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This 1.3.s.l; contains a l l  synibols except t lmw 5.nfrequently 
used and c lcs r ly  defined in  the text.  

A,B,C,D,E = regions defined. by Figure J, 

a =f sgeed of sound i n  the undidturbcd f lu id  (m/sec). 

= slope of normal force and nloment coefSicients (rad-’) 

= pressure coefficient 

c% 

cP 

D = ref  erence diameter 

f = frequency ( H Z )  

I 

m) = an arbitraxy function, detflrmined so as t o  s a t i s fy  a boundary 
c oiidi t; ri on I 

= unit s tep  function, = 1 ii!, t 2 0 and zero otherwise 

L = character is t ic  body length (m)  

M = Mach number, U/a 

R(x) 

r = r ad ia l  coordlnate 

S 

= equation of the body surface 

= Shrouhal number. (= fL/U) 

= base area of body (m2) 
%I 

t = time (see.)  

U = upstream velocity (m/sec) 
I 

V = strength of a.n elementary porint source 

vO *=  velocity of the side gust 

I 

V = haQ-amplitude of w i l d  velocity (m/scc) (see (53)) 

v i i i  



= ax.iw1 coordinate, measured from nose of body 

F pitch axis locabion (nondimensLoazLized with respect -;a bod;- 
length ) 

= fineness r a t i o  ( r a t io  of base radius t o  body length) 

= angular coordlnate 

= axial eoordinste, or lbcxtion of a point on %he x-axis 

= time (sec . )  

= velocity $oten-tials, w ose negabive gradient yields ~t :oryes- -- 
ponding ve1ocj.ty vec 

= angular frequency 

Subscripts 

a .= axial flow 

C = cross flow 

r,x,t,T,€l = derivative with respect; t o  r,x,t,T, or  8 
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exhibit  a resonance t o  wS.hds with a sp tlal. vavklength of about 80 meters, 
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1. INTRODUCTION 
I_ 

A. Overview 
I I 

Aerospace launch vehicles of t4e Saturn V c lass  are potentially 
vuherahlc  t o  side wind loads i n  ways which have not been of concern pre- 
viously. Vehicles of t h i s  class are, f i  s t  of a l l ,  ra ther  f lexible  and mas- 
sive, meaning tha t  the bending modes oq 1 he configuration are  of re la t ive ly  

Secondly, the geometric con- 
figuration, consisting of several. stages of different  dianeters jojned by 
conic Trustrums, leads t o  large, localiz 4 d aerodynamic side forces rather 
than r e l a t ive ly  unifox-inly dis t r ibuted forces. Thirdly, t he  length of the 
vehicles ( i n  excess o f  100 meters) i s  suqh that the vertical. p rof i le  of the 
horizonial. winds must be considered (T.e/, v e r t i c a l  wind sheam are  of con- 
cern). 
t h in  so t h a t  the  poss ib i l i ty  of damage d4e t o  ixrge, localized unsteady 
forces caused by osc i l la tory  or t ransient  winds must be considered. 

-low frequency (on the  order of 1 t o  10 Hfrtz). 

t 

A fourth point i s  t h a t  the "skiny of such vehicles is  re la t ive ly  

i 
' i  I n  view of the above remarks, research programwas carried out 

with the  following objectives : 

1. To extend a previously devboped aerodynamic theory, an in- 
d i c i a l  theory, s o  tha t  it m y  be applied t o  both sinusoidal wind prof i les  
as w e l l  as arbi t rary,  numerically define wind prof i les ;  b 

2. To obtain pitching moment and n o m 1  force frequency response 
data fo r  simple aerodynamic bodles, such/ as cones, ogives, and cone-cylin- 
ders; and 

I 
3. To obtain aerodynamic forces and moments for  the Saturn V 

vehicle i n  response t o  sinusoidal and measured., in-fl ight wind profiles.  

The most c r i t i c a l  f l i g h t  regj.me i s  the l o w  supersonic portion of 
the f l i gh t ,  during which the peak dynamic pressure (maximum Q )  occurs and 
during which the s ide wind ve loc i t ies  qre generally a t  t he i r  peak. 
theory devebped i n  t h i s  report  applies t o  t h i s  f l i g h t  regime. 

The 

The pr incipal  d-ifficu1.ty which arises when one attenQts t o  study 
t h e  aerodynamic forces of t he  - tyges ju s t  mentioned is tha t  most aerodynamic 
theories  are not applicable. Thc reasons are*'twofold: (1) the vehicle i s  
not slender i n  the  seme required of "slender body" theories (e.g., the  
overal l  dimeter-t.o-lmgth r a t i o  i s  0.1, l oca l  surface slopes m y  be on the 
order of 0.5); and (2)  the vehic1-e prof i le  i s  not smooth, but contains slope 
discont inui t ies  or shwp  corners, Therefore, it was  necessary t o  develoy, 

1 



a ricw basic theory; t h i s  was done i n  ea r l i e r  studies by MRT. Before dis-  
cussing t h i s  theory, il; is instructive t o  br ie f ly  mention earlier steady 
and wsteady flow theories.  

1 

Theodor von Karma and Norton B. Moore?] develop 
obt.aining the s teady axial potent ia l  flow over a pointed 'bod 
traveling a t  pperson.ic speed., 
of basic solu1c:lons which represent the f$n~ over a cone. 
has become wicjBely known as the Karm 

The mcth.od was based on the 

-1dobre theory, w a s  extended t o  the  
steady cross Flow problem by Tsien. 3 1  I 

Thia work was extended-, as a d v r i c a l  technique, by Van Dyke.g 
He considered lthe Ikmm-Moore and Tsie4 solutlons as being of f irst  ordcr 
cornpaxed t o  the exact solution of the f d l l  nonlinear potent ia l  e 
then proceeded t o  show t h a t  a second or r theory produces a m a r  
-nAL--: fo r  the ax ia l  flow case, but t ha t  ai second order cross f l a r  theory is  
not obtainable i n  general.. Van Dyke also presknted other, more useful basic 

+ 
solutions fo r  t4e first order problem. i , 

I 
Many authors have made slende body approximations and obtained 

solutions of higher order along these 1 f es. However, such approaches fo r  
the case of bcidies with slope discontlndities were quest*ioned by L t g h t h i l d  
who then presented a modification using 6t ie l t je ' s  integrals, t o  proserly 
account f o r  t w s e  corners. Adanis and Seiarsg have developed a quite general 
scheme fo r  de&ling with so-called not-so-slender bodies. . Several authors, 
and most recently Platzer and HoPfmn,g have extended the i r  work, particu- 
l a r ly  i n  t h e  solution fo r  osci l la t ing bodies. 

1 

Previous work i n  the f i e l d  of unsteady or t ransient  aerodynamic 
loading of axisymmetric bodies'involves 'inany assumptions and simplifications. 
Firs t ,  it is  assumed tha t  the  f l o w  fie19 can be described by a potent ia l  
f'unction. The result ing'potential  equation i s  then simplified by neglecting 
a l l  nonlinear terms, implying tha t  disturbances are small. Furthermore, cer- 
t a in  terms i n  the  Linearized equaiion are normally dropped by assuming the 
body t o  be slender and/or the reduced frequency t o  be very h g e  or very 
small. Also, an approximate boundary condition i s  normally used, again i m -  
plying tha t  the body 2s slender. 

In  the f i e l d  of nonsteady problems, the case of 
t ions offers  the  greatest  abundance of work. P l a t z e r g  p 
ization of the Karman-Moore technique which i-s applied t o  
bodies. 
Mib%!?/ ConsiCLers the transient motion q f  a body of revolution, assuming the 
body t o  be very slender and using a high-frequency approxirimtion. T h i s  idea 
was applied t g  cone-cylinder bodies by Siatesg and Elackburn and St. John.%/ 

Not so much work has been done, however, with the indicia1 case. 
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These k t t e r  s tudies  a l l  were 

t ions .-7f the  l inearized potenti EL equab!on. 

both un i t  s tep  and uni t  im-  
pulse responses.4 Also, some basic t ransient  solu- 

A t  Midwest Resewch LTstitute' under NASA support, Glauz e t  nl. I deveI.c?ed a more accurate thecr;.. for  prFdicting aerodynamic forces on bodies 
of re..-:ht on t ravel ing a t  suzersonic eed and encountering a s tep  side 

11 linearized poten-tial equathn  as  gust. 1_,L3$ 17ie theory satisfies the  
w e l l  E.Z the  exact boundary cocZition w'h n stea9y-state flow has been 
achieT,-zd. 

d A com- 
the  t rens ien t  region of flow. :'he theoky may &e considered t o  be an exten- 
sion c? the  steady-state theory previoukly developed by Van Dyke. 
puter Zrogram was  wri t ten by Ghuz and boornbs@/ t o  apply t h i s  technique t o '  
axis$;lr=etric shapes of a r b i t r z y  profilF, including those with slope dis-  
contir--iities. Results obtaine I Indibat' excellent agreement' with exact, 
nonlizear theory for steady fir;..... Steagy and< nonsteady data further indi- 
cate t i a t  the conventional s l e 3 e r 8  body theory underestimates observed 
forces and may be misleading. For the  It ransient force coefficients a s i m -  

This boundary condi7ion is  s t isf ied i n  an approximate sense i n  t 
I 

1" 

pler, quasi-steady potent ia l  t'reory was  derived from the unsteady potent ia l  
theor;:. Results 'showed tha t  t ' re slmple theory may prove adequate for en- f 

i @nee:-ing calculations. 

This unsteady po ten t t a l  theork, termed an indicia1 theory, i s  
, linea;. It represents the reszanse t o  k% unit  s tep  w$nd. Jus t  as any ar-  
b i t r e y  wind prof i le  c m  be ge-erated by superposition or h teg ra t ion  of1 a I 

large ziuniber of such s t e p  winrk, t he  l inear  property of the  indicia1 theory 
This approach, 

the G-Aamel or convolution in t eg ra l  aphoach, is  applied i n  the present 
l allows the  response t o  likewise be genesabed by integration. 

study. 1 

I 

B. Rs-Dort Organization 

This f i n a l  report  i s  organized in to  two volumes. This volume 
(Vo l~ze  I)  contains the  methoZ>logy ana r e su l t s  obtained using the programs. 
lrae s eeond volumeL5/ conta.lns <he detai led descriptions and instructions for 
use c: the  various computer prDgrams ddveloped and used during t h i s  project. 

I 

The next section, Sezbion 11,: of t h i s  volume presents the  con- 
Section I11 con- clus5x-m and recommendations Ceveloped ifroa the  study. 

ta ins  a review of the  i n d i c i a l  aerodymqmic theory and its application 
throLg3 use of the DuhmeL integral .  technique. Section IV presents and 
disc.wsses r e su l t s  of a study c? severaq simple geometries subjected t o  
s inusaidal  winds. The geometrLes include coms, ogives, cone-cylinders, 
and cgive-cylinders. The freq2ency responses of loca l  normal forces, total. 
nor?zzL forces, and pitching mczents are considered. 
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Finally, application of the brec 

I 
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11. CONCLUSIONS AND RECOMMEJTDATZONS 
1 

A Conclusion.. 

It should be emphasized tha t  the  resu l t s  obtained and reported 
here pertain to aerodynamic responses t o  winds, not t o  any subsequent 
vehicle responses such as r5.gid body pitching or e la s t i c  bending. Further- 
more, these aerodynamic forces a re  responses t o  wind gusts of various types 
and should not be conf'used with various s t a b i l i t y  .derivatives of a differ-  
ent origin,  
motions, the  body being immersed i n  a 'steady flow. 

The l a t t e r  arc defined i n i t e m s  of responses to r ig id  body 

Before detai l ing the  many s&ci f ic  ' findings and conclusions, two 
general statements concerning the resdonses i n  general are  i n  order. One 
of the f irst  questions an engineer w i t 1  probably ask concerning frequency 
response data is, 
frequency?" 
indicia1 response curve i n  re la t ion  t d  a simple, single-degree-of-freedom, 
spring-mass-damper system would enabd th i s  question, t o  be answered i n  a 
qual i ta t ive way. 
resonance would occm, and often est iqate  the  fYequency of t h i s  first 

are not easily predictable. 

11 Is a resonance condition possible; and i f  so, a t  what 
It was found tha t ,  gener$lly speaking, examination of t he  

That is, one could 4enerally determine i f  a dominzint 

Other peaks may occur i n  4he frequency response curve, but they esonance. 

The second statement concerris the comparison of t he  resul ts  of 
using t h e  full potential  theory and the simpler, quasi-steady theory. 
gross differences were found, af.thougd often t h e  simpler theory s l igh t ly  
underestimated the  response and may be even Less accur'ate a t  higher '*fre- 
quencies. Since the indicia2 responsbs using the  fill theory require an 
order of' magnitude more computer time ' than those using the  simpler theory, 
it may of6en Ije advisable t o  perform i n i t i a l  studies using the  quasi-steady 
.t, heory . 

No 

I 

The*conclusions presentedbelow a r e  organized by vehicle geometry. 
They are ,  of c w r s e ,  limited i n  scopeito the  parameter range investigated. 
The pertinknt range is  thus indicated! here also. 

I 

resonance ,of t o t a l  or local n o m 1  f o  ces, or of pitching moment occurs. 
The quasi-steady theory predtcts 7 r.esu t s  which are  nearly independent of 
Mach number. 
attenuate more rapidly w i t h  frequency, but which approach the simpler, 
quasi-steady responses a t  higher s p e q s .  

Cones (1.25 5 M 4 3.0; semiivertex angles up t o  33'; S s 2): N o  

The full potent ia l  theopy leads t o  frequency responses which 

I 
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Convex and Concave Ogives (1.2 5 M < 3 0 .  c = 0 .  --~---..-.-----------_-__..-_I-..- :L...2....1.--- 
IVo s:ty,ni.:f:icant rc:ioxiaiice!s of total norma1:h ;rorcc:; or momcn-l; 

a Icvcl well 1)E”lOW the 
nurribcrs between 1.5 a 
mates for  the conv~x ociv 
pared t o  the full po.Lential theory. 
r a t i o  e f fec ts  wcr 
effects on the QV 

t ion of steady f I  
a resonance, the 
cave ogive loca l  normal forces shGmed no rksonances. 

t .d.~hQlJ(~ll  a Very l O W  1)eFA 

No 
served among the tot21 r 

response l eve l  which 
The loca l  normal force f o r  the convex pgiv 
ency of which jmreai;ed with Mach number. 

I 
I 

s s 2 ) :  .- 
normal forces on the Conic portion and dn the cylindrical  portion near the 
cone-Gslinder junction. 

15 percent. %’he resonance occurs a t  lower frequcncy, and is  of larger rela- 
ti.ve magnitude, a t  the large cone angles. 
zero-frequency level by less than 3.1 percelzt f o r  
cent for  CM . The highest resonances occur a t  or  near a Mach n 

The quasi-steady theory-unilt r e s t imted  the peak 
by l e s s  than 4 percent and the  peak, Cr/lcr by, typically, less thaij 

The resonance peak exceeds the 

C N ~  and as much as  92 per- 

Q 

Ogive Cylinders (1.1 5 M - 5 2.6; 8 = 0.05; S S 2): A l l  results 
were similar t o  the cone-cylinder resul ts ,  except tha t  a t v e r y  low Mach nwn- 
bers (1.1 t o  1.k) the quasi-steady theory underestimated the peak response 
by a s  much as  30 percent. 

I 

Saturn V (1.3 S M 5 1.8, sFmulatkd -.-...- f ins  and shrouds, S < 7: .* 

The vehicle staging is such tha t  gust wavelengths of 100 t o  200 meters are  
effectively fi l tered out and not’seen a s  pa r t  of the aero 
mal force and pitching moment. I n  t h i s  MaFh nmber range 
frequencies are from 2 t o  4 Hz. 
do occur, roughly a t  wavelengths equal t o  the interstage distances. 
c i f i c d l y ,  peaks occurred a t  about 80, 50, 30, 20, 
additional peak m y  be present a t  about 951 meters; 

i c  t o t a l  nor- 
orresponding 

On the other hand, aerodynamic resonances 
Spe- 

nqarby ped< a t  80 meters. (This 80-meter peak corresponCls 
of;l5 t o  6 Ilz.) All  of thes,e rebonance peaks a re  of ampli- 

order of or less than the zero-frequency response ai 
I 

resonant wavelengths fo r  the t o t a l  normal forye 
r i t i a l l y  independent of Mach number and type of 

(quasi-steady o r  f u l l  p o t e n t i a  theory). Fowever, there, i s  ev 
e accurate theory.leads to  the prediction of a 
tude of about 20 nleters wavelength. 

1 



z?lc l o c a l  n o m m l  force frequency rc:::ponses are  strongly dependent 
on s ta t ion  location and Mach number.' Resonances are  not l i k e l y  on the conic 
sections, but do occur generally on the cyllndrical  portions, Many of these 
peaks a re  several times the amplitude of the steady or zero-frequency re- 
sponse amplitude. 
nmber, but not i n  a consistent fashion, 

The loca l  frequency responses do depend strongly on Mach 

The aerodynamic response t o  winds shows two effects  of importance. 
F i r s t ,  a time lag  i s  evident which is accounted fo r  by penetration effects .  
Secondly, a small. ef fec t  ar is ing from the ae~orlynamic transients (or aero- 
dynamic iner t ia )  is  observed. 
wind shear. 

l'his l a t t e r  e f fec t  i s  correlated with the 

B. Hecoinmendations - 
The integration of the indicia1 responses 2s currently performed 

using a step s ize  which depends on the spacing of the indicia1 responses. 
This placed a res t r ic t ion  on the va l id i ty  of some of the high frequency re- 
sults obtained i n  t h i s  study. 
f i ed  or f ine r  intervals should be used i n  evaluating the indicial  responses. 
Then, the high-frequency results, where important, should be checked fo r  
val idi ty .  
potent ia l  theory, a t  a wavelength of about 20 meters (S = 6).  

Either the computer program should be modi- 

df part icular  concern is the Saturn V response, using the  f'ull 

Currently available wind d'ata are a t  intervals  (25 meters) which 
a re  too coarse t o  e l i c i t  resonance responses. 
become available, it would be of in te res t  t o  re-examine the Saturn V behavior. 

Should more detailed data 

It would be of great  benefrit t o  compare the current theories 
with wind tunnel resuits . 
responses, and thus are  different  f rpmthe more routine osci l la t ing body 
experiments . 

O f  course:, the experiments m u s t  involve gust 

I 

The coupling of aerodynamiks and the vehicle r ig id  body and 
e l a s t i c  degrees of freedom has been studied previously. 
be of considerable in t e re s t  t o  re-edamine t h i s  coupling i n  l i g h t  of the 
findings of the present study. In  p4rticular,  the aerodynamic excitation 
of the lower bending modes may be foktuitously l i g h t  since these model 
frequencies a re  under 5 Hz. But,.the fifth and s ixth modes, which t o  o w  
knuwledge have not been examined i n  de ta i l ,  may suffer d i rec t  aerodynam3.c 
excitation. I 

However, it might 

Die present computer pi-ogrkms have been run on the IBM 7094. 
They should be mde operable 0x1 the hewer machins (e.g., Univac 1108). 
This would be a minor undertaking. 
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In tk1:l.s scct:i.cm we br ie f ly  revle1.r the developmnt of the in- 
dicitd. ,Llieory and present the Duliane3. :integral ap-poach  til 
dfc i a l  resu l t s .  Thc indiclal. theory has been deswibed prev 
deta:Ll-!%13,L7/ j the presentation here w i l l .  thus be br ie f .  
of' this nxia1,l.y symmetric .theory t o  wing-body configurat lons,w through 
the  "equfvslent :body" concepb, will also be Indicated. 

The extension - 

A. Forinulation -of Indicia1 T h e o a  ...- 

The indicia1 problem t o  be solved can be s ta ted as f 
the t ransient  fPm field,  presswe, e-tc., on a pointed body of revolution 
encountering a side gust while Lrave3,igg at  supersonic speed. .Using l in -  
earizr-.d potenti81 theoi-y, -t;he problem may be sepa:t*ated in to  an axial flow 
and a cross-flow problem. The l a t t e r ,  whlch i s ^ o f  prime concern here, may 

I be s ta ted mathemticalLy as follows : 

Find the solution t o  t he  linearized. potential  equation 

with the  boundary conditions 

1. 
I_ p, = - v,H(I--x) at r = 
cos e , and 

gr - R*Bx = 0 at surface of the body. 

The velocity vectQr is the negative gradient of the  velocity potential, Q . 
We w i l l  write -the solution as 



Y E - vor cos e ~ ( 7 - x )  . 

Now, *! satisfies Eq. (1) and likewise, $ must sa  
boundary condLt5ons f o r  15 become 

& = o  ai; r = a  

#r - R'& = v0 COS 8 W(T-X) 

at the body, r = R ( x )  c( ( 5  1 

The cssociated. problem t o  the  cross-fluw si tuat ion which has ju s t  
been formulate: is the ax ia l  flqw problem. "he steady ax ia l  flow sol.ution 
i s  a l so  neeilec'c t o  obtain the required force co f f ic len ts .  For cmpleteness, ' 
' t h i s  solution, -,:hich is presented by Van Dyke3 is  also included here. The, 
axial flaw p c t f n t i a l  is a function which sa t i s f i e s  (1) and (4), but i n  placd 
of ( 5 ) ,  we rec-;ire 

For clar i ty ,  tte 

- 4. R'B, = R'U at the body, 

r = R(X) . 

subscript a (and subsequently, c ), 
cross-flow poten "ials, w i l l  @e used 
unne ce s s 8s y . un1es.s the  

I 

i' 

' @)  ! 13 
/' 
,i 

denoting axial-  and 
contex, makes the dis t inct ion 

B. 

To szlve the t ransient  cross-flow problem, a generalization of the 
method of IGWZZL and Mooreg i s  used. This technique involves a superposi- 
t i o n  of basic ralutions of (1) and (4), done i n  such a manner as t o  sa t i s fy  

developed in %. r'ashion s i m i l a r  t o  t he  method used by Strang. 
first look at salutions t o  an axial flow problem, which are essentially 
time-dependent sources. Cross-flaw salutions can then be easi ly  found as 
doublets, by 2 s .  of the  re la t ion  

r e h t i o n  (5) E: a discrete  number of points. The basic 

eC = COS e a ea 
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while the cone has the equation 

x = $ + @ r  (9) 



The dotted l ines  represent the locus of intersections of the spheres and 
associated cones, and have the equation i 

I 

The'se l ines  divide, the large sphere in to  two regions, C and D. 

Th-1s point source at  x = 5 has the potent ia l  $1 given by 

I 

* J  elsewhere 

I I 4 $ 1 '  

A dis t r ibu t ion  of source$ a$ong the  x-axis, where eacd source 
starts emitting as it crosses a gust f ront  is called a gqst source. 
t h i s  type of d is t r ipu t ion  t h a t  i s  used t o  f ind  a solution t o  the problem of 
in te res t :  
X = 0 and x = U t .  To obtEin the total. s w c e  potential ,  $a , we evaluatk 
the  in tegra l  

It is ' 

This  gust source includes sources located o n t p e  axfs between 

where 61 is given i n  (11). The function f ( 5 )  j which may be chosen 
a rb i t r a r i l y ,  represents a possible variation of source strength wi th  posi- 
tion. 

At a pol& fixed on the vehicle, the  in tegra l  (12) takes on a 
succession of fo:ms AS tinie increases. A t  first, the point is  i n  Region E , 
of Figure 1, it has not yet  been affected by the disturbance, and fir E 0 
h t e r ,  the poipb 6ecozies er4ulfed by the disturbance as Region D, then C 
move by the  point as t5ey expand, During t h i s  time ts has a transient; 
character. Pinally, Region C moves by and the point is lef% in  Region R. 



A t  t h i s  time, bS 
never i n  Region A since the Mach cone defining Region A does not move rela-  
t i ve  t o  the  vehicle, 

becomes a constant value (i.e., steady state). It is  

The disturbances of interest  here a re  cross winds 
only t ransient  solutions of interest  are  the cross-flow 
u t i l i z ing  (E?)* and ( 7 ) .  We do need, harever, t he  axial 
t ions,  so they, are  given subsequently with the cross-flow case. 

A t  t h i s  point the function f ( 5 )  , which i s  the local  source 
strength, i s  s t i l l  w b i t r w y .  In  theory, f ( 5 )  i s  tha t  function which leads 
t o  the sat isfact ion of t h e  surface boundary con&Ct;ion ( e i  r (5) or (6)).  
If the general solution is placed into the appropriate bounda;ry condition 
equation, an in tegra l  equation i n  f ( 5  ) resu l i s  The ia tegra l  equation 
developed i n  t h i s  way cannot be solved analytics1,ly except for  certain spe- 
c i a l  body shapes llberef ore, recourse' is  made to approximake iechniques; 
i n  our ease, an extension of the method of Karman and Moore. &/ 

Three different  forms of the function f ( 5 )  are used, for  both 
the ax ia l  as well  as the cross-flow solutions. These three forms are  nar 
presented. 

C. Linear (Gugt Doublet ) Solut ion 

One useful form of f(S) t o  be used i n  Eq. ( U ) . i s  the l inear 
form where f ( 5 )  is  proportional t o  5 . The resul t ing poten t ia l . l s  

This is  the exact solution fo r  axial flow over a cone. The con- 
stant,  A , is t o  be determined f r o m  the boundary condition (6). 
ated exact solution for  steatly cross flow over a cone can be obtained using 
f ( S )  proportional t o  s2 and then different ia t ing according t o  Eq. (7). 
The solution is extended t o  the transient case also. I"ne resu l t  is temned 
the gust double% solution and i s  suminarized below. 

The associ- 

For Region B, 

= c {r 

12 



and for  Regions C and D, 

I n  Eqs. (14) and (E) the constant, C , is  t o  be determined from 
condition ( 5 ) .  (A factor, 20s 0 , has a l so  been incorporated Into C for 
convenience. ) Where a cholze of signs is given, t h e  upper sign is t o  be 
used in  Region C, the  lower i n  Region D. 

e a x i a l  f l o w  s d u t i o n  given i n  (13.) is  the one used by %nan 
and Moore, 9 while the steezy portion of the cross-flow solution, as given 
i n  (14), is the one used by Tsien.2/ It is thus the exact cross-flaw solu- 
t i o n  for a cone. In  princi?le, these solutions, together with the unsteady 
portion given i n  (20), me ftlfficient for  use i n  a Karman-Moore type super- 
position for solving for t he  flow over axial ly  symmetric bodies of aEbi- 
t r w y  shape. It is more cczvenient and economical, however, t o  make use of 
t h e  more sophisticated sol;;.sions presented next. 

D. Quadratic Solution 

. The linear-type ss lut ion j u s t  given is the exact soiution for  a 
cone, and provides an ExcelLent start for  obtaining the f l a t 7  over azbitrary, 
pointed.bodies. 
discontinuous along the Ma& l ine  x = pr . When t h i s  type of solution is 
used i n  a Kmman-Moore scheze, therefore, a "smooth" r e su l t  is not obtained. 
To obtain reasonable accurc:y, many such solutions nust be used t o  make the  ' 

i r r egu la r i t i e s  small. 

However, tye derivatives of the velocity components are 

I 

To avoid t h i s  prcSZem, a s other basic solution may be used. 
!&is idea was first used by Van Qke !9 where he sought the  second-order . 

steady fluw based on using Eolutions of ( l ) - a s  the f i rs t -order  approxima- 
t ions.  
r a t i c  function for  f ( 5 )  i~ Eq. (E?). !he r e s u l t  so obtained is 

A convenient s%eaciy a i a l  f l o w  solution is obtained by using a quad.- 
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where A i s  a constant. 

ding cross flaw is  or- 
and applying (7 ). 

I 

3x.r cosh-’(x/f3r) - (x2+2f3 2 r 2 ) [ x 2 -f3 2*2]7rp2}  r (17) 

3 

For Regions C’and I) 

Plc = (C/2) 3 ~ r  cosh-’(x/@r) -’ (x2+2P2r2)[x 2 -6 2 2 2  r ]’/rB2 { 
f 3xr cosh”l[(x-A)/@r] + [2M?(x-Ut)-3x]Mr/p2 

1 
+ (l/rp2 >[x3(x-Ut)+3xUtr 2 2  +r (x-ut )*I/’ [(x-ut 2 2 2  

+r 1 

where 

1 

A = ut -*M [(x-ut )2+r2]‘ 

.- 

(19 I 

E. “Corner” Solution 

!l%e two basic solutions presented thus f a x  are continuous and 
determining the flaw over smooth, pointed bodies of revolu- 
, current space vehic sigris are not s 

slope discontinuities 
s gnd cause aerodynamic 
nt inui ty  w i t h  several  c 
a th i rd  basic sol.ution which inherektly coli 

f irst  presented such a solutn5.0n f& the case of steady 
here together 
, f ( g )  is ch 
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1 

= 2A(x+fk)'[K(k)-E(k)] (20) 

where A is a cozz-lant. K(i:) and E(k)  are the complete e u i p t i c  inte- 
grals of $he firs: a d  secoz2 kind with 

For the ~ ~ o s s - f h i  poblem f ( g )  i s  taken proportional t o  5 3/2 
in (E). After apGLlcation :f (i'), the  resu l t  for Region B i s  

1 

bC = -C (x/pr ;x+pr f *  {E (1:)- ( Br/x )K( k ) (22 1 

In qegion C, 

1 

@, = -C ( x / @ r  ) (x+f r )"[E (k )- ( $ r / x  )K( k )] 1 ! 

.L - 4(./s.)(x+Br)2[E(~,k)-( pr/x)F(a,k)] 

And, i n  Region D, 
I 

I I n  the abc-z F(a,k) and E(a,k) are the incomplete e l l i p t i c  
ibtegrals of the firs, and seczzd kind with 
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F. Satisfaction of -.L-- Boundary Corzditlons 

The three basic types of solutions are now t o  be superimposed in 
such a way as t o  s a t i s f y  the appropriate boundary conaltions. 

!Phe a b b e  eleinmtary gust solutions have t h e i r  spCzce and time 
or igins  both at  zero. 
space origin a t  

A more general solution i s  obtained by locating the 
x = sk  and the t i m e  origln al; 

This: is  precisedy the time required for  a vehicle (or p w t  thereof) of 
length %k , and traveling a t  speed u ,’ t o  penetrate a gust frdnt.  The 
cu&i.esponding solution is simply obtained. from the previous expressions by 
replacing x by x-51r and t by t - t k  . Let us smite such a solution 
f o r  ax ia l  flow as 

The c&mplete solution may then be writ ten 

N 

N 

(28) 

The ck and AS1 are t o  be determined by applying the boundary conditions 
a t  N points on the surface of the body. 5 

To a id  i n  determining the constants, consider Figure 2. A se- 
quence of values of sk is shown on a representative vehicle. Through 
each point, sk , is dra,wn a Mach line, 



X 

Figure 2 - Representative Vehicle Sharing Control Points 

Consider the  intersect ion of the (n+l)th Mach l ine  with the body 
profile.  C a l l  t h i s  point Pn+l with coordinates ( ~ ~ + ~ , r ~ + ~ )  . By eval- 
uating the  appropriate boundary condition a t  this point, the  unknown coef- 
f ic ien ts ,  A, and C, m y  be determined. For, upon substi tuting (28) i n to  
(6 )  and rearranging, 

.- 

n- 1 i‘ n-1 7 

An 
Ak*ark+R1 - Akt,,ll] 

k= l  1 k=l  

and i n  a s i m i l a r  fashion, using (29) i n  (5), 

1 7  



Il'hc :;ecOLd ~u?xc~tpL (r or x) indicates p a r t i a l  r i i f f e r c m t i  
t o  r or x . The functions tark , etc . ,  and H' ( t h e  

h i c k  surface) are all t o  be evaluated a t  .the point 
cisely,  an inf ini tes imal  distance upstream 
conditions. A l l  basic solutions for which 
they do not appear i n  the  above equations. 
k n are a l l  known, the (n)th s e t  can be 
starting at  Pz , and progressing downstre 
t ained . 

Pncl , or  

olce of t n c s  and locations of solutions t o  be used f o r  a 
Lxy is best made i n  the  following m . Starting a t  ti;l 

solutions, with a corner-type solution added fo r  each slope inui t y  . 
Referring again t o  Figure 2, 52 is the  or igin 'of  a corner solution, 53 and 
54 are  the q u a b a t i c  types, 55 a corner type, e tc .  In  practice, 52 and 
5, axe considered t o  be separated by 'ELn infinitesimal distanck so  t h a t  
Eqs. (31) and ( 3 2 )  may be applied uniformly, regxrdless of the  solution type. 
Van D y k e 4  suggests, as a ru le  of thumb for spacing bettreen the  other g's, 
a value 

i s  a linear-ty-p solution. Following t h i s  is a se  i c - t p e  

A 5  = BR , approximately 3 (33 1 
I 

except f o r  imqdiately downstream of a corner, where one-half t h i s  spacing 
is  advis ab le. 

.- G. Aerodynamic Forces 

The unsteady pressure coefficient may be wri t ten as 

where terms der higher than 2 i n  the  derivatives of @ have been 
neg le-cted . the potent ia l  function, 9 , is  the  complete 
poten t ia l  and may be wri t ten as 

Q = pla 4- pl, cos 0 + J I  cos 0 J (35 1 

where a11 8 -de;gendence is  shmn exp l i c i t l y  . 
18 



%’he end result; which i s  desired here is not the pressure coeffi- 
cient i t s e l f ,  but rather generalized force coefficients, such as 

where 

the normal force coefficient, and 

the pitching moment coefficient about the apex. 

Due t o  the integration on 8 , the only portions of CP which 
~ have a nonzero contribution t o  ( 3 6 )  are those terms involving cos 9 . De- 

fining that  part, then, as C$ , yields 

Inserting (37) in to  (36) gives 

The f&st l ine  of (38) contains the contribution of the linearized 
pressure coefficient. The rest is the r e su l t  of retaining quadratic terms. 
The th i rd  line is often consrtdered small compared t o  the second l ine  and, 
hence, neglected. Such is  not always the case, hawever, and it is retained 
i n  the wesent  work. 
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'Ihe local  i i c ) m : i l .  force, dCfl/dx , i s obl;nliicil by d i f fe rer iLht iw 
cp'  c):L', 3.13 p.acl;lcc, by eval.u:l.L:i.ll[; ~IJrc :I.nl*e[yrzrJd. of (38). 

0 

The ZIfieory which involvcs the use of Eqs. (1.4)-(25) i n  Eq. (38) 
i s  termcd the fu1.1 indicia1 potcnl;ial. theory. 
uLi1-j zed which! uses only the s-beady-state (Xeglon B) equations 
(14)-(25). 
t l o n  of the vehicle immersed in  the gust is at  stead-y-ctate conditions, 
whereas the reminder of the vehicle i s  not yet afrccted by the gust. Thus, 
the theory accdunts fo r  g u s t  peiietra-tion but not f o r  the  aerodynamic iner t ia .  

A simplified vcr is also 
the set 

This "qua,si-steady" theory implies t h a t  the flow over the por- 

11. Equivalent' Body C o n c e  
-___I 

The 5.ndS.cial solution presented aboie holds only for bodies pos- 
-"?sing complete ax ia l  symmetry. 
nonaxial.ly symmetric prokuberances fs necessary t o  htadle certain geom- 
e t r i e s .  For example, the f in s  and shrouds of the SxLurn V generate over 
h a l f  the  to ta l  lift of the  vehfcle, and cannot be ignored. Thus, the  tech- 
ni que of an equiyalent body was evolved.L8/ 

A method for  inclusion of the e f fec t  of 

This;concept, simply skated, i s  t o  replace the finned vehicle with 
an a r t i f i c i a l  body of revolution. 
same steady-st t e  normal force distributions as the  or iginal  winged vehicle. 
The hypothesis 
lution approximates the l i f t  growth of the body w i t h  wings t o  engineering 
accuracy. 

The l a t t e r  is designed so  as t o  have the 

then, is t h a t  the  lift 'growth of the equivalent body of revo- 

.-. 
The application of t h i s  concept involves rewriting the expressions 

given ear l ie r .  From Eq. (38 ) ,  using (28) and (29), the  steady local  normal 
= force,at the point (x,+l,R,+l), may be writ ten In the form 

20 



where F(R,) is  a function of the reference area. Nmr, i f  one cons:iders 
R and ) R t  as being unknown a t  the ax ia l  position, x ~ + ~ ,  then An and 
Cn arc a l so  wkncrwn. However, they  may be eliminated by means of Eqs. (3J.) 
and (32). 

Using t he  notation 
I 

n-1 

Eq. (39) reduces to 

. where ' 

(42 
*-. 

(43 

(44 1 
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snd the 3"s are expl-icit (a lbei t  complicated) functions of s+l . Thus, 
3321. (41)  represents a re la t ion between the unknowns Rn+Q and RAfl and the 
1;nmms A second equatlon 
rnsy be wri t ten using the definit ion of a derivative. Assuming xn md 
xn+l ' t o  be close together, we have 

dCNa/d(x/D) and the Ak and Ck f o r  k S n 

Equations (41) and (46) are then t o  be kolved simultaneously for 
R n + l  and R&.l . The solution is carried out by varying R n + l  u n t i l  the 
d-ifference, En+l  , between the solutions of (46) and (41) is zero-(or suf- 
f i c l en t ly  small). 
m e  not inadvertently interchanged. 

Care is needed with (4.1) t o  insure t h a t  the two roots 

This pkocedure worked w e l l  i n  previous studies,lB/ but i s  limited 
t o  configuration& where the local  forces a r e  not too large. The limitation 
is t h a t  R;+L m9st not exceed the slope of the Mach cone, lIf.3 I n i t i a l  
attempts at  application of the method t o  the Saturn V lead t o  d i f f icu l t ies .  

Fublished data.%!?/ indicated tha t  the l i f t  generated by the Satum 
V shrouds could be approximated by a triangular l i f t  distribution, varying 
l&early from zero at the leading-edge of the shroud t o  a m a x i m u m  at  the ' 

rear of the sbxoud. We envisioned approximating the lift of the f in s  i n  
the same fashion, and superfmposing the two l i f t  distributions.  Firs t ,  it 
w a s  found t h a t  the l i f t  over the forward portion of the shrouds (ahead of 
the  f i n  location) could be used and an equivalent body geometry generated. 
(It was ,  however, approaching the Mach cone l i m i t  and the numerics showed 
signs of instabi l i ty .  ) Secondly, i n  stepping the solu-hion toward larger 
x-values, the l idit  of acceptable R '  values was exceeded ~rhen the fins 
vere encountered.' Thus, there was too much lift t o  be handled in  t h l s  way, 
t o  t h i s  degree of approximation. 

The following alternative approach w a s  "followed i n  th 
~Ludy. The en% 
Xris conic sect 
Eaine t o t a l  l i f ' t  as the published data=/ required (Figure 3 ) .  

fin-shroud region w a s  replaced by a single conic section. 
w a s  scl.ect~ed (by trial arid. e r ro r )  so as t o  generate the 

The sectfon 
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Station x ,  Meters 

Figure 3 - Lift Distribution in Fin-Shroud Region at Mach Number 1.6 
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Etarl4. ELI; thet:rOl'gWd of the shroud; 
i n  Tab1.e I. An in8ickAon of the l i f t  d i s  
i n  E'.iGxre 3 .  
this with ,  but data do not apllear t o  'exist  
d i s t r ibu t ion  i n  'this region. In  any case, 
which may ex i s t  between the  lift dis t r ibu t  
t r i bu t ion  woul negligible ef 

I t  would be desirable 60 have e 

e r  I' 
occupies less  than 1 /33  of the  t o t a l  vehicle 

CONE ANGLES EQUIVALIEbJT TO FIN-SHROUD REGION 

R' 
I 

Mach No. 

1.3 0.71 
1.4 0.65 
1.5 0.61 
1.6 0.58 
1.7 0.56 
1.8 0.54 

0 .  
I 

55.4 
33.0 
31.4 
30.1 
29.2 
28.4 

I. 

The indicia1 force coefficients (38) are linear functions of vo , 
t he  magnitude of the wind gust. Fherefore, the Duhamel.integra1 m y  be used 
t o  obtain force coefficients resul t ing from arb i t ra ry  wilrds. .* 

Given an ind ic i a l  response function f (x, I-), the response F(x,t ) 
t o  any arb i t ra ry  forcing function i s  computed as a convolution integral ,  

F(x,+,) = v(o) f (x , t )  -t 9 (47 1 

where v(?) 
denotes the  t derivative . Jt. 

an arbS.trary forcing function (wind p ro f i l e )  and the prime 

* (47)  involves the response t o  the  u n i t  step, 
e of the wind prof i le .  An al ternate  fo~mul.ati 

es the response t o  a uni t  impulse ('the t 
It vas deemnecl eas ie r  i n  t 

fesentiater the wind prof i le  ra ther  than the indicia1 
ind prof i le .  
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By replacing t-; wi th  T , the integral  may be rewritten 

F(x,t)  = v(o)f(x,t)  + f( d . s: 
I ' 

Now, dropping the x-dependence, nondimens ion8lizing the wind velocity wi th  
U , and introducing 
% ( t )  , e t c , ) ,  w e  have 

c ( t )  as a general force coefficient (e.g., $&(t), 

t 
C(t)  = vo c s ( t )  + ;S, C S ( T )  W d T  , 

U d t  
(49 1 

' where C,(T) is  the ind ic i a l  farce coefficient which corresponds t o  the 
wind-induced force coefficient, C(t ). 

- Since our functions, C S ( 7 )  , a l l  reach a steady-state value (say, 
C, ) i n  a f i n i t e  time, it is  convenient t o  deal w i t h  the difference between 
the t ransient  i nd ic i a l  response and its steady-state value. 
introduce 

That is, we 

and obtain .. 

It is implicit ly 
wind which has a velocity o , and of V(T) for  T 2 o . 
The response thus includes, i n  general, a t ransient  portion caused by the 

But, t h i s  i s  usually not of physical 
i e clear t h a t  if the ind ic ia l  response Cs 
reaches steady state i n t i m e  t, , the v Le wind response at  t i m e  t is 
influenced only by the winds from t-ts t . Thus (provided t > ts ), 
there  should be no t ransient  portion of 
T = 0 . 
(50) that ,  fo r  t 2 t, , G(t) -f 0 . 

t the response is desired t o  a 

a t  T = 0 . I# 

- 
C(t )  

We thus have 

caused by the jump a t  
This can be eas i ly  shown, mathematically; by simply noting from 
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The l a t t e r  a simply means, physically, t ha t  w e  re 

v ( t )  = $: cos w t  

Substituting (53) in to ,  (52) yields the  special  

. 

c6se 

(53 1 

where Ci and C, axe constants given by 

These are the in- and out-of -phase components of the  response, respectively. 
The magnitude of the  response is  given by 

l C l 2  = c; + c: , (57 

wher ngle between the  response and the  win 

-1 8 = tan (co 

2 



In  conclusion, Eq. (52) gives the  form of the convolution in tegra l  
used for  a rb i t ra ry  wind profiles, v ( t )  , whereas Eqs.  (54)-(56) are used f o r  
the speciaJ case of sinusoidalwinds. In  e i ther  case, the indicia1 response 
(actually the difference between the transient and steady-state values) is  
integrated, a f t e r  being multiplied by the time derivative of the wind pro- 
f i l e .  The method of different ia t ing the wind prof i le  i s  given In Appendix 
11. 

J. Stab i l i t y  Derivatives 

The derivatives of the  t o t a l  normal force and pitching moment co- 

These quantit ies are computed by the computer programs, 
and C % , are interpreted as responses t o  a sinusoidal 

cNcy 
e f f ic ien t  s, 
wind in  t h i s  study. 
where the wind is writ ten as 

- 
v ( t )  = v cos w t  . (53 1 

Since the vehicle velocity is 
be writ ten 

U , the cross f l o w  a t  any station, x , could 

- 
V ( X )  = v cos(wx/u) (59 1 

Thus, the cross flaw varies, a t  any instant of t i m e ,  with vehicle s ta t ion 
location. The angle of attack, cy , used i n  defining Cya and CG is  

.A 

. determined from the magnitude of the cross-flaw wind 

cy = tan-l(c/u) . 

From the above discussion it i s  obvious tha t  these quantities, 
which are computed from it gust penetration approach, d i f f e r  fromthe so- 
caned s t a b i l l t y  derivatives. To review briefly,  s t a b i l i t y  derivatives are 
pased on three types of vehicle motions.?g F i r s t ,  a pure pitching motion 
may be defined, i n  which’a reference point on the vehicle describes a sinu- 
$oidal path i n  space as the vehicle moves ahead, but the vehicle axis 
always a/l.p$ed tcvlgentiaLZy w i t h  .-  the  path_. 
always zero and the angle of pitch, 9 , vmj-es sinusoidal-ly. The deriva- 
t lves  usually computed for t h i s  motion are 

The angle of attack, a , i s  

and CM , where q = 6 . % 9 
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A second mo'L:t.oii, :.:..R.lcd pire pI-i in~;Ii i~ motion, requlres the vehi?.cle axis t o  
remuln ELI, fixed c!.?-.*tLude (say, horizurbal) 17hj.J-e a re.l.'cr&nce point describes 
a sinusoid in  spa:? (i.e., a purely transJ.atory motion). Here, t he  pitch is 
zero and the awL? of a t tack vzries. The s t a b i l i t y  derivatives, here, are 
Clyd, and . ,Zze th i rd  motion is most easily descr 
model mounted i n  s wind tunnel with uniform upstream f 
then forced t o  ,uCc-rgo sinusoidal rotary osci l la t ions about 
point. It may,be sham i n  t h i s  case tha t  cy and 0 we equal, and the 
s t a b i l i t y  der at<-:es are obtainable from the other two motions as 

he. so-called pitch damping coefficient). 
% +C q B& 

ana c%+cG 
The poC; we wish t o  s t ress  i s  t h a t  none of these three situations 

are physically,'tk-t- same as sinusoidal gust penetration. 
t ives  cannot cgrre2tl.y be compared, except Ins the L i m i t  as the frequency 
approaches zero. 
symbol for angle c: attack, cy , is riot consistent. For the  'three motions 
just Uscussed, c: 
time-dependent ), -.;>ereas it varies along the vehicle during gust penetra- 
tion. 

Thus, t he  deriva- 

1% is unfortunate t h a t  even the interpretation of the 

is constant along the vehicle length (although it m y  be 
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IV. APPLICATION TO STWLE GEOIaTRICAL SHAPE3 --- 

A. Introductory E z a r k s  - 
NumericzL results are presented i n  the following sections which 

i l l u s t r a t e  tine ef2"fc-t of frequency of sinusoidal winds on the aerodynamic 
character is t ics  fcz various body geometries. Frequency response calcula- 
tions were cerrieE out for f ive  typical  pointed bodies of revolution. 
body geometrics cczsidered are  as  foll.ows: 

The 

1. R i g L t  cj-rcular cone 

2. Cofi-;~x parabolic ogive 

3. Conc m e  parabolic ogive 

4. Cone-cylinder 

5. 0gi.x - cylinder 

These bc5y shapes were chosen, first, because they possess the 
basic types of cuz-Tature, and second, because some theoret ical  resu l t s  are 
'available wi t ' ?  whIzn t o  make comparisons. 

I '  

The freycency response of the slope of the normal force coef- 
f i c i en t ,  CN 

l oca l  noma1 forcc coeff ic ient ,  dCN /a(x/~) , were computed for  each con- 
figuration. Both ;he full potent ia l  theory (noted by K=5) and the q6asf- 
steady poten t ia l  fkeory (K =.3 )  were used in  calculating cNcy and CrJr, J 

while d C N  d(x/E\ was computed using only the  f u l l  potent ia l  theory. 
The frequency razz? used corresponded to a Strouhal- number range of 
o s ~ Z / U  5 2 , whee  

sponds t o  a f reqr iecy  with wavelength equal t o  L .) 
and nose sections of the cone-cylinders and ogive-cylinders were of un i t  
length. 

the  slope of the pitching normal coefficient,  C M ~  , and the 
C Y '  

CY 

d 
f = frequency (HZ.) , u = f r ee  stream velocity, and 

'L = charac te r i s t i -  length, taken as unity. (A value of fL/U = 1 corre- 
The cones, ogives 

Before 2zoceeding t o  a discussion of the various r e su l t s  obtained, 
we first point  OK a common feature  which vas obsemed and must be kept i n  
mind i n  examining 5l.l of the frequency response data.  

The fre;Aency response curves obtafncd of t h e  simple geometries 
can be cas t  i n to  2 7 0  main types: (1) those curves which have a maximum 
response a t  zero Lpressed frequency, and (2)  those curves which have a 
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mtcx~milm response a t  nonzero imnpressed frequency. I n  eneral, the c u ~ v e s  
of the' type 1 are acsociated with the ind ic ia l  respon es which reach 
steady-state values without undergoing an overshoot. The type 2 curves . 
a re  associated with the Indicia1 curves which exhibit  an overshoot. (See 
Refs. 13 and 17 for  the type of indicia1 responses indicated, and Appendix 
I for fu r the r  discussion of the relationshfp between indic ia l  and sinusoidal 
responses.) 

@e presence of a maximm response value at, nonzero frequency is 
-f; indicates those geometries and Mach nuniber ranges for  which 
ects  a re  inportant. An underestimation of the aer0dynami.c 

coef%icient*couJ.d ensue i f  a low order frequency expansion theory were used 
t o  calculate! an aerodynamic coefficient which should exhibit  a maxinm fre- 
quency response a t  a nonzero frequency. Conversely, a conservative e s t i -  
mation of the aerodynanac coefficient could'ensue if  %be frequency response 
attenuated rapidly from a maximum valulj a t  zero -3mpressed frequency. 

3. Cone Results 

The numerical resu l t s  for  the frequency response of r igh t  cfr-  
The cone configurations con- cular cones are  presented in  t h i s  section. 

sidered are $resented i n  Table I1 along wi th  the Mach number range 
investigated. 

TABLE I1 

. CONE CONFIGURATIONS EXXMIWvD - 
Semi-vertex Angle 

2.87' ( E  = 0.05)* 

5.72' ( E  = 0.10) 

.Mach Number Range 

1.25 t o  3.0 
1.25 t o  3.0 

10 O 1.25 t o  3.0 
15 O 

20Q 
1.25 t o  3.0 . 
1.25 to 2,5 

30 1.5 t o  1.9 
33O 1.667 and 1.82 

* E is the r a t l o  of the base radius t o  body 1e';lgth (fineness r a t io ) .  



The loca l  normal force coefftcients were evaluated 
A pitch axis location a t  the nose was chosen fo r  each cone. 

o.ther s b p l e  geometries. 

First, the zero-frequency resul ts  are examined, a s  
since th i s  allows a 'direct comparison of the present resu l t s  
of other investigators. 

a t  the end. of 
the cones and 

a review, 
with those 

Plots  of C and C r ~ l ,  a t  zero frequency are  presented i n  Na 
Figui:es 4a and 4b, respectiveJ:y, fo r  the  cones examined. These plots show 
the influence of Mach number mid cone angle on these s t a b i l i t y  derivatives. 
CN, and CM for cones up t o  and including 15" semi-vertex angle are 
almost insensit ive t o  Mach nuniber while they tend t o  increase with Mach 
number Tor the 20', 30° and 35' cones. For a gLven Mach nmber the values 
of C N ~  and Ck are seen t o  become small.er with increasing semi-vertex 
angle. These zero-frequency values of CN knd CM * are  also the mxi-  
mum response values for the frequency range-investigated. 17he only excep- 
t ions found t o  t h i s  were the K = 5 C% values for 2.87' cone a t  M = 1 .25  
and 1.5; and the 5.72O, lo', and 15' cones at, M = 1.25 . The m a x b  C 

values f o r  these cases were not Larger than 5 percent of the zero-frequency 
values and generally occurred a t  a Strouhal number of 0.15, Thus, it can 
be said that  the frequency response curves for the cones are  of type 1 with 

for slender cones a t  low Mach number, using the full t h e  exception of 
potent id theory 

CY 

CY CY 

Mor 

c%Y 

Plots of 
( E  = 0.10) cones, using several theories, are presented i n  Figures 5a and 
5b (note the expanded scale) 
a sol id  l i ne )  a re  compared with the quasi-slender-body theory of Platzer- 
Hoffman,!?/ Sims exact 2esults ,E/ the "exact" f i rs t -order  theory of Tobak 
and Wehrendg/ and slender body theory. The Platzcr-Hoff'man work is based 
on an expansion of the cross-flaw potent ia l  with respect t o  frequency. 
Their results a re  res t r ic ted  (including those res t r ic t ions  imposed by l i n -  
earized theory) t o  a value of the hypersonic s imilar i ty  parameter 
and by kM << ( M  - 1) . 
solution. 

CN, versus Mach number for 2.87' ( e  = 0.05) and 5.72' 
.^ 

The present zero-frequency results (noted by 

2Me < 0.3 
Sims' results a re  based on the exact nonlinear cone 

Slender-body theory, as  t o  be expected, becomes more conservative 
( larger  
number arid cone sa i - apex  angle increase. 

values) compared t o  the more aecurate theories as both Mach cNQl 
The present zero-frequency resu l t s  

. * The present theory 
ta t ion  yield the 

dictates  tha t  the K = 3 and 5 aerodynamic 
same steady-state or zero-frequency value 

representa- 
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m e  s l igh t ly  more conservative than the first order "exact", quasi- slender- 
IKxI~ theory and S i m s '  "exact" f o r  these two cones. 

A comparison of CI\T values obtained from the present potential  
Q 

theory, with those obtained by other investigators, is  given i n  Table iII 
for various Icohes a t  M = 1.5 . It can be seen that the agreement of the 
potent ta l  theory with the resu l t s  of Platzer and Hoffman and Tobak and 
Wehrend is  gooh, for  cones of semi-vertex angles up t o  about 5" t o  3.0". 
lkn- cone angle5 of 10" and larger,* the present potent ia l  theory becomes 
inore conservadive compared t o  thoce above mentioned. investigators'  resul ts .  
llotrever, f o r  the layger cone anglcs, the potent ia l  resdts  have the same ' 

trcnd and compnre favorably with those obtained by Simsg/ and Brong.z/ 
I 

The effect; of frequency on the aerodyncmic characterigtics w i l l  
now be discussed. 

and CG are  presented 
i n  Figures 6a through lob for  various cones a t  Mach number of 1.5. The re- 
sults obtained from the quasi-steady potential  theory ( K  = 3) are given by 
the sol id  l i n e  while the full potential  theory resu l t s  (K = 5) are  given by 
the dashed l ink.  

cNcr Plots of the frequency response of 

A l l  of the C N ~  curves have about the same character. The re-  

sponse attenustes with increasing frequency; and the r a t e  of attenuation is 
greater with the full potent ia l  theory. 
quency range investigated . No resonances occur i n  the fre- 

The CG curves also have about the same character. *Again, no 
resonances a re  observed. For sl&der cones the K = 5 response is  nearly 
f l a t  for l o w  frequencies, and then drops off rapidly. 
the response attenuates with frequency more rapidly for 
the quasi-steady case. 

FOY the larger  cones 
K = 5 than f o r  

Values of C and (2% are  predicted by the exact theory of % 
Sims6j2*/ are plotted on the zero-frequency axis  i n  Figures 6 through 9 
for purposes ;3f comparison. 

-k7 The deviatibn of the potential  theory results f r b m  those of Platzer and 
* Hoffman fbr  cone an@-es of 10' and larger  is  t o  be expected since 

2Mc > 0.3 for these cone angles a t  M = 1.5 . 
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The ef fec ts  of Mach number on the frequency response of 
and 

is insensit ive t o  Mach number; however, the 
on Mach nmiber. 

dynamic ine r t i a  e f fec ts  tend t o  decrease with increasing Mach number, 

(3% for  a '10" cone are shown i n  Figure U. The quasi-steady 

It is seen tha t  a s  the Mach number increases, the 
K = 5 curves are dependent 

K = 5 
i curve approaches the K = 3 curve. This i s  t o  be expected since the aero- 

The frequency response curves of dCNcyld(x/D) f o r  a l l  the cones 
are  of the type 1 curve, i .e. ,  the  curves have a maxhxn value a t  zero- 
frequency, then attentiate as  frequency increases. The zero-frequency values 
of dCN d(x/D) increase with increasing cone angle (0.3990 fo r  € = 0.05 
and 3.61 for 33'). The attenuation of the frequency response curves has a 
tendency t o  become nmre  rapid as cone angle increases. 
cone, the shape and r a t e  of attenuation of the frequency response curves 
are  almost independent of Mach nwnber. 

a/ 

For each individual 

C. Convex and Concave Parabolic Ogive Results 

The numerical results for  the frequency response of convex and 
concave ogives are presented i n  t h i s  sectron. 
ogives i s  the same as  tha t  used i n  Ref. 6: 

The body geometry of the 

Convex ogive, R(x) = a ( 2 - x )  0 s x  4 1  

' Concave ogive, R(X) = E! ( I+X) O S X S l  y 

.- 2 

where 8 is  the fineness r a t io .  "No values 0% body fineness ra t io ,  
G = 0.05 and 0.10 were investigated for each type of ogive. 
response calculations for the aerodynamic characteris t i c s  were carried oud 
for each of the four coklgurations over a Mach nultiber range from 1.2 t o  
3.0. The local- normal force coefficients were evaluated a t  the end of each 
body geometry (x = 1) 

Frequency 

Plots of CN and CG a t  zero frequency versus Mach nmber for 
CY ' t he  convex ogives are presented i n  Figures 12a and 1% and for  the concave 
and 13by respectively. The present zero-frequency 

sol id  l i ne )  axe composed w ' th quasi-slender-body theory 
od of character is t ics  ,*) and slender-body theory. 

lues of CN and C are  a lso the maximum response 
(Y Mol 

values f o r  the frequency range investigated. 
on the ogive s t a b i l i t y  derivatives w i l l  be discussed shortly. 

The ef fec t  of frequency 
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These p lo ts  show a significant; influence of Mach nuniber and body 
thickness on  the two s t a b i l i t y  derivatives (except f o r  slender-body theory 
which is independent of both Mach number and body thickness). me three 
more accwrate theories show t h a t  the convex ogive C N ~  and Ch values 
increase with both Mach nwnber and body thickness, while the opposite is  
t r u e  for the concave ogives. 
and those of quasi-slender-body theory is obtained for  the 
than f o r  the , e  = 0.10 ogives. 

Closer agreement betvecn the present results 
E = 0.05 ogives 

The zero-frequency potent ia l  theory resul ts  for  both ogives ex- 
h i b i t  about the same trend with Mach nuniber and body thickness as do the 

CY 
exact resu l t s  of Sins. For the convex ogives the present C N ~  and CM 
results agree w e l l  w i t h  Sims' resul ts ,  with the worst agreement being an 
8 percent overestimate of C N ~  a t  M = 3 fo r  the 0.10 f$neness r a t io .  
C N ~  and (2% for the concave ogives, as  predicted by potential  theory, 
are consistently conservative compared t o  S m '  resul ts  for  the Mach nurriber 
range investigated; the la rges t  discrepancies are 4 percent f o r  c = 0.05 
and 4.6 percent f o r  the E = 0.10 concave ogive, occurring near the high 
Mach number end. 

The e f fec ts  of frequency on the ogive s t a b i l i t y  derivatives w i l l  
now be discussed. Plots  of the frequency response of CN@ and CG for  
the ogives 'are presented i n  Figures 3.4.a through 17b fo r  M = 1.5 and 3.0. 
The resu l t s  obtained from the quasi-steady potent ia l  theory (K = 3) are  
given by the sol id  l i n e  while the f u l l  potent ia l  theory resul ts  (K = 5) are  
given by the dashed l i ne .  

.-. 

A l l  of the  ogive frequency response curves are of type 1 i n  tha t  
the maximum response occurB a t  zero frequency. The C N ~  curves for the  
convex ogives attenuate t o  a minimwn value (between a Strouhal number of 
1.25 and 1.5) follacred by a small r i s e  Lo a second maximum. 
vex ogive curves behave similarly,  except t ha t  the minimum occurs ( if  one 
is present) a t  higIner Strouhal nwlibers. The more accurate theory, f u l l  
potent ia l  theory, tends t o  give s l i gh t ly  higher results than the quasi- 
steady theory. 

The CG con- 

The CN& and C% curves fo r  the concave ogives a lso attenu- 

The s-ta- 
a t e  as  frequency increases. The f u l l  potent ia l  theory here leads t o  values 
which are  smaller than the co&esponding ~uas i - s teady  resul ts .  
b i l i t y  derivat-ive curves are  seen t o  be almost independent of Mach numher,' 
with the exception of the K = 5 curves for  
Mach number dependence a t  the very high frequencies. 

G = 0.10, which show a mild 
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The frequency response curves of dCga d(x/D) f o r  the convex I ogives (not reproduced here) are of type 2 (maximum response value located 
a t  nonzero frequency), while the concave ogives are  of type 1. 
Mach number, the mziximun value of dC d(x/D) f o r  the convex ogives in- 
creases a s  c increases. Also, the maximum value increases i n  magnitude 
and moves toward "higher frequencies as  the Mach number increases. 
quency responses f dCNap(./n) f o r  the concave ogives are very similar 
t o  those found f cones. However, here, the curves are s l i gh t ly  more Mach. 
number dependent (as f ineness r a t i o  increases. 

For a given 

%/ 

The fre- 
* 

I). Cone-Cylindefi Results 
I 

The iimferical results. for  the frequency response of cone-oylinders 
are  presented i n  t h i s  section. 
ar-  ---csented i n  Table IV along w i t h  the Mach n q b e r  range investigated. 

The corie-cylinder configurations considered 

TABLE Tv 

CONE- CYLINIJER CONFIGURATIONS EXkMINED 

Semi-vertex Angle 

5" 

loo 

Mach Number Range 

2.0 ' 

1.25 to 3.0 

*. 20" 1.25 t o  2.5 

The 5" cone-cylinder was 20 calibers (diameters) long, while the 10' and 
20" cone-cylinders were each 10 calibers long. 
moment coefficient, 

The slope of the pitching 
C% , uses the cylinder diameter as  a reference length. 

shows the steady-state l oca l  normal force coefficient 
e r  f o r  Mach nmber 2.0, and indicates excellent agree- 

ment between the present potential  theory and the  exact solution.%/ (See 
Refs. 6 alild 1 7  for  a complete discussion of the  steady-state resu l t s . )  
Also shown i n  the figure i s  a half cross section of the con&@..wation with 
various s ta t ion  locations indicated. 
while s ta t ion  8 i a t  the a f t  end of the configura:tion. The frequency re- 
sponses of the l o  1 normal force coefficients were evaluated a t  M = 2.0 
f o r  these various s ta t ions from the shoulder t o  the end of the configura- 
t ion .  I n  addition, the loca l  n o m 1  force coefficients were.computed near 
the  point of mximiun negative steady-state dCNa/ti(x/n) f o r t h e  100 and 200 

50 cone- cylindexY 

. 

Station 1 corresponds t o  the shoulder, 
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Typical steady-state, t o t a l  ind ic ia l  response 2esul 
cone-cylinders examined were presentea i n  previous p 
These results were conpared with slender-body theory 
resu l t s  of Sims.s /  
were found t o  
whereas the s 
sults were fo fo r  the 10" cone-cylinder CN, values, wher 
theory was unccmservative by over 30 percent. 

The present po.l;ential theory and 

der-body theory is mo 

Piguxe 1 9  shows a typical ind ic ia l  l if t ;  growth curve f o r  a cone- 
cylinder. 
underdamped s em ( see Appendix I) .  Thus, a type 
curve (exhibi 
discussion exemplifies t h i s  prediction. 

The pvershoot i n  the response t o  a wit s 

a resonance condition) i s  t o  be e 

cN, Typical plots  of the frequency response of 
presented i n  Figures 20a and 20b for  the three cone-cylinde 
a t  M = 2.0 . 
theory. ) The resul ts  indicate tha t  the response amplification a t  resonance 
increases with increasing cone angle. Furthermore, the resonance occurs a t  
lower Frequency for  the larger  cone angles. 
the maximum response values of C N ~  and C r ~ r ,  a f t e r  the effect  of aero- 
dynamic representation i s  discussed. 

(IL'hese resu l t s  are obtained from the quasi-steady potential  

More w i l l  be said concerning 

The effects of the aerodynamic representation on.the frequency 

The quasi-steady (K = 3) resu l t s  
responses of CN, and CM, for the three cone-cylinders are  shown i n  
Figures 2J-a through 23b fo r  
are  given by the  solid curves, while the full potent ia l  theory (K = 5) ;e- 
s u l t s  are given by the dashed curves. 
cylinder, a r e  questionable beyoAd a Strouhal number of about 1.0'because of 
loss  of numerical resolution. 
the frequency range shown. 

M = 2.0 

The l a t t e r  results, fo r  the 20' cone- 

The other curves are  considered val id  for 

I n  general, the K = 5 curves for both CN and CM have 
s l igh t ly  larger  maximum response vaiues than the i r  
There is a tendewy toward a frequency s h i f t  f o r  the maximumvalues i n  
going from the = 3 t o  the K = 5 curves. 

CY Q 
K = 3 counterpart. 

The dominant features of the C and CMO, fr 

data for the 10" and 20" cone-cyl.inder data a re  summarize 
and 24b. 

Na 
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I n  these figures,  the peak response values ( i r  
compared with the zero-freTJ-ency ( steady-state) data f o  
range Investigated. Here 2% is f'urther i l l u s t r a t ed  tha the maximum K = 5 
responses are la rger  than the corresponding peak values fo r  
both C N ~  and 12% The vert 1 deviations of the  K = 3 and 5 mximm 
frequency response curves I'rom the zero-frequency curves is  a measure of 
the  overshoot. I 

pective of frequency) are 
the Mach nwbcr 

K = 3 f o r  

Ratios of maximc frequency response to4 zero-frequency response 
of the cone-cylinder stpbZlity derivatives were computed and the resul ts  
are  shown i n  Table V. 

TABLE' v 

RATIOS OF MAXSbTL1.I FREQUENCY RESPOBTSF: TO ZERO-FREQUENCY 
RES,30I\JSE FOR CONI3 CITiIICOERS 

Semi-vertex 
Angle 

5 O  

loo 

I 

I l i  ' 1 

20 O 

Mach 
No. 

2.0 

1.25 
1.50 
1.75 
2.0 
2.5 
3.0 

1.25 
1.50 
1 d 7 5  
2 .o 
2.5 

NCY 
C - 

K = 3  K = 5  

1 0052 1 e0174 
I 

1.0004 1.0318 
1.0191 1.0325 ' 
1.0386 1.0669 
1.0489 1 0923 
1.0349 1.0846 

. 1.0033 1.0363 

1.0428 1,0704 
1.0686 1.0854 
1.0679 1.1076 
1.0722 1.1091 
1.0440 1.0724 

MCY 
C 

K = 5  . K = 3  
P 

1.3697 I. 2652 
I [  \ 

1.1136 
1.2652 
1.3723 
1.4378 
1.3733 
1.1748 

1.4127 
1.5768 
1.6647 

1 6236 
i.6856 

1.4361 
1.4842 
1.5503 
I. 6075 

1.3413 

1.6425 
3.7864 
1.9013 
1.9189 
1.7572 

.* 
1 5707 

From t h i s  table  it is agais seen tha t  t h e  maxl.mum K = 5 frequency re- 
sponses are larger than tPie 
Furthemore, for each cone-cylinder, the magnitude of the resonance i s  a 
maximum, fo r  both 6~~ az9 C% , a t  (or  about) M = 2.0 Also, higher 
resonances are noted f o r  : l ~ ~  than for % . 

% '  and C cN* K = 3 responses for  both 
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Frequency response curves of 
in Figwe 25 for  s ta t ions 1 through 4 o 
Stations 2 and 3 bracket the maximurn ne 

en tha t  the f r e  
umes shuwn a re  of 
t i ve  response a t  re 

closest  t o  the point of maximum negati 
sponse curves f o r  s ta t ions 5 through 
nearly zero magnitude. 

2. . 

ocal- frequency response resu l t s  shown for  the 5' 
ive of the results for  the other cone-cylinders. 
n, the maximum dCNa/d(x/D) v q u e  tends t o  incre 

both Mach number and cone angle. 
response r igh t  a t  the shoulder. 

This is  especially t r u e  for  t'rre frequency 

The cone-cylinder data presented exhibii a resonance i n  the fre-  
quency response behavior. The presence o f ' a  maximum frequency response a t  
nonzero impressed frequency i s  extremely important i n  tha t  an urderestima- 
t i on  of the aerodynamic coefficients could ensue i f  a low order frequency 
expans ion theory were used t o  calculate cone-cyllnder s t ab i l i t y  derivatives. 
Ogive cylinder&, being similar t o  cone-cyl.inders, might also be expected t o  
exhibit a resohance phenomena i n  the,ir fp+q,uency respanses. 
shows cohparisbns which bear out t h i s  hypothesis. 

-I__ 

The next section 
! 1 I '  , 

E. Ogive-Cylinder Results 
.^ 

The numerical resu l t s  for  the frequency response of a r  ogive- 
cylinder a re  presented i n  t h i s  section. 
t ha t  used by Platzer and ShererE/ and Bond and P a c k a r e / :  

The body geometry is t'r-e same as  

R(x) = E  (1 - 0.5 X) 
3 

0 s x  51 

R(x) = 0.5-6567 1 i; x 5 3.3333 

iguration, the fineness r , c , is 0.05 ao 
ong. Frequency response la t ions for  the 

ching moment data used the body diameter as  a 
fbrce coefficients were evaluated f o r  the above Mac 

ody s ta t ions from t h e  end of the ogive (x = 1) 

e r i s t i c s  were carried out Over a Mach numbe? from 1.1 to 

fo r  the s ta t ion  locations. 
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Station 1 

0.4 

0.2 

0 
0 1 .O 1.5 2.0 0.5. ' 

Figure 25 - Aerodynamic Frequency Responses of the m e a l  3ormal Force 
Coefficient a t  Various Station kca t ions  f o r  a 5' 

Cone-Cylinder Q-L M = 2.0 
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The freT,;.ency response results obtainccl for  the E = 0.05 ogive- 

and CQ undergo 
cylinder sfiow mc; :  s imi lz r i t i es  t o  those presented fo r  the cone-cylinder 
configurations. :,a-t is ,  the frequency response of 

a maximum responag a t  a nonzero impressed frequency. This is  exemplified 
i n  Figures 26 th-rc-jgh 28. 

cN,, 

Plots c2 the frequency response of C N ~  and C p b  a re  presented 
i n  Figures 26a'a-Z 26b f o r  several Mach numbers. 
quasi-steady thee:;-. It can be seen tha t  the maximum response values in- 
crease while the S-equemy a t  maximum response tends t o  decrease with in- 
creasing Mach nu:Csr, i n  t h i s  Mach number range. 
arc  a lso noted ir. <he higher Mach nuuiber curves a s  frequency increases. 

These results u t i l i z e  the 

A fev small resonances 

The e f l e - t s  of the aerodynaqic representation on the. frequency 

I n  g?neral, the full  indibial  theory results for  both C N ~  
are  l azgz r  thzz the i r  quasi-steady theory counterparts fo r  the 

response of CN, snd q& for  M = 1.6 and 2.6 are shown i n  Fig,ures 27a 
tnrough 285, 

and C~JI, 
frequency range cczsideTe3. 

The dod-sn t  features 03 the ogive-cylinder and CG fre- 
quency response CzTa are ?resented i n  Figures 29a and 29b. 
ithe maximum CN, ' End C ; , b  frequency response values a re  compared iwith the 
zero-frequency ( sszady-s%te) data fo r  the Mach number range investigated. 
The maximum K = 5 frea-;ency response values are larger than the maximum 
K = 3 values f o r  -zoth CN, and C% . For CN, the percentage difference 
is  5 percent or k s s  ovez the en t i re  Mach number range. For CQ the.f 'ul1 
indicia1 theory Tyriiicts ?aximums which are 15 percent higher than those 
from the simpler :I-.eory ?or Mach numbers over 1.6.  
t o  30 percent a t  :.:rch n r 3 e r s  of 1.1 and 1.2. 

I n  these figures, 

The difference increases 

Ratios cr '  maxixxn frequency response t o  zero-frequency response 
of the ogive-cylfr5er s t g - d l i t y  derivatives are  presented i n  Table V I .  
The trends evide-s i n  thLs table a re  very s h i l a r  t o  those mentioned i n  the 
discussion of the zone-cl-linder results. In  particular,  the maximum reso- 
nance again o c c c s  E t  o r  aear M = 2.0 . It is interesting t o  note that  the 

3) max2-:a frecxmcy response for M = 1.1, 1.2 occurs a t  or near 
zero frequency (i. z , ,  there  i s  no resonance). 
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Figure 26 - Aerodynamic Frequency Responses for an = 0.05 Ogive-Cylinder 
a t  Various Mach Numbers as Predicted by . 

Quasi-Steady Potent ia l  Theory 
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Quasi-Steady Potentia! Theory ---------- Full Potential Theory 

f 
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Quasi-Steady Potentia I Theory 
Full Potential Theory 

3.0 
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1 .o 
I 
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I 

STRCJUHAL NO. e PL/U o INa CYCLE’G 

(a) Slope of Normal Force Coefficient 

Quasi-Steady Potential Theory 
-&--”----- Full Potential Theory 

lo 
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(b) Slope of Pitching Moment Coefficient 

Figure 28 - Aerodynamic Frequency Responses for  an E = 0.05 
Ogive-Cylinder a t  M = 2.6 
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RATIOS OF IaXIm*f R33QUENCY RESPONSE TO 7XRO-I?REQUENCY 
RESPONSE FQIi = 0.05 OGlXZ CYLINDER 

-1__ 

NCY 
C 

Mach No. K r.: 3 K = 5  K = 3  K = 5  - 
I 

1.1 1.0000 1.0270 1.0187 

1.2 I 1'. 0000 1.0465 1 0941 

1.6 1.0315 1.0731 1.3945 

2.0 1.0518 1.1013 1.5558 

2.4 1.0472 * 1.0974 1.5547 

2.6 1.0363 1.0826 " 1.4840 

1 3174 

1 4251 

1.6237 

1.7701 

1.7778 

1.6978 

A comparison i s  given i n  Figures 30 and 31 of the present poten- 
t i a l  (gust) theory resu l t s  with osc i l la t ing  body resu l t s  of Bond and 
Packard,%l the apparent mass theory, and experwent ,271 The frequency 
response of 
an axis  a t  the  midpoint of the vehicle length (xg = 0.5). 
about several. axes versus Mach number a t 1 0  Hz. are  shown i n  Figure 31. 
Bond and Packard's resu l t s  are  based on the solution t o  the time-dependent 
l inearized potent ia l  equation using l inearized approximations fo r  both the 
boundary conditions and pressure coefficient.  The apparent mass theory is 
a low order, frequency-dependent slender-body theory. 

C h  versus Strouhal number is  presented i n  Figure 30 about 
C M ~  valdes 

- 

The difference between the present potent ia l  theory and the other 
two theories (and ex+&riments) was explained i n  Section 111-J. 
the  indicia1 _I gust technique is the approach used in  t h i s  investigation t o  
compute the aerodpamic frequency responses t o  a prescribed sinusoidal (with 
a x i a l  posit ion) cross wind. 
Packard and apparent mass) and the  experimental resu l t s  correspond t o  an 
osc i l la t ing  body placed i n  a steady flow. The t ransient  e f lec ts  i n  the two 
cases are d i f fe ren t .  
quency. However, the trends of the two physical s i tuat ions wiih increasing 
frequency a re  of i n t e re s t .  

Briefly, 

The other two theories presented (Bond and 

Thus, the  only legit imate comparison is a t  zero fre- 

From Figure 30 it is  seen tha t  the trend of the present gust 
theory and frequency is opposite t o  that  of the Bond and Packard and appar- 
en t  mass theory. Near zero frequency, po ten t ia l  theoyy i s  conservative 
compared t o  the other theories and experimental resu l t s .  
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Strouhal No. FL/U, in cycles 
Figure 30 - ency Response of 5 e  Slop2 of the Pi tchin t Coefficient 

for an  E = 0.05 Ogive-Cylinder at  M = 2.0 
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From Figure 31 it is scen tha t  fo r  f = 10 Hz. potent ia l  theory yields 
the same trend with I&ch number as do both the experiment and Bond and 
Packard' s r e su l t s .  

The results concerning the frequency response of the loca l  n o m d  
ined for the 
J, 1.2 and 

For 

force coeff ic ient  f o r  ogive-cylinders a r e  similar t o  those 
cone- cylinders ., The response curves (not presented) for 
1.6 a re  of type 2 (contain a resonance) for all s ta t ions  considered, 
M = 2 and larger ,  the  responses a t  x = 1 a re  of type 1, while the  re- 
sponses a t  the remairiliig s ta t ions  a re  of type 2. For a l l  Mach numbers con- 
sidered, the m q x i m  response value a t  each s ta t ion  decreased as distance 
increased downsf;ream from the ogive-cylinder junction. For M 2 1.2 and 
any given s t a t ion  locat ion,  the  maximum frequency response of dCNa/d( x/D) 
increased with Mach number. 
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V. FREXWENCY RESPONSJ3 OF AEROD3TAMIC FORCES FOR SA!i!iN V 

The frequency responses fo r  toLa1 normal force and pitching moment 
and the loca l  normal forces fo r  the Saturn V are presented in  t h i s  section. 
The Mach number range considered was  1.3 t o  1.8, while the  frequencies 
ranged from 3 t o  $0 Hz fo r  a l l  cases, and extended t o  beyond 25 Hz i n  many 
instances. The corresponding Strouhal numbers, S = fL/U , ranged from 
about 0 t o  3 ,  or  0 t o  7, respectively.-x 
Mach number dependent, since U i s  nearly proportional -bo M . See Sectioii 

The actual upper l i m i t  of S i s  

. V I  for  the Mach nuiiber .- density relationships used. 
I 

Figure 32 shows the local. normal force distribution ( a t  M = 1.3) 

The loca l  normal 
f o r  the vehicle geometry used i n  t h i s  study., The vehicle geometry was tha t  
specified in  MSFC drawing 10M04106,. rev. M (the SA501). 
force over the fin-shroud region i s  an approximation, based on using an 
"equivalent" conic section fo r  the body shaie. 
the correct t o t a l  (integrated) normal force in  t h i s  region. 
111-H for  additional discussion of the approximation. Also i n  icated i n  the 
figure are the locations of' the 1 7  s ta t ions a t  .which loca l  nornial force fre-  
quency responses were calculated. 

This approximation leads t o  
See Section 

d; 

The indicia1 normal force and pitching moment coefficients are 
M , of 1.3, These are the coeffi- " I  shown i n  Figure 33 for  a Mach number, 

c ients ,  Q, and % , which indicate the response t o  a step 'wind gust, 

and are expressed i n  rad,', 
vehicle diameter of 10.058 meters (33 f t . ) .  
f u l l  potent ia l  theory are indicated by the sol id  l ines ,  whereas the'-.simpler, 
quasi-steady potential. theory yields the dashed curves. 
f o r  steady-state conditions 'to occur is about 0.27 see. for  the quasi-steady 
theory and over 1.1 sw. fo r  the f u l l  potent ia l  theory. 
case, however, nearly steady conditions have been obtained after 0.41 sec. 
The f u l l  potent ia l  theory response, as a function of time, appears t o  have 
more higher-frequency content than the simpler theory, as evidenced by the 
peaks and valleys associated with the vehicle staging. 

The nondimensiorlalizing length used i s  the 
The resu l t s  obtaiqed from the 

The t i m e  required 

In the latter 

The wavelengths 

I 

t 
* The i.ntegration step for calculating frequency responses i s  affected by 

the  time interval  used in  the indicia1 response calculations. 
t ha t  f ive points per cycle &re required t o  maintain acceptable accuracy, 
a11 of the results calculated t o  25 I% were not considered valid. 3-1 
particular,  the t o t a l  responses are valid only up t o  S = 3 
1.6, 1.7, 1-8 (K = 3) and M = 1.3 (K = 5 ) .  

Assuming 

f o r  M = 1.5, 
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Figure 33 - Responses of Ssturn V a t  M = 1.3 Entering a Unit  Step Gust 
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associated with these peaks and valleys a re  very short, however, when COIU- 

pared with the vehicle length, so they would not be expected t o  have much 
influence on the frequency response curves until the  Strouhal number exceeds, 
say, 5.  

Wen the indicia1 responses, of which Figure 33 was an ex 
a re  integrated in  the  Dubamel sense, frequency response curyes such 
shown i n  Figure 34 result.* These curves were obtained from the quasi- 
steady theory, and clear ly  show several resonance frequencies 
expressed i n  terms of the StrouhiLl number, are nearly indepen 
number. In a Lion t o  the  maximum a t  zero frequency, the  normal force 
response clea 
number of s l i gh t ly  over 7. 
that the peaks have overlapped. 
separation t o  be possible) would be somewhat 5urther a p a p  
i n  the  figure ., 
ca l ly  or analytically) two curves ( G a k s i a n ,  f o r  instance) which overlap 
bmb..li t h a t  the  respective peaks are re la t ive ly  c lose  together. 
moment r e su l t s  show the  same resonances, at  nearly the same frequencies, 
except t ha t  the f irst  two peaks have coalesced in to  one. 

shows four resonances, with a f i f t h  indicated at  a Strouhal 
The f i r s t  two resonances are so close together 

The t rue  peaks, when separ 

This may be readily shown by simrply adding (e i ther  graphi- 

The pitchfng 

It has been postulated tha t  the staging of a launch vehicle such 

engths. To examine t h i s  possibi l i ty ,  the  resonance wavelengths indi- 
There are 

four conic sections which contribute t o  large normal forces: 
module; t he  Lunar Excursion Module; the interstaging between the S-IVB and 
the S-11; and the  engine shroud region. Thus, s i x  interstage'distances 
can be ascertained. The aft  end of each conic section w a s  more or less 
a r b i t r a r i l y  selected f o r  determining the interstage distances, since the  
loca l  normal force is maximum $here (see Figure 32'). Table V I 1  presents 
the results of this .  comparison. 

as the Saturn V might lead t o  a resonance-tpe of response fo r  cer ta in  

by Figure 34 were compared with the interstagd distances. 
the command 

The conparison, although not conclusive, presents strong evidence 
that the  resonances a re  correlated with the interstage lengths. It must be 
recognized i n  making any comparisons tha t  each of the conic sections i s  of 
a different  geometry with a different normal force distribution. !Chus, one . 
should not expect very "pure" results as concerns the frequency content. 

-.__PI 

* mese responses are dhensional,  and correspond t o  a'cross-wind half-  
amplitude ;of 1 meter/sec. 
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TABIJI Y I I  

Wave length 
Number 
7 

NORM-9L FORCE FOR SI.\tmJRN *- V 

9 = fL/U 
(APProx* 1 
cycles) 

NaZ; Observed 
I 

2.3-1.4 ' 
Q.2-2.4 
3.5-3.7 
5.4-5,s 

7.2? 

'GTaveleng th 

(meters ) 
( APProx. 1 

Xo t Observed 
76- 82 
44-48 
29-30 

1 9  4-19 e 7 
14.83 

In t  ers tage 
Length 

(meters) 

94.6 
81.6 
62.8 
31.8 

' 18.8 
13.1 

I 

C.M. t o  Shroud 
L.E.M. t o  Shroud 
S-II t o  Shroud 

O.M. t o  L.E.M. 

It can be rationalized tha t  the f irst  wavelength (94.6 meters) w a s  not.ob- 
served because (1) l i f t  produced by the command module is  very small; and/or 
(2) a resonance does occur bu-b it i s  masked by the higher resonance a t  the 
nearby wavelength of about 82 meters (S values of 1.13 and 1.30, respec- 
t ively) .  
(which i s  nearLjr obscw-ed by the second i n  Figure 34) and the s ixth wave-, 
length (which ,unfortunately i s  not c lear ly  defined by the &ailable data). 
Nevertheless, we believe the comparison i s  meaningful and not due t o  chance. 
It'would be of in te res t  t o  modify the geometry (e.&, remove the f i n  and 
shroud conic section) t o  see if corresponding al terat ions i n  the frequency 

The pQorest agreement i s  associated w i t h  the th i rd  wavelength 

response were observed. .* 

The amplitude of the resonances are, i n  a l l  cases, less than the  

It is seen that the so- 
zero-frequency amplitude. 
t o  zero-frequency respo6se for the  cases studied. 
defined re la t ive  response tends t o  decrease with increasing Mach number and 
with increasing frequency. The implication i s  tha t ,  al%hough resonances do 
occur, the  result ing herodynamic forces a re  l e s s  than would be predicted by 
a steady flow theory. 
probably not she# the  resonances a t  all, so may underestimate responses a t  
the higher frequqncies. 

Table V I 1 1  presents the  r a t i o  of peak response 

On the other hand, a, frequency expansion theory would 

One more point of in te res t  i n  these response cur is  t h e  occur- 
rence of *he very low minimum near S = 0.75.'. This indicat cancellation 
effect  wherein t 
the zero-fre ponses. I n  particular,  sinusoidal winds with a Cave- 
length of 10 
pared with longe 
part  i cuLa r l y  tr 
pitching moinent . 

aerodynzmic responses are substantially lower than 

1's should c8,use negligible aerodynami4c r 
elengths o r  wavelengths of around 80 

e nornial force and, t o  a l e s se r  de 
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TABm VI11 

R E W m  RESPONSE AMPLl'JTlDES AfI! RESONP;ntCE FOR SAfmTRN V -- 
Max. ForcelForce (u = 0) 

Wavelength 
Number M = 1.8 

-7- 

1 II 

2 0.64 
3 0.54 
4 0 . 6 P  
5 I 

6 - 

* 1  9 

2 0.87 
3 - 
4 0 75* 
.5 I 

6 

M = 1.7 M = 1.6 M = 1.5 

I - I 

0.66 0.69 0.70 
0.54 0.55 I 

0.59* 0,58-% 0.57* 

Max. Monerxt/Moment (& = 0) 

. -  w w 

0.88 0.90 0.89 

0 . 68* 0.65* 0 . 60* 
L I I ... I " 

M = 1.4 

- 
0.73 

0.76 
0.59 

- 

a 

LI 

0.93 

0.w 

1 
0,75 
.I 

M = 1.3 -- 
LI 

0,75 
c 

0.80 
0.63 

> 0.56 

.I 

0.94 

0.89 
0.78 

3 0.64 

.I 

* Frequency exceeds approximate l i m i t  of validity.  . 
Figure 35 shows the' comparison of the quasi-steady theory with 

the f'ull potent ia l  theory, for a Mach number of 1030 
val id i ty  the theories show the same general trends, although the f u l l  poten- 
t i a l  theory indicates resonance a t  a somewhat lower frequency. 

The large peak at S = 6 f o r  the full .  potent ia l  theory is  pos- 

Within the range of 

s ib ly  j u s t  an indication that the numerical solution is, 3.n fact ,  invalid at 
.this high frequency, On the  other hand, there may be some pbysical signifi-  
cance t o  this peak, 
from the ccrmraand module t o  the forward portion of the S-I1 stage (see Figure 
33). 
for I( = 5 . 
response at S - 6 . A l i f t  buildup a l so  occurs f o r  the quasi-steady theory 
but the curve lacks the distwt osci l la tory character associated w i t h  the 
overshoots and undershoot8 character is t ic  of the other theory. 

!&ere I s  evidence of a nearly periodic buildup of lift 

During this t b e ,  two clear ly  defined osci l la tory cycles are  seen,' 
This agrees nominally with the occurrence of a high frequency, 
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Figure 35 - Frequency Responses of Saturn V a t  M = 1.3 Using 
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Thus, many of the frequency response results for t o t a l  normal 
forces and pitching moments can be easily related t o  the physical geometry 
and phenomena. The frequency responses of l oca l  normal forces, discussed 

I’ next, are more d i f f i c u l t  t o  interpret, - ,  

The frequency response of the l o c a l  noma1 force w a s  computed at  
several vehicle s ta t ions and Mach numbers f o r  0 I; f 25 Hz . The type of 
responses obtained are  indicated by Table 3x. Several trends are noted. 
F i r s t ,  a resonahcc condition is  not apt t o  OCCUT at a s ta t ion  on a conic 
section, but is. l i ke ly  a t  locations on the cylindrical  portions. 
Figure 32 for s ta t lon  locations,) Ln addition, more resonances on the cylin- 
d r i ca l  portion are l ike ly  t o  occur at  lar&e distances downstream from a cone- 
cylinder junctirp, although they may be less important since the magnitude 
of the  aerodynamic force (steady-state) decreases rapidly with t h i s  distance 
(again, see Figure 32) , Finally, the number of resonances i s  Mach-number 
dependent, usually (but not always) decreasing at  the higher Mach numbers. 

Examples of the  loca l  ngrmal force frequency response curves are 

(See 

7 
I 

-presented i n  Figure 36, a t  M = 1.3 , f o r  six selected s ta t ions.  
h t e r e s t i n g  tha t  the responses at 43.733 and 43.735 are so different. 
s ta t ions  are located e i ther  side of the cone-cylinder junction a t  the forward 
end of the  S-I1 stage. 
shock wave ef fec ts  would be expected t o  a l t e r  the si tuation, perhaps greatly. 
However, the basic difference i n  the flow, which i s  being slowed and com- 
pressed over the  conic section and being accelerated and.expanded over the 
cyl indrical  portion, must be acknowledged. It is  thus not too surprising 
that thd frequency responses are quite different.  

J t  is  
These 

O f  course, viscous flow effects,  separation, and/or 

.-. 
Figures 37-39 show the Mach-number dependence of these frequency 

response curves f o r  s ta t ions 43.735, 68.575, and 27.000, respectively. In 
the  flrst case (Figure 37) the  response is nearly independent of Mach number 
(except for a scale facsor) for frequencies up t o  ~ C I  t o  E HZ., leading t o  
an aesthet ic  set of curves. However, a t  s ta t ion  68.575 (Figure 38), the  
responses a re  not as clean. !Phis may be explained, i n  par t ,  by the fact t h a t  
the steady local normal force dis t r ibut ion varies with Mach number. The 
maximum negative loca l  normal force on the cyl indrical  portion i s  aft of 
s ta t ion  68.575 at M = 1.3 (see Figure 32) and forward of the s ta t ion a t  
M = 1.8. 
Mach number. 

Ln any case, the resonant frequencies are not grossly affected by 

The s i tuat ion is quite  different  a% s ta t ion  27.000 (Figure 39). 

!L!his phenomenon does not appear t o  
Here the character I s  great ly  changed by increasfng Mach number, where the  
resonances s h i f t  upward i n  frequency. 
be easily explainable, a3though recourse t o  the associated indicLal response 
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Figure 36 - *Frequency Response of Local Normal Force on Saturn V 
at Several Stations a t  M = 1.3 f o r  

Wind Half-Arrrplituhe of' 3. M/Sec 
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Fi'gure 37 .. Qequency Respnse of Local Normal Force on Saturn V 
at Sta t ion  43,735 Meters at Various Mach Humbers 

for Wind Half-Amplitude of I. 14/Sec 
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Figure 38 - Frequency Rksponse of L o k  Noma1 F0rc.e on Saturn V 
at Station 68.575 Meters a t  Various Mach Munibexs 

for Wind Half-Amplitude of 1 M/Sec 
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Figure 39 - Frequency Response of' Local Norrtkl Force on Saturn V 
at Statlon 27.000 Meters a t  Various Mach Numbers 

for Wind Half-Amplitude of' 1 M/Sec 
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Station 
J me t er s ) 

11.916 
14.165 
16.414 
19 b 258 
22.. 103 
24.948 
24.950 
27.000 
31.452 
SI .J54 
40.843 
43 . 733 
43.735 
50.015 
60.295 
68.575 
98 b 518 

NOTE: Type 1 has '50 resonance for f 25 Hz. 
Type 2 has me or more resonances for f 25 Hz. The nmber o$ 

such resmances is  Lqdicated i n  parehtheses, and m y  include a 
resonance b d i c a t e d  by an increasing resgonse at 25 Hz., although 
peak OCCE-S for f > 25 Hz. 

does c l a r i f y  the  s2tuation soriewhat. 
t h i s  s ta t ion  for -kLe two extremes of the  Mach number range considered. 
t rans i t ion  with IEIIzzh number is continuous.) 
for c lar i ty .  
parent,,as compare: t o  the  bIch 1.8 curve whi 

Tigure 40 shows the growth of l i f t  a t  
(The 

The curves have been offset 

ends t o  have a "damrped" 
Th'& 3 s c i U a t o r j  character at the lower speed is  clear ly  ap- 

* character. 
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Figure 40 - Growth ,of L i f t  at  Station 27 .OOO Meters of Saturn V 
at Different Mach Numbers' , .  
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In t h i s  section, we present and discuss the aero 
the Saturn V veh&le which arise from penetration of horiz 
Firs?;, however, the winds and the vehicle traJectory are discussed. 

s on 

The w i d $  data were taken from the data of Scoggins e t  al.161 
These data were obtained by observing the r ise of a special  balloon by 
radar ( the FPS-16 Radar/Jituspherc technique). 
are given as windki at 25-meter a l t i t ude  increments. 
"scalar winds" w&e used. That is, the magnitude of the hqriao 
independent of C&ec2;lon, was selected f o r  iriput data t o  the pr  
integration routine. 

The data, after reduction, 
For t h i s  study the 

The following wind prof i les  were i n i t i a U y  selected f o r  analysis, 

After i n i t i a l  running of the computer program, it w a s  decided t o  
These winds 

and placed on punched cards: 
and 2936. 
l i m i t  the  fu l l  analysis t o  two of the winds:' 2652-1 and 2579. 
had high frequency components and large shears. 
sented i n  t h i s  re9ort fo r  the winds of test  number 2652-1. 

tes t  numbers 0734, 1999, '2378, 2652-1, 2579, 

Typical results are pre- 

Since the  winds are given as a function of a l t i tude,  it is neces- 
For t h i s  purpose, the sary t o  relate the vehicle speed, e tc , ,  t o  a l t i tude.  

nominal t ra jec tory  of vehicle AS504 was used.281 The key data frdm th is  
are given i n  Table X. 

SA!TdN V NOMINIU; - TRAJECTORY DmA 

Flight Time 
sec . ) 
72 e 

74.992 
80. 
84; 
85.955 
88. 
96. 

Altitude Velocity 
(lun.) Mach No. (m/sec) 

9 0408 l e  140 354.471 
bo. 0000 1.254 383.947 
12.7316 1.472 438.140 
13.2299 1.667 486.112 
14.0000 1.767 511. X34 
14.8325 1,875 538.434: 
k8.3533 2 281 656.597 

Dynamic Pressure 
( k@;/m 2) 

3013 17 
3175 . 69 
3370.53 
3423.45 
3387 . 47 
3323.71 
2733.29 
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Quadratic interpolation M ~ S  used t o  obtain information between tabulated 
values. Furthermore it was assumed, for  t h i s  study, t ha t  the winds were 
normal t o  the 'vehicle axis; t h i s  would be t rue  only i f  the vehicle were 
flying ver t ical ly ,  which i s  not the case. 
test  the computer program and gain ins ight  in to  basic phenomena which m i g h t  
ex is t ,  there was  nothing t o  be gained by,unduly complicating the picture by 
correcting the winds for  vehicle t ra jectory angle. 

Since our purpose was merely t o  

Appendix I1 contains a description of the method used t o  compute 
wind shears from the wind data. 

Figure 41 shows the t o t a l  aerodynamic forces i n  response t o  the 
winds i n  a norinallzed form, which must be c la r i f ied ,  
measured scalar  wind velocity a t  the 25-meter increments a re  indicated by 
the plotted points. The responses followed the  trends of the wind, so a 
normalized scheme was employed t o  enable be t t e r  comparison of resul ts .  
Each response value w a s  divided by the stead?-state response of the same 
quantity (e.g., force, moment, e;tc.) t o  a 1 h/sec windb Thus, Sf the ve- 
h i c l e  responded t o  the wind instant ly  with a steady-.state response (e.g. ,  
the so-called instantaneous immersion case) , the normalized response would 
exactly duplicate the wind data. 

F i r s t  of al l ,  the 

The Mach number range shown i s  from 1.3 t o  1.8. For each Mach 
number considered (1.3, 1.4, 1.5, 1.6, 1.7 and 1.8) responses were computed 
over an a l t i t ude  range corresponding roughly t o  a Mach Dumber change of over 
0.25, insuring a complete overlap of computed data. After normalizing each 
response by the associated steady-state response, no Mach number dependence 
remained which could be detected at  t h i s  scale. .- 

The responses display two important features which are indicative 
of the unsteady aerodynamics employed.* F i r s t ,  an obvious time lag  (or 
a l t l t ude  lag as the  rehilts are plotted) ex is t s  between the wind and the 
ressonse. 
the  vehicle. Secondly, the "high freduency" components of the wind have 
been fi l tered out. 
which has a major wavelength of about 240 meters and an additional component 
a t  about120meters is  of in te res t .  
of the  240-meter wavelength but l i t t l e  evidence of the 120-meter wavelength. 
These results are i n  agreement w i t h  predictions based on the frequency re- 
sponse data of Figure 34. 
10,2 km. and again n t  14.7 km. 
t i on  a t  these al t i tudes,  whereas the pitching moment contains a small 
osci l la t ion.  

The magnitude of t h i s  delay is about 100 meters, the length of 

I n  particular,  the portion of the wind a t  13.5 km., 

The response contains a subdued portion 

Also, a single cycle of the wind occurs ai; about 
me normal-force response contains no osci l la-  

I 

* The quasi-steady theory was used here. No noticeable difference was 
detected u t i l i z ing  the full potent ia l  theory. 
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The aerodynamic responses are affected not only by the  wind mag- 
nitude but also, t o  a small degree, by the  wind shear. 
1% is  necessary t o  remove from the response the e f fec t  of the wind and the 
t i m e  l ag  associated with penetration; then the remaining portion of the 
response is  examined. 

T6 demonstrate t h i s  

Figure 42 i l l u s t r a t e s  t h i s  wind shear e f fec t  f o r  a short a l t i t ude  
in te rva l  at s ta t ion  43.735. The loca l  normal force i s  shown as a function 
of a l t i tude ,  but; is nomalized by dividing by the steady state response t o  
a uni t  wind ----.- ind by the loca l  wind magnitude. The loca l  wind magnitude, t o  
account for  the penetration lag, is taken at the a l t i t ude  of the  sta4ion 
i n  question -- i n  $his case at 43.735 meters below the a l t i tude  of the nose 
of the vehicle. Thus, except fo r  aerodynamic inertia effects,  the normal- 
ized response should be identically equal t o  1. Also shown i n  th i s  figure 
1s t he  wind qhear a t  the s ta t ion i n  questibn. The effect of wind shear on 
the response is  thus seen t o  bq oQvious, regardless of Mach number, even 
though the magnitude of the e f fec t  is generally less than 0.5 percent. 

- 
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Figure 42 -, Effect of Wind Shear and Aerodynamic Inertia 
on Local N o d  Force a t  Station 

43.735 Meters of Saturn V 
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APPENDIX I 

C W A R I S O N  OF AEEODYNAMIC FREQUENCY RESPONSE BEHAmcW 
WITH, A SINPIE SPRING-MASS ANAICGY 

An analysis of the frequency response data w a s  undertaken t o  gain 
insight in to  complex behavior of the aerodynamic frequency responses. The 
r e su l t s  of th i s  study we presented i n  t h i s  Appendix. 
of the sinusoidal response data is directed tmard comparing these data t o  
the r e su l t s  obtained fromthe indicia1 and frequence response of a simple 
spring-mass analogy. 
s a l i en t  features of the ind ic i a l  responses (maximum response and location 
of maximurn response) can be used t o  predict the dominant features of the 
aerodynamic frequency response data.' 

The investigation 

The simple analogy is  tested t o  determine i f  the 

I 

Consider a simple one degree of' freedom spring-mass-damper system 
(see Figure 43) being driven by an external. force 
motion of such a mechanical s y s t e m  with visqous damping i s  

F ( t )  . 1 The equation of 

where m is the mass, c is the damping constant, k is the spring con- 
s t an t  and x is the displacement. 

Figure 43 - Spring-Mass-Damper System 
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Dividing through by m and introdu 

8 .  

(1-2 1 
I , 

I 

We w i l l ,  first concentrate on the  dit s tep  solution. 
that  F(t)/m = 1 for t 2 0 and 

I 

? x ( 0 )  = 2(0) = 0 

t he  wit s tep  solution of (1-2) becomes 

where 



The last r e l a t i an  is  satisfied if 

- w t  = O , T T , ~ ~  ,..., etc .  

t Ziti = 
I 1 

l 
and the maxim? af (1-3) becomes 

I 

The r e t io ,  R , of the first rC$xirmUn response t o  the steady-state 
value of (1-3) i s  

i 

R = l + e  -TTg/ I&? 

Solving for the  damping fac.tor, 5 , yields 

(1-8 1 
.- 

The natural  frec_tlency of t h e  system, wn , is obtained from (1-6) 

where tl I s  t h e  time f o r  the  first maximum response. Thus, by knowing 
the maximum ste; response, the  t i m e  at t h i s  maximum and the steady-staie 
indicia1 resporse, the damping factor, 5 , and the undamped natural. fre- 
quency of t he  s h p l e  system, wn , can be computed from (1-9) and (1-10). 
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The values of 
the sys-tem ;is c r i t i ca l ly  
curve. c = 0 a t  R = 2 
3. < R C 2 , the  response 
underdamped. 

R range between 1 and 2. 6 = 1 a t  R = 1 and 
damped--producing no overshoot i n  the response 

curve contains an overshoot and the system is 
and the system contains no damping. For 

We ~ $ 1 1  nm investigate the frequency 
system. Spec'iiying that; 

, 
I 

F( t )  = Fo cos u t  

response of the  simple 

i n  (1-l), then .the steady-state solution is a sinusoidal osci l la t ion of 
frequency UI with amplitude x : 

> '  

(1-11) 

where xo (= Fp/k) i s  the amplitude f o r  w+O . 
/ 1 1  

The r p x i m u m  value of x/xo is foymd upon different ia t ing (1-11) 
with respect t o  (x/xo) and set t ing the results equal t o  zero. The loca- 
t ion,  w/w, , for the m a x i m u m  response is therefore 

Substituting (1-12) i n t o  (1-11) yields 

It should be noted tha t  t h i s  last 
I n  t h i s  case the amplitude resp 6 < a . 

peak, while for 6 k m  the  amplitude response curves 
as w/% increases from zero, and (x/x0)- = i' at w/ 
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Naw se t t i ng  

the damping factor  (for 6 2 ) is  1 

and 

(1-14 ) 

(I-L5) 

where w l  defines the locatj-on of ( X / X ~ ~ ) ~  . Thus, by knowing the m a x l m u m  
frequency respmse (and also the zero frequency response) and the frequency 

w1 at which t h i s  value occurs,* the damping factor and undamped natural  
frequency of the system can be found from (1-14) and (1-23). 

1 

The expressions for the sinwo$dal response chwacterist ' ics are 
presented as a guide f o r  tes t ing  the simple analogy t o  explain (Qr predict)  
the sa l ien t  features of the more complex frequency respons,es presented i n  
t h i s  report, from the corresponding indicia1 responses. 

A numerical. example is given below which shows a typ ica l  Compari- 
son between the simple analogy and the  more complex aercdynamic frequency 
response behavior. 'phe K = 5 indicia1 and frequency response data of 
% for  the c = 0.0% ogive cylinder at M = 2 are used i n  the example. 

i 

The indicia1 response data yield the following: 

Steady s t a t e  . cM4, = 3.7829 

Msximutn CMCy = 6.0497' 

Time a t  maxinnun C = 0.0021 sec. .% .. 

* The frequency, wl , at which the  resonant aerodynamic frequeccy response 
occurs is known Sn t h i s  example. The unknown is . This is oppo- 
s i t e  from the usual s i tuat ion in which % is  the known qzantity. 
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From these, we calculate 

R = 1.5992 , 

6 = o.l.609 

wn = 1515.7 radJsec 

Sub- % The above values fo r  6 , wn and steady state 
s t i t u t ed  in to  (1-11) and a predicted frequency response computed. 
su l t ing  single degree of freedom response is presented i n  Figure 44 compared 
t o  the actual  frequency response of (2% (dashed curve). 

The re- 

, * 1 

From the  actual  frequency response data (see dashed curve in  
Figure 44),(1-14) and (I-E), the Tollmi$ a r k  obtained? 

I 

Zero frequency (steady s t a t e )  C = 3.7829 

‘Mpximum Cnn,. = 6.6972 

Frequency a t  maximum 

M, 

C& = 1180 sad/sec 

‘P = L.77c6 

6 = 0.2956 

= 1299 rati/sec . wn 

The faimple analogy gives a quetlltative description of certain 
features of the aerodynamic responses. 
predicts a smaller damping factor  and h g e r  natur 
found fo r  the  actual response; 
resonance pea f the analogy.) 

Far t h i s  le, the simple analogy 
equency than that  

(The former is  the reason for  the larger 

st important r e s  
a b l y  successfu 

odynamic frequency responses. 
en the aerodynamic 

It -permits a 
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The aerodyn'mic frequency response curves can be- cast in to  two 
main types: (1) those curves which have a maximum response a t  zero i m -  
pressed frequency (6 2 
peak a t  a nonzero impressed frequency ( c  < 
general, the  frequency response curves of the type 1. 
the  ind ic ia l  curves which reach steady-state values wlthout u 
overshoot, whilesithe type 2 curves me associated w i t h  the  h d i  
which exhibit an? overshoot. The simple analogy preserves this correspon- 
dence between tEb indic ia l  and frequency responses. 
that the simple "&palogy can be successfully used, i n  conjunction with the 
indicia1 responS$s, t o  indicate those geometries and Mach nwder ranges for 
which frequency ef fec ts  are important, 
first resonance frequency can of'ten'be obtaked. 

), and (2) those curves which have a resonmice 
, i.e., underdamped). In  

as 

Thus, it is anticipated 

Alsq,  a rough indication of the 
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The conputation of the aerodyiicmic response t o  an a rb i t ra ry  wind 
pr0fiJ.e (as presented i n  t h i s  repor t )  reiquires tha t  e i ther  the wind velocity 
or  the indicia1 aerodynamics be dif  fereritiated once. 
that, w i t h  care, the wind d a t a  could be differentiated once w i t h  adequate 
accuracy.* Thus, the Duhamel integration fo r  the response t o  the arbi t rary 
wind prof i le  was perfomed using the wind, shears. 
preferable t o  different ia t ing the  aerodyhamic data. ) 

It was  established 

(This i s  believed. t o  be 

W i n g  t h i s  project various approaches& t o  the calculation 
The technique chosen t o  com- of the wind shears were s tud ied ' in  & t a i l .  

pute the sheazs is presented i n  th i s  Appendax- along wi th  some resul ts  used 
for substantiation. The wind data used are those documented in  R e f .  16 
which were obtained by eniploy%ng the FPS-I& Radar/Jimsphere' method. 
data, which are presented a t  25-meLer a l t i tude  intervals, consist of zonal 
(W-E), meridional (S-I?), scalar (magnitude of wind velocity), and wind di-  
rection profiles.  
shears i n  t h i s  study. The tecbiques  presented be lm for calculating the 
wind shears are j u s t  as applicable t o  e i ther  the zonal or meridional wind 
components. 1 

The 

m l y  the scalar  winds were used in  computing the wind 

The wind shear data were computed by employing different ia t ion of 
a least squares quadratic curve f i t  of wfnd data.= One example given here 
u t i l i zed  a curve f i t  over eight successive data p0int.s (175-meter a l i i tude  
intervals),  while the other Fmployed a curve f i t  (exact) over three succes- 
sive data points .(50-meter a l t i tude  intervals ). 
from .tihe eight-point f&t w i l l  be discussed first.  

The wind shears obtained 

The procedure folluwed w i l l  be t o  f i t  a leas t  squares quadratic 
polynomial through eight successive wind velocity data points (given a t  
25-meter a l t i tude  increments ) Upon different ia t ion of the polynomial, the 
wind shews w i l l  be computed only over the mid-interval of the seven inter-  
vals in the  curve f i t .  

* 
The she& over the adjacent interval  w i l l  be 

This decision was reached ear l y  i n  the project as a resu l t  of a discus- 
sion w i t h  G. Jmes  Scoggins, formerly of the Aero-Astrodynamics h b -  
oratory, MSK, concerning the wind data l i s t e d  in  Ref. 16. 

early w i t h  a l t i tude  over discrete 25-meter segments. 
Jcx This technique hp l ies  tha t  t he  shears may be considered t o  vary l in-  
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evaluated from a new curve f i t  obtained by advaaci.ng the approximation 
s t r i p  one increment. 
p rof i le  i s  computed. 

The process i s  t o  be repeated untiil the  en t i r e  shear 

Consider a typical. wind dis t r ibut ion as sham An Figwe 45. 

0 

0 

O 0 0  

0 
0 

c I I I I 1 I I 1 
-4 -3 -2 - I  0 1 2 3 '  

Altitude , 
(Arb i trar y Units) 

e 
X 

Figure 45 - Typical Wind Da%a f o i  Eight-Point F L t  

.- 
Some curve f i t t i n g  techniques are part icular ly  sensit ive t o  nu- 

mer i ca ld i f f i cu l ty  because of Loss of significance. 
it i s  best t o  reduce the magnitude spread of the data by an ap-propriate 
transformation. 
wind data given by 

To avoid t h i s  p i t f a l l  

With th i s ' in  mind, we w i l l  curve f i t  a modified form of the  

' 0  

- 
Y = Y - N y  9 (11-1) 

where 

Ny = Y(-4)4-Y(3)  
2 ,  

(11-2.) 

Ny i a  an a v e r q e  of the f jrst  and eighth wind vel.,oc.ily poink. 
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Naw assume t ha t  the P 

- 
Y *  

where the constants a,b, and c are determined by the  method of Least 
I 

squares The problem is t o  minimize E(  e the 

ac tua l  data points (transformed wind speed) a d  
I i 

YT .are the cwmte f i t  points. 

Thus, we need t o  minimize 

Differentiating, i n  t&n, the abode expression w i t h  respdct t o  
a,b, and c and se t t i ng  the deriva-Lives equal t o  zero yields the following: 

i 

s3 = = -64 
i 

s 4 =  
i 

s =r3, 
5 i  

= 452 

(Eq. (11-4) concluded next page) 
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c 
s7  

d 8(s2s4-s3) 2 + 2sLs2s3 - S ~ S  

I 

The stapdard error  of the 
data points) 

i I 

'Phe curve f i t  i s  then writ ten i n  terms of the actual wind ordinate 
values : 

where 

(11-6) 

(11-6) t o  actual  a l t i tude  stations,  xi, and! noting that 
meters, yields 

.- 

Y = M2 + Bx + c (11-7) 

A = - "  
625 

. .. 



The wind shew is found from (11-7): 

(11-9) 

and is evaluated only over the midrange of the  approximation (i.e., 
x4 s x s x5) . I  

This approach gives rise t o  a double-valued wind shear a t  the be- 
’ ginning and en / of each 25-meter a l t i tude  increment. In  order t o  produce a 

continuous wind shear p r o f i k ,  straight l ine  segments are used t o  connect 
the average shear a t  the midpoint of each 25Ameter increment (see Figure 46). 

This technique w a s  tested by evaluating the wind shears over the 
8.2 km. t o  10 km. a l t i tude  range from t h  FPS-3.6 Radar/Jimsphere wind pro- 
f i l e  test  number 2579 (27 A p r i l  1 9 6 5 ) . d  h e  midpoint shears were then 
integrated over a portion of t h i s  a l t i tude  range and the resui ts  compared 
t o  the or iginal  wind data. In  general, the integrated w i n d  shears and the 
RMS er ror  associated w i t h  the quadratic curve f i t s  were i n  the order of 
0.1 t o  0.3 m/sec which is the order of error  reported fo r  the tabulated 
data. 
as high as 0.6 . to 0.8 m/sec.) 

( In  a few isolated instances the RMS error  of the approximation was 

Another technique of curve f i t t i n g  the  wind data was undertaken 
because of (1) the a rb i t ra ry  manner i n  which the eight-point wind shears 
were Joined t o  produce a continuous shear profile;  (2) t he  occasional high 
RMS error ;  and (3) the loss of high frequency components of the wind pko- 
file. This second technique, or three-point curve f i t ,  w a s  the one u l t i -  
mately used i n  the wind response program. 
curve is  f i t t ed  (exactly) over three successive data points (50-meter a l t i -  
tude intervals ). 

In th i s  instance, a quadratic 

Consider a typ ica l  wind dis t r ibut ion as sham i n  Figure 47. 
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X Actual Wind Velocity Data 
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0 
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0.002 
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PFigure 46 - Procedure Used to Calculate &Point 
Curve Fit Wind Shears 
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0 

I 

Again le t  

Altitude 
(Arbitrary Units) 

Figure 47 - Typicai Wind Data fir 
I 

I 

Three-Point F i t  
I 

I 

where 

Y(”l)fY(l) NY= 
2 

Now assume tha t  the result ing wind data can be curve f i t t e d  by 

Y = aF2 + 

where the constants are  evaluated as 

bz f c J 

(11-LO) 

.- 

(11-11) 

(11-32) 
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a -  Y :-1)-2Y(o)+Y(L1 
2 

, 

and 

c = Ylo)  - NY (11-l.3) 

N a r ,  transforming ( 1 1 - 2 )  t o  actual  a l t i tude stations,  xi , and 
noting tha t  xi-xi-l = Ah = 25 zeters ,  yields , 

where 

and 

2x2a 
B = $ - K  

, 

( 'I1 - 14 ) 

(11-L5) 

The wind shear is f o c 2  from (11-14) upon different ia t ion w i t h  
respect t o  a l t i tude,  x : 

1 

and is  val id  fa r  the in te rva l  r a g e  
between x1 and 9 is 

xl S x 5 x3 . The wind shear midway 



Y' A(x1+x2) + B (11-17 ) 

. and midway between 9 and x3 is 

Y" = A(++x3) + 13 (11-18) 

I , 
T e wind shears obtained from the three-point f i t  were computed 

over the mi !r 1 ange of the cu.rve f i ts ,  i .e. ,  between the one-quarter and 
three-quarter points (see Figure 48). 
va l  were evaluated simi3.arl.y from a curve f i t  obtained by advancing the 
approxlmation s t r f p  one increment. 
automatically obtained from the three-point curve f i t  techniques. 
be proven t h a t  the  shear at the  thGee-quarter paint of one- curve f i t  is 
equal t o  t he  shear at the one-quarter point. of the  curve f i t  for  the ad- 
jacent interval.  ) 

The shears over the adjacent inter-  

A continuous wind shear prof i le  is thus 
(It can 

I 

I 

The tlwee-point cwve f i t  wind shears were a l so  computed over an 
a l t i t ude  range of 8.2 km. t o  10 Inn. using the F'PS-16 Radar/Jimsphere wind 
prof i le  test  number 2579 (27 A p r i l  1965). 

three-point curve f i t  shears with the ac tua l  wind data is  shown i n  Figure 
49. 
approximation are equal t o  or less than the 0.3 m/sec RMS error  reported 
for the  or iginal  wind data. 

These shears were then integrated 
and compared t o  the  or iginal  wind data. A comparison o L the  integrated 

It can *be seen t h a t  t he  agreement is excellent. The errors of the 

In  comparing the two techniques, the  eight-point curve f i i  shears 
did produce a smoother wind prof i le  when integrated than did the three- 
point curve f i t  resu l t s .  
tend t o  inadver ten t ly- f i l t e r  out some of the desired higher frequency com- 
ponents of t he  wind prof i le .  (This f i l t e r i n g  would be i n  addition t o  tha t  
aheady  done i n  redu ing the raw wind data obtained by the FPS-16 Radar/Jim- 
sphere method. ) 29J3(?7 As a consequence, t he  three-point method of comput- 
ing t he  wind shears is belteved t o  be superior t o  the  eight-point technique, 
and was used in  t h i s  study. 

& t h i s  respect the eight-point ctcCve f i t  w i l l  
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of Adodynamic Responses) 
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Figurr 48 - Procedure Used to Calculate 3-Point 
Curve Fit'Wind Shears 
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