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lW1: LXISTENCE AND STABILITY OF SOT,ITTTONS TO NON1,TPi'EAP 

OPERATOR DTFFERLNTIAL EQUATION 

C. V. Pa0 

Department of Ya thema t i c s  
Univers.1 t y  of P i t t sbu rph  
P i t  t sbur  rrh, Pennsylvania 

The ex i s t ence  and the  s t a b i l i t y  problem of the  opera tor  

d i f f e r e n t i a l  equat ion e dt ( t  2 0) , where A is a 

nonl inear  opera tor  w i th  domain T)(A) and ranee FI(A) both i n  a 

complex HiIhert space H, are inves t iga t ed  by us ina  t h e  nonl inear  

= Ax(t) 

semi-prouy nropertv.  'ITnc'er the condi t ior  R ( 1  - A )  = '7, I\ genera tes  

a nonl inear  cont rac t ion  (resp.  nega t ive  con t r ac t ion )  semi-proti? 

i f f  A is  d i s s i p a t i v e ,  t h a t  is, -A is  monotone (resp.  s t r i c t l v  

d i s s i p a t i v e )  from which t h e  ex is tence ,  uniqueness and s t a h i l i t v  

or  asymptotic s t a b i l i t y  of s o l u t i o n s  are insured.  By the in t ro-  

duct ion of an equiva len t  inner  product inducing a topoloEical lv  

equiva len t  H i lbe r t  smce, the  inner  product of JT with resnect t o  

whicli A is d i s s i p a t i v e  can be replaced by an equivalent  inner  pro- 

duc t  without  a f f e c t i n g  t h e  ex i s t ence  and the  s t a h i l i t v  of a so lu t ion .  

This  f a c t  makes poss ib l e  the  development of a s t a b i l i t v  theorv by 

the  cons t ruc t ion  of a "Lyapunov func t iona l"  hv means of a s e s o u i l i n e a r  

func t iona l .  



1. In t roduc t ion  

Consider t he  nonl inear  opera tor  d i f f e r e n t i a l  eaua t ion  

where t h e  unknown x ( t )  is a vector-valued func t lon  defined on 

10, m) t o  a complex H i l b e r t  space €7 and A i s a  given, i n  gene ra l  

nonl inear ,  onera tor  with domain D(A) and r an re  R ( A )  both contained 

i n  IT, The ob jec t  of t h i s  paner is  t o  develop c r i te r ia  f o r  t h e  

s t a b i l i t v  and asymptotic s t a b i l i t y  ,as well as the  ex i s t ence  and 

uniqueness of s o l u t i o n s  of (1-1). The ex i s t ence  problem of (1-1) 

has been inves t iga ted  by KGmura [61, Rato I51 and by Browder [l] . 
The r e s u l t s  of [5] by Kat0 have a c l o s e  connection with t h i s  paner. 

The s t a h i l i t y  and asymptotic s t a b i l i t y  n rope r t i e s  of t h e  

s o l u t i o n s  of (1-1) are developed i n  terms of nonl inear  cont rac t ion  and 

nonl inear  negat ive con t r ac t ion  semi-groups ( see  d e f i n i t i o n  2.1) s ince  

if A is  t h e  i n f i t e s i m a l  penerator  (see d e f i n i t i o n  2.2) of a nonl inear  

semi-group {T * t  2 0) then  a s o l u t i o n  of (1-1) s t a r t i n g  a t  t = O  from 

xo&D(A) is given by x ( t ;  xo) = Ttxo f o r  a11 t 2 0 with x(0; xo) = xo, 

and thus the  s t a b i l i t y  nroperty is ensured by t h e  cont rac t ion  o r  nega- 

t i v e  cont rac t ion  nroper ty  of t h e  semi-group IT 

duct ion  of an equiva len t  i nne r  product inducinp: a topologica l lv  erruival- 

e n t  H i l b e r t  space ( see  d e f i n i t i o n  3.1), t h e  s t a b i l i t y  broperty is r e l a t e d  

t o  t h e  ex i s t ence  and t h e  cons t ruc t ion  of a "Lvapunov funct ional"  which 

t '  - 

t > 9). Rp t h e  in t ro-  t ;  = 
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is defined by means of a s e s q u i l i n e a r  func t iona l  havinR c e r t a i n  

s p e c i f i c  proper t ies .  I n  sec t ion  2, condi t ions  on t h e  opera tor  A 

f o r  t h e  generat ion of a con t rac t ion  semi-group o r  a negative. contrac- 

t i o n  semi-group i n  a Hi lbe r t  space H are es tab i l shed .  

condi t ion  on A is t h e  d i s s i p a t i v i t v  of A (or  equiva len t ly ,  t h e  

monotonicity of -A) with  r e spec t  t o  t h e  inner  nroduct of H. 

s e c t i o n  3, w e  show t h a t  t h e  inner  product wi th  resnec t  t o  which A 

is  d i s s i p a t i v e  o r  s t r i c t l y  d i s s i p a t i v e  can be replaced by an eclui- 

va l en t  inner  product without affect inc!  t he  ex is tence  and s t a b i l i t v  

proper tv  of a so lu t ion .  We a l s o  es tab l i shed  t h e  necessarv and 

s u f f i c i e n t  condi t ions f o r  t he  equivalence between two inner  products.  

I n  the  f i n a l  sec t ion ,  we developed a s t a b i l i t v  theorv,  including t h e  

ex is tence  of a so lu t ion ,  through the  cons t ruc t ion  o f  a "Lvaaunov 

funct ional"  which i s  i n  p a r a l l e l  t o  the  Lvapunov s t a b i l i t v  theorv of 

ord inarv  o r  p a r t i a l  d i f f e r e n t i a l  enuations.  

The e s s e n t i a l  

I n  

2. Nonlinear Semi-proup and Diss ipa t ive  Onerator 

Def in i t ion  2.1. T,et I! be a F i l b e r t  space. The familv of 

nonl inear  opera tors  {Tt; t 2 01 is c a l l e d  a nonl inearsemi-  

groun on P if and only i f  t h e  f01lm.rinp: condi t ions hold: 

- 

( i l  f o r  anv f ixed  t 2 0, T t  i s  a continuous (nonl inear)  - 
onera tor  defined on F! i n t o  T I ;  

( i i )  

( i i i )  

f o r  anv f ixed x E TI, T x is s t ronp ly  continuous i n  t; 

TsTt = Ts+t f o r  s, t 2 - 0 ,  and To=I ( t h e  i d e n t i t v  

opera t o r )  ; 

1 ITtx-TtvI 1 5 - MI I x - V ~  I (M > 0 )  X,V, E H and t 2 0. 

t 

( iv )  

I f  ( i v )  i s  replaced by 
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then i t  i s  ca l l ed  a nonl inear  neea t ive  semi-group on H. 

I f  M 5 1 then (Tt; t - 2 n) i s  ca l led  a nonl inear  con t r ac t ion  and _- 
neRative con t r ac t ion  semi-group respec t ive ly .  The supremum of a l l  

t h e  numbers R s a t i s f y i n g  ( i v ) '  is  c a l l e d  t h e  con t r ac t ive  constant  

o f  (Tt; t 2 - 0 ) .  

t o  be a nonl inear  con t r ac t ion  (resp., negat ive cont rac t ion)  semi- 

group on +? i f  t h e  p rope r t i e s  ( i ) - ( iv )  (resp., (T)-( iv) ' )  a r e  s a t i s f i e d  

f o r  a l l  x,y E ?-) (with M - s 1). 

For a subse t  0 of 1.1, the  familv (Tt;  t 2 - 91 is s a i d  

Def in i t i on  2.2. The i n f i n i t e s i m a l  Fenerntor A o f  the  nonl inear  

semi-Froup {T t > 01 is  defined by t; f 

T X-x w - l i m  h 
h+O h Ax = 

f o r  a l l  x E H such t h a t  t h e  l i m i t  on the  r igh t -s ide  e x i s t s  i n  the  sense 

of weak convergence. 

Def in i t i on  2.3.  An opera tor  (nonl inear)  A w i t h  domain D(A) 

and ranEe R(A) both contained i n  a T-Tilhert m a c e  i s  sa id  t o  be  

d i s s i p a t i v e  i f  

Re(Ax - Ay, x-y) 2 f7 f o r  a l l  x,v E T)(A);  (7-1) 

and i t  is s a i d  to  he  s t r i c t l v  d i s s i p a t f v e  i f  t h e r e  e x i s t s  a r e a l  number 

B>O such t h a t  

Re(Ax - AY, x-v) 2 -R(x-y, x-v) f o r  a l l  x,v E LI(A). 

(2-2) 

The supremum of a l l  t he  numbers 8 s a t i s f v i n g  (2-2) is  c a l l e d  t h e  

d i s s i p a t i v e  cons tan t  o f  A. 

It follows from d e f i n i t i o n  2.3 t h a t  A i s  d i s s i p a t i v e  i f  and  

onlv i f  -A is monotone (cf .  181) and t h a t  d e f i n i t i o n  2.3 coincides  

with the  usual d e f i n i t i o n  of d i s s i p a t i v i t y  when A is  a l i n e a r  orierator 



4 

(c f .  171). It can be  shown t h a t  t he  condi t ion  (2-1) implies  t h a t  

(I - ccA)'l e x i s t s  and is  Lipschi tz  continuous f o r  a l l  a > (1, where 

I - a A  is an opera tor  with domain D(A) whits m m s  x i n t o  x - a A x ;  

and i n  addi t ion ,  i f  t he  domain of (I - 2 A)-' is I! f o r  some c1 > 0 

then t h e  same i s  t r u e  f o r  a l l a  > 0 (cf .  [SI, 191). Thus f o r  a 

d i s s i n a t i v e  opera tor ,  t h e  opera tor  (I - aA) - l  has domain IT e i t h e r  

f o r  everv cx > 0 or  f o r  no a > I). I n  t h e  former case A is  said t o  

he  m-mono tone. 

The following d e f i n i t i o n  s p e c i f i e s  what i t  meant by a 

so lu t ion  i n  t h i s  paper. 

Def in i t i on  2.4. R v  a s o l u t i o n  x ( t )  o f  (1-1) with i n i t i a l  

condi t ion x(0) = x E D(A) i n  a Hi lbe r t  space I1 ( r e a l  or  complex), 

following: 

x ( t )  i s  uniformly Lipschi tz  continuous i n  t f o r  each 

t 2 I) with x(0) = X. 

x ( t )  E n(A)  f o r  eacb t 2 0 and Ax(t) is weaklv continu- - 
OUS i R  t. 

The weak d e r i v a t i v e  of x ( t )  e x i s t s  f o r  a l l  t > 0 and 

equals  Ax(t) .  

The s t rong  d e r i v a t i v e  d x ( t ) / d t  (= Ax(t))  e x i s t s  and is  

s t rong ly  continuous except a t  a countable number of 

va lues  t . 

= 

The above d e f i n i t i o n  of a s o l u t i o n  x ( t )  is  i n  the  sense  of a 

weak s o l u t i o n  s i n c e  x ( t )  s a t i s f i e s  (1-1) i n  the  weak topology of H. 

However, by t he  condi t ion (a) ,  x ( t )  is  an almost everywhere s t rong  

s o l u t i o n  i n  the  sense t h a t  x ( t )  s a t i s f i e s  (1-1) f o r  almost a l l  va lues  

of t 1 0  i n  t h e  s t rong topology of H. 

e s s e n t i a l l v  due t o  Kato [SI . 
The following theorem i s  
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Theorem 2.1, Let  A be  a nonl inear  

and range R(A) both contained i n  a Hi lbe r t  

Then A is the  i n f i n i t e s i m a l  genera tor  of a 

group ITt ;  t 2 0 )  on Z)(A) i f  and only i f  A 

monotone). 

Proof. Sufficiency: suppose A is  - 

opera tor  with domain P(A) 

space ?I such t h a t  R(T-A)=H. 

fionlinear con t r ac t ion  semi- 

is d i s s i p a t i v e  (i.e. -A is 

d i s s i p a t i v e ,  ( i . e .  -A is 

monotone). Then -A is m-monotone, f o r  by hvpothesis ,  ??(I+(-A)) = 

R(1-A) = H .  The su f f i c i ency  follows from the  main theorems i n  [ 5 ]  

s i n c e  both H and i t s  conjugate  space a r e  uniformly convex. 

Necessitv: L e t  A be the  i n f i n i t e s i m a l  generator  o f  a non-linear 

cont rac t ion  semi-group {T t 5 0) on O(A). Then f o r  any x ,v  E D(A) t’ 

Re(h -1 (Thx-x)-h -1 (Thy-g), x-y) = h-’Re[(ThX-Thv, x-v) - (x-y, x-y)] 

- I Ix-Y1I1 2 0 
f o r  a l l  h (1 s i n c e  {Tt, t 2 - 01 is cont rac t ive .  Le t t i ng  h+O i n  t h e  

above inequa l i ty ,  w e  have, by t he  con t inu i ty  of inner  product and by 

d e f i n i t i o n  2.2 

Re(Ax - Ay, x-y) 2 c1 f o r  any x,17 E I ) ( A ) .  

Ilence the  theorem i s  proved. 

Remark. The nonl inear  con t r ac t ion  semi-group {Tt; t 5 0 )  

generated by A i n  t h e  above theorem has a l l  t h e  p rope r t i e s  of a 

s o l u t i o n  i n  t h e  sense of d e f i n i t i o n  2.4 ( c f .  [51) .  

It should he  noted t h a t  i n  the  above theorem, i t  is not  assumed 

However, i f  A i s  a l i n e a r  opera tor  t h a t  t h e  domain of A i s  dense i n  H. 

i n  a Hi lbe r t  space, t h e  d i s s i p a t i v i t g  of A and the  condi t ion R ( I  - A) = H 

imply t h a t  D(A) i s  dense i n  H (cf .  [ 5 ] ) ,  and t h e  above theorem is reduced 

t o  t h e  well-known r e s u l t s  due t o  Lumerand P h i l l i p s  171. But i t  is  not 
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known y e t  whether o r  no t  D(A) i s  dense i n  JT i f  A is  nonl inear .  

can be  shown t h a t  [ I O ]  t h e  nonl inear  con t r ac t ion  semi-group {Tt;  t > 0 )  

can be extended to a nonl inear  con t r ac t ion  .semi-groun on ’(A), t he  

It  

c losu re  of P(A) .  

extended t o  t h e  whole space 11, which is a d i r e c t  gene ra l i za t ion  of 

a s t r o n a l v  continuous semi-9roup of class C, 131. The condi t ion  

??(I-A) = 1’ can a l s o  be weakened by assuming R(I-aoA) = I-! f o r  some 

a 

implv t h a t  P ( I  - r A) = 17 f o r  a l l  a > 0. 

It  is clear from t h e  above theorem t h a t  i f A  i s  d j s s i p a t i v e  

lrence i f  fl(A) i s  dense i n  1 1 ,  (Tt; t 2 - n) can he  

> 0 s i n c e  t h e  d i s s i p t i v i c y  of A and the  condi t ion  ??(I - %.A) = IT 
0 

and R(1-A) = H then an equi l ibr ium s o l u t i o n  (or  a pe r iod ic  so lu t ion )  

i f  i t  e x i s t s ,  would be s t a b l e  by t h e  cont rac t ion  propertv of the  

seni-group. Ilowever, i t  i s  not  t r i v i a l  t o  re la te  exponent ia l lv  

asymntotic s t a b i l i t y  d i r e c t l y  t o  such a property.  Tf A i s  l i n e a r  

and is the i n f i n i t e s i m a l  genera tor  of a con t rac t ion  semi-eroun 

( T t ;  t 2 -. 0 )  of class C,, then t h e  familv {eSBtTt; t 2 0 )  f o r  some 

8 > 0 is a negat ive  con t r ac t ion  semi-group with the  i n f i n i t e s i m a l  

genera tor  A - 61. Rut when A is  nonl inear ,  t he  con t r ac t ion  semi- 

groun (Tt ;  t 2 - 01 generated by A is nonl inear  and so t he  familv 

{emfitT t’ t > = 0 )  is not ,  i n  genera l ,  a semi-group s i n c e  proper tv  

(iii) i n  d e f i n i t i o n  2.1 does not hold. I n  order  t o  extend theorem 

2.1 f o r  t h e  genera t ion  of a nonl inear  nega t ive  con t r ac t ion  seni- 

group, w e  f i r s t  prove the  followinR lemma.  It i s  noted t h a t  f o r  

anv two sequences {x 1 and { y  1 i n  1J such t h a t  x + x and v + y 
W 

n n n n 
W 1 i m  where -+ denotes weak convergence then n+#.JXn’Y,) = (X,Y).  This  

is  due t o  the f a c t  t h a t  a weakly convergent sequence i s  s t rong lv  

bounded which impl ies  t h a t  



Lemma 2.1. tet x(t), y(t) be any t ~ 7 o  solutions of (1-1) 

(in the sense of definition 2.4) .  

iable in t for each t ? 0, and 

Then I Ix(t)-v(t)l ( *  j s  different- 

- 
d - 1 Ix(t)-v(t) 1 l 2  = 2Re(Ax(t)-Ay(t), x(t)-v(t)) at for each t 2 - 0. 

(2-3) 

?roof. For any fixed t > 0, let h # 9 and 1 hl < t so that - 
t3 

x(t+h) and v(t*h) are defined. 

and h-’(v(t+h)-v(t)) -+ Ay(t) as h + 0. 

By hypothesis, h-’(x(t+h)-x(t)) + Ax(t) 

Thus hv the continuitv of inner 
w 

protluct it is easilv seen that 

t = 0 ,  the above is still valid by taking h > 0 and 11 J. 0 in place of 

h + 0 and by defining dt I Ix(t)-v(t) 1 1 -  at t = 0 as the right-side ltmit. 
d 7 

Theorem 2.2. T,et A be a nonlinear operator with domain D(A) 

and range R(A) both contained in a IJilbert space I T  such that P(I-A) = H. 

Then A is the infinitesimal generator of a nonlinear negative contraction 

semi-group CT,; t 2 0) with contractive constant f3 on P(A), if and only 

if A is strictly dissipative with dissipative constant 6. 
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Proof. :!ecessltv: Let A be tl-e irfir~ites-lmal Fenerator of - 
{Tt: t - > 0 )  such t h a t  cond-ltion ( i v ) ’  i n  d e f i n i t j o n  2.1 h o l d s  f o r  

*4=1 . Tlten 

- 

? Subt rac t ing  1 Ix-v( I 
(?-4) becomes 

and then d iv id ing  by t >f? i n  the above inenun l i tv ,  

L 

As t J. 0, we ob ta in  

Since f o r  anv x,  77 E 

hv lemma ? . I  t h a t  

D(h), Ttx ,  T v are so lu t ions  of (1-l), i t  fo l lows  
t 

Q.e(Ax-Ay, x-71) - - < -6(x-v, x-v> 

Suff ic iencv:  L e t  A be  s t r i c t l v  d i s s i n a t j v e .  Then bv t h e o r m  2.1,  A is  

x, v E D ( A ) .  

t h e  i n f i n i t e s i m a l  penerator  of a nonlinear  cont rac t ion  semi-prom 

{Tt; t 2 - 0 )  on o(A). Moreover, by lema 2.1 

s ince  T x, v a r e  so lu t ions  o f  (1-1). nv i n t e m a t i n p  t h e  above Inecrual- 

i t 7 7 ,  \ r e  have 

t t 

and t h e  r e s u l t  folloras. 

Theorem 7.7 is  a d i r e c t  gene ra l i za t ion  of a theorem i n  [ l l ]  

when X f s  a J l i lher t  space, s i n c e  the  s t r ic t  d i s s i n a t i v i t v  in tbeorern 

?.2 f o r  a nonl inear  onerator  is a gene ra l i za t ion  of the  s t r jc t  dissfna-  

t i v i t v  i n  t he  sense of [ l l ]  f o r  a l i n e a r  onera tor  an? t h e  condi t ion  

p((l-?)I-A) = T I  is enuivafent  t o  R ( I - A )  = Fr ( c f .  [ l ? - l ) .  
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7. Enuivalent Inner  Product 

Tlie d i s s i p n t i v i t v  i n  theorems 2 . 1  and 9 . 2  t s  defined ~ a i t F  

r e snec t  t o  the  o r i p i n a l  inner  nrortuct of t h e  space. Fince the  seri- 

groun nroner tv  is i n v a r i a n t  under equlva len t  norms excent poss ih lv  

t h e  con t r ac t ton  nropertv,  t h e  n o s s i h i l i t v  occurs t h a t  Pv def ln inp  

o t k r  inner  nrodticts inducinv eccnivalent norms on the  save vec to r  

mace t h e  nondiss ina t ive  operator  A could h e  made d i s s i n a t i v e  a d  

t h u s  penerates  a nonl inear  cont rac t ion  semi-F;roiir, Sn a n  enuivnlent  

V i lbe r t  saace ITl, I n  the  f o l l o w i n p ,  ve s h a l l  shov t h a t  the  cont rac t ion  

seni-proun generated hy P i n  TT1 is  also a semi-proun penerated bv A 

i n  the  o r i p i n a l  space T I ,  

Def in i t i on  3.1.. Two inner  nroducts  ( 0  0 1  and ( *  Y 

defined on t h e  same vec tor  space T! are s a i d  t o  he eniiilralent if and 

onlv lf t h e  norms 1 1 .  I I and 1 1 - 1  1, induced by (a Y e! and ( 0  

respectivelv a r e  eauiva len t ,  t h a t  is, t h e r e  e x i s t  cons tan ts  6 ,  y 

y q i t ? l  n < 6 < y < m such t h a t  

01, -. 

=I 

a l l x l l  I - I I x I l 1  2 yllxll f o r  a l l  x E H. (3-1) 

The U i l h e r t  space TT1 enuipned with the  inner  product ( 0  B 

t o  be an eaulva len t  7l i lher t  mace t o  1' and is denoted hv  (F', ( 0  9 01,) 

o r  simplv hy 131. 

is  sa id  

Under t h e  eaii ivalent inner  product ( 0  9 *Il, t he  vec to r  snace 

(11, ( 0  a),) is  a Hi lbe r t  

(H, ( *  , 0 ) )  is ,  s i n c e  the  

comnleteness of t he  other .  

mace i f  and onlv i f  the  o r i g i n a l  mace 

completeness of one space imnlies  t h e  

Theorem 3.1. L e t  A be a nonl inear  onera tor  wjth domain D(A) 

and range ?(A) both contained i n  a 1:ilhert mace FT = (11, ( 0  s -1) such 

t h a t  P(I-A) = I!. Then A is  t h e  i n f i n i t e s i m a l  generator  of a nonl lnear  

cont rac t ion  (resp. ,  nega t ive  cont rac t ion)  s m i - g r o w  I T  t 2 01 on 
t' - 
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P(A) i n  an equiva len t  H i l b e r t  mace (P, ( *  9 e ) ,>  i f  and onlv i f  A 

is  d i s s i n a t i v e  (resp., s t r i c t l y  d i s s i n a t i v e )  w i th  r e spec t  t o  ( o , . ) , .  

I n  t h i s  case t h e  familv IT  t > 0 )  is a nonl lnear  (resp,, nonl inear  

negat ive)  semi-proup (T t 2 0) on p(A) i n  t h e  o r i E l n a l  space 11. 

- Proof.  S ince  t h e  inner  product ( n  9 is  eauiva len t  t o  

t’ = 

t’ - 

( e  

Hence bv consider lnp l T 1  as t h e  underlyin8 space, a l l  t h e  condi t ions  i n  

theorem 2.1  ( resp. ,  theorem 2.2)  are s a t i s f f e d ,  implvinp the  f l r s t  

a s se r t ion .  

he  t h e  nonl inear  con t r ac t ion  (resp. ,  nega t ive  cont rac t ion)  semi-proup 

on D(A) with remect t o  the  norm 1 1 . 1  1 1 ,  t h a t  is  

o ) ,  t h e  space I7 = (F, ( e  e),) is  a TTi1.bert space and ??(I -A)  = TI1. 1 

To show the  second rtart of the  theorem, let f T t ;  t 2 f71 

Since the  p rope r t i e s  of a semi-groun i n  d e f i n i t i o n  2 . 1  remain unchanged 

under eauiva len t  norms except f o r  possih1.v t h e  cont rac t jon  propertv,  i t  

fol loim t h a t  (T t ;  t > = 01 is  a nonl inear  (resp. ,  nonl inear  neprative) semi- 

groun on D(A) with r e spec t  t o  t h e  o r i g i n a l  norm (with M = y6 

We next  show t h a t  an enuivalent  inner  product of a given comnlex 

-1 1. 

H i l b e r t  snace I! can he  charac te r ized  hy a a o s i t i v e  d e f i n i t e  boimded l inear  

oae ra to r  on H. The following theorem is, i n  f a c t ,  an extension of a 

theorem i n  [2]  

Theorem 3.2. Let 11 = ( H , ’ ( * s * )  ) b e  a complex Hi lbe r t  snace. 1 1 

An inner  product ( e , . ) ,  defined on t h e  same comnlex vec to r  space !T is  
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equiva len t  t o  t h e  inner  product (-,-), if and onlv i f  t h e r e  e x i s t s  

a n o s t t l v e  d e f i n i t e  onera tor  S E L(Vl,Jll) such t h a t  

(X,Y),  = (x, w1 for a l l  x,v E: 11, (3-2) 

where L(lT I’ ? denotes  the  class of all hounded l i n e a r  one ra to r s  on 

JT1 i n t o  171. 

1’ 1 

- Proof.  Sunpose t h a t  ( o , . ) ,  and (*,*), are erruivalent. 

Define V(x,p) = (x ,y)? ,  then by the  d e f i n i t i o n  of erruivalcnt inner  

product,  V(x,Y) is a s e s q u i l i n e a r  func t iona l  def ined on 111 x 

V(x,y)= v(?;,xT. 

and 

tforeover, by t h e  equivalence r e l a t f o n  (3-1) betvyeen 

II*lll and I I * l l ,  

3 3 
V(X,X) = (X,X)? - 2 b - l l x J 1 l  . 

I’ence hp the Lax-Milgram theorem (cf.  f121) t h e r e  e x i s t s  a Fonnded l i n e a r  

operator  S on €11 such t h a t  

(X’P), a V ( X , V )  = (X,SV)l 

The onera tor  S is  p o s i t i v e  d e f i n i t e  on Ill s i n c e  

f o r  all. x,v E 17. ... 

(X ,SXI l  = (x,x), 2 6 2 ! 1x1 I, 2 f o r  a l l  x E 1’. 

Converselv, l e t  S E L(I!l,lT1) he a n o s i t i v e  d e f i n i t e  onera tor  s a t i s f v j n ?  

(3-2) .  

t h a t  a p o s i t i v e  d e f i n i t e  opera tor  on 17 is  se l f - ad jo in t  .r.Thich Irnnlies t h a t  

Then (x,v), = ( X , S Y ) ~  is l i n e a r  ir? x. It  is known (e.g., see [ 4 ] )  

- 
(x,v)2 (x,sy)l = (sx9v)l (ysx)Z x,v E 1’. 

Rv the  p o s i t i v i t v  of S, w e  have 

f o r  some 6 > 0, ( X , d 2  = (x,sx)l h q ! x l  I ,  1 

which shows that  ( x , x ) ~  # 0 if x # , O ,  

Droduct on TI. 

= < 1 1 S 1 I I I X I  I 
( 9 0 )  which proves t h e  theorem. 

Thus ( e ,  d e f i n e s  an inner  

2 
Moreover, t h e  boundedness of S impl ies  t h a t  11x1 1, = (x,SxIl; 

2 f k n c e  (. 9 ) def ines  an equjva len t  inner  product of 

i 
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The nonl inear  con t r ac t ion  and negat ive con t r ac t ion  w e m i -  

groun {T ; t  2 0)  generated by A i n  the  equivalent  H i l b e r t  mace P1 

i n  theorem 2.1 and theorem 2.2 resDect ively s a t i s f i e s  f o r  any x E U(A) 
t 

and t > 0 
P 

dTtx 
( , z l l  = (ATtx, zl1 f o r  everv t E €1 1' (3-3) 

Nowever, i t  is not  obvious t h a t  t he  same equa l i ty  holds f o r  t he  inner  

product (.,.). We s h a l l  show with the  r e s u l t  of theorem 3.2 t h a t  (3-3) 

holds  with r e spec t  t o  (.,.). 

Theorem 3.3. Let  A be  the  i n f i n i t e s i m a l  penerator of a nonl inear  

con t r ac t ion  (resp., neRative cont rac t ion)  semi-group IT t 2 0) on "3A) 

i n  an equivalent  H i l b e r t  s m c e  H1 = (P, (* ,a) l ) .  

m a l  penerator of a nonl inear  (resp. ,  negat ive)  semI-prouD CTt; t 2 0) on 

the  same domain Q(A) i n  the  o r i g i n a l  Hilber t  space €7 = (€7, ( * , e ) ) .  

t' 

Then A i s  t h e  i n f i n i t e s i -  

Proof. By t h e  equivalence r e l a t i o n  between the  two inner  pro- - 
ducts  ( a , . )  and (.,e)l,  t he  se squ i l inea r  func t iona l  V(x,v) - (x,v) 

def ined on the  product space €I1 x IT1 s a t i s f i e s  a l l  t h e  hypotheses i n  

the  Lax-Milpram theorem. Thus t h e r e  e x i s t s  a hounded l i n e a r  opera tor  

S defined on a l l  of 171 such t h a t  

(X,Y) = V(X,.y) = (x s 1 f o r  a l l  x, y E F7. ( 3 - 4 )  ' Y 1  

Bv hypothesis ,  A genera tes  the  semi-eroun IT t > 0 )  i n  H1 so t h a t  t i  m 

(3s5) l i m  t-l 
tSO (Ttx-xY 2l1 = (Ax,  z> l  f o r  every z E H. 

It follotira from (3 -4 )  and (3 -5 )  t h a t  for x E D(A) and z E TI 

l i m  t-l l i m  -1 t+o  (T p - x  9 z, = tSO t (Ttx-x, SzIl  ( A x , s ~ ) ~  (AX,z), 

which shows t h a t  A is the  i n f i n i t e s i m a l  generator  of t h e  semi-grour, 

(Tt;  t 2 0 )  on D(A) i n  t h e  space IT. 

as a semi-group i n  H is  t h a t  t h e  smi-p;roup property is i nva r i an t  under 

The f a c t  t h a t  CTt; t 2 0 )  remains 



1 3  

eau i v a l e n t  norms 

ITt ;  t 1 0 )  is a 

except f o r  possibly t h e  con t r ac t ion  property. Since 

con t r ac t ion  semi-group i n  H and I I 1 1 and 1 1 0 1 1 1 

are equiva len t ,  w e  have by t h e  r e l a t i o n  (3-.1) 

I lTtx-TtYI I f Y l s  1 Ix-yl I x,y E p(A) 

(reap., I ITtx-TtV1 1 pL y/& ewRtl IX-Y I 1 X,P E D(A))  

and t h e  theorem is proved. 

Corollary.  Let t h e  opera torA appearing i n  (1-1) h e  t h e  

i n f i n i t e s i m a l  genera tor  of a nonlinear con t r ac t ion  (rem., neEat ive 

con t r ac t ion )  semi-group {T 

so t h a t  f o r  anv x E D(A), T x is the  unique s o l u t i o n  of (1-1) w i t h  t 

Tox = X. Then Ttx is a l s o  t h e  unique s o l u t i o n  of (1-1) wi th  Tox = x i n  

t 0 )  on p(A) i n  t h e  space Ill = (IT, ( e , * ) , )  t; 

t h e  space H-(FI, ( a , . ) )  where (*,e), and ( . r e )  are equiva len t .  

Proof. Since (3-4) and (3-5) i n  t h e  proof of t h e  above 

hold f o r  anv x E P(A) and z E If, we have f o r  any x E %)(A) and t 

- theorem 

> o  = 

h+O 11 ( T t + h ~ - T t ~ , ~ )  h+O lim h-'(T h t  T x-Ttx, S Z ) ~  = (ATtx, Sz) 1 l i m  -1 

= (ATtx, z) €or  every z E H, 

which impl ies  t h a t  Ttx is a s o l u t i o n  of (1-1) i n  t h e  space ( I T , ( * , * ) )  

since a l l  t h e  o the r  p r o p e r t i e s  i n  d e f i n i t i o n  2.4 remain unchanged under 

eauivafent  norms. 

4. Existence and S t a b i l i t y  

I n  t h i s  s e c t i o n ,  w e  shall e s t a b l i s h  some criteria f o r  t h e  ex i s t ence  

and t h e  s t a b i l i t y  of s o l u t i o n s  of (1-1) through t h e  cons t ruc t ion  of a 

Lyapunov func t iona l .  
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Def in i t i on  4.1. An equi l ihr ium s o l u t i o n  of (1-1) is  an 

element X e  i n  p(A) s a t i s f y i n g  (1-1) ( i n  t h e  weak topologv) such t h a t  

f o r  anv s o l u t i o n  x ( t )  of (1-1) with x(n) =.xe 

I Ix(t)-xel I = 0 f o r  a l l  t 2 I). 

It follows from t h e  above d e f i n i t i o n  t h a t  i f  x ( t )  is  a so lu t ion  

of (1-1) with x(0)  = x, then i t  is an equi l ibr ium s o l u t i o n  i f  and only 

i f  Ax(t) = 0 f o r  a l l  t 2 0. 

a s o l u t i o n  of (1-1). 

To show t h i s ,  l e t  J x ( t >  = 0 where x ( t )  is 

Then by d e f i n i t i o n  2.4 the  s t rong  d e r i v a t i v e  d x ( t ) / d t  

= k ( t )  = 0 e x i s t s  and is  t rongly  continuous except a t  a countable  number 

of values  t. But x(0) = x an8 s i n c e  any s o l u t i o n  of (1-1) is s t rong lv  

continuous i t  f0110Tm t h a t  x ( t )  = x f o r  a l l  t 2 0. 

be an equi l ibr ium s o l u t i o n  of (1-1). Then 

Converselv, l e t  x ( t )  

(b .x( t ) ,z)  = ( d x ( t ) / d t , z )  = h+O l i m  h -1 (x(t+h)-x( t ) ,z)  = h+o lim h-l(O,z) = 0 

f o r  every z E 17 and everv t 2 n. 

E D(A) and Ax(t) E f I  f o r  each t 2 0; thus t h e  or thogonal i ty  of Ax(t) t o  

every z i n  H implies  t h a t  f o r  each t 2 0 ,  Ax(t) = 0. 

Since x ( t )  is a s o l u t i o n  of (1-11, x ( t )  

n e f i n i t i o n  4.2. An equi l ihr ium s o l u t i o n  (or  anv unperturhed solu- 

t i on )  is s a i d  t o  be s t a b l e  (with r e spec t  t o  i n i t i a l  per turba t ions)  if 

given anv E > 0, t h e r e  e x i s t s  a 6 > 0 such t h a t  

/ lx-xel l  < 6 implies  I Ix( t ) -xel j  < E f o r  a l l  t 2 0; 

x is s a i d  t o  be  asymptot ical lv  s t a b l e  i f  e 

( i )  i t  is s t a b l e ;  and 

I Ix(t)-xel I P 0 (ii) t-too 
l i m  

where x ( t )  is any s o l u t i o n  of (1-1) with x(0) = x E D(A). I f  t he re  

exists p o s i t i v e  cons tan ts  M and B such t h a t  

(ii)' I Ix(t)-xel I 2 Neeti I X - X , ~  1 f o r  a l l  t 2 I), 

then xe is c a l l e d  exponent ia l ly  asymptot ical ly  s t ab le .  
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Def in i t i on  4.3. L e t  x ( t )  he a s o l u t i o n  of (1-1) with x(O)=x. 

A subse t  P of €1 is s a i d  t o  he a s t a b i l i t y  reg ion  of the  equi l ibr ium 

s o l u t i o n  xe i f  f o r  any E > 0 t h e r e  exis ts  a 6 > 0 such t h a t  

x E P and I Ix-xel 1 c ci imply I Ix(t)-xel I < E f o r  a l l  t 2 c). 
Def in i t i on  4.4. L e t  P h e  a H i l b e r t  space,  and l e t  V(x,y) be  

a COmDleX-Va lUed  s e s q u i l i n e a r  func t iona l  def ined on t h e  product m a c e  

x 11 ( i -e .  V(alx1 + a  2 x 2 , y )  = a ,V(x,,y) + a  zV(xz,y) and V(x,B1y1+B2y2)= 

==EIV(x,yl) + F2V(x,y2)) . 
f u n c t i o n a l  i f  i t  s a t i s f i e s  t h e  following condi t ions:  

Then V(x,y) is ca l l ed  a def in ing  s e s q u i l i n e a r  

($1 v(x,y)  = 3x3 ( symmetry 1 

(if-) IV(x,y) 1 2 y l  1x1 I 1 Iyl I f o r  some y > 0; (boundedness) 

(iii) v(x,x) 1 6 1 1x1 I * for some 6 > 0. ( p o s i t i v e  d e f i n i t e n e s s )  

Note t h a t  condi t ion  ( i i )  i m p l i e s  t h a t  V(x,y) is  continuous both i n  x and 

i n  v. 

D e f i n i t i o n  4 . 5 .  Let V(x,y) be a def in inp  s e s a u i l i n e a r  func t iona l .  

Then the  s c a l a r  func t iona l  v(x)  defined by v(x)  = V(x,x) is ca l l ed  a 

Lvapunov func t iona l .  

It follows d i r e c t l y  from t h e  above d e f i n i t i o n  t h a t  t h e r e  exist 

with 0 < cil 2 y1 < 03 

61 1 I X 1 l 2  2 v(x)  f Y1 l l x l l  

such t h a t  1’ y 1  r e a l  numbers 6 

f o r  a l l  X&H. 

Lemma 4.1. L e t  (xn) and (vnl  he two sequences i n  Ii = (H, ( . S O ) )  

W 
such t h a t  xn -+ x and yn -* y as n -+ 00, Then 

x,y E 11. 
l i m  
n- v(xn,vn> = V(X,V) 

Proof. By d e f i n i t i o n  of V(x,y), a l l  t he  condi t ions  (i.e. - 
s e s q u i l i n e a r i t v ,  boundedness and p o s i t i v i t y )  i n  the  Lax-Milgram 

theorem are s a t i s f i e d .  Thus, t he re  e x i s t s  a hounded l i n e a r  ooera tor  

S such t h a t  

V(X,Y) * (x, SY) for a l l  x, v E H. (4-1) 
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Since a weaklv convergent sequence is s t rong lv  bounded so t h a t  

IIxnII < m 

and by the  r e l a t i o n  (4-1) t h a t  

f o r  a l l  n, i t  follows bv t h e  seecru i l inear i tv  of V(x,y) 

lim l i m  
I(Xn,S(Yn-Y))l + It+o3 ((xn,Sy)- (x, Sy)l C 

= n- 

l i m  
< = n- 1 IxnI I 1 Is1 I I IYn-Yl I = 0, 

Lemma 4.2. For any pa i r  of so lu t ions  x ( t ) ,  p ( t )  of (1-1) 

+ ( x ( t )  - y ( t ) )  - 2Re V(Ax(t) - Ay(t) ,  x ( t )  - v ( t ) )  (4 -2 )  

where + ( z ( t ) )  denotes the  d e r i v a t e  of v ( z ( t ) )  wi th  respec t  t o  t. 

- Proof. R v  t h e  s e s q u i l i n e a r i t y  of V(x,v) it is easily seen 

t h a t  

V(x-p, x+y) + V(x+y,  x-y) = 2(V(x,x) - V(y,v)) f o r  any x,v E P, 

and by t h e  symmetry of V(x,y), t h e  above equa l i ty  implies  t h a t  

Fence f o r  any f ixed  t > 0 and f o r  any number h 

h-l [v(x  (t+h)-y (t+h) )-v (x (t)-y ( t )  ) ]=Re V(h" (x( t+h)-x ( t )  ) -h"(y (t+h) -y ( t )  ) , 
x ( t+h)+x (t ) -y ( t+h) -y ( t ) ) . 

Since d1 (x(t+h)-x(t))  

t hese  two l i m i t s  hold by replacing x hy y)  w e  have by l e m m a  4.1, a s  h -+ 0 

Ax(t) and x(t+h) -+ x ( t )  as h -f 0, ( s i m i l a r l v  

d 
d t  - v(x ( t ) -y ( t )>  = 2Re V(Ax(t)-Ay(t) , x ( t ) -y ( t ) )  

Thus (4-2) is proved f o r  t 0, For the  case of t = 0, w e  t a k e  h > 0 

and le t  h + 0. Therefore (4-2) holds for a l l  t 5 0 by def in ing  

+(x(O)-p(O)) as the  r igh t - s ide  l i m i t  a t  t = 0. 
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Lemma 4 . 3 ,  L e t  IT = (I?, (e,.)) he  a P i l b e r t  space and l e t  

V(x,v) be  a s e s q u i l i n e a r  func t lona l  defined on 17 x H. 

de f ines  an equiva len t  i nne r  product of ( 

i s  a def in ing  sesquilinear func t iona l .  

Then TT(x,~) 

i f  and onlv i f  V(x,v) 

- Proof. Le t  ( X , Y ) ~  = V(x,y) he  an equiva len t  inner  moduc t  

of (.,.). 

inner  product t h a t  ( X , Y ) ~  s a t i s f i e s  a l l  t h e  p rope r t f e s  of svmmetrp, 

houndedness and p o s i t i v e  de f in i t eness .  Thus V(x,v) is a de f in ing  

s e s q u i l i n e a r  func t iona l .  Clonversely, i f  V(x,v) i s  a def in inp  sesauf- 

l i n e a r  func t iona l  then  t h e  p r o p e r t i e s  of s e s q u i l i n e a r i t y ,  symmetrv and 

It can easilv b e  shown by the  d e f i n i t i o n  of an equiva len t  

p o s i t i v e  d e f i n i t e n e s s  imply t h a t  (x,y) 

toge ther  wi th  the  houndedness of V(x,y), ( e  *)1 is  equiva len t  t o  (. .) . 
= V ( x , y )  is  an inne r  product and 1 

Theorem 4.1. Let A be a nonl inear  opera tor  with domain q(A) 

-and ranpe R ( A )  both contained i n  a f l i l h e r t  m a c e  11 = (P, ( 0 ) )  such 

t h a t  R(1-A) = 11. Then A i s  t h e  i n f i n i t e s i m a l  Eenerator of a nonl inear  

con t r ac t ion  (resp. ,  neya t ive  cont rac t ion)  semi-grour, (T t 2 n l  on D ( P )  

i n  an equiva len t  H i l b e r t  space 171 = (H,(+,-),-) i f  and onlv if t h e r e  

e x i s t s  a Lvapunov func t iona l  v(x)  = V(x,x) such t h a t  

t’ - 

S(x-g) = 2R.e V(Ax-Ay, x-y) - - < 17 X,V E: D(A) ( 4 - 3 )  

( resp. ,  +(x-y) = 2 ~ e  v ( A ~ - A ~ ,  x-y) 2 -261 lx-yl f o r  some B > n) 

where V(x,y) i s  the def in inF s e s q u i l i n e a r  f u n c t j o n a l  of v(x) on I? x H. 

Proof. We prove t h e  nega t ive  con t r ac t ion  case, t h e  con t r ac t ion  - 
case follows by taking B = 0, L e t  A be  t h e  i n f i n i t e s i m a l  pepera tor  i n  

t h e  equiva len t  H i l b e r t  mace H1, 

d i s s i n a t i v e  wi th  r e s p e c t  t o  ( 0 )  1, t h a t  is 

Then by theorem 3.1, A is  s t r ic t lv  

2 
Re(Ax-Ay, X - Y ) ~  2 - f i l l  Ix-yl l l  (8,. > 0) x,v E D(A). 

Define V(x,y) = ( x , ~ ) ~ ,  then by l e m m a  4 . 3  V(x,y> is a def in ine  se squf l inea r  
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func t iona l  def ined on H x I?. 

= (x,x), is a Lvapunov func t iona l  on t h e  space 11. 

Vence the  scalar func t iona l  v(x) = V(X,X)= 

By lemma 4.2, f o r  any 

x, P E p(A) 

G(Ttx-TtV) = 2ReV(ATtx-ATp, Ttx-Ttv) ( t  5 n). 

I n  p a r t i c u l a r ,  f o r  t = 0 

8(x-y) = ZReV(Ax-Ay, x-y) x,  v E O(A). 

Thus the  s t r i c t  d i s s i p a t i v i t v  of A with r e spec t  t o  ( e , * ) ,  and the  

eoufvalence r e l a t i o n  (3-1) imply t h a t  

2 f(x-v) = 2Re(Ax-Ay, x-yll 2 -2R111~-y(!1 2 -28 

where 8 = R1ti2. I 

2 
Ix-Y I 1 

Conversely, sup’nose t h a t  there  e x i s t s  a Lvapunov func t iona l  

v(x) = V(x,x) such t h a t  (4-3) holds,  where V(x,;7) is a defininrz 

se squf l inea r  func t iona l  defined on Jq x F. Ry l e m m a  4.3, t he  func t iona l  

( ~ , y ) ~  = U(x,y) def ines  an 

by hpnothesis  (4-3) and the  equivalence r e l a t i o n  (3-1) 

4 

equivalent  inner  product t o  ( 0  9 0 )  . Uence, 

which implies  t h a t  A i s  s t r i c t l y  d i s s i p a t i v e  w i t h  r e snec t  t o  ( 0 ,  

r e s u l t  follows by applyina theorem 3.1. 

The 

Theorem 4.2. L e t  the  nonl inear  opera tor  A anpearinp: i n  (1-1) be 

such t h a t  P(1-A) 5 17. I f  t he re  e x i s t s  a Lvapunov func t iona l  v(x) = V(x,x), 

where V(x,y) i s  a def in ing  se squ i l jnea r  func t iona l  defined on H x H such 

t h a t  for any x, y E D(A) 

(1) ;(x-y) = 2ReV(Ax-Ay, x-v) 2 0 o r  

( i i )  G(x-y) = 2ReV(Ax-Ay, x-y) 2 -281 Ix-y( I t a  ’ 0) 
Then, (a) f o r  any x E O(A) t he re  exists a un iqueso lu t ion  x ( t )  of (1-1) 

with x(0) = x, (b) any equilibrium s o l u t l o n  xe (o r  any unperturbed 
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s o l u t i o n  such as pe r iod ic  so lu t ion ) ,  i f  i t  e x i s t s ,  is  s t a b l e  under 

the  condi t ion  ( i )  and is  asymntot ical ly  s t a b l e  under the  cond-ftion 

( i i ) ,  and 

t o  Jl (A) ,  t h e  c losu re  of D(A).  

(c) a s t a b i l i t v  region of xe is D(A) which can he extended - 
I f ,  i n  addi t ion ,  Q E D(A) and An - 0 ,  

then the  zero vec to r  is an equi l ibr ium so lu t ion ,  ca l l ed  the  n u l l  solu- 

t fon ,  of (1-1) which is s t a b l e  o r  asymntot ical lv  s t a b l e  accordinp t o  

(i) o r  ( i i ) ,  respec t ive lv .  

- Proof. By hypothesis  and apvlving theorem 4.1, A is t h e  i n f i n i t e -  

s i m a l  genera tor  of a nonl inear  con t r ac t ion  semi-group on I?(A) i n  an 

equivalent  space H1 = ( I T ,  ( 0 ,  a),) under the  condi t ion ( i )  and is the  

i n f i n i t e s i m a l  penerator  of a nonlinear  negat ive cont rac t ion  semi-group 

on D(A)  i n  HI under t h e  condi t ion  ( j i )  , where t h e  norm 1 1 * 1 1 
by (*,*),  s a t i s f i e s  r e l a t i o n  (3-1). 

yenerator  of a nonl inear  semi-groun (T  = t 2 0) on C(A) i n  T7 such t h a t  

under t h e  condi t ion ( i )  

jnduced 

R v  theorem 3.3, A i s  the  i n f i n i t e s f m a l  

t’ 

Since f o r  any x E O(A),  T x is the  unique s o l u t i o n  i n  H1 with TOx=x, i t  

follows from the  co ro l l a ry  of theorem 3.3 t h a t  Ttx is a l s o  the  uniaue 

s o l u t i o n  i n  I I  with Tox=x. 

H, we have under the  condi t ions ( i )  o r  ( i i )  

t 

By t h e  semi-grour, p rooer tv  of (T t 2 0 )  i n  
t’ - 

o r  

1 lTtx-xel 1 = < y 6-le-B‘ t lx-xel 1 ( t  5 f-)), 
which shows t h a t  t he  equi l ibr ium s o l u t i o n  xe, i f  i t  e x i s t s ,  is s t a h l e  

and asymptot ical ly  s t a b l e ,  respec t ive ly .  Note t h a t  Ttxe=xe f o r  a l l  
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t 2 0.  Since the  cont rac t ion  semi-group ITt ;  t 1 fl} on D(A) i n  t he  - 
i n  t he  I 1 I 1 l-topolop,g (cf. [lo]), space JT can be  extended t o  TGT 1 

the same is  t r u e  f o r  t h e  semi-croup (T t > 0 )  on D(A)  i n  the  m a c e  17. 

This is due t o  t h e  f a c t  t h a t  t he  c losu re  of P(A) i n  the  1 1  * I  I1-tonology 

i s  the  c losu re  of D(A) i n  t he  1 1 .  I I-tonologv because of t h e  eauivalence 

t' = 

r e l a t i o n  between these  two norms. Fence the  r e s u l t s  (a), (h) and (e! 

a r e  proved. The s t a b i l i t y  property of the  n u l l  s o l u t i o n  f o l l o ~ r s  from (b) .  

The nurnose €or  the  cons t ruc t ion  of a J,vapunov func t iona l  can 

be  demonstrated as follows: J,et v(x)  = V(x,x) be a tvapunov func t iona l  

such t h a t  f o r  some a 2 0 - 
+(x( t ) -y ( t> )  2 - 2 1 Ix( t ) -p( t )  1 l 2  ( t  2 0 )  ( 4 - 4 )  

f o r  anv two s o l u t i o n s  x ( t ) ,  v ( t )  of (1-l), where V(x,v) is a def in ing  

se sou i l inea r  func t iona l .  By l e m m a  4 - 3 ,  the  func t iona l  

(x,Y)l = V(X,Y)  x,  y E ?I 

def ines  an equivalent  inner  nroduct t o  ( 0  9 a ) .  Since 

2 €or  all x E P, v(x) = v(x,x) = C X , d l  2 Y 11x1 I 
i t  follows from ( 4 - 4 )  t h a t  

+ (x ( t ) -v ( t ) )  5 * / y  v(x(t)-Y(t))=-2Xv(x(t)-Y(t)) (2X = 0. /y). 
2 

In t eg ra t ing  the  above inequa l i ty  with resDect t o  t and no te  t h a t  v<x>=l  1x1 11, 
2 -2Xt 

By the  equivalence r e l a t i o n  (3-l) , t h e  above inequa l i ty  imp l i e s  t h a t  

I Ix( t ) -y( t )  1 I; 2 I (x(n>-v(w 1 I, e (t 2 0). 
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Pence, i f  an equi l ihr ium s o l u t i o n  x (or  an.7 unperturhed so lu t lon )  exists 

then by choosing p(0) = xe i n  t h e  above inenua l i tv ,  t7e have 

e 

~rhicl i  shows t h a t  t h e  equi l ibr ium s o l u t i o n  xe is  exponent ia l ly  asymptot- 

i c a l l v  s t a b l e  i f  CY > 0, and i s  s t a b l e  i f  a = 0. 

The importance of theorems 4.1 and 4.2 is  the  f a c t  t h a t  the  

ex is tence  of a Lvapunov func t iona l  s a t i s f y i n g  ( 4 - 3 )  alone does not  

guarantee t h e  ex is tence  of a s o l u t i o n  t o  (1-1) and i n  general, i t  I s  

r a t h e r  comnlicated t o  prove such so lu t ions  e x i s t .  Fotqever under the  

a d d i t i o n a l  assumption t h a t  ??(I-A) = €? t he  ex is tence  of a s o l u t i o n  with 

anv i n i t i a l  element x E a ( A >  is assured. This assurance makes the  

s t a b i l i t v  of so lu t ions  of (1-1) meaningful. 
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