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The dynamics of e n t r y  t n t o  a planetary atmosphere, 

s e n s i t i v i t y  ana lys i s ’  f o r  c o n t r o l  and for  updating, and 

e f f i c i e n t  implementation of t h e  paropaeied guidance techniques 

are s tud ied .  

requirements,  t h e  t r a j e c t o r y  equations are w r i t t e n  with the 

a l t i t u d e  as t h e  independent va r i ab le .  Retro-propulsion is 

t h e  assumed method of control.. 

To s impl i fy  t h e  ~ e ~ c r i ~ t ~ o ~  of t h e  guidance 

I n  t h e  main part of t h i s  thesis, t h e  Martian en t ry  

guidance problem is found to be complicated by t h e  g r e a t  

unce r t a in ty  i n  t h e  present  d e f h i t i o n  of the  Martian atmos- 

phe r i c  paraaneters. 

re fe rence  te rmina l  condi t ion  whatever t h e  a c t u a l  atmosphere 

A guidance scheme t h a t  w i l l  produce a 

encountered on Mars e n t r y  is  suggested.  The approach i s  

a n a l y t i c a l .  

dynamics i n  o rde r  t o  compute the effects of both dens i ty  

parameter dev ia t ions  and c ~ n t r ~ l  changes. Af t e r  t he  

atmospheric parameters are t racked,  t h e  c o n t r o l  i s  d e t e r -  

mined on-board by us ing  the s e n s i t i v i t y  c o e f f i c i e n t s  

previously compiled. 

S e n s i t i v i t y  Analysis i s  appl ied t o  t h e  e n t r y  

Control updating t s  provided by i n t r o -  

ducing a new s e n s i t i v i t y  equat ion which reduces the on-board 

cornputatton s i n c e  a l l  t h e  requi red  te rmina l  sensitivity 

c o e f f i c i e n t s  axe now produced by t h e  s o l u t i o n  of one 



X 

equat ion.  

densSty and VM-f actual density shawed t h a t  the terminal 

v e l o c i t y  and range angle e r r o r s  were reduced by a t  least  90% 

i n  comparison with those r e s u l t i n g ,  from t h e  uncontrol led 

Numerical s imula t ion  assuming a VM-2 re ference  

VM-1 t r a j e c t o r y .  The effecfs o f  delays in obta infng  in fo r -  

mation d e s c r i b i n g  t h e  actual atmosphere and of inaccurac ies  

i n  t h a t  information were also i nves t iga t ed .  

Second o rde r  s e n s i t i v i t y  func t ions  are i n v e s t i -  

gated with a view towards improving guidance system per- 

formance i n  the case of large dev ia t ions  i n  t h e  atmospheric 

parameters. 

s e n s i t i v i t y  equat ions us ing  a single n-th o rde r  d i f f e r e n t i a l  

equat ion t o  model the physical system. However, the state  

vec to r  descr ibed by n first o rde r  equat ions gives  a more 

genera l  approach for dynamical systems. 

Previous workers have der ived higher  order  

A new vector-  

matrix d i f f e r e n t i a l  equation for the second o rde r  s e n s i t i v i t y  

c o e f f i c i e n t s  of a general. system is  obtained. It is found 

t h a t  the second orde r  s e n s i t i v i t y  forcing function depends 

on t h e  present  a l t i t u d e  i n  a p lane tary  e n t r y  problem i n  

c o n t r a s t  t o  the f i rs t  order s e n s i t i v i t y  fo rc ing  funct ion 

which is  independent of the presenk a l t i t u d e .  This pa in t  is 

i m p o r t a n t ' i n  t h e  c a l c u l a t i o n  of the t e rmina l  values  of the 

second o rde r  s e n s i t i v i t y  c o e f f i c i e n t s .  With the first 
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o r d e r  coefficients, it was possible to describe a l l  t h e  

terminal values by using the adjolint s ens i t iv i ty  equation. 

FOP the second order coefficients, t h l s  procedure is only 

possible  fo r  a certain approximation to the second o r d e r  

s e n s i t i v i t y  forcimg Eunctidn. 
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PART I 

INTRODUCTION 

A. H i s t o r i c a l  Review 

1. Atmospheric Flight: Mechanics 

Before reviewing s p e c i f i c  e f f o r t s  i n  t h e  f i e l d  of 

atmospheric f l i g h t  mechanics, t h e  r e l a t i o n s h i p  between t h e  

f l i g h t  mechanics problem and t h e  problem of guiding a 

capsule- lander  e n t e r i n g  an unce r t a in  p l ane ta ry  atmosphere 

is  considered. The essence of t h e  guidance philosophy 

developed he re in  makes considerable  use of c e r t a i n  p a r t i a l  

d e r i v a t i v e s  of t h e  s ta te  va r i ab le s .  These d e r i v a t i v e s ,  

c a l l e d  s e n s f t i v i t y  c o e f f i c i e n t s ,  mu l t ip ly  t h e  parameter o r  

i n i t i a l  condi t ion  dev ia t ions  t o  give dev ia t ions  i n  t h e  s ta te  

v a r i a b l e s .  These s e n s i t i v i t y  c o e f f i c i e n t s  are usua l ly  found 

by numerical s o l u t i o n  of a set: of l i n e a r  d i f f e r e n t i a l  

equat ions  with v a r i a b l e  c o e f f i c i e n t s .  However, suppose 

t h a t  a n a l y t i c ,  closed-form s o l u t i o n s  f o r  t h e  e n t r y  dynamics 

were a v a i l a b l e .  Then t h e  s e n s i t i v i t y  c o e f f i c i e n t s  could be 

obtained its a l g e b r a i c  funct ion8 by performing t h e  ind ica ted  

p a r t i a l  d i f f e r e n t i a t i o n .  The d i f f i c u l t y  with t h i s  approach 

is t h e  l a c k  of a genera l  s o l u t i o n  of  t h e  dynamical equat ions 

uniformly v a l i d  f o r  Mars e n t r y  over a l l  t h e  regions of 



interest: Keplerian,  Aero-gravity Perturbed, Aerodynami- 

c a l l y  Domhated, and Sonic Velocity.  S p e c i f i c  con t r ibu t ions  

towards a n a l y t i c  s o l u t i o n s  of the e n t r y  dynamics are now 

discussed.  

Chapmad cont r ibu ted  a certain s e t  of t r a n s f o r -  

mations which enabled him t o  approximate t h e  e n t r y  dynamics 

(see Appendix A) by one nonl inear  differential equation: 

where the variables, 2 and u, are given by 

It should be noted t h a t  the following assumptions were made 

in developing Chapman’s Equation: 

(i) The percentage change in d i s t a n c e  from t h e  

c e n t e r  of the plane t  is small compared t o  t h e  

percentage change i n  ve loc i ty .  

(i9i) Non-rotating, s p h e r i c a l  p l ane t  with exponent- 

ial atmospheric density d i s t r i b u t i o n .  

From t h e  p r a c t i c a l  point of view, this e f f o r t  does not  
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c o n s t i t u t e  an a n a l y t i c  solution of t h e  e n t r y  dynamics. 

However, it does.show t h a t  combining the phys ica l  state 

v a r i a b l e s  i n  certain d i f f e r e n t  groups may lead t o  a s impli-  

f i c a t b n  of t h e  equations of motion. 

Loh’s work 2 s 3 s 4 , 5 .  c o n s t i t u t e s  an e a r l y  approach 

toward a n a l y t f c  s o l u t i o n s  of t h e  e n t r y  dynamics. 

In a d d i t i o n  t o  t h e  assumptions made i n  developing 

t h e  time bornah equat ions of motion (A-22,23,24,25) , t h e  

d e n s i t y  p r o f i l e  is w r i t t e n  e x p l i c i t l y  as 

where = surface density 

= inverse scale he ight  

Noting t h a t  time does not  appear i n  the equat ions o f  motion, 

t h e  density i s  taken as the new independent v a r i a b l e  r e s u l t -  

Lng in 

Loh then claims t h a t  the quantity 

. . .must be i n s e n s i t i v e  to or 8 i n t e g r a t i o n . ”  This Q I) 
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statement  is supported by re ferences  to f i r s t  o rde r  t h e o r i e s  

and numerical simulation. Norman6 also discussee t h i s  

assumption wjith s p e c l f i c  r e fe rence  t o  ba l l i s t ic  en t ry .  

the previous discussion, the fo l lowing  r e s u l t s  

By 

ccs e= 

Next, t h e  g r a v i t y  component p a r a l l e l  t o  t h e  v e l o c i t y  vec tor  

is neglected.  Together with Equation (1-7), t h i s  assumption 

enables  Lok t o  ob ta in  

Equations (1-7) and (1-8) are Loh's approximate s o l u t i o n s  t o  

the e n t r y  dynamics. One important po in t  should be noted. 

These sofucions are most v a l i d  du r ing  t h e  i n g t i a l  phases of 

e n t r y  where t h e  v e l o c i t y  is still1 of t h e  same order  of mag- 

n i tude  as t h e  circular satel l i te  velac i ty .  Willes7 and 

Cit ron  and Meir8 fureher d i s c u s s  and eva lua te  Loh's work. 

W i l Z e s 7  appl ied t h e  Method of Matched Asymptotic 

Expansions t o  the e n t r y  dynamics problem w i t h  s eve ra l  

o b j e c t i v e s  : 

(I) def in ing  t h e  ' reg ions '  i n  which s p e c i f i c  

approximate a n a l y t i c  s o f u t i a n s  such as Loh's 
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are v a l i d ,  

(ii) extending the salutians to h5.gher accuracy, 

and 

(iii) combining t h e  s o l u t i o n s  t o  ob ta in  composite 

s o l u t i o n s  va l id  over several flight regimes. 

From t h e  poin t  of view of t h e  Martian e n t r y  guidance pro- 

blem, t h e  t h i r d  o b j e c t i v e  fs t h e  most i n t e r e s t i n g ,  

I n t u i t i o n  and e x p e r i e m e  have l e d  t h e  present  i n v e s t i g a t o r  

t o  d i v i d e  t h e  aerodynamic braking phase of Mars e n t r y  i n t o  

two f l i g h t  regimes: (i) a d r a g  daminated phase chmac te r i zed  

by v e l o c i t i e s  of t h e  order  of t h e  c i r c u l a r  v e l o c i t y  and 

slowly changing f l i g h t  path angles ,  and (ii) a "near sonic" 

regime charac te r ized  by much smaller v e l o c i t i e s  and a more 

r a p i d l y  changing f l i g h t  path angle. In term of forces t h e  

nea r  sonic'p regime is  one i n  which drag and g rav t ty  are of t f  

t h e  same order of magnitude. Analyt ic  s o l u t i o n s  €or t h i s  

second f l i g h t  regime have not  been obtalaed except for some 

special. cases 9 General a n a l y t i c  so luc ions  fo r  the "near 

sonic" regime and composfte s o l u t i o n s  v a l i d  over both regimes 

will be needed i f  one is t o  o b t a i n  closed form expressions 

f o r  t h e  s e n s i t i v i t y  c o e f f i c i e n t s  used i n  the guidance 

equat ions .  Other works which cont r ibu ted  t o  t h e  a u t h o r f s  

u n d e r s t a n d h g  of the atmospheric f l i g h t  mechanics problem are 
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Martinlo, Platte 'I , Hanin12913, Allen and Eggers' and 

Jungmannl'. R e l a t e d  literature i n  the f i e l d  of Matched 

Asymptotic Expansions is 

the works of Van Dyke15, 

' perhaps provide the  most 

given in References 15 t a  25 where 
Erde1gifLQ9 W a ~ o w ~ ~ ,  and Cole 25 

general coverage. 
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2. Present  Knowledge of t h e  Mars Atmosphere 

Before beginning the discussion, i t  is necessary t o  

relate knowledge of t h e  Martian atmosphere t o  t h e  problem 

of soft landing an unmanned capsule on: t h e  su r face  of Mars. 

F i r s t ,  newer estimates of the Martian atmospheric parameters 

have g r e a t l y  inf luenced the design of a re ference  t r a j e c t o r y  

f o r  such a landing.  Early estimates of t he  Martian sur face  

pressure ranged from 40 t o  aver 180 m i l l i b a r s  26327,28* For 

these ' thick'  atmospheres, W i n g r o ~ e ~ ~  shows t h a t  t h e  aero- 

dynamic braking provided by B v e r t i c a l  entry t r a j e c t o r y  

would be suf f icier& e 

Wingrove suggested t h a t  10 millibars is  a reasonable lower 

l i m i t  on the su r face  pressure necessary f o r  v e r t i c a l  e n t r y  

t r a j e c t o r i e s .  Ne also suggested t h a t  a sur face  pressure of 

7 m i l l i b a r s  is about t h e  lowest limit f o r  s a f e  direct  e n t r y  

t r a j e c t o r i e s  using terminal  phase dece le ra t ion  devices2g. 

For thinner atmospheres, 30* 31 9 32 

However, the la tes t  estimates of t h e  Martian 

atmospheric density parameters 33934,35936937 obtained from 

Mariner I V  experiments caused f u r t h e r  r ev i s ion  of plans for 

$off; landing; These s t u d i e s  of the Mariner TV d a t a  indicated 

t h a t  the Martian sur face  pressure i s  around 4 t o  6 m i l l i b a r s ,  

though t h i s  result is not conclusive.  To compensate fo r  t h e  

lessened atmospheric drag, two techniques have been 



8 

suggested3&. 

coefficient and (2) lengthening the f l i g h t  path in the 

These are (19 lowering the capsule ballistic 

atmosphere, 

strategies in the Statement of Problem section of this thesfs. 

More will 'be .sa2d about these proposed 

I To csneltsde the review of data pertaiziing to the Martian 

atmosphere, It i s  noted that t h e  most recent sources of data 

are References 39.and 40. For a detailed description of the 

atmospheric densi ty  models used in t h i s  thests ,  see Appendix 

B. 



3. S e n s i t i v i t y  Analysis 

Before the development of analog and d i g i t a l  com- 

p u t e r s ,  t h e  s tudy  &.a d y n m i c a l  system usually was t o  f ind 

an a n a l y t i c a l  closed-form solution f o r  t h e  dSf fe ren t i a1  

equat ions desc r ib ing  that: system. However, i n  t h e  a n a l y s i s  

of p r a c t i c a l  dynamic systems, along with t h e  ob ta in ing  of 

solutlonrs as functions of t h e  independent va r i ab le s ,  it is  

a l s o  important to bave a knowledge of .the v a r i a t i o n s  of t h e  

s o l u t i o n s  w i t h  r e spec t  t o  the parameters of t h e  problem. If 

t h e  s o l u t i o n  of t h e  dynamic system has been found i n  a n a l y t i c  

closed farm, then  t h e  pro'bJlem'of desc r ib ing  t h e  v a r i a t i o n  

wi th  t h e  parameters is q u i t e  simple. It is only necessary 

t o  perform the i nd ica t ed  p a r t i a l  d i f f e r e n t i a t i o n  i n  o rde r  t o  

ob ta in  t h e  c o e f f i c i e n t s  of a Taylor expansion f o r  t h e  

perturbed salutfon, Far  complicated dynamic systems such as 

t he  e n t r y  dyramAcs where analytkaf  closed-form s o l u t i o n s  are 

hard t o  f i n d  and only numerical techniques seem app l i cab le ,  

the approximation of t h e  effects af parameter v a r i a t i o n  poses 

a greater problem. This  is the problem t o  which S e n s i t i v i t y  

Analysis is d i r e c t e d .  Now we review s p e c i f i c  con t r ibu t ions  

t o  S e n s i t i v i t y  Theory. 

The dna lys i s  o f  Miller and Murray" c o n s t i t u t e s  an 

e a r l y  developmena; of a workable f o ~ m  o f  SensZt iv i ty  Analysis. 
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Though the mptivation for these studies was quite different 

(Miller and Murray were interested in obtaining it mathe- 

matical basts for a general error analysis o f  solutions of 

systems of ordinary differential equaa;ions by analog computer 

methods), there is  a general discussion which was useful t o  

the  present investigator. kn particular, the relationship 

between modern sensftivity analysis and the more classical 

' 

theory o f  differential equations i s  ncted. Theorems €or the  

dependence o f  systems of ordinary dif ferent ia l  equations on 

parameters are also discussed. That perturbations of com- 

plicated ~onlfnear system may be described by l h e a r  differ- 

ential equations without "IineiQrizlng" or sirnpli€ying the 

gkven system is also shorn. 

As was mentioned Sens i t iv i ty  Analysis i s  closely 

related to some w e l l .  known theorems of  d i f ferent ia l  equations. 

H r ~ r t m a n ~ ~  provides a concise review of these theorems i n  h i s  

general work on ordinary differential equations. The follow- 

ing  system i s  considered 

e >, (1-9) 

e.) is a set of parameters and where, for 

each fixed 2, the  syseern has it unique solution 
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(1-10) 

That the assumption? of uniqueness implies the continuity of 

the general solution As noted and a theorem for this is given 

and proved. Finally,  the  question o f  the d i f f e r e n t l a b i l i t y  

of the general solution i t s  discussed. 

Peano) i s  given that provides s u f f i c i e n t  conditions f o r  the 

A Theorem (due to 

existence of the first partial derivatives o f  the general 

s0lution.4~ This same theorem also s p e c i f i e s  another differ- 

ent ia l  equation whose sol~tions are the first partial  d e r i -  

vatives of the general s o l u t i ~ n ~ ~ .  Since these first deri- 

vatives are equfvalent to the first order s e n s i t i v i t y  

coef f ic ients ,  any study of Sens i t iv i ty  Analysis should include 

t h i s  work. 

The work o f  T O I I I Q V ~ ~ ~  perhaps contributed the most 

t o  the understanding of the theory a f  the sensirivity 

analysis of dynamic systems. 

followtng matkernatteal model : 

The discussion begins with the 

(1-11) 

Next the s e n s i t i v i t y  coefficient > is  de f ined  by 
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where X ) i t s  the perturbed solution that resultg 

when is substituted for in the original mathe- 

matical model. 

taking the partial  der ivat ive  af equation of the model with 

respect to d m  

The gensit ivity equation is  then obtained by 

The resul t  i s  

=& % -  

(1-13) 

A second order sens i t iv i ty  equatlLon is also derived 

and that result  w i l l  be discussed in another portion o f  t h i s  

thesis 

Thompson and K o h ~ ~ ~  extend Tomavic 's analysis by 

considering an n-th order system modeled by a s ingle  scalar 

where x is the  solution, 

'% 
(1-15) 

and 4 1  * . *  ? are parameters. Again, first and second 

order sensitivity equations are dertved, 

The book in the 

Proceedings of the International Symposium on Sensit ivity 

Analysis, S ~ Q ~ S C I T Z ~ ~  by ICFAC, held in Dubx&mik,' Yugoslavia in 



1964. Papers presented were divided i n t o  t h e  fol lowing cate- 

gor i e s :  Basic Approaches, S e n s i t i v i t y  Functions,'Compen- 

satlon of P a r m e t e r  Variat%ons Synthesis  of I n s e n s i t i v e  

Systems, and S e n s i t i v i t y  and Optimality.  The paper by 

, Kukhtenko and ShevelevS5 dealing with t h e  design sf i n sens i -  

t f v e  c o n t r o l  systems was of particular i n t e r e s t  s i n c e  it gave 

a f u r t h e r  application of Tomuvic's concept of Second order  

sensf t iv l ty .  

The next  t h r e e  papers are s t r l c t l y  app l i ca t ions  

o r i en ted .  

t i v i k y  problem i n  which the  o b j e c t  is t o  ob ta in  improved 

system parameters from recorded text range da ta .  

appl ied  S e n s i t i v i t y  a'jlys$s hn a somewhat novel manner. To 

design optimal  reference t r a j e c t o r i e s  i n s e n s i t i v e  t o  para- 

meter ~ar-iiations f o r  advanced b a l l i s t i c  missile systems, he 

added s e n s i t i v i t y  func t ions  d i r e c t l y  into t h e  c o s t  func t iona l .  

Hull and ~ ~ = ~ ~ 1 4 ~  present  s e n s i t i v i t y  d a t a  €or t h e  Mars 

Staffanson46 d e a l s  with a kind of i nve r se  s e n s i -  

Watson47 

e n t r y  problem although it i s  not clear whether t h i s  d a t a  was 

obtained by so1vLng f o r  t h e  a c t u a l  s e n s i t i v i t y  funct ions o r  

by u s h g  the method of divided d i f f e rences .  

F i n a l l y ,  the survey of Kokotovic and Rutman49 pro- 

v ides  a comprehensive i n t roduc t ion  as w e l l  as an ex tens ive  

bibl iography i n  t h e  field of S e n s i t i v i t y  Analysis,  



4. Entry Guidance 

The func t ion  of t h e  e n t r y  guidance system i s  t o  

c o n t r o l  the  braking d f  a space veh ic l e  i n  t h e  v i c i n i t y  of t h e  

p l a n e t ' s  atmosphere, The f i n a l  objective is usua l ly  t h e  soft 

4 landing of the vehfcle  on t b ~  surface of t h e  p lane t .  

this s e c t i o n ,  both theoretical guidance schemes and various 

c o n t r o l  techniques.  are reviewed. I n  a d d i t i o n ,  some guidance 

and control. techniques suggested s p e c i f i c a l l y  jEor Mars are 

considered. H h a l l y ,  some at tempts  t o  apply modern c o n t r o l  

theory t o  t h e  entry guidance prablem are mentioned. 

In 

In  the past, methods for gutding the f l i g h t  of an 

e n t r y  vehicle 

0.) 

(i i i i)  

The fast-time 

have been d iv ided  3nto the .EtllHowing ca tegor i e s  :5c 

l i n e a r  perturbation guidance employing on- 

board caLculation of future trajectories 

using approximate expressions, 

1 h e a r  perturbat ion  guidance employing 

storage of r e fe rence  t r a j e c t o r i e s  and optimal 

feedback eantrul. 

guidance based on on-board fast-time b e e -  

g r a t i a n  of future trajectories. 

i n t e g r a t i o n  tachnique1r5*s51 uses a p red ic t ion  

of t h e  range performance that would be obtaltned if the 



t h e  cu r ren t  c o n t r o l  is heZd constant .  The pred ic t ion  is 

obtained by numerical tntegration of t h e  equations of 

motion. After comparing the predicted range with t h e  des i r ed  

range, a second pred ic t ion  is  made using a "modified control" 

designed t o  reduce the range error. Since t h e  p red ic t ion  

t%me mus% be s m a l l  i n  cornparisan with the t i m e  of f l i g h t ,  

~ h a ~ ~ a n * ~  reduction of the e n t r y  dynamics1 to a s i n g l e  non- 

l i n e a r  d i f f e r e n t i a l  equation I s  r ea l ly  t h e  b a s i s  of t h i s  

techniquE? * 

Linear  p ~ ~ t ~ ~ b a ~ ~ o ~  guidance employing on-board 

c a l c u l a t i o n  af fueurce trajectortes using approximate expres- 

sions is perhaps the most prrsmistng entry guidance technique 

since it has the a b t l i t y  to adapt to a wlde range of terminal 

objectives.SQ In t h i s  decknfque, %he conCkro1 is formed by a 

~ ~ a t ~ ~ n  of terms lknear ly  propor t iona l  to t h e  devia t ions  

of t h e  actual. t r a j e c t o ~ y  frarn a re ference  trajectory. The 

propor t iona l i t y  f a c t o r s  are t h e  funct ions which mult iply t h e  

s t a t e  varia3le deviations t o  gEve the con t ro l .  These f a c t o r s  

depend 0x1 the partkubar approximate solution of the traject- 

ory dynamics. 

EolZawing flight modes :" 

Approximate s o l u t i o n s  are available f o r  the 

t h e  equflibrhm g l i d e ,  constant  

path angle  

load factor and constant  rate of change o f  load f a c t o r  with 

cons tan t  altLtande rate cans tan t  aerodyna.de 
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velocity, Unfortunately, these solutions are applkable 

only to Apollo-type lift%ng en t ry  into the Earth's atmos- 

phere. As ~~~~i~~~~ p r ~ d ~ ~ ~ s l y  i n  this thesis, further 

approximate solutions tSi3.I. be needed before t h i s  technique 
' can be fully applied to the ,ballistJtc entry planned for Nars 

of th i s  guidance 

technique are given i n  reference 5 , 53, 54, and 55. 
Perturbation guBdsmce u s h g  stored reference 

trajectortes and optimal feedback control. is possible when 

the steering objective and entry conditions are known with 

some certainty beforehand. 

developed by Brgean and Denham.56 

Such techniques have been 50 

While most o f   he above schemes use the l i f t  to 

drag ratkca as the control, variation of the ballistic 

c~e f f f c i ent  above ha also been s sted as a control tech- 

nique by Phillips and ~~~~~~~ and den58. Control of the 

ballistic coeffic$ent is p ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ y  appli6able to Mars 

entry. 

Preliminary studies of the Mars entry guidance 

'have been given by Hull and GunckeI4$, Woastemeyerti9, and 

Moore and CorkGQ. 

Final ly ,  attempts t~ apply modern control system 

theory to the re-entry o f  aerospace vehicles have been made 



3.7 

with moderate success. 61,62 
by Kiahi et a1 
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B. Statement of t h e  Problem 

The Mars ent ry  guidance problem i s  s i g n i f i c a n t l y  

more d i f f i c u l t  than any previously considered e n t r y  problem 

f o r  t h e  fol lowing reason. In Earth re -en t ry  t h e  atmosphere 

2 is considered t o  be a w e l l  known quan t i ty .  The major d i s t u r -  

bances a r e  e n t r y  condftfon v a r i a t i o n s  such as en t ry  angle  

andlor  e n t r y  v e l o c i t y  errors. I n  Mars en t ry ,  however, t h e  

atmogphere i t s e l f  is a source of g r e a t  uncer ta in ty .  The 

guidance system must be a b l e  t o  compensate f o r  v a r i a t i o n s  i n  

t h e  atmosphere as w e l l  as i n  t h e  en t ry  condi t ions.  

Tra jec tory  errors due t o  dev ia t ions  between t h e  

a c t u a l  and re ference  values  of the  Mars atmospheric parameters 

a r e  impolrtant t W Q  F i r s t ,  t h e  t r a j e c t o r t e s  

obtahed by applying aerodynamic braking are p a r t i c u l a r l y  

s e n s i t i v e  t o  devia t ions  i n  t e parameters of the Martian 

atmosphere. *’ 38 948 Second t h e  parameter devia t ions  pro- 

bably will be large, 

cover a w i d e  range with surface pressures  ranging from 4 t o  

Present  estimates of the parameters 

10 m i l l i b a r s  and scale he ights  ranging from 3 to 9 idles i n  

t h e  W-1 to W-8 atmospheres. 33,39 

The e f f e c t  of t r a j e c t o r y  sensitivity t o  parameter 

dev ia t ions  i s  exemplified by t h e  terninah a l t i t u d e  a t  t h e  

end of t h e  aerodynamk braking phase. Variat ion i n  t h e  
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surface pressure  f r o m  10 m i l l i b a r s  t o  4 m i l l i b a r s  may lower 

t h e  terminal  a l t i t u d e  (where t h e  veh ic l e  has slowed t o  1000 

feet pe r  second) from s l i g h t l y  over 40,000 feet t o  approxi- 

mately 14,000 feet. 

i n  des igning  a te rmina l  phase l anding  system, 

t h e  ~~~~~~~~ range angle  is s e n s i t i v e  t o  dens i ty  parameter 

devia t ions .  

capsule  may reach ca pre-spec i f ied  'landing poin t .  

Such a wide  v a r i a t i o n  would be a problem 

In  add i t ion ,  

This will affect t he  accuracy with whlch t h e  

Thus guidance and c o n t r o l  w i l l  be necessary t o  

c o ~ ~ ~ ~ s a ~ ~  f o r  atmospheric parameter ~ ~ ~ i ~ t i ~ ~ s  if t h e  entry 

capsule system is des f  ed ta opera te  f a r  a11 known atms- 

pher i c  ~ ~ ~ s ~ ~ ~ ~ ~ ~ ~ ~ s .  e proposed guidance 

schemes will. e to produce a pse-specified terminal condi t ion 

re  re^ on Mars e n t r y ,  More 

~p~~~~~~~~~~~ the F~~~~~~ of ~~o~~~~~~ a des i r ed  v e l o c i t y  and 

range angle at some given te rmina l  a l t i t u d e  above t h e  p l a n e t ' s  

surface will be considered, The various approaches t o  this 

problem i n ~ ~ ~ ~ ~ g ~ ~ ~ ~  in. this t h e s i s  are ou t l ined  i n  the next 

paragraphs - 
an &he first part of t h i s  t h e s i s ,  a f irst  o rde r  

sens i t  5vity guid ante cheme i s  suggested. S e n s i t i v i t y  

a n a l y s i s  i s  applied t o  the  ~~t~ dynamics i n  o rde r  t o  com- 

pute t h e  first order effects of both densi.ty parameter 
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dev ia t ions  and c o n t r o l  changes. 

meters are tracked, the controls  are determined on-board by 

After t h e  atmospheric para- 

using t h e  s e n s i t i v i t y  c o e f f i c i e n t s  previously compiled. 

Control  updatkg fs provided by in t roducing  t h e  a d j o i n t  

s e n s i t i v i t y  equations, 

since a l l  the required t e m i n a l  s e n s i t i v i t y  c o e f f i c i e n t s  are 

now ~~~~~~~~~ by the  rea% t i m e  s o l u t i o n  of one d i f f e r e n t i a l  

T h i s  reduces t h e  on-board computation 



23 

guidance i s  numerically sfnratlated assuming a VM-2 reference 

atmosphere w i t h  a 7 mb surface pressure and VM- 4 actual 

atmosphere with IO mb surface pressure. 

density parameter deviations are large In t h i s  case. 

It is noted that the 
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PART I1 

First Order Sensitivity Guidance 

for Nars Entry 

*  in^ 

Estimates o f  the Martian atmospheric parameters 

and entry conditions are used to compute a reEerence traject- 

ory, Sensitivity.anaZysis is then used to compute the 

changes in the terminal values of the state variables 

~~~~~~~ path angle,  velocity, range angle) caused by 

dev ia t ions  %E the ~ . t ~ ~ ~ ~ ~ ~ ~ ~ ~  parameters, Likewise the 

effects of c es fn the control v a ~ ~ ~ b ~ ~ ~  an the terminal 

valves o f  the state valria '31es are also ~~~~~t~~ by sensitivity 

11 t h i s  i ~ ~ ~ ~ ~ ~ ~ i ~ ~  is stored in t he  guidance corn- 

puter ~~~~~~~~ the lander. 

the ~~~~~~~~~~~ gives information on the actual values of the 

During, encry an adaptive model of 

ce a specific structure of the 

model atmosphere has been asswed, as shown in Appendix B, 

is equivalent to predicting the 

density at all altitudes, 

ations are computed and the controls adjusted so as to produce 

the des i r ed  terrn%nal condition. It should be noted that the 

The atmospheric parameter devi- 

controls may be updated several times during entry to 

improve performance. The value o f  the control is constant 
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luring each interval .  Modified s e n s i t i v i t y  equations are 

developed which greatly simplify control updating. These 

are based on the a d j o i n t  denaitivity system. 
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For two dfrnensfonal f l i g h t ,  assutn,ng a spherical Y 

symmetric planet suerounded by a non-rotating atmosphere, the 

dynamical equatlons can be written as  follows (see Appendix A). 

altitude 

~~~~~~ path angle 

~a~~~~~~~ sf velocity 

local ~ ~ ~ . ~ ~ ~ y  

local ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ a l  acceleration 

magnitude o f  thrust 

radius of Mars 

l i f t  coeff ic ient  

angle o f  attack 

thrust angle 



= drag coe f f i c i ent  

/WI = mass of entry capsule 

A = reference surface area 

It is convenient t o  make the following changes of variable: 

-" sca le  factor 

= surface gravitational acceleration 

The controls are assumed t o  be two variable thrust engines, 

one o€ which is fixed normal t o  the f l i g h t  path direction 

and the oeher i n  the tangential d i r e c t i o n .  The magnitudes 

of the control accelerations are f2 and fl respectively.  In 

a d d i t f c m ,  ba l l i s t i c  entry without l i f t  i s  assumed, i . e .  

= 0 and 4C = 0, With these assumptions, the entry 

dynamics (2-1) can be rewritten: 

cos  e 
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c 

This  method assumes that one has r e fe rence  
4 A A  

es t imates ,  a, b, c ,  far t h e  ~ ~ ~ ~ ~ ~ ~ e r i c  parameters, a, b, c 

before  t h e  mission is begun. The ou tpu t s  of t h e  adapt ive  

atmospheric dens f ty  madel. a t  t h e  e n t r y  a l t i t u d e  are: then 

assumed to be accurate enough to represent  t h e  a c t u a l  

Martian ~ ~ ~ ~ ~ ~ ~ ~ K i c  parameters. 

These "actual" parameters are d i f f e r e n t  from t h e i r  

re fe rence  values .  Two ques t ions  immediately arise. F i r s t ,  

what is  t h e  e f f e c t  of t h e s e  dev ia t ions  on t h e  te rmina l  values  

of t h e  s t a t e  variables? Second, how can the c o n t r o l s  be 

ad jus ted  so as t o  achieve t h e  des i r ed  t e ~ m i n a l  condi t ion?  

are, in e f f e c t ,  l ~ ~ ~ ~ ~ g  f o r  a method of p r e d i c t i n g  t h e  

te rmina l  cleviaeion in Che state var fab le s  on t h e  b a s i s  of 

information obtained a t  en t ry .  To solve t h i s  problem w e  use 

s e n s i t i v i t y  c o e f f i c i e n t s  4 3 ~ 4 ~ ~ 4 g ~ ~ i c ~  give  t h e  r a t i o  of t h e  

d e v i a t i o n  of t h e  partTcular state v a r i a b l e  from its r e fe rence  

va lue  (as a function e) t o  the parameter dev ia t ion  

a t  en t ry .  

W e  

Deviations i n  the state v a r i a b l e s  caused by atmos- 

phe r i c  dens i ty  v a r i a t i o n s  may now be expressed i n  the follow- 

i n g  manner. F i r s t  l e t  

6 3 
(2-4a) 
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( 2 - 4 4  

Before one can proceed to the m ~ % ~ ~ ~ a t i ~ ~ l  de f in i t ions  of' 

the ~~r~~~~ r ~ e n ~ i t i v ~ t y  funetican, it is neceasary t o  des- 

e reference and ~ e r t ~ ~ ~ ~ ~  trajector ies  used i n  that 

where is a vector  ut the term, It can be 

obtained from the ~ ~ b ~ t ~ ~ ~ ~ ~ ~ ~  o f  the perturbed parameter 
a 4 

Y into  th e~~~~~~~~ of motion and the de f in i t ion  of' J 
the i n i t i a l  condition 

. c  * 2 -" constant (2-5) 
4 

f o r  a31 ,, Physically,  t h i s  last deffnitfon can be 
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interpreted as  meaning that: the reference and perturbed s tate  

variables are equal at the entry altltude (before any 

effectx of the ~~~~~F~~~~ are felt). We now define the 

The quantity is a s t e p  function applied at reXs. 

on t h e  aeate  vartables at alt i tude x can be estimated (atXE) 

once the ~ ~ ~ ~ i ~ ~ v ~ t ~  coef f ic ients  are known. 

The ~ ~ ~ c e ~ ~ ~ ~  f o r  calculating the sens i t iv i ty  

coe fEicient s is now developed. First take 

the partial derivative of  on (2-4c) with respect t o  y 

and set a l l  the ~ ~ ~ a ~ g ~ ~ ~  e ual t o  t h e i r  reference values49. 

A 

j 

Thls resul ts  in 

t 



possible effects: of ~ t ~ o ~ ~ ~ ~ ~ ~ ~  parameter variations and con- 

trol variable changes on the state variables. The values of 

the sens i t iv i ty  f ~ ~ c t i o n ~  the lerminal altitude 9 

e m  then be ~~~~~~ in  the on-board computer. 

When the v e h k l e  enters the Mars atmosphere and the actual 
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values o f  and become available from the 

adaptive ~~~~~~~~ w e  may ~ ~ ~ ~ ~ a t ~ l y  estimate the to ta l  

change (at ~ ~ . ~ ~ ~ ~ ~ e  ) i n n  the feh -.I*- sta te  variable produced 

(2-10) 

As before, the a,  b, h: are the reference values o f  the 

variiable errors have been smed to be zero. If fl and f2 

are set equal to 

(2-11) 

whtch eonstrains the termfnal veloclity and range angle. Then 

the controls E1 and f 2  are ~~~~~~~~ from the simple inverse 



gated. 



3: 

notatfon. First we def ine  the ~~~~~~~V~~~ vector by 

(2-13a) 

(2 -1 3b) 

where ?k ~~~0~~ t h e  transpose operation. The sens i t iv l ty  

(2-14) ~ 

A 

Note that the and are sCi12 defined by Equation (2-4) 

and that the partial 

evaluated along the reference trajectory, Using Equations 

(2-13) and (2-14), ~~~~~~~~ (2-8) may now be expected %TI more 

concise form: 

x ,  (2-15) 
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NOW suppose at some normalized a l t i t u d e  1s 

new values  for  the atmospheric d e n s i t y  parameters a, b, and 

c are obtained &he adapt ive d e n s i t y  

< xE < s x < 1y~) 
The ques t ion  

i s  how t o  incorpora te  this updated atmospheric parameter 

information. We might r ep lace  with s i n  Equation (2-15). 

This i n  e f f e c t  resets t h e  s e n s l t i v i @ & e s  t o  zero at a l t i t u d e  

3. MathematieaT$y, i t  means t h a t  w e  are dealing with a new 

perturbed s o l u t i o n  which co inc ides  w i t h  t h e  r e fe rence  tra- 

j e c t o r y  a t  a l t i t u d e  ( instead of at a l t i t ude  ). The 

s e n s i t i v i t y  functlons which desc r ibe  t h e  new perturbed 

s o l u t i o n  are given by 

(2-26) 

It i.s noted that i n  Equation (2-16) does not  

depend on . This po in t  i s  no t  obvious and is discussed 

i n  Appendix C due t o  its importance t o  t h e  rest of the 

a n a l y s i s .  The method of  p red ic t ing  t h e  a c t u a l  state variables 

at. i s  similar t o  that of Section C with one important 

exception. 

r e fe rence  trajectories were i d e n t i c a l  at 

Before t h e  ~ ~ ~ ~ p ~ i o ~  t h a t  the perturbed and 

(Equation (2-5)) 

a c t u a l l y  w a s  t r u e  i n  a phys ica l  sense s i n c e  t h e  dynamics are 

very nea r ly  Keplerian a t  t h e  e n t r y  a l t i t u d e .  However, it is 

very u n l i k e l y  that the a c t u a l  t r a j e c t o r y  w f l l  be i d e n t i c a l  t o  



34 

c a l l y .  Titme valu he s e n s i t i v i t i e s  at the terminal 

a l ~ ~ ~ u ~ ~ ,  stituted in expressions 

similar to Equation ~2~~~~ with the e ~ ~ i m a t e s  of the atmos- 

pheric ~ ~ ~ ~ ~ ~ t ~ ~ $  a, b, 6: at  altrtude replaced by the 

new estimates at altEb: 

would then ~~~~~~~~~ f1 and f2 to obtain zero deviation i n  

the termfnal. velocity and range angle, 

~~~~~i~~~ solutians o f  the combined system o f  (2-3) 

and (2-16) with and s as hftial altitude have been 

required in order to obtain the control applied a t  entry 

altitude 

For many such updates the amount of on-board computation 

and the first update o f  control at alt i tude S 

would be excessfve.  

a f  the s ~ ~ ~ ~ g ~ ~ ~ ~ i ~ ~  at the terminal. altitude, ZT, are 

required. The variable of interest is the present altitude 

at which the parameter s ~ ~ ~ ~ t ~ ~ ~ t ~ ~ ~  are set equal t o  zero. 

It is also clear t h a t  only the values 
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We now find new sens i t iv i ty  equations whose solution w i l l  con- 

ta in  all the necessa y t e ~ m i n ~ ~  s e n s i t i v i t i e s  with the present 

alt i tude ~~~~~~~n~ as the ~~~e~~~~~~~ variable, That i s ,  we 

obtain an ~ ~ ~ ~ y t ~ ~ a ~  ~~~~~~~~~o~ for 

Qf . TQ do this, Equation (2-16) 

transit ion matrix 

Equatfon (~~~~~~ This  matrix is 

as a function 

for the  ~ ~ ~ o ~ ~ n ~ o ~ ~  portion of 

by 
64,65 

~ ~ ~ ~ ~ e ~ e ~ s  but t h i s  fs no t  shorn for the purposes of sfmpli- 

(2-18) 
Identity Matrix 

From Bhese, the  useful identity 

(2-19) 

i s  obtained (see Ap e n d k  E for deta i l s ) .  

Equatfun (2-16) can then be sho 

representation 

The solution of 

to have the integral 

- 

(2-20) 
";=r c 
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Setting in Equation 12-20) yields 

%2 (2-21) 

(2-23) 

subject to .... - (similar t o  Equation 

(2-19) ~~~~~~~~ (2-22) has the following i n i t i a l  condition: 

(2-24)  

Equations (2-22) and (2- 3) are solved simultaneously with 

the equations o f  motion t o  obtain the  proper s e n s i t i v i t y  

c o e f f i c i e n t s  for the updated atmospheric Tinformation, 

i s  ~ d v ~ ~ ~ ~ g ~ o ~ ~  because it i s  only ~~~~~~~~y to solve the 

This 

3 ) ,  and (2-22) once 

as the vehicle  enters ehe ~ ~ ~ 0 ~ ~ ~ ~ ~ ~ .  Thus an efficient 
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scheme for o b ~ ~ i n ~ n g  the ~ e ~ u i ~ ~ ~  terminal sensTt iv i t ies  as 

functions of the actual altitude has been developed. Its 

application to the cbntrol   ti^^ problem is investigated 

in the next secitio1z. 
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E. 

The f t h  - si&a%e viarfable deviation a t  terminal 

altitude may now be es the entry capsule is 

a t  actual altitude 

~~~~~~f~~ t h e  actual path angle, ve loc i ty ,  and range angle 

at that a l t i t u d e ,  If fl and f2 are set equal t u  zero, 

Equation (2-25) gives fmate of the ~ ~ c a n t ~ o l ~ ~ d  

termha1 deviation. 

applied t o  produce a result similar t o  ~~~~~~~~ (2-12) thus 

reducing the terminal ve loc i ty  and range angle errors. 

Then the controls fl and f2 can be 

The computation sf the ~ e ~ ~ ~ ~ ~ ~ ~ ~ y  coefficients 

used 5n Equation (2-25) and t h e i r  role i n  the gufdance scheme 
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are shorn i n  Figure 1 where the following shortened notation 

is  used : 
4 i s  replaced by 

(2-l5) B T ~  solved 

stored. In addi- 

transition matrix 

in5tEa-L @Qrt i t i ~ n ~ j  i.n solving the adjoin$ sensitivity system 



-- 
I 

b 
I 
I 

16 B 
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P. Numerical Simulation of F i r s t  

We now examtne a ~ ~ ~ e ~ i ~ ~ l  example which will 

i l l u s t r a t e  the ~ s e f ~ a ~ ~ ~ s  o f  the proposed guidance scheme. 

In t h i s  example, the W-2  del is taken as t he  reference 

atmosphere and VM-1 is taken as t h e  a c t u a l  atmosphere. 

Before discussing‘  the  guidance computations performed, 

straightforward numerical solutions for t h e  unconerolled 

t r a j e c t o r i e s  are presented in Table 1. It i s  noted that  t h e  

same i n i t i a l  condi t ions were assumed wi th  both atmospheres. 

It is  seen that not  a~~~~~~~ control w i t h  the VM-I. atmosphere 

resuats 

60 miles ~ h ~ r t  of the target with a velocity 118 Eeet /sec 

faster than t h e  same vehic le  entering t h e  VM-2 reference 

a t ~ o ~ ~ ~ ~ ~ ~ .  Eg: is also seen that the atmospheric dens i ty  

paramefax devia t ions  are nok r e f k i t e d  by devia t ions  i n  t h e  

state var i ab le s  u n t i l  the capsule  reaches an a l t i t u d e  w e l l  

below t h e  

c o n s i d e ~ e d ’ t ~ ~  begin. 

variable B ~ E ~ Q ~ S  are zero a t  some lower a l t i t u d e .  

t h e  guidance equations it fs a l so  assumed t h a t  ad i aba t i c  

model (see Appendix B) may be used t o  represenf the density 

throughout the control2ed por t ion  sf the flight. 

in gs e e n t r y  capsule reaching the terminal a l t i t u d e  

00,OCbO foot a l t i t u d e  where Mars entry is  usua l ly  

T h i s  leads us to .asswne that  -the state  

To simplify 

The 
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density parameters a, b, and c for the VM-1 and VM-2 atmos- 

pheres are given in Appendix B, Further, we assume exact 

tracking of the actual dens i ty  parameters once the capsule 

enters the Mars atmosphere. 

Two computer progr were written to assist in 

evaluating the performance of the guidance scheme. 

first program computes the quantftiebs 

between de-orbit and entry by solving differential equations 

The 

fol lowing numerical data was used for the Vra-2 reference 

trajectory, 

= .I5287 radians 

-” 312,380 ft/sec. 

-10.2348 

= 2.7027 

- -.501556 

==‘  1 

= 61,000 E t .  

I 

= .30 slugslft2 
2 = 12.3 ftfsec for Mars 

= 10.86 ( x o ) ~  Et for Mars 



12 * 436 

2 sec /ft 
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The above values o f  0 and were then 

e 1) for t h e  second 

numerical program w~~~~ solved the adjoint matrix for 

and as € ~ ~ ~ t ~ ~ ~ ~  of. tbe present altitude 

subject to the same f n d t i a l  condt t ions on t h e  state variables. 

i t i o n ,  t h i s  ~~~~~~ computed the controls for each 

i n t e r v a l  as a ~~~~~~~ ~f the density parameter dev ia t lon  

and t h e  s t a t e  v a r i a b l e  deviakion a t  the beginning of 

interval.. 

Figures 2 and 3 show velocity and range angle 

deviations from t h e  reference t r a j e c t o r y  f o r  t h e  controlled 

case ( con t ro l s  obtained f r o m  Equation 2-25) and the uncon- 

t r o l l e d  case (TI and f2 s e t  equal to Z ~ X Q . )  Figure 2 shows 



FIGURE: 2 Velocity Deviation vs. Altitude 
Wartian Circular Velocity = 11,558 Pt/dec 

0,000 

Uncontrolled 

FIGURE 3 
Range Angle Deviation vs. Altitude 

Controlled 

000 



FIGURE 4 
Control Accelerations vs. Altitude 
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t h a t  t h e  v e l o c i t y  dev ia t ion  a t  t h e  t e rmina l  a l t i t u d e  is 

reduced by about 90% by t h e  a p p l i c a t i o n  of con t ro l .  I n  

F igure  3 range angle  d e v i a t i o n  is p l o t t e d  as a func t ion  of 

a l t i t u d e .  Here t h e  effect of  t h e  c o n t r o l  i s  much more 

immediate wi th  t h e  uncontrol.led range angle  dev ia t ion  always 

increas ing .  The t e rmina l  range angle  dev ia t ion  for t h e  con- 

t r o l l e d  t r a j ec to ry '  is very small i n  comparison with t h e  

uncontrol led t r a j e c t o r y .  I n  Figure 4 t h e  c o n t r o l  accelera- 

t i o n s  fl and f2 are p l o t t e d  as func t ions  of a l t i t u d e .  

c o n t r o l s  are seen  t o  vary slowly over  a major po r t ion  of t h e  

The 

f l i g h t .  

The data p l o t t e d  i n  F igures  2 and 3 is summarized 

i n  t h e  fol lowing Table 2:  

TABLE 2 

Another exarqple assumed t h e  VM-8 model with 5 mb su r face  

pressure  as t h e  actual atmosphere. A l l  t h e  o t h e r  d a t a  was 

t h e  same as before .  The results for t h a t  example are 

summarized i n  Table 3. 
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e l o c i t y ,  f t lsec ' 

o r i z o n t a l  Range, miles 

TABLE 3 

For t h e  'above example (VM-2 re ference ,  VM-8 a c t u a l ) ,  

t h e  dependence of s e n s i t i v i t y  guidance performance on error- 

free parameter t r a c k i n g  was Inves t iga ted .  The assumption of 

e r r o r - f r e e  t r a c k i n g  r e a l l y  involved two s e p a r a t e  assumptions. 

F i r s t ,  it w a s  assumed t h a t  t h e  parameter information was 

immediately a v a i l a b l e  a t  t h e  beginning of en t ry .  Second, i t  

was assumed t h a t  t h e  parameter i n f ~ r r n a t i o n ~ ~  w a s  error free. 

To s imula te  t h e  e f f e c t  of a delay i n  ob ta in ing  t h e  actual 

d e n s i t y  parameters an i n t e r v a l  of a l t i t u d e  delay (where f l  

and f2 are set  equal  to zero) was introduced i n  t h e  app l i -  

c a t i o n  of t h e  updated con t ro l .  D i g i t a l  s imulat ion showing 

t h e  effects of de l ays  up t o  20,000 f t .  on t h e  t e rmina l  

v e l o c i t y  and range angle  errors are p l o t t e d  i n  F igures  5 

and 6. It is seen  t h a t  a delay  of 10,000 feet increased 

t h e  v e l o c i t y  e r r o r  by about 25% and t h e  range angle  error 

by about 75%. 

To s imula te  t h e  effects of t r a c k i n g  errors, a 
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FIGURE 5 

Sensitivity Guidance 

Terminal Velocity Error 
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constant error was introduced in to  the value of parameter 'a'  

produced by the  adaptive model i n  the above example. The 

effects of t h i s  tracking error are shown in  Figures 7 and 8. 
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a = -10.2348 
b = 2.7027 
C ' -  5016 

Actual Atmosphere: VM-8 

a = -10.5729 
b = 2.7027 
e = -  5016 

FIGURE 7 

Sens i t iv i ty  Guidance 

Terminal Velocity. Error 

vs 

Density Parameter 'a' Trackeq 

Reference Atmosphere: VM-2 

-10.5t 

tracked a 
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FIGURE 8 

Sens i t iv i ty  Guid nce 

Terminal Range A gle Error z 
vs 

Density Paramete 

Reference Atmosp 

a = -10,2348 
b = 2.7027 
C ' -  5016 

Actual Atmospher : VM-8 9 
a = -10.5729 
b = 2.7027 

-10.7081 -10,6405 -10,5729 -10.505: 

%racked 
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PART 111 

Second Order S e n s i t i v i t y  Guidance 

A. Out l ine  

I n  t h e  previous po r t ion  of t h i s  t h e s i s  a variational 

. guidance scheme based on s e n s i t i v i t y  a n a l y s i s  f o r  c o n t r o l l i n g  

e n t r y  i n t o  an unce r t a in  Martian atmosphere was proposed. 

This  approach produced s a t i s f a c t o r y  results i f  t h e  atmospheric 

parameter dev ia t ions  were not  t o o  large, for example with 

VM-2 (7mb) and VM-1 (7mb). Other s a t i s f a c t o r y  results were 

obtained with a VM-2 (7mb) r e fe rence  atmosphere and VM-4 

( l o m b ) ,  VM-7 (5mb), and VM-8 (5mb) actual atmospheres. How- 

ever ,  f u r t h e r  s imula t ion  of s e n s i t i v i t y  guidance us ing  only 

f i rs t  o rde r  e r r o r  p red ic t ion  shows a marked inc rease  i n  

te rmina l  e r r o r s  i f  t h e  d e n s i t y  parameter dev ia t ions  are l a r g e  

(see Figure 9). 

I n  t h i s  s e c t i o n  of t h e  t h e s i s  we improve t h e  

te rmina l  e r r o r  p red ic t ion  equat ions by inc luding  t h e  second 

o rde r  terms, These terms resul t  from t h e  m u l t i p l i c a t i o n  of 

products  of parameter and/or i n i t i a l  condi t ion  dev ia t ions  by 

t h e  second o r d e r  s e n s i t i v i t y  c o e f f i c i e n t s ,  for  which a new 

vector-matrix d i f f e r e n t i a l  equat ion is  der ived.  

l a t i o n  should be more useful than  a previous ly  obtahed second 

o r d e r  s e n s i t i v i t y  equat ion Sfor a s i n g l e  higher  scalar 

This  formu- 

43 44 
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d i f f e r e n t i a l  equat ion.  The a p p l i c a t i o n  of  t h i s  a n a l y s i s  t o  

t h e  e n t r y  guidance problem is i nves t iga t ed  and c e r t a i n  d i f f -  

i c u l t i e s  are noted, These inc lude  a d i f f e r e n c e  i n  form 

between t h e  first and second order  s e n s i t i v i t y  equat ions.  

' For t h e  first o r d e r  case, it;  was poss ib l e  t o  desc r ibe  all t h e  

terminal values  by us ing  t h e  a d j o i n t  s e n s i t i v i t y  system. 

the second o rde r  c o e f f i c i e n t s ,  t h i s  procedure is only poss ib le  

For 

f o r  an approximation of t h e  second order  s e n s i t i v i t y  fo rc ing  

func t ion .  



B. Derivat ion of t h e  Vector-Matrix Second 
Order S e n s i t i v i t y  Equation 

Before developing t h e  second order s e n s i t i v i t y  

equat ions  from t h e  flrst order  s e n s i t i v i t y  equat ions and t h e  

o r i g i n a l  system dynamics, the t h r e e  d i f f e r e n t  types of second 

o rde r  c o e f f i c i e n t s  are def ined ,  The Class 1 c o e f f i c i e n t s  

are t h e  q u a n t i t i e s  which mult ip ly  t h e  second o rde r  parameter 

dev ia t ions  i n  a Taylor series expansion f o r  t h e  perturbed 

state va r i ab le s .  The vector  for  t h e  Class 1 second order  

s e n s i t f v i t y  c o e f f i c i e n t s  is  w r i t t e n  as t h e  p a r t i a l  d e r i v a t i v e  

of t h e  first o rde r  parameter s e n s i t i v i t y  vec tor  by 

The Class 2 c o e f f i c i e n t s  g ive  t h e  effects of mixed parameter- 

i n i t i a l  condi t ion  devia t ions .  The vec to r  for t h e  Class 2 

c o e f f i c i e n t s  is  def ined in terms of t h e  first order  s ens i -  

t i v i t y  vec tors  e i t h e r  by 

or 

(3- 3) 

where .W CX2$,s) is t h e  first o rde r  state v a r i a b l e  

s e n s i t i v i t y  vec to r  given i n  Equation (D-2) .  The d e f i n i t i o n s  
-1’ 
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given i n  Equations (3-2) and (3-3) are equivalent  s i n c e  one 

can be obtained from t h e  o the r  by interchanging t h e  order  

of t h e  p a r t i a l  d i f f e r e n t i a t i o n ,  F i n a l l y ,  t h e  Class 3 

c o e f f i c i e n t s  give t h e  e f f e c t s  of second order  i n i t i a l  con- 

d i t i o n  devia t ions  on t h e  perturbed state var iab les .  Mathe- 

mat ica l ly ,  t h e  vector  of Class 3 c o e f f i c i e n t s  can be 

expressed by 

Al te rna t ive ly ,  a l l  t h r e e  kinds of second order  c o e f f i c i e n t s  

could be expressed as second p a r t i a l  d e r i v a t i v e s  of  t h e  refer- 

ence state vector  g(q 1 SI and t h i s  is shown i n  Table 4. 

The d i f f e r e n t i a l  equat ions descr ib ing  t h e  + $4' 

are now obtained by d i f f e r e n t i a t i n g  t h e  f i r s t  o rder  sens i -  

t i v i t y  equat ions with r e spec t  t o  e i t h e r  7~ A 

o r  Z!('S], 

A= 1, ..., 5 and m = 1, ... 3.  I n  p a r t i c u l a r ,  t h e  d i f f e r e n t i a l  

equat ion f o r  t h e  

Equation (2-16) w i t h  r e spec t  t o  7~ , 
"' is  obtained by d i f f e r e n t i a t i n g  

Jic 4 

A remark is necessary before  t h i s  operat ion can be 

performed, however. 

and t h e  4 h#!! fo rc ing  vec tor  are e x p l i c i t  funct ions of t h e  

state va r i ab le s  which themselves are funct ions of t h e  para- 

Since t h e  elements of A(%$> matrix 

' J  

meters and t h e  i n i t i a l .  condi t ions,  t h e  chain-rule  must be 



used i n  differentiat ing Equation (2-16). To the author's 

knowledge, t h i s  point has not been discussed previously 

though it i s  implied by t h e  analysis o f  Reference 44 for a 

s ingle  higher order scalar differential equation. We now 

obtain the  following for 

where the scalar operator ~ & h f ' ' s ) ~  

e x p l i c i t l y  as 

can be written 

Further simplificatfon is  achieved by notfng that 



t 

where& -Q, is  defined i n  Equation (2-13b) asd A&,$) is  

defined i n  Equation (2-14). The substitution of Equation 

(3-7) i n t o  Equation (3-5) then l e a d s  t o  

3 

d z 

(3-8) 

f4 $9 

To obtain t h e  d i f ferent ia l  equation describing the  



eJd#s) sens i t iv i ty  vector, we differentiate  Equatfon (D-3) 

with respect t o  e Following the same approach used t o  
4 

derive Equation (3-8), we obtain 

differentiated with respect to StJrtQ leading t o  

J 

To summarize, w e  note that e the second order sens i t iv i ty  

vectors can be described by the following vector-matrix d i f -  

ferential  equation 

(3-11) 

where are given i n  the following table: 

TABLE 4 





of t he  second orde r  ~ ~ n ~ ~ t ~ v ~ t y  equations. 

t h e  F i r s t  Order S ~ ~ s ~ ~ i ~ ~ ~ y  Equation (2-16) w i t h  t h e  Second 

Comparison of 

OX'deK ~~~~~~~V~~~ viation (3-11) reveals a difference i n  

form between the two r e l a t i o n s .  The c l e a r l y  are a 

funct ion  o f  Table 4 )  while t h e  are not. It is 

shown that t h e  

thesis. 'might be expected, t h i s  d i f f e r e n c e  i n  f o r m  com- 

do n o t  depend on Appendix G o f  t h i s  

plicates t h e  a p p l i c a t i o n  o f  the  'adjobt * approach to second 

a i m  of t h e  fol lowing 

equation describing the  

the present  a l t i t u d e .  
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Proceeding in a ~ t ~ ~ ~ ~ h ~ ~ ~ ~ w ~ ~ ~  manner it is pos- 

s i b l e  to write the solutfon of Equatlon (3-11) h terms of 

i t s  state transition matrix as follows 

D - (3-12) 

Since we are interested i n  the terminal values of the second 

order coef f ic ients  we can substitute , the normalized 

termfnal altZtude fo r  X i n  Equation (3-12) which gives 

(3-13) 

We now differentiace ~ ~ ~ a ~ ~ Q ~  (3-13) with respecir t o  S which 

results in 

Since the s t a t e  transktion matrix ,J) does not: depend on 

Equation (3-14)  can be rewritten 

(3-15) 

The e f f e c t  of the dependence of 

evident. 

Q on 3 is now 

Xt results 3x1 the integral tern in the r i g h t  hand 

s i d e  of Equation (3-15). T h i s  term was not present i n  the 

analogous first order equation which is shorn here f o r  



comparison: 

(3-16) 

The ~ ~ f ~ ~ ~ ~ l t ~ ~ ~  caused by t h i s  more ~ ~ ~ ~ ~ ~ ~ a ~ e d  dependence 

w i l l  become clear as we try’ ts simplify Equarion (3-15). 

The evaaus tbn  sf the 5 )  f 0 1 l 0 w ~  direct ly  Erom 

Table 4 .  The lresd.ts are given below An Table 5. 

are given in Equation (D-5). The 
j 

%t i s  noted t h a t  and 

evaluaeion of the partkal derivattve 

Equation (3-15) 5s not  qufte as simple. 

To fndticate t h e  p ~ u ~ ~ ~ ~  involved, we consider the 

i= 1 case in derail.  Using the Sefh5t ian  of given in 
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Table 4 ,  we obtafn 

If we substitute Equation (3-16) into (3-17) and neglect 

terms containing products of two sens i t iv i ty  coefffcients, St 

follclws that 

.-rc (3-18) 

But, because is a stace transition matrix, it is poss ib le  

f30 wrJte 

> 3 s) (3-20) 

Substitution o f  E~uation (3-20) i n to  (3-19) and some 
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(3-22) 

where 

and 

for . Thus we have ttbtahed fin an approximate sense) 

a system of differential equations for CrfJ+, s) in. 

which s ,  tee presen2: altitude, appears as the independent 

variable. 

To summarize, in th i s  section we noted a difference 

in form between the first and second order sensitivtty 

equations, Also we ~~~~~~~~~t~~~ obtained an adjoint 
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description for the terminal values of the second order 

coefficients, 



I) 

1x1 t h i s  section a general second order error pre- 

dict ion equation 2s elevelo ed for the termha1 deviation i n  

the i - t k x  state vari le as a function of the parameter 

i t i o n  devlatlons, and arbitrary 

controls El and E2" Before beginnhg the analysis ,  a revised 

notatlon f s  htrclduced for the second order c o e f f i c k ~ i x  : 

C X P  

(3-25) 

the i - t k  state  is rewritten 

(3-26) 

W%th these preliminaries in mind, the second order error 

c t ion  equation can be written 

(3-27) 



7.. 

Since the effects of the controls are of particular interest, 

the terms involving f l  and f;? are wr€tten explicitly giving 
3 

(3-28) 
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.b (3-30)  

(3-32)  a --. 4 0 
4 -  

(3-33) @L z 

i 
In order to achieve z 

angle and velocf 

(3-34)  
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This results in a s e t  of t w o  simultaneous quadratic equations 

for the controls fl. an f 2 .  ~~~~~~~~~~ for solving these  

equat%ons are d i  e next section of t h i s  thesis.  



tasks are considered. The fime i s  the solution o f  the 

second arder  s ~ ~ ~ ~ t ~ v ~ ~ ~  equations. The results of this 

task are &he ~ ~ ~ ~ ~ t ~ v i E y  coeff ic ients  required at the 

task involves the solution o f  the ~ ~ ~ t ~ n ~ o u ~  quadratic 

control ~ q ~ ~ % ~ o ~ ~ ~  (3 -34)  f o r  fl and f z .  F i n a l l y ,  these 

controls are s ~ ~ s t ~ t ~ ~ ~ ~  h t o  a trajectory program and the 

term5:nal errors c ~ ~ ~ ~ ~ e ~  far first and second order guidance 

schemes. A I 1  t h r e e  %asks are now discussed in d e t a i l .  

As ~ ~ ~ w n  in Table 4 ,  the solutfons to the second 

order  ~~~~~~~~~~~ Equations (3-21) depend on the first order 

sensieivity vectors - arid For this 

s e n s i t i v i t i e s ,  and the econd order sensitivities. 
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(la-3) Ear the  , and ‘Equations (3-11) 

= 1,2,3) f a r  the ‘I To (estimate 

rhe s i ze  of t h i s  task it i s  raated chats there are 3 reference 

rfcal data: 

a€ t h i s  thesis the  result^ for the reference states and the 



first order coefficients are not repeated. The following 

data was obtahed ~ Q K  the second order coefficients where 

the nota t i sn  given in ~~~~~~~~ (3-25) is used. The Class 1 

coefficients are given in Table 6 fo1Xawed by Tables 7 and 8 

for the Class 2 and Class 3 coefficients. Note that x = xT 

i 

a 
2 
3 
1 
2 '  
3 
I 
2 
3 
1 
2 
3 
1 
2 
3 
I 
2 
3 
1 
2 
3 
1 
-2 
3 
1 
2 
3 
1 

e 
1 
E 
P 
1 
3 
I 
a 
1 
1 
3. 
1 
I 
1 
1 
2 
2 
2 
2 

' 2  
2 
2 
2 
2 
2 
2 
2 
3 

k 

'1. 
1 
1 
2 
2 
2 
3 
3 
3 
4 
4 
4 
5 
5 
5 
2 
2 
2 
3 
3 
3 
4 
4 
4 
5 
5 
5 
3 
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(Cont 'd) 

i 

2 
3 
1 
2 
3 
h 
2 
3 
I 
2 
3 
a 
2 
3 
It 
2 
3 

f 

3. 
a 
1. 
2 
2 
2 
3 
3 
3 
1 
1 
z 
2 
2 
2 
3 

3 
3 
3 
3 
3 
3 
3 
3 
4 
4 
4 
4 
4 
4 
5 
5 
5 

1 
2 - z 
1 
2 
3 
1 
. 2  

3 
1 
2 
3 
1 
2 
3 
1 

k 

3 
3 
4 
4 
4 
5 
5 
5 
4 
4 
4 
5 
5 
5 
5 
5 
5 

3 
1 
I 
]I 
1 
1 
1 
I 
I 
2 
2 
2 
2 
2 
2 
2 

-.1873 . 
" e 3.133 (10) -2  
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Table 7 - Class 2 Cont'd. * .  .) 

i 

3 
3 
1 
1 
1 
2 
2 
2 
3 
3 
3 
1 
1 
1. 
2 
2 
2 
3 
3 
3 
I 
E 
1 
2 
2 
2 
3 

3 
3 4 

2 
3 
1 
2 
3 
1 
2 
3 
8. 
2 
3 
I. 
2 
3 
1. 
2 
3 
h 
2 
3 
a 
2 
3 
1 
2 
3 
I 
2 
3 

k 

2 
2 
3 
3 
3 
3 
3 
3 
3 
3 
3 
4 
4 
4 
4 
4 
4 
4 
4 
5 
5 
5 
5 
5 
5 
5 
5 
5 
5 
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E 8 - Class 3 

3, 

1 
2 
3 
1 
2 
3 
1 
2 
3 
a 
2 
3 
z 
2 
3 
B 
2 
3 

I 
1 
1 
a 
I 
1 
1 
P 
I 
2 
2 
2 
2 
2 
2 
3 
3 
3 

k 

1 
1 '  
1 
2 
2 
2 
3 
3 
3 
2 
2 
2 
3 
3 
3 
3 
3 
3 

-.5183 ( l o p  

-.IO97 ( l o p  
.2312 (1.0) -1 

.7398 
* 6772 

- ,4885 (lQ)-I- 
0.0 
0.0 
8.0 

.507? (10)"" 

.2272 ( l o p 2  - .8551 (IO)=-* 
8,Q 
0.0 
0.0 
0.0 
0.8 
0.0 

Before a t tempt ing  to so lve  the simultaneous 

quadratic control equat ions (3-34) , t w o  additional.  d e f i n i -  

tions are introduced. These are 
t 

e - 
(3-35) 

2 a c 3 3 

(3-36) 

where x = XT and 8 -- xE €n Equations (3-35), (3-36),(3-32), 

and (3-33), 
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The are defined i n  Section I1I.D. Using 

Ejuatlons (3-35) and (3 -36)  the contl~oP problem stated by 

Equation (3 -34)  may'be restated as finding fl and f2 such 

tha t  =? 

r=: (3-37) 

The solutfon of these ~ ¶ ~ ~ ~ i ~ ~ ~  is discussed assuming a VM-2 

referenee atmosphere an -4 actual atmosphere where a,b,c  

for w-4 are 

a = -9.9075 
b ;= 2.325 
c = -e5439 

It also is a~~~~~ that  here are no i n i t i a l c o n d i t i o n  

deviations at the entry altids e .  Two different techniques 

were ~~p~~~~ to ~ ~ t ~ ~ ~ ~ ~ l ~  the values of fl and €2 that  

solve Equation ( -37) e P i p s t ,  Newton's Methoddi9 was tried 

w i t h  the so lu t ions  o f  ~~~~~~0~~ (2-12) for fl and f2 used 

as the starting values. The iterated solutions resulting 

from t h i s  approach fa i led to converge. The Steepes t  Descent 

~ ~ ~ ~ * ~ ~ ~ ~ ~ * , ~  3 72 w a s  applied wi th  much more success. Since 

eseent is usually applied t o  minimization pro- 

blems, it was ~ ~ ~ ~ ~ s a r ~  to restace problem. To do t h i s ,  we 

define a new function of fl and €2 given by 

- b 

(3- 38) 
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The control problem is ta find the values of fl. and f2 that 

mhn i m f  z e . For ghe present problem (W-4 actual 

-11,035 6 . 0 6  

** Sta r t ing  values d~~~~~~~~~ by trial and error. 

The performance o f  the F i r s t  and Second Order 

Sens f t iv i ty  ~~~~~~~~ schemes is compared in Table 10. First 
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the  uncontrolled termfnal v e l o c i t y  and range angle deviations 

are given. 

Guidance P with updating are iven. Hext, F i r s t  Order Guidance 

without updaeing f s  s i m d . a t e d .  Ifn t h i s  case, the  controls 

determined at t h e  beginning, o f  entry are applied a l l  the 

way down to 2 ~ , ~ ~ ~  Et, Finally, Secand Order Guidance 

w i ~ ~ ~ ~ ~  ~~~a~~~~ is i~~~~~~~~~~ 

Then the results of the First Order Sens i t iv i ty  
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PART IV 

Conclusions 

Tra j ec to ry  dynamics, s e n s i t i v i t y  a n a l y s i s  f o r  

c o n t r o l  and f o r  up a t fng ,  and e f f i c i e n t  implementation of 

t h e  proposed guidance techniques are s tud ied  i n  t h i s  t h e s i s .  

The t r a j e c t o r y  equat ions have been transformed 

from t h e  t i m e  domain t o  a normalized a l t i t u d e  domain. This 

i s  advantageous s i n c e  t h e  d e n s i t y  (the main source of uncer- 

t a i n t y )  now appears as a funct ion  of t h e  independent va r i ab le ,  

guidance requirements. 

The fol lowing atmospheric model i s  used 

t c 1- 

assuming t h a t  t h e  ~ ~ ~ ~ ~ e t ~ r s  it, b, e are slowly varying 

func t ions  o f  a l t i t u d e ,  The model will f i t  any of t h e  pub- 

l i s h e d  ~ a K t ~ a n  atmospheres. The p a r m e t e r s ,  a,b, c may be 

t racked as func t ions  of x, t h e  normalized a l t i t u d e .  I n  this 

way we can p r e d i c t  the d e n s i t y  i n  the  future as t h e  veh ic l e  

e n t e r s  t h e  Mars atmosphere. 

The e n t r y  guidance schemes descr ibed e o n s i t u t e  a 

new app l i ca t ion  and extension of s e n s i t i v i t y  theory.  

work47 has assumed t h a t  the actual v a r i a t i o n s  of t h e  density 

Previous 

parameters are unknown and minfmtzed t h e  t e m k a l  state 
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v a r i a b l e  s e n s i t i v % t i e s  t o  such v a r i a t i o n s .  Our approach i s  

more s p e c i f i c  i n  that s e n s i t i v i t y  a n a l y s i s  is appl ied d i r e c t l y  

t o  t h e  e n t r y  dynamic's i n  order  to compute t h e  effects of both 

dens i ty  parameter deviations and c o n t r o l  changes 

In the process of  ob^^^^^^^ an e f f i c i e n t  procedure 

f o r  updat ing the c o n t r o l s  a new s e n s i t i v i t y  equat ion was dev- 

eloped whfch escsibes the terminal s e n s i t i v i t i e s  as func t ions  

e a l t i e u d e  where &e ~ e ~ ~ ~ ~ ~ v ~ ~ y  c o e f f i c i e n t s  are 

assumed to be zero, This esult 5 s  important because it 

reduces t h e  an-board c o ~ ~ ~ ~ ~ ~ ~ ~ ~ a ~  ~ ~ ~ ~ ~ K ~ ~ ~ ~ ~ ~ .  

The an-'board c ~ ~ ~ u t ~ t ~ ~ ~ ~ ~  e f f o r t  is divided i n t o  

t w o  phases. Between de-o rb i t  and entry t h e  re ference  tra- 

j e c t o r y  and the firs& set of s e n s i t i v i t i e s  are computed. 

These ~ ~ ~ s i t ~ v i t i ~ ~  are used as t h e  i n i e i a l  condi t ions  for 

t h e  c ~ ~ ~ ~ ~ a ~ ~ ~ ~ ~  p e ~ f ~ ~ ~ ~ ~  t o  

~ ~ ~ r i ~ ~ ~  ~ ~ m ~ ~ a ~ i o n  of the first order guidance scheme f o r  

a s p e c i f i c  case showed t h a t  t e t e ~ m b a l  ve loc i ty  dev ia t ion  

was reduced by 98% i n  comparison t o  t h e  uncontrol led tra- 

j e c t o r y .  

an even g r e a t e r  amount w i t A  the app l i ca t ion  of t h e  same 

c o n t r o l  

ate t h e  c o n t r o l  dur ing  en t ry .  

The terminal. range angle d e v i a t i o n  was reduced by 

Second Orde r  S e n s i t i v i t  al lysis is  introduced 

I n  P a r t  1x1 i n  order  t o  Improve t ccwacy of the e r r o r  



pred ic t ion  equat ions.  

equat ion for t h e  second order s e n s i t i v i t y  c o e f f i c i e n t s  of a 

genera l  system is ekived. Thfs f o r m l a t i o n  should be more 

useful than  a p ~ ~ v ~ ~ ~ ~ l ~  obtained second order  s e n s i t i v i t y  

e q u a t i 0 n ~ ~ 9 ~ ~  for a s ing le  bigher order scalar d i f f e r e n t i a l  

equation. There is E% ifference in form between t h e  f i rs t  

and second o r d e r  ~ ~ n ~ ~ ~ ~ v ~ ~ ~  ~~~a~~~~~~ FOK t h e  first orde r  

A new vector-matrix d i f f e r e n t i a l  

Some ~~~~~~i~~~ of t he  work i n  t h i s  t h e s i s  are now 

discussed a For F i r s t  Q r ~ ~ ~  ~ ~ ~ ~ ~ ~ i ~ i ~ y  Guidance, the singu- 

l a r i t y  in ~ ~ u a ~ i o n  (2-3) at zero f l i g h t  pa th  angle  has 

proved troublesome in certain cases. This problem 5s p a r t i -  

c u l a r l y  ev ident  with a 'thin' re ference  atmosphere and a 

much t h i c k e r '  actual atmosphere. Using t h e  range angle  as 

t h e  ~~d~~~~~~~~ variable removes that ~ ~ ~ ~ ~ ~ a ~ i t ~  and might: 

allow a wider range of con t ro l l ed  t r a j e c t o r i e s .  

t 
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 the^ possible control variables should be investi- 

gated, For example, it may be possible to achieve sufficiene 

reduce t h e  c o ~ ~ l ~ x i ~ y  af the an-board calculations. 

of ~~~~t~~~ Ps s t t U  ~ ~ ~ ~ w ~ a ~  unresolved. Ht is not really 

egher the benefits w ~ ~ r a n t  t h e  a d d i t i o n a l  complexity 

t h a t  ~ ~ ~ a ~ i ~ ~  may involve, erhaps a hybrid approach 

utili.zing approximate second order coefficients might be 

Finally, the nonflraear control. equations (3d37.) deserv 

further a ~ ~ ~ ~ ~ i ~ ~ .  Since these equations represent the 

intersections o f  a p a i r  of conic sections, &he possibility 

of multiple solutions would a~~~~~ to exist. 
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= Center o f  Planel; 

= Pos i t ton  of Vehicle 

= Range Angle 

= Veloc i ty  

= Vector from 0 to P 

= P l i g h t  Path Angle 

= Unit Vector in t h e  Direct ion of the Veloc i ty  

A mwing coordinate  system oriented parallel  t~ t h e  posit ion 

nate system and Plhe v e l o c i t y  coord ina te  system i s  given 

s h i p  between the velocity ~ o ~ ~ ~ ~ ~ a ~ ~  system is  given 
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The v e h i c l e  posi t ion vector, can be expressed in the 

system as 

the fjixed reference plane (see Ffgure A-1) is given by 
= Q  

“Q = -  

* Equations (A- ) can also be derLved b 
Equa~ions (8-2) and not ing  t h a t  - 



(A- 11) 



(A-13) 

- (A-14) 5 -  

Eext, &he farces acting on the entry vehicle are considered.. 

These include drag, Eft, d gravity. Rote t h a t  for the 

present only powered ~~~~~~ i s  Pnc uded. The external, 

~@~~~~~ Eng retro- propuas on) on the  capsule can be force 

expressed by 

* -  e (A- 3.5 1 



1 

- 
1 (A-17) 

The equivalent scalar equations are 

(A-18) 

Equations (A-11) (A-12), (A-18) and (A-19) constitute the 

t i m e  domain equations of motion f o r  entry into a planetary 

atmosphere a 

Two addi t ional .  steps are usually introduced 

PLrst,  t h e  drag I s  approxlmated by 

= z  i, 1 (A-20) 

where = atmospheric densjity 

= drag coefficient 

= reference area 

=* a l t i tude  

Also, the variable “2, whfch represenQs the distance from 

the center of the planet;, is replaced by 

the entry capsule above the planet’s surface. 

~ the altitude of 

The quantities,& 
i 



are related by 

(A-21.) 

set of entry equations 

(A-22) 

(A-23) 
rr 

(A-25) 

One final a d d i t i o n  i s  ~ Q W  made, It i s  assumed 

that retro-propulsion i s  posslble with  the geometry of the  

thruse angles b e h g  shown in Figare A-3,  Equation (A-16) is 

now replaced by 

P (A-26) 

The retro-propulsion term are shown t n  the revised entry 

equations : 
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L i f t  Angle 

= Velocity Vector 

s=! Thrust Angle 



(A-27) 



Ak: presen~ there are two densftry models for Hars 

being used by ~~~~~~~ For a l t i t udes  greaeeer than the height 

of the tropopause, an Fsothex~al model is used: 



and because the main pare: a€ the a ~ ~ ~ ~ y ~ ~ ~ c  braking occurs 

in the lower p o r ~ A ~ n  of the ~ ~ ~ u ~ ~ ~ ~ ~ ~ . ~  the adiabatic 

densiey model is used exclusively In thfo  thes i s ,  

able ranges for three paraaeters FOT Che 

models * . 3 3  

a 9 



= reference a l t i t ude  

= scale €actor  

To ~btain an sdfabatic. model QE the densf ty  aa a function of 

En terms o f  a, b, and c the ~~~~~~~ can be expressed as 

a c 

thes i s  P 

Thae model is given by 

(E- 10) 



The quarathty is sei11 def ined by Equaeisn (B-4) and the 

parameters A, B, and C are deffned by 

- - (B-22) 

=%z 
(B-13) 

fee  the model g t i o n  (B- lo)  seems eo have a 

slnpler f a r m  than t h a t  o f  Equaeian (B-6) t h i s  advantage 

P r O V e d  only ~ ~ ~ ~ B ~ C I X ' S ~ X T J T ,  u r h g  simulation o f  the first order 

sensitivity guidance system with Equatlm (E-IO) as the 

density madel certain difficuleies were encountered when the 

actual atmosphere d i f f e r e d  from the reference atmosphere in 

all three paramelters: A, B,  and C, Such a case occurs when 

W-2 IS rthe r e f e r e n ~ e  a ~ ~ ~ o s p h e r e  and VM-I is assumed to be 

t h e  actual atmosphere. ~x~~~~~~~~ of the results showed 

thae the difficulty was caused b y  significane: differences 

between the predfcted unconkrolled errors and the actual 

uncontr~lled errors, Further study showed t ha t  because para- 

roeters A and C both depended QYI &he physical parameter ( r /To):, 

IT,) caused larger deviations in the model 

parameters A and C. The following Gables illustrate th i s  

point far iw-2, VM-a case, 



3-10 

The firsa: table  gives the d e n s i t y  parameters for 

the W-2 and 'G7M-1 rnctde3.s. Bere A, B, C were computed using 

Eqaac:ions (B-II}, (I?i-E2), and (B-13) and a, 6, e were corn- 

puted usiog Equations (B-7), ( S - 8 ) ,  and (B-9). The second 

eable compares the deviation oE ehe parameters SCX the old 

and new models fo r  a W-2 reference atmasphere and YM-1 

actual atmosphere, Clear ly  the parmeter devfations are 

smaller €or the model given by Eqzxatibon (B-6).  In order to 

h$kpXOVe %he perfOlXk2nCe of .&he f % l e B r  O K d E T  eZ?E"QT prt?dfCt&r>n 

equations, the atmospheric d e n s i t y  model given by Equation 

(B-6) w a s  adopted .% 
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Final ly ,  a ,  b, and c f o r  !M-1 through Im-10 are given in the 

table on t h i s  page, 

Wara Atmospheric Data f o r  E .= 1 and 

a 

-i4).8977 

-10,2348 

-10 9 5383 

9.9075 

-10.2045 

- 9.7262 
-13,2353 

-10,5729 

- 9.8452 

- 9,506P 

b 

2 * 6316 

2.7027 

2 c 6316 

2 P 3255 

2,6326 

2 12222 

2.6314 

2,7827 

2.6316 

2.4398 

C 

Q.2625 

- e 5016 
-. 2625 

” * 5439 

- .2625 
- 5778 

-. 2625 

e 5016 

* .262$ 

4033 



4% 

where: a =  reference value of parameker a 

= 2Edependent variable 

= reference state variable 

This w d e l .  is desirable because an analyt-icstl solution Ear 

the reference trajectory frs easdly obtained, 

conditfun is given by 

I f  the i n i t i a l  



the soZutfon of Equation ( C - l )  follows 

Epuarbaa (C-a) w i t h  respect ts ha gives rhe 
order sensft%vity equation 

Mow consider 8 new perturbed trajectory WhfCh coincfdes wtrh 

t h e  reEerenee trajectory at &Ratead of L The sensitit- 

viey coeffictent descrfb2ng t h i s  new perturbed trajectory 1s 

Tn order to show &ha 

must prove char 

~guatfcna (c-5). NOW that che potnt C 





respect2ve s e n s i t i v i t y  coefficients b y  

the following sensitlvity eqrtaeions result: 

d a a  lc ?== 
(C-15) 

Clearly, i f  we can show k h a t  

then the sens ie iv2ty  forcing term 

not depend 0 x 3  and the present formalation (Equation 

d will 

(2 -26)  is correct. To prave Equation (C-X?), recall that: 

the polnt  ( ) l a  on the reference trajectory. Therefore, 



Subesracting Equation (c-az) from (C-20) leads to 

2 
4 (6-21) 

replaced by a 



rcn II (6-25) 

Thas {see Equation (c-la)) the 2irsE order sens%tivity 

foseing function does not depezd on for a general dynamlcal 

spteB-l* 



a t a t e  variable Eevfar%sn. The first order  s m e e  variable 

sensizfvi t ies  are given by 

where * denoees eranspose, The state variable sens i t iv i ty  

equat. ions 



* & 



and its adjotnt, described by 

(E-3) 



(E-311) 

(E-12) 


