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1. INTRODUCTION AND SUMMARY

The purpoSe of this report is to present a set of partial derivatives
relating entry guidance errors to touchdown dispersions. Two sources of -
errors were studied, i.e., guidance system initialization errors at the
entry interface and inertial measurement unit (IMU) hardware errors. These
two error sources were taken independently of each other and no attempt was
made to couple the error sources. This study, which was conducted under
MSC/TRW Task A-190, Reference 1, is applicable to Apollo guided entries
with entry velocities less than 27,000 feet per second and for realistic

values of the error sources considered.

Three sets of partial derivatives are presented within this report. Of
these three, only the Navigation-Actual (NAV-ACT) partials are constant with
1.
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because it does not contain the effect of the perturbation on the random

control errors. The other two sets of partials, both of which contain the
perturbation's effect on the control error, are presented for information

purposes only.

One sigma IMU hardware errors and realistic, but arbitrary, values of
initialization errors were used to generate the touchdown dispersions.
Most of the touchdown dispersions were less than 1.0 nautical mile and no
dispersion was larger than 1.5 nautical miles. The partials were formed

by dividing the dispersions by the magnitude of the error source.

This report parallels Reference 2 which presents a similar analysis for
high-speed entries. The results presented in this report are similar to

those presented in Reference 2.




2, METHOD OF APPROACH

This section discusses the methods used to develop the partials presented
in this report. The following subsections describe the math model, the
initial conditions, the comparisons used to determine the partials, and the

method of presenting the partials.
2.1 MATH MODEL

The basic math model used in this analysis is the Apollo Reentry Simula-
tion Program, version &4 (ARS04), Reference 3. ‘This model is capable of
simulating both the entry guidance system as programmed on the command mod-—
ule computer (CMC) and the actual trajectory. The two sets of equations may
be initiated independently of one another, with subsequent positién and
velocity components being calculated independently. The only interfaces
between the two sets of equations are the aerodynamic body forces. These
are calculated by the trajectory eqhations and are used as inputs to the

guidance routine.

Initialization errors were introduced by initiating the guidance equa-
tions with a state vector which was different from the trajectory equation
initialization vector. IMU hardware errors were introduced by altering the
accelerations calculated by the trajectory equations before they were used

by the guidance routine.

_ The basic ARS04 IMU math model was modified to compensate for the Block

1T vehicle Z-platform axis gyroscope alignment. The basic ARS04 IMU model
was programmed for a Block I vehicle. The modification resulted in a sign
change for various terms affecting the drift rate about the Z~platform axis.
The generalized equations used in the IMU error model are presented in Appen-
dix A.

2.2 1INITIAL CONDITION DATA

i

The entry vector from the Apollo 9 mission was assumed to be a nominal
low speéd entry vector and was used in this analysis. Splashdown dispersions

were generated for four target ranges, i.e., relative ranges of 1250, .1500,

<




2000, and 2500 nautical miles. The distances between these target ranges
necessitated adjusting the velocity vector's position within the entry
corridor. Entry flight-path angles were chosen as described in

Reference 4 to be compatible with the target range and entry velocity.

The state wectors and targets used in this analysis are presehted in

Table 1 along with the vehicle constants and environment.
2.3 DEFINITION OF COORDINATE SYSTEMS

This subsection defines the coordinate systems in which the partial
derivatives are presented., Two sets of partials are presented for the
initialization errors. One set describes the range differences at splash—>
down in the topocentric coordinate system due to a unit error in the orbit
plane coordinate system. The other set describes the range differences in
the topocentric coordinate system due to a unit error in the platform
coordinate system. These coordinate systems are defined below and Appendix
B contains the mathematical derivation of the topocentric and orbit plane

" coordinate systems.

2.3.1 Navigation Reference Frame (Platform Coordinate System)

Prior to lift-off, the guidance platform is released to hold a fixed
attitude in inertial space. The Z-platform is aligned along the local
vertical (down), the X-platform axis along the horizontal pointed downrange
at an azimuth of 72.0 degrees east of true north, and the Y-axis completes
the right-handed coordinate system. For reentry, the platform will nominally
be aligned prior to the deorbit burnlwith the X-axis along the negative
thrust vector (—ZT), the Y-axis in the»—KT X KG direction (RG is the position
of the space craft at retrofire), and the Z-axis completing the right~handed

coordinate system.

2.3.2 Topocentric Coordinate System

The comparison vectors defined in Section 2.4 were calculated from the
simulations in the platform coordinate system just defined: however, a more
meaningful representation is used for presentation of the partials. The

comparison vectors are rotated into a topocentric coordinate system with




v

directions u', v', and w', where u' is downrange, v' is crossrange, and

w' is altitude. Partials for both initialization and IMU errors are pre-—

sented in the topocentric coordinate system.

2.3.3 Orbit Plane Coordinate System

The guidance position and velocity errors at entry may be expressed in
an orbit plane coordinate system with directions u, v, and w: u is along
the radius vector directed upward, v is directed downraﬁge in the orbit
plane, (formed by the position and velocity vectors at entry), and w is

normal to the orbit plane.
2.4 DEFINITION OF COMPARISON VECTORS

Since the guidance equations calculate navigation (NAV) state vectors
independently of the actual (ACT) trajectory equations of motion, the
guidance and actual trajectory state vectors will differ at drogue chute
deployment. Thus, when comparing a perturbed case to the nominal, there

were four touchdown vectors to be compared. The most significant com-
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1) How well could the perturbed navigation trajectory simulate the

resulting actual trajectory (NAV-ACT)

2) How well could the perturbed navigation trajectory simulate the

nominal unperturbed actual trajectory (NAV-NOM) .

3) How well did the actual trajectory resulting from a perturbed
navigation trajectory approximate the nominal unpérturbed actual

trajectory (ACT-NOM)

No simulation will hit the precise target due to a condition which exists
called "overcontrol" or "undercontrol.'" These control effects are due to
such factors as the simplified trajectory equations in the guidance routine,
the large computation cycle of the guidance routine (2 seconds), and the
time lag between issuance of the roll command and acquisition of the proper
bank -angle. These control effects are non-linear functions of the guidance
errors and the presence of these control errors in comparisons 2 and 3

above causes their non-linearity.




Comparison 1 above was determined to be the most informative since
this comparison of partials does not contain. the control effects. This
fact is illustrated in the mathematieal derivation of the comparison

vectors presented in Appendix C.
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3. RESULTS

The range partials with respect to initialization and IMU errors and the

errors used to determine the partials are presented in this section.
3.1 RANGE PARTIALS DUE TO IMU ERRORS

Touchdown dispersions were generated for one sigma (lo) values of IMU
errors taken from Reference 5. These errors were treated independently of
one another and no attempt was made to couple the effects. The IMU errors
are defined in Table 2. Also presented in Table 2 are the lo values of

the IMU errors.

The partials formed by dividing the lo touchdown dispersion by the IMU
error magnitude are presented in Table 3. The transformation matrix formed
by the partials correlates a covariance matrix of IMU errors with range
dispersions at drogue chute deployment. The NAV-ACT dispersion is linear;
thus, only the partials resulting from positive error source are presented.

NAT_MOM -~ d ACTUNOM d-4

The NAV-NOM and ACT-NQM digpersione are nonlinear and are preaented based on

both the positive and negative error sources.
3.2 RANGE PARTIALS DUE TO INITIALIZATION ERRORS

Touchdown dispersions were generated for initialization errors of the
same magnitude as those used in Reference 2. These errors expressed in

platform coordinates are:

B e
i

X, = #10,000.0 ft. , +10.0 ft/sec
YP = +10,000.0 ft. va = +10.0 ft/sec
Zp = +10,000.0 ft. Zp = +10.0 ft/sec

The errors were taken independently of one another and no attempt was

made to couple the effects.

The partials are formed by dividing the dispersions by the apﬁrOpriate
error magnitude. The transformation matrix of these partials correlates a
covariance matrix of initialization errors at the entry interface with range

dispersions at drogue deployment.
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These partials are presented in Table 4. Due to the linearity of the

NAV-ACT dispersion, 6nly the partial derived from the positive error source

are presented. Partials based upon both positive and negative error sources

are presented for the NAV-NOM and ACT-NOM partials, since the resulting
dispersions are non-linear.
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APPENDIX A

_IMU ERROR MODEL

Two types of IMU errors were studied, i.e.,:gyroscope (gyro) errors and
accgierometer errors. The gyros determine the'inertia{‘platform coordinate
syétem; thus, a misalignment of the gyro causes a misaligmment of the plat-
form coordinate axes. The errérs defined in Table 2 affect the misalign-

ment angle in the following manner:

(i) = THETAP(i) + W(i) - ¢

and
W(i)f¥ GCDR(i) +.GSAU(i) < A(l) + GIAU(1) * A(2)
+ GANL(H) - AQ) - A

where | ' "

-8 (1) = ith_gyro misalignmenf about the input axis
. . th

W(i) = 1  gyro drifi ifdie abuul Lhe iupul aais

A(1l) = Acceleration along the it gyro input axis

AQ2) = Aéceleration along the ith gyro spin axis

THETAP (i) = ith gyro initial misalignment angle

GCDR(1) = ith gyro uncompensated drift rate

QSAU(i) = ith gyro drift rate due to acceleration along its
input axis

GIAU(i) = ith gyro drift rate due to acceleration along its
spin axis

GANI(i) = ith gyro drift rate due to acceleration along its -

input and spin axes

The accelerometer errors defined in Table 2 affect the sensed acceler-

ation received by the guidance routine in the following manner:
e : 3
A(8) =] EPS (1,3) - A(3)

3=1

and

i




EPS(i

B(i) +{1.0 + SF(i)}- A(i) + QUAD(i) - A%(i)

corrected acceleration along the jth gyro input axis

sensed acceleration along the jth gyro input axis

»j) = accelerometer misalignment

accelerometer bias

QUAD (i)

accelerometer scale factor error

accelerometer non-linearity

o i i




APPENDIX B
MATHEMATICAL DERIVATION OF THE TOPOCENTRIC
AND ORBIT PLANE COORDINATE SYSTEM

This appendix presents the mathematics used to relate the topocentric

and orbit plane coordinate systems to the platform coordinate system.

Topocentric Coordinate System

The topocentric coordinéte system (u', v', w') is a right-handed system
centered at the nominal touchdown point (altitude = 23,500 feet), as seen
in Figure B-1. The nominal touchdown is the zero perturbation touchdown
point. The direction of the coordinates are calculated from the instan-
taneous vehicle positions at entry. interface (REI) and touchdown (RTD)

expressed in navigation coordinates.

- ' -
X
" _ s - > > _
'
L =l
- . e
"' _ ' - -> > > > _
vi= v Rpp X R/ ]REI % Ry (B-2)
t
L Z )
(]
u' = [u' = v'xw' (B-3)
Iy »
%z
- To convert a vector in the navigation coordinate system (xN, yN, zN)

to the topocentric coordinate system (u', v', w'), the following matrix
multiplication is used:

i o
1

u u u u

vii=|v' v' ' [. (B-4)

-
-
-
-
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Orbit Plane Coordinate System

Since the covarianmce matrix at entry interface may be given in the

orbit plane coordinate system (see Figure B-1) it was necessary to express

the partial derivatiwves in the orbit plane coordinate system. The orbit

plane coordinate system is a right-handed system centered at the entry inter-

face.

The directions of the coordinates are calculated from the position

(R) and velocity (V) of the vehicle at the entry interface.

b

>

2

- —

(]
=] =
N “4‘:: ]

)
2‘42 NS

Z

-

x|
= |v
v

J

¥4

e o

L1
v

Il

r/|R| (B-5)
R x %/!R x V . (B-6)
; xba (R=-7)

To convert the partial derivatives ([D]) based on errors in the navi-

gation coordinate system to errors expressed in the orbit plame coordinate

system, it was necessaiy to perform the following matrix multiplication:

iDjorbit plane {D]NAV 0] (3-8)
where
= -
u v w
X X X
u v w 0
y y y
M] = Uy Yy Yy (B~-9)
u v w ,
X X X
0 - 3] v W
= y y y
= u v W
i - -4 z z |
D
; B-2
el e e s

=5
=
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Figure B-1. Orbit Plane and Topocentric Coordinate Systems
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APPENDIX C

RELATIONSHIP BETWEEN ENTRY AND TOQUCHDOWN ERRORS

Introduction

The relationship between touchdown errors and entry errors is discussed
in the following paragraphs along with the reasoning and assumptions that

led to this relationship. For this analysis, refer to Figure C-1.

Approach Taken for the Analysis

Note that only the dispersions in the downrange and crossrange directions

are to be considered.

A~ ~

u' +v' ! (c-1)

1

-
Define: P u

>

P

where: = the position vector in the topocentric coordinate system at
touchdown (altitude = 23,500 feet), not including the altitude
component. The coordinates (u', v') are in the downrange and

‘. - . . e -
LLUDDLAUERE ULLTULLULID Yy LEDPOLLLVELY .

The basic assumption to be taken in this analysis will be that of
small perturbations of physical parameters. No perturbations will be intro-
duced which will cause the guidance system to "lose control completely" and
miss the target by a large distance. If no perturbation errors are intro-
duced (nominal entry) into the simulation, then the differencelbetween the
navigation vector and the target vector at touchdown is due to overcontrol

or undercontrol. This difference is APC o
b

> > > ' . .
Then: P =P + AP : (C-2)
nav,o tar c,0

where the subscript "o" denotes nominal conditions.

The actual vector at touchdown (for this nominal entry) will differ from
the navigation computed vector because of the approximations made in the

guidance equations. This difference is APn 0"
1]

; c-1




> > > . |
Then: P =P + AP (c-3)
act,o nav,o n,0 .
-+ , > >
Since P is the nominal touchdown point, P is equal to P .
act,o > nom act,o
Substituting for P , equation C-3 becomes:
, ~ " mav,o0
> ‘ : I
P =P +AP+4P (C-4)
nom tar c,0 n,o . K

For a perturbation case, the computed navigation touchdown vector will

. > »

differ from the target vector by APC due to control errors, or:

P = B +1P § AR (c-5)
~ Ttar c f‘ , '

and the actual touchdown vector will differ from the navigation vector by

N :
the nominal (APn 0) in addition to the error induced by the perturbation

> ? E Lo,
(ap_). , : .
p i _ i
P =P +4P  +4P - ' | (C-6)
act nav n,0 P . -
> 3> > > > Co ' )
or: P = P + AP+ AP + AP i c-7)
act. tar c n,o P

Equations C~2Z, C—d,'c—j, and C-7 are used to form the three compar-

ison vectors. The following definitions are used in the analysis:

+ .
NOM = P ; Equation C-4
nom .
-—) .
NAV = P ; Equation C-5
nav
x - »
éCT = Pact 3 Equation C-7

1) 7To form the NAV~-NOM vector:

-> > > > > >
P - P P + AP - P - AP - AP
nav nom tar c tar c,0 n,o

APC - AP, o

b

(C-8)

it

- ¢3Pn’o

> >
The presence of APC and APC o in the above equation causes the non-
>

linearity of this vector. From equations C-2 and C-5

e <> > > - -> <> >
AP ~ AP = P - P - P + P =P -P (c-9)
c c,0 - nav tar nav,o tar nav nav,o )

o=

Substituting equation C-9 into C-8:

P -7 =% -P - 1P (C-10)
nav noem nav nav,o n, 10}

T




2) To form the NAV-ACT vector:

P P =P +sP -7 AP - AP AP
nav act  tar c B . (C-11)

= ~(AP  + AP )
n,0 P

>

To find the effect of only the initialization or IMU error, it is necessary

to subtract from equation C-11 the NAV-ACT vector for the nominal case:

P =P 4+ 4P ? AP AP = -AP
nav,o act,o  tar c,0 tar c,0 n,0 n,o (C-12)
Subtracting C-12 from C-11:
@ P)-CG ? ) = -4 AP+ 8P = -aP
nav _ ~act’ T “Ymav,o ~ ‘act,o’ 'm0 ' p n,o p

(C-13)
In equation C-11 the effect of A%c was cancelled as was the effect of

->
APC o in equation C-12. The cancellation of these two vectors causes the
3

NAV-ACT comparison vector to be linear.

3) To form the ACT-NOM vector:
o

> <> -> > > > - >
P -P =P 4+ AP 4+AP 4+ AP - AP~ AP _ - AP
i 4

avt (VAE 1T Lar - i1ty w pefvea

= AP - 0P+ AP o o T
T e c,0 P (C-14)
* Substituting equation C-9 into equation C-14:

> > .

P P =3 ? + 2P ,
act nom nav  nav,o P - (C-15)

-5
This comparison vector is also nonlinear due to the presence of APC and

-
APC in its derivation (equation C-14).
¥

Due to the linearity of the NAV-ACT vector, the following may be assumed:

. - - >

Y aP aP aP aP . apP .
= A .

APP p xn + P Ayn + azE Azn + P Ax  + p Ay

g n
an ayn an ayn
N A
BPE Az ' . \
+ 52 n . (C“l6)
n .

where

(Axn, Akn) The amount by which the navigation x~platform compon-
ent of the position vector and velocity vector is

respectively perturbed in the CMC.




(ay_, A&n) The amount by which the navigation y-platform component
of the position vector and velocity vector is respec-

tively perturbed in the CMC.

(Az_, A% y The amount by which the navigation z-platform component
n n
of the position vector and velocity vector is respec~

tively perturbed in the CMC.

-3
Separating the vector AP_ into its downrange and crossrange components

equation (C-16) can be represented by the following matrix notation:

[~ -~
du' ou' du' au' du' u' [AX ]
90X dy 3z % oy 3% Ayn
Au' n n n 1 n n . Azn
e B AR VAR AN VAR AN ' AR (c-17)
2 ; : .n
an ayn azn an Byn azn AYn
- - Az
L nJ
For the IMU errors equation C-16 takes the form:
. n 9P
8P = ) s 0 ba(d) P
T _i__:""""\"‘l

’

where a(i) is the IMU error source and Aa(i) is the error magnitude.

When considering IMU errors equation C~17 takes the form:

. du’ du’ Ao (1)
Au B 4
) 3a.(1) aa (i) E (€-19)
o av' av! Ao (1)
av Sall) 7 3a(D)

. The partials shown in equations C-17 and C-19 were determined and are

shown in Tables.3 and 4 for 1250, 1500, 2000, and 2500 nautical mile ranges.

Small perturbations for the sensitive parameters are assumed in the
above analysis since extrememly large parameter perturbations result in
two problems. The first is that the CMC simulation loses control. The
" second is that in some simulations the navigation computed altitude may
differ by a large amount from the altitude at actual drogue deployment.
This condition presents the navigation correction logic with erroneous data
causing over or under corrections which may be termed due to the geometric

effect.
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2 PERTURBED ACTUAL
4 TOUCHDOWN POINT

NOMINAL ACTUAL -
TOUCHDOWN POINT @

— PERTURBED NAVIGATION
” TOUCHDOWN POINT
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Figure C~1. Relation Between Splashdown Points
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