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ABSTRACT 

The system of a f u l l y  ionized gas combined t o  a ha l f -  

space by a p e r f e c t l y  r e f l e c t i n g  boundary is discussed.  It is  

shown how t h e  e f f e c t  of p a i r  c o r r e l a t i o n s  can r igorously be 

taken i n t o  account i n  both t h e  equi l ibr ium and non-equilibrium 

theory. 



I. INTRODUCTION 

I n  t h e  r ap id  development of plasma k i n e t i c  theory i n  recent  

yea r s ,  t h e  s impl i fy ing  assumption of an " i n f i n i t e "  system, i .e. ,  one 

f o r  which the  e f f e c t  of any boundaries can be  ignored, has been almost 

un ive r sa l ly  appl ied.  However, i n  a sense,  a plasma without  boundaries 

is an u n i n t e r e s t i n g  system, s i n c e  i t  i s  n o t  s u b j e c t  t o  experimental  

c o n t r o l  (how does one "apply" a f i e l d  t o  such a system?).  

The p resen t  work c o n s i s t s  of an a n a l y s i s  of t h e  s i m p l e s t  

system wi th  boundaries: a semi - in f in i t e  system with one p e r f e c t l y  r e f -  

l e c t i n g  boundary. Such a system w a s  t r e a t e d  i n  t h e  "Vlasov approximation" 

i n  the  second h a l f  of the famous paper  by Landau . W e  w i l l  show t h a t  

some important c o r r e c t i o n s  are obtained by the i n c l u s i o n  of p a i r  corre- 

l a t i o n s ,  p a r t i c u l a r l y  when t h e  frequency of the app l i ed  f i e l d  is  n e a r  

t h e  plasma frequency. 

1 

I n  s e c t i o n  11. and 111, w e  d i scuss  t h e  thermal equ i l ib r ium 

plasma. We f i n d  t h a t  (a) I f  a static f i e l d  is  appl ied at  t h e  boundary, a 

sheath of thickness  % Debye l eng th  is c rea t ed ,  i n  which t h e  charge den- 

s i t y  i s  appreciably d i f f e r e n t  from zero.  The r e s u l t s  f o r  t h i s  case agree 

q u a n t i t a t i v e l y  wi th  t h e  recent  work of Pinney2 f o r  s l a b  geometry, i n  t h e  

l i m i t  of a t h i c k  s l a b .  (b) Even i n  t h e  absence of an appl ied f i e l d ,  t h e r e  

i s  a c o r r e c t i o n  t o  t h e  Debye-Huckel p a i r  c o r r e l a t i o n  due t o  the phys ica l  

presence of t he  boundary; t h i s  d i e s  out exponen t i a l ly  i f  e i t h e r  p a r t i c l e  

is more than a Debye length from t h e  w a l l .  This  l eads  t o  ( c )  a boundary 

l a y e r  of thickness  % Debye length i n  which t h e  dens i ty  of each spec ie s  
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varies by an amount - plasma parameter from 

2 i n  t h e  absence of an app l i ed  f i e l d .  Pinney 

i t s  average value,  even 

a l s o  found such a boundary 

l a y e r ,  b u t  our  r e s u l t s  d i f f e r  from h i s  i n  both the  s i g n  and magnitude 

of the dens i ty  co r rec t ions .  Inasmuch as (1) it seems i n t u i t i v e l y  obvious 

t h a t  t h e  d e n s i t i e s  n e a r  t he  w a l l  should be less than those i n  t h e  in- 

t e r i o r ,  i n  con t r ad ic t ion  t o  Pinney; and (2) our  method i s  much s impler  

than Pinney's f o r  both semi - in f in i t e  and s l a b  geometries, w e  b e l i e v e  our  

r e s u l t s  are c o r r e c t ,  and t h a t  t h e r e  is  an e r r o r  somewhere i n  t h e  "exten- 

s i v e  computation" omitted from Pinney's paper. 

I n  s e c t i o n  I V ,  we  consider  t h e  nonequilibrium theory on t h e  

b a s i s  of t h e  f i r s t  two equat ions of t h e  BBGKY hierarchy,  l i n e a r i z e d  about 

equi l ibr ium, and with t h e  t r i p l e  c o r r e l a t i o n  neglected.  The main correc- 

t i o n  t o  the  Vlasov t reatment  of Landau' occurs when t h e  frequency of t h e  

appl ied f i e l d  i s  n e a r  t h e  plasma frequency ( s p e c i f i c a l l y  I w  - w I ,< v ., 
P 

where v is  the e f f e c t i v e  " c o l l i s i o n  frequency"). I n  t h i s  case, the l i m i -  

t i n g  value of t he  f i e l d  amplitude a t  l a r g e  distances from t h e  boundary i s  

given by E(m)  = E(o>/ctot where E i s  t h e  " d i e l e c t r i c  constant" of t o t  

the system including t h e  e f f e c t  of c o r r e l a t i o n s .  A s  w -t w (and t h e  "col- 

l i s i o n l e s s "  d i e l e c t r i c  constant  approaches ze ro ) ,  t he  e f f e c t  of correla-  

t i o n s  is dominant. I n  terms of impedance, i t  t u r n s  out  t h a t  t h e  impedance 

a t  the  plasma frequency is  n e a r l y  pure r e s i s t a n c e ,  and i n v e r s e l y  propor- 

t i o n a l  t o  t h e  plasma parameter. Since t h i s  l i m i t i n g  value is  l a r g e ,  i t  

should be  s e n s i t i v e  t o  the  p r e c i s e  t reatment  of t h e  c o r r e l a t i o n  e f f e c t s .  

Two a d d i t i o n a l  p o i n t s  should be noted: (1) The c o r r e l a t i o n a l  c o r r e c t i o n  

t o  t h e  d i e l e c t r i c  cons t an t  i s  ze ro  f o r  t h e  usua l  model of an e l e c t r o n  

gas in  a p o s i t i v e  background, and is  due t o  e lectron-ion i n t e r a c t i o n s .  

P 
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(2) I n  a d d i t i o n  t o  the u s u a l  e f f e c t s  due t o  emission and absorpt ion 

of plasma waves, e f f e c t s  are a l s o  found due t o  "surface plasma waves" 

propagating a t  a frequency 

e f f e c t s  are %on-dominant" f o r  a s t a b l e  plasma (i.e., are smaller than 

ba re  p a r t i c l e  i n t e r a c t i o n  e f f e c t s  by a l a r g e  logarithm). 

% w /a . A s  usual ,  however, t he  wave 
P 

Sect ion V d i scusses  t h e  r e s u l t s ,  and t h e  p o s s i b i l i t i e s  of 

t r e a t i n g  more realist ic bounded systems. 

11. "COLLISIONLESS" EQUILIBRIUM PLASMA I N  A HALF-SPACE 

W e  consider  an o v e r a l l  n e u t r a l ,  f u l l y  ion ized  gas of an a r b i t -  

r a r y  number of s p e c i e s ,  w i th  type 0 cha rac t e r i zed  by charge eo- , 

mass m and mean dens i ty  n . Where convenient, w e  w i l l  r e q u i r e  t h a t  

a l l  components are s i n g l y  ionized,  i .e. ,  e = - e , e = e , CT > 1 . 
The system is assumed t o  be confined t o  the  half-space x > 0 by a per- 

f e c t l y  r e f l e c t i n g  boundary on which a s t a t i c  (i.e., t i m e  independent) 

e l e c t r i c  f i e l d  

(5 (5 

1 0 

E ( x  = 0 )  = E 
0 

1 mean i n t e r a c t i o n  enerpy 
( Q, mean thermal energy i s  appl ied.  To ze ro th  o r d e r  i n  t h e  p lasma parameter 

t h e  system is descr ibed by t h e  Vlasov and Poisson equations.  W e  f u r t h e r  

assume t h a t  s u f f i c i e n t  t i m e  has  e lapsed f o r  t h e  v e l o c i t y  d i s t r i b u t i o n  t o  

be  Maxwellian (of course,  c o r r e l a t i o n s  ,neglected i n  t h e  Vlasov equat ion,  

are r equ i r ed  t o  d r i v e  t h e  system t o  equi l ibr ium, b u t  we  assume t h a t  t h e  

Vlasov equat ion adequately descr ibes  t h e  d e n s i t y  d i s t r i b u t i o n  a f t e r  t h e  

equ i l ib r ium has been achieved). Thus w e  take 3 
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The equat ions governing t h e  system are then given by 

(equi l ibr ium Vlasov equa t ion ) ,  and 

(Poisson's equat ion) .  

Equations (1) and (2) are a coupled p a i r  of non-linear equat ions f o r  

E(x) , n(x,o) .  However, w e  w i l l  see t h a t  f o r  t h i s  simple model (unl ike 

the non-equilibrium theory) they can be solved exac t ly .  

The form of equat ion (1) suggests  t h e  s u b s t i t u t i o n  

-Beu+ (XI 
n(x,o) = c (a )  e (3)  

which gives, on s u b s t i t u t i o n  i n t o  (l), 

Equation ( 4 )  shows t h a t  $(x) i s  independent of a , except f o r  a 

constant  which could be absorbed i n t o  c(a) ( t h e  requirement t h a t  $(x) 

be independent of u removes t h e  ambiguity from (3) ) . Eq. ( 4 )  a l s o  
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shows t h a t  $(x) i s  i n  t h e  na tu re  of a p o t e n t i a l  f o r  E(x). W e  a l s o  

requi re  t h a t  

l i m  (9(x) = l i m  E(x) = 0 
x++oo x + m  

s o  t h a t  

c(a)  = n 
0 

The condi t ion t h a t  t h e  mean charge dens i ty  be zero  is then given by 

C no eo = o 
(I. 

Subs t i t u t ion  of ( 3 ) ,  ( 4 ) ,  (6) i n t o  the  Poisoon's equat ion (2) g ives  

(7 )  

It is  n o t  known whether i t  is  poss ib le  t o  so lve  (8) f o r  general  e 

n sub jec t  t o  ( 7 ) ;  however f o r  t he  s ing ly  ion ized  case, i t  takes  a 

p a r t i c u l a r l y  simple form. I n  t h i s  case, (8) becomes 

(I. '  

0 

But, according t o  (7) 

n -  1 = no I n - -  a 
0 > 2  
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and def in ing  

w e  f ind  

2 
S!-!/L = K~ s i nh  J, 
dx 2 

where 

This equat ion  has  a l s o  been obtained by Pinney' who solved i t  f o r  the  

more real is t ic  boundary condi t ions of the plasma capac i tor .  W e  w i l l  

b r i e f l y  ske tch  i t s  s o l u t i o n  f o r  t he  semi- inf in i te  problem. Inasmuch 

as the  independent v a r i a b l e  does n o t  appear e x p l i c i t l y ,  t h e  f i r s t  in- 

t e g r a l  i s  immediate, and i s  given by 

The constant  is determined by the  requirement t h a t  

whence 

= - fi K Jcosh JI - 1 dx 
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where t h e  choice of t h e  minus s i g n  on the square root  i s  d i c t a t e d  by 

the requirement t h a t  Q should not  grow i n  space. Equation (16) may 

a l s o  be i n t e g r a t e d  by s tandard  means, and one f inds  

K(X + X ) 
Q(x) = 2 Rn coth [ ] 

where x i s  an undetermined constant.  The constant  may be determined 

by t h e  requirement t h a t  

0 

whence 

and 

1 x = - s i n h  
0 K 

0 
E 2 K  

Be E(x)  = -csch K(X + xo) = 
cosh KX + s i n h  K X  

where 

f i e l d  BeE 
Y 

and 

9 

= n  0 t h  0 
E 9 
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are t h e  energy d e n s i t i e s  a s soc ia t ed  with t h e  app l i ed  f i e l d  and t h e  

thermal motion r e spec t ive ly .  The d e n s i t i e s  of t h e  var ious spec ie s  are 

given by ( 3 ) ,  (6) ;  i n  p a r t i c u l a r  t h e  charge dens i ty  is  given by 

KE_ [m eosh KX + s i n h  K x 1  

~ K E  e - K X F  + ( - 1) e -2KX]  

m+ 1 0 
- - -  a- 1 

Thus bo th  t h e  f i e l d  and t h e  charge dens i ty  d i e  out exponen t i a l ly  f o r  

KX >> 1 , independent of t h e  s t r e n g t h  of the f i e l d .  One d i f f e rence  

between t h e  s t r o n g  (a >> 1)  and weak (a << 1) f i e l d  cases should 

be  noted however. I n  t h e  w e a k  f i e l d  case, t h e  charge dens i ty  at t h e  boun- 

dary i s  p r o p o r t i o n a l  t o  t h e  f i e l d ,  whereas f o r  s t rong  f i e l d s ,  i t  goes 

as E . I n  f a c t ,  one sees from (24) t h a t  2 
0 

s o  t h a t  [eq. (21)] 

t h  << E 
KEO 

p (0 )  5z - - 4n ’ ‘ f i e l d  
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and 

These relations could a l s o  have been der ived from t h e  p re s su re  con- 

s e r v a t i o n  l a w  

2 

871 = const ,  = 2 no 1 n(x,o)O - 
c7 

which can e a s i l y  be obtained d i r e c t l y  from ( l ) ,  (2 ) .  For t h e  s t rong  

f i e l d  case, t h e  ion  dens i ty  n e a r  t h e  p l a t e  is  n e a r l y  ze ro ,  and t h e  

e l e c t r o n  dens i ty  may g r e a t l y  exceed i t s  mean value. Not much physical  

s i g n i f i c a n c e  may be a t t ached  t o  the s t r o n g  f i e l d  r e s u l t s  however, since, 

f o r  such s t r o n g  f i e l d s ,  t h e  thermal equ i l ib r ium cannot b e  e s t a b l i s h e d ,  

and w e  w i l l  be  confronted wi th  e l e c t r o n  runaway. 

I n  t h e  nonequilibrium theory of Sect ion I V ,  we  w i l l  l i n e a r i z e  

about a f i e l d - f r e e  equ i l ib r ium (Eo = 0) . I n  t h i s  case, t h e  r e s u l t s  

of t h i s  s e c t i o n  show t h a t ,  i n  t h e  absence of c o r r e l a t i o n s ,  the one- 

p a r t i c l e  equ i l ib r ium d i s t r i b u t i o n  i s  a Maxwellian with constant  densi ty .  

However, w e  w i l l  show i n  t h e  next  s e c t i o n  t h a t  c o r r e l a t i o n s  give rise 

t o  a d i f f e r e n t  s o r t  of boundary l a y e r ,  s imilar  t o  t h a t  found i n  an ordinary 

gas,  i n  which t h e  dens i ty  d i f f e r s  from i t s  mean va lue ,  even i n  t h e  absence 

of an app l i ed  f i e l d .  

111. SHEATH FORMATION I N  EQUILIBRIUM, FIELD-FREE PLASMA 

I n  t h e  absence of an app l i ed  f i e l d ,  the previous s e c t i o n  shows 

t h a t  t h e r e  is no f i e l d  anywhere i n  t h e  equ i l ib r ium plasma, and t h a t  t h e  
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dens i ty  of each s p e c i e s  is uniform when c o r r e l a t i o n s  E neglected.  

I n  the  p re sen t  s e c t i o n  we w i l l  show how non-negligible p a i r  correla-  

t i o n s  a f f e c t  t h i s  p i c t u r e .  

W e  make t h e  usual  assumptions appropr i a t e  t o  a s t a b l e ,  high- 

temperature plasma , name l y  t h a t  

F2 = F1 F1 + g 

= F F F f 1 g F 1  + h  
p a i r s  F3 1 1 1  

and t h a t  g is  f i r s t  o rde r  and h is h ighe r  o rde r  i n  t h e  smp.11 para- 

meter 

2 3 
K 

Q., $e K - 
n 

which c h a r a c t e r i z e s  t h e  system (K i s  def ined by (13) ) . We def ine  

thermal equ i l ib r ium by 

and 

where RL , RL are t h e  components of t h e  p a r t i c l e  p o s i t i o n  vec to r s  

i n  the  plane of t h e  boundary. Then t o  f i r s t  o rde r  i n  t h e  plasma para- 
% Q., 

meter, t h e  f i r s t  two equat ions i n  t h e  BBGKY h i e ra rchy  become 
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- - a - G ( x , o , x ' , o ' , R ~  - R I )  a R  0 
'L 2 

% 

W 

dx"n(x",o") -@e6 c eo' '  
1 

'L 6'  ' 0 
' L ' L  

) G o ( ~ ' ' , a " , ~ ' y o ' , R ~ '  - RI) 
R - R"I 'L 'L 

'L 
' L ' L  

It i s  convenient t o  introduce 

Subs t i t u t ion  of (31) i n t o  (30) gives 
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It i s  now apparent why no 5 

s i d e  of (32) i s  independent of 5 , and thus Fo must be 

must a l s o  be independent of a'  . I n  der iving (30),  w e  By symmetry 

have used t h e  f a c t  t h a t  according t o  (29), an(x,a)/ax is  p ropor t iona l  

arguments were included i n  Fo ; t h e  r i g h t  

90 
t o  Go and thus t o  t h e  plasma parameter; t h e r e f o r e  terms l i k e  G an(x,o)/ax 

are second o rde r  i n  the  plasma parameter, and have been neglected.  We have 

0 

a l s o  used t h e  f a c t  t h a t  t h e  charge dens i ty  vanishes as t h e  plasma para- 

meter goes t o  ze ro  ( i n  t h e  absence of an appl ied f i e l d )  as seen from t h e  

preceding section, and thus  may be taken as of o rde r  t h e  plasma parameter 

( o r  smaller). By a similar afgument, w e  may replace n(x",u") 

by n o t ,  on the r i g h t  of (30), n(x,a)  by no on t h e  r i g h t  of ( 2 9 ) ,  and 

n ( x ' , a ' )  by no, i n  t h e  second tern (but n o t  t h e  f i r s t )  on the  r i g h t  of 

(29). These arguments would be i n v a l i d  i f  they l e d  t o  s e c u l a r  growth of 

n (x , a )  i n  x , however we w i l l  f i n d  t h a t  t h i s  i s  n o t  t h e  case. Indeed 

we w i l l  f i n d  t h a t  (29), (30) l e a d  t o  a co r rec t ion  t o  t h e  dens i ty  which i s  

both s m a l l  and exponen t i a l ly  damped i n  space.  

Taking t h e  divergence of (32 ) ,  one f i n d s  

[ (kf - K ~ ]  % = - 4rS(R - R') 
' L ' L  'L 

(33) 



- 13 - 

Equation (33),  is, of course,  a f a m i l i a r  one, wi th  a f a m i l i a r  s o l u t i o n ;  

t he  Debye-Hiickel c o r r e l a t i o n .  However, Debye-Hiickel i s  not a s o l u t i o n  

of (32),  because t h e  i n t e g r a l  over  X I '  is from 0 t o  m , n o t  (- m,m) . 
To so lve  these  equat ions ,  we employ a two dimensional Four ie r  transform 

w i t h  r e spec t  t o  R, - R: ; def in ing  - - 
TJ % 

-is*p 
T J T J  

G (X,X',P) 9 

TJ 
0 

r0(x ,x1 , s )  = 1 d2p e 
TJ 

one f i n d s  

aro(x,xl 
ax 

-s 1 x-XI I = - 2n sgn (x-x') 

00 -sJ x-XI ' J 
f K2 \ dx" sgn(x-x") e r o w  3 ~ 1 ~ )  

TJ 
2 

0 

and 

where w e  have used 

(34) 

(35) 

The s o l u t i o n  of (36) which vanishes  as  x,x' -t m c l e a r l y  has t h e  form 
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The constant  C i s  determined by t h e  requirement t h a t  ( 3 8 )  a l s o  satisfies 

( 3 5 ) .  On s u b s t i t u t i o n  of (38) i n t o  (35), one f i n d s  a f t e r  s t r a igh t fo rward  

eva lua t ion  of some i n t e g r a l s ,  t h a t  (38) i s  a s o l u t i o n  of ( 3 5 )  i f  and only i f  

r ! =  21T ( J K 2 + s 2 - s \  
(39) 

The f i r s t  t e r m  of ( 4 0 )  is  r e a d i l y  seen t o  reduce t o  t h e  f a m i l i a r  Debye- 

Hiickel r e s u l t ;  the  second, which damps out exponen t i a l ly  i f  e i t h e r  p a r t i c l e  

moves more than a Debye length from t h e  boundary, is a co r rec t ion  due to  

t h e  presence of the w a l l .  Such a co r rec t ion  i s  n o t  unexpected; the usua l  

= - B O e f f  where O e f f  i s  i n t e r p r e t a t i o n  of t h e  p a i r  co r re l a t5on  is  

the  e f f e c t i v e  "shielded" i n t e r a c t i o n  between a p a i r  of p a r t i c l e s .  But the 

"shielding" is due t o  long-range i n t e r a c t i o n  wi th  o t h e r  p a r t i c l e s  i n  t h e  

system, and c l e a r l y  cannot be  s p h e r i c a l l y  symmetric i f  t h e  p a i r  i s  n e a r  

t h e  boundary (and thus most of t h e  s h i e l d i n g  p a r t i c l e s  are on one s i d e ) .  

n(x,o) = n 

GO 

W e  now r e t u r n  t o  (29),  and w r i t e  + nl(x,a) , 
0 

and s u b s t i t u t e  ( 4 0 ) ,  (41) i n t o  (29) t o  ob ta in  
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where 

- 2  
E = Be, K 
0 

i s  the  s i n g l e  spec ie s  plasma parameter, 

( 4 3 )  

and w e  have again eva lua ted  some s t r a igh t fo rward  i n t e g r a l s .  While an 

exact  a n a l y t i c  eva lua t ion  of the i n t e g r a l  i n  ( 4 4 )  seems d i f f i c u l t ,  one 

r e a d i l y  shows t h a t  

I ( A )  = - (%)(e& + y + %) + O ( X )  y A << 1 

-2A 
= e 2A [l + O ( X - q  y A >> 1 . (45 1 

Aside from t h e  exponen t i a l  decay f o r  l a r g e  h , w e  no te  t h a t  I ( A )  

has  a n o t  unexpected s i n g u l a r i t y  of t h e  o r i g i n ,  r e l a t e d  t o  t h e  usual 

s h o r t  range divergence. 
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D i f f e r e n t i a t i n g  (42) with respect  t o  x , One finds 

where 

P(X) = 1 eO nl(x,O) ( 4 7 )  

i s  the  charge densi ty .  For t h e  charge dens i ty ,  w e  f i n d  the  equat ion 

The s o l u t i o n  of (48) which vanishes at  m i s  given by 

-K I X-X' I 2 3 
-KX BK CnoeO ,p dxI  e 

I' (KX') ( 4 9 )  2 p(x) = Ae - 
0 

4 The constant  A is  determined by the  requirement of o v e r a l l  n e u t r a l i t y  

1: dx p ( x )  = 0 which gives  

It is  s t r a igh t fo rward  t o  reduce (491 ,  (50) t o  t h e  form 

p(x> = B K ( ~  n 0 0  e3) J(Kx) (5 1) 

where J(A) has  the  alternate ikrms (use fu l  f o r  l a r g e  and small X res- 

pec t ive ly )  
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im m 

J(X) = e - [ dh' s i n h  A '  I ( h ' )  - 
0 x 

dX' cosh(A-A') I(X') 

= I'dX' cosh(A-A') I ( A ' )  -cosh X d c  e-X' I ( X ' )  Im 
0 0 

It i s  immediately apparent t h a t  3(X) i s  bounded f o r  a l l  X , d e s p i t e  

t h e  s h o r t  range divergence of I ( A )  . Also, from ( 4 4 )  and t h e  asymptotic 

forms ( 4 5 1 ,  i t  i s  apparent  t h a t  J ( h )  ha s  t h e  asymptotic forms 

where C1 , C2 are p o s i t i v e  constants  given by 

m 

dX'sinh A '  I(X') = ( 5 4 )  
0 

d t  t(G- t) 
( 5 5 )  f 

0 0 (2&+ l ) ( K +  t )  

00 

C2 = dX'e-A' I ( X ' )  = 

Thus, independent of t h e  q u a n t i t i e s  e w e  f i n d  a charge 
0 '  

dens i ty  which damps out exponent ia l ly .  But, f o r  t he  s i n g l y  ion ized  case 

(which w a s  t h e  only case f o r  which we were ab le  t o  conclude i n  Sect ion I1 

t h a t  t h e  charge d e n s i t y  and f i e l d  w e r e  z e r o  as t h e  plasma parameter 

3 2  approached ze ro ) ,  w e  have t h a t  Cn e = e Cn e = 0 , and thus ,  from 
0 0  0 0  
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(51) (K = is independent of 6 ) P(X)  = 0 f o r  a l l  x 

and (42) reduces t o  

n K E I(Kx) (56) a - n (x) = ax 1 0 

where n,(x) is t h e  e l e c t r o n  dens i ty  pe r tu rba t ion  ( the  ion  d e n s i t i e s  

d i f f e r  from t h e  e l e c t r o n  dens i ty  by a t r i v i a l  f a c t o r  i f  t he re  i s  more 

than one s p e c i e s ) .  Assuming n,(w) = 0 t h i s  i n t e g r a t e s  t r i v i a l l y  t o  

n,(x) = - n E dX I ( X )  
0 

(57) 
KX 

Again the  i n t e g r a l  i s  somewhat d i f f i c u l t ,  b u t  one may show without d i f -  

f i c u l t y  t h a t  

There i s  no d i f f i c u l t y  i n  adding an appl ied f i e l d  t o  the  cal- 

cu la t ion ,  provided sfield << ; indeed, i f  t he  parameters c1 of 

(21) (measuring t h e  appl ied  f i e l d  energy) and E of ( 4 3 )  (measuring 

the  mean i n t e r a c t i o n  energy) are both s m a l l ,  t h e  e f f e c t s  of c o r r e l a t i o n s  

and appl ied  f i e l d s  are superposable,  and one may simply add t h e  r e s u l t s  

of Sect ion I1 (expanded i n  powers of &. ) t o  the  present  r e s u l t  t o  obtain 
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'KX -2KX + a exp ne(x> = n [I + 2 6  exp 
0 

m 3 
- E  1 dX I ( X )  + O(a '2) + 0(z2)  + O ( & E ) ]  . (59) 

KX 

I n  t h i s  l i m i t ,  t h e r e  is  a l s o  no d i f f i c u l t y  i n  t r e a t i n g  t h e  plasma capa- 

c i t o r ;  i n  f a c t ,  i f  L i s  t h e  p l a t e  spacing, and KL >> 1 , t h e  only 

s i g n i f i c a n t  e f f e c t  on t h e  p a i r  c o r r e l a t i o n  is  t o  add a term exac t ly  l i k e  

t h e  second t e r m  of ( 4 0 ) ,  with x + x' replaced by 2L-x-x' , r ep resen t ing  

t h e  shea th  on t h e  second boundary. I n  p a r t i c u l a r  

+ 2 & +  a - - e 0 6 

This is  t o  be compared wi th  ( 4 7 )  of Pinney.' A s  previously noted, t h e  

l ead ing  c o r r e c t i o n  due t o  t h e  appl ied f i e l d  is  i n  agreement; however, 

t h e  c o r r e l a t i o n  con t r ibu t ion  ( t e r m  p ropor t iona l  t o  E i n  (60) ) d i f f e r s  

i n  both s i g n  and magnitude from Pinney. Concerning t h i s  discrepancy, w e  

n o t e  t h e  following: (a) It seems i n t u i t i v e l y  obvious t h a t  t h e  dens i ty  

of p a r t i c l e s  near  t h e  w a l l  should b e  less, no t  g r e a t e r  than t h e  dens i ty  

i n  t h e  i n t e r i o r  ( t h i s  e f f e c t  is charge independent, and is  s imilar  t o  

t h e  boundary l a y e r  e f f e c t  i n  o rd ina ry  gases) .  (b) Our method and r e s u l t s  

are q u i t e  simple,  and amenable t o  r a t h e r  obvious phys ica l  i n t e r p r e t a t i o n ;  

w e  have not  omitted ( o r  needed) any extensive computational d e t a i l s .  

( c )  

method t o  t h e  s l a b  problem. C lea r ly  ( 3 6 )  is  s t i l l  v a l i d ,  and t h e  only 

Only t h e  most t r i v i a l  modif icat ions are necessary t o  gene ra l i ze  our  
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modif icat ion of (35) is t o  r ep lace  t h e  upper l i m i t  of t h e  i n t e g r a l b y  L. 

To (38) must be added terms propor t iona l  t o  exp 

exP (x + . The c o e f f i c i e n t s  are determined s t ra ight forwardly  

from t h e  analogue of (35). Ins t ead  of n (m) = 0 one r equ i r e s  t h a t  t he  

o v e r a l l  charge dens i ty  b e  zero. This  l eads  ( f o r  t h e  s ing ly  ionized case) t o  

+ v K + S I X - X ' I  and 

v 
1 

m 

n E  0 n,(x) = - - 2 

d t  t [ ( G  - t ) / ( 6  + t)] 1 (G- t )  e - 2 G  
0 

(&+ t )  

I n  obta in ing  (61) ,  w e  have made no approximation and have evaluated 

exac t ly  n ine  very  s t ra ight forward  i n t e g r a l s  (nothing worse than 

/,dx" exp[alx-x"l] exp[blx" - x ' {  sgn(x-x") ). It i s  evident  t h a t  
L 

(61) may be expressed i n  terms of I(A) of ( 4 4 )  as 

W 

dX I(X) 
'K (L-X) 

n,(x) = - n E 
0 
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(d) A s  t o  t h e  s i g n  of  t h e  d e n s i t y  co r rec t ion ,  no computation i s  neces- 

sary.  For t h e  s i n g l y  ion ized  case, t h e  f i r s t  t e r m  of (29) is zero i n  a 

l i n e a r  approximation. For t h e  second t e r m ,  w e  no te  t h a t  G i s  ( p o s i t i v e  

quan t i ty )  x (-e e ) , and a/ax (1/-+ p2)/,  > 0 . It follows 

0 

0 0' 

t h a t ,  a t  least  i n  a l i n e a r  approximation, an/axIx4 > 0 , so  t h a t  t h e  

dens i ty  of each s p e c i e s  increases as one moves away from the  boundary 

( t h i s  conclusion i s  independent of whether t h e  upper l i m i t  i n  (29) is  03 

o r  L ) .  

Thus w e  b e l i e v e  t h a t  our  r e s u l t s  f o r  t h e  " c o r r e l a t i o n  boundary 

l aye r "  are c o r r e c t  and Pinney's are i n  e r r o r .  

I V .  NON-EQUILIBRIUM THEORY 

I n  t h e  preceding two s e c t i o n s  w e  have s t u d i e d  t h e  following: 

(A) The response of t h e  equ i l ib r ium plasma t o  a s t a t i c  f i e l d  appl ied 

a t  t h e  boundary, and (B) The fomnation of a boundary l a y e r  i n  a f i e l d -  

- f r e e  equi l ibr ium plasma, due t o  c o r r e l a t i o n  e f f e c t s .  I n  t h e  present  sec- 

t i o n  w e  w i l l  s t udy  t h e  response of a plasma t o  an o s c i l l a t i n g  appl ied 

f i e l d ,  w i th  p a i r  c o r r e l a t i o n s  taken i n t o  account. The f i e l d  a t  t h e  boundary 

w i l l  b e  assumed t o  have t h e  form 

state response,  when a l l  q u a n t i t i e s  are assumed t o  o s c i l l a t e  with the  

same frequency w . Fur the r ,  w e  w i l l  l i n e a r i z e  about t h e  previously 

determined f i e l d - f r e e  equi l ibr ium. As u sua l ,  w e  w i l l  assume t h a t  t h e  one 

p a r t i c l e  d i s t r i b u t i o n  func t ion  i s  independent of the components of t h e  

p o s i t i o n  v e c t o r  p a r a l l e l  t o  t he  boundary. Writing 

, and w e  w i l l  s eek  the  s teady - i w t  
Eo e 
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one f i n d s ,  t o  f i r s t  o rde r  i n  t h e  s t r e n g t h  of  t h e  appl ied f i e l d ,  t h e  

equations 

0' 

CT' 

e e 

m au m 
a 

= -[-. E(x) - +-- E(x ' )  
U 
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r 
' 1  

'L'L 

Here u , u' are t h e  v e l o c i t y  components i n  t h e  x d i r e c t i o n ,  and w e  

have used t h e  shorthand 

etc. 

We assume t h a t  p a r t i c l e s  s t r i k i n g  t h e  boundary are specu la r ly  

r e f l e c t e d .  This implies  a cond i t ion  on f l  , i.e. 

Defining 
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one may e a s t  (641 ,  ( 6 5 )  
0 '  

and us ing  our previous expression f o r  

i n  the  forms 

g 

where 

a 
au 0 

e 

m 
U 

U 
J(x,T$ = - - E(x) - f 

a 
a U  

e s I x-x' I - I dq' r d x '  I d2s e 2lTm 
0 

0 

t he  ope ra to r  H on any func t ion  F i s  given by 

m 

F(x" ,q") 
-s 1 x-x' ' I 2veG 

m + - 1 dq" dx" e 
0 

0 

( 6 9 )  
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and 

-s 1 x-x' { 21~e e ,e  
5 5  

d X , b X ' , Q ' )  = - 

l 
ie 

f f + flfo a sgn(x-x',) - - - - [ au s a:,][ 'L - i 

L V - S  +(A+) 

So f a r  everything i s  def ined only f o r  the  region x > 0 t o  

which t h e  plasma is  confined by the  p e r f e c t l y  r e f l e c t i n g  boundary. Our 

method of s o l u t i o n  w i l l  cons i s t  of extending t h e  range of d e f i n i t i o n  of 

fl , G1 t o  x < 0 i n  such a way t h a t  Fourier  t ransform methods may 



- 26 - 

conveniently be appl ied.  Now t h e  obvious symmetry proper ty  f o r  

s i s t e n t  wi th  t h e  r e f l e c t i o n  conditiolz (66 )  i s  
f l  con- 

fl(- xyu) = f1(x, -u) (74) 

possesses  t h e  proper ty  ( 7 4 ) ,  t h e  l e f t  side of (69) w i l l  f l  However, i f  

be  i n v a r i a n t  under t h e  t ransformation ( 

(given (71)) is  n o t ,  even i f  E(-x) = - E(x) . Therefore ,  it is convenient 

x - f -  
u - f - u  x, whereas the  r i g h t  s i d e  

i% pu h 

t o  de f ine  a new set of func t ions  f l  G E which reduce t o  f l '  G ,  

E f o r  x ,x '  > 0 , have t h e  symmetry p r o p e r t i e s  

Iv (v 

fl(-xyu) = fl(X, -u) Y 

11.1  /-" 

G (-x,u,x',u') = G (x,-U, x ' , u ' )  1 1 

N N 

G (x,u,-X' ,u ' )  = G (x,u,x' y - ~ ' )  1 1 

N PJ 

E(-X) = - E(x) , 

and s a t i s f y  t h e  equat ions 

where 
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I- 1 

1 
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-0.7 

Clearly Eqs. (79) - (83) reduce t o  (69) - (73) f o r  x > 0 , and, given 

t h e  symmetry r e l a t i o n s  (75) - (78),  (79) is i n v a r i a n t  under t h e  t r ans fo r -  

mation (x -+ - x , u -+ - u) , while  (80) is  i n v a r i a n t  under both (x -+ - x, 

u -+ - u) I) (x' -t - x',u'-+ - u ' )  . 
While non of t h e  equat ions (79) - (83) are convolutions,  t h e y ' a r e  

s t i l l  f a i r l y  easy t o  handle  by Fourier  t ransform methods. Before proceeding 

with t h e  t ransformation of t h e s e  equat ions,  w e  somewhat b e l a t e d l y  no te  t h e  

boundary cond i t ion  r e l a t i n g  t h e  cu r ren t  and t h e  f i e l d .  From t h e  Maxwel l  

equat ion 

v H = '[4nj(x) - i w  - E(x)] 
c ' L  

one f i n d s  

9 

o r ,  i f  j and E are only i n  t h e  x d i r e c t i o n  and depend only on x , 
Y 

TC. 
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E iwE i w  const .  = - - 41T 41T 0 
j - -  = 

Here 

& 

is t h e  cu r ren t  dens i ty  (note:  j ( o )  = 0) . Now i f  j ( x )  is defined by 
N 

a r e l a t i o n  similar t o  (85) wi th  fl replaced by fl i t  i s  c l e a r  t h a t  

j ( -x> = - j ( x )  . Simi la r ly  [ i f  (7811 E(x) is  odd, t h e  r e l a t i o n  
IL & w 

f o r  t h e  modified q u a n t i t i e s  corresponding t o  ( 8 4 )  is  

N iwE A9 (x) iwEosgn(x) 
j ( x )  - = -  

41T 41T 

N 

Now w e  de f ine  (note  t h a t  f l  e t c .  are def ined f o r  a l l  x ) 

-00 

m - i (kx  + k 'x ' )  
$1l& ,(' " ') = (-dx 1 dx' Gl(x,q,x ' ,n ')e (88) 

# 00 -ikxH 

Jk = 1 dx e J (x,n) 
-00 

-m -w 
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Now t h e  formal s o l u t i o n  of (79) wi th  (87) ,  (89) is t r i v i a l ,  t ak ing  t h e  

form 

S imi l a r ly ,  from (861, (91) , (92) one f i n d s  

N h/ 

= K- [ + i Ek - Z E ~  .(;)I j k  4T 

where w e  have used (93) and t h e  analog of (85). 

The t ransform of (80) may be w r i t t e n  i n  the  form 

where on any func t ion  

- s(F(q" , k , s )  + F(n" ,-k,s) 
TI % 
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and w e  have used t h e  shorthand 

K E (k, s)  
't 'L 

Clearly a formal s o l u t i o n  of (96) may b e  w r i t t e n  i n  t h e  form 

Now t h e  formal s o l u t i o n  may be  made more e x p l i c i t  by u t i l i z i n g  
N 

t h e  p r o p e r t i e s  of t he  

i n  a now famous paper by Dupree.' L e t  

de f ine  

Hk opera tors  i n  a manner s i m i l a r  t o  t h a t  u t i l i z e d  

f (q ,k , s )  be  any func t ion ,  and 
'L 

Then F s a t i s f i e s  

- i: + % F  = 0 

But, i f  F(n ,k , s )  is an  even func t ion  of k , (100) wi th  (96) is  j u s t  

t he  l i n e a r i z e d ,  f i e l d - f r e e ,  Vlasov-Poisson equat ion i n  a half-space,  

and can be solved by s tandard  means. Since t h e  procedures are w e l l  known 

2, 

6 
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w e  simply state the  r e s u l t s .  Defining 

one has 

- i  
(K*v - W )  

F ( ~ , K )  = 
5 

5 5  5 

where 

5 m K~ 
0 

yu J K * v  dn D(n3K)  - w1 A(Ol,K) = 1 - 
5 5  

dq ' ' f (q ' ' ,K) 

(K*v" - ul) 
ry 

5 5  

(102 

i s  t h e  ord inary  plasma d ispers ion  func t ion ,  and 

1 dk' 

(106) 

6 (here  K' = (k' ,SI e t c . )  has  previously been i d e n t i f i e d  as t h e  dis-  

pers ion  r e l a t i o n  f o r  l ong i tud ina l  plasma su r f  ace waves. Inasmuch as the 
5 5 
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IV N 
compute t h e  e x p l i c i t  r e l a t i o n  between Glkkr and qkkt [eq. (98) 1.  
Before g iv ing  the  d e t a i l e d  r e s u l t s ,  however, w e  w i l l  make two f u r t h e r  

approximations: (A) as shown i n  t h e  preceding s e c t i o n ,  w e  may w r i t e  

fo(rl,x) = f:')(q) + f:l)(rl,x) , where f(') vanishes except i n  a sheath 

near  t h e  boundary, and i s  propor t iona l  t o  t h e  plasma parameter.Since t h e  

c o r r e l a t i o n  i s  a l ready  propor t iona l  t o  t h e  plasma parameter,  w e  rep lace  

f by f o  (O) i n  t h e  c o r r e l a t i o n  t e r m .  (B) W e  assume t h a t  the  frequency 

w i s  much g r e a t e r  than t h e  c o l l i s i o n  frequency, s o  t h a t  w e  may w r i t e  

0 

0 

where 

(107 

N 

and rep lace  flk by f i g )  i n  t h e  c o r r e l a t i o n  terms. This i s  c a l l e d  t h e  

r eac t ive  approximation by Oberman,Ron and Dawson, f o r  reasons which should 

be apparent.  Transforming Eqs. (81) ,  (83) using t h e  approximations (A) ,(B) 

above, and Eqs. (99) (1021, (103), one f i n d s  

drl' GlklkZ 
-00 -00 

r 
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s6(kl-k3) (A(w-w' ,p) - 1)/ (2~) 
A 

- 
% %  

(k4u'-s*v~-w+wf-io)E(w-w1,s)(k4+s 2 2  )A(w-w', F k4+s )(klu"+s*v:'-w'-io) 
% ' L  

(~T)E(w' ,s) (k3+s 2 2  )A(w' ,dk3+s 9-7 ) (k2u'-s*vL-w+wf-io) (k u"+s*v~'-o'-io) 
% %  % %  

s2(A(w-w', rn) - 1) 
- 

1 
X (k3~"+s~v"-w'-io)(k4u'-s~v~-w+w1-io) 

% %  5 %  

and 

K4(k3k4,rl rl qlk9) = 2e(5e(51 {2~6 (k'-k3-k4) 
(5 
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eea f 0 (O) (TI') af:') 
2 2 2  au + 

(k4+s +K ) 

+ 

- 

- 

+ 

X 

21~6 (k'+k4-k3) f:" (11' ) 

2 2 2  (k,+s + K) 

(ki+s2+K2 ) ((k3-k9 )2+~2+K2)(&CL) J 

+ ( k 3 * k 4 ,  s + - s ,  r f ~ f n . ' )  
'L ?I 
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S u b s t i t u t i o n  of (109) - (116) i n t o  (94) y i e l d s  an i n t e g r a l  

equat ion f o r  of t h e  form 

N 
m 

N 

Ek[l - \ - Nk] = - 2iEo P ( t )  + 1 dk'M(k,k') Ek, 

H e r  e 

(116) 

is  a gene ra l i za t ion  of Landau's 5 t o  multicomponent plasmas. 

The c o r r e l a t i o n  cont r ibu t ions  Nk M(k,k') are known, but  i t  i s  

clear from (109) - (116) t h a t  they are q u i t e  complicated i n  genera l  

( e spec ia l ly  M ) . However, c e r t a i n  p rope r t i e s  may be  deduced from 

(94) ,  (109) - (116) without w r i t i n g  t h e  e x p l i c i t  forms f o r  N , M . We 

no te  the  following: (a)  Nk i s  an even func t ion  of k (as  i s  \ ) . 
(b) Comparison wi th  t h e  i n f i n i t e  plasma case shows t h a t  

simply r e l a t e d  t o  the  conduct iv i ty  one would c a l c u l a t e  by transforming 

t h e  i n f i n i t e  space Vlasov equat ion (assuming f l  , E depend only on 

t h e  p a r t i c u l a r  d i r e c t i o n  x ) 

ob ta in  a l i n e a r  r e l a t i o n  between t h e  transformed cu r ren t  dens i ty  and 

f i e l d .  I n  f a c t  

\ + Nk i s  

and us ing  t h e  r e a c t i v e  approximation t o  

\ + N k = - -  4n i  
w k  

where t h e  s u p e r s c r i p t  m r e f e r s  t o  t h e ' i n f i n i t e  space conduct ivi ty  as 

descr ibed above. The l i m i t i n g  case 
m 

cro has been s tud ied  i n  considerable  
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d e t a i l  by Oberman, Ron and DawsonY7 and some progress  has been made 

on t h e  k # 0 case. 8 y 9  Eq. (118) forms a use fu l  br idge  between t h e  

i n f i n i t e  and semi-infinite problems. (c) Some s i m p l e  manipulations of t he  

dummy v a r i a b l e s  0, n ' ,  n" show tha t  N vanishes  f o r  t h e  one-component 

case ( e l e c t r o n  gas i n  a p o s i t i v e  background), corresponding t o  t h e  w e l l  

known f a c t  t h a t  t h e  e lec t ron-e lec t ron  con t r ibu t ion  t o  

c o r r e l a t i o n  damping) i s  0 (k2) whereas t h e  electron-ion con t r ibu t ion  i s  

f i n i t e  a s  k + 0 . 

0 

00 

ok (and t h e  r e l a t e d  

Turning now t o  t h e  i n t e g r a l  t e r m ,  which c l e a r l y  represents  t h e  e f f e c t s  

of t he  p e r f e c t l y  r e f l e c t i n g  boundary, w e  no te  t h e  fol lowing:  (a) M(k,k') 

has no s i n g u l a r i t i e s  f o r  any k o r  k' . (6) The i n t e g r a l  I (k)  = dk' 

M(k,k') Ekl i s  an  odd func t ion  of k , and vanishes  as k -+ 0 . (y) I f  

Ek9 has no s i n g u l a r i t i e s  worse than P ( l / k ' )  , I ( k )  i s  w e l l  def ined f o r  

a l l  k . Furthermore, i f  Ek9 = $(k ' )  P ( l / k ' )  , where $(k ' )  and a l l  i t s  

d e r i v a t i v e s  a r e  absolu te ly  i n t e g r a b l e  i n  any f i n i t e  i n t e r v a l  inc luding  the  

, I ( k )  and a l l  i t s  der i -  o r i g i n  and behave no worse than k' a s  k' + m 

va t ives  e x i s t  and a r e  absolu te ly  i n t e g r a b l e  on (-m,m) . 
2 

10 From p rope r ty  (a) above, toge ther  with s tandard  Fourier  a n a l y s i s ,  

i t  i s  c l e a r  t h a t  t h e  i n t e g r a l  term does no t  con t r ibu te  t o  t he  l i m i t i n g  value 

of t h e  f i e l d  a t  l a r g e  d i s t ances  from the  p l a t e .  I n  f a c t  

E 

Eq.(119) has t h e  form 

EO 

DO 

E(a) - (120) 
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where D i s  t h e  t o t a l  e f f e c t i v e  d i e l e c t r i c  cons t an t ,  including cor- 

r e l a t i o n  con t r ibu t ions .  From (118) and Ref. 7 [Eqs. (581, (59), ( 5 7 ) ,  (37)]  

one has  t h a t  

0 

2 Here k % (@/e ) i s  an a r b i t r a r y  cutoff which is  n e c e s s i t a t e d  by the 

usual s h o r t  range divergence, and A is t h e  i n f i n i t e  i on  mass l i m i t  

of Eq. (105). Inasmuch as t h e  cu to f f  procedure i s  known t o  give only t h e  

"dominant" i.e. l oga r i thmic  terms c o r r e c t l y ,  w e  may use  t h e  l i m i t i n g  forms 

of f (+)  , A f o r  l a r g e  k i n  t h e  integrand of (121), i .e. 

0 

0 

e 0 

A -+ 1 , (u/k) << 
0 

t o  o b t a i n  

where E i s  t h e  e l e c t r o n  plasma parameter [cf.Eq. (4311. Since E i s  s m a l l  

by assumption, t h e  c o r r e l a t i o n  con t r ibu t ion  L w i l l  be  n e g l i g i b l e  un le s s  
0 

2 

l - K o = l - - $  
w 

w 
(124) 
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I n  p a r t i c u l a r ,  as w -f w , one has 
P 

so  t h a t  t h e  f i e l d  at m 

appl ied  f i e l d  i n  t h i s  l i m i t .  This is ,  of course,  t h e  expected plasma 

resonance, which could have been p red ic t ed  q u a l i t a t i v e l y  by rep lac ing  

w by w + i v  i n  t h e  c o l l i s i o n l e s s  r e s u l t .  From (126) i t  is c l e a r  t h a t  

t h e  e f f e c t i v e  c o l l i s i o n  frequency i s  given by 

is  90" ou t  of phase and much l a r g e r  than t h e  

As f o r  t h e  way i n  which the  f i e l d  approaches t h e  l i m i t i n g  va lue  

(119), one may make t h e  following remarks: (1) Successive approximation 

methods, toge ther  w i t h  property (y) above and s tandard  Fourier t ransform 

theory'' show t h a t  t h e  cont r ibu t ion  of t h e  i n t e g r a l  t e r m  vanishes  f a s t e r  

than any inve r se  power of x f o r  l a r g e  x . L i t t l e  more can be  s a i d  

about t h e  i n t e g r a l  t e r m  without  c a l c u l a t i n g  M(k,k') i n  more d e t a i l .  

This c a l c u l a t i o n  i s  q u i t e  complicated, and w i l l  be defer red  f o r  f u t u r e  work. 

We might add t h a t  a s u p e r f i c i a l  s tudy of Eqs. (109) - (116) should convince 

t h e  reader  t h a t  t h e  n o t a t i o n  is appropr ia te  (M is  f o r  "monster"!) (2) If t h e  

i n t e g r a l  t e r m  is neglec ted ,  one f i n d s  
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m 
i kx  I k ( 1  - \ - Lk] dk ex P 0 

i E  
E(x) + E(O)(x) = - - 

7T 
-00 

A n  ana lys i s  similar t o  Landau's shows t h a t  w e  may w r i t e  

E(') = E(x) -I- E1(x) 4- E2(x) 

where El (x) behaves as 

'(KX) 
f o r  l a r g e  x exp 

9 3  

and d i f f e r s  only s l i g h t l y  from Landau's asymptotic r e s u l t ,  whereas E2 

decays exponent ia l ly  on a l eng th  scale given by 

I n  p a r t i c u l a r ,  R a t t a i n s  i t s  maximum value a t  resonance (w -t up> 

I r) 

where 

i s  t h e  total Debye length.  Thus, at resonance, t h e  f i e l d  approaches i t s  

l i m i t i n g  va lue  on a l eng th  scale which i s  approximately t h e  geometric 

mean of the Debye l eng th  and e f f e c t i v e  mean f r e e  path. 
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F i n a l l y  w e  consider  t h e  impl ica t ions  of ou r  r e s u l t s  

f o r  t he  more realistic problem o f  t h e  plasma capac i tor .  

p l a t e  spac ing  o f  t h e  capac i to r  is  d and (g/d) << 1 , where R i s  

given by (130), t h e  two problems are simply r e l a t e d .  If t h e  p o t e n t i a l  

between t h e  p l a t e s  i s  V , then  

I f  t h e  

d 

0 

where E(-) i s  given by (126) p l u s  co r rec t ions  of  o rde r  ( ~ d ) - l  . I f  

t h e  p l a t e s  are p e r f e c t l y  r e f l e c t i n g ,  t h e r e  i s  no p a r t i c l e  cu r ren t  across  

them, s o  t h a t  t h e  cu r ren t  i s  j u s t  t h e  displacement cu r ren t  a t  t h e  p l a t e s ,  i.e. 

where A i s  t h e  p l a t e  area. Thus t h e  impedance i s  given by 

z m -  i - 
- iwA Eo wCoDo 

z E(V/I) - (135) 

where w e  have used (120) and 

In view of (118),  Eq. (135) may b e  wri t ten as 

Go is  t h e  capaci tance of t h e  empty capac i tor .  

1 
00 

z =  
c0[4nao - iw] 

which relates the  plasma capac i to r  impedance t o  t h e  i n f i n i t e  space conduc- 

t i v i t y  as ca l cu la t ed  by Oberman, Ron and D a ~ s o n . ~  I n  view of  (123),  (124), 

w e  can a l s o  relate t h e  r e s u l t  of (136) t o  the  equiva len t  p a r a l l e l  resonant  

c i r c u i t  shown i n  Figure 1. A more d e t a i l e d  s tudy  o f  t h e  f i n i t e  capac i to r ,  
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12 
such as has been c a r r i e d  o u t  i n  t h e  Vlasov l i m i t  by Hal l" ,  and Shure , 
shows t h a t ,  i n  gene ra l ,  t h e  equ iva len t  c i r c u i t  is  more complicated, and 

the resonance is mult iple .  However, i f  Kd is  s u f f i c i e n t l y  l a r g e ,  t h e  

secondary peaks cannot be  d i s t ingu i shed ,  and Fig. 1 gives  a good des- 

c r i p t i o n  of t h e  response t o  an appl ied p o t e n t i a l .  

V. DISCUSSION 

We have shown how "Coulomb c o l l i s i o n s "  may r igorously b e  taken 

i n t o  account f o r  t he  system of a f u l l y  ionized plasma confined t o  a h a l f -  

space by a p e r f e c t l y  r e f l e c t i n g  boundary. The only previous at tempts  t o  

in t roduce  "co l l i s ions"  i n t o  f i n i t e  o r  s emi - in f in i t e  geometry, non-equilibrium 

theory have used t h e  r e l a x a t i o n  model 11'13. W e  have seen t h a t ,  while  a 

r a t h e r  formidable amount of mathematics is involved, t h e  problem of t r e a t i n g  

c o r r e l a t i o n s  r igo rous ly  is  n o t  too i n t r a c t a b l e .  

We w i l l  b r i e f l y  d i scuss  t h e  l i m i t a t i o n s  of  t h e  present  work. 

These may be l i s t e d  as follows: (1) The non-equilibrium theory i s  l i n e a r ,  

and so  i s  l i m i t e d  t o  s m a l l  pe r tu rb ing  f i e l d s .  (2) The non-equilibrium 

theory is  l i m i t e d  t o  high frequency (compared t o  the  e f f e c t i v e  c o l l i s i o n  

frequency) pe r tu rba t ion .  Otherwise,we would have t o  s o l v e  coupled i n t e g r a l  

equat ions f o r  f l  and E . (3) The d e t a i l s  of t h e  non-equilibrium sheath 

depend on t h e  s o l u t i o n  of an i n t e g r a l  equation w i t h  a known, b u t  compli- 

ca t ed  ke rne l .  However, t h e  l i m i t i n g  va lue  of the f i e l d  a t  l a r g e  d i s t a n c e s  

from the  boundary w a s  shown t o  b e  simply r e l a t e d  t o  the i n f i n i t e  space 

conduc t iv i ty  as c a l c u l a t e d  by Oberman, .Ron,and Dawson. While the  d e t a i l e d  

s tudy  of  t h e  i n t e g r a l  term is  reserved f o r  f u t u r e  w o r k , i t  appears from 
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t he  way i n  which many o f  t h e  terms arise t h a t  t h e i r  e f f e c t  may b e  l i m i t e d  

t o  a region of a few Debye l eng ths  nea r  t h e  boundary. ( 4 )  The l i m i t a t i o n s  

of t h e  model have been discussed previously . General izat ion t o  more 

rea l i s t ic  geometries,  e s p e c i a l l y  s l a b  geometry appears t o  present  no 

g r e a t  d i f f i c u l t i e s ,  b u t  t h e  f e a s i b i l i t y  of  t r e a t i n g  more r ea l i s t i c  

boundary condi t ions remains an open quest ion.  

6 
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