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- .  ABSTRACT 

The guidance problem i n  t h e  e n t r y  phase of a Mart ian 
* .  

miss ion  i s  complicated by t h e  u n c e r t a i n t y  which e x i s t s  i n  . 

t h e  va lues  of t h e  atmospheric d e n s i t y  parameters .  T r a j e c t o r i e s  

ob ta ined  f rom aerodynamic breaking a r e  very s e n s i t i v e  t o  

d e v i a t i o n s  i n  t h e  atmospheric parameters .  For t h e  c o n t r o l s  

i n  a guidance scheme, t h i s  i n v e s t i g a t i o n  i s  concerned wi th  

- 

us ing  (i) a d i s c r e t e  change i n  t h e  b a l l i s t i c  c p e f f i c i e n t  

(m/CDA) by a l t e r i n g  t h e  e f f e c t i v e  a r e a  of  .drag (A), and 

(ii) a sequence of smal l  . d i s c r e t e  changes i n  t h e . f l i g h t  

pa th  angle  by applying an impulsive f o r c e  perpendicular  t o  

7 

t h e  d i r e c t i o n  of  t h e  v e l o c i t y  vec to r .  

With a knowledge of r e f e r e n c e  atmospheric parameters 

and.by t r ack ing  t h e  a c t u a l  parameters ,  t h e  problem i s  t o '  

f i n d  a c o r r e c t  a l t i t u d e  f o r  changing t h e  drag s u r f a c e .  

This  ope ra t ion  should minimize t h e  d e v i a t i o n  of t h e  a c t u a l  

te rmina l  cond i t ions  f r q m  t h e  f i n a l  tg rmina l  cond i t ions .  

The sequence of  impulsive changes i n  t h e  f l i g h t  p a t h  angle  

. can then  be employed as  a t r i m  t o  reduce t h e  e r r o r s  i n  

t h e  a c t u a l  t e rmina l  cond i t ions .  

A r e f e r e n c e  va lue  f o r  t h e  b a l l i s t i c  c o e f f i c i e n t  was 

obta ined  from NASA. To determine t h e  e f f e c t  of a change 

i n  t h e  drag s u r f a c e  on t h e  f i n a l  va lues  of t h e  s t a t e  

v a r i a b l e s ,  t h e  a r e a  r a t i o  was v a r i e d  as a f u n c t i o n  of 

a l t i t u d e .  SimuZating t h i s  procedure over  t h e  range o f  

p o s s i b l e  atmospheres determines t h e  va lue  of A/Ao neces-  

s a r y  t o  compensate f o r  d e v i a t i o n s  from t h e , r e f e r e n c e  s e t  
- 



ii 

of atmospheric  parameters.  It  w i l l  a l s o  determine t h e  

a l t i t u d e  a t  which t h e  b a l l i s t i c  c o e f f i c i e p t  i s  changed 

as a f u n c t i o n  o f  t h e  a c t u a l  atmosphere. 

> 

However, t h e  accuracy i n  t h i s  scheme i s  depend- 
. .  

e n t  on t h e  accuracy from an updat ing scheme when t h e  change 

in area i s  made. If improved va lues  of t h e  parameters a r e  

ob ta ined  a f t e r  t h e  b a l l i s t i c  c o e f f i c i e n t  i s '  changed, a 

sequence o f  d i s c r e t e  changes i n  t h e  f l i g h t  pa th  angle  

may b e  used t o  minimize t h e  r e s u l t i n g  s t a t e  v a r i a b l e  

errors. 
I 
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1. 

I. INTRODUCTION 

The e n t r y  guidance system f o r ( a  Mart ian capsule  

must meet c e r t a i n  terminal. c o n s t r a i n t s  a t  a t e rmina l  a l t i -  

tude  i f  t h e  s o f t  l anding  o f  a capsule  on t h e  s u r f a c e  i s  
/ 

t o  be s u c c e s s f u l .  F o r  Ea r th  r e - e n t r y ,  t h e  atmosphere i s  

cons idered  a w e l l  known q u a n t i t y ,  and t h e  guidance system 
I 

need only c o r r e c t  f o r  e r r o r s  i n  t h e  e n t r y  cond i t ions  t o  

meet t h e  f i n a l  c o n s t r a i n t s .  However, t h e  Mars e n t r y  guid-  

ance problem i s  complicated by t h e  u n c e r t a i n t y  which exi ' s ts  

i n  t h e  c h a r a c t e r i s t i c s  'of t h e  Mart ian atmosphere. A guid-  

J 

ance scheme must be a b l e  t o  compensate f o r  v a r i a t i o n s  i n  

t h e  atmosphere a s  we l l  a s  i n  t h e  e n t r y  cond i t ions  if t h e  

capsu le  i s  t o  meet t h e  predetermined t e rmina l  condikions.  

A t  p r e s e n t  t h e r e  a r e  approximately t e n  models 

of t h e  Mart ian atmosphere used i n  engineer ing  des ign .  

These models a r e  a l l  of  t h e  same mathematical  form and 

t h e  only  v a r i a t i o n  i s  t h e  parameter v a l u e s  used i n  them , 
(see Appendix B ) .  A r e f e r e n c e  t r a j e c t o r y - w i l l  have t o  be 

'1 
2 3  

. designed on e a r t h  based on one o f  t h e  models and t h e ' g u i d -  

' ance  system w i l l  have t o  respond t o  v a r i a t i o n s  i n  t h e  ref-  

e rence  va lues  o f  t h e  atmospheric parameters .  Therefore ,  

an on-board system w i l l  be Eeeded t o  update  t h e  a c t u a l  

v a l u e s  o f  t h e  atmospheric parameters  encountered when t h e  
4 c r a f t  a r r i v e s  . 

The t r a j e c t o r y  e r r o r s  due t o  d e v i a t i g n s  between 

t h e  a c t u a l  and r e f e r e n c e  va lues  of t h e  Mars a tmospheric  

parameters  a r e  ve ry  impor tan t .  The t r a j e c t o r i e s  ob ta ined  



from aerodynamic breaking are particularly sensitive to 

deviations in these parameters and according to present 

.estimates 

The surface pressure alone is considered ranging from 5 

the parameter deviations may;/be quite large. 
, 

to 10 millibars. 

Now the density of Mars is much lower than that 

found on Earth and the aerodynamic drag of the capsule is 

directly dependent on the density. 

lessened’atmospheric drag, two techniques have been suggest- 

ed. These are (i) altering the ballistic coefficient of 

the vehicle, ‘and (ii) lengthening the flight path in the 

atmosphere. 

To compensate for this 

I 

Variation -of the ballistic coefficient has been 

suggested as a control technique in papers by Phillips and 

Cohen6, and by Warden’.‘ However, both papers made the use 

of simplifying assumptions which are ‘valid for Earth entry. 

Thru these assumptions, analytical solutions of the equa- 

tions of motion were found and applied for the analysis 
‘1 

of drag controlled entry. However, these.assumptions are 

n o t  vzlid for’the Mars entry problem, but the use of the 

ballistic coefficient as a control ‘seems particularly 

applicable t o  Mars entry due to the small drag forces. 

IR addition, it is possible t o  lengthen ( o r  short- 

en) the flight range of the capsule by changing the flight 

path angle at some point on the trajectory. 

control might be used t o  make the range error zero thru 

a sequence o f  small corrections; o r  it might,be used to 

decrease the terminal velocity by extending the length of  

This type of 
I 
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t h e  f l i g h t . .  

.These fo re ,  i t  i s  t h e  a i m  of  t h i s  r e p o r t  t o  d i s -  

‘CUSS t h e  u s e  o f  a d i s c r e t e  change i n  t h e  b a l l i s t i c  c o e f f i c -  

i e n t  and a sequence of smal l  d i s c r e t e  changes i n  t h e  f l i g h t  
, ..  

p a t h  angle  as t h e  c o n t r o l s  i n  a guidance scheme which com- 

p e n s a t e s  f o r  t h e  atmospheric u n c e r t a i n t y  o f  Mars. 
/ 

l& e s t i m a t e  o f  t h e  t e rmina l  c o n s t r a i n t s  t h a t  we 

wish t o  s a t i s f y  f o r  t h e  e n t r y  phase of  a Mart ian landing  

mis s ion  has  been o u t l i n e d  by NASA’. 

the  i n v e s t i g a t i o n ,  t h e  d e s i r e d  f i n a l  v e l o c i t y  c o n s t r a i n t  

i s  t aken  as wanting t o  ;educe the speed of t h e  . c r a f t  from 

approximately f i f t e e n  thousand f e e t  p e r  second a t  e n t r y  t o  

l e s s  than on2 thousand f e e t  p e r  second a t  an a l t i t u d e  of  

twenty thousand f e e t  above t h e  surface. .  The f i n a l  range 

For  t h e  purpose o f  
I 

. .  

c o n s t r a i n t  i s  taken  a s  minimizing i t s  d e v i a t i o n  from t h e  

r e f e r e n c e  va lue  chosen. 

I t  i s  shown t h a t  t h e  ‘v&e ‘of t h e  b a l l i s t i c  co- 

e f f i c i e n t  has  a d i s t i n c t  e f f e c t  on t h e  t e rmina l  cond i t ions  

of an e n t r y  capsule .  If t h e  b a l l i s t i c  c o e f f i c i e n t  i s  always 

less than  . 3 0  slugs/ft2, t h e  f i n a l  v e l o c i t y  i s  l e s s  t han  

one thousand f e e t  p e r  second a t  twenty thousand f e e t  f o r  

a11 proposed models. 

. atmosphere i s  s i m i l a r  t o  t h a t  of  t h e  r e fe rence  atmosphere, 

t h e  change i n  t h e  drag s u r f a c e  may be  used  t o  make / t h e  

v e h i c l e  r each  a r e fe rence  range by implementing t h e  change 

at an a l t i t u d e  determined by t h e  a c t u a l  atmosphere. 

If t h e  composition o f  t h e  a c t u a l  



4 .  

If t h e  a r e a  change is  made a t  t h e  wrong a l t i t u d e ,  

t h e  range .e r ror  i s  non-zero'. A sequence of  small  d i s c r e t e  
changes i n  t h e  f l i g h t  p a t h  angle  i,s used - \  t o  reduce t h i s  

e r r o r .  The s i z e  of t h e  d i s c r e t e  change i s  computed through 

a numerical  scheme based on t h e  system's  s e n s i t i v i t y  t o  

a tmospheric  parameter  d e v i a t i o n s  If t h e  a l lowable  s t e p  

change i n  t h e  f l i g h t  p a t h  angle  is  bounded, t h e  r e q u i r e d  

v e l o c i t y  changes o f  t h e  c r a f t  a r e  cons ide rab ly  smaller than  

t h e  v e l o c i t y  changes necessary  f o r  t h e  unbounded a l lowable  

angle  change. 
1 

I11 DISCRETE CHANGE OF DRAG SURFACE 

A. Method of  Analysis  

The b a l l i s t i c  c o e f f i c i e n t  (m/CDA) i s  a geometr ic  

c h a r a c t e r i s t i c  of an e n t r y  v e h i c l e .  F o r  a v e h i c l e  of f a i r -  

l y  c o n s t a n t  mass, a l a r g e  va lue  o f  t h e  c o e f f i c i e n t  r e p r e -  

s e n t s  a s h a r p ,  p o i n t y ,  n e e d l e - l i k e  v e h i c l e  whereas a small  

v a l u e  corresponds t o  a b l u n t  veh ic ik .  The parameter A i s  

t h e  c r o s s - s e c t i o n  o f  t h e  v e h i c l e ' s  f r o n t a l - a r e a  which i s  

pe rpend icu la r  t o  t h e  v e l o c i t y  v e c t o r  o f  t h e  capsu le .  T h i s  

i s  t h e  e f f e c t i v e  drag s u r f a c e  which is  r e l a t e d  t o  t h e  mag- 

n i t u d e  of t h e  drag  f o r c e  on t h e  v e h i c l e  by t h e  equat ion:  

D i f f e r e n t  v a l u e s  of A w i l l  r e s u l t  i n  d i f f e r e n c e  t r a j e c t -  

o r i e s ;  and i f  A i s  change dur ing  e n t r y ,  t h e  t e rmina l  s t a t e  . 
var i ab le ' s  o f  t h e  a l t e r e d  t r a j e c t o r y  w i l l  be  d i f f e r e n t  from 

those  of t h e  u n a l t e r e d  t r a j e c t o r y .  Our i n t e r e s t ' i s  t h e  
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actual effect of this change in the drag surface on the 

terminal state of  the vehicle, €irst the size of the 

change in area must be determined which Fompensates for 

atmospheric parameter deviations. It is also necessary 

to find the correct altitude for changing the drag surface 

based upon the parameter deviations. 

The equations o f  motion. f o r  two dimensional entry 

into a non-rotating atmo sphere of a spherical planet by 

a non-lifting vehicle are given as follows whFre the normal- 

. ized'altitude is the. independent variable (see Appendix A ) .  

cos0 d o - h  1 1 - - - -  
dx - N g,Ro v2sin0 

-dv - h 1 - - - -  
dx N g,Ro v2sin0 

- & Q - h  cot0 - - -  
dx N Ro+h(l-x/N) 

where 8 = flight path' angle 

S2 = range angle 
. e .  

v = normalized velocity 

x = normalized altitude' 

, h = reference altitude 

N = scale factor 

= surface gravitational acceleration 80 
R,= radius of Mars 

A = actual area 

,A,= reference area 
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m= mass of the capsule 

.CD= coefficient of  drag 

p= local density 

Since analytic solutions for these differential 

equations do not exist over the entire range of flight be- 

ing considered, the terminal condti'ons must be found through 

numerical integration '1912. 
I 
i 

Now m/CDAo represents the reference value for 

the ballistic coefficient as given by NASA'.. By varing 
' 1  
the ratio of (A/Ao)in equation ( 2 - 2 )  the actual ballistic 

coe'ff icient in the integration will change. Tgerefore 

this ratio (A/Ao) is our parameter of interest. 

. A  discussion of the density models used is in 

Appendix B. Presently, NASA is using a reference atmos- 

phere whose composition consists predominantly of carbon 

dioxide. Therefore, unless stated different, the results 

given a re  for such atmospheres. 

effects of carbon dioxide verses nitrogen atmosphere will 

However a. comparison of 
9% 

be included for completeness. 

B. Results o f  Trajectory Study 
m 

In Martian entry, the region of importance for 

aerodynamic breaking is below on hundred thousand feet in 

altitude since the density o f  the atmosphere is considered 

so low (see f i g .  3-9). Above this altitude the trajectory 

is independent of the actual atmosphere. The drag force 

is effectively zero. 

Plotting the terminal velocity as a function of, 



t h e  b a l l i s t i c  c o e f f i c i e n t  shows t h a t  f o r  A/Ao = 1 . 0  

( t he  r e fe rence  v a l u e ) ,  t h e  t e rmina l  v e l o c i t y  i s  below 

. one ' t housand ' f ee t  p e r  second f o r  a l l  t h e  atmospheres 

(see f i g .  3-1). F o r  any v a l u e  of t h e  b a l l i s t i c  c o e f f i c -  

i e n t  l e s s  t h a n  o r  equal  t o  t h e  r e f e r e n c e  va lue ,  t h e  termin-  

a l  v e l o c i t y  c o n s t r a i n t  a l s o  seems t o  b e  s a t i s f i e d .  If w e  

assume a h igh  d e n s i t y  r e f e r e n c e  atmosphere o f  VM-4 (10 mb), 

the drag  s u r f a c e  must be approximately doubled f o r  an 

, 2 

a c t u a l  VM-8.(5 mb) atmosphere i f  t h e  t e rmina l  v e l o c i t i e s  .. 
a r e  ' t o  match. 

S i m i l a r l y ,  p l o t t i n g  t h e  t e rmina l  range a s  a 

. func t ion  o f  t h e  b a l l i s t i c  c o e f f i c i e n t  shows ' t h a t  t a k i n g  

a VM-4 r e f e r e n c e  and a W-8 a c t u a l  atmosphere r e q u i r e s  

t h e  drag  s u r f a c e  a lso ?.Zoo be  approximately doubled i f  

t h e  t e r m i n a l  range e r ro r  i s  t o  be zero  ( see  f i g .  3 - 2 ) .  

Therefore ,  i t ,  appears  t h a t  t h e  b a l l i s t i c  co- 

e f f i c i e n t  must change approximately by a f a c t o r  of two 

i f  w e  a r e  t o  compensate f o r  t h e  p o s s i b l e  parameter devi -  

a t i o n s .  The q u e s t i o n  now is how'to determine t h e  a l t i t u d e  

a t  which t h i s  d i s c r e t e  change i n  th'e shape of t h e  v e h i c l e  

i s  t o  be implemented. 

L e t  us now cons ide r  t h e  e f f e c t  o f  drag c o n t r o l  

a t  s p e c i f i c  a l t i t u d e s  o f  t h e  f l i g h t  range of  t h e  capsu le  

( s e e - f i g .  3 - 3  6 3 - 4 ) .  The tekminal  a l t i t u d e  i s  taken  as 

twenty thousand f e e t .  The f l i g h t  range obta ined  f o r  a 

change of t h e  drag  s u r f a c e  a t  t h i s  a l t i t u d e  i s - t h e  refer- '  

ence va lue .  The - s i g n i f i c a n t  p d i n t  f rom t h e s e  range curves 

i s  t h e i r  symmetry. If t h e  b a l l i s t i c  c o e f f i c i e n t  i s  changed 
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a t  a s p e c i f i c ; a l t i t u d e ,  t h e  ainount o f  range d e v i a t i o n  

from t h e  ‘ o r i g i n a l  t r a j e c t o r y  i s  independent of t h e  a c t u a l  

‘atmosphere. The d e v i a t i o n  i s  only a f u n c t i o y o f  t h e  s i z e  

of  the. change i n  a r e a .  

3 

‘ _  

S i m i l a r l y ,  cons ide r  t h e  e f f e c t  of  drag c o n t r o l  

at s p e c i f i c  a l t i t u d e s  o f  t h e  tet-minal v e l o c i t y  o f  t h e  

v e h i c l e  ( f i g .  3-5 3 - 6 ) .  As expected,  t h e  f i n a l  v e l o c i t y  

is less than  t h e  r e f e r e n c e  t e rmina l  v e l o c i t y  (1000 f t l s e c ) ,  

inaependent  of t h e  atmospheric model. A l s o , ’ f o r  a s p e c i f i c  

model, t h e  va lue  of t h e  f i n a l  v e l o c i t y  i s  i n v a r i a n t  i f  

t h e  b a l l i s t i c  c o e f f i c i e n t  i s  changed. above a t l i reshold 

a l t i t u d e  of approximately f i f t y  thousand f e e t .  

1 

Now cons ide r  t h e  j o i n t  e f f e c t  on t h e  f i n a l  v e l -  

o c i t y  and t h e  f l i g h t  range f o r  a s p e c i f i c  a rea  change. 

As p r e d i c t e d ,  a doubling o f  t h e ’ d r a g  s u r f a c e  a r e a  produces 

a n  overlapping r eg ion  ( f o r  t h e  atmospheres considered)  

of bo th  t h e  f i n a l  v e l o c i t y  and t h e > f l i g h t  range ( see  f i g .  

3-4 6 3 - 6 ) .  Assume €or  example, t h a t  a VM-4 atmospheric 

model wi thout  any change i n  t h e  b a l l i s t i c  c o e f f i c i e n t  i s  

chosen for a r e f e r e n c e  t r a j e c t o r y .  Then i f  a d i f f e r e n t  

atmosphere i s  encountered, i t  i s  p o s s i b l e  t o  f i n d  an 

I 
8 

- .  

. .  

a l t i t u d e  a t  which doubling t h e  drag s u r f a c e  a r e a  w i l l  

r e s u l t  i n  t h e  t e rmina l  v e l o c i t y  o f  t h e  r e f e r e n c e  t r a j e c t o r y .  

S i m i l a r l y ,  i t  i s  p o s s i b l e  t o  match t h e  r e f e r e n c e  f l i g h t  . .  

range by doubling t h e  drag s u r f a c e  a t  an a p p r o p r i a t e  

a l t i t u d e .  
/ 

However, t h e  a l t i t u d e  of  change f o r  achieving 
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each t e rmina l  cond i t ion  is  n o t  t h e  same. Now f rom b a s i c  

con tyo l  theory ,  the'.change of t h e  b a l l i s t i c  c o e f f i c i e n t  

' c a n  only  be 'used t o  c o n t i o l  one s t a t e  v a r i a b l e .  Consider 
/-- 

r e s t r i c t i n g  t h e  te rmina l  ve loc i t ;  t o  less  than  one thousand 

f e e t  p e r  second a t  twenty thousand f e e t  and n o t  t o  any 

s p e c i f i c  va lue .  Using a b a l l i s t i c  c o e f f i c i e n t  l e s s  t han  

or equal  t o  t h e  g i v e n , r e f e r e n c e  s a t i s f i e s  t h i s  v e l o c i t y  

requirement.-  Therefore ,  t h e  change i n  t h e  drag s u r f a c e  

can be used t o  make t h e  v e h i c l e  a t t a i n  a r e fe rence  range 

by implementing t h e .  change a t  t h e  proper  a l t i t u d e .  

So f a r ,  t h i s  .d i scuss ion  has  considered only  t h e  

case o f  i n c r e a s i n g  t h e  r e f e r e n c e  drag s u r f a c e .  This  type  

of change' i n c r e a s e s  . the drag f o r c e  on t h e  - v e h i c l e  and 

tends  t o  s h o r t e n  t h e  range of t h e  capsu ie .  

- ,  

A h igh  d e n s i t y  

r e f e r e n c e  atmosphere must be chosen f o r  t h i s  type of change, 

and t h e  a r e a  change i s  made i f  t h e  a c t u a l  atmosphere i s  

of lower d e n s i t y .  

However, l e t  us  cons ider  t h e  a l t e r n a t e  approach 

of s t a r t i n g  wi th  an a r e a  g r e a t e r ' t h a n  Ao-and then  decreas-  

i n g  t h e  a c t u a l  a r e a  t o  t h e  r e f e r e n c e  va lue  a t  some a l t i t u d e .  

The v a l u e s  of t h e  b a l l i s t i c  c o e f f i c i e n t  would s t i l l  'be . 

small enough t o  make t h e  t e rmina l  v e l o c i t y  l e s s  than  our  

r e f e r e n c e  of one thousand f e e t  p e r  second. Therefore ,  it 

should  be p o s s i b l e  t o  s t i l - l . u s e  t h e  a r e a  change t o  r each  

a r e f e r e n c e  range-  

ti'cs do ove r l ap  if t h e  a r e a  a t p e n t r y  i s  twice t h e  r e f e r -  

Indeed, t h e  ' f l i g h t  range  c h a r a c t e r i s -  

ence va lue  (A=ZAo) (see f i g .  3-13 6 3-14), 
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Therefore ,  changing the  drag s u r f a c e  by a f a c t o r  of two 

(A, t o  2Ao o r  ZAo t o  Ao) allows t h e  v e h i c l e  t o  reach  a 

. . re fe rence  range va lue .  However, decreas ing  t h e  a r e a  w i l l  

lengthen '  t h e  range of t h e  v e h i c l e  whereas in&easing t h e  

a r e a  sho r t ens  t h e  range. Also ,  t h e  r e f e r e n c e  t r a j e c t o r y  

must be chosen f o r  a low d e n s i t y  atmosphere and t h e  a r e a  

change made i f  a h ighe r  d e n s i t y  i s  encountered. 

Now a comparison o f  f i g u r e s  3 - 4  tj 3-13 show 

t h a t  t h e  amount o f  over lap  i s  governed by the. s i z e  of t h e  
I change i n  t h e  drag  s u r f a c e .  F o r  t h e  same s i z e  change i n  

t h e  a r e a  (whether increased  o r  decreased)  , t h e  conclusion 

on t h e  a b i l i t y  of'  t h e  capsule  t o  reach  a r e f e r e n c e  range 

E 

va lue  i s  t h e  same. Therefore,  any fo l lowing  r e s u l t s  

shown a r e  only f o r  an i n c r e a s e  i n  t h e  drag s u r f a c e .  But 

s imilar  r e s u l t s  and conclusions could be obta ined  f o r  an 

i d e n t i c a l  d e c r e a s e * i n  t h e  a r e a .  

Now doubling t h e  a r e a  of t h e  drag s u r f a c e  i s  a 

marginal  case  f o r  ob ta in ing  an overlapping r eg ion  i n  t h e  
-1 

f l i g h t  range c h a r a c t e r i s t i c s .  

t r a j e c t o r y  o n l y - r e a c h e s  it VM-4 r e f e r e n c e  range i f  t h e  

A'*VM-8 a c t u a l  atmosphere 

change i s  implemented very e a r l y  i n  t h e  important  r eg ion  

of t h e  atmosphere (below 100 ,000  f t . ) .  I t  might be d e s i r e -  

a b l e  t o  .obtain a g r e a t e r  amount o f  ove r l ap  i n  t h e  range 

curves.  This  could be accomplished by us ing  a l a r g e r  change 

i n  t h e  b a l l i s t i c  c o e f f i c i e n t  ( see  f i g .  3 - 7 ) .  . However, t h i s  

i s '  not a very  appea l l i ng  s o l u t i o n  f o r  p h y s i c a l  k a s o n s .  

Implementing a l a r g e  change of  a r e a  wi th  t h e  s t r u c t u r a l  



s t r e n g t h  necessa ry  f o r  r e - e n t r y  may be  q u i t e  d i f f i c u l t  

t o  accomplish a d  it  may a l s o  involve  an excess ive  amount 

. .of weighi .  
, 

As a p o s s i b l e  so ' lut ion,  it was thonght t h a t  

lowering t h e  f i n a l  a l t i t u d e  might a l low for g r e a t e r  -over- 
- 

l app ing  i n  t h e  f l i g h t  range c h a r a c t e r i s t i c s  due t o  the 

longe r  t i m e  of  f l i g h t .  

amount of ove r l ap  f o r  a s p e c i f i c  a r e a  change d i d  n o t  va ry  

However, it was found &at t h e  

w i t h  a change i n  t h e  f i n a l  a l t i t u d e  ( see  f i g .  3 - 8 ) .  This  . .  
r e s h l t  s u b s t a n t i a t e s  t h e  prev ious  sugges t ion  t h a t  t h e  

a b i l i t y  of  t h e  capsule  t o  reach  a r e f e r e n c e  range i s  

. governed only  by t h e  s i z e  o f  t h e  a r e a  change made. 

Now a s  s t a t e d  p rev ious ly ,  t h e s e  ' r e s u l t s ,  s o  f a r ,  

have been f o r  atmospheric models whose main c o n s t i t u e n t  

i s  carbon d ioxide .  

it is  s t i l l  p o s s i b l e  t h a t  t h e  main component o€ t h e  a-tmos- 

phere  may i n s t e a d  be n i t r o g e n .  I t  i s  t h i s  u n c e r t a i n t y  i n  

the atmospheric composition t h a t  ac tua- l ly  makes t h e  Mart- 

ian e n t r y  problem d i f f i c u l t .  

However, a s  of t h e  d a t e  o f  t h i s  r e p o r t ,  

F o r  a n i t r o g e n  atmosphere, 

t h e  impor tan t  r eg ion  of a n i t r o g e n  atmosphere extends 

much h i g h e r  t han  t h e  r eg ion  f o r  a carbon d ioxide  a tmos-  

phere ( see  f i g .  3 - 9 ) .  The d e n s i t y  i n  a n i t r o g e n  a tmos-  

phere a t  t w o  hundred thousand f e e t  i s  equ iva len t  t o  t h e  

d e n s i t y  i n  a carbon d ioxide  atmosphere at: one hundred . 

thousand f e e t .  Therefore ,  t h e  v e h i c l e ' s  t r a j e c t o r y  w i l l  
. 

be'gin t o  be  e f f e c t e d  a t  approximately two hundfed thou- 

sand f e e t  by a n i t r o g e n  atmosphere whereas a t r a j e c t o r y  

i n  a carbon d iox ide  atmosphere i s  n o t  e f f e c t e d  u n t i l  
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approximately one hundred thousand f e e t .  

For  a comparison of  r e s u l t s ,  cons ider  t h e  effect ;  

, ' . o f  d rag  c o n t r o l  a t  s p e c i f i c  a l t i t u d e s  on t h e  t e rmina l  

Again -the f i n a l  cond i t ions  €o r  n i t r o g e n  atmospher'es. 

v e l o c i t y  i s  l e s s  t han  one thousand f e e t  p e r  second f o r  

a b a l l i s t i c  c o e f f i c i e n t  less  than  o r  equal  t o  t h e  r e f e r e n c e  

v a l u e  ( see  f i g .  3 -10) .  The f i n a l  v e l o c i t y  a l so  shows t h e  

c h a r a c t e r i s t i c  of being i n v a r i a n t  i f  changed above a 

t h r e s h o l d  a l t i t u d e .  The f l i g h t  range c h a r a c t e r i s t i c s  

show overlapping f o r  a doubl ing o f  t h e  drag s u r f a c e  ( see  

f i g - .  3-11). T h e r e f o r e , . i t  i s  p o s s i b l e  t o  use  a doubling 

of t h e  drag s u r f a c e  t o  make t h e  v e h i c l e  reach  a r e f e r e n c e  

range.  However, t h e  a l t i t u d e  of change i s  g e n e r a l l y  much 

h i g h e r  f o r  a s p e c i f i c  range c o r r e c t i o n  i n  n i t r o g e n  atmos- 

pheres  than  i n  carbon d iox ide  atmospheres. 

- 

The f l i g h t  range i n  n i t r o g e n  atmospheric models 

i s  a l s o  cons iderably  s h o r t e r  than  t h e  range i n  carbon 

d iox ide  models ( see  f i g .  3-11 3-22] .  If t h e  r e f e r e n c e  

t r a j e c t o r y  i s  chosen f o r  one type  of  composition and t h e  . 

a c t u a i  atmosphere i s  of  t h e  o t h e r  type  o f  composition, 

it is  n o t  p o s s i b l e  t o  reach  t h e  r e f e r e n c e  range by chang- 

ing - the  a r e a  by a f a c t o r  of  two. The area change m u s t  be 

much g r e a t e r  t h a n  a f a c t o r  o f  two, o r  e l s e  some addi . t iona l  

t y p e  o f  c o n t r o l  must a l s o  be implemented. 

In b r i e f  summary, t h e  v a l u e  of  t h e  b a l l i s t i c  

- c o e f f i c i e n t  has  a d i s t i n c t  effect  on t'he t e r m i n a l  c o n d i t -  

i o n s  of an e n t r y - c a p s u l e .  If t h e  composition of  t h e  a c t u a l  

atmosphere i s  s i m i l a r  t o  t h a t  o f  t h e  r e f e r e n c e  atmosphere, 
a . .  
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it is possible to meet pre-specified terminal Conditions 

'if the drag surface is changed by a factor of two. In 

fact, the range error cah be made zero  if the area is changed 
, 

'at an appropriate altitude. However, if the actual atmos- 

pheric composition differs greatly from the reference 

atmosphere, the reference flight range cannot be reached 

by a reasonable change in the ballistic coefficient. 
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IV. DISCRETE CHANGE I N  F L I G H T  P A T H  ANGLE 

' A,  Method of  Analysis  

Based on e s t i m a t e s  o f  f h e  a c t u a l  atmospheric 

parameters ,  t h e  a l t i t u d e  f o r  changing t h e  drag s u r f a c e  

may be  chosen t o  reduce t h e  f i n a l  range e r r o r .  However, 

i f  t h e  e s t i m a t e s  f rom t h e  atmospheric updat ing scheme4 

have no t  y e t  converged on t h e  t r u e  va lues  o f  t h e  a c t u a l  

'parameters ,  t h e  b a l l i s t i c  c o e f f i c i e n t  w i l l  n o t  be changed 

a t  t h e  a l t i t u d e  which minimizes t h e  range e r r o r .  Hence, 

f o r  improved va lues .  of ' t h e  parameters  ob ta ined  a f t e r  t h e  

drag s u r f a c e  i s  changed, one would l i k e  t o  make smal l  

changes- i n  t h e  d i r e c t i o n  of f l i g h t  t o  compensate f o r  t h e  

I 

e r r o r  induced by changing t h e  e f f e c t i v e  ai-ea a t  t h e  wrong 

a1 t i tu'de . 
By applying an impulsive f o r c e  pe rpend icu la r  t o  

t h e  d i r e c t i o n  of t h e  v e l o c i t y  v e c t o r ,  t h e  f l i g h t  p a t h  angle ,  

o r  d i r e c t i o n  of f l i g h t ,  can be d i s c r e t e l y  changed. F o r  

small changes i n  f l i g h t  ang le  t h e  v e l o c i t y  of t h e  v e h i c l e  

. i s  changed i n  d i r e c t i o n  only .  The magnitude i s  u n a l t e r e d .  

Therefore ,  by using a sequence of  sma l l  impulses ,  t h e  

change i n  f l i g h t  p a t h  angle  c a n . b e  employed a s  a t r i m  t o  

*? 

. .  

reduce t h e  e r ro r  i n  t h e  a c t u a l  t e rmina l  range. 

* The problem i s  t h e n  t o  determine t h e  s i z e  of t h e  

change i n  t h e  a c t u a l  f l i g h t  p a t h  angle  necessary  t o  reduce 

t h e  f l i g h t  range e r r o r .  Viewing t h i s  as an i n i t i a l  cond i t -  a 

i o n  type of  problem, one .must -determine what t h e  f l i g h t  

p a t h  should b e  a t  t h e  p r e s e n t  a l t i t u d e  t o  minimize t h e  

/ 
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f i n a l  range e r r o r .  The s i z e  of t h i s  d i s c r e t e  change i s  based 

on (i) th.e d e v i a t i o n s  o f  t h e  a c t u a l  s t a t e  v a r i a b l e s  f r o m  

t h e  r e f e r e n c e  t r a j e c t o r y ,  ( i i )  . t h e  d e v i a t i o n s  o f  t h e  atmos- 

p h e r i c  parameters  f r o m  t h e  r e f e r e n c e  atmosphere, and ( i i i )  

t h e  magnitude o f  t h e  change i n  t h e  b a l l i s t i c  c o e f f i c i e n t -  

, 

a l l  a t  t h e  p r e s e n t  a l t i t u d e .  S e n s i t i v i t y  a n a l y s i s  can be 

used t o  p r e d i c t  t h e  t e rmina l  range e r r o r  based on t h e  

d e v i a t i o n s  between a c t u a l  and r e f e r e n c e  cond i t ions ;  and 

from t h i s  e r ro r ,  t h e  s i z e  o f  t h e  d i s c r e t e  change which w i l l  

seduce t h e  p r e d i c t e d  range e r r o r  t o  z e r o  can be computed. 
I 

B. De r iva t ion  of S e n s i t i v i t y  C o e f f i c i e n t s  

Tu ‘estimat-e t h e  range e r r o r  and t h e  f l i g h t  p a t h  
.. 

ang le  change necessary  t o  compensate f o r  t h e  e r r o r ,  we 

w i l l  make u s e  of  s e n s i t i v i t y  c o e f f i c i e n t s .  This s e c t i o n  

p r e s e n t s  a method f o r  f i n d i n g  t h e s e  c o e f f i c i e n t s .  This  

method was de r ived  by D r .  P:J. Cefola  p rev ious ly  and i s  

p resen ted  h e r e  f o r  completeness3. The next  s e c t i o n  ( I V  C.)  

w i l l  p r e s e n t  a new method of a n a l y s i s  us ing  t h e s e  

” 
5 

c o e f f i c i e n t s .  

S e n s i t i v i t y  c o e f f i c i e n t s  g i v e  t h e  r a t i o  of  a 

p a r t i c u l a r  s t a t e  v a r i a b l e  d e v i a t i o n  ( a s  a f u n c t i o n  of a l t i -  

tude)  t o  d e v i a t i o n s  i n  t h e  r e f e r e n c e  parameters  of t h e  

system ( a t  a p a r t i c u l a r  a l t i t u d e ) .  F o r  an exac t  d e f i n i t i o n  

of t h e  s e n s i t i v i t y  c o e f f i c i e n t s ,  cons ide r  a dynamic‘ system 

d e s c r i b e d  by t h e  fo l lowing  mathematical  model8:’ 

U 
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where 4, is the parameter of interest. 

coefficient is defined by.. 

The sensitivity 

x(t9q0+Aq) - x(t2qo) 
u(t,qo) = lim 

Aq-to Aq (4 -2 )  

h 

where x(t,qo+Aq) is the perturbed solution that results 

when (qo+AqJ is substituted for qo in the original 

mathematical model. 

approximated a t  time t .by 

The perturbed value o f  x can be 

- 
x(t,q,+AqI = x(t,qo) * u(t,q,)Aq (4-31 

Therefore the error in x at time t can be 

estimated by knowing u(t,qo) and Aq. 

tion may be obtained by taking the partial derivative of  

the system model equation with respect to 9,. 

A sensitivity equa- 

The result 

* is 

Through simultaneous numerical integration of equations 

(4-1)' and ( 4 - 4 ) ,  u(t,q,) can be found, and the perturbed 

value x(t,qo+Aq) may be evaluated. 

Now consider the dynamical equations f o r  plan- 

etary entry (equation A - 2 2 ) .  

these equations, the following notation is used: 

For purposes of  writing . 
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(4-Sa) 

(4-5b) 

where * i n d i c a t e s  t h e  t r a n s p o s e d v e c t o r .  

Then we o b t a i n  t h e  s t a t e  equat ion  as: 

3 e f o r e  proceeding t o  t h e  mathematical  d e f i n i t i o n s  

of ;%he parameter s e n s i t i v i t y  func t ion ,  i t  i s  necessary t o  

d e s c r i b e  t h e  r e fe rence :and  pe r tu rbed  t r a j e c t o r i e s  used i n  

t h a t  d e f i n i t i o n .  The r e f e r e n c e  s t a t e  v a r i a b l e s  will be 

P 

- 
given  a s  Zi(x) = zi(x,fi,xE) where t h e  normalized a l t i t u d e  

x i s  t h e  independent v a r i a b l e  and xE i s  t h e  e n t r y  a l t i t u d e .  

This  f u n c t i o n  r e s u l t s  from s o l v i n g  t h e  t r a j e c t o r y .  dynamics 

wi th  t h e  r e fe rence  va lues  of  t h e  system parameters - 6, and 

cons t an t  i n i t i a l  cond i t ions  ^Z.(xE)" 1 

ory  i s  given by zi(x) = z i (x ,  &,fij+Anj,xE) where A n  j i s  

t h e  per turbed  parameter and f& i s  a v e c t o r  o f  t h e  r e f e r -  

The per turbed  t r a j e c t -  

ence parameters  wi thout  t h e  ij term. This  per turbed  t r a -  

j e c t o r y  can be obta ined  by s u b s t i t u t i n g  fi + A 3  i n t o  t h e  

equat ions  of motion and us ing  t h e  d e f i n i t i o n  of t h e  i n i t i a l  

j 

j j 

f o r  a l l  A0 

per tu rbed  s t a t e  v a r i a b l e s  a r e  :equal a t  t h e  e n t r y  a l t i t u d e  

(before  any e f f e c t s  of t h e  atmosphere a r e  f e l t ) .  

Phys ica l ly  t h i s  means t h a t  r e f e r e n c e . a n d  . j *  
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Therefore ,  we can now d e f i n e  t h e  s e n s i t i v i t y  

f u n c t i o n  by: 

The pe r tu rbed  s t a t e  v a r i a b l e  may be  then  approximated a t  

’ a l t i t u d e  x by: 
1 

. 

The q u a n t i t y  A n .  (x,) i s  a s t e p  f u n c t i o n  app l i ed  a t  x=xE. 
3 

Equation (4-8) shows t h a t  t h e  e f f e c t s  o f  parameter  dev i -  

a t ions  on t h e  s t a t e  v a r i a b l e s  a t  a l t i t u i l e  x can be 

es t imated  ( a t  xE) once t h e  s e n s i t i v i t y  c o e f f i c i e n t s  a re  
1 .  

known. 

The s e n s i t i v i t y  equat ions  a r e  obta ined  by t ak ing  
%1 

t h e  p a r t i a l  d e r i v a t i v e  o f  equat ion  (4-Sc) wi th  r e s p e c t  t o  

fij. This  r e s u l t s  i n  
. .  

(4-9) 



where j = 1 , 2 , 3 ~ i .  F1, F2, 2nd F3 a r e  g iven  by equat ion  

(A -22 ) ,  and t h e  p a r t i a l  d e r i v a t i v e s  are ev 'a luatsd 

The i n i t i a l  c o n d i t i o n s  

aFk 

. .  - 3-L 
. . : a l o n g  t h e  r e f e r e n c e  t r a j e c t o r y .  

f o r  U ~ ~ ( X , % ~ X ~ )  come d i r e c t l y  Erom equat ions  (4-6  and (4-7).  

C4-10) 

Using v e c t o r  and ma t r ix  nota t ion , '  t h e  s e n s i t i v i t y  equa- 

t i o n s  can be w r i t t e n  a s  

wh  e'r e 

and 

A'cx) =. 

If'the index j is allowed t o  t a k e  t h e  v a l u e s  lt2,3,4 i n  

equa t ion  [4-11), t h e r e  a r e  1 2  s e n s i t i v i t y  equat ions .  These' 

t o g e t h e r  w i th  t h e  t h r e e  equa t ions  o f  motion a r e  so lved  

s imultaneously.  Then t h e  r e s u l t i n g  s e n s i t i v i t y  f u n c t i o n s  

will d e s c r i b e  a l l  p o s s i b l e  e f f e c t s  o f  system paramete'r 
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changes on t h e  s t a t e  v a r i a b l e s .  Values o f  t h e . s e n s i t i v i t y  
h f u n c t i o n s  a t  t h e  t e rmina l  a l t i t u d e  xT.> uij(xT>xE) can be 

used t o  e s t i m a t e  t h e  t e rmina l  e r r o r  a s  a f u n c t i o n  of  t h e  

e n t r y  c o n d i t i o n s .  

However, we would l i k e  t o  f i n d  t h e  s e n s i t i v i t y  
- .  

c o e f f i c i e n t s  as a f u n c t i o n  o f  p r e s e n t  a l t i t u d e  r a t h e r  than 

a t  t h e  e n t r y  a l t i t u d e .  Suppose we d e f i n e  t h e  p r e s e n t  norm- 

a l i z e d  a l t i t u d e  -- a s  s where (x E- <s<x<%>,  - - Suppose w e  r e p l a c e  

xE by s i n  equa t ion  (4-11). 

t o  z e r o  a t  a l t i t u d e  s. Mathematical ly  i t  means we a r e  

d e a l i n g  wi th  a new pe r fu rbed  s o l u t i o n  which co inc ides  wi th  

This  r’esets the,  s e n s i t i v i t i e s  
- 1  

_ _  
the r e f e r e n c e  t r a j e c t o r y  a t  a l t i t u d e  s ( i n s t e a d  of  a t  

a l t i t u d e  xE). The s e n s i t i v i t y  f u n c t i o n s  desc r ib ing  t h e  

new. per tu rbed  s o l u t i o n  a r e  given by 

% 

It i s  noted  t h a t  h . ( x )  i s  n o t  a f u n c t i o n  o f  s 9 .  The method 

o f  p r e d i c t i n g  t h e  s t a t e  v a r i a b l e s  a t  XT is s i m i l a r  t o  t h a t  

method a l r eady  shown wi th  one important  except ion.  Before 

the assumption was made. t h a t  t h e  r e f e r e n c e  and pe r tu rbed  

t r a j e c t o r i e s  were i d e n t i c a l .  

t h e  e f f e c t s  of s k a t e  v a r i a b l e  d e v i a t i o n s  a t  t h a t  a l t i t u d e  

-J 
- . ’  

However a t  a lower a l t i t u d e  s ,  

must a l so  be inc luded .  T h i s  w i l l  be d i scussed  l a t e r .  

Now ou r  s e n s i t i v i t y  c o e f f i c i e n t s  a r e -be ing  so lved  

as a f u n c t i o n  of x. 

t h e  va lues  a t  t h e  t e rmina l  a l t i t u d e  

C l e a r l y ,  we a r e  on ly  i n t e r e s t e d  i n .  

The v a r i a b l e .  o f  yr i 
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interest is the present altitude s ;  We would Pike new 

sensitivity equations whose solution give analytical 

descriptions of the sensitivities at the terminal altitude 

J 

. .  

, 
as a function of  the present altitude s [G-(xT9s)]. To 

-J > 

do t h i s ,  equation (4-13) is solved using the state trans- 

ition matrix 

d 
dx 
- 

We also need 

d 
dX 
- 

c$(x,s). T h i s  matrix is. governed l o  by 

O ( S , S )  = I 
(4-14) 

the adjoint transition m a t r i x  described by 
. ( I  

(4-15) 

From these, t h e  following identity is obtainedg 

(4-16) 

Now the solution has the f o l l o w i n g  integral representation: 

. -  . f x  
G.(x,s) 

= I -J -J @(x,X) h.(X) dX 

since fi.(s,s) = LO] 
-J 

I 

(4-173 ' 

Substituting equation (4-161 i n t o  (4-18) and differentiating 



t h e  res .ul ts  w i th  r e s p e c t  t o  s g ives  
I 

3 

(4-19)  

where G.(x ,x,) .is t h e  i n i t i a l  cond i t ions  f o r  (4-19) .  

Thus we may pre-compute and s t o r e  4 ( x  ,xE) and f ; . (x  ,xE) 
-J T 

T -3 T 
and t hen  s o l v e  t h e  fol.%owing l s i m i l a r  t o  4-15) 

Therefore ,  equat ions  (4-19)and ( 4 - 2 0 )  a r e  solved s i m u l -  

t aneous ly  wi th  t h e  equat ions  o f  motion t o  o b t a i n  t h e  

proper  s e n s i t i v i t y  c o e f f i c i e n t s  f o r  updated parameter 

in format ion  a t  a l t i t u d e  s .  

Now t o  completely p r e d i c t  t h e  te rmina l  s t a t e  

v a r i a b l e  d e v i a t i o n ,  %he e f f e c t s  of" p r e s e n t  s t a t e  v a r i a b l e  

d e v i a t i o n  must a l s o  be included.  The s t a t e  v a r i a b l e  

s e n s i t i v i t y  c o e f f i c i e n t s  . '  a r e  def ineh  a s  
- 

(4-21) 

0 

The s t a t e  v a r i a b l e  s e n s i t i v i t y  equat ions  

--w-(x,s] d n  = A ( x )  G . ( x , s )  , ( 4 - 2 3 )  
dX-J -J 
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are ob ta ined  by t h e  same process used t o  o b t a i n  t h e  

parameter  s e n s i t i v i t y  equat ions .  The system matrix A ( x )  

is  the same a s  t h a t  g iven  i n  equa t ion  (4-121, The i n i t i a l  

c o n d i t i o n s  a r e  g iven  by 

A 

W . [ S , § )  = d.  
-J -J {4 -24 )  

the  s o l u t i o n  o f  equat ion  (4-23) s u b j e c t  t o  (4-'24] i s  

where ~ ( x , s ]  i s  g iven  by [4-14) .  Using equat ion  (4-16)  

and s e t t i n g  x = xT we o b t a i n  

We now have a l l  t h e  s e n s i t i v i t y  d b e f f i c i e n t s  necessary  t o  

.completely d e s c r i b e  t h e  t e r m i n a l  s t a t e  v a r i a b l e  d e v i a t i o n s  

subject t o  t h e  f l i g h t  c o n d i t i o n s  a t  t h e  p r e s e n t  a l t i t u d e .  
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C. Computation of Step Controls in the Flight Angle 

. .  The.termina1 range error based on the’flight 

A 

The u3 and the G 3  
variable sensitivity coefficients, respectively, as defined 

are the parameter and the state j j 

in the previous section. The a(s), b ( s ) ,  2nd c(s) are the 

updated values o f  the atmospheric parameters at altitude 

s 4 .  A (s) corresponds t o  the ballistic coefficient change. 
A* 

Q ( s )  and V(S) are the measured values of the actual range 

angle and normalized velocity, while ;(SI and ;(s) are the 
*a reference values. 

Our problem is concerned with the values of the 

variable A O ( s ) .  If A O ( s )  is defined .as the difference 

between the actual and the reference values o f  the flight 

path angle, equation ( 4 - 2 8 )  w i l l  give the uncontrolled 

terminal range error. However, consider A O ( s )  defined as 

(4-29)  A Q ( s )  = O(s)  + A O c ( s )  - 6 ( s )  

where O(s) is the measured actual value of the flight path 
A 

angle, and O ( s )  is the known reference value.,We define 

AOc(s)  as the discrete change necessary t o  reduce the 
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t e rmina l  e r r o r  ( see  f i g .  4-1) e Therefore ,  & [ O ( s )  + A O , ( s ) ]  

r e p r e s e n t s  what t h e  va lue  of t h e  f l i g h t  angle  in '  t h e  a c t u a l  I 

. .  

. atmosphere should be s o  t h a t  t h e  range e r r o r  i s  zero .  The 

v a l u e  o f  A O c ( s )  which r e s u l t s  i n  7ero range e r r o r  can now 

be found by s u b s t i t u t i n g  equa t ion  (4-29)  i n t o  (4 -28 )  and 

by s e t t i n g  equa t ion  ( 4 - 2 8 )  equal  t o  zero .  

The increment o f  v e l o c i t y ,  which n w s t  be added 

. perpend icu la r  t o  t h e  v e h i c l e ' s  v e l o c i t y  v e c t o r  f o r  a 

p a t h  change A O c ( s ) ,  can be found through geometr ica l  

c o n s i d e r a t i o n s .  I t  i s  r e l a t e d  t o  t h e  v e h i c l e ' s  v e l o c i t y  

by t h e  tangent  of t h e  angular  change (see  f i g e -  4 - 1 ) .  

I 

*. 

By making a small angle  approximation we g e t  

V c ( s )  = ' V ( s )  A O c ( s ) '  ' 

(4-30) 

(4-31) 

A d i s c u s s i o n  o f  t h e  impulsive f o r c e  and weight of  f u e l  

n e c e s s a r y , f o r  a d i s c r e t e  change AO,(s )  i n  t h e  f l i g h t  pa th  

angle  i s  inc luded  i n  Appendix ' C .  
9 -  

D: Numerical Example 

We now cons ide r  a numerical  example t o  i l l u s t r a t e  

t h e  use fu lness  o f  t h e  d i s c r e t e  change i n  t h e  f l i g h t ' p a t h  

ang le  a s  a t r i m  t o  dec rease  t h e  t e rmina l  range e r r o r .  I n  

t h i s  example, a VM-8 modei i s  taken  a s  t h e  r e f e r e n c e  
/ 

atmosphere and a'VM-4 model i s  taken  a s  t h e  a c t u a l  atmos- 

phere .  
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Reference Conditions 

Local Horizontal 

h 

, v  

A c t u a l  Conditions 

Local Horizontal 

Figure 4-1 
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The b a l l i s t i c  c o e f f i c i e n t  f o r  t h i s  example i s  

taken  t o  be .15  s l u g s / f t 2 . ( h a l f  t h e  NASA r e f e r e n c e  v a l u e ) .  

The drag sur.face a r e a  must t h i n  be halved a t  an a i t i t u d e  

of approximately n i n t y  thousand f e e t  i f  t h e  range e r r o r  

i s  t o  be made zero  ( see  f i g .  3-15). For t h i s  s i m u l a t i o n ,  

. .  

we assumed exac t  t r a k i n g  of  t h e  a c t u a l  d e n s i t y  parameters .  

However, t h e  change i n  t h e - b a l l i s t i c  c o e f f i c i e n t  i s  made 

a t  a s l i g h t l y  lower a l t i t u d e  t o  induce an e r r o r  i n  t h e  
i 

t e rmina l  f i i g h t  range. 

The numerical  d a t a  f o r  t h e  r e f e r e n c e  t r a j e c t o r y  

was taken a s '  

YE = 89 ,400  f t .  

YT = 2 0 , 0 0 0  f t .  

. $, = . I 5 2 8 7  r a d i a n s  

0, = 12,300 f t / s e c  
A 

QE = 0 . 0  r ad ians  

-8 , =  -10 .5729  
A 

b = 2 .7027  

c = -.SO1556 h 

N = 1.0 

h = 61,000 ft. 

= 1 2 . 3  f t / s e c 2  

= 10 .86  x lo6 ft. 
80 

- Ro 

- .15 S l u g s / f P  m 
CDAO 

A 

Using t h e s e  v a l u e s ,  t h e  q u a n t i t i e s  u .  (xT ,xE) and 4 (xT,xE) 
-3 



were found by s imultaneously so lv ing  t h e  d i f f e r e n t i a l  

equat ions  (3;2) , (4-13) , and (4-14).  The fol1owing va lues  

were obta ined  

-. 

-1.032 -0 .03100  

-0.08010 0 .005639 1 . 0  
$ (x,9xE) -0 .0009976 -0.0008936 

9 

h'ow using-f th 'ese  va lues  as the i n i t i a l  cond i t ions  i n  t h e  

updat ing equa t ions ,  we s o l v e  f o r  u - ( x T , s )  and $ $ ( x ~ , s )  a s  

f u n c t i o n s  o f - t h e  present  a l t i t u d e  s, The a c t u a l  con t ro l l ed :  

VM-4 t r a j e c t o r y  was s imula ted  wi th  t h e  fol lowing d a t a  

h 

-3 

e 

YE = 89,400 ft. 

YT = 20,000 ft. 

= ,15287 r ad ians  @E 
VE = 12,300 f t / s e c  

QE = 0.0  r ad ians  
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a = .-9.9075 

c = L . 5 4 3 9 2  

N = 1.0 

h = 61,000 ft, 

. = 12.3 f t / s e c 2  

R, = 10.86 x l o 6  f t .  
. 'Q 

- -  m g .30 s l u g s / f t 2  
CDAo - - 

grid' t h e  a c t u a l  s t a t e  v a r i a b l e s  were from obta ined  from 

t h i s  s imula t ion .  

The f l i g h t  angle  'was d i s c r e t e l y  changed f o u r  

t imes along t h e  a c t u a l  t r a j e c t o r y .  Table 4-1 shows t h e  

results f o r  t h e  updated c o n t r o l .  The c a s e - o f  bo th  bounded 

and unbounded values--of ABc was considered.  Table  4 - 2  

shows t h e  te rmina l  range e r r o r  ' fo r  t h e  a c t u a l  t r a j e c t o r i e s  

w i t h  no c o n t r o l ,  wi th  b a l l i s t i c  c o e f f i c i e n t  change o n l y , ,  

and wi th  bounded and unbounded t r i m .  

. .  
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V. r DISCUSSION OF RESULTS AND CONCLUSIONS 

* It' h a s  been shown t h a t  a guidance scheme which 

uses  a d i s c r e t e  change i n  ' the  b a l l i s t i c  c o e f f i c i e n t  and 

a sequence of  smal l  d i s c r e t e  changes i n  t h e  f l i g h t  pa th  

ang le  a s  t h e  c o n t r o l s  i s  a b l e  t o  compensate f o r  a c e r t a i n  

Tange o f  a tmospheric  parameter d e v i a t i o n s .  From a good 

e s t i m a t e  of t h e  atmospheric composition, a r e f e r e n c e  t r a -  

j e c t o r y  can be chosen which has  t h e  r e q u i r e d , t e r m i n a l  
7 

con8 i t ions .  Then based upon small  d e v i a t i o n s  i n  t h e  r e f e r -  

ence parameters  which d e s c r i b e  - t h e  atmosphere, t h e  b a l l i s -  

tic c o e f f i c i e n t  can be a l t e r e d  s o  t h a t  t h e  t e rmina l  con- 

s t r a i n t s  a r e  s t i l l  s a t i s f i e d .  Then i €  i n a c c u r a t e  e s t i -  

mates of  t h e  a c t u a l  atmospheric parameters  e x i s t  a t  t h e  

a l t i t u d e  of  change i n  t h e  drag  s u r f a c e ,  t h e  t e rmina l  

e r r o r s  which r e s u l t  may be c o r r e c t e d  by smal l  s t e p  changes 

i n  t h e  f l i g h t  p a t h  angle  o f  t h e  v e h i c l e .  
, 

=7 

If w e  consider: t h e  f i n a l  v e l o c i t y  c o n s t r a i n t  

as an i n e q u a l i t y ,  i t  i s  only  necessary  t o - k e e p  t h e  b a l l i s -  

t i c  c o e f f i c i e n t  less than  .30 s l u g s / f t 2  t o  i n s u r e  t h a t  

the c o n s t r a i n t  i s  s a t i s f i e d .  The. changing o f  t h e  drag 

s u r f a c e  area need only  be employed t o  make t h e  capsule  

r each  a r e f e r e n c e  range independent o f  t h e  a c t u a l  a tmos-  

phe re  which e x i s t s .  The s i z e  o f  t h e  change necessary  i s  

based on t h e  e s t i m a t e s  of t h e  p o s s i b l e  atmospheric para-  

m e t e r  d e v i a t i o n s  b e f o r e  t h e  mission.  Then wi th  'a know- 

ledge of  t h e  a c t u a l  atmosphere ob ta ined  dur ing  e n t r y , . i t  

i s  p o s s i b l e  t o  f i n d  an a l t i t u d e  a t  which chapging khe drag  



s u r f a c e  w i l l  b r i n g  t h e  c r a f t  t o  t h e  r e f e r e n c e  range a t  

twenty thousand f ee t .  

If t h e  composition of t h e  a c t u a l  atmosphere i s  

s i m i l a r  t o  t h a t  o f  t h e  r e f e r e n c e  atmosphere, there  e x i s t s  

an a l t i t u d e  a t  which changing t h e  drag  s u r f a c e  by a f a c t o r  

of  two w i l l  r e s u l t  i n  zero  range e r r o r .  However i f  t h e  

a c t u a l  atmospheric composition d i f f e r s  g r e a t l y  f r o m  t h e  

r e f e r e n c e  atmosphere, t h e  r e f e r e n c e  range can only  be 

reached by a change i n - t h e  b a l l i s t i c  c o e f f i c i e n t  which 

i s  much g r e a t e r  than  a f a c t o r  of  two. The range f o r  
- I  

unpowered aerodynamic e n t r y  i s  

composition o f  t h e  atmosphere. 

scheme seems adv i sab le  only  i f  

t h e  atmospheric  composition i s  

extremely s e n s i t i v e  t o  t h e  

Therefore ,  a drag c o n t r o l  

a reasonable  e s t ima te  o f  

know be fo re  the  mission.  

I t  has  a l s o  been shown t h a t  t h e  sequence of 

s t e p  changes i n  t h e  f l i g h t  p a t h  angle  i s  very e f f e c t i v e  

i n  reducing smal l  e r r o r s  due t o  changing t h e  b a l l i s t i c  
*, 

c o e f f i c i e n t  a t  t h e  wrong a l t i t u d e .  However, i t  seems 

impor tan t  t o  compare t h e  case  f o r  unbounded va lues  o f  

80, and then.f .or  bounded v a l u e s .  The range e r r o r  us ing  

four c o r r e c t i o n s  of  unbounded magnitude i s  reduced from 

-6000 yards  t o  +90 yards .  However t h e  v e l o c i t y  changes 

[ V c ( s ) ]  necessary  a t  each a l t i t u d e  a re-  q u i t e  l a r g e  f o r  

a v e h i c l e  which w i l l  weigh approximately f i v e  thousand 

I 

pounds. They range from 2 8 2  f ee t  p e r  second f o r  t h e  

first c o r r e c t i o n  t o  110 f e e t  p e r  second f o r  t h e  f o u r t h  
. 

c o r r e c t i o n  ( see  t a b l e  4 - 1 ) .  The magnitude of a t h r u s t  

o f  one second d u r a t i o n  r e q u i r e d  t o  achieve  these  
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v e l o c i t i e s  [Vc(s)] range f r o m  f i f t y  thousand pounds f o r  
- ,  

, t h e  f i r s t  co<rec t ion  t o  seventeen  thousand pounds f o r  t h e  

: f o u r t h  c o r r e c t i o n .  These f o r c e s  a r e  extremely l a r g e  and 

the e n t i r e  scheme r e q u i r e s  approximately t h r e e  hundred 

pounds o f  f u e l  f o r  an average chemical engine ( see  

I 

Appendix C ) .  

A bounded s t e p  change seems t o  be a much b e t t e r  

s o l u t i o n  f r o m  both  t h e  numerical  example and p h y s i c a l  

l i m i t a t i o n s .  The range e r r o r  f o r  bounded c o n t r o l  i s  l a r g e r  
1 

than' t h a t  for unbounded c o n t r o l .  However, t h e  e r r o r .  f o r  

a bound o f  one hundredth 0 f . a  r ad ian  i s  s t i l l  l e s s  than  

one mi l e  (1300 yards] .  More important  i s  t h e  f a c t  t h a t  

the magnitude of t h e  v e l o c i t y  changes [ V c ( s ) ]  a r e  very  

s m a l l ,  e s p e c i a l l y  when compared t o  t h e  V c t s  necessary  

f o r  unbounded c o n t r o l .  F o r  a bound of  .01 r a d i a n s ,  t h e  

v e l o c i t i e s  range  from 85 f e e t  p e r  second t o  8 f e e t  p e r  

second. The t h r u s t  of one second d u r a t i o n  r equ i r ed  f o r  

a bound of .01 radian; ranges only from f o u r t e e n  thousand 
'> 

-pounds f o r  t h e  f i r s t  c o r r e c t i o n  t o  e leven  hundred pounds 

for the  f o u r t h ' c o r r e c t i o n .  These f o r c e s  a r e  much more 

r easonab le  and us ing  t h i s  bound only r e q u i r e s  s i x t y  

pounds of f u e l  €or  a l l  f o u r  c o r r e c t i o n s .  
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APPENDIX A 

. .  
' Equations of Motion: 

Consider two dimensional entry into a non- 

rotating atmosphere of a spherical planet. The geometry 

is given by figure A - 1 .  The unit vector parallel to 

position vector e can be described in the velocity 

coordinate frame by 
-r i 

e -r = cos0 gN - sin0 eT 

the vehicle position vector. I 7: can be expressed as 

or substituting (A-1)  into (A -2 )  

- r = r cos0 zN - r sin0 e-T (A- 3) 
J 

0 

an expression for the velocity in'%he gT, kN system is 

found by differentiating (A-3)  with respect to time: 
J 

r * d  = -(r C O S O )  e + r cos@ G - -(r d sin01 gT - dt -N -N dt 
e 

But the angular motion of t he  gT, gN system with respect 

to the fixed reference plane is given by 

6 = - (i2+6) gN -T. 

EN = (d+Q) gT 
(A-5) . 
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subsZ2tuting (A-5)  into ( A - 4 )  gives 

, 
However since gT is defined to be in the direction o f  

the velocity vector 

0 

r = V = V g T  - 

By combining (A-6)  and (A-7)  , the following two scalar 
equations are obtained.: 

I 

v = rhcos~ sine 

o = rhsin0 + $ c o s 0  
- - .  L 

The solution t o  (A-8) forGand t gives the following 

geometric resultsf 

(A-9) 
v cos0 

r. r i =  
0 

r = -V sine (A- 10). 

For the equations of motion, the vehicle acceleration is 

needed. By differentiating equation (A-7)  with respect 

to time, the expression f o r  'the acceleration is 

Substitution o f  (A-5)  and (A-9)  into (A-ll) gives 

- (A-11) 

(A-12)  

Next, the external forces acting on'the entry' 

vehicle are considered. These are drag, lift and gravity. 
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The external force.may be expressed by 

(A- 13) 

where m = the mass of the entiy ve,Lcle 

g =,gravitational acceleration 

L = lift force 

D drag force 

By substituting equation (A-1)  into ( A - 1 3 ) ,  we get I 

... 

F = (L-mg cos@) gN + (mg sin@-D) e-i (A-14)  
1 

Now by use of Newtons 2nd Law, we obtain the dynamical 

equation _ .  of motion: 

the resulting scalar equations are 

D + = g sin0 - - m 
v L and 

If Ro is the planet's radius and,y i s  the 

vi, = (g-7) cos0 - 

ltit 

(A- 15) 

(A-16) 

(A-17) 

de of the 

entry capsule above the planets surface, the relation 

between r and y is 

r = R o + y  (A-18) 

the drag  can be approximated by 

(A- 19) 
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where p = atmospheric density 

CD= drag coefficient 

* A,= reference area’ 

A = actual area 

substituting (A-18)  and (A-19)  into (A-9) ,  (A-10)  ( A - 1 6 ) ,  

. and (A-17)  leads to the time domain equations o f  motion: 

(Y) v 6 = v(g I - -) V2 coso-  - 1 - ‘L 
R*+Y ‘D 

Now t o  make the equations dimensionless we make the follow- 

ing  change of variables . 

and 

where 

x = N ( q )  

(A-21) 
v v =  

67% 
. .  

x = normaIized altitude 

v =  I t  velocity 

h = reference altitude 

N = scale factor 

-1 surface gravitational acceleration go 

For purposes o f  analysis, -ballistic entry with- 

out lift is assumed.. Now equation (A-20) expresses the 
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dynamids of  e n t r y  wi th  time a s  t h e  independent v a r i a b l e .  

However, t h e  v a r i a b l e  o f  i n t e r e s t  i s  a l t i t u d e .  Therefore  

-making t h e  chanie  of v a r i a b l e s  ( A - 2 1 )  and express ing  

a l t i t u d e  a s  t h e  independent v a r i a b l e ,  t h e  equat ions  of  

motion become 

v2goR* 
] c o s @  * 

d o - h  1 I 
- e - -  

dx N g R v 'sin0 Eg(x)  .. Ro+h(l-x/N) 
0 0  

(A-22) 
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e --r 

P V 

0 

._ 

where 0 = Center of Planet . 

P = Position of Vehicle 

PH= Local Horizontal 

i? = Range "Angle 
I 

- V = Velocity 

8 = Flight Path Angle 

Y = Position Vector - 
Unit Vector in the Dirction of Velocity 

- eN= Unit Vector Perpendicular t o  gT 

H 

Surf ace 

F i g u r e  A - 1  



51. 

APPENDIX B 

Mart ian Atmospheric Density Models 

A t  p r e s e n t  t h e r e  a r e  trjo d e n s i t y  models f o r  

Mars being used by NASA'. These a r e 2  an i so thermal  

d e n s i t y  model 

P = P,,& - BY 'y> h e i g h t  of 
t ropopause 

and an a d i a b a t i c  d e n s i t y  model 
- I  

1 - r 
(B-2)  p = p o ( l  + - y) y-1 y h e i g h t  of . 

'0 t ropopause . 

- 
= s u r f a c e  d e n s i t y  ( s l u g s / f t 3 )  

P O  

T ~ = '  s u r f a c e  temperatures  (OR) 

fi = i n v e r s e  s c a l e  h e i g h t  ( l / f t )  

r = a d i a b a t i c  l a p s e  r a t e  (OR/ft) 

y = r a t i o  o f  s p e c i f i c  h e a t s  

where 

y =* h e i g h t  above s u r f a c e  ( f t )  
I 

If t h e  d e n s i t y  i s  asiumed t o  be a cont inuous 

a l t i t u d e ,  then  i t  can be shown t h a t  

f u n c t i o n  of 

(B-3) 

where Htrop equa ls  t h e  a l t i t u d e  o f  t h e  tropopause 

The a d i a b a t i c  d e n s i t y  model de f ined  t h e  atmos- 

phere  over t h e  main p a r t  o f  aerodynamic breaking.  The 

u n c e r t a i n t y  i n  t h e  p r e s e n t  d e f i n i t i o n  of  t h e  atmosphere 

i s  i n d i c a t e d  by t h e  a l lowable  range o f  t h e  a d i a b a t i c  

parameters  
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-,OOJ21 . < r <-. 00213 

< 495 < To 
- 1.37 K. Y < 1.43 

360 

5 .0089 r 
TO 

,0043 < -  

To o b t a i n  t h e  modified a d i a b a t i c  d e n s i t y  

equa t ion  expressed by t h r e e  paramet‘ers, l e t  US u s e  x 

as . .  our  independent v a r i a b l e  where x i s  de f ined  as 

and h = r e f e r e n c e  a l t i t u d e  

N = s c a l e  f a c t o r  

Solv ing  equat ion (B-4) f o r  y .and s u b s t i t u t i n g  
. .  

-into (B-z)  g i v e s  
1 

Now l e t t i n g  

a = 
b = -  .1 

Y‘l 

equa t ion  (€3- 5) becomes 

(3- 5) 

. 
Therefore  t h e  atmospheric models used for t h i s  

c 

r e p o r t  ‘ a r e  expressed as 



. and 

-@-lo) y > height of 
tropopause 

x < norm’alize height p = e a [ ~ + c ( l - f j ) 1  b 
‘of tropopa 

- 

The values  of t h e  atmospheric p 

the models used in t h i s  report are given in t h e  f o l l o w -  

ingi t ab le :  
, 

I 

Mars Atmospheric Par,ameters 

vh=61jb00 f t e  j N = L O  
, .  ., . 

C 

- ,50156 

-. 54392 

- .SO156 

-. 26248 

- ,26248 

-. 26248 

TABLE B - 1  
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APPENDIX c 

C h a r a c t e r i s t i c s  o f  t h e  Impulsive Eorce 

To achieve  a sma l l  d i s c r e t e  change i n  t h e  f l i g h t  

p a t h  ang le ,  an impulsive f o r c e  w i l l  have t o  be appl ied  

t o  t h e  v e h i c l e .  This  f o r c e  w i l l  be a p p l i e d  f o r  a small 

i n t e r v a l  of  t ime,  and i t s  magnitude w i l l  be  determined 

by AQc (SI * 
- The magnitude of t h e  v e l o c i t y  component app l i ed  

J 
p e rpend icu la r  t o  t h e  a c t u a l  v e h i c l e  v e l o c i t y  t o  change 

t h e  f l i g h t  angle  by AB, i s  g iven  by equa-tion C4-31) 

From Newton's second law, we can r e l a t e  v e l o c i t y  t o  t h e  

- time i n t e g r a l  of  f o r c e .  

f 
J F  d t  = mVc 

However, because of  t h e  impulsive n a t u r e  o f  t h e  f o r c e ,  

t h e  fo l lowing  approximation may be  made: 

IF d t  = FAt K - 3 1  i 
where A t  i s  t h e  t ime i n t e r v a l  over  which t h e  f o r c e  F i s  

app l i ed .  

necessary  t o  change t h e  f l i g h t  d i r e c t i o n  i s  g iven  by 

Hence an e s t i m a t e  of the magnitude of  t h e  for,ce 

(e-4) 

where mv i s  t h e  mass o f  t h e  v e h i c l e .  



5 5 .  

I t  i s  a l s o  p o s s i b l e  t o  o b t a i n  an e s t i m a t e  of 

t h e  f u e l  needed t o  a c h i e v e - a n  impulsive f o r c e  of magnitude F. 

The s p e c i f i c  impdlse of  a rocke t  i s  de f ined  a s  t h e  t h r u s t  

p e r  u n i t  weight r a t e  o f  f low 
1 3  

Since  F i s  a p p l i e d  f o r  t ime A t ,  where A t  is sma l l ,  w e  can 

approximate Gav by 

m 
E - 2  

mav h t  
0 I 

where m i s  t h e  f u e i  used i n  time A t .  S u b s t i t u t i n g  
P 

equa t ion  ( C - 5  and (C--6) i n t o  (C-4) we. g e t  

F h t  

SP 
m*g = 

.cC- 6 )  

. .  S u b s t i t u t i n g  equa t ion  ( C - 4 )  i n t o  { C - 7 )  we g e t  t h e  weight 

of f u e l  necessary  f o r  f l i g h t  pa th  ang le  change A O c ( s )  a s  

Table  C - 1  g i v e s  t h e  magnitude of f o r c e  and t h e  

f u e l  consumption f o r  a t y p i c a l  chemical rocke t  t h a t  a re  

needed f o r  t h e  bound and unbound va lues  of  AOc(s) g iven  

i n  t a b l e  4-1: 
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TYPE OF CONTROL 

UNBOUNDED 

BOUNDED 
lAOcl <. 0 1  

BOUNDED 
I AO, I < .015 

A t  = 1 see 
= 4oo  ALTITUDE OF U P D A T E  .I 

76,000 

- 5 0 0 0 0  

110 

- 1 4 0 0 0  

35 

- 2 0 0 0 0  

SO 

62,000 

35000  
85 

- 6 5 0 0 .  

1 6  

- 9 4 0 0  
2 5  

I_.___- 

48,000 134,000 f t  

30000  1 1700; 
75 

2500  1 1100 6 1  3 

TABLE C:1 


