t .  On 

t h e  o t h e r  hand, t h e  l i m i t  n+m corresponds t o  t h e  c a s e  of t h e  

lower medium being p e r f e c t l y  conducting. I n  t h i s  l i m i t ,  from 

(2-15) and (2-19)  

L 
R"(cx)  E -R ( a )  f 1 , 
1. 

T ( a )  : T"(a)  f 0 , 

and thus  (2-48) and (2-55) reduce t o  

3. -+ -3- n r  = ( -s ine a + I n t : 0  
RT o x  

(2-579 

(2-58) 

i n  agreement w i t h  what w e  a l r eady  know from t h e  theory  of 

images f o r  a d i p o l e  in presence of a p e r f e c t l y  conducting 

h a l f  space:  t h e  image of a v e r t i c a l  d i p o l e  i s  a d i p o l e  of 

t h e  s a m e  magnitude and o r i e n t a t i o n ,  w h i l e  t h a t  of a horizon- 

t a l  d i p o l e  i s  a d i p o l e  of t h e  same magnitude b u t  of oppos i t e  

o r i e n t a t i o n ,  both images l o c a t e d  a t  t h e i r  mi r ro r  image p o i n t s  

w i t h  r e s p e c t  t o  t h e  i n t e r f a c e .  

There i s  one s i t u a t i o n  i n  which t h e  geometr ica l  o p t i c s  

r e s u l t s  even f o r  a far-zone obse rva t ion  bedsme i n a p p l i c a b l e .  

T h i s  s i t u a t i o n  arises i n  both  cases of the  v e r t i c a l  d i p o l e  

and t h e  h o r i z o n t a l  d i p o l e  when t h e  source  p o i n t  and t h e  
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obse rva t ion  p o i n t  s imultaneously approach the i n t e r f a c e ,  so  

t h a t  t h e  i n c i d e n t  wave ( a t  t h e  s t a t i o n a r y  p o i n t )  becomes 

c l o s e  t o  graz ing .  W e  w i l l  examine t h i s  s e p a r a t e l y  f o r  t h e  

two c a s e s  as w e  now s p e c i a l i z e  t h e  g e n e r a l  r e s u l t s  t o  t h e  

v e r t i c a l  d i p o l e  case and t h e  h o r i z o n t a l  d i p o l e  case .  

a )  T h e  V e r t i c a l  Dipole 

By (2-3) t h e  i n c i d e n t  wave can be descr ibed  by 

and t h e  r e f l e c t e d  and the  t r agsmi t t ed  waves a r e  given by 

l e t t i n g  OO=O i n  (2-48)  and (2-55) I y i e l d i n g  

(2-59) 

i k 2  (Ro+nR1) 
urT" (ao) cos60e - f l i t x f I I  - 0 .  

= t z  - 2 2 t Y  
n!(nR +R1) (nRocos P0+Rlcos a0) 

(2 -60)  0 

+- 
The above express ion  f o r  llr  is  w e l l  known and has  been ob- 

t a i n e d  by W i s e  [ 1 9 2 9 ]  , Norton [1937] and o t h e r s .  I t  i s  a l s o  

i d e n t i c a l  t o  t h e  f i r s t  t e r m  of equat ion  (19.36) of Brekhov- 

sk ikh  [ 1 9 6 0 ,  p. 2551 which was obta ined  by using t h e  sadd le  

p o i n t  method. Using t h e  energy f l u x  method, Brekhovskikh 

a lso d e r i v e s  an express ion  f o r  I I t  i n  t h e  geometr ica l  o p t i c s  

approximation, h i s  equat ion  (23-81, which can be e a s i l y  shown, 

t o  be i d e n t i c a l  t o  t h e  above $t by r ea r r ang ing .  

+ 
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To see whether the geometrical optics approximation is 

applicable when the incident wave is near grazing, we look 

at the total Hertz potentials, given by adding Tfi and br in 
the upper medium 

then become 

ik2R 
- e 

B2z - R 

and by bt alone in the lower medium. They 

If the incident wave is sufficiently close to grazing, we 

have cx02r/2, and hence 

(2-62) 

so that (2-618 becomes 

IIlz ," 0 1 IIlx -= II f 0 . (2-63) 
lY 

Thus the geometrical optics results become vanishingly smallp 

in which case the terms neglected in the approximation be- 

cause of the use of the stationary phase method are no longer 

negligible and become either comparable to or greater than 

the geometrical optics results. The geometrical optics ap- 

proximation for both Zr and !ft is therefore inapplicable for 

the grazing incidence. The rate of the approximation getting 
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poor as t o  t h e  g raz ing  inc idence  of course  depends on the  

va lue  of kl o r  n. From (2-19)  and (2-61)  it can be seen  

t h a t  as n i n c r e a s e s ,  t h e  reg ion  of a f o r  which t h e  geo- 

m e t r i c a l  o p t i c s  approximation i s  a p p l i c a b l e  a l s o  i n c r e a s e s .  
0 

b) The Hor izonta l  Dipole 

By r ep lac ing  aT by ax, w e  o b t a i n  from (2-3) 
-3 -+ 

2 I I  r o  / 
e - - * i x  R 5 y  i Z  

and wi th  eO=7r/2, (2-48) and (2-55) y i e l d  

nrx  = ( R  i (ao)sin 2 ~ o - ~ " ( ~ o ) ~ ~ ~  2 +ol e 
RT 

i k 2 R T  
e G O  ; II = -{R (ao)+R" (ao) )sin$ocos40 * r z  r Y  RT 

9 

nT 4- (a )cos6  s i n  2 4 + p r T ' ~ ~ a o ) ~ ~ ~ a o ~ o ~  2 9, ik2(Ro+nRl) - 0 0 0 I e 
2 2 * tx  - 

n2J(nR +R1) (nR cos B0+R1cos ao) 
0 0 

P 

{nT (ao) cosBo-prT" (ao) c o s a o ~ s i n ~ o c o s ~ o  i k 2  (Ro+nR1) 
= -  e f 

t Y  
n2j{nR +R1) (nR cos  2 B0+R1cos 2 ao) 

0 0 

ITtz  E 0 . (2 -64)  

An  express ion  f o r  ifr i n  t h e  case  of a h o r i z o n t a l  d i p o l e  and 

a f i n i t e l y  conducting p lane  i n t e r f a c e  i s  a l s o  obta ined  i n  

Brekhovskikh 11960,  p. 2593, which, however, is d i f f e r e n t  

from our Tfr shown i n  (2 -64)  i n  magnitude as w e l l  a s  i n  t h e  

v e c t o r  d i y e c t i o n .  The apparent  discrepancy between our 
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Hertz potentials and those obtained previously using the res- 

olution of $=(IIx, 0, IIz) was already mentioned earlier when 

we derived the integral formulas for IIr and Et, namely, (2-30). 
These two distinctively different irr's for the horizontal di- 

pole problem, although both are approximations, will serve as 

+ 

a particular example when we demonstrate the nonuniqueness of 

the Hertz potential in the horizontal dipole problem in Sec- 

tion 2.6. This apparently has been overlooked by all previous 

workers in this area and is believed to bear great significance. 

The expression for IIt given in (2-64) is new. In fact, this 

seems to be the first time that a closed form result for IIt 

in the horizontal dipole problem is derived. 

3 

3 

Next we will examine the applicability of (2-64) in the 

special case when the incident wave is grazing. Using (2-62) 

and the following approximate values for the other Fresnel 

coefficients 

", -1 f 0 I (2-65) 

we obtain in terms of the total Hertz potentials 

ik2R ik2R 
e - 2 e  z 2 ~ i n $ ~ c o s $ ~  I IIZZ = 0 i R II2y I12x z 2cos 

2 0  , IIlZ"O . ' IIly z o  II lx (2-66) 

By the same argument as presented in the case of the vertical 

dipole, here the geohetrical optics approximation of 5, for 

the grazing incidence is also seen inapplicable. It is in- 

teresting to note that for if2, however, whether or not the 
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approximation f o r  t h e  g raz ing  inc idence  i s  i n a p p l i c a b l e  is 

dependent on t h e  va lue  of +o. For example, w e  o b t a i n  f o r  

and f o r  40=7r/2 

2 0  , rI r o  . =2y 22 2 0  = 2x 

(2 -67)  

(2-68)  

Thus cons ider ing  both t h e  d i p o l e  and t h e  obse rva t ion  p o i n t  

l o c a t e d  s l i g h t l y  above t h e  i n t e r f a c e ,  when t h e  obse rva t ion  

p o i n t  i s  l o c a t e d  i n  t h e  d i r e c t i o n  of t h e  d i p o l e  p o l a r i z a t i o n ,  

t h e  r e f l e c t e d  H e r t z  p o t e n t i a l  i s  about  a s  l a r g e  a s  t h e  i n c i -  

den t  H e r t z  p o t e n t i a l  w i t h  t h e  same s i g n  so  t h a t  the  geomet- 

r i ca l  o p t i c s  r e s u l t s  for  t h e  t o t a l  H e r t z  p o t e n t i a l  become 

even l a r g e r ,  making t h e  approximation f o r  t h i s  case  q u i t e  

v a l i d .  A s  t h e  observaton p o i n t  is  moved f u r t h e r  and f u r t h e r  

from t h i s  d i r e c t i o n ,  t h e  reflected H e r t z  p o t e n t i a l  f i r s t  be- 

comes sma l l e r  and sma l l e r ,  and then  a f t e r  changing t h e  s i g n  

it aga in  grows u n t i l  f i n a l l y  when t h e  observa t ion  p o i n t  l i es  

i n  t h e  d i r e c t i o n  normal t o  t h e  d i p o l e  p o l a r i z a t i o n ,  t h e  i n -  

c i d e n t  and the  r e f l e c t e d  H e r t z  p o t e n t i a l s  almost cance l  o u t  

each o t h e r  making the  approximation i n v a l i d .  Actua l ly  the  

e lec t romagnet ic  f i e l d  de r ived  from (2-67)  i s  very  c l o s e  t o  

zero i n  s p i t e  of t h e  reenforcement i n  t h e  H e r t z  p o t e n t i a l s ,  

which appears  d i s t u r b i n g .  But i n  t h i s  c a s e  t h e  c o n t r i b u t i o n  

from the  neglec ted  terms i n  ifr i s  even sma l l e r .  
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This is in contrast to the vertical dipole case where the 

total Hertz potential in the geometrical optics approximation 

at any point becomes invalid for the grazing geometry. 

2.5 Derivation of Reflected and Transmitted Electromagnetic 
Fields 

From the Hertz potentials obtained in Section 2 . 3  the 

reflected and the transmitted electromagnetic fields can be 

derived through the relation (2-12) in which the differential 

operators are to operate on the field point coordinates. In 

carrying out the indicated differentiations, we can assume 

the factors multiplying the exponential, including R - l ,  to 

be approximately constant. This is justified since the fac- 

tors change much more slowly in comparison to the exponential 

under the condition of far-zone observation, The far-zone 

approximation is equivalent to a high frequency approximation, 

which can be easily seen. Wihh this assumption, the manipu- 

lation is straightforward, as each of the differential opera- 

tors is replaced by 

a a a - z ik2sinaocos@, , - =: ik2sinaosin@ , - : ik Cosao ; 
ax2 a y 2  0 a 2 2  2 

ik sina a ik2sinaocos@o a 2 0 
I 

iklsin8,cos$o iklsin80sin@o 

(2 -69 )  

The results are tabulated in the following [Appendix A): 
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a )  T h e  V e r t i c a l  Dipole 

The r e f l e c t e d  f i e l d :  
ik2RT 

= -k2R" 2 (ao) sinaocosaocos4 e 
Erx RT 

ik,R, 
& I  E = -k2R" 2 (ao) s i n a  cosaosin$ e 

RT r Y  0 

ik2RT 
2 2 e  

Erz  = k2RN(ao) s in  a i 
RT 

ik2RT 
e - R" ( a  sihaosin4 

0 RT 
- 

2 Hrx  - 

= o  . H r z  

I 

( 2 - 7 0 )  

I n  view of t h e  c y l i n d r i c a l  symmetry of t h e  d i p o l e  o r i e n t a t i o n  

with r e s p e c t  t o  t h e  i n t e r f a c e ,  (2-64)  becomes p a r t i c u l a r l y  

s imple i n  terms of t h e  c y l i n d r i c a l  components: 

ik2RT 
e 

I Err = -k2RN(a 2 ) s i n a  C O S a O  
RT 0 0 

E = O  , r4 
; k  R - 2 T  2 e  : 2 = k2R" (ao)  s i n  a. 

Era  RT 

= O  
H1;Z 
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In writing the components fo r  the transmitted fields, we de- 

note for simplification 

cosl3- 1 

d'(nR +R1) ( nRocos'8,+RlcosLa0) 
0 

Then the transmitted field is given by 

ik2 (Ro+nR1) 
2 e 

RT 
= -k 1-1 T" (ao) sinaocosBocoscbo Etx 2 r  I 

ik2 (Ro+nRl) 
e 

I E = -k 2 IJ T"(ao)sinaocos@osin~o 
tY 2 r  RT 

ik2 (Ro+nR1) 
i 

= k 2 1-1 TN(a )sinaosin@, e 
0 RT Etz 2 r  

ik2 (Ro+nR1) 
kin e I 

TN (ao) sinaosinOo P Htx - q - 

3 ik2 (Ro+nR1) 
e 

I T" (ao) sinaocosOo P 
2n 

tY 2 
H 3 - -  

Htz = O ; 

which in the cylindrical Components become 

ik2 (Ro+nR1) 
e 

I 
2 

P = -k 1-1 ~ ' ~ ( a  )sinaocosBo Etr 2 r  0 

(2-72) 

(2-73) 
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3 i k 2  (Ro+nR1) 
e 

I 0 P TN (a o) s ina  k2n 
w up 2 

H = - -  

Htz = 0 . 

b) T h e  Hor i zon ta l  Dipole 

The r e f l e c t e d  f i e l d :  

ik2RT 
2 e  

I 
= k2{R 2 ' L  ( a o ) s i n  2 $o-R"(a )cos 2 aOcos $o} 

RT 0 

ik2RT 
e 

I E = -k2{R 2 J -  (ao) +RN (ao) cos  2 ao}sin$ocos$O 
r Y  RT 

ik2RT 
e 

i E r z  = k 2 R N  2 (ao) sinaocosaocos$ 
RT 

ik2RT 
e (ao)+R"(a }cosaosh$ocos$o I 

RT 0 

(2 -74)  

ik2RT 
- (ao) s inaos in$o  e HrZ - - - 

RT 

I n  t h e  c y l i n d r i c a l  c o o r d i n a t e  s y s t e m I  

(2 -75)  
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i k 2 R T  
= k2RN 2 (a,) sinaocosa cos4 e 

0 RT 
I 

i k 2 R T  
e 

(ao)cosaosin$, I 

2 RT 

ik2RT 
e 

e -  - R" (a,) cosaocos$, 
Hrlb 2 RT 

I 

(2-76)  

The t r a n s m i t t e d  field: 

i k 2  (Ro+nR1) 
2 e  

I 
2 J -  2 Etx = k2{nT (a,) s i n  $,+prT" (ao) cosc!ocosBocos $,I P 

i k 2  (Ro+nR1) 
2 s  e 

I P E = -k {nT (a 1-u T"(a0)cosaocosB0~sinlb0cos4, t Y  2 o r  

i k 2  (Ro+nR1) 
e 

i 
2 

P = -k p TI' (a ) cosaosin8,cosbo E t z  2 r  0 

3 ik2 (Ro+nR1) 
k p  s e 

I P Htx = -{nT (a  ) cos@ -p,T" (a,) cosa,~sin$,cos$, 
0 0 wlJ.l 

i k 2  (Ro+nR1) + L 2 2 e  H t Y  = -lnT (ao)cosB,sin $ o + ~ x T " ( ~ o ) ~ ~ ~ a o ~ ~ ~  (9 0 1 P I 

I n  t h e  c $ l i n d r i c a l  c o o r a i n a t e  system, 

(2-77) 

i k 2  (Ro+nR1) 
e 

I 
2 
2 x  P = k p T'' (a,) ~ Q S ~ , C J O S B ~ C Q S $ ~  
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ik2 (Ro+nR1) 
2 +  e 

E to = -k2nT (aO)sinoo P I 

ik2 (RoSnRl) 
2 e 

i Etz = -k 2 r  T”(ao)cosaosinBocos~o P 

3 2  ik2 (Ro+nR1) 
- k2n T + (ao) cosBosin(jo e 

P Htr - / 

3 ik2 (Ro+nR1) 
e 

I T” (ao) cosolocos(jo P 
k2n 

to w 2  
H = -  

ik (R +nR1) 2 0  
P 

3 2  

1 
Htz - - - - T (ao) sin80sin40 e (2-78) 

k2n + 

These results confirm that the radiation field is zero 

along the dipole axis. 

2.6 Nonuniaueness of Hertz Potentials 

In the classical horizontal dipole problem where the 

dipole is oriented in the x-direction of a rectangular coor- 

dinate system (x,y,z), and is located above or on an infinite 

plane interface (the xy-plane) of a finitely conducting earth, 

it is well known that the x-component of the Hertz potential, 

alone cannot describe the electromagnetic field every- IIX : 
+ 

where. This is because 

satisfy the required boundary condition, namely, the conti- 

nuity of the tangential components of g and 8.  Sommerfeld 

[1949, p. 2583 thus assumed a z-component, I Iz ,  in addition 

to IIx, which then led to a set of baundary relations in terms 

of IIx and IIz that were consistent with the boundary conditions 

on 

and H derived from IIx alone cannot 

and B. In view of his work, a question naturally arises 
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1 whether Sommerfeld's 8 i s  unique f o r  t h e  problem. I t  ap- 

pea r s  t h a t  m o s t  workers assume h i s  choice  of components f o r  

8 t o  be unique and the r e s o l u t i o n  l I = ( ~ x , O , i l z )  t o  be neces- 

sa ry .  So does Brekhovskikh [ 1 9 6 0 ,  p. 2593 i n  s t a t i n g  tha t :  

"It t u r n s  o u t  t h a t ,  i n  a d d i t i o n  t o  I Ix ,  t h e  r e f l e c t e d  and re- 

f r a c t e d  waves w i l l  a l so  c o n t a i n  t h e  component I? s i n c e  o ther -  

w i s e  t h e  f o u r  boundary cond i t ions  express ing  the  c o n t i n u i t y  

+- 

2' 

E Hx and H across the  i n t e r -  of the f i e l d  components, Ex, 

f a c e  could n o t  be sa t i s f ied ."  
Y t  Y 

+ 
Thus assuming t h a t  nr= (IIrx, 0 ,IIrz 9 ,  Brekhovskikh [1960, 

p a  2591 o b t a i n s  a complete s o l u t i o n  f o r  IIrx and ITrz by us ing  

t h e  sadd le  p o i n t  method. The f i r s t  t e r m s  of h i s  express ions  

correspond t o  t h e  usua l  geometr ical  o p t i c s  r e s u l t s ,  which i n  

the  p r e s e n t  n o t a t i o n s  become 

i k 2 R T  2 
e (2-79)  = ( R  4- ( ao )+R"  (ao) )cotaocos@o e 

'rz RT 

Our Hertz p o t e n t i a l ,  ( 2 - 6 4 1 ,  shows f o r  t h e  same problem t h a t  
+ 
IIr=(IIrx,l'I ,O) where 

r Y  

'In Sommerfeld, the  symbol d denotes  t h e  t o t a l  Hertz  
p o t e h t i a l  above t h e  e a r t h ,  b u t  i n  t h i s  s e c t i o n  w i l l  be 
used t o  mean the  g e n e r a l  t e r m  " the  Hertz  p o t e n t i a l , "  when- 
eve r  d i s t i n c t i o n  between t w o  Hertz  p o t e n t i a l s  above and 
w i t h i n  t h e  i n t e r f a c e  i s  n o t  necessary.  

2Brekhovskikh's equat ion  ( 1 9 . 4 9 )  appears  t o  be i n  
error i n  t h a t  t h e  azymuthal dependence f a c t o r  cos$, i s  
missing.  Mul t ip ly ing  (19.49) by cos@o and rear ranging  
g i v e s  IIrz i n  ( 2 - 7 9 ) .  
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ik2RT 
2 2 e  + 

IIrx = CR ( a O ) s i n  ( $ o - R " ( a o ) ~ ~ ~  $ol I 
RT 

r Y  RT 

ik2RT 
(2-80)  e J- TI = -{R (ao) fR"  (ao) 1 s i n ( $ o c o s ~ o  

I t  can be seen  t h a t  (2-79)  and (2 -80)  a r e  t w o  d i s t i n c t i v e l y  

d i f f e r e n t  H e r t z  p o t e n t i a l s .  

and fir i n  (2-75) corresponding t o  llr of (2 -80) .  

the  same f o r  Er  of (2 -79)  us ing  t h e  same approximation 

( 2 - 6 9 ) ,  t hen  i t  i s  found t h a t  t h e  r e s u l t  i s  i d e n t i c a l  t o  

(2-75).  T h i s  i n d i c a t e s  t h a t  there are a t  l e a s t  two solu-  

r W e  have a l r e a d y  c a l c u l a t e d  i?, 
I f  w e  do 

+" 

-b 
t i o n s  f o r  IIr f o r  t h i s  problem. 

what fo l lows  t h a t  t h e r e  e x i s t s  an i n f i n i t e  number of solu-  

I n  f a c t  w e  w i l l  show i n  

t i o n s  f o r  t h e  Hertz p o t e n t i a l ,  the  r e f l e c t e d  as w e l l  a s  t h e  

t r a n s m i t t e d ,  f o r  t h e  h o r i z o n t a l  d i p o l e  problem. Furthermore 

it w i l l  be seen t h a t  t h e  e x i s t e n c e  of i n f i n i t e  s o l u t i o n s  f o r  

TI i s  no t  on ly  t r u e  f o r  t h e  h o r i z o n t a l  d i p o l e  problem b u t  ac- 

t u a l l y  f o r  any boundary va lue  problem. 

+ 

W e  f i r s t  no te  
4 
Hr de r ived  from ?ir 
8 be any s o l u t i o n  r 
[ S t r a t t o n ,  p. 4301 

t h a t  t h e  requirement  on $r i s  t h a t  zr and 

s a t i s f y  t h e  boundary cond i t ion  and t h a t  

of t h e  homogeneous vec to r  wave equat ion  

(2-81) 

-t 
L e t  us suppose t h a t  itr i s  a s o l u t i o n  of ( 2 - 8 1 ) ,  and l e t  Er 

and Sr be t h e  corresponding electric and magnetic f i e l d s  

t h a t  s a t i s f y  t h e  boundary cond i t ion .  

g r a d i e n t  of any s o l u t i o n  CP of t h e  homogeneous Helmholtz 

I f  w e  add t o  ?ir t he  
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equat ion  

V ' ? f k 2 Y = 0  2 2 , 
( 2 - 8 2 )  

then  i i r + V @  i s  also a s o l u t i o n  of (2-81) b u t  i n  view of t h e  

ope ra t ions  i n d i c a t e d  i n  ( 2 - 1 2 ) ,  Er and %r do no t  change, re- 

g a r d l e s s  of t he  magnitude and t h e  p a r t i c u l a r  form of @. The 

s p e c i f i c  factor i n  3 m u s t  of course  be determined according 

t o  t h e  form of the  i n c i d e n t  wave and the  boundary condi t ion .  

However, t he  boundary cond i t ion  i s  a c t u a l l y  g iven  i n  terms 

of E and H and n o t  d i r e c t l y  i n  terms of 3; hence, i n s o f a r  a s  

t he  de r ived  boundary r e l a t i o n s  i n  t e r m s  of t h e  components of 

+ 

r 

3 3 

a r e  compatible wi th  each o t h e r ,  a l l  such 3 ' s  c o r r e c t l y  des- 

cribe one and t h e  same e lec t romagnet ic  f i e l d .  The nonunigue- 

ness  of t h e  accep tab le  boundary r e l a t i o n s  i n  terms of II can 

be v e r i f i e d  immediately. 

-f 

The boundary r e l a t i o n s  f o r  32= 
6112x, IIZy I 0) and b,= (TILx,lIly I 0 )  become 

2 2 a n 2 x  2 an:lx 
kl az ax 2 - k l n l x  2 2 x  ' k 2  - 5 - r  = -k II a -(Vd -V*?i,) - I 

For comparison, w e  

f e l d ' s  r e s o l u t i o n ,  

2 2 
k21[2x = k l n l x  

l i s t  t h e  boundary r e l a t i o n s  for Sommer- 

i .e . ,  f o r  i f 2 = ( ~ 2 x 1 0 1 1 1 2 z )  and ~ ~ = ~ l l ~ x l O F ~ l z ~ :  

2 alT2x 2 a n l x  
l k 2 x =  kl Ti- I 

( 2 - 8 4 )  a n 2 z  a n l x  a n 2 x  az- -=-- -  az  a z  a z  
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It can be seen that the four equations in (2-83) are mutually 

compatible j u s t  as  are those in (2-84). Since (2-82) bas an 

infinite number of solutions, so does (2-81). 

rY 
FO* illustration, let dr= U I ~ ~ ~ ~ I ~ ~  with lIrx and lI 

given by ( 2 - 8 b )  and choose. 

4. ik2RT {R (ao)  +R" (ao) )cos$o e 
a (2-85) 

RT 
C P =  i k 2s ina 

Using the approximations (2-691, we can easily show that 0 

is a solution of (2-82) , and a lso  that 

Adding (2-80) and (2-86) gives a new solution 3;: 

ikZRT ikZRT 
4. e .  

ET 
3' = R (a,) e O CR [ ~ o ) + R " ( ~ o ) ~ C ~ t ~ o ~ ~ ~ ~ o  
r I + -  RT ~ 

(2-87). 

wh$ch is none other than Brekhovskikh's reflected Hertz po- 

tential, (2 -79) .  Thus in this illustration the particular 

choice of the factor for CP in (2-85) was made in order to 

eLiminate the y-component of (2-80) and obtain Bsekhovskikh's 
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expression. It may be observed that, by choosing the factor 

in 3 properly, we can actually eliminate any one component 
of Zr, but not two components simultaneously, or leave all 
three components finite; hence there are all four possible 

resolutions for 3,. 
3 also satisfies an equation of the same form as equa- t 

-f 
tion (2-81) in addition to the boundary condition on Et and 

H derived from 3,. 
the above, it can be inferred that ilt is also not unique. 

3 Therefore, by the same argument as in t 
-f 

+ * 
Since both Br and Bt are not unique independently, it 

can be further said that the resolution of and that of 

d 
of total Hertz potentials we can let i12=(T12x,0,i12z4 and 

IIl=(~lx,illy,O), if such a combination of different resolu- 

tions is desired, Needless to say, the derived boundary 

relations are compatible with each other. 

need not be the same in a problem; for example, in terms t 
+" 

-3 

It may be worthwhile in connection with the preceding 
-I= -+ 

discussions on the nonunigueness of nr and TIt to examine 

whether the incident Hertz potential can be given uniquely, 

3 satisfies the nonhomogeneous equation i 

(2 -88)  

We have used the particular solution of the above equation, 

given in (2-11, as our incident Hertz potential. From the 

mathematical, standpoint, the complete solution includes also 

the general solution of the homogeneous equation. We have 

seen that (2-88) has nontrivial homogeneous solutions. 
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Therefore  according t o  the  Predholm theo ry  [Ebs te in ,  1 9 6 2 3 ,  

there e x i s t s  an i n f i n i t e  number of s o l u t i o n s  f o r  (2-88). 

However, on the  phys ica l  grounds,  aLI the  homogeneous so lu-  

t i o n s  are i n t e r p r e t e d  t o  r e p r e s e n t  t h e  c o n t r i b u t i o n s  from 

the  sources  o t h e r  than 3, and hence must be zero  i n  t h e  ab- 

sence  of any o%her sou rces  than  J. Thus there i s  a unique 

choice  for  t h e  i n c i d e n t  po%en t i a l ,  namely, t h a t  g iven  by 

(2-1) * 

+ 
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CHAPTER 3 

INTEGRAL FORMULATION OF REFLECTED AND TRANSMITTED 
HERTZ POTENTIALS FOR AN INFINITE ROUGH INTERFAeE 

3.1 Vector Helmholtz I n t e g r a l  

A s  w a s  shown i n  t h e  preceding c h a p t e r ,  when the  i n t e r -  

f a c e  w a s  a smooth p lane ,  t h e  s p h e r i c a l  func t ion  of the i n c i -  

d e n t  Hertz  p o t e n t i a l  w a s  f i r s t  expanded i n t o  a family of p lane  

ves.  Then the  boundary cond i t ion  on each of t h e  p lane  waves 

i n  t he  in t eg rand  could be p resc r ibed  i n  a manner independent 

of t he  s p a t i a l  coord ina te s .  Thus s p a t i a l  i n t e g r a t i o n s  were 

no t  necessaxy i n  t h e  formula t ion  of the  r e f f e c t e d  o r  the  

t r a n s m i t t e d  H e r t z  p o t e n t i a l  fo r  a smooth p lane  boundary. 

However, t h i s  i S  no longer  t he  case when t h e  i n t e r f a c e  be- 

comes rough and t h i s  roughness is t o  be  considered.  Obvi- 

ous ly ,  s p a t i a l  i n t e g r a t i o n s  now become necessary i n  a d d i t i o n  

t o  the  i n t e g r a t i o n s  w i t h  r e s p e c t  t o  wave numbers i n  o r d e r  t o  

account f o r  a l l  c o n t r i b u t i o n s  from each d i f f e r e n t i a l  area of 

t h e  i n t e r f a c e  w i t h  vary ing  h e i g h t  and o r i e n t a t i o n .  

For  t h i s  purpose it i s  convenient  t o  use the  vec to r  

Helmholtz i n t e g r a l s  given i n  t e r m s  of the  H e r t z  p o t e n t i a l s  

as t h e  wave func t ions .  The d e r i v a t i o n  of the vec to r  H e l m -  

h o l t z  i n t e g r a l  i s  u s u a l l y  made by f i r s t  d e r i v i n g  the  scalar 

Helmholtz i n t e g r a l  for  each r e c t a n g u l a r  component af the  

wave f u n c t i o n  us ing  Green 's  theorem. Each r e s u l t i n g  PO- 

nent  Helmholtz i n t e g r a l  i s  then  recombined t o  y i e l d  t h e  vec- 

t o r  Helmholtz i n t e g r a l .  A l t e r n a t i v e l y ,  if we c a r r y  out this 

recombination of each r e c t a n g u l a r  component €or Green's 

52 



theorem i n s t e a d  of t h e  Helmholtz i n t e g r a l  w e  then  o b t a i n  

"vec to r  Green 's  theorem." Namely, f o r  t w i c e  d i f f e r e n t i a b l e  

f u n c t i o n s ,  G and C ,  
-+ 

+- 
where S i s  a c losed  s u r f a c e  whose volume is  V and aon i s  t h e  

outward u n i t  normal of S. A more g e n e r a l  d e r i v a t i o n  of (3-1) 

us ing  some dyadic  i d e n t i t i e s  i s  g iven  by E z e l l ,  E r t e z a ,  Doran 

and Park  [19681. The fo l lowing  are t h e  dyadic  i d e n t i t i e s :  

where ft and if are any two v e c t o r s ,  2 i s  a dyadic ,  and G i s  a 

scalar func t ion .  I n  (3-2) l e t  A=VG, B=C, and A=VC, then  

(3-2)  becomes 

+ - +  -+ 

(3-39 

F i n a l l y  s u b t r a c t i n g  the  t o p  equat ion  from t h e  bottom equat ion  

and applying t h e  divergence theorem immediately g ives  ( 3 - 1 ) .  

The v e c t o r  Helmholtz i n t e g r a l  fo l lows  from (3-1) .  To 
-t 

show t h i s ,  suppose.C s a t i s f i e s  t h e  homogeneous v e c t o r  H e l m -  

h o l t z  equat ion  

2-+ 2-+ -+ V C + k C -L (3-49 

and l e t  G be t h e  Green 's  func t ion  de f ined  by 
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ikR 
where S(r-r') fs the dirac delta function, G(r,q')= - R 

and R=lr-rI]- 

tain. from (3-1) 

+ - P  3 - P  e 
I 

+ +  
Then just as in the scalar case, we can ob- 

3 If we let L-0 ,  i.e., if satisfies the homogeneous Helmholtz 

equation 

then %he first term of ( 3 - 6 )  vanishes, leaving the vector 

Helmholbz integral 

where for conciseness we left out the arguments 

tions E and G. 
The applicability of (3-89 for the purpose 

$3-8) 

for the fune- 

of evaluating 
3. d and JIt in the dipole r 

satisfy the homogeneous 

problem is obvious, since they also 

equation ( 3 - 7 )  : 

2" 2+ 2+ 2+ V IIr 4- k21Tr = 0 , U IIt + klIIt = 0 . (3-9) 

If we define the Green's funckions in the t w o  media by Gr 

and Gt, so that 
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2 2 + 3  2 2 + g .  
V Gr 9 k2Gr = - 4 n B ( r - r ' )  , V Gt + klGt = - 4 n B ( r - r ' )  , (3-10) 

then ,  making proper  replacement i n  ( 3 - 8 ) ,  w e  o b t a i n  

43-11] 

+ 
where the  minus s i g n  i n  f r o n t  of t h e  i n t e g r a l  f o r  IIt i s  be- 

cause of ou r  d e f i n i t i o n  of an,  which i s  d i r e c t e d  from t h e  

lower medium (medium 1) t o  t h e  upper medium (medium 2 )  a 

d. 

3.2  Der iva t ion  of I n t e g r a l  Formulas for  Reflected and 
Transmit ted H e r t z  P o t e n t i a l s  

We d e f i n e  t h e  coord ina te  system f o r  t h e  case of %he 

rough i n t e r f a c e  t h e  same way as i n  the c a s e  of t h e  smooth 

p lane  i n t e r f a c e  except  kha t  here t h e  plank zZ0 i s  chosen t o  

co inc ide  w i t h  t h e  mean p lane  of t h e  i n t e r f a c e ,  t h e  h e i g h t  

of which from %he mean p lane  i s  descr ibed  by t h e  f u n c t i o n  

The d e f i n i t i o n  of the  medium p r o p e r t i e s  above and below t h e  

i n t e r f a c e  and the  convention regard ing  the  use  of t h e  sub- 

s c r i p t s  are the same as i n  t h e  prev ious  chapter .  To reduce 

t h e  H e l m h o l t z  i n t e g r a l s  g iven  i n  (3-11) t o  the  forms f r o m  

which w e  can r e a d i l y  e v a l u a t e  Zr and bt a t  any p o i n t  w i t h  

s p e c i f i c a t i o n  of che i n t e r f a c e  f u n c t i o n  c ( x , y ) ,  it i s  f i r s t  

necessary t o  e v a l u a t e  

i n t e r f a c e .  To do so,  

d 
however, some form of approximation 

and bt and t h e i r  g r a d i e n t s  a t  the r 

55  



i s  necessary ,  s i n c e  the  i n t e r f a c e ,  being i r r e g u l a r l y  rough, 

cannot  be sepa ra t ed  i n  any coord ina te  system. A simple and 

by f a r  the  m o s t  f r e q u e n t l y  used approximation i s  t h e  t angen t  

p lane  approximation. H e r e ,  w e  suppose t h a t  t he  i n c i d e n t  p lane  

wave a t  h p o i n t  P(x,y,G) on the  i n t e r f a c e  i s  reflected and 

t r a n s m i t t e d  as i f  the  i n t e r f a c e  w e r e  a p lane  t angen t  t o  t h e  

t r u e  i n t e r f a c e  a t  P.  Thus it can be seen  t h a t  t he  tangent  

p l ane  approximation r e q u i r e s  t h e  roughness of t h e  i n t e r f a c e  

t o  be l o c a l l y  g e n t l e  everywhere r e l a t i v e  t o  the  wavelength. 

Brekhovskikh [19523 shows t h e  c r i t e r i o n  fo r  t h e  a p p l i c a b i l i t y  

of t h i s  approximation i n  t e r m s  of t he  l o c a l  r a d i u s  of curva- 

t u r e  a s  

4 ~ r r ~ c o s a  >> X (3-13) 

where rc i s  t h e  sma l l e r  of the  two p r i n c i p a l  r a d i i  of curva- 

t u r e  and a i s  the  l o c a l  ang le  of inc idence .  

Assuming t h i s  i s  the  case f o r  the  p r e s e n t  i n t e r f a c e ,  w e  

aga in  are r e q u i r e d  t o  expand t h e  i n c i d e n t  H e r t z  p o t e n t i a l  i n  

t e r m s  of t h e  p lane  waves. A t  P ( x , y , < )  on t h e  i n t e r f a c e ,  w e  

o b t a i n  from (2-5)  

ik2xx+ik y+ik2z (h-r)  
+ 
andk dk ( 3 - 1 4 )  

2Y 
2x 2y * k2z  27F 

S ince  t h e  phase f u n c t i o n  of the  exponen t i a l  does n o t  change 

on r e f l e c t i o n ,  w e  can w r i t e  t h e  reflected Hertz p o t e n t i a l  a t  

P due t o  (3-14) a s  
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ik2xx+ik y+ik2z (h-q) 
2Y A *  

(3-15) 
2Y 

R- a,dkZxdk 
k2z 

where ff is the dyadic reflection coefficient. 

of dyadic nature for f;. is necessary because the reflection 

coefficients for each component of the incident plane wave 

are different and also because in general there are cross 

polarizations present on reflection. Similarly, assuming a 

dyadic transmission coefficient e ,  the transmitted Hertz po- 
tential at P can be given by 

The assumption 

ik2xx+ik y+ikZz (h-6) 
2Y . (3-16) k2z ? *$,dk2xdk 2Y 

The components of fi and 9 are functions of the Fresnel coef- 
ficients and parameters of the interface <(x,y). The explicit 

expressions for these will be derived in Section 3.3. 

In order to evaluate (3-15) and (3-16) in the geometri- 

cal optics approximation, we assume that the source point 

is sufficiently far removed (compared with the wavelength) 

from the interface according to the requirement of far-zone 

observation. 

and Ilt become 

Thus the geometrical optics results for fir 
3. 

(3-17) 
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A n 2 '  2 where Ri=ix2+y +(h-F;) 

eva lua ted  a t  t he  s t a t i o n a r y  p o i n t  

, and [RIev  and [TIev  are k and ? 

- 
k 2 2  w a s  ob ta ined  by d e f i n i t i o n  k 2 z = M y .  See Figures  

3-1 and 3-2 fo r  related symbols and geometry. 

For t he  eva lua t ion  of the  g r a d i e n t s  of zr and iit a t  t h e  

i n t e r f a c e ,  w e  no te  t h a t ,  i n  t h e  in t eg rands  of (3-15) and 

(3-16) , t h e  f a c t o r s  $*a, and T e a ,  va ry  much more slowly corn- 

pared t o  e , where w=k2xx+k y+kZz(h-Z;),along t h e  i n t e r f a c e ,  

and hence w e  can  approximately set 

3 n - ? .  

i w  
2Y 

(3-19) 

On denot ing  t h e  reflected and the  t r ansmi t t ed  wave v e c t o r s  
+ corresponding t o  t h e  i n c i d e n t  wave vec to r  k2=(k2x,k2ylk2z)  I 

-?. 
by gr and kt ,  r e spec t ive ly ,  it can be e a s i l y  shown t h a t  

so t h a t  (3-19) becomes 

(3-20) 
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Figure  3-1. Symbols and G e o m e t r y  f o r  Re-  
f l e c t i o n  f r o m  a Rough Boundary 
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Figure 3-2. Symbols and Geometry for Trans- 
mission through a Rough Boundary 
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(3-21) 

The results for the above integrals in the geometrical optics 

approximation can be simply written down, in analogy to (3-17): 

(3-  22) 

The Green's functions in (3-11) for the observation points of 

ikZRr 
e - 

I 
Rr Gr - 

iklRC 
e - 

I 
Rt Gt - 

where Rr=hx2-x) 2 + (y2-y) 2 + (z2-C) and Rt=/(xl-x) 2 + (yl-y) 2 + (zl-C) 2 . 
We have already assumed that the source point is sufficiently 

far removed from the interface. Now supposing that the obser- 

vation point is also sufficiently far away from the interface, 

so that k2Rr>>l and klRt>>l, we have approximately 

ik2R, ik2R, 
e 3. 

I 
r VRr = -ik2 aR Rr Rr 

VGr z ik2 e 

iklRt ik R 
I t - +  a e VGt ikl e VRt = -ikl 

Rt Rt Rt 
. (3-24) 
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Inserting (3-17) (3-22) (3-23) , and (3-24) into the corre- 
sponding equation of (3-11), we finally obtain the desired 

formulas , 

ik2Ri iklRt 
1 [*Iev*aV + e  e ds , (3-25) 

Ri Rt 

where we have usedithat 

3 - f  + - f  + - t  + +  - t +  
= k a *a- I n  kt * 

= k a . a -  = k a * a  ane ikr1ev 2 n kr 2 n R~ I ano[ktlev 

(3-26) 

The integrals (3-25) have the familiar form of an integral in 

the physical optics, which is not surprising since (3-25) is 

a generalization of the physical optics integral for the case 

of a rough interface and an arbitrary medium property below 

the interface. 

Making use of new symbols, we may write in place of 

(3-25) 

where the new dyadic quantities are 
'it' 

(3-27) 

ik2Rr 

Rr 
e 

I 6.r(Q2fP) = an 
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From (3-27), it is seen that, at each point on the interface, 

the contribution to the total reflected or transmitted Hertz 

potential is given by multiplying the incident Hertz potential 

by a functional, ar or 6' This form for itr, in terms of Br 
was first introduced by Erteza, et al. E19651 through a use 

of a different method. 

t' 

Although their Br, which is called 

"the differential reflectivity," differs slightly from that 

given in (3-28), the agreement of their results after evalu- 

ating the integrals in the geometrical optics approximation 

can be easily noted. 

differential reflectivity, 8, may be called "the differential 

By the same reason for calling ar the 

transmissivity. I 1  1 

The evaluation of the integrals (3-25) can be again 

carried out by using the method of stationary phase. Since 

there are in general more than one stakionary point for 

rough interfaces, we first calculate the contribution from 

each stationary point considering one stationary point at 

a time. The total reflected or transmitted Hertz potential 

can then be given by summing the contributions from each 

stationary point, provided that the total number of sta- 

tionary points and their locations are known. For arbitrary 

'The terms "reflectsivity" and "transmissivity" are some- 
times used-to refer to the,ratio of energies of reflected or 
transmitted over incident. See, for example, Born and Wolf 
[1964, p.41. These two uses should,not be confused. 
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rough interfaces (including random rough interfaces), however, 

the number of stationary points as well as their respective 

locations are usually not known, or at least are extremely 

difficult to determine. 

In Chapter 4, we will assume the rough interface to be a 

stationary random process and will be able to approximately 

evaluate the integrals without resorting to knowledge of in- 

dividual stationary points. 

3 . 3  Calculation of Dyadic Reflection and Transmission 
Coefficients 

In order to derive explicit expressions for each compo- 

nent of dyadic quantities and $ in the primary coordinate 

system (x,y,z), it will prove useful to use the matrix nota- 

tion. 

Again considering a point P(x,y,<) on the interface, we 

define an auxiliary coordinate system, namely, a local rectan- 

gular coordinate system (at,ap ,an) given by + + +  

+ + 
+ k2 x a + +- + 

t , a = a  x a  n 
3 3 P n a =  t 
Ik2 aril ( 3 - 3 9 )  

+ where an is the unit normal to the interface as defined 

earlier. The new coordinate system is illustrated in Figure 

3-3 .  

P, and both gt and lie on the tangent plane. Thus if we 

decompose the incident Hertzian plane wave at P into com o- 

Then zn is also normal to the tangent plane drawn at 
P 

B 
+ - + +  

nents in the (at,ap,an) system, by (2-27) we can write 
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+ +  
Figure  3-3 .  Local Coordinate  System (2 r a  ran)  

t P  
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where (Ro) 

I 

[:;) in I 

and (T ) are diagonal matrices 
0 

0 

prk2n 

0 

(3 -30)  

(3-31) 

If we denote the transformation matrix from the (xly,z) system 

to the (ztlaplan) system by (A) and that in the opposite direc- 

tion by we have, considering only the reflected waves 

+ +  

for the time being, 

I (3-  32) 

where it can be easily shown that 
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(3-33) 

Finally, inserting (3-32) into the top equation of (3-30) 

yields 

(3-34) 

with the definition of (R)=(A)-l(R0) (A). Defining the compo- 

nents of (R) by 

r ('11 12 '13\ 

(R) = [  r21 r 22 r23 ) ' (3-3 5) 

\r31 r 32 

we can obtain expressions for each component of (R) by car- 

rying out multiplication of three matrices, (A) 

a straightforward manner. If we do, it is found that 

-1 (Ro) (A) , in 
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+ +  -+ 2 - + + 2  + + 2  = R (at-a ) -R"(a *aZ) +R"(an*az) 
r33 Z P 

(3-36) 

We have now derived the reflection coefficient matrix (R) 

for the plane Hertzian waves in terms of the Fresnel reflec- 

tion coefficients and the unit vectors of the primary and the 

auxiliary coordinate systems. The presence of finite nondi- 

agonal terms in (R) indicates the existence of cross polar- 

izations on reflection. Furthermore, we note that 

- (3-37) 5 2  = 21 r13 - '31 r23 = r32 

which states that the effect of cross polarization from one 

component to another is the same as in the opposite case. 

To further develop (3-36) to more explicit expressions, 
+ +  

it is now necessary to write the local unit vectors, a a 

and an in terms of surface slopes and the incident wave vec- 

tor. 

t' P 
+ 

It is not difficult to show that zn can be given by 
(3-38) 

where z;, and z; 

x and y ,  respectively, and Jn= z;x+z;y+l .  

are partial derivatives of z; with respect to 

Following the defi- 7 Y 

nition and remembering that k2= (k2x'k2yIk2z) I we get 
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( 3 - 3 9 )  

where Jt=/(k +k2y) 2 +(k2z5x+k2x) 2 +(k 5 -k ) 2 . The re- 22 Y 2y x 2x y 
3 maining unit vector a is found to be P 

+- a = - 1 (k2x+k e -k 5 5 +k 5 2 
22 x 2y x Y 2x Y p J13 

z 
k2y+k22cy-k2x~x~y+k2ye x 

k 2x 5 x +k 2y 5 y +k2z62+k2zFG) t ( 3 - 4 0 )  

where Jp=JnJt. 

( 3 - 3 6 ) becomes 

Thus, on taking the indicated dot products, 

k2zT +k 
rll = R + ( Jz 2y)2-R"( 

J P 

-c k2zcy+k2 k2z5x+k2x 
12 = -R ( Jt .)( Jt ) 

r21 = r12 

69 



31 r 

23 r 

32 r 

33 r 

r13 

R +2y5 .+kZxSy) +(k2zc .+k2.) ( Jt Jt 

23 r 

J 
P 

(3-41) 

Now t u r n i n g ' t o  t h e  t r ansmi t t ed  waves, w e  d e f i n e  t h e  com- 

ponents of ( T )  by 

(3-42) 

where ( T ) = ( A ) - l ( T 0 )  ( A ) .  Then each component of (T) can be 

given simply by r e p l a c i n g  ( R  ,-R",R") i n  t h e  corresponding 
A 

1-Ir - T " ) .  But t h e  T* I-lrk2n TJ/ 

n n2kln n I 2  component of (3-41) wi th  (7 , 
f a c t o r  - k2n i n  t h e  middle t e r m  can be transformed f i r s t .  

S ince  
k l n  

(3-43) 

w e  have 

7 0  



I n  .K 

which, on 

k2n 

3 
not ing  t h a t  % = 1 % 2 X a n l = J t '  f i n a l l y  becomes 

2 P  

T h u s  w e  have 

t22 

( 3 - 4 4 )  

= t12 

(3 -45 )  

T1 __. 
2 n 

l-lr 
n 
- 

2 T I' 
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+ k2 +k2z5 -k2y5x+k2x5y 
t13 = - %(  n Y ~ t  ') ( Jt 

J P 

-k2xTx-k2 5 - 2x+k 2 z x -k2 Tx+k2x5 ) + 3 Ti/( 

t23 -"( Jt )(- 'n p7 kl Jt 

2 
k2x5x+k 2Y 5 Y +k2z5x+k2z5y 

J 
P 

J 
P 

2 2 k2xcx+k2 5 +k2zcx+k2z5 
y )2+  T" (L) (3-46) 

n Jn J P 

Aside from the tangent plane approximation, expressions 

for each component of (R)  and (T) given in (3-41) and (3-46) 

are exact, and are seen to be extremely complicated functions 

of cX and 5 since the Fresnel coefficients are also depen- 

dent on these slopes. In order that the integrals, in which 
Y' 

TX and 5 

simplify these expressions with respect to Gx and 5 . 
are variables, be manageable, it is necessary to Y 

T o  Y 
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do so,  w e  assume t h a t  t h e  i n t e r f a c e  i s  s l i g h t l y  rough, and 

s l o p e s  everywhere are so g e n t l e  t h a t  w e  may n e g l e c t  a l l  t h e  

h igh  o r d e r  t e r m s  and r e t a i n  only up t o  the f i r s t  o rde r  t e r m s  

i n  < and/or r; . A rough computation shows t h a t  s l o p e s  of up 

t o  20 degrees  from the  h o r i z o n t a l  p lane  can be considered f o r  

t h i s  c l a s s  of i n t e r f a c e s .  Then w e  can set  

X Y 

2 2 2  
= k2x+k2y Y + -(k k2z 5 +k G where k2r Jt k 2 r  k2r 2x x 2y y 

J - J t  . 
P 

(3-47) 

Next w e  expand the  F r e s n e l  c o e f f i c i e n t s  up t o  t h e  f i r s t  o r d e r  

us ing  ( 3 - 4 7 ) .  S i n c e  t h e  F r e s n e l  c o e f f i c i e n t s  wi th  r e s p e c t  

t o  t h e  tangent  p lane  can be w r i t t e n  a s  

= 21-Irk2n 

1-I r k 2  n+k I n  
I 

2 
2n T" = I ( 3 - 4 8 )  

on i n s e r t i n g  kln and k2n g iven  by (3-45) and express ing  i n  

t h e  power series up t o  the  f i rs t  o r d e r  ( t h e  d e t a i l s  a r e  

g iven  i n  Appendix B), w e  obbain 
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1.1 rk2zmka 

~ r ~ 2 z + ~ a  

2prk; (n2 - l )  
I\ 

2n 2 ka 2prkf (n2-1) 

ka+’rk2z 

+ 2 2 (k2x<x+k2ycy) I (3-49) 
ka (n  ka+urk2z) 2 TN z 

where w e  have denoted E =ka. 

w e  w r i t e  each of t h e  above express ions  i n  t h e  form 

For  f u r t h e r  convenience I 

(3 -50 )  

where 
2prk2 2 (n2-1) 

(3-51) + 
I etc. R 1 = -  2 

- p r k  2 z-ka Ri - prk2z+ka (Vrk 2 z+ka) 

Incorpora t ing  (3-50) and cont inuing  a p p l i c a t i o n  of t h e  f i r s t  

o rde r  approximation then  g ive  (Appendix C) 

2 1 2 1 2  (RAk2 -RNk + F(k R -k2xR;) (k2x‘;x+k < ) 51 =: - 2 0 2y 0 2x a 2Y 1 2Y Y k,- 
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r - -1 { k  k (RL+R")+ k2xk2 4 (R;+R';) (k2xSx+k2yCy) 
a 1 2  - 2 2x 2y 0 0 

k 2 r  

r 2 1  = 5 2  

r 2 2  - 2 {R:kix-Rgkiy+ $(kixR;-k2 2Y R") 1 (k2x5x+k 2 Y  5 Y ) 
k 2 r  

r = r23 3 2  

(3-52) 

and 

k2z  2 k2 

k2x+{T; -2TG - .., [TNk 2 +T:ur 7 2 2 0 2y 
k 2 r  

17 2 
A 

k G I  "22 
+2T;urk2x q 5x+2Tok2y 22  y 

7 5  



- 1 
t 2 2  - 2 2 

k 2 r  

k 2  
-( 2Y 1- 
ka 

2 
k 2 2  -1 2 + V r  
ka 

k: k2z  T'; 

+(E- a a - 2TE 

z; y +2T*k 0 2x  k 2 2  C x 1 

{-TAk (-k z; +k z; )+T:vr k2xk2z  (k2xTx+k2yz;y) 1 
a t13 ," o 2y 2y x 2x y 

k 2 r  

z; 
'r 

0 n2 x 
-TI1 - 

76 



- "r "1 - - €Tg+ jT-(k2xGx+k < ) I  . 
t33 n 2 a 2Y Y 

(3-53) 

According t o  (3-251, w e  are a c t u a l l y  i n t e r e s t e d  i n  f ind -  

i n g  (R)  and (T)  f o r  a p a r t i c u l a r  i n c i d e n t  wave v e c t o r ,  whose 

components are given by (3-18), namely, 

where 

Z '  = h-c I Ri -J=z+z;-z - , r =  (3-55) 

W e  denote  t h e  components of ( R )  and (T)  and the  F r e s n e l  co- 

e f f i c i e n t s  eva lua ted  f o r  (3-54) by t i l d i n g .  Then from (3-52) 

and (3-53) w e  g e t  
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- 
22 r 

13 "r 

31 2 

23 2 

32 2 

33 1 

and 

- + 2 -  2 
1 -+ 2 2 R1x -R';y 22' -+ 2 

(XT,+YT 1 -  +Rex 
Y r  

- {Rex -k:y + 2 r 

23 2 

ii? 

.., -3- 2 
n r  

tll 2 - [ T y +  2 2  0 

2 f " u  z ' x  o r  

1 

* 

* /? 2 2  2 n R -r (n R , - r  ) 
1 

25gz ' 
- 2  r 

2 2f'"p xz' o r  

-+ 2 2Toy z '  

2 r 

(3-56) 

7 8  



.., 

1 2  

- 
t 2 1  

.., 

'22 

- 
'13 

'31 

- 
t 2 3  

'32 

z33 

G ( n  2 2  2 2 2  Ri-r 2 ) 
I 

L r 

Y I 

= 5 2  

.., .., 

Y Y 

-4- 2 - [ T x +  
n r  2 2  0 

F . l r z 1 y  2 

+ 
-J- 2 2Tox z '  

2 r 
I ._ I 

'13 

'23 

q 
- p r  {e;+ (XCX+YTY91 * 

2 2  2 2 
n Jn  Ri-r 

(3-57) 
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These components of (E) and (?) given in the above are 
of course also the components of [Elev and [TIev as used in 
our integral formulas (3-25) when written in the dyadic form: 

A 

- 3 3  + +  + +  + +  + +  + +  a a +F23ayaz 22 Y Y [fi] ev = r 11 a x a x +?12axay+?13axaz+~21ayax+F 

+ - t  + - t  + +  a a + F  a a  +'31azax+'32 z y 33 z z 

- t - t  + +  + +  + +  4 - t  3 3  a a +E23ayaz 
22 Y Y = Z a a +E a a +Z13axaz+Z21 a a +Z [?lev 1 1 x x  1 2 x y  
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CHAPTER 4 

EXPECTED VALUES OF REFLECTED AND TRANSMITTED HERTZ 
POTENTIALS AND POWER FOR A GAUSSIAN INTERFACE 

4 . 1  Gaussian Random I n t e r f a c e  

Natura l  i n t e r f a c e s  such as t e r r a i n  and sea are always 

rough. Moreover, t h e  p r o f i l e  of t he  roughness i s  never  p e r i -  

od ic ,  nor  i s  each element of t h e  p r o f i l e  of s imple shape. 

Thus, i n  o r d e r  t o  deal  w i t h  boundary va lue  problems involv ing  

n a t u r a l  rough i n t e r f a c e s ,  it appears  b e s t  t o  use  a s t a t i s t i c a l  

approach i n  which t h e  e n t i r e  s u r f a c e  i s  descr ibed  by a random 

process  and a s t a t i s t i c a l  d i s t r i b u t i o n  i s  p resc r ibed  t o  some 

random parameter of t h e  i n t e r f a c e .  With almost no except ion ,  

t h e  h e i g h t  coord ina te  c of t h e  i n t e r f a c e  i s  chosen f o r  such 

random parameter.  However, a random i n t e r f a c e  cannot be c o m -  

p l e t e l y  r ep resen ted  by t h e  s t a t i s t i c a l  d i s t r i b u t i o n  of  c a lone ,  

s i n c e  t h i s  t e l l s  us  nothing about  t h e  d i s t a n c e s  between t h e  

h i l l s  and v a l l e y s ,  t h a t  i s ,  about  t h e  d e n s i t y  of t h e  i r r e g u l a r -  

i t i e s .  T h i s  in format ion  i s  supp l i ed  by t h e  a u t o c o r r e l a t i o n  

func t ion ,  o r  i t s  normalized equ iva len t ,  t he  a u t o c o r r e l a t i o n  

c o e f f i c i e n t .  

I n  what fo l lows ,  w e  w i l l  assume a s t a t i o n a r y  gaussian 

random process  t o  describe t h e  rough i n t e r f a c e .  The use  of 

a gaussian process f o r  a n a t u r a l  i n t e r f a c e  i s  by now widely 

accepted and probably correct cons ider ing  t h e  fact  t h a t  t h e  

roughness of such an i n t e r f a c e  i s  caused by many con t r ibu to ry  

factors ( c e n t r a l  l i m i t  theorem). T h i s  i s  a f o r t u n a t e  s i t u a t i o n  

f o r  us  s i n a e  manipulat ions involv ing  gauss ian  processes  are 
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e s p e c i a l l y  simple and convenient.  Thus r i s  assumed a gaus- 

s i a n  wi th  mean va lue  and va r i ance ,  bo th  of which a r e  indepen- 

dent  of t h e  h o r i z o n t a l  coord ina te s ,  given by 

(5) = 0 I (r2) = 2 ' 

The p r o b a b i l i t y  d e n s i t y  func t ion  of 5 then  becomes 

20' e f ( r )  = - 
m0 

1 

(4-1) 

Thus < ( x , y )  i s  t h e  random h e i g h t  of t h e  i n t e r f a c e  from t h e  

mean p lane  zrO. By t h e  same reason as f o r  choosing a gaus- 

s i a n  h e i g h t  d i s t r i b u t i o n ,  one of t h e  most commonly used 

a u t o c o r r e l a t i o n  func t ions  f o r  t e r r a i n  o r  s e a  type  i n t e r f a c e s  

i s  also of t h e  gaussian form, namely, 

2 

2 d2 
r - -  

I ( 4 - 3 )  p ( r )  = CT e 

where r i s  t h e  d i s t a n c e  between t w o  p o i n t s  and d is the  cor- 

r e l a t i o n  d i s t a n c e  f o r  which p ( r )  f a l l s  off t o  CT e . W e  have 

assurned t h a t  t h e  roughness of t h e  i n t e r f a c e  i s  i s o t r o p i c  

( t h e  random process  i s  s t a t i o n a r y ) ,  so t h a t  p ' ( r )  depends 

only on t h e  d i s t a n c e  between t w o  p o i n t s ,  and n o t  on the  co- 

o r d i n a t e s  of t h e  i n d i v i d u a l  p o i n t s  s e p a r a t e l y .  

2 -1 

Slopes of t h e  i n t e r f a c e ,  5, and 5 a r e  also random 
Y '  

p rocesses .  By t h e  i s o t r o p y  of t h e  roughness,  a l l  t h r e e  

random v a r i a b l e s  5 ,  rX and 5 a r e  mutual ly  independent a t  
Y 

82 



a given p o i n t  and t h e  p r o b a b i l i t y  d e n s i t y  func t ions  of t h e  

two s l o p e s ,  f (< , )  and f ( <  ) ,  must be t h e  same. 

f (5 , )  o r  f(< ) ,  however, i s  n o t  a r b i t r a r y  w i t h  r e s p e c t  t o  

f ( c )  , I t  t u r n s  o u t  t h a t  it a l s o  becomes gauss ian  w i t h  mean 

va lue  ze ro  and i t s  va r i ance  completely given by t h e  va r i ance  

and t h e  c o r r e l a t i o n  d i s t a n c e  of r .  E x p l i c i t l y  they are 

The form of 
Y 

Y 

r 2  -Y 

A 

where CT = (1>=(<:) 5 i s  given by  

a l  i s  r e l a t e d  t o  t h e  r . m . s .  s l o p e ,  o s ,  by [Barr ick ,  1965, 

p. 1 9 4 1  

os = Jz o1 ( 4 - 6 )  

which, f o r  a gauss ian  a u t o c o r r e l a t i o n  func t ion  (4-3) , becoines 

2 0  
d C T l  = - 

The above informat ion  on our  randorp rough i n t e r f a c e  

(4 -7 )  

should s u f f i c e  as f a r  as de termina t ion  of t h e  mean f i e l d  o r  
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t h e  mean Hertz p o t e n t i a l  i s  concerned. For c a l c u l a t i o n  of  

mean p o i n t i n g  vector o r  mean power, w e  need t o  s p e c i f y  a t w o  

dimensional s t a t i s t i c a l  d i s t r i b u t i o n  of r ; .  The gauss ian  

d e n s i t y  func t ion  of < i n  t w o  dimensions i s  

where r l  and G 2  are t w o  random v a r i a b l e s  and y i s  t h e  auto- 

c o r r e l a t i o n  c o e f f i c i e n t ,  y= - , which i n  t h e  gaussian case 2 

i s  simply 
5 

2 r 
d2 

I- 

y = e  ( 4 - 9 )  

4 . 2  Ca lcu la t ion  of Expected Hertz P o t e n t i a l s  and E lec t ro -  
masnet ic  F i e l d s  

A s  t h e  i n t e r f a c e  func t ion  < ( x , y )  i s  assumed t o  be a 

gaussian random process  desc r ibed  i n  t h e  preceding s e c t i o n ,  

w e  f irst  e v a l u a t e  t h e  expected va lues  of t h e  Hertz  p o t e n t i a l s .  

By t ak ing  t h e  expec ta t ion  of both hand sides, (3-25) becomes 

( 4 - 1 0 )  
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which on in te rchanging  t h e  o r d e r  of t h e  t w o  operat ions-- the 

expec ta t ion  and t h e  area integrat ion--can b e  w r i t t e n  

ik2Ri iklRt> 
ds . + +  + e  e 

) [91,,*a~ 
n *  ( a ~ t + a ~ t  Ri Rt 

(iit(Ql)) = - kl 4lTi Jp 
(4-11) 

W e  now evaluate t h e  expec ta t ion  of  t h e  in t eg rands  f i r s t ,  where 

each in t eg rand  i s  a func t ion  of random v a r i a b l e s  < as w e l l  as 

S p e c i f i c a l l y ,  < is involved i n  t h e  in t eg rands  through t h e  
+- + -). 

u n i t  v e c t o r s ,  a , a , a- and , and through t h e  d i s t a n c e s ,  
R i  R r  k t  R t  

Ri,  Rr and Rt.  < a l s o  shows i n  [ f i I e v  and [$lev through z '  , as 

can b e  seen from (3-56) and (3-57). I n  all t h e s e  expres s ions ,  

< appears always i n  t h e  form of e i t h e r  h -< ,  z2-<  o r  zl-C. 

according t o  our  ear l ie r  assumptions (Chapter 31, both  t h e  source 

But,  

and t h e  observa t ion  p o i n t s  are f a r  away from t h e  i n t e r f a c e ,  i . e . ,  

so t h a t  excep t  i n  t h e  p r i n c i p a l  exponent ia l s  w e  can approximately 

set 

Theref ore 

+- .+ .+ + +- + 
a = : a  , a = : a  , a = a  
Ri 10 Rr Rro Rt Rto  I 

R . .  
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- - - 2 + y2 + h2 Ri - Rio 

Rr - Rro 

Rt ", Rto 

- = A x 2  - x) 2 + ( Y 2  - y )  2 + 22 2 

2 ( 4 - 1 4 )  

h 

A l s o  z '  i n  each component of [&I  

Symbols and geometry are i l l u s t r a t e d  i n  F igures  4 - 1  and 4-2.  

and [TIev i s  rep laced  by c-h. ev  

+ 
The express ion  and i t s  d e r i v a t i o n  of t h e  u n i t  v e c t o r  ai; are 

more involved than  o t h e r s  because of i t s  dependence on s lopes  
t o  

a t  each p o i n t .  F i r s t  w e  can express  

(4-15) 

+ 
where express ion  f o r  a has  been given i n  (3-40) .  Reduction 

P 
-+ 

t o  t h e  f i n a l  express ion  f o r  aE i s  given i n  Appendix D .  The 
t o  

r e s u l t  i s  i n  t h e  f i r s t  o r d e r  / i n  s lopes )  

2 1 / 2  
I 

2 1 1 2  -+ a- z -  nR 1 [x+hgx- (n2R:o-r 1 I y+hy --(n2R:o-r 1 
C X  Y k t o  io 

(4-16)  

where t h e  f i r s t  of t h e  approximation (4-13) has been i n c o q o -  

r a t e d .  

I n  t h e  exponen t i a l s ,  w e  expand as u s u a l  t h e  phase func- 

t i o n  up t o  t h e  f i r s t  o r d e r  and pu t  

86 



Figure 4-1. More Symbols and Geometry for Reflection 
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Z 

z=o 

Q1 ( X ~ J Y ~ J Z ~ )  

F igu re  4-2. More Symbols and Geometry fors Transmission 
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+ + 
- a  '5 % 

Rr Rro Rro 
+ 3 

- a  '5 
Rt = R t o  R t o  

+ 3  
where <=<aZ and 

(4 -17)  

. ( 4 - 1 8 )  

The c r i t e r i a  f o r  t h e  v a l i d i t y  of t h e  approximations ( 4 - 1 7 )  can 

be given by r e q u i r i n g  t h e  second o r d e r  t e r m s  of t h e  Taylor  ex- 

pansion of R 

than u n i t y .  Thus w e  have f o r  a l l  x and y 

R o r  Rt about  t h e  mean p lane  t o  b e  much sma l l e r  i' r 

klC2 - << 1 
k2G2 
- < < 1  , k2G2 

2 R t o  
< <  1 , 

2Rio  2Rro 
(4-19) 

f o r  each corresponding approximation i n  ( 4 - 1 7 ) .  On incorpora t -  

i n g  t h e  above approximations,  we can now w r i t e  

i k 2  (Rio+Rro) 
e 

-% 3 + (itr(Q2)) = k 2  (aR +aR [iilev-ar 
i o  r o  'ioRro 

2 2 
+ -1 - i k  <(- h 

-e 'io Rro)ds  , 

i k 2  (Rio+nRto) 
+ + 1 [QIev*aT + e  

t o * a R t o  R ioRto  

1 z 
+ n-) h 

-e 'to),, . (4-20 )  
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A 

Since ,  by (4-13) , [RIev  and [TIev  are now func t ions  of T X  and 

< only and do n o t  involve  < ,  and s i n c e  < and both < and < 
Y X Y 

are independent random v a r i a b l e s ,  w e  can s p l i t  t h e  expec ta t ion  

i n  (4 -20)  i n t o  products  of t w o  expec ta t ions  and w r i t e  

i k 2  (Rio+nRt,) 

R ioRto  
e ds 1 ( 4 - 2 1 )  e 

where w e  have f a c t o r e d  some d e t e r m i n i s t i c  p a r t s  o u t s i d e  t h e  

expec ta t ion .  

The l a t t e r  expec ta t ion  i n  each i n t e g r a l  i s  j u s t  t h e  w e l l  

known c h a r a c t e r i s t i c  func t ion  of 5. On us ing  t h e  d e n s i t y  func- 

t i o n  given i n  ( 4 - 2 )  , they  are found as 

2 1 2 2  h z 2  
-4 k (-+-I 

Rro  = e  I 

2 
h + n-) 

( 4 - 2 2 )  R t o  = e  

The arguments of each remaining expec ta t ion  i s  up t o  t h e  sec- 

ond o r d e r  i n  G x  and < . W e  aga in  n e g l e c t  t h e  second o r d e r  
Y 
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t e r m s  and t h e  expected va lue  of t h e  f i r s t  o r d e r  t e r m s  vanish 

s i n c e  (5x)=(cy)=0, t hus  l eav ing  only  t h e  ze ro  o r d e r  t e r m s  

(4 -23 )  

where now 

-+ a-  - - 1 { x , y ,  (n2Rio-rT'2 } 
k t o  nRio 

( 4 - 2 4 )  

and t h e  components of ([@lev) and (['?lev) a r e  t h e  same a s  

those  given i n  ( 3 - 5 6 )  and ( 3 - 5 7 ) ,  b u t  w i th  only t h e  ze ro  

o rde r  t e r m s :  

- Ilrr-(gA + E;) 
('12) ", 2 0  

ell) = (212) 

@22) :: 7 ( R o x  1 - A  2 - %gy2) 
r 

('13) = O 

p31) = ('13) 

('23) ' 
('32) = ('23) 

( 4 - 2 5 )  
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and 

?"p h 
1 (El2) z - =(e+- o r  - 2 2  0 n r  

Tgurhy 2 
@x2 + 1 

n r  

('31) = '13 

(E23) ' 
('32) = '23 

Since  i n  t h e  f i r s t  o r d e r  

ds = Jndxdy 2 dxdy , 

w e  can now w r i t e  a f t e r  i n s e r t i n g  (4-23) and (4-24) 

(4-26) 

(4-27) 

z 2  2 + -1 i k 2  (Rio+Rro) 
1 2 2  h 

---G k (- 

dxdy I 
-+ Rro e .a e 

7r RioHro 
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2 1 2 2  h + n-) z1 i k 2  (Rio+nRto) --CJ k (- 

dxdy (4-28)  -+ 2 2 Rio R t o  e -a e 
IT RioRto  

To o b t a i n  r e s u l t s  i n  t h e  geometr ica l  o p t i c s  approxima- 

t i o n ,  w e  aga in  apply the  s t a t i o n a r y  phase method t o  ( 4 - 2 8 ) .  

The gene ra l  procedure i s  i d e n t i c a l  t o  t hose  used f o r  the  i n -  

t e g r a l s  i n  t h e  c a s e  of t h e  smooth i n t e r f a c e  (Chapter 21, except  

t h a t  he re  w e  have s p a t i a l  i n t e g r a l s  and thus  the  s t a t i o n a r y  

p o i n t  i s  given i n  s p a t i a l  coord ina tes  r a t h e r  than  i n  wave num- 

b e r  coord ina tes  as be fo re .  I n  p h y s i c a l  t e r m s ,  t h i s  means 

t h a t  w e  now n e g l e c t  t hose  reflected ( o r  t r a n s m i t t e 6 )  waves 

from a l l  p a r t s  of t h e  mean p l ane ,  except  from t h e  sma l l  

neighborhood of a p o i n t  a t  which t h e  phase of t h e  exponen- 

t i a l  i s  s t a t i o n a r y .  With regard  t o  t h e  a c t u a l  rough i n t e r -  

face, t h i s  ind ica tes  t h a t  l o c a l  o r i e n t a t i o n s  of t h e  i n t e r f a c e  

conta in ing  t h e  s t a t i o n a r y  p o i n t s  a r e  so  much denser  nea r  t h e  

s t a t i o n a r y  p o i n t  of t h e  mean p lane  t h a t  c o n t r i b u t i o n s  from 

o t h e r  favorably  o r i e n t e d  elements of t h e  i n t e r f a c e  can be  

neglec ted .  A good example of t h i s  can be found i n  t h e  f a c t  

t h a t  the  image of an e lectr ic  bu lb  above a s l i g h t l y  rough desk 

appears a s  a b l u r r e d  r e f l e c t i o n  i n  t he  s u r f a c e  of t h e  desk. 

The s t a t i a n a r y  p o i n t  i s  of colirse t h e  s p e c u l a r  p o i n t  

i n  t h e  case  of r e f l e c t i o n  and t h e  p o i n t  a t  which t h e  l a w  of 

r e f r a c t i o n  is  s a t i s f i e d  (between t h e  r a y s )  i n  t h e  case of 

t ransmiss ion .  A t  t h i s  p o i n t  

9 3  



R i o  = Ro I Rro = R2 I Rto = R1 r' 

+ +  + +  + +  
a * a  - - aZ*aR = cosa a .a- = a * a  = -cosBo ; 
+ +  

r o  o ' z kto R t o  

([Elev) = A I ([?I ev  ) = (4 -29 )  

where components of fi and f i ,  which w e  denote  m i j  and n i j ,  

where i , j = 1 , 2 , 3 ,  are given by 

m 2 1  = m12 

m31 = m13 

m23 I 0 

and 

T " ( a  1-1 cOSaOCOS 2 O0 
1 - c  2 o r  ... - - n2 T ( a o ) s i n  9, + ncosBo 

TP ' ( ao )  prcosao 
n12 2 - 2 1 - c  T (ao) - ncosBo sin$ocos$o 

n 

(4 -30 )  

2 
1 - c  2 T " ( a Q )  urcosaosin $o 

n22  z 7 T ( Q ~ ) C O S  $o + ncosBo 
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n - 0  23 - 

MrT" (ao) 
* 

2 n n33 - (4-31) 

The e x p l i c i t  forms of t h e  F r e s n e l  c o e f f i c i e n t s  are given 

by (2-15) and ( 2 - 1 9 ) .  

W e  can now w r i t e  i n  p l a c e  of t h e  i n t e g r a l s  (4-28) t h a t  

-20  2 2  k2COS 2 a ik2RT 
A +  o e  

Ir I RoR2 
cosa M * a  e o ? T  

-p 1 2 2  k2 (cosa  -ncosBo) 2 e i k 2  (Ro+nR1) 
A +  0 

I t  I 
cos6 N * a T e  

RoRl 0 

(4-32 ) 

where RT=Ro+R2/ and Ir and It are 

a 2  + 2xy- i k 2  2 a 2  2 a 2  
( x 7 + y -  ax a Y  axay) R~ 

dxdy I 

2 

) (Ro+nR1) 
a 2  + 2xy- ( x 7 + y -  axay 

i k 2  2 a 2  2 a 2  

ax a Y 2  dxdy1 (4-33) 
2 

I t  

etc.  Carrying o u t  a 2  [-(R. +R ] a 2  
ax 

i n  which w e  mean - 2 RT= a x  2 i o  ro  ev'  
t h e  r equ i r ed  d i f f e r e n t i a t i o n s  and us ing  t h e  formula (2-39) 

w e  can show t h a t  
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2 r i R o R 2  - 2r iRoR1  

‘r k2%cosao ‘ I t  k2PcosBo I 
- - - 

where P i s  de f ined  i n  (2-721,  namely, 

1 
P 
- =  

2 2 J(nRo+R1) (nRocos B ~ + R ~ C O S  ao) 

(4-34) 

(4-35) 

Thus w e  f i n a l l y  o b t a i n  t h e  r e s u l t s  

-p 1 2 2  k2(cosao-ncosBo) 2 i k 2  (Ro+nR1) 
A +  e 

( t t (Q, l )  =: nN*ane P 

(4-36) 

3 
W e  aga in  chopse wi thout  loss of g e n e r a l i t y  ar t o  l i e  i n  t h e  

xz-plane, i . e . ,  a =s ine  a +cos@ a and w r i t e  (4-36) wi th  

fi-2 and fie :  shown e x p l i c i t l y .  Then us ing  t h e  fol lowing 

new symbols 

3 -f -+ 

7T o x  0 2  

IT 7T 

2 2  2 -20 k2COS a. 
6r  = e c 

1 2 2  2 --a 2 2  k (cosao-ncosBo) 
6 t  = e I (4-37) 

w e  have 
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ik2RT 
e 

RT 
+RN ( ao)  COS^$^] 6 I 

+ T"(ao)  prcosaO + 
ncosBo O Y  

)sin80cos$osin$ a -{T (ao)- 

i k 2  ( Ro+nR1) 
(4-38) + e 

+T" (ao) I-lrcos+oazl 6 nP 

W e  no te  t h a t  t h e  r e s u l t s  above a r e  i d e n t i c a l  t o  those 

of t h e  smooth p l ane  case, narhely, (2-48)  and (2 -551,  except  

f o r  t h e  f a c t o r s  6 r  and 6 t  which account  f o r  t h e  e f f e c t  of 

t h e  roughness of t h e  i n t e r f a c e .  The l i m i t  a+O corresponds 

t o  t h e  smooth p lane  c a s e ,  and indeed i n  t h i s  l i m i t  bo th  6 r + l  

and 6 +1 so t h a t  t w o  express ions  i n  (4-38) become domplete 

i d e n t i t i e s  t o  (2-48) and (2-551, r e s p e c t i v e l y .  Also w e  no te  
t 

t h a t  i n  t h e  imaginary i n t e r f a c e  l i m i t  ( n+ l )  

(Et)+exp [ i k 2  (Ro+Rl) 3 / (Ro+R1) , both  r e g a r d l e s s  of a ,  as ex- 

pr)-tO and 

pected.  

The expected va lues  of t h e  r e f l e c t e d  and t h e  t r a n s m i t t e d  

e lec t romagnet ic  f i e l d s  can be obta ined  from (4-38) us ing  t h e  

equat ions  
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(4-39) 

where t h e  r i g h t  hand sides of (4-39) are j u s t i f i e d  by v i r t u e  

of t h e  l i n e a r i t y  of expec ta t ion  and in t e rchang ing  t h e  o r d e r  

of expec ta t ion  and v e c t o r  ( d i f f e r e n t i a l )  ope ra t ions .  T h e  re- 

maining procedure f o r  c a r r y i n g  o u t  (4-39) i s  t h e  same a s  t h e  

smooth p l ane  case  inc lud ing  t h e  use  of t h e  approximations 

( 2 - 6 9 ) .  The r e s u l t s  are simply those  g iven  i n  Sec t ion  2 . 5  

modified by t h e  f a c t o r s  S r  f o r  t h e  r e f l e c t e d  f i e l d s  and 6 t  

for t h e  t r a n s m i t t e d  f i e l d s .  

4.3 Ca lcu la t ion  of Expected P o w e r  

I n  t h e  prev ious  s e c t i o n ,  w e  have d e r i v e 4  express ions  f o r  

t h e  expected va lues  of t h e  H e r t z  p o t e n t i a l s  a s  w e l l  as t h e  

e lec t romagnet ic  f i e l d s .  However, i n  p r a c t i c e  measurement on 

an e lec t romagnet ic  wave i s  also o f t e n  made i n  such a manner 

t h a t  t h e  q u a n t i t i e s  measured a r e  p r o p o r t i o n a l  t o  t h e  Poynting 

v e c t o r  or simply power a s s o c i a t e d  wi th  t h e  e lec t romagnet ic  

wave. 

I n  o r d e r  t o  c a l c u l a t e  t h e  r e f l e c t e d  and t h e  t r ans in i t t ed  

power, w e  s ta r t  from t h e  d e f i n i t i o n  of t h e  Poynting v e c t o r .  

For a s t eady  s ta te  s i n u s o i d a l  r a d i a t i o n ,  t h e  ( t i m e )  average 

Poynting v e c t o r  i s  given by 

(4 -40)  
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where t h e  symbol * means t h e  complex conjugate  of t h e  q u a n t i t y .  

On w r i t i n g  o u t  5 and d* i n t o  t h e  r e c t a n g u l a r  copponents, t h e  

r e f l e c t e d  and t h e  t r a n s m i t t e d  H e r t z  p o t e n t i a l s ,  Sr and St ,  

can be givell by 

3 -% 

-% -% 3 -% 

S r = S  r x  a x + S  r Y a Y  + 'rzaz 

St = S a f S a + Stzaz , -+ -% + -% 

t x  x t Y  Y 

-% -% 
and hence t h e  expected va lues  of Sr and St become 

(3J = (s ): + (s ): + (s r z  )gz , r x  x r Y  Y 

( 4 - 4 1 )  

( 4 - 4 2 )  

where 

'rx 2 e r y  rz r z  r y  
1 = -R {E H* -E H" } , = -R {E H* -E H* 1 Sry 2 e rz rx rx rz  1 

1 -R 1 {E H* --E H" 1 , 

1 = -R 1 {E H* -E H* } . 
'tx= 2 e t y  t z  t z  t y  'rz 2 e rx r y  r y  r x  

S = -R {E H" -E H" 1 Stz e tx ty ty tx 

= -R {E  H" -E H* 1 i 

( 4 - 4 3 )  t y  2 e t z  t x  t x  t z  

-f -% 
I n  g e n e r a l  t h e  random func t ions  E and H a r e  mutually cor re-  

l a t e d .  Thus it is  necessary t o  d e r i v e  t h e  components of E and 
-f 

8 from d i n  t he  i n t e g r a l  form. 

t h e  r e l a t i o n s  (2-12)  t o  (3-25) under t h e  i n t e g r a l  s i g n .  Again 

performing the  d i f f e r e n t i a t i o n s  only on t h e  exponent ia l s  then  

y i e l d s  

T h i s  can be done by applying 
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(x,-x) (y2-y) 
2 

Rr 
( 2  lls in8 0 +Fl 3cos eo) E = -Jmrf- k; 

ry 47ri 

(Y,-Y) ( Z 2 W  

Rr 
I 2 ( 2  31 sin80+~33cos80) I OiOrds , 

- r  2 
+{l.-( ) } (231sin80+F33cos80) I OiOrds ; 

( C3 1s in0 +S33cos e o )  
0 
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(ZllsinO +Zl 3~~~ e o) 
0 

k24 M =  r y  4 n i . w ~ ~  

x2-x 

Rr 
- -  ( 3  s i n e  +233cosBo) I QiQrds , 31 0 

Y2-Y 

Rr 
- -  ( i?11~in~o+~13co~Bo)  1 QiQrds I 

and s i m i l a r l y  

(4 -44)  
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+{i-( %) -r  2 3 ( ~ 3 1 s i n ~ o + ~ 3 3 c o s ~ o )  3 QiQtds r" 

2 1 - S  -.. - -(E sine +t cose0) lqiQtds I 21 o 23 Rt 

.., 
- -  xl-x ($31~in8 0 + t 3 3 ~ ~ ~ B o )  3 QiQtds 

Rt 

y1-y Y - -  (t sineo+cl3cosBo) I OiQtds I 11 Rt 

w h e r e  

+ + +  + + +  m = a *(a +a ) , m = -an*(axt+aRt) ; r n Ri Rr t 

ik2Ri ik2Rr iklRt 
e - e 

I Qt - - e - ai - I Qr - 
Ri Rr Rt 

I 

(4-45) 

(4-46) 
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and r i j t s  and t i j ' s  a r e  given i n  (3-56) and (3-57) , respec-  

t i v e l y .  

W e  s tar t  c a l c u l a t i o n  of gr given i n  ( 4 - 4 2 )  f r o m  computa- 

t i o n  of t he  first t e r m  

symbols w i l l  b e  used fo r  E 

express ing  t h e  product  of t w o  i n t e g r a l s .  On applying t h e  

Ery rz . The primed coord ina te s  and ( H*) 
and t h e  nonprimed fo r  H& for  

r Y  

same far-zone approximation, (4-18), t o  t h e  s p h e r i c a l  func- 

t i o n s  as w e l l  as t o  o t h e r  factors i n  t h e  in t eg rand ,  t h e  expec- 

ta t i .on  of t h e  product  of E and H&, t h u s  becomes 
r Y  

-ik2C I (- h + 7) 2 2  
+e* cos80) 3 @io@;o@~o@~oe R i O  Rro 

13 

.e (4-47) 

. F i r s t  w e  cons ide r  only t h e  zero  order s l o p e  t e r m s  i n  t h e  

brackets, t h a t  is  , w e  approximate m; and mr by 

+ 
( 4 - 4 8 )  + +  + +  

m l  =: a *(a; +Z; , mr :: a z * ( a  1 ,  
r Z i o  ro +aRro 

and use only zero order rijls g iven  i n  ( 4 - 2 5 ) .  The expec ta t ion  

103 



then becomes t h e  j o i n t  gauss ian  c h a r a c t e r i s t i c  f u n c t i o n ,  

- - 1 2 2  k CJ ( a f2 -2a ' ay+a  2 
2 2  -k2a'g '+ik2ay 

> =  e 

where 

22  + -  a '  = - h 
R i O  R;O 

. 

(4-49)  

(4-50) 

and t h e  a u t o c o r r e l a t i o n  c o e f f i c i e n t  y ( x '  , y ' ; x ,y )  has  been 

given i n  ( 4 - 9 ) .  W e  no te  t h a t  i f  t h e  usua l  s t a t i o n a r y  phase 

method i s  used t o  e v a l u a t e  t h e  i n t e g r a l  (4 -47)  as w e  have 

i n  t h e  previous c a l c u l a t i o n s ,  then it t u r n s  ou t  t h a t  t h e  re- 

s u l t s  a r e  i d e n t i c a l  t o  those  of t h e  smooth p lane  case and do 

n o t  depend on t h e  roughness of t h e  i n t e r f a c e .  This i s  due 

t o  t h e  f a c t  t h a t  t h e  exponen t i a l  (4 -47)  r e p r e s e n t i n g  t h e  e f -  

fect  of t h e  i n t e r f a c e  roughness d isappears  f o r  y = l  and a = a ' ,  

f o r ,  i n  bo th  primed and nonprimed coodinate  systems, t h e  

phase i s  s t a t i o n a r y  a t  one and t h e  same p o i n t  (xo,yo) .  

r e s u l t s  are c e r t a i n l y  n o t  very i n t e r e s t i n g .  T o  avoid t h i s  

d i f f i c u l t y ,  w e  i n t roduce  a refinement t o  t h e  usua l  s t a t i o n a r y  

phase method by also cons ider ing  t h e  v a r i a t i o n  of t h e  c o r r e l a -  

t i o n  c o e f f i c i e n t  y i n  t h e  neighborhood of (xo ,yo) .  

Such 

Thus w e  

) T o  desc r ibe  t h i s  
0 , Y o  expand y i n  T a y l o r ' s  series about (x  

procedure more c l e a r l y ,  w e  w r i t e  t h e  i n t e g r a l  (4 -47)  i n  t h e  

fol lowing form 

(4-51) 
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and f ( x , y ; x ' , y ' )  is  the  remainder of t h e  in t eg rand  of ( 4 - 4 7 )  

i nc lud ing  t h e  cons t an t s .  W e  now f i r s t  e v a l u a t e  t h e  i n t e g r a l  

w i t h  r e s p e c t  t o  x and y by w r i t i n g  

where t h e  i n d i c a t e d  e v a l u a t i o n  i s  t o  be made a t  the s t a t i o n a r y  

p o i n t ,  (xo ,yo) .  ( 4 - 5 3 )  can be e x a c t l y  i n t e g r a t e d ,  y i e l d i n g  

2 ~ ( A F - B C )  2 } - -  
[g- i@ I ev I C +  

e 2 4A 4AD-B2 

4AD-B ( 4 - 5 4 )  

T h e  new symbols i n  ( 4 - 5 4 )  r e p r e s e n t  

1 D = -[g - 
2 yy i'yylev 

F = Mylev . ( 4 - 5 5 )  

Next no t ind  i n  t h e  r i g h t  hand side of ( 4 - 5 4 )  the  exponen t i a l  
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i n  f r o n t  i s  much more s lowly changing than t h e  l as t  one, w e  

expand t h e  exponent of the l a t t e r  exponen t i a l  only up t o  t h e  

second o r d e r  i n  x '  and y '  about (xo,yo) .  

maining i n t e g r a t i o n  of  (4-51) w i t h  r e s p e c t  t o  x' and y '  then  

g ives  

Carrying o u t  t h e  re-- 

(4-56) 

where the f u n c t i o n s ,  f ,  A ,  B ,  and D are a l l  t o  be eva lua ted  

a t  ixo,yo) i n  both  t h e  primed as w e l l  as t h e  nonprimed co- 

o r d i n a t e s .  S u b s t i t u t i n g  e x p l i c i t  express ions  fo r  t h e  symbols, 

w e  o b t a i n  

EryH& = K2{-sin 2 a sin40cos# (rnllsine +ml3cos€Io) 
0 0 0 

2 2 + ( l - s i n  a s i n  ( 1 ~ 1  (m s in00+m23cos~o)  

-sinaocosa 0 s i n #  0 (m31sine 0 +m33coseo)) 

*Csinaocos@o(mzlsine 0 +mz2cosBo) 

- s ina  0 s i n 4  0 (mtlsin8 0 +mi3cosBo)) 

0 
0 2 1  

, 

where m 's are given i n  (4-30) and ij 

Q2 is der ived  i n  Appendix E:  

(4-57) 

(4-58) 

2 4 1  1 - 4  2 4  4 1 2 1  4 
Q, = 4k (-- + -1 {4k CT cos a +(& + -1 +(r + $2cos ao1 , 

2 s Ro R2 2 s  O O  R2 0 R2 

(4-59) 
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where ( T ~  is the r.m.s. slope. 

Other expectations of similar products of components 

of Er and gr can be found in an identical manner. 
the definition (4-43) I we thus obtain 

Using 

(s ) = Rek[{-sin 2 a sin40cos+ (m sine +ml3C0sBo) 
rx 0 0 11 0 

+(l-sin 2 a sin 2 9 ) (m21sin8 +m23cosB )-sinaocosa sin$o 
0 0 0 0 0 

sin8 + m 3 3 c o s ~ o ) I ~ s i n a o c ~ s ~ o ~ m ~ l s i n ~ o + m ~ 3 c o s ~ o ~  '(m3 1 0 

-sina 0 sin$o(m~lsipe 0 +mf3cos~o)I-~-sinaocosaocos$o 

%l sine 0 +m13cos80)-sina 0 cosa 0 sin4 0 !m21sinB 0 +m23cosBo) 

+sin 2 a. (m31sin8 + m 3 3 ~ ~ ~ 8 0 )  1 Ccosao (m~1sin~o+mf3cos~o) 
0 

-sina cos$o (m* sine +rn!j3coseo) 11 
0 31 0 

(S rY )= Re[>[{-sina 0 cosa 0 cos4 0 (mllsine 0 +ml3~os0 0 ) -sinaocosa 0 sin$o 

sine +m23coSB )+sin 2 ao(m3~sin~o+m33coseo) 1 
(m21 0 0 

*Isinaosin$o (m!jlsin8Q+m!j3coseo) -cogao (Q;l,s.ine 0 +m$3coseo) I 

2 2 2 - {  (1-sin a 0 cos 4 0 ) (mllsine 0 +m13c068,) -sin aosin$ocos+o 

(m21sine +m23cose ) -sina cosa cos4 ( m 3 1 ~ i n ~ o + m 3 3 ~ ~ ~ ~ o )  I 
0 0 0 0 0 

(m~1sin~o+m~3cos~o) I1 I 1 
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(S ) =  re^^{ (1-sin 2 a0cw 2 40) ~mll~in~o+m13cos~o) 
rz 

2 -sin aosin$ cos$o (m31sin8 +m33cos8 ) -sina cosa cos4 
0 0 0 0 0 0 

(m31sin8 0 +m33coseo) > {cosao (m~1sin~o+m~3cos~o) 
2 

-sinaocos40 (m31sine 0 +m;3coseo) )-{-sin aosin@ 0 cos4 0 

-sina cosa sin~o(m31sin~o+m ~os8~)){sina~sin$~ 

* (m;lsinB +m$3coseo) -cosao(m?jlsinB +m?j3cosBo) 11 

0 0 33 

(4-60) 
0 0 1 

In order to find the components of St , we let 

+ + +  + + +  
= -a *(a- +a 1 , 

' mt kt Rt 
mt z -az.(aA +a' 1 

kt Rt 
( 4-6 1) 

and use zero order terms of tij's given in (4-26). 

case, we have 

For this 

-- 1 2 2  k 0 (bt2-2b'by+b 2 ) 

e - 1 (4-62) e 2 2  -ik2b ' 6  '+ik2b - 

where 

h 
I (4-63) 

and- obtain 
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f t x ) =  Re[>L{-sin 2 Basin$ cos4 (n  s i n e  +n13coseo) 
0 0 11 0 

+ ( l - s i n  6 0 s i n  4 0 ) (n21sinB 0 +n23cosB 0 ) - - s in@ 0 cos80sin40 2 2 

(n  31 sinBo+n33coseo) 1 { s in80cosc+o (nz 1s in0 0 +nz 3cosBo) 

-sin~osin~o(n~1sin~o+n~3cos~ 0 )l-{-sinBocosBocos$o 

* ( nllsine o+n13cosB o) - s in8  ocas f3 os in40 (n2 1s in0  0 +n2 3cos eo) 

(. t Y  ) = R e k [ { - s i n B  0 cos6 0 cos4 0 (nllsine 0 +n13coseo) -sinBocosBosin$o 

(n21sin8 +n23cose ) + s i n  2 8 (n31sin8 +n33coseo) 1 
0 0 0 0 

{s in80s in+ 0 (n?jlsine 0 +n?j3coseo) -cos8 0 (n* 2 1  s i n e  0 +n$3coseo) 1 

- {  (1 - s in  B,COS $o) (nllsin8 0 +nl3cose 0 ) - s i n  8osin$ocos$o 

(nZ1sineo+n 2 3  case 0 ) -sinBocos80cos+0 (n31sin80+n33cos80) 1 

( s i n 8  0 

(n~ls in80+nf3cos80)  11 , 

2 2 2 

(nz ls ine  0 +n?.j3cos8 0 -s in80sin@o 

I 

2 2 2 2 
-{-sin @,sin 4 0 c ~ s $ ~ ( n ~ ~ s i n e  0 +n13coseo)+(l-sin 8,sin $o) 

(n 2 1  sinBo+n23coseo) -sin~ocosBosin~o(n31sine 0 +n33coseo) 1 

{sinBosin40 (n?jlsine 0 +n?j3cose 0 ) -cos~o(n~lsin~o+n~3cos~o) 1 I 

(4-64) 
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where 

(4-65)  

and P has been given i n  (4 -35 ) .  

pendix E:  

Q1 i s  a l s o  der ived  i n  Ap- 

( cosao-ncos 8,) 4 
2 -2 cos a. ( Ro + 

4 
2 cos a *{-(k + e)( Ro O +  

ncos Bo 2 cos a 
O +  

1 1  +-(-+?)'+(e+%)( Ro 1 Ro R1 

"1 

2 
COS'  a. + $ (  Ro + (4 -66)  

and (l+Q1) -1'2 i n  (4 -60)  and (4-65) are t h e  - 1/2 
( l+Q2) 

c o r r e c t i o n  f a c t o r s  due t o  the  roubhness of t h e  i n t e r f a c e  

which i n  t h e  smooth p lane  l i m i t  approach u n i t y  as expected.  

Next w e  examine t h e  case  when f o r  a given 5 the  source  

and t h e  obse rva t ion  p o i n t s  recede even f u r t h e r  away from t h e  

i n t e r f a c e .  The l a s t  two t e r m s  i n  (4 -59)  even tua l ly  become 

n e g l i g i b l e  and thus  

S 

4 8 1  1 -4  4 
2 s Ro o f  Q, z 16k CT (u + -) COS a 

R2 

and 

1 + Q 2 Z  Q2 

(4 -67)  

(4-68) 
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Theref ore from (4-58)  

u p 2 R C q  401.1 a 4 R 2 cos ' 2  a. 2 s o  

(4 -69)  

(4-69)  i n d i c a t e s  t h a t  by (4 -60)  t h e  r e f l e c t e d  power asymptot- 

i c a l l y  becomes i n v e r s e l y  p r o p o r t i o n a l  t o  t h e  f o u r t h  power of 

r . m . s .  s l o p e .  

p re s s ion  (4 -71 ,  it can be  a lso said t h a t  t h e  r e f l e c t e d  power 

becomes i n v e r s e l y  and d i r e c t l y  p r o p o r t i o n a l  t o  t h e  f o u r t h  

power of r . m . s .  h e i g h t  and t h e  c o r r e l a t i o n  d i s t a n c e ,  respec-  

Equ iva len t ly ,  by s u b s t i t u t i n g  i n  5s t h e  ex- 

t i v e l y .  

I f  w e  do t h e  same f o r  K1 i n  (4 -65)  by i n c r e a s i n g  Ro and 

R1, then  

k2as + (cosao-ncosBo) 8 , 
2 

Q1 ' T( & -k e)-2 ( Ro 

cos a. 4 8  

(4 -70)  

and f o r  s u f f i c i e n t l y  l a r g e  n 

l + Q 1 z  Q1 

so t h a t  

2 5  4n 4 3  klcos 2 Bo n k l  -3 

K1 - u U 1 p 2 ~  up 5 4 2 2  R R (cosao-ncosBo) 4 '  
Y 

- 3 .  

l s o l  

(4 -71)  

( 4 - 7 2 )  

I t  i s  seen t h a t  t h e  depehdence of K1 of (gt) on 5s or a/d i s  

similar t o  t h a t  i n  t h e  previous case.  The dependence of K1 

on kl is  as kl. However, o t h e r  f a c t o r s  i n  each component of 
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et) are proportional to kl -4 so that when the lower medium 
is perfectly conducting ( zt) correctly becomes zero. 

Next we consider higher order terms in the integrand of 

(4-47). We write (4-47) up to the first order terms as 

CP! 10 > @ '  ro CP? io CP* ro dx'dy'dxdy (4-73) 
-ik2a'c'+ik2ag 

e 

where the coefficients u's are independent of random variables 

and can be computed in a straightforward manner by writing out 

the integrand in the first order. We can then show that (See 

Appendix F) 

- k202(ar2-2a'ay+a 2 
= -ik2a'o 2 yxe 2 2  -ik2a'<'+ik2a< 

- - 1 2 2  k o (al2-2a'ay+a 2 ) 
2 2 2  = -ik2a'o y e 
Y 

-ik2a'<'+ik2a< 

- 2  k2o2(aI2-2a'ay+a 2 2 
= ik2ao 2 yx,e -ik2a'g'+ik2ag 

k2~2(a'2-2aray+a 2 ) 
(4-74) 2 " ' 2 -  2 = ik2ao y 'e 

Y 

-ik2arg'+ik2ag 

However, at the origin k=O) , 

- - - Yx - Yy - YxI - Yy' = Q f (4-75) 
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l eav ing  only t h e  ze ro  o r d e r  t e r m  i n  ( 4 - 7 3 ) .  The f i r s t  o r d e r  

t e r m s  vanish  i n  a l l  o t h e r  such expec ta t ions  and thus  t h e  zero  

o r d e r  r e s u l t s  (4 -60)  and (4 -64)  a r e  a c t u a l l y  e q u i v a l e n t  t o  

a t  l e a s t  t h e  f i r s t  o r d e r  approximation, 

L a s t l y  w e  cons ide r  t h e  second o r d e r  t e r m s .  Those second 

o r d e r  t e r m s  t h a t  show up as w e  w r i t e  o u t  t h e  product  of t h r e e  

f i r s t  o r d e r  b r a c k e t s  i n  t h e  in t eg rand  of (4 -47)  r e p r e s e n t  only 

p a r t  of t h e  e n t i r e  second o r d e r  terms, s i n c e  w e  have neglec ted  

such t e r m s  a l l  a long up t o  t h a t  p o i n t .  W e  could ,  of course,  

i nc lude  from t h e  beginning a l l  t h e  second o r d e r  t e r m s  i f  w e  

had so desired, which obviously would have tu rned  o u t  q u i t e  

t ed ious  if n o t  d i f f i c u l t .  More i n t e r e s t i n g ,  however, i s  t o  

c a l c u l a t e  t h e  g e n e r a l  form f o r  t h e  second o r d e r  power. Thus 

aga in  a p p r o p r i a t e l y  denot ing each c o e f f i c i e n t  of such t e r m s  by 

symbols, w e  w r i t e  

- i k 2 a ' r 1 + i k 2 a y  
*e ) @ j o @ ~ o @ ~ o @ ~ o d x l d y ' d x d y  , ( 4 - 7 6 )  

and i n  a d d i t i o n  t o  (4 -49)  make t h e  fo l lowing  s u b s t i t u t i o n s  

(see Appendix F): 

1 2 2  2 - i k 2 a 1  C'+ik ay 2 2 4  2 2  - - 2 2  k CJ (aI2-2a1ay+a ) ) = ,  (ol-k2c7 a '  y X ) e  

113 



k202(a'2-2a'ay+a 2 ) 
2 2 4 2 2  - 2 -  2 

= lal-k2a a yxl)e 
-ik2a'c'+ik2a< 

k2a2(a'2--2a'ay+a 2 ) 
2 4  - 2 . 2  = -k20 y y e 

X Y  

-ik2a'c'+ik2ag 

--k 1 2 2  CJ (a'2-2a'ay+a 2 ) 
-ik2a'< '+ik2ar; 2 4  2 2  

(4-77) 

Other second order expectations can be written on inspection 

of (4-77) : 

k2a2(aS2-2a'ay+a 2 ) 
2 2 4  2 2  ' " 2 .  2 = (ol--k2a a '  y > e  

Y 

-ik2a'c'+ik2ag 

- - 1 2 2  k a (at2--2a'ay+a 2 ) 
2 2 4 2 2  2 2  

Y = (al-k2a a y ')e 
-ik2a'g'+ik2ag 

-- 2. 1 2 2  k2a (af2-2a'ay+a 2 ) 
-ik2a'c'+ik2ag 2 4  

---k 1 2 2  a (af2-2a'ay+a 2 ) 
= (a2yxy,+k 2 4  a aa'y y ')e 2 2  

X Y  

-ik2a'c'+ik2a< 

1 2 2  2 2 2 4  --k 2 2  a (aI2-2a1ay+a 1 
= (a yyyl+k20 aa'yyyyl)e 

(4-78) 

-ik2a'c1 +ik2ay 
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For r=O, (4-77) and (4-78) become 

--ik a I < '+ik2a< -ik2a1<'+ik2a< 
2 ) = (<;e ) = (<$e 

-ik2a1 < '+ik2a< 

-ik a' < '+ik2a< -ik2a1<'+ik2a< } = 
=(<$e 2 

(4-79) 

Thus the modified stationary phase method yields 

where [uoIev has been evaluated in (4-57) anq 

Other similar expectatiohs which are required for computing 

(Er) will have the same form of results except for different 

uo and us. 

transmitted power becomes 

Similarly, a typical expectation in the case of 
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(4-82) k51 
(.tyH;.> = 4wl.I 1 P 2 c o s ? 3 0 ~  

where t h e  n a t u r e  of vo and vs are s i m i l a r  t o  t h a t  of  uo and 

S' 
U 

For s m a l l  Q, the second o r d e r  power is seen t o  be  d i r e c t l y  

p ropor t iona l  t o  t h e  mean squa re  s l o p e  of t h e  i n t e r f a c e ,  o r  

e q u i v a l e n t l y ,  t o  t h e  mean square  h e i g h t  of t h e  i n t e r f a c e .  

4 .4  Determination of Mean Square Slope by Experiment 

I t  i s  e v i d e n t  from (4 -69)  and ( 4 - 7 2 )  t h a t  t h e  mean 

square ( m . s . 1  s l o p e  f o r  a c lass  of n a t u r a l  rough s u r f a c e s  

can be determined by experiment.  For t h i s  purpose,  it i s  

mose convenient t o  cons ide r  t h e  r e f l e c t e d  power and the  mono- 

s t a t i c  geometry, namely, t h e  geometry t h a t  t h e  source  and t h e  

observa t ion  p o i n t s  are a t  t h e  same p o i n t .  Then t h e  usua l  over- 

f l i g h t  t e s t  can b e  performed where a s i n g l e  a i rbo rne  antenna 

i s  used f o r  t r a n s m i t t i n g  and r ece iv ing .  W e  assume t h a t  t h e  

v e l o c i t y  of t h e  a i r p l a n e  can be neglec ted  so  t h a t  t h e  antenna 

can b e  considered s t a t i o n a r y  i n  o r d e r  t o  permi t  t h e  s t eady  

s ta te  a n a l y s i s .  T h e  normal o r  near-normal s i g n a l  inc idence  

( s t r i c t l y ,  w i t h  r e s p e c t  t o  t h e  s t a t i o n a r y  phase p a i n t )  fu r -  

t h e r  s i m p l i f i e s  t h e  a n a l y s i s .  

On p u t t i n g  ao= E i n  ( 4 - 6 0 ) ,  t h e  h o r i z o n t a l  components 

of (3,) vanish  and t h e  backsca t t e red  compohent is  found as 
2 

(4-83) 
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IT where w e  have a lso p u t  eo= z cons ide r ing  a h o r i z o n t a l  d i p o l e  

so t h a t  t h e  maximum r a d i a t i o n  i s  i n  t h e  ver t ica l  d i r e c t i o n .  
7F Also ao= - and (4-69)  g i v e  2 

(4-84) 

2 The e x t r a  f a c t o r  Co i s  in t roduced  now t o  account f o r  t h e  

s t r e n g t h  of t h e  t r a n s m i t t e d  f i e l d ,  which w e  have p u t  as 

u n i t y  so f a r  i n  our  i n v e s t i g a t i o n .  Thus t h i s  corresponds 

t o  w r i t i n g  our  i n c i d e n t  H e r t z  p o t e n t i a l  as 

i k 2 R  

R 
e 

m 

(4-85) 

On i n s e r t i n g  mll and m21 given i n  ( 4 - 3 0 )  w i t h  a0= I (4-83)  

be comes 

and 

m21 = 0 . 

2 Using (4-84) and ( 4 - 8 6 ) ,  w e  can w r i t e  f o r  Os 

( 4 - 8 6 )  

(4-87)  

(4-88) 

44-89) 
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Define t h e  fo l lowing  q u a n t i t i e s :  

PT = peak power r a d i a t e d  by t h e  a i r b o r n e  antenna 

GT = g a i n  of t h e  t r a n s m i t t i n g  antenna over  an i s o t r o p i c  

antenna 

GSD = ga in  of an e lec t r ic  d i p o l e  antenna over  an i s o -  
3 t r o p i c  antenna = - 2 -  

Then t h e  power t h a t  must be r a d i a t e d  by t h e  d i p o l e  t o  g ive  

t h e  same power d e n s i t y  i n  t h e  main lobe  i s  given by [Er t eza ,  

e t  al., 19651 

P G 2PTGT - T T -  - -- 
'SD GSD 3 

C can be given i n  t e r m s  of WSD by 
0 

- 
co - 

Since  

- ('r z) GRh 
'r - 41T 1 

( 4 - 9 0 )  

(4-9  1) 

( 4 - 9 2 )  

where GR i s  t h e  ga in  of t h e  r ece iv ing  antenna over  an i s o -  

t r o p i c  antenna,  w e  f i n a l l y  o b t a i n  from (4 -89)  , (4-90)  and 

(4-9 1) 

(4 -93)  

Usually t h e  ga ins  of an antenna i n  t r a n s m i t t i n g  and r e c e i v i n g  

a r e  i d e n t i c a l .  Thus 
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G ( 4 - 9 4 )  

and 

0," = (4-95) 

If t h e  lower medium i s  h igh ly  conducting so t h a t  k l>>k2,  then  

t h e  l a s t  f a c t o r  i n  (4-95) can be neg lec t ed ,  f u r t h e r  s impl i fy-  

i n g  the  r e s u l t s  

0;  = (4 -96)  

Thus by measuring Pr and R ,  02 can be  determined. H e r e  

it should b e  remembered t h a t  Pr and Pt  are s t eady  s ta te  powers. 

However, most r a d a r s  employ p u l s e  s i g n a l s  ra ther  than  CW s ig-  

n a l s .  I f  a p u l s e  used i s  of f a i r l y  long d u r a t i o n  compared 

t o  t h e  carrier wavelength, then  t h e  wave t r a i n  i n  a s i n g l e  

pu l se  can b e  t o  a good approximation considered a s t eady  s t a t e  

wave w i t h  t h e  c d r r i e r  frequency w . 
0 

I t  i s  i n t e r e s t i n g  t o  see t h a t  i f  w e  assume a v e r t i c a l  d i -  

pole  i n s t e a d  of a h o r i z o n t a l  one,  by l e t t i n g  Bo=O i n  ( 4 - 6 0 1 ,  

w e  f i n d  

2, ", 0 K2 
('rz)= 2 ( m13 -k m23 (4-97)  

s i n c e  m 13:m23z0. T h i s  r e s u l t  i s  n o t  s u r p r i s i n g ,  which simply 

v e r i f i e s  t h e  w e l l  khown fact  t h a t  t h e  r a d i a t i o n  f i e l d  i s  zero 

along t h e  d i p o l e  a x i s .  
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CHAPTER 5 

SUMMfiRY AND CONCLUSIONS 

Using t h p  concept  of  H e r t z  p o t e n t i a l s  and a new plane  wave 

approach, i n t g g r a l  express ions  d e s c r i b i n g  $he r e f l e c t e d  and t h e  

t r a n s m i t t e d  H e r t z  p o t e n t i a l s  everywhere due t o  an a r b i t r a r i l y  

o r i e n t e d  d i p o l e  source  have been obta ined  f o r  a smooth and a 

rough i n f i n i t e  p l ane  i n t e r f a c e .  I t  i s  assumed t h a t  t h e  upper 

medium ( k 2 )  i n  which t h e  d i p o l e  is  s i t u a t e d  i s  t h e  a i r  and t h e  

lower medium (k l )  has  an a r b i t r a r y  m e d i u m  p rope r ty ,  both media 

being homogeneous and i s o t r o p i c .  

A f t e r  an i n t r o d u c t o r y  remark and a review on some of t h e  

more important  w o r k m  t h e  c l a s s i c a l  d ipo le -ea r th  problems and 

on t h e  rough s u r f a c e  s c a t t e r i n g  t h e o r i e s  i n  Chapter 1, Chapter 

2 d e a l s  wi th  t h e  smooth p lane  boundary case .  The i n t e g r a l s  

(2-30) a r e  e x a c t  i n  t h i s  case  and t h e  i n t e g r a t i o n s  have been 

c a r r i e d  o u t  by us ing  t h e  method of s t a t i o n a r y  phase. R e s t r i c -  

t i o n s  on t h e  v a l i d i t y  of such r e s u l t s  have been d iscussed  i n  

g r e a t  d e t a i l .  For these r e s u l t s  t o  be a p p l i c a b l e ,  it i s  found 

t h a t  bo th  t h e  source  and t h e  observa t ion  p o i n t s  cannot s i m u l -  

taneously approach t h e  interface i n  e i t h e r  case  of r e f l e c t i o n  

and t ransmiss ion .  However, there i s  one except ion.  For a 

h o r i z o n t a l  d i p o l e  sou rce ,  t h e  aforementioned r e s t r i c t i o n  holds  

t r u e  only f o r  t h e  r e f l e c t e d  f i e l d  when t h e  observa t ion  p o i n t  

i s  located i n  o r  nea r  t h e  normal d i r e c t i o n  t o  t h e  d i p o l e  a x i s .  

On t h e  o t h e r  hand, i f  t h e  observa t ion  p o i n t  l ies  i n  o r  nea r  

t h e  d i r e c t i o n  of t h e  d i p o l e  a x i s ,  t h e n ,  even f o r  a g raz ing  
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inc idence ,  t h e  r e s u l t s  become v a l i d ,  provided t h e  source  and 

t h e  obse rva t ion  p o i n t s  are f a r  a p a r t .  W e  b e l i e v e  t h a t  t h i s  

i n t e r e s t i n g  s i t u a t i o n  h a s  rece ived  a t t e n t i o n  f o r  t h e  f i r s t  

t i m e .  A l s o  such a p a r t i c u l a r l y  s imple form of our  r e s u l t s  

f o r  t h e  reflected and t r a n s m i t t e d  H e r t z  p o t e n t i a l s  i s  prob- 

ab ly  new, except  perhaps f o r  t h e  form of t h e  r e f l e c t e d  H e r t z  

p o t e n t i a l  i n  t h e  case  of a v e r t i c a l  d i p o l e  source .  The re- 

s u l t s  corresponding t o  two d i s t i n c t i v e  d i p o l e  o r i e n t a t i o n s ,  

namely, v e r t i c a l  and h o r i z o n t a l ,  have been obta ined  by spe- 

c i a l i z i n g  a parameter i n  t h e  gene ra l  r e s u l t s .  S p e c i a l i z a t i o n s  

have been a l s o  made w i t h  r e s p e c t  t o  t h e  medium p rope r ty  of 

t h e  lower medium. A s  kl+k2 (no i n t e r f a c e )  and kl+m ( p e r f e c t l y  

conduc t ing ) ,  t h e  r e s u l t s  ob ta ined  i n  t h e  geometr ica l  o p t i c s  

approximation g radua l ly  improve i n  t h e i r  a p p l i c a b i l i t y  u n t i l  

f i n a l l y  i n  t h e  l i m i t  they  become e x a c t  and reduce t o  w e l l  known 

express ions .  From t h e  H e r t z  p o t e n t i a l s ,  t h e  e lec t romagnet ic  

f i e l d  express ions  a r e  a l s o  der ived .  

Another i n t e r e s t i n g  and apparent ly  important  observa t ion  

has been made on i n t e g r a l s  (2-30), although t h e  same observa- 

t i o n  can be  made on t h e  f i n a l  r e s u l t s  a l s o .  A s  w e  s p e c i a l i z e  

t h e  d i p o l e  d i r e c t i o n  t o  be h o r i z o n t a l ,  t h e  v e r t i c a l  (2-1 com- 

ponent t e r m  vanishes  and w e  a r e  l e f t  wi th  only t h e  h o r i z o n t a l  

(x- and y-) components of t h e  H e r t z  p o t e n t i a l .  I f  w e  choose 

t h e  x -d i r ec t ion  as t h e  d i p o l e  d i r e c t i o n ,  t h e  i n c i d e n t  H e r t z  

p o t e n t i a l  can be desc r ibed  by IIx a lone ,  and hence, consequently,  

t h e  t o t a l  H e r t z  p o t e n t i a l  everywhere w i l l  have only t h e  hori-  

z o n t a l  components. This  c o n t r a d i c t s  a l l  t h e  previous work on 
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t h e  c lass ical  h o r i z o n t a l  d i p o l e  problem i n  which t h e  H e r t z  

p o t e n t i a l  everywhere i s  shown t o  always have x- and z-compo- 

nents .  

t h i s  apparent  discrepancy.  I t  has  been s u c c e s s f u l l y  shown 

wi th  i l l u s t r a t i o n  t h a t  t h e  Hertz p o t e n t i a l  i s  n o t  unique i n  

t h e  h o r i z o n t a l  d i p o l e  problem (or i n  any boundary va lue  prob- 

l e m  f o r  t h a t  matter) and t h a t  a s  t o  t h e  r e s o l u t i o n  of H e r t z  

p o t e n t i a l s  there are a l t o g e t h e r  f o u r  p o s s i b l e  r e s o l u t i o n s :  

The e n t i r e  s e c t i o n  2.6 has  been devoted t o  c l a r i f y i n g  

The second one is  t h e  r e s o l u t i o n  chosen by others .  I f  Somer -  

f e ld  h i m s e l f  has  n o t  been mistaken on t h e  nonuniqueness of 

t h e  H e r t z  p o t e n t i a l  r e s o l u t i o n ,  h i s  remark i n  assuming t h e  

p a r t i c u l a r  r e s o l u t i o n  i s  c e r t a i n l y  misleading,  which undoubtedly 

has led o t h e r s  t o  b e l i e v i n g  h i s  r e s o l u t i o n  t o  b e  unique. 

I n  Chapter 3 ,  w e  d e r i v e  t h e  vector Helmholtz i n t e g r a l  

us ing  a somewhat more g e n e r a l  method. From t h i s  i n t e g r a l  an 

i n t e g r a l  formulat ion has  been developed f o r  an a r b i t r a r y  non- 

p l ana r  i n t e r f a c e  given by z=r;(x,y) . This  i s  a l so  believed 

t o  be t h e  f i rs t  t i m e  t h a t  an e lec t romagnet ic  s c a t t e r i n g  from 

a rough i n t e r f a c e  has  been formulated s t a r t i n g  from t h e  v e c t o r  

Helmholtz i n t e g r a l  us ing  t h e  Hertz p o t e n t i a l s .  With r e s p e c t  

t o  t h e  rough i n t e r f a c e  t h e  fol lowing assumptions have been 

made : 

1. The r a d i u s  of cu rva tu re  a t  every  p o i n t  of t h e  

rough i n t e r f a c e  i s  much greater than  t h e  wave- 

length .  

Shadowing e f f e c t s  are- neglec ted .  

7 

2 
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3 ,  

4. 

5. 

6. 

7. 

Mul t ip l e  s c a t t e r i n g  i s  neglec ted .  

Both t h e  source  and t h e  observa t ion  p o i n t s  

a r e  f a r  from t h e  i n t e r f a c e .  

The interface i s  assumed t o  be a s t a t i o n a r y  

random process  wi th  a gauss ian  h e i g h t  dis-  

t r i b u t i o n .  

The h e i g h t  v a r i a t i o n  < from t h e  mean p lane  

i s  assumed t o  b e  smal l  and t h e  s l o p e  every- 

where i s  such t h a t  t h e  second o r d e r  s l o p e  

t e r m s  can be neglec ted .  S t a t i s t i c a l l y  t h i s  

i s  equ iva len t  t o  smal l  o l d .  

The lower medium i s  homogeneous, i s o t r o p i c  

and o therwise  a r b i t r a r y .  

The s i n g l e  m o s t  important  approximation t h a t  i s  used i n  our  

formulat ion of t h e  s c a t t e r i n g  from t h e  rough i n t e r f a c e  i s  t h e  

tangent  p l ane  approximation, which i s  t h e  reason why t h e  f i rs t  

t h r e e  assumptions i n  t h e  above must b e  made. I n t e g r a l s  (3-251 

obta ined  us ing  t h i s  approximation r e p r e s e n t  t h e  r e f l e c t e d  and 

t h e  t r a n s m i t t e d  Hertz  p o t e n t i a l s  a t  p o i n t s  f a r  from t h e  i n t e r -  

face. The r e f l e c t i o n  and t h e  t ransmiss ion  c o e f f i c i e n t s  i n  t h e  

in t eg rands  are dyadic  q u a n t i t i e s  s o  t h a t  they account f o r  t he  

d i f f e r e n t  c o e f f i c i e n t s  f o r  each component and also f o r  the  

change of p o l a r i z a t i o n s  ( w i t h  r e s p e c t  t o  a f i x e d  coord ina te  

system) on r e f l e c t i o n  o r  t ransmiss ion .  

Chapter 4 i s  concerned w i t h  t h e  c a r r y i n g  o u t  of t hose  

i n t e g r a l s  w i th  t h e  assumption of < ( x , y )  as a gauss ian  random 

process .  By approximating t h e  phase v a r i a t i o n  from t h e  mean 
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plane  which is c o n s t a n t  f o r  a s t a t i o n a r y  p rocess ,  t h e  sta- 

t i o n a r y  phase method i s  app l i ed  wi th  r e s p e c t  t o  t h e  mean p lane .  

Each of t h e  r e s u l t i n g  expected H e r t z  p o t e n t i a l s  and t h e  elec- 

t romagnet ic  f i e l d s  are i d e n t i c a l  t o  t h e  smooth p lane  i n t e r f a c e  

case except  f o r  an exponen t i a l  factor r e p r e s e n t i n g  t h e  e f fec t  

of t h e  roughness. 

Expressions f o r  t h e  expected power (poynt ing v e c t o r s )  

are a l s o  de r ived ,  us ing  a modified s t a t i o n a r y  phase method, 

The modi f ica t ion  i s  made i n  o r d e r  t o  account f o r  t h e  v a r i a -  

t i o n  of t h e  c o r r e l a t i o n  func t ion  i n  t h e  neighborhood of t h e  

s t a t i o n a r y  p o i n t .  T h e  r e s u l t s  show an i n t e r e s t i n g  dependence 

on t h e  roughness of the  i n t e r f a c e .  A s  the  source and t h e  ob- 

s e r v a t i o n  p o i n t s  recede from t h e  i n t e r f a c e ,  t h e  r e f l e c t e d  and 

t h e  t r a n s m i t t e d  power even tua l ly  become i n v e r s e l y  p ropor t iona l  

t o  t h e  f o u r t h  power of t h e  r . m , s .  s l ope .  I t  i s  shown t h a t  

t h i s  asymptotic r e s u l t  f o r  t h e  r e f l e c t e d  case can be app l i ed  

t o  an experimental  de te rmina t ion  of t h e  r . m . s .  s l o p e  using 

o v e r f l i g h t  tests. The r e s u l t  i s  s p e c i a l i z e d  t o  a monostat ic  

case and t h e  normal inc idence  i s  considered.  The gene ra l  

express ion  f o r  t h e  h ighe r  o rde r  power i s  a l s o  i n d i c a t e d .  I t  

i s  shown t h a t  t h e  f i r s t  order power vanishes  and t h e  second 

o r d e r  power is  v i r t u a l l y  d i r e c t l y  p ropor t iona l  t o  t h e  mean 

square  s l o p e .  
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APPENDIX A 

CALCULATX ON OF EIZCTROMAGNETIC FIELDS 

For t h e  v e r t i c a l  d i p o l e  case, t h e  r e f l e c t e d  Hertz 

po%en%ial  is given f r o m  (2 -48)  a s  
ik2RT 

(A-U - , I T  r n  = o m  X = R"(ao) e 
PZ RT TX r Y  

and Hr can %hus be de r ived  from % 

E =  
rY 

On us ing  t h @  approximations (2 -69)  I w e  a t  once o b t a i n  
ik2RT 

2 e = -k2 s i n  a cos a cos @oRff(ao) 
RT ErX 0 0 I 

ik2RT 
e .  E = -k22 sin a cos a s i n  4, R"(ao9 I 

RT r Y  0 0 

ik2RT 

RT 
e E r z  = k22 s i n 2  a 0 R"(ao) I 



3 ik2RT 
e 

I 
RT 

- - -  k 2  s i n  a. s i n  4o ~ ' ' ( a ~ )  H r x  up2 

3 i k Z R T  
r H = -  k2 s i n  a. cos Cpo R''(cto) e 

r Y  "1.12 RT 

Hrz = 0. (A-3) 

These can be  converted t o  t h e  c y l i n d r i c a l  components 

by us ing  

- - Erx cos (Po + E 

s i n  4, + E 

s i n  (j0 

cos $o I 

Err r Y  

r Y  
E =-Erx r 4  

= Unchanged ( A - 4 )  

and s i m i l a r  ones f o r  t h e  magnetic f i e l d s .  
3 +- 

The components f o r  Et and Ht  f o r  t h e  v e r t i c a l  c a s e  

can also be found analogously,  which w e  w i l l  n e g l e c t  t o  

show. 

T h e  manipulat ions for t h e  h o r i z o n t a l  d i p o l e  case 

is a l i t t l e  more involved b u t  aga in  s t r a i g h t f o r w a r d ,  

which w i l l  a l s o  be  neg lec t ed  of shqwing. 
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APPENDIX B 

DERIVATION OF ( 3 - 4 9 )  

Exact expression for the reflection and the trans- 

mission coefficients are given in (3-48). It is first 

necessary to express k2n and kln in terms of the rectan- 

gular components (x,y,z). Since 

5 = (k2x, k 2y' k2z) ' 

we have 
-t -t 

= k2 a = -k 2x 5 x -k 2x 5 y +kZz* (B-2) k2n n 

BY ( 3 - 4 3 )  and ( 3 - 4 7 )  I 

= /kl.-(k;*~p)2 2 -  

: /klZ-kZr 2 -2k2z(k2x5x+k2yCy) 

(B-3)  

where ka = /k12 - k2r2 , 
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Therefore ,  

$ = l-l,k2n-kln 
r k 2  n*k In 

2 urk22( n2- 1) 
- 2 (k2xSx+k2ySy) (B-4 )  

- - I-lrk2Lka 

'r'2~*~a ka (Urk2z+ka) 

S i m i l a r  c a l c u l a t i o n s ,  can  y i e l d  t h e  r-aining t h r e e  
-4- 

equa t ions  f o r  T , R" and T". 

obta ined  f r o m  R" and RN through t h e  r e l a t i o n s  

TC and TN can a l s o  be 

" oe 
T = l 4 R , T" = 1 4- R N I  (B-5) 

which can  be e a s i l y  checked out in (3-49) e 



APPENDIX C 

DERIVATIONS OF (3-52) AND (3-53) 

W e  f i r s t  show t h e  d e r i v a t i o n  of (3-52).  O n  us ing  

(3-47) and f u r t h e r  performing t h e  f i r s t  o r d e r  approxi-  

mat ions,  each t e r m  i n  rll of (3-41) reduces t o  t h e  f o l -  

- 
= RA (k2y2+k 22 k 2Y C Y )k2r  (k2x5x+k2ySy) 1 

2 
-2 2 2k2'zk2y 

2 r  {k2y - - 2  
k 2 r  

s Rlk 

* ( k 2 x ~ x + k 2 y ~ y ) + 2 k 2 2  k 2y S I  y 

which by (3-50) f u r t h e r  becomes 

( k2xcx+k2y cy 1 + 2k2 Zk 2yR; cy  1 

S i m i l a r l y  
Second T e r m  2-RN (k2x2+2k2zk2xSx) k2r -2  

-2 2Rll 
=: . k2r {-k2x 0 

2R" 
(k2X 1 

ka 

2 
2k2xk2x 

k 2 r  
2 RN) 

0 

cc-3) 
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Third  Term 3 0.  (C-4) 

Adding a l l  t h r e e  terms now g i v e s  rll. 

Next r12 i s  t h e  sum of t h e  fo l lowing  terms: 

F i r s t  Te rm =: -RAk2, 

- 2k2 zk2xk2 (k2xS,+k2y5y) 1 

2 2 x+k 2x k r +k 
Second T e r m  z -"'( Jt )( "J: 2y) 

s -  

* 

2 0 
{ k  k RN+k R N ( k  5 +k2ySx) - 7 2% 2y 0. 2 2  0 2x y 

k2k k 2 r  

Thi rd  T e r m  2. 0 
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r22 can be obta ined  by.exchanging x and y i n  every sub- 

s c r i p t  i n  t h e  express ion  of rll. 

Next r13 is  found by adding 

I 

-2k (-k 5 +k2x5y) F i r s t  T e r m  z -R k2r 
2Y 2Y x 

Second T e r m  = -R~k2r-2k2x(k2x5x+k2y5y) (c-9) 

Third T e r m  =: -REGx (C- 10) 

r 2 3  i s  a l s o  obta ined  by exchanging x and y i n  every sub- 

s c r i p t  i n  r 13 '  
r33 z Third T e r m  

(c-11) 

' s  w i l l  now be der ived .  For ell w e  can w r i t e  t i j  

1 

F i r s t  T e r m  :: {k2y2Ti  + 
2T+ ( k 2 y  1 

ka 

2 
2 zk 2v 

{k&- (k2x5x+k2y5y) 1 P r  Second Term: - T" 2 n 
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2 

k 2 r  {k2x2+2k2zk2x5x  - 2k2zk2x ' 2  (k2x6x+k2y5y) 1 -2 

k 2 r  
L IJ TI' . 2 (  k 2 2  

k a k 2 r  ka 

r. 
2 2 { k 2 z k 2 x 2 + k 2 x  ' 2. 

L IJ TI' . 2 (  k 2 2  

k a k 2 r  ka 
2 

+ 2k22  2k 2 x  5 x - 

r. 
2 ' 2. 

2 

2 

2 + 2k22  2k 2 x  5 x - 

- 1)( k2x5x+k2y Cy) 

k2x6x+k 5 
2Y Y 

2 
k 2 z  - + k 2 x  0 2 

k a k 2 r  ka ka 
T" (- -1) 2 T" 2 IJr 2T"+ {k2zk2x - - 2  2 t k 2 z k 2 x  0 

T h i r d  Term z 0 (C-14) 

Adding the  above three t e r m s ,  w e  g e t  tll. F o r  t12 I 

{k2xk 2 y T 3 k  2 iTi  (k  2xCy+k 2y C,) 1 F i r s t  Te rm =: - 
k 2 r  

2k k k - 2z 2x 2 2y Tf; (k2x5x+k2yCy) 
k 2 r  

(C-15) 

2 

(kZz-  (1- k2i 2 1 (k2x5,+k2y6y) 1 1-Ir Second T e r m  =: 

n k 2 r 2 k a  ka 
2k k k 

(k  2x  k 2y T" 0 + k 2 z T ~ ( k 2 x 5 y + k 2 y 5 x )  - 22 2x 2 2y T:: 

2 r  

1 3 2  



'r 
" 2 2  Ik2z k2xk2yT:: 

k2y ka 

2 

- {kzxkzyT;(l - 3) 
a 

(C-16) 

Third Term 0 (C- 17 1 

from which t12 fol lows.  t13 o b t a i n s  from 

I 
m 

Third T e r m  - !k T"5 2 o x  n 
(C- 20 

and t23 are found by exchanging x and y i n  tll and 

t13 r e s p e c t i v e l y .  

t33 z Third Term 

(C-21)  
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APPENDIX D 

DERIVATION OF (4-14) 

2 -t 
By decomposing kt i n t o  an and d i r e c t i o n s ,  w e  have 

P 

I n  t e r m s  of 

2 - 
k2 - 

+- a =  n 

and hence 
I 

components 

k2 

;5;; 

R. 
1 

1 

k, 

From (3 -40)  

+- 
a =  
P 

3 
a 
P 

can be w r i t t e n  

c. 

(D-3) 

xrx+YSy+h<, 2 +YGY2) 

S ince  from (3 -47)  

(D-5) 

(D-5) i n  t h e  f i rs t  o r d e r  becomes 

XCX+YGY1 (D-7) 
1 3 4  



and 
2 {r + h(xCx+y<,) } 2 -t k2 

k2’ap “ ’ r R i  

1/ 2 2 2 2  I/ 2 k2 2 2 2  

Ri 
- Ix+hr;,(n Ri -r 1 ex y+hGy-(n Ri -r Cy I 

(n2Ri2-r2:’: [I- . h  . 

(n2Ri2- r2)  

112 2 2 2  
1/2 

2 2 2  
Ri -P 1 ex y+hcy-(n Ri -r C y  I 

- I  i- { 1- h 1 / 2  1 (xz;x+Y<y) 
1 /2  

( n2Ri 2-r 2, 
(n2Ri2-r2) 

(D-10) 
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so t h a t  

- 1  a'- -.- 
kto nRio.  

Y+hty 
1 / 2  2 2 2  

<Y ' - ( n  Rio -r ) 

(D-11) 
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APPENDIX E 

DERIVATION OF Q, AND Q1 

We will first derive Q2. Square of the denominator 

of (4-56) can be given by 

]4AD-B2I2 = [Re{4AD-B2}I2 + [Im{4AD-B 2 2  11 (E-1) 

where from (4-553 

2 Re{ $AD-€3 1 = bxx1 ev [g,,I ev - [',,I ev [',,I ev 

2 2 - 
[gxylev + ['xylev 

Evaluations are made at the stationary point (xo,yo) and in 

both primed and nonprimed coordinate system. g and @ are de- 

fined in (4-52). If we assume that a and a' are much more 

slowly varying than y, we have 

and hence 

2 2  [gxxlev = Ck20 aa'y I xx ev 

2 2 2  3 = 4k2c0s ctoO [Yxx ev 

(E- 4) 

2 2  2 = -2k o COS a. 2 s  
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Similarly we can find 

2 
[gyy’ ev = - 2k;as2cos a 0’ 

Also 

= k (- 1 1  +- ) (1-sin 2 aosin 2 @oj  I 

[ ‘yy 1 ev Ro R2 

- k (- 1 1  +- )sin 2 aosin$ocos$o. 
[‘xy’ev - - Ro *2 

(E-2) thus becomes 

2 1 1 2  2 (- +- ) cos ,ao, 2 4 4  4 
Re(4AD-B 1 = 4k a cos a. - k2 Ro R2 2 s  

Im(4AD-B 2 1 = 2k2as 3 2 1  (- +- 1 1 cl+COS 2 ao)COS 2 ao. 
Ro R2 

(E-5) 

(E-6) 

Therefore by squaring and adding the two equations in the 

above, we get 

8 8  I4AD-B I - - k ( -+ -  I I I~~~~~~~ + 16k2as COSaO 2 R R2 
0 

6 4 1 1 2  8 + 4k2as (Eo+g2) cos a. 

= k 4 1 1 4  (- +- 1 COS 4 a o [ l  + 4k2as 2 4 1  (zO+~,) 1 - 4  
2 R R2 

0 

*{4k2as 2 4  COS 4 a. + (- 1 +- 1 )2 
Ro R2 

4 
(E-8) 
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from which (4 -59)  follows. 

Q can be found much the same way as above. Here 1 

= -  -k 1 2  G 2 (cosa -ncosBo) 2 
0 [gyy 1 ev 2 2 s  

[9xylev’= O f  

- - -  k 2  (1-sin 2 aOcos 2 $o) + kl -(1-sin 2 Bocos 2 4,) 
‘4xxIev R~ RO 

- - -  k 2  (1-sin 2 aosin 2 4 1 + k*l -(l-sin 2 Basin 2 $o) 
R1 ‘oyy’ev R~ 0 

‘4xyIev = - k 2 (  Ro R1 

2 sin P 2 sin a 
O + n  .” 0-1 (E- 9 1 

Thus 
2 

2 4 4  4 k.2  2 
0 Re(4AD-B 1 = & 2 ~ s  (cos ao-ncosBo) - 

- -  k Z k l  (cos 2 a + cos 2 8,) - - 

2 k 2 “ s  (cos ao-ncosBo) 0 

RoRl 0 

3 2  2 

2 Im(4AD-B I= - 
2 

+ n  

and therefore we finally obtain 
2 ncos B 2 

O) 
cos a. + 2 2  4 1  n 2 I4m-B 1 = k (- +- ) ( (. 

RO R1 2 R R1 
0 

6 4  
- k 2 G s  (- 1 +- n’ 1 (cosaJ-ncosBo) 4 

Ro % 

(E-10% 

k:Gs8 8 
2 ncos Bo 2 cos a. 

(cosao-ncosBO) ) +  16 + 
RO Rl 

1 3 9  



6 4  
4 

+ 4  k j U s  (cos ao-ncosBo~ 

4 1  n 
k6, 

2 -ncosBo) (- +- I 
@O Ro R1 

(cos 3: n , 2 +  '2 's 

Ro R1 
. (- +- ) 

2 6 4  

ao + O1 + K2's 4 (COS ao-ncosBo) 
ncps B 2 cos 

R1 
' (  

RO 

2 2  ncqs Po 2 cos a 
O +  1 

R1 
- (  

RO 

2 ncos Bo 2 2 cos a 
O +  = k: (- 1 +- n ) 2 (  

4 

Ro *1 RO R1 
2 ncos B o  -2  4 

2 cos a - ncospo) {-(.I +E 1 
Ro R1 

O +  1 (cosao 
RO R1 

2 2 4  

. (  O +  (cosao - ncospo) 
1 

4 k2 as ncos 
R 

2 cos a 
0 

I +  a RO 

2 ncos Po 2 cos a 
O +  1 1 1  n 2 

2 Ro R 
+ -(- f- ) + (1 +If. ( 

Ro R1 RO R1 1 
2 nc.os Bo 2 2 cos 01 

O +  1 I3 1 

1 + F( 
Ro Rl 

(E-11)  

Q ,  i s  e v i d e n t l y  t h e  second t e r m  i n  t h e  b racke t .  

1 4 0  



A P P E N D I X  F 

EVALUATION OF ENSEMBLE AVERAGES 

Expected va lue  of t h e  fol lowing exponen t i a l  is 

given  (Stogryn,  1967): 

where N i s  t h e  column mat r ix  and NT i s  i t s  t ranspose :  

NT = (Nl  N 2  N3 N 4 )  I 

and r i s  the  var iance-covqriance ma t r ix  

(F-2) 

For a s t a t i o n a r y  random process ,  each component of 

I? becomes 

r =  

f a  a Y 0 * Y  2 \  2 

Thus 
N T r N  = Na 2 2  a + N 2  2 a 2 i - N ~ 2 a 1 2 + N 4 2 a 1 2 + 2 N l N * ~  2 Y 

2 2 

2 

+ 2NlN40 Y x l  + 2N2N3a Yx 

i- 2 N  N (3 Yxxl. (F-5) 3 4  
Thus a t y p i c a l  expec ta t ioq  i n  t h e  in t eg rand  of (4-73) 

can be w r i t t e n  a s  



where 
-f 

-3 
N = (N1, N2, N3, N4) , No = ( i k 2 a ,  - i k 2 a ' ,  0 , 0 )  

(F-7) 
By (F-1) , ( F - 6 )  reduces t o  

(1[2)k2 2 2  CT (a'2-2a'ay+a 2 1 
= - i k 2 a ' o  2 y, e %F-8) 

O t h e r  f i r s t  o r d e r  expec t ions  c a n , b e  eva lua ted  s i m i l a r l y ,  

For t h e  second o r d e r  expec ta t ions  w e  w r i t e ,  f o r  

examp 1 e I 
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For mixed ( i n  x and y) second o r d e r  expec ta t ions ,  

w e  can then  w r i t e  

where I? i s  now given by 

2Y 
2 

2 

CT 

YX 

D2Yy 

0 

2 
CT yx 

2 
O l  

0 

+ - +  N = No (F-10) 

O \  

(F-11) 
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