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ABSTRACT 

The e l e c t r o s t a t i c  i n s t a b i l i t i e s  of a low f3, weakly 
inhomogeneous, h o t ,  fu l ly- ionized ,  c o l l i s i o n l e s s  plasma 
i n  a magnetic f i e l d  a r e  considered. Some discuss ion  of 
t h e  values of f o r  which only e l e c t r o s t a t i c  modes need 
be considered, of t h e  r e s t r i c t i o n s  which a r e  imposed by 
equi l ibr ium cons idera t ions  on any magnetic f i e l d  curva- 
t u r e  which may be p resen t  and of t h e  " l o c a l "  approxima- 
t i o n  t o  t h e  i n t e g r o - d i f f e r e n t i a l  d ispers ion  equat ion i s  
given. Rigorous necessary and s u f f i c i e n t  condi t ions f o r  
i n s t a b i l i t y  of t h e  plasma a r e  der ived ,  These condi t ions 
extend those previously a v a i l a b l e  f o r  homogeneous plasmas 
t o  weakly inhomogeneous plasmas, and i n  genera l  j u s t i f y  
and e l u c i d a t e  t h e  commonly used marginal s t a b i l i t y  analy- 
sis. The problem of d i s t ingu i sh ing  between convective 
and absolu te  i n s t a b i l i t i e s  i s  reviewed. A new and very 
e f f i c i e n t  method f o r  determining t h e  dens i ty  a t  which an 
absolu te  i n s t a b i l i t y  of the  plasma has any given temporal 
growth r a t e ,  inc luding  zero,  i s  developed. 

With t h e  genera l  i n s t a b i l i t y  condi t ions a s  a guide,  
t h e  veloci ty-space anisotropy and t o  a l e s s e r  e x t e n t  t h e  
"universa l"  i n s t a b i l i t i e s  a r e  reviewed. The genera l  tech- 
niques developed i n  t h i s  work a r e  then employed t o  
ca r ry  ou t  ex tens ive  s t u d i e s  of t h e  loss-cone and d r i f t -  
cyclotron i n s t a b i l i t i e s ,  whiah include a considerat ion of 
t h e  absolu te  versus convective na tu re  along t h e  magnetic 
f i e l d  of t h e  uns table  modes. The e f f e c t s  of v a r i a t i o n s  
i n  t h e  e l e c t r o n  temperature, sharpness of t h e  v, d i s t r i b u -  
t i o n  and d e n s i t y  g rad ien t  on t h e  loss-cone and d r i f t -  
cyclotron i n s t a b i l i t i e s  a r e  considered f o r  a l l  r e l evan t  
wave numbers and frequencies.  For p e r t i n e n t  plasma para- 
meters it is found t h a t  these  i n s t a b i l i t i e s  always become 
absolu te  (nonconvective) f o r  s u f f i c i e n t l y  high plasma 



d e n s i t i e s .  I t  i s  a l s o  found t h a t  t h e  maximum s p a t i a l  
growth r a t e  of  t h e  convect ive  i n s t a b i l i t i e s  be fo re  an 
a b s o l u t e  i n s t a b i l i t y  appears  i s  bounded. The magnitude 
of  t h i s  bound i s  such t h a t  i f  i t  i s  assumed t h a t  an 
a b s o l u t e  i n s t a b i l i t y  mode can " f i t "  i n t o  any plasma which 
i s  a half-wavelength long,  t h e  convect ive  i n s t a b i l i t i e s  
w i l l  be  a s e r i o u s  de t r iment  t o  plasma containment only  i f  
t h e  r e f l e c t i o n  c o e f f i c i e n t  a t  t h e  a x i a l  ends of t h e  plasma 
exceeds about one-quar ter  and even then  only f o r  e l e c t r o n  
tempera tures  much less than t h e  i o n  temperature .  S ince  
such a l a r g e  r e f l e c t i o n  c o e f f i c i e n t  seems u n l i k e l y  o r  a t  
l e a s t  avo idable ,  i t  i s  concluded t h a t  only  t h e  abso lu t e  
loss-cone and d r i f t - c y c l o t r o n  i n s t a b i l i t i e s  w i l  r- 
t a n t  i n  l i m i t i n g  containment of an exper imenta l  plasma. 

I t  i s  found t h a t  n e i t h e r  i n c r e a s i n g  t h e  e l e c t r o n  
temperature  (up t o  t h e  i on  temperature)  nor  i n c r e a s i n g  
t h e  thermal  sp read  i n  t h e  vL d i s t r i b u t i o n  (up t o  a thermal  
sp read  roughly equa l  t o  t h e  mean displacement)  has  any sub- 
s t a n t i a l  s t a b i l i z i n g  e f f e c t  on t h e  a b s o l u t e  i n s t a b i l i t i e s .  
The t r a n s i t i o n  d e n s i t y  f o r  t h e  o n s e t  of t h e  abso lu t e  d r i f t -  
c y c l o t r o n  i n s t a b i l i t i e s  i s  found t o  i n c r e a s e  roughly wi th  
t h e  square  of  t h e  s c a l e  l eng th  of t h e  d e n s i t y  g r a d i e n t  
t r a n s v e r s e  t o  t h e  magnetic f i e l d .  I n  g e n e r a l  t h e  a b s o l u t e  
loss-cone and d r i f t - c y c l o t r o n  i n s t a b i l i t i e s  a r e  found t o  
occur on ly  i f  t h e  plasma d e n s i t y  i s  a t  l e a s t  h igh enough 
s o  t h a t  t h e  i o n  plasma frequency exceeds t h e  i on  cyc lo t ron  
frequency.  The a b s o l u t e  i n s t a b i l i t i e s  have r a t h e r  long 
wavelengths a long t h e  magnetic f i e l d .  The imp l i ca t ions  
which t h e  r e s u l t s  ob ta ined  f o r  t h e  loss-cone i n s t a b i l i t i e s  
have on t h e  a p p l i c a b i l i t y  of t h e  Rosenbluth-Post "continuum" 
l i m i t  i s  a l s o  d i scussed .  F i n a l l y ,  some a s p e c t s  of  t h e  
i n s t a b i l i t i e s  which occur i n  a plasma t h a t  admits both  l o s s -  
cone and d r i f t - c y c l o t r o n  i n s t a b i l i t i e s  a r e  d i scussed .  I n  
g e n e r a l  t h e  combination modes resemble simply t h e  more 
u n s t a b l e  of t h e  loss-cone o r  d r i f t - c y c l o t r o n  modes depend- 
i n g  on t h e  p a r t i c u l a r  plasma parameters .  However, t h e r e  
a r e  impor tan t  excep t ions ,  f o r  example t h e  t h r e s h o l d  d e n s i t y  
f o r  f l u t e - l i k e  combination modes can be much lower than 
t h a t  f o r  e i t h e r  of t h e  s e p a r a t e  modes. 
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T i t l e :  Assoc ia te  P r o f e s s o r  of Aeronaut ics  and As t ronau t i c s  
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1.1 

It i s  g e n e r a l l y  agreed t h a t  a  hot plasma confined t o  

a  s p e c i f i e d  region of space i s  necessary f o r  the  a t t a i n -  

ment of con t ro l l ed  thermonuclear f u s i o n .  Such a  plasma 

i s  a l s o  of i n t e r e s t  i n  a s t rophys ica l  and space physics 

research .  Since the  only plasma d i s t r i b u t i o n  i n  thermo- 

dynamic equi l ibr ium i s  a s p a t i a l l y  uniform-Maxwellian 

v e l o c i t y  d i s t r i b u t i o n ,  a  confined plasma i s  n e c e s s a r i l y  

not  i n  equi l ibr ium. Theref ore t h e  success  of confinement 

i s  determined by t h e  r a t e  a t  which t h e  confined plasma 

approaches thermodynamic equi l ibr ium. The most obvious 

mechanism re lax ing  a  plasma toward equi l ibr ium i s  t h a t  of 

c o l l i s i o n s ,  which, however, f o r  a  high enough temperature 

a r e  s o  inf requent  t h a t  t h i s  r e l a x a t i o n  process would be 

very slow. A t  t hese  high temperatures,  i f  c o l l i s i o n s  were 

t h e  only mechanism by which the  plasma could r e l a x  i t s e l f  

toward equi l ibr ium.  confinement would be a simple problem. 

However i n  t h i s  regime of very inf requent  c o l l i s i o n s ,  the  

so-ca l led  " c o l l i s i o n l e s s "  regime, t h e  plasma may r e l a x  

i t s e l f  toward equi l ibr ium through various types of plasma 

instabili%%es which may lead  e i t h e r  t o  tu rbu len t  d i f f u s i o n  

or complete des t ruc t ion  of confinement. Plasma i n s t a -  

b i l i t i e s  (1.1) a r e  customarily divided i n t o  two c l a s s e s :  

m a c r o i n s t a b i l i t i e s  and m i c r o i n s t a b i l i t i e s .  



Generally speaking m a c r o i n s t a b i l i t i e s  a r e  analogous 

t o  hydrodynamic i n s t a b i l i t i e s  and a r e  der ivable  from t h e  

f l u i d  equat ions of a  plasma. Impl ic i t  i n  such a  de r iva t ion  

a r e  t h e  assumptions t h a t  d is turbances  i n  the  plasma have 

f requencies  which a r e  small  compared t o  both the  ion  

cyclotron frequency and t h e  e l e c t r o n  plasma frequency and 

have wavelengths which a r e  long compared t o  the  ion  Larmor 

rad ius .  These d is turbances  a r e  l a rge  s c a l e  and when they  

a r e  uns table ,  experiments with pinches, mir rors  e t c ,  have 

shown t h a t  they a r e  v i o l e n t  and lead  t o  r a p i d  d e s t r u c t i o n  

of confinement . For tunate ly  however, a s  has been demonstrated 

both t h e o r e t i c a l l y  (1 .2)  - and experimentally ( 1 . 3 ) ,  most of - 
t hese  m a c r o i n s t a b i l i t i e s  can be s t a b i l i z e d  by p lac ing  t h e  

plasma i n  a  "magnetic wel l"  which has an  increas ing  magnetic 

f i e l d  energy dens i ty  i n  a l l  d i r e c t i o n s  normal t o  t h e  con- 

finement region,  or  by surrounding the  confinement region 

by a  heav i ly  sheared magnetic f i e l d  (1 .4 ,1 .5 ) .  Phys ica l ly  -- 
t h e  "magnetic wel l"  and the  sheared magnetic f i e l d  s t a b i l i z e  

t h e  plasma a g a i n s t  m a c r o i n s t a b i l i t i e s  by impeding t h e  flow 

of plasma out of t h e  confinement region through magnetic 

pressure  and by des t ruc t ion  of the  la rge-sca le  coherence 

of t h e  dis turbances r e spec t ive ly .  In  a d d i t i o n  t o  these  

magnetic f i e l d  shaping techniques " l i n e  typing",  t h a t  i s ,  

shor t ing  out t h e  t ransverse  ( t o  t h e  magnetic f i e l d )  

e l e c t r i c  f i e l d s  d r iv ing  the  macro ins tab i l i ty  through con- 

duct ing  end p l a t e s  s i t u a t e d  perpendicular  t o  t h e  magnetic 
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f i e l d ,  has been shown t o  be he lp fu l  i n  s t a b i l i z i n g  some 

of t h e  f l u t e - l i k e  macro ins tab i l i ty  modes encountered i n  

magnetic mir ror  machines ( 1 . 6 ) .  I n  t h i s  work we w i l l  

assume t h a t  the  m a c r o i n s t a b i l i t i e s  can be s t a b i l i z e d  by 

a  s u i t a b l e  choice of t h e  confinement scheme, and we a r e  

thus  l e d  t o  a  cons idera t ion  of the  m i c r o i n s t a b i l i t i e s  of 

a  plasma. 

In c o n t r a s t  t o  the  f l u i d  d e s c r i p t i o n  of macroinsta- 

b i l i t i e s ,  m i c r o i n s t a b i l i t i e s  (1.7) a r e  der ived from a  

k i n e t i c  or  microscopic desc r ip t ion  i n  which t h e  d e t a i l s  

of t h e  v e l o c i t y  d i s t r i b u t i o n  of the  plasma a r e  taken i n t o  

account.  Thus the  microscopic treatment includes p a r t i c l e  

resonance e f f e c t s  which cannot be found i n  the  f l u i d  

t reatment .  From the  d e f i n i t i o n s  of these  two treatments ,  

we see t h a t  a l l  m a c r o i n s t a b i l i t i e s  a r e  included i n  the  

microscopic t reatment ,  a l b e i t  perhaps i n  an unrecognizable 

form. Therefore i n  genera l  we def ine  the  micro ins ta-  

b i l i t i e s  t o  be those i n s t a b i l f t i e s  which can be derived 

only from a  microscopic treatment of the  plasma. In con- 

t r a s t  t o  the  m a c r o i n s t a b i l i t i e s ,  we do not  h o w  a t  present  

how t o  s t a b i l i z e  a l l  m i c r o i n s t a b i l i t i e s ;  i n  f a c t ,  we 

suspect  t h a t  not  a l l  of them can be s t a b i l i z i e d .  However, 

owing t o  t h e i r  genera l ly  shor t  wavelengths ( l e s s  than o r  

comparable t o  the  ion  Larmor r a d i u s ) ,  high f requencies  

(comparable t o  the  ion  cyclotron frequency) and small  

amounts of energy d r iv ing  them, the  m i c r o i n s t a b i l i t i e s  
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genera l ly  a r e  expected t o  grow r a p i d l y  i n t o  the  non l inea r  

regime where t h e i r  growth i s  l imi ted .  They a r e  t h e r e f o r e  

not  expected t o  be a s  l a r g e  s c a l e  and chaot ic  i n  t h e i r  

d e s t r u c t i o n  of plasma confinement as t h e  m a c r o i n s t a b i l i t i e s .  

They may, never the less ,  cause rapid ,  small-scale ,  but 

r e l a t i v e l y  ordered d i f f u s i o n  of the  plasma out of t h e  

confinement region  and thus be very de t r imenta l  t o  plasma 

confinement . 
The d i f f e r e n t  types of m i c r o i n s t a b i l i t i e s  can be 

conveniently c l a s s i f i e d  according t o  t h e  sources of " f ree  

energy" which a r e  a v a i l a b l e  t o  d r ive  them. The f r e e  

energy of a plasma (1.8) - i s  defined t o  be t h a t  amount of 

energy which t h e  plasma has i n  excess of the  amount of 

energy i n  a  uniform dens i ty  plasma with the  same number 

of p a r t i c l e s  i n  t h e  same volume with a v e l o c i t y  d i s t r i b u t i o n  

which i s  known t o  be s t a b l e  aga ins t  m i c r o i n s t a b i l i t i e s .  

For a s t r i c t l y  c o l l i s i o n l e s s  plasma with no magnetic f i e l d  

present ,  any equi l ibr ium v e l o c i t y  d i s t r i b u t i o n  which i s  

only a func t ion  of the  k i n e t i c  energy has been shown t o  

be s t a b l e  a g a i n s t  m i c r o i n s t a b i l i t i e s  ( 1 . 9 ) .  

When a  magnetic f i e l d  i s  present ,  i t  i s  necessary t o  

impose t h e  f u r t h e r  r e s t r i c t i o n  t h a t  the  d i s t r i b u t i o n  

funct ions  of each plasma p a r t i c l e  spec ies  be monotonically 

decreasing funct ions  of t h e  s i n g l e  p a r t i c l e  energy (1.10) .  

Two important consequences of these  proofs  of s t a b i l i t y  

f o r  p a r t i c u l a r  d i s t r i b u t i o n  funct ions  a r e :  
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1) M i c r o i n s t a b i l i t i e s  cannot r e l a x  nonequilibrium 

plasmas toward a  Maxwellian d i s t r i b u t i o n ,  

2 )  M i c r o i n s t a b i l i t i e s  cannot exchange energy between 

d i f f e r e n t  plasma p a r t i c l e  spec ies  i f  a l l  spec ies  have d i s -  

t r i b u t i o n  func t ions  which a r e  monotonically decreasing 

func t ions  of the  k i n e t i c  energy. 

With these  observations i n  mind we see t h a t  the  

p r i n c i p a l  sources  of f r e e  energy i n  a hot confined plasma 

a r e  : 

1) Expansion energy due t o  t h e  l ack  of s p a t i a l  

homogeneity of the plasma, 

2 )  Anisotropies  i n  the  v e l o c i t y  d i s t r i b u t i o n ,  includ-  

ing  t h e  k i n e t i c  energy of d r i f t s  i n  t h e  plasma and 

i n e q u a l i t y  of t h e  mean v e l o c i t i e s  along and t r ansverse  

t o  the  magnetic f i e l d ,  

3 )  Diamagnetic f i e l d  energy. 

In t h i s  work we w i l l  neglec t  the  diamagnetic f i e l d  energy, 

s ince  f o r  a s u f f i c i e n t l y  low value of f3 ( i . e . ,  small r a t i o  - 
of plasma k i n e t i c  t o  magnetic f i e l d  energy d e n s i t y )  t h i s  

con t r ibu t ion  t o  the  f r e e  energy i s  small and can only 

feed  t r ansverse  (electromagnet ic)  waves (1.8)  which we - 
w i l l  neg lec t  (see following s e c t i o n ) .  We a l s o  note t h a t  

very l i t t l e  of t h e  expansion energy i s  a v a i l a b l e  t o  d r i v e  

the  m i c r o i n s t a b i l i t i e s  s ince  we know t h a t  t h i s  i s  t h e  main 

source of f r e e  energy d r iv ing  t h e  macro ins tab fa i t i e s  whfch 

we a r e  assuming t o  be s t a b i l i z e d .  
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The genera l  procedure we follow i n  considering the  

e f f e c t s  of m i c r o i n s t a b i l i t i e s  begins with t h e  hypothesis  

t h a t  f o r  re ference  purposes we have a v a i l a b l e  a "per fec t"  

plasma which has no f r e e  energy r e s e r v o i r s  and i s  con- 

sequent ly microscopical ly  s t a b l e .  Then we introduce a  

s i n g l e  p a r t i c u l a r  source of f r e e  energy and determine 

whether or not  t h e  plasma i s  s t a b l e .  If it i s  uns table  

we consider  t h e  p o t e n t i a l  danger of the  induced micro- 

i n s t a b i l i t y .  Doing t h i s  f o r  a  wide v a r i e t y  of p a r t i c u l a r  

f r e e  energy sources,  we can a s c e r t a i n  which sources of 

f r e e  energy lead  t o  m i c r o i n s t a b i l l t i e s  t h a t  a r e  the  most 

de t r imenta l  t o  plasma confinement. With t h i s  information 

we a r e  then a b l e  t o  make c r i t i c a l  judgements as t o  t h e  

most prospect ive methods of plasma buildup and confinement. 

While we probably cannot avoid a l l  of t h e  m i c r o i n s t a b i l i t i e s  

inherent  i n  a  r e a l  plasma, through a  judicious choice of 

plasma confinement procedures we may be a b l e  t o  overcame 

t h e  mild des t ruc t ion  of confinement due t o  t h e  remaining 

i n s t a b i l i t i e s  by continuously i n j e c t i n g  enough plasma t o  

make up f o r  these  l o s s e s ,  

Most m i c r o i n s t a b i l i t i e s  e x i s t  i n  a  plasma only i f  t h e  

plasma i s  s u f f i c i e n t l y  dense. Therefore the  f i r s t  measure 

of t h e  p o t e n t i a l  danger of a  p a r t i c u l a r  type of i n s t a b i l i t y  

i s  the  d e n s i t y  a t  which i t  appears.  We w i l l  c a l l  t h i s  

d e n s i t y  the  " threshold  dens i ty ,  " The usual  method of 

determining t h e  threshold  dens i ty  i s  through a  marginal 
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s t a b i l i t y  a n a l y s i s  f o r  which a  genera l  c r i t e r i o n  f o r  t h e  

s t a b i l i t y  of e l e c t r o s t a t i c  waves i n  a homogeneous 

magnetized plasma i s  a l ready known (1,ll). I n  t h i s  work 

the  general  c r i t e r i o n  i s  extended t o  weakly inhomogeneous 

magnetized plasmas and put i n t o  a  form i n  which the  

threshold  dens i ty  i s  e a s i l y  determined. 

For d e n s i t i e s  exceeding the  th resho ld  dens i ty ,  it 

has been known f o r  some time t h a t  we must d i s t i n g u i s h  

between two types of i n s t a b i l i t i e s :  convective and 

absolu te  (nonconvective) i n s t a b i l i t i e s  (1 .12) .  The 

d i f fe rence  between these  two types of i n s t a b i l i t i e s  i s  

t h a t  f o r  a  d is turbance  which i s  i n i t i a l l y  l o c a l i z e d  i n  

both space and time t h e  absolute  i n s t a b i l i t y  grows 

temporally a t  a l l  po in t s  i n  space while t h e  convective 

does not ;  t h e  convective i n s t a b i l i t y  wave packet a l s o  

grows temporally,  but it i s  "convected" away f rom the  

po in t  of t h e  i n i t i a l  dis turbance.  Thus, i n  d e t e m i n i n g  

the  p o t e n t i a l  danger of var ious m i c r o i n s t a b i l i t i e s  we w i l l  

be i n t e r e s t e d  i n  t h e  s p a t i a l  growth r a t e s  of' those micro- 

i n s t a b i l i t i e s  which a r e  convective and i n  the  temporal 

growth r a t e s  of those which a r e  abso lu te .  Most micro- 

i n s t a b i l i t i e s  a r e  convective f o r  d e n s i t i e s  only s l i g h t l y  

exceeding t h e  threshold  dens i ty ,  but become absolu te  f o r  

higher  d e n s i t i e s .  Since the  s p a t i a l  growth r a t e s  of t h e  

convective i n s t a b i l i t i e s  a r e  usua l ly  small ,  f o r  bounded 

media with r e l a t i v e l y  l i t t l e  wave r e f l e c t i o n  from the  edges, 
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the  d e n s i t y  a t  which the  i n s t a b i l i t y  becomes absolu te  

(nonconvective ) i s  an important i n d i c a t i o n  of t h e  inheren t  

danger of the  m i c r o i n s t a b i l i t y .  We w i l l  c a l l  t h i s  d e n s i t y  

t h e  " t r a n s i t i o n  dens i ty .  " While t h e  s p a t i a l  growth r a t e s  

of t h e  convective i n s t a b i l i t i e s  a r e  r e l a t i v e l y  easy t o  

determine, the  p r o p e r t i e s  of t h e  absolu te  i n s t a b i l i t i e s  

a r e  genera l ly  much more d i f f i c u l t  t o  obtain.  A major con- 

t r i b u t i o n  of t h i s  t h e s i s  (1.13) i s  the  development of a 
P 

r e l a t i v e l y  simple method f o r  determining the  t r a n s i t i o n  

d e n s i t y  and the  temporal growth r a t e s  of absolu te  i n s t a -  

b i l i t i e s  i n  plasmas. Another important cont r ibut ion  of 

t h i s  t h e s i s  (1.14) i s  t h e  understanding of absolu te  and 
P 

convective loss-cone and d r i f  t -cyc lo t ron  i n s t a b i l i t i e s  

which has been gained through the  app l i ca t ion  of t h i s  

new method. 
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1 .2 a t i o n s  

In t h i s  work we w i l l  consider  a  hot ,  f u l l y  ionized,  

c o l l i s i o n l e s s  plasma, By t h i s  we mean t h a t  the  plasma i s  

s u f f i c i e n t l y  hot ( b u t  s t i l l  n o n r e l a t i v i s t i c )  and sparse  

s o  t h a t  t h e  c o l l i s i o n l e s s  Boltzmann or  Vlasov equat ion 

governs t h e  time development of the plasma. This  w i l l  be 

t r u e  i f  the  c o l l i s i o n  frequency i s  much l e s s  than the  

n a t u r a l  o s c i l l a t i o n  frequency of t h e  plasma, the  plasma 

frequency. In t h i s  case the  e l e c t r i c  f i e l d  f l u c t u a t i o n s  

due t o  the  c o l l e c t i v e  o s c i l l a t i o n s  of the  plasma a r e  much 

more r a p i d  than the time requi red  f o r  large-angle Coulomb 

s c a t t e r i n g  of p a r t i c l e s  t o  occur by e i t h e r  a  s i n g l e  

c o l l i s i o n  or  the  accumulation of many small-angle 

c o l l i s i o n s .  

I n  order  t o  es t imate  the  plasma condit ions necessary 

f o r  the  s a t i s f a c t i o n  of t h i s  i n t u i t i v e  c r i t e r i o n ,  we w i l l  

compute t h e  c o l l i s i o n  frequency by the  usual  formula noov 

where here f o r  t h e  cross  s e c t i o n  a we take the  square of 

the  d is tance  of maximum p a r t i c l e  sepa ra t ion  f o r  which 

apprec iable  (go0) Coulomb d e f l e c t  ions can occur, and f o r  v  

we take t h e  e l e c t r o n  thermal ve loc i ty .  Using these  

e s t ima tes  we can show t h a t  our i n t u i t i v e  c r i t e r i o n  t h a t  

t h e  c o l l i s i o n  frequency be small  compared t o  t h e  plasma 

frequency reduces t o  t h e  requirement t h a t  these  be many 

p a r t i c l e s  within a  sphere whose rad ius  i s  t h e  Debye l eng th  



where no i s  t h e  plasma dens i ty .  Rigorous analyses  (1.15) 
P 

confirm t h a t  t h i s  condi t ion i s  indeed appropr ia te  t o  

j u s t i f y  the  use of the  Vlasov equat ion.  Condition (1.2.1) 

i s  s a t i s f i e d  f o r  a  wide range of plasmas of i n t e r e s t ,  

including thermonuclear plasmas. 

Assuming t h a t  we can neglec t  the  e f f e c t s  of 

c o l l i s i o n s ,  t h e  e l e c t r o n s  and each ion  spec ies  i n  the  

plasma obey the  Vlasov equation: 

where 

x,v,  t )  i s  the  plasma d i s t r i b u t i o n  func t ion  f j  = f J ( - -  

a t  the  s p a t i a l  p o s i t i o n  x and v e l o c i t y  v a t  - - 
time t f o r  t h e  jth type of p a r t i c l e ,  

= mass of t h e  jth type of p a r t i c l e ,  

F = q j ( z  + v x B)  + t h e  fo rce  ( ~ o r e n t z  
-3 C - - -J 

force  p lus  an e x t e r n a l  f o r c e )  on the  j t h  

type of p a r t i c l e ,  

qJ 
= charge on the  jth type of p a r t i c l e .  

In  a d d i t i o n  t o  these  equations we need the  f u l l  s e t  of 

Maxwell's equat ions t o  descr ibe  how t h e  e l e c t r i c  f i e l d  E - 
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and t h e  magnetic f i e l d  - B vary i n  space and time. From 

Maxwell's equat ions we see t h a t  t h e  e l e c t r i c  and magnetic 

f i e l d s  depend l i n e a r l y  on the  d i s t r i b u t i o n  funct ions  

f ( x y v y  t )  and thus  t h a t  the  Vlasov equat ion i s  nonl inear  3 - -  
i n  the  d i s t r i b u t i o n  funct ion .  We w i l l  l i n e a r i z e  t h e  

Vlasov equat ion s ince  here we a r e  only looking f o r  t h e  

poss ib le  parametric ranges of i n s t a b i l i t y  and the  i n i t i a l  

growth r a t e s  of t h e  i n s t a b i l i t i e s ,  both of which can be 

determined from a  l i n e a r  a n a l y s i s .  The nonl inear  terms 

which a r e  neglected may lead  t o  time asymptotic s t a b i l i z a -  

t i o n  of p o t e n t i a l l y  uns table  o s c i l l a t i o n s ,  but such ques t ions  

a r e  beyond t h e  scope of t h i s  work, 

In  order  t o  l i n e a r i z e  we assume t h a t  the  d i s t r i b u t i o n  

funct ion  and the  e l e c t r i c  and magnetic f i e l d s  a r e  equal t o  

t h e i r  equi l ibr ium o r  average values p lus  very small  per -  

tu rba t ions  : 

where here we have assumed t h a t  any nonzero average 

e l e c t r i c  f i e l d  i s  included i n  t h e  e x t e r n a l  fo rce  term. 

A s  a n  i n i t i a l  condi t ion ( a t  t = - a), we presume t h a t  t h e  

plasma i s  i n  i t s  equi l ibr ium or  average s t a t e  except f o r  
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a very small group of p a r t i c l e s  which dev ia tes  from 

t h i s  s t a t e  only by an incremental  amount due t o  t h e i r  

random t h e m a l  motion. A t  time t the per turbed q u a n t i t i e s  

l i s t e d  above represent  the  per turba t ions  which have 

evolved from t h e  o r i g i n a l l y  minuscule pe r tu rba t ions .  I n  

order  t o  j u s t i f y  t h e  l i n e a r i z a t i o n  of the  Vlasov equation, 

we must a l s o  presume t h a t  a t  time t t h e  pe r tu rba t ions  a r e  

s t i l l  "small. " S u b s t i t u t i n g  the  proposed forms l i s t e d  

above i n t o  the  Vlasov equation and ignoring t h e  second 

order  (non l inea r )  terms i n  t h e  per turbed q u a n t i t i e s ,  we 

obta in  f o r  the  zero- and f i r s t - o r d e r  Vlasov equat ions 

The zero-order or  equi l ibr ium Vlasov equat ion (1.2.3)  

determines the  func t iona l  form of the  equi l ibr ium d i s -  

t r i b u t i o n  func t ion  (f j) . The f i r s t - o r d e r  or  per turbed 

Vlasov equat ion (1 .2 .4 )  p resc r ibes  the  time evolu t ion  of 

the  plasma pe r tu rba t ion  6f f o r  the  p a r t i c u l a r  equi l ibr ium 
j 

d i s t r i b u t i o n  under cons idera t ion .  



Next we consider  t h e  quest ion of under what condi t ions  
* we may neglec t  t r ansverse  waves. Normally t h e  statement 

i s  made t h a t  " f o r  s u f f i c i e n t l y  r a r e f i e d  plasmas (low f3) 

only e l e c t r o s t a t i c  waves need be considered" and the  

problem i s  thereby ignored. I n  the  fol lowing we w i l l  

explore t h e  background of t h i s  statement through a very 

approximate a n a l y s i s  of t h e  problem. The a n a l y s i s  c o n s i s t s  

of two p a r t s .  F i r s t ,  it i s  demonstrated t h a t  f o r  t h e  

waves of i n t e r e s t  i f  we can show t h a t  t h e  t r ansverse  p a r t s  

of the  e l e c t r i c  f i e l d  components a r e  much smaller  than t h e  

corresponding long i tud ina l  p a r t s ,  then t h e  t r ansverse  

waves a r e  decoupled from the  long i tud ina l  waves and a r e  

unimportant i n  t h i s  work. Next we consider  the  l i m i t a t i o n s  

Imposed on the  f3 of t h e  plasma s o  t h a t  we can meet t h i s  

condi t ion.  

Before proceeding t o  t h i s  ana lys i s ,  we spec i fy  t h e  

types of waves which a r e  of i n t e r e s t .  Since microinsta-  

b i l i t i e s  der ive  from s t rong particle-wave resonance e f f e c t s ,  

we obviously need not  consider those waves whose phase 

v e l o c i t i e s  l i e  i n  regions of v e l o c i t y  space where t h e r e  

* 
In t h i s  s e c t i o n  " t ransverse"  waves w i l l  always mean 

t r ansverse  electromagnet ic  waves, t h a t  is ,  waves whose 
propagation vec to r s  a r e  orthogonal t o  t h e i r  e l e c t r i c  f i e l d  
vec tors ,  i r r e s p e c t i v e  of t h e i r  o r i e n t a t i o n  with r e spec t  t o  
the  s t a t i c  magnetic f l e l d .  



2 4  

a r e  few p a r t i c l e s .  A s  we a r e  considering only non- 

r e l a t i v i s t i c  plasmas, t h i s  means t h a t  we need only con- 

s i d e r  waves whose phase v e l o c i t i e s  a r e  small  compared t o  

t h e  v e l o c i t y  of l i g h t .  Next we note  t h a t  while we a r e  

excluding very low frequency waves by assuming the  macro- 

i n s t a b i l i t i e s  t o  be s t a b i l i z e d ,  we s t i l l  want t o  cons ider  

those waves with the  next  lowest f requencies  of i n t e r e s t .  

These w i l l  o f t en  be waves wi th  f requencies  near  t h e  ion  

cyclotron frequency, a consequence of which i s  t h a t  the  

magnetic moment i s  no longer  an invar i an t  and "minimum-B" 

confinement cannot be expected t o  s t a b i l i z e  such waves. 

We a r e  i n t e r e s t e d  i n  waves having t h e  lowest poss ib le  

f requencies  because f o r  n o i s e - i n i t i a t e d  plasma i n s t a -  

b i l i t i e s  t h e  higher  the  frequency the  more rap id  the  

f l u c t u a t i o n s  and genera l ly  t h e  smaller  t h e i r  s c a l e  of 

s p a t i a l  inf luence  ( t o  maintain phase v e l o c i t i e s  small  com- 

pared t o  the  v e l o c i t y  of l i g h t ) .  We a l s o  note t h a t  many 

of the  high frequency m i c r o i n s t a b i l i t i e s  have r e l a t i v e l y  

l a r g e  growth r a t e s  and consequently would be expected t o  

r a p i d l y  grow i n t o  the  nonl inear  regime where t h e i r  growth 

r a t e s  and confinement des t ruc t ion  capaci ty  a r e  presumably 

l i m i t e d  due t o  the  small amount of energy a v a i l a b l e  t o  

d r ive  them (1 .7) .  Thus we w i l l  only consider  f requencies  - 
which a r e  small  compared t o  the  ion  cyclotron frequency 

and/or of the  order  of o r  s l i g h t l y  l a r g e r  than t h e  ion  

cyclo t ron  frequency, but always small compared t o  t h e  

e l e c t r o n  cyclotron frequency. 
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For t h e  purposes of the  a n a l y s i s  i n  t h i s  sec t ion ,  we 

w i l l  assume t h a t  a  s t a t i c  magnetic f i e l d  i s  present  and 

t h a t  the  plasma i s  s u f f i c i e n t l y  uniform i n  a l l  d i r e c t i o n s  

t o  allow us t o  apply normal Four ier  t r a n s f  o m  techniques.  

We a l s o  assume t h a t  we have solved (1 .2 .4 )  i n  some 

appropr ia te  fashion  t o  y i e l d  the  t e n s o r i a l  conduct iv i ty  

o of the  plasma. Under such assumptions, f o r  a  super- - - 
i(&-x-ut ) p o s i t i o n  of plane waves of the  form e - t h e  

per turbed e l e c t r i c  f i e l d  wave equation deduced f rom 

Maxwell's equat ions i s  

where k = ( k l  - and the  i m p l i c i t  subsc r ip t  k,w - on 6E - has 

been omitted f o r  s i m p l i c i t y  i n  no ta t ion .  For convenience 

we def ine  

and then choosing a  coordinate system i n  which the  t h i r d  

component of the  e l e c t r i c  f i e l d  vec tor  6E - i s  a l igned  

along t h e  propagation vec tor  - k,  we can wr i t e  the  vec tor  

wave equat ion a s  



where 6% . 6 and 6E a r e  r e s p e c t i v e l y  t h e  two t r a n s -  
1 2 

verse components and the  long i tud ina l  component of the  

e l e c t r i c  f i e l d  6E. From the  theory of l i n e a r  a lgebra  - 
(1.16)  we know t h a t  t h e  per turbed e l e c t r i c  f i e l d  6E can - 
have a  n o n t r i v i a l  s o l u t i o n  only i f  the  determinant of 

i t s  c o e f f i c i e n t  mat r ix  ( t e n s o r )  vanishes.  The r e s u l t a n t  

equat ion p resc r ibes  the  r e l a t i o n s  between the  frequency m 

and wave vec to r  k of' t he  allowed waves and i s  c a l l e d  t h e  - 
d i spe r s ion  r e l a t i o n :  

The terms a which a r i s e  from the  perturbed c u r r e n t s  
i j 

i n  the  plasma a r e  t y p i c a l l y  small and a l l  of comparable 

magnitudes except f o r  some p a r t i c u l a r  choices of wave 

propagation d i r e c t i o n s  (1.17).  For the  moment we w i l l  

assume t h a t  they  a r e  a l l  nea r ly  equal .  Our previous 

statement t h a t  we need only consider  waves whose phase 
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v e l o c i t i e s  a r e  small  compared t o  the  v e l o c i t y  of l i g h t  i s  

represented  here by the  condi t ion 

Now, by our choice of the  e l e c t r i c  f i e l d  vec tor  coordinate  

system, t h e  3-3 component of the  d i spe r s ion  r e l a t i o n  

(1 .2 .8)  when s e t  equal  t o  zero y i e l d s  t h e  d i spe r s ion  

r e l a t i o n  f o r  e l e c t r o s t a t i c  ( l o n g i t u d i n a l )  waves: 

Having assumed t h a t  a l l  of the  a Is  a r e  of comparable 
i j 

magnitudes, we conclude from t h i s  l a s t  equation [together 

with condi t ion  ( l .2 .9) ]  t h a t  the  a I s  a r e  small  compared 
i j  

t o  u n i t y .  Considering the  general  d i spe r s ion  r e l a t i o n  

( 1 . 2 , 8 ) ,  we see t h a t  under these  condi t ions only an e l e c t r o -  

s t a t i c  wave whose d ispers ion  r e l a t i o n  i s  given by (1.2.10)  

and two t r ansverse  waves with d i spe r s ion  r e l a t i o n s  given by 

e x i s t  i n  the  plasma. Furthermore t h e  long i tud ina l  and 

t r ansverse  waves a r e  nea r ly  decoupled from each o the r ,  The 

t ransverse  wave d i spe r s ion  r e l a t i o n  (1.2.11)  i s  cha rac te r -  

i s t i c  of n e a r l y  undamped plane electromagnet ic  waves which 



propagate almost unaffected by the  presence of t h e  plasma 

and hence a r e  of no concern t o  us  i n  our cons idera t ion  of 

m i c r o i n s t a b i l i t i e s .  

When t h e  a Is a r e  not  a l l  n e c e s s a r i l y  of comparable 
i j 

magnitudes, the  s i t u a t i o n  becomes a b i t  more d i f f i c u l t ,  

f o r  then  we cannot make such concrete  s ta tements  about t h e  

decoupling and i r r e l evance  of t ransverse  waves simply by 

examining the  general  d i spe r s ion  r e l a t i o n  (1 .2 .8 ) .  Ins tead  

we w i l l  consider  t h e  genera l  wave equat ion (1 .2 .7 ) .  Using 

t h e  r e s u l t s  of the  preceding paragraph a s  a guide,  we want 

t o  consider  the  impl ica t ions  of considering only those 

waves whose phase v e l o c i t i e s  a r e  much smaller  than the  

v e l o c i t y  of l i g h t .  Excluding the p o s s i b i l i t y  of f o r t u i t o u s  

cance l l a t ions ,  an examination of (1.2.7)  r e v e a l s  t h a t  i f  

by some independent means we could show t h a t  f o r  the  waves 

of i n t e r e s t  

then  we would know t h a t  the  a Is a r e  a l l  small compared t o  
i j  

un i ty ,  and our previous conclusions about t r ansverse  waves 

would remain c o r r e c t .  Therefore a s  long as f o r  those waves 

whose phase v e l o c i t i e s  a r e  small  compared t o  t h e  v e l o c i t y  

of' l i g h t  we can show t h a t  condi t ion (1.2.12)  holds,  t h e  

t r ansverse  waves a r e  n e a r l y  decoupled from t h e  l ~ n g i t u d i n a l  

waves and unimportant i n  t h i s  work. 



We w i l l  now consider  the  condi t ions under which we 

can s a t i s f y  condi t ion  (1.2.12 e r e  we w i l l  use t h e  

plasma d i e l e c t r i c  constant  - g which i s  def ined  by 

where - I i s  t h e  i d e n t i t y  matr ix  ( t e n s o r )  and a s  before - a - - 
i s  t h e  plasma conduct iv i ty  tensor .  We w i l l  a l s o  r e v e r t  

t o  a normal r ec tangu la r  coordinate system with t h e  magnetic 

f i e l d  p a r a l l e l  t o  the  z a x i s  and decompose the  e l e c t r i c  

f i e l d  vec tor  i n t o  i t s  t ransverse  and long i tud ina l  p a r t s  i n  

t h i s  coordinate system, The long i tud ina l  or e l e c t r o s t a t i c  

p a r t  i s  representable  by a p o t e n t i a l ,  - i . e . ,  

and the re fo re  we can wr i t e  the perturbed e l e c t r i c  f i e l d  a s  

Using (1.2.5)  t o  def ine  t h e  t ransverse  p a r t  of t h e  e l e c t r i c  

f i e l d  and t h e  d e f i n i t i o n  of the  d i e l e c t r i c  cons tant  (1.2.13),  

we can wr i t e  t h i s  l a s t  equation a s  



The f i r s t  term i n  the  expression on t h e  r i g h t  i s  t h e  

long i tud ina l  e l e c t r i c  f i e l d  6g1 and the  second i s  the  

t ransverse  e l e c t r i c  f i e l d  6ET In order  t o  compare t h e  

two p a r t s  of t h e  e l e c t r i c  f i e l d ,  we w i l l  assume t h a t  6E - 

i s  approximately given by t h e  long i tud ina l  p a r t  6E3 and - 
see  under what condi t ions t h i s  assumption holds.  Using 

the  d e f i n i t i o n  of the  long i tud ina l  p a r t  i n  terms of a  

p o t e n t i a l  (1 .2.14)  f o r  the  per turbed e l e c t r i c  f i e l d  i n  t h e  

second term of (1.2.16),  we see  t h a t  

Thus t h e  condi t ion  t h a t  the  t r ansverse  p a r t  of the  e l e c t r i c  

f i e l d  be small compared t o  t h e  long i tud ina l  p a r t  reduces 
0 

2 
t o  a condi t ion  t h a t  k be l a r g e  compared t o  - € * k f o r  - - - 
a l l  d i r e c t i o n s  k. In the  d i r e c t i o n s  perpendicular  t o  t h e  - 
magnetic f i e l d ,  we assume t h a t  the  plasma i s  s u f f i c i e n t l y  

i s o t r o p i c  s o  t h a t  it i s  unnecessary t o  d i s t i n g u i s h  p a r t i c u l a r  

d i r e c t i o n s  i n  t h i s  plane.  With t h i s  assumption, f o r  waves 

propagating perpendicular  t o  the  magnetic f i e l d  d i r e c t i o n ,  

condi t ion (1.2.12)  reduces approximately t o  

where EL is t h e  perpendicular  component of t h e  d i e l e c t r i c  

constant  of t h e  plasma. Desir ing t o  use only t h i s  one p a r t  
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of the  d i e l e c t r i c  constant ,  we note  t h a t  t h e  displacement 

vec tor  6D - i s  defined i n  terms of the  e l e c t r i c  f i e l d  6E by 

Then, remembering t h a t  we have lumped a l l  of the  e f f e c t s  

of t h e  plasma p a r t i c l e  motions i n t o  t h e  d i e l e c t r i c  cons tant  

and thus  have no " f r e e "  charges,  we see from Gauss1 law 

t h a t  

o r  t h a t  

Using t h i s  last  r e l a t i o n  t o  de f ine  6D, and thus ( - . L ) ~ ,  

we see t h a t  f o r  propagation along the  magnetic f i e l d  

d i r e c t i o n  condi t ion (1.2.12) reduces t o  

Next we consider  the  impl ica t ions  of condi t ions (1.2.18) 

and (1.2.21) on t h e  f3 of the  plasma. A s  a  f i rs t  s t e p  i n  

t h i s  d i r e c t i o n ,  we must spec i fy  the  perpendicular  d i e l e c t r i c  

constant  GL . In doing s o  it w i l l  be s u f f i c i e n t  f o r  t h i s  

crude a n a l y s i s  t o  use the  "cold  plasma" d i e l e c t r i c  con- 

s t a n t  which f o r  our case i s  given roughly by (1.18)  



where m = ( 4 ~ - n ~ q ; / ~ i ~ )  'I2 ( the  plasma frequency)  and 
P~ 

c  ( t h e  cyclotron frequency) .  These 

expressions a r e  the  so-ca l led  " s t a t i c "  perpendicular  

d i e l e c t r i c  cons tants  i n  the  presence of a magnetic f i e l d .  

For f requencies  small compared t o  the  ion cyclo t ron  f r e -  

quency, r e f l e c t s  the  f a c t  t h a t  both t h e  ions  and 

e l e c t r o n s  a r e  constrained from moving l a r g e  d i s t ances  i n  

t h e  perpendicular  plane by the  magnetic f i e l d .  For fre- 

quencies of the  order  of or  s l i g h t l y  g r e a t e r  than the  ion  

cyclotron frequency, the  ions  can i n t e r a c t  with the  waves 

i n  such a  way t h a t  they  can move l a r g e  d i s t ances  i n  t h e  

perpendicular  plane and hence do not  con t r ibu te  t o  the  

" s t a t i c "  d i e l e c t r i c  cons tant .  Assuming t h a t  t h e  u n i t y  

terms i n  (1.2.22) a r e  neg l ig ib le  ( t h e  case of g r e a t e s t  

i n t e r e s t  h e r e ) ,  we can wr i t e  condi t ions (1.2.18) and 

(1.2.21)  a s  



speaking CA i s  not  sealEy an AlGv6n speed, but  we w i l l  
e 

l a b e l  i t  s o  hePe f a r  convenience,)  Now, s ince  t h e  wave 

phase speed i n  any given d i r e c t i o n  must resonant with a 

reasonable nerslnber of p a r t i c l e s  t o  produce a m i c r o i n s t a b i l i t y ,  

we w i l l  s e t  the  phase speeds i n  these  r e l a t i o n s  equal  t o  

the l a r g e s t  mean ve loc i ty  En the  plasma--the e l e c t r o n  

thermal v e l o c i t y ,  Under t h l s  a s s m p t i o n  we can wr i t e  

condi t ions ( 1 . 2 ~ 2 3 )  simply a s  

where here 
plasma k i n e t i c  
energy dens i ty  

- " e IcTe 1 (1.2.26) 
f% -- - 2 magnetic f i e l d  

B f & r  energy d e n s i t y  . 

Thus,as long as  the plasma ppessure i s  s u f f i c i e n t P y  small 

compared ts t h e  magnetic $$e%d pressure ,  w e  may neglec t  the  



t r ansver se  waves. Conditions (1.2.24) and (1.2.25)  have 

a l s o  been der ived  by o ther  a u t h o ~ s  ( (  ,1.20 and 1 .21)  
P 

r e s p e c t i v e l y ) ,  

We can understand the  phys ica l  s ign i f i cance  of these  

condi t ions  by r e f e r r i n g  back t o  (1.2.23).  There we see  

t h a t  t o  neglec t  t r ansverse  waves we a r e  r equ i r ing  t h a t  t h e  

waves of i n t e r e s t  ( those  with phase v e l o c i t i e s  near  t h e  

thermal v e l o c i t y )  have much smaller  phase ve loc i t i e s  

than t h e  appropr ia te  Alfvgn speed and hence do no t  couple 

t o  or  d r i v e  t h e  t r ansverse  ~ l f v g n  waves. The appropr ia t e  

Alfvgn speed w i l l  be l a r g e r  than  t h e  thermal v e l o c i t i e s ,  

providing t h e  mass of the  plasma p a r t i c l e s  " t i ed"  t o  each 

magnetic f i e l d  l i n e  i s  small enough. Conditions (1.2.24) 

and (1.2.25) p resc r ibe  the  appropr ia te  values of 13, and 

hence plasma dens i ty  f o r  which the  mass " t i e d "  t o  the  

magnetic f i e l d  l i n e s  i s  small  enough. For  l a r g e r  values 

of f3 no t  s a t i s f y i n g  these  condi t ions,  the  mass " t i e d "  t o  

t h e  magnetic f i e l d  l i n e s  can move due t o  t h e  t r ansverse  

waves and t h u s  "bends," but  does no t  compress, t h e  magnetic 

f i e l d  l i n e s .  Wny times i n  considering the  e f f e c t s  of 

t r ansverse  waves it  i s  only necessary t o  consider  t h i s  

"bending" of the  magnetic f i e l d  l i n e s  ( 1 . 2 2 ) ~  - however such 

cons idera t ions  a r e  beyond the  scope of the  present  work. 



1 . 3  Plasma Model 

The exact  determinat ion of a l l  of the  m i c r o i n s t a b i l i t i e s  

which a r i s e  i n  a r e a l  plasma i s  an extremely d i f f i c u l t  i f  

no t  impossible t a sk .  We the re fo re  consider  here only an  

i d e a l i z e d  plasma model which e x h i b i t s  some of the  most 

important f e a t u r e s  of a  r e a l  plasma. The spat ial  p a r t  of 

the  plasma model chosen i s  i l l u s t r a t e d  i n  Figure 1.1. 

Figure 1.1. Plasma Model. 

An important f e a t u r e  of t h i s  plasma model i s  t h a t  i t  i s  

uniform i n  the  y and z d i r e c t i o n s ,  but  not  i n  t h e  x 
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d i r e c t i o n .  The maximum nonun i fomi ty  ( l o c a l l y )  i n  the 

x d i r e c t i o n  i s  assumed t o  o c c w  a t  the  po%nt x = 0 where 

t h e  plasma has  small ( i n  terms of the  ion  Larmor r a d i u s )  

g rad ien t s  of t h e  magnetic f i e l d  ( ~ 1 ~ 3 1 )  - and of t h e  

plasma d e n s i t y  ( V n )  - and temperatures perpendicular  

( T,) and p a r a l l e l  ( P T Z )  t o  t h e  magnetic f i e l d ,  e., 
a very genera l  pressure  g rad ien t .  Since t h e r e  i s  f r e e  

energy assoc ia ted  with the  spatial  d i s t r i b u t i o n  of a plasma 

un less  it i s  homogeneous, each of these  plasma inhomo- 

g e n e i t i e s  c o n s t i t u t e  sources of f r e e  energy. A s  noted i n  

Fig. l . l ,we  allow f o r  an e x t e r n a l  o r  g r a v i t y  f o r c e  i n  t h e  

x d i r e c t i o n  which i s  a l s o  a source of f r e e  energy s ince  i n  

conjunction with the  magnetic f i e l d  it induces p a r t i c l e  

d r i r t s  i n  t h e  y d i r e c t i o n  (see Sect ion 3.2).  This  g r a v i t y  

fo rce  can be used t o  represent  magnetic f i e l d  curvature 

e f f e c t s  t o  a l imi ted  degree ( see  Sect ion 2 . 4 ) .  

For l a r g e  values of x (compared t o  the  ion  Larmor 

r a d i u s )  the  plasma i s  assumed t o  be unif  o m  i n  t h e  

x d i r e c t i o n .  We w i l l ,  however, only cons ider  perturbed 

e l e c t r i c  f i e l d s  which can be loca l i zed  (k., not involve 

plane waves extending t o  p lus  and minus i n f i n i t y )  i n  t h e  

x d i r e c t i o n  s o  t h a t  we need consider  t h e  c h a r a c t e r i s t i c s  

of the  plasma only around x = 0 (see Sect ion 3 .3 ) .  The 

magnetic f i e l d  i n  t h i s  plasma model i s  i n  t h e  z d i r e c t i o n ,  

and e l e c t r o s t a t i c  waves a r e  allowed t o  propagate i n  the 

y,z plane.  F ina l ly ,  we note  t h a t  a small diamagnetic 
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current  in t h e  y  d i r e c t i o n  i s  n e c e s s a r i l y  a s soc ia ted  

with the  presence sf a dens i ty  ( r e a l l y  pressure)  g rad ien t  

i n  t h e  x  d i r e c t i o n .  

Although our plasma model can rep resen t  many r e a l  

plasmas, we w i l l  choose t o  v i s u a l i z e  it i n  terms of i t s  

a p p l i c a t i o n  t o  a magnetic mir ror  machine. The plasma model 

corresponds phys ica l ly  t o  t h a t  s e c t i o n  of t h e  plasma i n  a  

magnetic mi r ro r  machine which i s  off of the  mir ror  a x i s  

and near  t h e  midplane between t h e  magnetic mir rors .  The 

x ,y , z  axes of the  model correspond l o c a l l y  t o  the  r a d i a l ,  

azimuthal and a x i a l  d i r e c t i o n s  r e s p e c t i v e l y .  We a r e  

j u s t i f i e d  i n  our use of a  l o c a l  r ec tangu la r  coordinate  

system t o  descr ibe  the  magnetic mi r ro r  machine only i f  we 

a r e  f a r  off  of t h e  magnetic mir ror  a x i s  ( i n  terms of t h e  

ion  Larmor r a d i u s ) .  

It w i l l  be noted t h a t  our plasma model does no t  have 

any provis ion  f o r  magnetic shear ,  Since one of the  p r i n c i p a l  

e f f e c t s  of shear  i s  t o  change the  o r i e n t a t i o n  of t h e  wave 

vec tor  with r e s p e c t  t o  the  magnetic f i e l d  ( 1 . 2 0 ~ 1 . 2 3 )  -- and 

I I thus  cause uncer t a in tyH i n  the  wave vec tor ,  one might 

th ink  t h a t  we could crudely take magnetic' shear  i n t o  

account by examining the  e f f e c t s  of these  u n c e r t a i n t i e s  i n  

the  wave vec to r  f o r  a p a r t i c u l a r  i n s t a b i l i t y .  However, 

recent  c a l c u l a t i o n s  (1.24) have shown t h a t  when magnetic 

shear  i s  present  t h e  " loca l "  theory and normal mode a n a l y s i s  

such a s  t h a t  employed i n  t h i s  work a r e  i n s u f f i c i e n t  t o  
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descr ibe  t h e  convective na ture  and non loca l i za t ion  of t h e  

i n s t a b i l i t i e s  i n  t h e  x d i r e c t i o n .  Rather, i t  i s  necessary 

t o  consider  the  growth and decay of wave packets of normal 

modes, the  components of which may a l l  be s t a b l e  (1 .24) .  

Therefore we see  t h a t  within t h e  framework of t h e  p resen t  

work, very l i t t l e  i f  anything can be s a i d  about t h e  e f f e c t s  

of magnetic shear .  

Next we spec i fy  t h e  v e l o c i t y  d i s t r i b u t i o n  of our 

plasma model. In the  z d i r e c t i o n  (along the  magnetic f i e l d ) ,  

we choose i t  t o  be a Maxwell-Boltzmann ("Maxwellian") d i s -  

t r i b u t i o n .  We allow f o r  the  p o s s i b i l i t y  of a cur ren t  i n  

t h e  z d i r e c t i o n  by cen te r ing  t h e  Maxwellian around a given 

d r i f t  ve loc i ty ,  which may of course be zero.  

En t h e  plane perpendicular  t o  t h e  magnet icf ie ld,  a t  

l e a s t  f o r  homogeneous plasma cases  (see Sect ion 2 . 2 ) ,  we 

use one of the  s e t  of v e l o c i t y  d i s t r i b u t i o n s  f irst  i n t r o -  

duced by Dory -- e t  a l .  (1 .25):  

For R=0 t h i s  d i s t r i b u t i o n  funct ion  i s  simply a Maxwellian. 

For R>0 the  d % s t r i b u t i o n  funct ion  i s  zero  a t  v =O and 

peaked about {v,) f a with a half-width a t  h a l f -  

maximum of roughly aL/2. Thus f o r  1 > 0  the  t o t a l  v e l o c i t y  

d i s t r i b u t i o n  i s  c y l i n d r i c a l l y  "cut-out" along t h e  vz a x i s  
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conica l  "cut-out" d i s t r i b u t i o n  which i s  c h a r a c t e r i s t i c  of 

a  magnetic mir ror  machine (1 .26) .  While we do s a c r i f i c e  

some g e n e r a l i t y ,  t h i s  r ep resen ta t ion  of t h e  so -ca l l ed  
11 loss-cone" d i s t r i b u t i o n  of magnetic mir ror  machines i s  

much e a s i e r  t o  manipulate mathematically and r e s u l t s  i n  

g r e a t l y  s impl i f i ed  d i spe r s ion  r e l a t i o n s .  F i n a l l y ,  we note  

t h a t  a s  1 approaches i n f i n i t y  the  v e l o c i t y  d i s t r i b u t i o n  

given by (1.3.1) becomes a  Dirac d e l t a  func t ion  (1.27)  

centered about a*. For f u r t h e r  discussion of these  d i s -  

t r i b u t i o n  func t ions ,  see Sect ion 6.2.  

From our previous remarks on f r e e  energy, we see t h a t  

our choice of the  v e l o c i t y  d i s t r i b u t i o n  func t ion  includes 

t h r e e  d i s t i n c t  v e l o c i t y  space anisotropy f r e e  energy sources.  

F i r s t  t h e r e  i s  the  energy assoc ia ted  with d r i f t s  along t h e  

magnetic f i e l d .  Next f o r  1 ) 0 t he re  i s  the  f r e e  energy 

r e s e r v o i r  a r i s i n g  from the  e f f e c t i v e  " d r i f t "  i n  any given 

d i r e c t i o n  t r ansverse  t o  the  magnetic f i e l d  d i r e c t i o n  due 

I I t o  t h e  loss-cone" na ture  of the  vL d i s t r i b u t i o n  ( see  

Sect ion 6 .2 ) .  F i n a l l y  t h e  average thermal v e l o c i t i e s  

perpendicular  and p a r a l l e l  t o  the  magnetic f i e l d  may be 

unequal, i n  which case the  energy assoc ia ted  with the  equi -  

l i b r a t i o n  of the  temperatures perpendicular  and p a r a l l e l  

t o  t h e  magnetic f i e l d  i s  a source of f r e e  energy. 

The plasma model we have de l inea ted  i n  t h e  preceding 

paragraphs w i l l  no t  be considered i n  i t s  e n t i r e t y  i n  each 



p a r t i c u l a r  m i c r o i n s t a b i l i t y  ca lcu la t ion .  Rather, f o r  each 

p a r t i c u l a r  case we t r e a t  we w i l l  e l iminate  a l l  but one or  

two of t h e  f r e e  energy sources and explore t h e  r e s u l t a n t  

m i c r o i n s t a b i l i t y .  However, i n  order  t o  demonstrate t h e  

g e n e r a l i t y  of t h e  procedures developed here,  we w i l l  use 

t h e  complete plasma model throughout our d iscuss ion  of the  

marginal s t a b i l i t y  a n a l y s i s  and our development of tech-  

niques f o r  determining t h e  convective or  absolu te  na tu re  

of the  i n s t a b i l i t i e s .  



1.4  Thesis  Guide 

I n  t h i s  sec t ion  we give a  synopsis of the  problems 

considered and p a r t i c u l a r  po in t s  of i n t e r e s t  i n  each of 

the  chapters  and appendices of the  t h e s i s .  

The f i r s t  th ree  chapters  a r e  concerned with a  s t a t e -  

ment of the  problem and a  de r iva t ion  of the  d i spe r s ion  

r e l a t i o n  f o r  the  waves of i n t e r e s t .  In t h i s  f i r s t  chap te r  

we have been concerned with givlngan in t roduct ion  t o  t h e  

t h e s i s  problem. In t h i s  regard we have discussed the 

genera l  aspects  of t h e  problem of m i c r o i n s t a b i l i t i e s  and 

t h e  general  approximations which a r e  employed t h e r e i n ,  

e i t h e r  e x p l i c i t l y  or  i m p l i c i t l y .  The question of how small 

the  fl of t h e  plasma must be s o  t h a t  we can s a f e l y  neg lec t  

t r ansverse  waves i s  considered i n  more d e t a i l  than usua l  

and i n  a u n i f i e d  way f o r  a l l  waves with frequencies  l e s s  

than  the  e l e c t r o n  cyclotron frequency. F ina l ly ,  i n  t h i s  

f i r s t  chapter  we have de l inea ted  the  plasma model which 

w i l l  be used i n  the  following chapters .  In the  next  chapter  

the  equi l ibr ium d i s t r i b u t i o n  of t h e  plasma i s  considered i n  

d e t a i l .  In doing s o , f i r s t  t he  genera l  form of the  equi -  

l ibr ium d i s t r i b u t i o n  i s  found. Next, i t s  p a r t i c u l a r  form 

and the  parametr ic  r e s t r i c t i o n s  imposed upon it by t h e  

requirements of equi l ibr ium a r e  s p e c i f i e d .  F i n a l l y ,  some 

comments a r e  made on the  genera l ly  unrecognized r e s t r i c t i o n s  

imposed by equi l ibr ium cons idera t ions  on the  magnitude of 

t h e  g r a v i t y  fosce when i t  represen t s  magnetic f i e l d  curvature  
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e f f e c t s .  I n  the  t h i r d  chapter  we de r ive  t h e  d i spe r s ion  

r e l a t i o n  f o r  our plasma model. Pn t h i s  de r iva t ion  

p a r t i c u l a r  emphasis i s  placed on understanding t h e  

phys ica l  s ign i f i cance  of t h e  terms i n  the  d ispers ion  

r e l a t i o n .  The f i r s t  s t e p  i n  t h i s  chapter  i s  the  de r iva t ion  

of an i n t e g r o - d i f f e r e n t i a l  d i spe r s ion  equation which 

includes t h e  p o s s i b i l i t y  of p o t e n t i a l  f l u c t u a t i o n s  i n  t h e  

x d i r e c t i o n .  Next, t h e  unperturbed o r b i t s  of t h e  p a r t i c l e s  

a r e  ca lcu la ted ,  Using these  o r b i t s  and t h e  in tegro-di f -  

f e r e n t i a l  d i spe r s ion  equation, we de r ive  a genera l  d i spe r s ion  

r e l a t i o n  by using a  " loca l"  approximation f o r  the  p o t e n t i a l  

f l u c t u a t i o n s  i n  t h e  x d i r e c t i o n ,  This de r iva t ion  includes 

some e f f e c t s  (mainly f o r  f requencies  l a r g e  compared t o  t h e  

ion  cyclotron frequency) which have not  previously been 

considered and r e s u l t s  i n  f u r t h e r  u s u a l l y  unrecognized con- 

s t r a i n t s  on the  allowed magnitude of t h e  g r a v i t y  f o r c e ,  

F ina l ly ,  we f i n d  t h e  d ispers ion  r e l a t i o n  f o r  the  genera l  

equi l ibr ium d i s t r i b u t i o n  funct ion  which i s  s p e c i f i e d  i n  

Chapter 2 ,  

The next  two chapters  a r e  concerned with a  s t a b i l i t y  

a n a l y s i s  and t h e  development of s impl i f i ed  methods f o r  

determining the  t r a n s i t i o n  dens i ty  and the  growth r a t e s  of 

convective and absolu te  i n s t a b i l i t i e s .  I n  t h e  f o u r t h  

chapter  we consider t h e  quest ion of s t a b i l i t y  f o r  the  plasma 

we are cons$dering. F i r s t ,  we d iscuss  t h e  marginal s t a b i l i t y  

a n a l y s i s  and i t s  j u s t i f i c a t i o n  f o r  a  s p a t i a l l y  uniform 



plasma without a  magnetic f i e l d ,  Next we extend t h i s  

work t o  t h e  case of a  weakly inhomogeneous plasma i n  a  

magnetic f i e l d  charac ter ized  by t h e  d i spe r s ion  r e l a t i o n  

of Chapter 3 and obta in  a  genera l  i n s t a b i l i t y  c r i t e r i o n  i n  

a  form s u i t a b l e  f o r  d i r e c t  computation of the  threshold  

dens i ty  f o r  a given mode. Then we d iscuss  methods of 

determining t h e  temporal growth r a t e s  f o r  r e a l  wave vec tor  

modes and t h e  mer i t s  and l i m i t a t i o n s  of such r e s u l t s .  

F ina l ly ,  we consider  a simple example of a  "loss-cone" 

dr iven  i n s t a b i l i t y  t o  demonstrate the  methods developed. 

In  the  f i f t h  chapter  we address ourselves t o  the  problem 

of d i s t ingu i sh ing  between convective and absolu te  i n s t a -  

b i l i t i e s .  F i r s t  we discuss  t h e  need f o r  such information 

and review t h e  absolute-convective i n s t a b i l i t y  c r i t e r i a  

p resan t ly  a v a i l a b l e .  Next we develop a  s impl i f i ed  method 

f o r  loca t ing  t h e  dens i ty  a t  which the  t r a n s i t i o n  from con- 

vect ive t o  abso lu te  i n s t a b i l i t y  occurs. Then we go on t o  

develop and c o n t r a s t  var ious methods of determining t h e  

growth r a t e s  ( s p a t i a l  f o r  convective i n s t a b i l i t i e s  and 

temporal f o r  absolu te  I n s t a b i l i t i e s  ) f o r  the  uns table  modes. 

In  add i t ion ,  considering the  very d i s s i m i l a r  e f f e c t s  of 

convective and absolu te  i n s t a b i l i t i e s ,  we make a few 

remarks about r e a l i s t i c  s t a b f l f t y  c r i t e r i a  f o r  f i n i t e  

plasmas based upon t h e  s tudy of an i n f i n i t e  plasma model. 
11 Throughout t h i s  chapter  we use the  simple loss-cone" 
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i n s t a b i l i t y  example discussed i n  the  preceding chapter  

t o  i l l u s t r a t e  the  procedures developed, 

I n  Ohapters 6 and 7 we consider  two very genera l  

types  of m i c r o i n s t a b i l i t i e s  i n  more d e t a i l .  In Chapter 6 

we d iscuss  m i c r o i n s t a b i l i t i e s  dr iven  by veloci ty-space 

an i so t rop ies .  F i r s t ,  we thoroughly review t h e  l i t e r a t u r e  

concerning these  homogeneous plasma i n s t a b i l i t i e s .  Then, 

e l imina t ing  a l l  but  t h e  "loss-cone" source of f r e e  energy, 

we c a r r y  out extensive numerical computations employing 

the  techniques developed i n  Chapters 4 and 5 t o  determine 

the  parametric regions of convective and absolu te  i n s t a b i l i t y .  

The e f f e c t s  of varying kZ, kL, T, /T~ and 1 (sharpness of 

the vL d i s t r i b u t i o n )  a r e  considered. We a l s o  review t h e  

work which has been c a r r i e d  out using the  s h o r t  t r ansverse  

wavelength l i m i t  of t h e  d ispers ion  r e l a t i o n  (1.7,1.28).  -- 
Then, t o  see how appl icable  th is  l i m i t  of t h e  d i spe r s ion  

r e l a t i o n  is,  we consider  a p a r t i c u l a r  very shor t  wavelength 

case (kAai = 25) using the  exact  d i spe r s ion  r e l a t i o n .  In 

t h e  seventh chapter  we consider  t h e  so-ca l led  "universa l"  

i n s t a b i l i t i e s ,  t h a t  i s  those dr iven  by a dens i ty  and/or 

temperature g rad ien t  source of f r e e  energy. We begin by 

b r i e f l y  reviewing t h e  work on low frequency d r i f t  i n s t a -  

b i l i t i e s  (1.7,1.19,1.20,1.22,1.23). ____-___.-- Then, we consider  t h e  

d r i f t - c y c l o t r o n  i n s t a b i l i t i e s  (1.29) i n  more d e t a i l .  The 

l a t t e r  work includes extensive numerical computations of 

t h e  parametric regions of convective and absolu te  i n s t a b i l i t y  
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f o r  varying k,, kL, Te/Ti and ( d e n s i t y  gradient  s c a l e  

l e n g t h ) .  F ina l ly ,  we b r i e f l y  consider the  i n s t a b i l i t i e s  

t h a t  occur i n  a  plasma which has both d e n s i t y  g rad ien t  

and l o s s  -cone sources of f r e e  energy. 

In Chapter 8 we give a  general  summary of t h e  important 

r e s u l t s  found i n  t h i s  work and suggestions f o r  f u r t h e r  

s tudy.  The C and D func t ions  which a r i s e  i n  the  de r iva t ion  

of the  d i spe r s ion  r e l a t i o n  a r e  discussed i n  Appendix A .  

I n  t h e  next  appendix we d iscuss  the  s ingu la r  i n t e g r a l s  

which a r i s e  i n  the  de r iva t ion  of the  d ispers ion  r e l a t i o n  

and how they  can be r e l a t e d  t o  the  plasma d i spe r s ion  

func t ion  and i t s  d e r i v a t i v e s .  The formulas developed 

t h e r e i n  may be of genera l  usefulness  i n  der iv ing  d i spe r s ion  

r e l a t i o n s  f o r  plasmas with Maxwellian v e l o c i t y  d i s t r i b u t i o n s ,  

F i n a l l y ,  i n  Appendix C we descr ibe the  genera l  computer 

programs which were developed i n  t h i s  work and used t o  

obta in  the  r e s u l t s  displayed i n  Chapters 4,5,6 and 7. I n  

t h i s  appendix we a l s o  der ive  a  form of the  d ispers ion  

r e l a t i o n  which i s  more s u i t a b l e  f o r  numerical computations 

than  t h a t  given i n  Chapter 3 i n  t h a t  it requ i res  fewer 

time-consuming evalua t ions  of the  plasma d i spe r s ion  

func t ion  and i t s  d e r i v a t i v e s .  Since the  p a r t i c u l a r  cases  

considered i n  t h i s  work by no means exhaust t h e  poss ib le  

uses  of the  computer programs developed, these  programs 

could be advantageously used i n  studying many o the r  mfcro- 

i n s t a b i l i t i e s  of i n t e r e s t .  



2 ,  EQUILIBRIUM STATE 

2 . 1  Constants of the  Motion 

I n  t h i s  chapter  we w i l l  consider  the  equi l ibr ium 

d i s t r i b u t i o n  funct ion  so lu t ions  of t h e  zero-order or 

equi l ibr ium Vlasov equat ion (1 .2 .3) .  The term "equi- 

l ibr ium d i s t r i b u t i o n "  a s  used i n  t h i s  and a l l  subsequent 

chapters  r e f e r s  t o  t h e  f a c t  t h a t  a plasma having such a 

d i s t r i b u t i o n  has no n e t  f o r c e s  a c t i n g  on it. Since t h e  

equi l ibr ium Vlasov equation i s  s i m p l y  a  statement of t h e  

f a c t  t h a t  t h e  t o t a l  time de r iva t ive  of t h e  equi l ibr ium 

d i s t r i b u t i o n  must vanish,  i t  i s  easy t o  see  t h a t  any 

equi l ibr ium d i s t r i b u t i o n  funct ion  which i s  only a func t ion  

of the  cons tants  of the  motion of p a r t i c l e s  moving i n  t h e  

plasma i s  a s o l u t i o n  of t h i s  equation. Hence our t a s k  of 

f ind ing  an appropr ia te  equi l ibr ium d i s t r i b u t i o n  func t ion  

begins with the  determination of the  cons tants  of the  

motion. 

The cons tants  of the  motion a r e  t h e  conserved q u a n t i t i e s  

which a r e  der ived from the  p r i n c i p l e s  of conservation of 

momentum and energy. From the  Wamiltonian formulat ion of 

c l a s s i c a l  mechanics we know t h a t  a given canonical  

momentum component w i l l  be a conaerved q u a n t i t y  only i f  

the  Hamiltonian i s  independent of t h e  canonica l ly  conjugate 

s p a t i a l  component, In  order  t o  determine which components 

of the  canonical mamenturn a r e  cons tants  of t h e  motion, we 
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must spec i fy  t h e  magnetic vec tor  p o t e n t i a l .  For t h e  

geometry shown i n  Figure 1,19 we w i l l  choose the  magnetic 

vec tor  p o t e n t i a l  t o  be 

The c u r l  of t h i s  magnetic vec tor  p o t e n t i a l  g ives  t h e  

magnetic f i e l d  

where i i s  a u n i t  vec tor  i n  t h e  z d i r e c t i o n .  This  magnetic 
-2 

f i e l d  has  t h e  des i red  p roper t i e s  of being a  nea r ly  uniform 

magnetic f i e l d  i n  t h e  z d i r e c t i o n  up t o  d i s t ances  of t h e  

order  of l /g  away from the  poin t  x=O. Note a l s o  t h a t  € 

i s  r e a l l y  j u s t  a shorthand n o t a t i o n  f o r  the  x d e r i v a t i v e  

of the  logarithm of the  magnetic f i e l d  a t  x=O, Q. , 

I n  the  r ec tangu la r  coordinate  system we a r e  using 

s ince  t h e  magnetic vec tor  p o t e n t i a l  depends only on t h e  

x coordinate ,  t h e  canonical momenta i n  t h e  y and z 

d i r e c t i o n s  a r e  cons tants  of t h e  motion: 

P~ 
= m v  

j Y 
2 Ay(x) = a constant  of t h e  motion 

+ C 

(2 .1 .4)  
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PZ = mjvz = a  constant  of the  motion . (2.1.5) 

S u b s t i t u t i n g  A ( x )  from ( 2 . 1 1 )  i n t o  (2.1.4) and .d iv id ing  
Y 

equat ions ( 2 . 1 . )  and (2.1.5) by mJ n j  (x=O) and m 
J 

r e spec t ive ly ,  we f i n d  the  cons tants  of t h e  motion t o  be 

x  + v y / n j  + E x2/2 = a  constant  of the  motion 

(2.1.6) 

vz = a  constant  of the  motion . (2.1.7)  

I n  a d d i t i o n  t o  these  two cons tants  of the motion 

derived from the  conservation of momentum, we a l s o  know 

t h a t  the  t o t a l  energy of a  p a r t i c l e  i s  a  conserved quan t i ty .  

For our geometry t h i s  statement can be w r i t t e n  mathematically 

a s  

1 2 E = - m (v  + v i )  - m G x  = a  constant  of t h e  motion. 
2 J L  j J 

O r ,  d iv id ing  through by m /2 and remembering t h a t  vZ i t s e l f  
j 

i s  a conserved quant i ty ,  t h i s  last  constant  of the  motion 

may be s impl i f i ed  t o  

2  vl - 2Gjx = a  constant  of the  motion. (2 .1.8)  

The cons tants  of the  motion have simple phys ica l  

i n t e r p r e t a t i o n s .  F i r s t ,  s ince  t h e r e  are no equi l ibr ium 

f o r c e  f i e l d s  a c t i n g  i n  the  z o r  magnetic f i e l d  d i r e c t i o n ,  
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t he  v e l o c i t y  i n  t h e  z d i r e c t i o n  should be a conserved 

quan t i ty .  This  f a c t  i s  given by (2 .1 .7) .  Second, s ince  

the  v e l o c i t y  and hence t h e  energy i n  t h e  magnetic f i e l d  

d i r e c t i o n  i s  constant  and separa te ly  the  t o t a l  energy i s  

a  constant ,  t h e  energy perpendicular  t o  t h e  magnetic f i e l d  

must be a  conserved quan t i ty .  This  f a c t  i s  expressed i n  

( 2 . 1 8 )  In add i t ion  we note  t h a t  when G = 0, s ince  t h e  
j 

magnetic f i e l d  i s  n e a r l y  uniform here ,  t h e  conserved 

q u a n t i t y  i n  (2.1.8) i s  approximately equal  t o  t h e  f i r s t  

a d i a b a t i c  invar iant - - the  magnetic moment of t h e  p a r t i c l e .  

F i n a l l y  we note  t h a t  i n  our inhomogeneous magnetic f i e l d ,  

a p a r t i c l e  whose instantaneous x coordinate  and v e l o c i t y  

i n  t h e  y d i r e c t i o n  a r e  x and v r e s p e c t i v e l y  has the  x 
Y 

component of i t s  guiding cen te r  loca ted  a t  x  + v dnj + 

6x2/2. Usually both t h e  x and y components of t h e  guiding 

cen te r  p o s i t i o n  a r e  cons tants  of the  motion. However, i n  

our plasma model t h e  g r a v i t y  force  i n  t h e  x d i r e c t i o n  

together  with t h e  magnetic f i e l d  i n  the  z d i r e c t i o n  causes 

a  uniform d r i f t  of the  guiding centers  i n  t h e  y d i r e c t i o n .  

Therefore we expect t h a t  here only the  x component of the  

guiding cen te r  p o s i t i o n  w i l l  be a constant  of t h e  motion, 

and i n  (2.1.4) we see t h a t  t h i s  i s  indeed t h e  case.  



As we have s t a t e d  In  Sect ion 2.1, any d i s t r i b u t i o n  

funct ion  w i l l  au tomat ica l ly  s a t i s f y  the  equi l ibr ium Vlasov 

equat ion a s  long a s  i t  i s  only a  func t ion  of the  con- 

s t a n t s  of t h e  motion. For our plasma model the  r e l evan t  

conserved q u a n t i t i e s  a r e  those given by (2 .1 .6) ,  (2 .1.7)  

and (2 .1 .8) .  In add i t ion  t o  t h i s  s p e c i f i c a t i o n  of i t s  

f u n c t i o n a l  form, t h e  v e l o c i t y  space i n t e g r a l  of the  

equi l ibr ium d i s t r i b u t i o n  funct ion  must be f i n i t e  a t  a l l  

s p a t i a l  p o s i t i o n s  i n  t h e  v i c i n i t y  of x=O t o  ensure a  

f i n i t e  plasma dens i ty  i n  t h e  region of i n t e r e s t .  

I n  order  t o  spec i fy  an equi l ibr ium d i s t r i b u t i o n  

func t ion  which rep resen t s  an inhomogeneous plasma, we w i l l  

fo l low t h e  conventional procedure (2.2 ) of sepa ra t ing  t h e  - 
d i s t r i b u t i o n  funct ion  i n t o  predominantly v e l o c i t y  space 

and coordinate  space dependent p a r t s .  Since we expect 

t h e  s p a t i a l  coordinate dependence t o  come i n  through t h e  

guiding cen te r  pos i t ion ,  we achieve t h i s  separa t ion  by 

wr i t ing  t h e  equi l ibr ium d i s t r i b u t i o n  func t ion  a s  

where we have e x p l i c i t l y  included t h e  p o s s i b i l i t y  sf a 

cur ren t  or  d r i f t  along the  magnetic f i e l d  with v . The 
0 4  
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func t ion  g r ep resen t s  t h e  s p a t i a l  d i s t r i b u t i o n  of t h e  
3 

plasma and inc ludes  the  p o s s i b i l i t y  of d e n s i t y  and tempera- 

t u r e  g rad ien t s  i n  the  plasma. The func t ion  g w i l l  be 
j 

chosen s o  t h a t  a t  x = 0 t h e  i n t e g r a l  of the  e n t i r e  equi -  

l ibr ium d i s t r i b u t i o n  funct ion  over a l l  v e l o c i t i e s  i s  u n i t y .  

Combining a Maxwell-Boltzmann d i s t r i b u t i o n  along t h e  

magnetic f i e l d  with t h a t  given by (1.3.1) f o r  the  

v e l o c i t i e s  perpendicular  t o  the  magnetic f i e l d ,  we w i l l  

t ake  t h e  v e l o c i t y  space or  nea r ly  homogeneous p a r t  of t h e  

d i s t r i b u t i o n  funct ion  t o  be 

While t h i s  d i s t r i b u t i o n  func t ion  does have many d e s i r a b l e  

p r o p e r t i e s ,  we should note  t h a t  it would not  seem t o  be 

appropr ia t e  f o r  descr ib ing  mi r ro r  machine plasmas ( i . e . ,  - 
those having loss-cone type v, d i s t r i b u t i o n s - -  1 ~ 0 )  i n  

which t h e r e  i s  a  s i g n i f i c a n t  g r a v i t y  fo rce  r ep resen t ing  

magnetic f i e l d  curvature d r i f t s  ( see  Sect ion 2 . 4 ) .  This  



i s  because i n  such cases the  d i s t r i b u t i o n  given by (2 .2 .2 )  

would imply t h a t  f o r  c e r t a i n  values of x (whose o r i g i n  i s  

a r b i t r a r y )  t h e r e  would be p a r t i c l e s  having zero pe r -  
1 pendicular  k i n e t i c  energy - m v . 2 In open-ended confine- 

ment devices  t h e r e  should be no such p a r t i c l e s .  A more 

reasonable way of choosing an equi l ibr ium d i s t r i b u t i o n  

i n  such cases  would be t o  f o m  (2 .2 .2)  not  by rep lac ing  
2 vf i n  (1.3.1) by v,-2G x, but  r a t h e r  by the  constant  of 

j 

t h e  motion derived a s  fol lows.  F i r s t ,  sub t rac t ing  (2 .1 .6)  

from (2 .1 .8) ,  we obtain 

= a constant  of t h e  motion. 

If w e  f u r t h e r  add t o  t h i s  constant  of motion the  cons tant  

G we obta in  a constant  of t h e  motion which i s  r e a d i l y  

recognized a s  being propor t ional  t o  t h e  perpendicular  

energy measured i n  t h e  d r i f t i n g  frame of re ference  when 

G j  # 0 .  The r e s u l t a n t  more complicated equi l ibr ium d i s -  

t r i b u t i o n  func t ion  would have the  des i red  property t h a t  f o r  

a> 0 t h e r e  a r e  no p a r t i c l e s  with zero  perpendicular  k i n e t i c  

energy, a t  l e a s t  i n  t h e  v i c i n i t y  of x = 0 (G and d a r e  
j 

"small" parameters) .  In cognizance of t h e  preceding 

remarks, i n  t h i s  work we w i l l  confine our a t t e n t i o n  t o  equi -  

l i b r i a  spec i f i ed  by (2 .2 .2 )  which have G = 8, unless l= 0. J 
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The normalizat ion of t h e  d i s t r i b u t i o n  func t ion  given 

by (2.2,2) i s  euch t h a t  

A t  x = 0, t h e  temperatures perpendicular  and p a r a l l e l  t o  

the  magnetic f i e l d  a r e  given by 

where K i s  t h e  Boltzmann constant  and, i n  t h e  d e f i n i t i o n  

of the  temperature perpendicular  t o  t h e  magnetic f i e l d ,  we 

have taken account of t h e  e f f e c t i v e  " d r i f t "  v e l o c i t y  given 

a (see s e c t i o n 6 . 2 ) .  by - 
E 

For t h e  s p a t i a l l y  dependent p a r t  of t h e  d i s t r i b u t i o n  

func t ion ,  we expand g i n  a form suggested by a Taylor 
j 

s e r i e s  expansion (o r ,  more p rec i se ly ,  the  mean value 

theorem) i n  t h e  x component of t h e  guiding c e n t e r  pos i t ion :  



5 4  

(While t h e  normalizat ion of t h e  s e r i e s  on t h e  r i g h t  i s  i n  

genera l  a r b i t r a r x t o  the  order  of expansion used here ( see  

below), equat ion (2.2.3)  r e q u i r e s  t h a t  it be chosen a s  

ind ica ted  i n  (2 .2 .4) .  ) In general ,  around x = 0, 

2 x + v/\nj  + e x  /2 i s  of t h e  order  of the  Larmor rad ius  

of the  jth spec ies  of p a r t i c l e s  a s  long a s  v c a,. In 
Y 

t h i s  work we w i l l  assume t h a t  t h e  c h a r a c t e r i s t i c  d e n s i t y  

and temperature gradient  lengths  represented  by t h e  terms 

agj 
e t c .  a r e  long compared t o  the  r e l e v a n t  

a ( x + v / n j  + e x 2 / 2 )  
v 

Larmor rad ius ,  and hence t o  f irst  order  i n  the  r a t i o  of 

these  lengths  we may neglec t  t h e  d e r i v a t i v e s  of h igher  than 

f i r s t  order  i n  (2.2.4) .  I n  doing s o  we a r e  i m p l i c i t l y  

assuming t h a t  each successive d e r i v a t i v e  t e r n  i s  smal ler  

than the  preceding one. Later  ( see  Sect ion 3 .3 )  we w i l l  

f u r t h e r  assume t h a t  each successive d e r i v a t i v e  term i s  

smaller  than  the  preceding one by a t  l e a s t  the  r a t i o  of 

t h e  ion  Larmor rad ius  t o  t h e  c h a r a c t e r i s t i c  inhomogeneity 

length.  Under these  assumptions we need only concern our- 

se lves  with the  f i r s t  d e r i v a t i v e  term i n  (2 .2 .4) .  The 

a 9, 
e x p l i c i t  form f o r  which we w i l l  a ( x + v y / n j  + ex2/2)  
use i s  
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where E' represents a density gradient, and 6& and BZ 

represent gradients of the temperature perpendicular and 

parallel respectively to the magnetic field. Working out 

the density gradient explicitly from the proposed dis- 

tribution function, we find that 

where 6 is the Kronecker delta, - i.e., 
l o  

In addition we note that the temperature gradients are 

- dn. 

given by (4') Jp,, (G- (Q) *LA-- 
- 2 A x  

v >" 

A have been subtracted here The density gradients - n, dx 

26 - .L$ = ( 1 ~ 1 ) ~  ,+ --i- (1-5d 
nj dr IJ d,.? 

J 
since the integrals we evaluate are really of the form 

s d3" ($- <+ ) <\> x SO 
J 

d [ln n(x)%(x)l/dx. 



2 . 3  Parametric Const ra in ts  

Having chosen a  p a r t i c u l a r  form f o r  t h e  equi l ibr ium 

d i s t r i b u t i o n  funct ion ,  we w i l l  now proceed t o  s p e c i f y  t h e  

requi red  r e l a t i o n s h i p s  between the  parameters of t h e  d i s -  

t r i b u t i o n  funct ion  f o r  t r u e  plasma equi l ibr ium. The 

first requirement which leads  t o  such r e l a t i o n s h i p s  i s  

t h e  n e c e s s i t y  of charge n e u t r a l i t y  i n  the  equi l ibr ium 

s t a t e  ( t h e r e  i s  no s t a t i c  e l e c t r i c  f i e l d  p r e s e n t )  which 

r e q u i r e s  t h a t  

Using t h e  normalizat ion condi t ion given i n  (2.2.3),  a t  

x=O we can reduce the  charge n e u t r a l i t y  condi t ion t o  

Around x=O t o  f i rs t  order  i n  t h e  r a t i o  of the  Larmor 

rad ius  t o  t h e  inhomogeneity lengths ,  the  charge n e u t r a l i t y  

condi t ion  becomes 



Or, noting from (2.2.6) that the expression in square 

brackets is just - 2 , we see that this relation is 
simply 

nj 

Thus this part of the charge neutrality condition is just 

a mathematical statement of the fact that the density 

gradients of ions and electrons be equal in order to 

maintain charge neutrality. 

A second condition which must be imposed on the equi- 

librium is that the diamagnetic current caused by the 

density gradient balance the curl of the external magnetic 

field. This condition is simply Ampere's law: 

In our physical model (2.3.5) reduces to 

Substituting in the general equilibrium distribution 

function and carrying out the indicated integrations, we 

can seduce this relation to 



where we have defined 

perpendicular  k i n e t i c  energy 
dens i ty  of t h e  jth species  

magnetic f i e l d  energy dens i ty  

Since i n  Sect ion  1.2 we have seen t h a t  our neg lec t  of t h e  

t r ansverse  waves i s  reasonable only i f  @ << 
m we 

see t h a t  i n  g e n e r a l  the  magnetic f i e l d  g rad ien t  

e f f e c t s  can be neglected i n  comparison t o  the  dens i ty  

g rad ien t  e f f e c t s .  Hence i n  t h i s  work t h e  only e f f e c t  of 

the  magnetic f i e l d  gradient  which we w i l l  r e t a i n  w i l l  be 

i t s  e f f e c t  i n  balancing t h e  diamagnetic cur rent  due t o  t h e  

d e n s i t y  g rad ien t  i n  equi l ibr ium. We w i l l  t he re fo re  s e t  

t o  zero  i n  a l l  f u r t h e r  ca lcu la t ions ,  except those i n  t h e  

fol lowing s e c t i o n  i n  which we a r e  t r y i n g  t o  s a t i s f y  Ampere's 

law i n  e q u i l i b ~ i w n .  



2.4 

Force 

In a "magnetic wel l"  the  magnetic f i e l d  energy d e n s i t y  

must increase  i n  a l l  d i r e c t i o n s  normal t o  the  plasma con- 

finement region.  This  means t h a t , i n  order  t o  f a i t h f u l l y  

s imulate  a magnetic mi r ro r  machine with our plasma model, 

we should have magnetic f i e l d  g rad ien t s  a long the  d i r e c t i o n  

of t h e  magnetic f i e l d  t o  confine the  plasma i n  t h i s  

d i r e c t i o n .  Such g rad ien t s  l ead  t o  curvature of t h e  

11 magnetic f i e l d  l i n e s  and hence t o  so-ca l led  curvature 

e f f e c t s . "  Often the  curvature e f f e c t s  can be simulated by 

a g r a v i t y  f o r c e  (2 .3) .  - We theref  ore propose t o  use t h e  

g r a v i t y  f o r c e  which we introduced i n  t h e  preceding 

a n a l y s i s  t o  simulate the  e f f e c t  of magnetic f i e l d  curva- 

t u r e ,  In t h e  fol lowing paragraphs we w i l l  consider  t h e  

r e s t r i c t i o n s  imposed on t h i s  a r t i f i c i a l  g r a v i t y  f o r c e  by 

plasma equi l ibr ium cons idera t ions .  

The a n a l y s i s  i n  t h i s  s e c t i o n  w i l l  be t h e  same a s  t h a t  

of t h e  previous work i n  t h i s  chapter  except t h a t  a small  

magnetic f i e l d  curvature w i l l  be e x p l i c i t l y  introduced 

and only IvIaxwellian v e l o c i t y  d i s t r i b u t i o n s  of equal 

tempera turespara l le l  and perpendicular  t o  t h e  magnetic 

f i e l d  w i l l  be considered. For s i m p l i c i t y  temperature 

g rad ien t s  and e x t e r n a l  fo rce  f i e l d s  w i l l  be ignored. We 

begin the  a n a l y s i s  by proposing a magnetic f i e l d  of t h e  



The z component of t h i s  magnetic f i e l d  i s  t h e  same as 

before.  The a d d i t i o n a l  term propor t ional  t o  r ep resen t s  

the  magnetic f i e l d  curvature.  For t h i s  magnetic f i e l d  we 

note  t h a t  a s u i t a b l e ' c h o i c e  f o r  the  magnetic vec tor  

p o t e n t i a l  i s  

Since t h i s  vec tor  p o t e n t i a l  i s  independent of the  y 

coordinate ,  t h e  canonical momentum i n  t h e  y d i r e c t i o n  i s  

a constant  of t h e  motion, e., 

P~ 
= m v  3 Y 

3 Ay(x, Z )  = a constant  of the  motion . 
+ c 

Dividing th rough  by m fi we can w r i t e  t h i s  a s  3 

x + v y / a  + E x2/2- y z2/2 = a constant  of the  motion . 
(2.4.3) 

In add i t ion ,  the  t o t a l  energy of 'a p a r t i c l e  i s  s t i l l  a con- 

served quan t i ty :  

1 2 2 mj(vL + vz)  = a constant  of t h e  motion 

or ,  d iv id ing  through by m /2, we obta in  



v: + v: = a constant  of t h e  motion . (2.4.4)  

Now, a s  before ,  we w i l l  choose t h e  equi l ibr ium d i s -  

t r i b u t i o n  func t ion  t o  be a  funct ion  of the  cons tants  of 

the  motion s o  t h a t  it automat ica l ly  s a t i s f i e s  t h e  zero- 

order  Vlasov equat ion (1.2.3).  For our present  purposes 

we choose it t o  be 

We note  t h a t  t h i s  d i s t r i b u t i o n  func t ion  i s  the  same as 

the  one developed e a r l i e r  i n  t h i s  chapter  except f o r  t h e  

inc lus ion  of curvature e f f e c t s  as represented  by the  term 

propor t ional  t o  q. The v e l o c i t y  dependence here i s  simply 

t h e  spec ia l i zed  case of equal  temperature Maxwellian d i s -  

t r i b u t i o n s  p a r a l l e l  and perpendicular  t o  the  magnetic 

f i e l d  d i r e c t i o n .  

In the  v i c i n i t y  of the  poin t  x=O, z=0, the  condi t ions  

f o r  charge n e u t r a l i t y  a r e  t h e  same as before.  However, t h e  

balancing of t h e  density-gradient-induced diamagnetic 

cu r ren t  by the  c u r l  of the  magnetic f i e l d  a s  requi red  by 

Ampere's law now reduces t o  

t 



Ignoring temperature g rad ien t s  and s e t t i n g  1 = 0, 

a = a , Gj = 0 w e  see f rom (2.2.6)  t h a t  '- j 

Therefore (2.4.6)  may be w r i t t e n  a s  

O r ,  de f in ing  

w e  can write t h i s  l a s t  equat ion a s  

(2.4.9)  

We a r e  now ready t o  consider  t h e  consequences of 

choosing a g r a v i t y  fo rce  t o  represent  t h e  e f f e c t  of magnetic 

f i e l d  curvature.  In Sect ion 1.2 we found t h a t  i n  order t o  

neg lec t  t ransverse  (e1ectromagnetic)waves it  was necessary  

f o r  f3 t o  be very small compared t o  u n i t y .  Therefore,  except  

f o r  s p e c i a l  cases  i n  which t h e  d i f fe rence  of t h e  terms on 

the  l e f t  of (2.4.9) n e a r l y  vani&s,we see t h a t  i n  genera l  

the  c h a r a c t e r i s t i c  curvature length  



must be much l a r g e r  than t h e  c h a r a c t e r i s t i c  d e n s i t y  

g rad ien t  l eng th  

For the  geometry under cons idera t ion ,  the  curvature of t h e  

magnetic f i e l d  i s  represented  by a g r a v i t y  i n  the  x 

d i r e c t i o n  of (2 .3 )  - 

Assuming t h a t  t h e  v e l o c i t i e s  i n  t h i s  expression can be 

represented  by t h e  r e l evan t  thermal ve loc i ty ,  we can 

reduce t h e  expression t o  

Combining t h i s  d e f i n i t i o n  with condi t ion (2.4.  l o ) ,  we 

see t h a t  f o r  our e l e c t r o s t a t i c  wave a n a l y s i s  t o  be v a l i d  

we must r equ i re  t h a t  



We have thus shown that, strictly speaking, in order to 

satisfy the requirements of equilibrium when we wish to 

represent magnetic field curvature effects by the gravity 

term in our analysis,the gravity term is limited in magni- 

tude according to condition (2,4.12). 

Physically what is being required is that the density- 

gradient-induced diamagnetic current in the y direction 

balance both the x and z components of the curl of the 

magnetic field in a low f3 plasma (consider the momentum 

balance equation of magnetohydrodynamics ) . In truth, we 
should also allow for a density gradient in the z direction 

which, in turn, would induce more diamagnetic current in 

the y direction, thus helping to balance the total curl 

of the magnetic field. However, in general what we see 

out of this analysis is that for a low f3 plasma in equi- 

librium the density gradients are of the order of 1/f3 

steeper than the magnetic field gradients. For larger 

magnetic field curvatures than those satisfying condition 

(2.4.10) we must explicitly take into account the induced 

density gradient along the magnetic field, u., insure 
that an equilibrium exists along the magnetic field lines. 

As a qualification on this conclusion, we note that 

the Pack of the existence of equilibrium along the magnetic 



f i e l d  l i n e s  i s  probably no t  very se r ious .  This i s  because 

i n  t h i s  d i r e c t i o n  t h e  p a r t i c l e s  and e s p e c i a l l y  the  

e l e c t r o n s  a r e  f r e e  t o  move i n  such a way a s  t o  quickly  

e s t a b l i s h  a s e l f  -cons is ten t  equi l ibr ium. This  i s  i n  con- 

t r a s t  t o  the  s i t u a t i o n  i n  the  plane perpendicular  t o  t h e  

magnetic f i e l d  where t h e  l ack  of an equi l ibr ium r e s u l t s  i n  

g ross  plasma motions due t o  t h e  f a c t  t h a t  the  p a r t i c l e s  

a r e  constrained i n  t h e i r  motions by t h e  magnetic f i e l d .  

Therefore, while t h e  l ack  of an equi l ibr ium along t h e  

magnetic f i e l d  l i n e s  would not  appear t o  be ca tas t roph ic ,  

when g r a v i t y  f o r c e s  represent ing  magnetic f i e l d  curvature 

do not  s a t i s f y  condi t ion  (2.4.12) i t  seems necessary t o  

a t  l e a s t  consider  t h e  problem of t h e  establ ishment  of an  

equi l ibr ium. I n  t h i s  regard it  appears t o  us t h a t  the  

s t a b i l i z i n g  e f f e c t s  due t o  magnetic f i e l d  curvature,  found 

by K r a l l  and Rosenbluth (2.2)  - under condi t ions  which 

v i o l a t e  condi t ion (2 .4 .12)~  remain inconclusive u n t i l  i t  

can be shown t h a t  an equi l ibr ium which does n o t  s i g -  

n i f i c a n t l y  a l t e c  those e f f e c t s  i s  es t ab l i shed .  



Ih t h i s  chapter we derive the  dispers ion re la t ion.  f o r  

waves propagating i n  plasm% whish eonf o m  t o  the  require-  

ments of the  plasma model speci f ied  i n  Chapter 1. The 

first  s t ep  i n  t h i s  der iva t ion  i s  t o  obtain a formal 

solution. of the  l i nea r i ze& Vlaaov equation. &fe t ing  the  

m g n e t i e  f i e l d  perturbatfsw $ e m  6B (s ince  we ape cowsidep- - 
fng s u f f i c i e n t l y  low f3 plasmas s o  t h a t  only the  e l e c t r a -  

s t a t i c  modes ape ~ p s ~ t a n t - - s e e  Section 1 . 2 ) ,  we can 

wr i te  the  l inear ized  Vlassv equation (1 .2 .4 )  a s  

This equation i s  a F i r s t -o rder  p a r t i a l  d i f f e r e n t i a l  

equation and can be solved by the  method of character-  

i s % i c s  ( 3 .  I). A convenient way 60 apply the  method of' - 
eha~ae%ek i s%ics  here $a t o  define a. new coordinate syseem 

with the  proper t ies  

subject  t o  the  i n i t i a l  csn6itfsws 



where the  prime denotes the  new coordinate system. The 

solutions t o  the  d i f f e r e n t i a l  equations (3.1.2) are the  

c h a r a c t e r i s t i c s  of equation (3.1.1). Physical ly these  

solut ions  give the  t r a j e c t o r i e s  of the  individual  p a r t i c l e s  

moving under the  influence of the  s t a t i c  magnetic f i e l d  and 

ex te rna l  force  f i e l d s .  These t r a j e c t o r i e s  a r e  ca l l ed  the 

unperturbed p a r t i c l e  o r b i t s  o r  simply the  unperturbed 

o r b i t s .  Introducing the  new coordinate system, we may 

wri te  (3.1.1) as 

Integra.t; iw t h l s  equation over time from t t  = - oo up t o  

t = t, we obtain 

A s  we have noted i n  Section 1.2, the  per turbat ion 6fj i s  

assumed t o  be vanishingly small a t  t 9  = - so, so  f o r  the  

purposes of our i n s t a b i l i t y  ana lys i s  the  last term i n  th$s 

equation may be neglected. For convenience we w i l l  change 

the  dummy var iable  of integrat%on i n  (3.1.4) from t i  $0 

T + t, and then we may wri te  the  equation as 



We w i l l  now work out t h i s  equation i n  more d e t a i l  

f o r  the  plasma model spec i f ied  i n  Chapter I. For f u t u r e  

purposes S t  i s  convenient t o  wr i te  the  ve loc i ty  space 

der ivat ive  of the  equilibrium d i s t r i b u t i o n  funct ion i n  

t e r n s  of der iva t ives  with respect  t o  the  constants  of the  

motion. Writing the  der ivat ive  i n  t h i s  manner, we haye 

where we have employed de f in i t i on  (2.2.1) i n  wri t ing the  

last t e r n  and i ,i a r e  u n i t  vectors  i n  the  y,z d i ~ e c t i o n s  
-Y --z 

respect ively .  

In the  following we wish t o  examine the  physical 

s ignif icance of the  t e rns  which a r i s e  when (3.1.6) i s  

subs t i tu ted  i n t o  (3.1.5). I n  order t o  do s o  simply, 

f o r  t h e  moment we w i l l  neglect  any perturbed e l e c t r i c  

f i e l d s  i n  the  x d i rec t ion ,  This is  equivalent t o  using 

the  " loca l  approximati on" (see  S e c t i  on 3.3).  Se t t i ng  

6Ex = 0 and subs t i t u t i ng  (3.1.6)  i n t o  (3.1.5), we obtain 
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In  t h i s  equation the three terms enclosed i n  brackets have 

the form of the time derivative of an equilibrium constant 

of the motion multiplied by the  derivative of the equi- 

l ibr ium dis t r ibut ion  function with respect t o  the same 

conserved quantity. To see th is  we note tha t  

where we r e c a l l  t ha t  we a re  assuming here tha t  there aae 

no f luctuat ions  i n  the x direct ion so  tha t  6Ex = 0. These 

equations give the amount of destruction per uni t  time of 

the constancy of the equilibrium constants of the motion 

due t o  the f luctuating e l e c t r i c  f i e l d s  i n  the y,z 

directions.  In the f i rs t  equation of (3.1.8), we see 

t h a t  the acceleration of the pa r t i c l e s  along the magnetic 

f i e l d  by the z component of the f luctuat ing e l e c t r i c  f i e l d  

is what destroys the constancy of v,. Similarly, i n  the  

directions perpendicular t o  the magnetic f i e l d  it is the  

cconponent of the f luctuat ing e l e c t r i c  f i e l d  transverse t o  
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2 t he  magnetic f i e l d  which causes vL - 26 x t o  no longer be J 
a consekveC quanti ty.  F ina l ly ,  we note t h a t  the  x com- 

ponent of the  guiding center  posi t ion is  destroyed a s  a 

constant of t he  motion by the  f l uc tua t ing  e l e c t r i c  f i e l d  

i n  the  y d i rec t ion .  Noting t h a t  x always o c c u ~ s  with v J% * 
we see t h a t  f t  i s  convenient t o  introduce a d r i f t  ve loc i ty  

vx such t h a t  

dx and th ink of the  last t e r n  i n  (3.1.7) a s  
a <f> 

a x . 
In t h i s  case we see t h a t  the  6E x B - d r i f t  fn the  x 

di rec t ion  due t o  the  y component of the  f l uc tua t ing  

e l e c t r i c  f i e l d  i s  what causes the  x cmponent of the  guid- 

ing center  t o  be destroyed a s  a constant of the  motion. 

With t h i s  explanation of each of the  t e rns ,  we see t h a t  

the  physi @a1 content of (3*1.7)  is  that the  per turbat ion 

6f a t  t3me t 9s given by the  amount of des t ruc t ion  of each 3 
constant of the  motion per  un i t  time mul t ip l ied  by the  

correspondfng ve loc i ty  space "slope" of the  equilibrium 

d i s t r i b u t i o n  function, summed over a l l  the  constants of 

the  motion and "averaged" over the  p a r t i c l e  t r a j e c t o r i e s  

f ~ o m  T = - BB up t o  tima t .  We therefore  see t h a t  the  way 

i n  whfoh we $ake f r e e  energy out of the  equilibrium plasma 

and put it i n t o  the  perturbat ions i s  through e l e e t ~ i c  f i e l d  



f luctuat ions  which a re  rapid enough and of su f f i c i en t ly  

short wavelength to destroy the constancy of the various 

equilibriwn conserved quant i t ies .  

Having discussed the physical content of (3.1.7), we 

now return t o  the task of' f inding the dispersion equation 

f o r  a f luctuat ing e l ec t r io  Field with compobents i n  a l l  

directions.  In order t o  ensure tha t  the pa r t i c l e  number 

f luctuations 6f and the e l e c t r i c  f i e l d  f luctuat ions  6E 
3 - 

a r e  self-consistent,  we must apply Gauss1 law. Since we 

a re  neglecting magnetic f i e l d  f luctuations,  the e l e c t r i c  

f i e l d  is  describable by a potential ,  *., 

Wth the pertupbed e leo t r i c  f i e l d  so  defined, going back 

t o  the general expression fop  6f of (301.5)  and employing 3 
Gaussv law, we obtafn f o r  the self-consistency equation 

Th i s  integro-differential  dispersion equation prescribes 

the time development of the perturbed potent ia l  $(&, t ) 

For the par t fau lar  equilibrium dis t r ibut ion  fwnctfons 

<f3 (x ,~ ) )  . In allowing f o r  the x dependence of the 

potential, which we w i l l  not neglect here, we f ind  it 



convenient t o  remove the  x der iva t ive  under the  i n t e g r a l  

in  (3.1.10) through an in tegra t ion  by par t s .  To do t h i s  

we observe t h a t  

o r  t h a t  

Next we note t h a t  the  ve loc i ty  space der ivat ive  of the  equi- 

l ibr ium d i s t r i b u t i o n  function may be wr i t t en  a s  

Now, s ince  the  term of (fj) / 3 - v which i s  proport ional  

t o  t h e  ve loc i ty  - v i s  only a funct ion of the  constants of 

the  motion, we can in tegra te  t h a t  p a r t  of (3,1.10) 

schematically as 

where a s  with 6 f ( ~  =: - m ) we have neglected @(T = - oo ) 
s ince  we assume t h a t  the  per turbat ion was vanishingly small 



a t % = -  oo. Before we u t i l i z e  these  r e s u l t s  we go one 

s t e p  f u r t h e r  by noting that, since %he e q u i l f s ~ i m  d i s -  

t r i b u t i o n  function i s  fndependent of y,a,  we may e a s i l y  

Fourier  analyze these components of the  perturbat ion.  The 

equilibrium d i s t r i b u t i o n  function is ,  however, dependent 

on x, and hence Fourier  ana lys i s  i n  the  x d i r e c t i o n  would 

r e s u l t  i n  a convolution in t eg ra l .  We w i l l  choose not  t o  

Four ier  analyze i n  the  x di rec t ion ,  but  r a t h e r  t o  consider 

separa te ly  the  x dependence of the  po ten t i a l .  3% order t o  

f a c i l i t a t e  t h i s J  we Fourier  analyze in the  y,z d i rec t ions  

and i n  time according t o  the  following de f in i t i on :  

where we have omitted the  subscs$pt k k ,m on @(x) f o r  
Y, 

convenience. The frequency lo of the  waves w i l l ,  i n  general ,  

be complex with unstable o r  temporally growing waves being 

characterized by 3% w >- 0 .  The wave vector  component k Y 

w i l l  always be taken t o  be r e a l  i n  t h i s  work. The component 

k, w i l l  be r e a l ,  except when we a r e  considering the  con- 

vect ive and absolute nature of i n s t a b i l l t i e s  i n  which case 

k 1 ,  i n  general,  be cwp lex  (see  Chapters 5 3 6 , 7 ) .  

Using the  Ansatz of ( 3 ,  le 14) and the  f o m  given by (3.1.12) 

i n  our self-consistency ecq?rat%on, w e  can feduee it t o  



2 2 2 where k = k + k,. This is the general integro-differential 
Y 

dispersion equation which we will investigate further in 

the succeeding sections in order to determine the dZs- 

pe~sion properties of the plasma. 



3+2 

3% order t o  proceed further wilth OUT? analysi8 sf the 

integro-differential  dispersion equation ( 1 1 )  we need 

t o  how the mperturbed par$icle orb i t s ,  - i . e . ,  the character- 

i s t i c s  of (3.1.1). The unperturbed orb i t s  ape def$xaed by 

(3.1.2) and (3.1.3) which, when we change the time variable 

from tl t o  ?-tt t o  conform t o  the desired f o m  of the o ~ b i t s ,  

become 

subdect t o  the  i n i t i a l  conditions 

lh (3,2,1) we have u t i l i z e d  the f a c t  t h a t  f o r  our plasma 

model the  only external  force f i e l d  i s  9n the x di rec t ion  

and representable by the gravity force,  W~fefng otat the  

component par t s  of (3.2.1) explicit9ly9 we have 



where a s  before aJ = q j ( ~ ( / m j c  = the cyclotron frequency 

f o r  the jth ~ p e c i e s  of par t ic les .  The solution of (3.2.7) 

subject t o  the  v, component of condition (3.2.4) is simply 

Substi tuting v; from (3.2.6) i n t o  (3.2.5), we f ind  t h a t  

the  equation which we must solve f o r  v' is  
Y 

The homogeneous p a ~ t  of t h i s  d i f f e ren t i a l  equation 

descl"ibes the osci l la tory motion i n  the y direct ion 

caused by the spira l ing of the pa r t i c l e s  around the 

magnetic f i e l d  l ines .  The gravi ty  dependent ilMomogeneous 

t e r n  accounts f o r  the B - x vq B~ type of d r i f t  (E) i n  9 
the y direction caused by the gravity force i n  the x 

dikeotion. A t  t h i s  point it i s  convenient t o  introduce 

a cyl indrical  coordinate system f o r  the unprbed velocity 



space coordinates. For such a coopdinate system we define 

an a a ~ u t h a l  angle 8 such %ha$ 

-1 Q = taw vg/vx 

and a velocity per~pendicula~ t o  the mawetic f i e l d  a s  

The velocity i n  the z OP magnetic f i e l d  direct ion remains 

unchanged. In t h i s  cyl indr ical  coordinate systems vx and 

v ape given by 
Y 

vx = VL cos 8 

v = vI s i n e .  
Y 

With these def ini t ions  wa find t h a t  the solution of (3.2.9) 

subject t o  the  i n i t i a l  condition given by the v 3 cmponent 

of condition (3.2*4) i s  

(3.2.13) 

Different ia t ing t h i s  ~ e s u l t  with respect t o  7 and uafng 

(3 .2 .6 ) ,  we f$nd tha* 



- G 
v i  - vL cos ( Q  - ) + s i n  QJr . 

Q J 

The general solution of (3.2.2) i s  

where - c is a constant vector determined by the i n i t i a l  

conditions. Using the r e s u l t s  obtained f o r  v i ,  v '  and Y 
vi ,  and applying i n i t i a l  condition (3.2.3), we f ind  t h a t  

the pa r t i c l e  orb i t s  are  given by 

In (3.2.16) we see tha t  the x component of the unper- 

turbed pakticle orb i t  is  given by i t s  posit ion x a t  T = 0 

plus osc i l la tory  t e m s  which vanish a t  z = 0. The pafr  of 

t e m s  proportional t o  v L / n  describe the x component of 3 
the sp i ra l ing  motion of the pa r t i c l e  around a magnetic 

f i e l d  l ine .  Since the magnitude of the sine fwnetfon nevep 

exceeds unity, the magnitude of t h i s  paik of t e m s  nevep 



79 

exceeds twice the  b m o r  radius  of the  p a ~ t i e l e  under eon- 

s i d e ~ a t i o n ,  The last pair of t e r n s  represent  the  x corn- 

ponent of the  osc i  l l a toky  "wiggle" i n  the  gravity-f  oree- 

fnduced d r i f t  i n  the  y d i rec t ion  which was discussed 

previously 3x1 connection with (3.2,g). This o sc i l l a to ry  

contr ibution t o  %he o r b i t  is usual ly  ignored, but our 

ana lys i s  w i l l  show t h a t  re ta fn ing  it leads t o  f u r t h e r  

r e s t p i  ctioras on the  magnitude of the  g rav i ty  force  (see 

following aect fon) ,  the  y component of the  unperturbed 

o rb i t  (3,2.17), the  g rav i ty  fndueed d r i f t  i s  the  souree 

of t he  Ci ~ / $ 2  t e rn ,  and the  o sc f l l a to ry  t e m s  a r e  of 3 9 
the same or ig in  as those i n  the  x orb i t .  The z colnponent 

of the unperturbed o r b i t  (3.2.18) i s  simply the  pos i t ion  

a t  r = 0 plus  the  p a r t i c l e  t r a n s l a t i o n  v , ~  which has 

occurred s ince  t h a t  time. 

In derivfr%g these  sfmple p a r t i c l e  o rb i t s ,  ' w e  have 

%mplfc%tly made two aasuaaptions which a r e  worth mentioning 

here. F i r s t ,  based upon the  f a c t  %bt we a r e  only concerned 

with low f3 plasmas, we how t h a t  %he equflib~funa mamet ic  

f ie ld  gradients  a r e  much smoothe~ than the  densi ty  

gradients ,  and so  we have neglected the  magnetic f i e l d  

gradients .  Second, fn allowing magnetfc %%eld c u ~ v a t u ~ e  

e f f e c t s  t o  be represented simply by the  g rav i ty  f o ~ c e ,  we 

have neglected various t e m s  which would as%se due t o  the  

other,  less dsnfrtant (usual ly  oscillatory) e f f e c t s  of t he  

mawet ic  f i e l d  curnature. W%th these a~eana~ks fnr m%nd we 
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wish t o  add a note of caukion about the conclusions reached 

in l a tek  par t s  of t h i s  work. Since we a re  neglecting these 

and pephaps other "small" e f fec ts  which a r e  presumably 

expandable e f fec t s  (G., t h e i r  e f fec t s  can be expanded 

i n  a pertuffbation ser&es)* we wota3.d n o t  expeet tha t  the 

conclusions reached would be d ras t i ca l ly  modified by t h e i r  

inclusion. However, there  i s  one notable exception t o  

t h i s  statement. If we conclude on the basis  of our 

approxfnate analysis t h a t  a given plasma i s  very nearly 

marginally stable,  we do not know - a whether the 

inclusion of "small" e f fec t s  would change our conclusion 

a s  t o  the plasmat s s t a b i l i t y  or ins t ab i l i ty .  However, we 

usually kmow the frtsqueanoy. and wavelength =rages in which 

the small e f fec ts  of relevance f o r  any par t icu lar  ~ e a l  

plasma could became important, and hence we car; have con- 

fidence 3.n our conclusions, except possibly i n  these 

par t icu lar  ranges. 



3.3 

Me now r e tu rn  t o  the  t a sk  of f inding $he dispersion 

r e l a t i on .  Subs t i tu t ing  the  o r b i t s  found %n the  preceding 

sect ion i n t o  the  in tegro-d i f fe ren t ia l  d ispers ion equation 

(3.1,15), we obtain 

To fu r the r  s impl i fy  t h i s  equation, we w i l l  use the  Bessel 

mnct ion  i d e n t i t i e s  



which a r e  derivable from s imi l a r  ones given by Watson ( 3  - e 3 ) .  

Next we note t h a t  s ince we have an fnhomogeneous plasma, 

the  equilibrium d i s t r i bu t ion  funct ion which i s  dependent 

on the  guiding center  posi t ion i s  anisot ropic  i n  ve loc i ty  

space i n  the  plane perpendicular t o  t he  magnetic f i e l d  

d i rec t ion .  That is, the  equilibrium d i s t r i b u t i o n  funet ion 

depends e x p l i c i t l y  on the  ve loc i ty  space azimuthal angle 8. 

For our p a r t i c u l a r  plasma model, around x = 0 t h i s  depend- 

ence i s  given by (2.2.4) with r being defined i n  (3.2,12): 
Y 

This e x p l i c i t  dependence of ( f j )  on the  azimuthal angle 

8 i s  usual ly  neglected, s ince the  contr ibution of the  

r e su l t an t  t e rns  I s  important only f o r  high frequencies 

(of the  ordkr of the  ion cyclotron frequency and i t s  

hamofncs) ,  but w i l l  be re ta ined  here since we w i l l  cow- 

s i d e r  i n s t a b i l i t i e s  fop such high frequencies (see  

Chapter 7 ) .  In l a t e r  ca lcula t ions  i n  t h i s  sect ion we 

w i l l  need spatial der ivat ives  of (fj) . I" cmput ing 

such d e ~ i v a t f v e s  we w i l l  assume (only in t h i s  sec t ion)  t h a t  

a gj/ 3 (x  + vy/ a ) is  surf  i c i e n t l y  dependent on x t o  

account for the  r e s t  of the  Taylor s e r i e s  expansion of 

g (2.2.4) appropriate f o r  the p a r t i c u l a r  plasma dens i ty  
3 



p r o f i l e  under consideration. That is ,  we represent  the 

entin? func t iona l  dependence of g on x by the first two 1 
terns in  i t s  Taylor) sevies  expansion. Using the  $om of 

the e q u i l i b r i m  d i s t r i bu t ion  f m o t i o n  given by (3.3.2) 

and the  Bessel funetion i d e n t i t i e s  l i s t e d  above, i n  the 

region c lose  t o  x = 0 we can wr i te  the  in tegro-d i f fe ren t ia l  

d i s p e ~ s i o n  equation as 

3eaa order f;o proeeed $u~'t;her we need t o  consider the  

po ten t i a l  $(x) i n  more de%ai l .  A t  t h i s  psine fa% the  

derivat ion,  it is c only assumed t h a t  the  po ten t i a l  is  

roughly a constant and the  d9spersion   elation read i ly  

follows. T h i s  i s  the  so-called " l o e a ~  approxim8tiont' ,, 

331 t h i s  w o ~ k  use w i l l  make such an approximation l a t e r ,  b u t  

f o r  the  moment we w i l l  consider the p a ~ m e t r i c  sanges i n  

which t h i s  p~oeedure  i s  reasonably cor ree t .  



Were it not f o r  the inhomogeneity of the plasma, we 

would simply Fourier analyze the potent ia l  flus$uati~ns 

i n  the x d i rec t ion  a s  we have done f o r  the other direetfons.  

However, since we cannot do this,  we t r y  the next best  

thing--which i s  t o  consider the question of whether or 

not we can neglectt the  x dependence of the potent ia l .  

Clearly we could not do so if the potent ia l  depended om 

the propert ies of the plasma f a r  from the region of 

in t e res t .  Therefore we see tha t  the potent ia l  must be 

localized i n  the x direct ion i n  the v ic in i ty  of x = 0. 

That is,  a solution of the integro-different ia l  dispersion 

equati  m which is localized around the region x G 0 must 

e x i s t  , 

Ira order t o  examine t h i s  question of local izat ion of 

the potential ,  we expand the potent ia l  $(x" i n  a Taylor 

ser ies  about x '  = X: 

Keeping only the terns  through the second d e ~ f v a t i v e  in 

t h i s  expression, upon subst i tut ing it i n t o  (3.303),  using 

the x t  unpekturbed orb i t  given by (3.2.16) and employing 

the genepal iden t i ty  



we obtain the following integltbo-ctb%f e r a  t i a l  df spel~sion 

equation: 



I +{+ta~++'(,)k%~j,-hA)-~ J n ( k J v ~ l ~ )  a F. ,& 

b Y J  'J"; 59 ~ ~ ( ~ ~ / ~ ~ ) ] } 2 ( ~ : - 2 ~ x ) ' a i ~ + ~ i n >  1 

(3.3.59 

where &a; + ) means terms of order aj 2 + G$/& 2 4. 
3 

J 

in which a is the mean Lamor radius for the jth species 3 



Sfnce the la rges t  b m o r  radius i s  nomal ly  tha t  of the 

fons, hereaf ter  we w i l l  usually take the ion b m o r  ~ a Q i u s  

a s  the representative one. Zn the general iden t i ty  (3 .3 .4 ) ,  

%he r e s t r i c t i o n  lin cu > 0 2s necessary so tha t  the t-e 

in tegra l  converges, and t h i s  specif ies  the region of the 

complex ~o plane i n  which our dispelrosion se la t ion  i s  defined. 

Henceforth t h i s  r e s t r i c t i o n  w i l l  be understood t o  always 

apply unless we spec i f ica l ly  s t a t e  tha t  we are analy t ica l ly  

continuing the dispersion re l a t ion  t o  other regions. We 

were able t o  do the time in tegra ls  separately from the vL,v, 

veloci ty  in tegra ls  here since the ferns i n  braces i n  (3.3.3) 
I 

a r e  e i t h e r  f ixed coordinates or conserved' quant i t ies  and 

henee independent of t2me. 

3% (3.3.5) the t e m s  proportional t o  $' (x)  r e p k e ~ e h t  

an "average " displaoement of the instantaneous posi t  f on 

x 1  of the pakticle about posit ion x, along the unpektukbed 

he l i ca l  pa r t i c l e  t ra jectory.  Since the plasma i s  nearly 

uniform i n  the x direction,  we expect tha t  t h i s  avesaage 

displacement must be small and proport%obal t o  the density 

gradient a s  Is observed i n  (3 .3 .5) .  The t e m s  proportional 

t o  @"(x) on the r ight  s ide of (3.3.5) a re  not likewise 

proport=foraal t o  the density g ~ a d % e n t  sin@e i n  t h i s  case 

we ape f i n d ~ g  the average of the squake of the displacement 

which f a  of the order of the max%muna displacement squared 

i r respect ive of the nonunifomity of the plasma, 
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Next we note tha t  (3*3,5)  can be put i n  the f o m  

where &(x,cu) i s  similar  t o  but somewhat mope general than 

the quanti ty q(x) specified by Krall and Rosenbluth (3 .4 )  - 
and A(x,o) i s ,  a s  described implic i t ly  i n  the preceding 

paragraph, "small" and inversely propostional t o  the 

charac ter i s t ie  inhomogeneity length. In par t icular ,  

considering the various t e m s  i n  (3.3.5) we see tha t ,  

negleeting f o r  the moment the usually small n/k terns,  
Y 

the terms of A(x,w) are  of the order of the Lamor radius 

squa~ed  divlded by the charac ter i s t ic  inhomogeneity length 

t b e s  the s imilar  t e m s  contributing t o  ~ ( x , t o ) .  With9n 

the l h i t a t i o n s  of the present derivation, the n/ky t e m s  

can nevel" be very large. This i s  because i f  the 

(n/k,) 3 gj/ J (x+vy/Sj)  terns  were of the o r d e ~  of or 

l a ~ g e r  than unity, it would be necessary t o  include higher 

order derivative terms i n  the Taylor se r i e s  expansion 

of gj (see (2.2.4)). Physically,lal.ge n/ky would imply 

wave resonance with par t ic les  havfig such large v tha t  
Y 

t h e i r  %lamop ~ a d i u s  would be comparable t o  the character- 

i s t i c  Snhamogeneity length, i n  which case keeping only two 

terns i n  the Taylor se r i e s  expansion of g is  obviously 3 
insuff ic ient .  The%efo%e,in t h i s  work we restrpict the values 

of n/ky of l n t e r e s t  t o  



where L is the characteristic inhomogeneity length (&. , 
,--- 7 -1 La gj/ (x i- v d n  3) 1 ) . Using this condition on the 

magnitude of n/ky, we find that the terms of A(x,m) are 

of the order of (a + G / s2:)aj/~ compared to the 3 3 
copresponding terns contributing to &(x,m). Physically 

2 the gravity length aj/ 52 is the distance that pa~ticles 

drifting with an F x uqjE12 velocity of (f3/S travel 

in one cyclotron pepiod. It is also the spadial extent 

of the oscil1atol"y "wigglerr in the gravity-indueed mot$ on. 

Therefore (f / a2 is the scale length of the charge 3 3 
separation caused by the gravity-induced particle drifts 

in the y direction. 

Now, except for the "enall" d@/dx tern, equation 

(3.3.7) is exaetly the same as that conside~ed by many 

autho~s (3.4 - 3.15) in discussing the localizatisn of the 
potential $(x). Since the coefficient of the d$(x)/dx term 

is "small" in our case, ft seems ~easonable to try $0 

transforan (3.3.7) fnto an equation having no f i ~ s t  

desintive. Such a transfom%'t;9on can be aceanplished by 

the genegal substitution (3,16) 



90  

Substituting in t h i s  Ansatz, the d i f ferent ia l  equation of 

where 

i n  which the prime on ~ ( x , o )  denotes different iat ion with 

respect t o  x. In  general the temn &(x,w) i s  of the order 
2 2 of k or l/ hD ( hD = the Debye length), whichever i s  

larger (a). Assuming that  A 1  (x,w) - A(X,W)/L and 

kecalling our previous discussion about the magnitude of 

A(X,U) compared t o  &(x,m), we see tha t  in q(x,w) the A ( x , ~ )  

t e m s  are smaller than the comesponding &(x,o) t e m s  by 

approximately the r a t i o  (a + Q / n 2 ) a  /L~. Therefore J 3 3 3 
the A(x,m) t e m s  i n  q(x,w) may be neglected as  long as  

a c o n d i t i ~ n  which i s  consistent with o w  9nten%ion of 

treabfng only s l ight ly  inhmogeneous med3.a i n  t h i s  wo~k,  

From (3.3.8) we also note that  when th i s  condition i s  

sa t i s f ied  the potential is nearly equal t o  (x)  fo r  x 

not more than a few hrmor r ad i i  from x = 0. 



I;l[avm shown t h a t  our general iaategro-aifferential 

d i s p e ~ s i o n  eqinatfm can be approxfinated by (3 .3.9)  Ixa 

which Y/(x) i s  approximately the potent ia l  @(x), re now 

consider the conditions under which a localized solution 

f o r  the  potent ia l  $(x) can ex i s t .  33-1 o ~ d e @  t o  have a 

localized solution, Y (x)  must be bounded a s  x --+ - + m. 

For such a solution t o  ex i s t  it @an eas i ly  be shown 

(3.5 - - - 3.8) $hat q(x,cu) must have at  l e a s t  one zero f o r  

sane value of x. S b a e  equat%on (3 ,3 ,9 )  fs rembfscent 

of' the  %be-independent Schroedinge~ equation fop an 

a r b f t r a ~ y  potent ia l  well ( ) whose solutions a r e  

commonly f o n d  by the method (3.18)~ - it seems reason- 

able t o  attempt t o  use t h i s  method here, However, i n  con- 

t r a s t  t o  the usual Schroediwer equation case, q(x,u) is, 

i n  general, a cmplex quanti ty a s  x -+ - + co . Eaany 

, 3.8 - 3-10,) have shown t h a t  in t h i s  case 

" loealf  zedtt potent ia l  s o l u t i  ons @an ex i s t  only f f  there  

ape a t  l e a s t  two zeros OF "turning points" of q(x,w) 

whfoh, fn  general, o c e u ~  a t  complex values of x ,  Further- 

mom, the solutf  on i s  only lo@al$eed i f  the usual 

phase in tegra l  condition on q 9s s a t i s f i e d  between these 



where x13 x2 a re  the complex turning points, e., i n  

genepal complex values of w such that 

A s  i n  the quantum mechanical case, such a solution can 

ex i s t  only i f  q(x,m) represents a density (plasma pressure) 

"h i l l "  on the x d i ~ e c t l o n .  Here we in te rpre t  the plasma 

model described i n  Section 1.3 a s  representing only one 

s ide of the density " h i l l "  with the glaximum density 

gradient occurring local ly  a t  x z 0, and we imagine t h a t  

there  is a s imilar  density gradient i n  the opposite 

dipeation far off t o  the l e f t  of the origin i n  Fig. 1.1. 

Some special  cases i n  which equations (3.3.10) and 

(3.3.11) can be simultaneously solved fop  par t icu lar  

density d is t r ibut ions  have been discussed by S i l i n  (3.9). 
In general, how eve^, simultaneously sat isfying these 

thee equations f o r  each frequencycu of in t e res t  i s  a 

formidable task. 'Phe~ef ore we go on from these r e s u l t s  

and ask undes what conditions the simultaneous sa%is%a@tion 

of these three equations gives approximately the same ~ e s u l t  

as that; obtained by using the loca l  approx3Hlation, - L e e - ,  

q(x ss O,m) = 0 OP approximately &(x= 0,m) = 0, F m  a 

somewhat s ~ p l e r  function Q, Kral l  and Rosewbluth w) 



have shown t h % t  the local a p p s o x ~ a t i o n  closely approxfmates 

the s9multaraeous solutfon sf' equatims (3.3.10) aad (3,3,11) 

as  long a s  

where L i s  the characterist ie inhomogemefty length of 
4 &(x,m), an& the ai resul ts  from the @(a21 + G:/ 52%) terms 

in  (3.3.5) with the G:/ 51: term being neglected. It is 

implielt ly assumed i n  t he i r  de~ iva t ion  that  the Debye 

length i s  much smaller than the f on Lamox? radius. If 

th is  3.8 not the case, then ai should be replaced by 

\/a21 + 1; i n  (3.3.12). Also, it i s  assumed that  sucaessive 

spat ia l  derfvatives of &(x,a) (bp to second o ~ d e r )  and 

hence of the plasma pr,essUPe are appkoxUately gfven by 

the quantity being differentiated divided by the cbracteaa- 

Sst ie  Snhmogeneity length, &., 

A case i n  whfeka th i s  l a s t  assmption f s  not t ~ u e  has been, 

constde~ed by Bob ( 3 ,  - L O ) .  Put$J,w.g 9aa the usua%ly neglected 

gravity length and a l l o ~ i n g  fop the possibi l i ty  that  the 

Debye length may be conparable t o  or lea~ger than Q;he ion 

UPWOP radius, we see that  the most general condition mder 

which the local  approxbat%on dfspe~sfon relat ion fog our 



case gives a good representation of the s-ultaneous 

solution of equations (3.3.10) an4 (3.3.11) i s  

This c r i t e r ion  simply specif ies  tha t  fop the loca l  approxi- 

mation t o  be va l id  the inhomogeneity length of the plasma 

must be long compared t o  the "fine st@uotuxae" lengths i n  

the plasma. We a l s o  note tha t  a s  long as condition (3.3.13) 

i s  satisfied,q(x,w) i s  very nearly equal t o  Q(x,~) and 

Y ( x )  is  very nearly just  the potent ia l  @(x). 

CondStion (3e3.13) gives another usually unrecogwized 

condition on ' t he  magnitude of the g ~ a v i t y  o r  external  

force. 331 contrast  t o  the ~ e s t r i c t i o n  found in Seckfon 2,4, 

here the condition a r i s e s  %rbrespective of whether or not 

the gravi ty  force i s  represent%ng magnetic f i e l d  eu~vatu~ge 

and hence applies t o  a l l  force f i e l d s  %ra the x direct ion,  

Tracing the G / 51; gravi ty  length term back through the 3 
derivation, we f ind  that this r e s t ~ f c t % o n  a r f ses  due t o  

the inclusf on of the usually neglected oscf l la tosy "wiggle" 

i n  the unperturbed pa r t i c l e  orb i t s  resu l t ing  fkom the 

gravi ty  induced d r i f t  3a the y direction (see preceding 

seetion).  

addit ion t o  the approx%ate, amlysis method 

of solution, it should a l s o  be mentioned thak other raetlaods 



have been used t o  solve (3*3,9) ,  For a very s9%agle 

pap$ie~xPaa plasma density dis$%"ibution with no gravity 

force p ~ e s e n t ,  P e a ~ l s t e h  (3.11) has succeeded i n  solving 

the equation. exactly. For t h i s  s u p l e  example Pearlstein 

ooncludes %hat under the assuraaptfon tha t  condition (3.3*13) 

holds (with Qj = o), the solution and loca l  approxi- 

mation solution closely match %he exact solution. AnotherP 

case fn  whioh the exact and method r e s u l t s  ape nearly 

ident ioal  has been reporkxi by Chen (3.12 - ) . In addition, 

Ruther~ford and -fernan (3-13) - have p e ~ f o m e d  an analysis 

based on the p~opagat lon of wave packets fgi the x dipection. 

They cowlude that the loca l  approxaatfon f s  adequate t o  

determine the i n i t i a l  growth r a t e s  of the i n s t a b i l i t i e s ,  

i e  _._a 9 the cmplex frequencies w. The local izat ion of the 

pot;entfal Qn a c y l b d ~ i @ a l  geometry has been consfde~ed 

by Shima and Fowler (3 ., 14). By examinfrdg the k e r n 1  of" 

the  approprfa%e i n t e g m l  equation, they obtain a "local" 

approxhakion under conditions which a re  consistent  with 

( 3 0 3 0 1 3 ) e  A sUfla9" method involvbg an e x m i m t i o a  of 

the kernal of' the  fntegpal equakion. was a l s o  used e a r l i e r  

by Krall an4 Rosenbluth (3.15) - i n  studying a slab model 

maring established the conditions undeP which we caw 

urae the local  approxSmation for" @(XI, we w i l l  wow assme  

t h a t  those eornditioads a re  s a t i s f i e d  a d  then, %aking @(x) 

t o  be a constan% a s  Wplied by the local  a p p r o x ~ a t i o n ,  
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we can eas i ly  obtain the dispersion re la t ion:  

Rearranging t h i s  equation By completing the denomfnat or 

i n  the term proportional t o  (kZv,-m), combining the 

resul tant  term wi th  the f i ~ s t  t e rn  on the r igh t  side of 

(3.3.14) and defining n = n-m t o  reorder the n s w a t i o n  

so t h a t  a l l  of the resonances near a given cyclotron 

hamonic a r e  grouped i n  a single term of the n swnmation, 

we may write the dispersion re la t ion  as 

(3.3015) 

where,,havir%g perfomed the time i n t e g ~ a t i o n ,  we have 

simplified the derivatives of the dis t r ibut ion  function, 

Equation (3.3.15) i s  the general d%spePsi~n  re la t ion  from 

whieh a l l  fur the^ work in t h i s  thesfs w i l l  derive, 



We w i l l  now consider some general  proper t ies  of t h i s  

dispersfon r e l a t i o n ,  F i r s t ,  we note t h a t  it has a branch 

l i n e  defined by Re(kz) = 0. In  order t o  see  t h i s ,  we 

divide  t h e  s ingular  denominator i n  (3.3.15) thraugh by k,. 

Then, in t h i s  f o m  i t  i s  easy t o  see t h a t  the  p rescr ip t ion  

m ( m )  7 0 f o r  the  evaluation of the v, i n t e g a l  leads t o  

d i f f e r e n t  representa t ions  of the  i n t eg ra l  f o r  pos i t ive  

and negative ~ e ( k ~ ) .  (see AppendFK B f o r  a discussion of 

rm example of these s ingular  v, i n t eg ra l s .  ) Either  

reple~esentati on may be a n a l y t i c a l l y  cont imed t o  the  o ther  

half-plane of k,; however, the  two representa t ions  w i l l  

not be equal 3x1 the r e su l t an t  o v e r l a p p i ~  ~ e g i o n s .  The 

two d i f f e r e n t  representat ions are Jo9aed along the  l i n e  

~ e ( k ~ )  = 0, which i s  therefore  a branch l i n e .  They a r e  

equal a t  the  branch point,  ~e(lc ,)  = a ( k Z )  = 0. 

A s  a maeter of convenience, we would l i k e  t o  consider 

only Re(kZ) > 0 and thus avoid crossing t h i s  branch l l n e .  

En order t o  J u s t i f y  ~ e s t r i c t f n g  ourselves t o  t h i s  region 

of kZ space, we need t o  consider the  s 

dispersion r e l a t i o n  with respect  t o  sign changes i n  k 
Y' 

kZ, w, n and m.  In discussing these symmetries we w i l l  

r e f e r  t o  the  function which i s  fomed by pu t t ing  the  t e rns  

on the r i g h t  of (3.3,15) t o  the left of the equal sign as 

the  d i e l e c t r i c  function.  A s  we shall discuss i n  Chapters 6 

and 7, we w i l l  only be concerned in t h i s  work with r e a l  k 
yY 

but, in  general,  with complex m and k,. For complex m 

and k, if  we simultaneously change the  signs of & n 
Y' 



and m and the r e a l  pa r t s  of kZ and a, the d i e l e c t ~ i c  

function i s  mehawed, except f o r  the sign of i t s  

fnaaginary par t .  However, i n  order t o  have a solution of 

the dispersion re la t ion ,  the fmaginary p a ~ t  of the 

d ie l ec t r i c  function must vanish. Theref ore solu.f;f ons of 

the dispersion re l a t ion  f o r  negative ~ e ( k , )  can be obtained 

from solutions f o r  poqitive ~ e ( k , )  simply by changing 

the signs of k and the r e a l  p a ~ t  of w e  R e e a l l i ~  t h a t  
Y 

the Bessel functions ~ ~ ( k  vL/ a,) a re  even functions of 
n Y 

k~ 
, we see-frcm the general dispersion re la t ion  tha t ,  

instead of changing the sign of k mathematically we could 
Y' 

change the direct ions  of the s p a t i a l  inhomogeneity of the 

plasma and the gravi ty  force.  Xn any case .we see tha t  we 

can r e s t r i c t  our consideration of complex kc modes t o  

those whose r e a l  par t s  of k, a re  posit ive (or  zero). 

When a l l  of the equilibrfum distribut%o%a fmc%%ons 

F (v  ,v ) are even functions of vZ, a fur ther  s 
S l z  

exis t s .  Then, f o r  complex cu and k, if  we simultaneously~ 

change the signs of n, ky, m, v,, the r e a l  pa r t  of a and 

the imaginary pa r t  of k,, the d ie l ec t r i c  Panetion i s  as 

bef ope unchanged, exoept f o'k the sign of i t s  Snaaginaky 

pa r t ,  Therefore we can obtain the solutions 0% the dis-  

persion ~kelatlola having negative k by s%mply c h a n g w  
Y 

the signs of the r e a l  par t  of u, and the $snagmry par t  of 

Ic, of the solutions we have found with posit ive k 
3-° 

$9a 

much of the subsequent work i n  th is  thesis ,  we w f l P  r e s t r i c t  



ourselves t o  cases i n  which a l l  of the equilibrium dis-  

t r ibu t ion  functions ~ ~ ( v ~ , v ~ )  a re  even functions of vZ 

sJ = 0). For such cases we can restrict OUI? 

search f o r  solutions of the dispers i  on re l a t ion  t o  posit ive 

k and kZgs having a posit ive r e a l  par t .  However, i n  
Y 

general, w e  consider fpequencies o, with both posit ive and 

negative peal papts. 

A t  t h i s  point In our consideration of disperszon 
11 r e l a t ion  (3.3.159, it i s  convenient t o  introduce a regent- 

ence species'' of plasma par t ic les .  This species w i l l  

r e a l l y  be a f i c t i t i o u s  species since no reference species 

pa r t i c l e s  need e x i s t  i n  the plasma. The reference species 

w i l l  be denoted by a subse%"ipt zero and w i l l  usually be 

taken t o  be the ions (with a Maxwellian veloci ty  d i s t ~ f b u -  

t ion ) ,  although it i s  not neeessaroy t o  do so,  The peason 

f o r  Sntroducing such a m f e ~ e n e e  species here i s  t o  allow 

us t o  write the  dispersion. faa a paptfcularly usqful 

cSimensfonless f o m .  It w i l l  be even more useful  i n  the 

following section where we w i l l  wri te a l l  i n  

the dispersion re la t ion  in d ~ e n s i o n l e s s  g ~ o u p s  by using 

the properties of the ~ e f  erence species. The par t icu lar  

fox& in which we wish t o  write the dispersion re la t ion  



where 

Here and throughout the  r e s t  of t h i s  work we w i l l  cormonly 

use the  symbol k a s  a  shorthand nota t ion denoting ky9k, 

o r  one o r  the  other  of the  wave vector  compoments when it 

only denotes the  funct ional  dependence of He In the  

separation. of the t e rns  of the  d ispers ion r e l a t i on ,  we 

note t h a t  A i s  independent of w and k, but inverse ly  

proport ional  t o  the over-al l  plasma densi tyo In con t ras t  

H(w,k), which we w i l l  c a l l  the  "dispersion function", i s  

dependent on the  pa t io  of the  plasma frequency of a  given 

species t o  t h a t  of the  reference species and heme on the  

r e l a t i v e  dens i t i e s  of each speefes,  but i s  - of 

t he  over-al l  - . We s h a l l  make g rea t  use of 

t h i s  property of being ab le  t o  separate out the dgnsi ty 

dependent tern In the  s t ab f lb ty  ana lys i s  of %he sueeeeding 

chapters.  In f a c t ,  it i s  t h i s  par%icular  separat ion 

p ~ o p e ~ t y  whioh affords  us the  opportuni$y of a ~ @ % v f n g  a t  

a simple procedure f o r  detemiwg %he densi ty  f o r  t ~ a a a s i t i o n  

to absolute i n s t a b i l i t y  (see Seetion 5.2), 



Referring back t o  our dfscussion i n  Seation 3.1, we 

can andekstand the  physical s i m f f i c a n e e  of each of the  

t e r n s  enclosed i n  braces i n  our general dispersLon r e l a t i o n  

(3.3*15).  Worn t h a t  discussion it i s  read i ly  apparent 

t h a t  the  t e r n  proportional t o  k, represents  the  des t ruct ion 

of the  vZ constant of the  motion. Similarly, ( k f j / f i J )  

* b g /a x i s  the  t e r n  which represents  the  des t ruct ion 3 
of the  guiding center  constant of the  motion. Final ly ,  

the  des tme t fon  of' the  constant of the  motion whieh i s  

analogous t o  the  magnetic moment (see Seotfon 2.1). i s  

represented by the  term containing (n  a /v - k y ~ j / v L n ,  1. 9 1  
Since i n  the  absence of a grav i ty  force  t h i s  last  term i s  

proportional t o  n, we see  t h a t  f o r  per turbat ions  whose 

frequencies a r e  much l e s s  than the  ion cyclotron frequency 
.. 

and whose wavelengths k-' a r e  long compared t o  the  ion 
Y 

U r n o r  ~ a d i u s  (see Sedtion 6,  I ) ,  the  mametic aroment i s  

~ o n s e r v e d ~  That t h i s  i s  tme fn general f o r  such per- 

turbat ions  ha8 been shown by Taylor ( ) . - Tkae g rav i ty  

force  t e r n  does not s h i l a r l y  vanish f o r  low frequencies 

but  does become small f o r  wavelengths long eompaped t o  

the  ion h a n o r  radius ,  The reason it does not vanish f o r  

low f ~ e q u e n e f e s  i s  t h a t  %he grav i ty  fo rce  aauses a uanifom 

v d r i f t  of the p a r t i c l e s  imespec t ive  of the frequency 
Y 

of the  e l e c t r i c  f i e l d  f luc tua t ion .  In the  general  d ispers ion 
n -m r e l a t i o n  (3.3015), the  t e rns  p r o p o ~ t i o n a l  t o  ---. 
k~ a x 

r e s u l t  from the  averaging of the  p a r t i c l e  tgaajeeto~y 



o r b i t s  over the  ve loc i ty  space aniss t ropy eaused by the  

densi ty  gradient .  As we have discussed prevfously i n  

t h i s  sect ion,  these  terms must always be 

small compared t o  u n i t y - f o r  our ana lys i s  t o  be va l id ,  

The physieal  s ignfficance of the  kerns i n  the  

s ingula r  o r  resonant denoroinato~ of (3.3*15) is a l s o  
I 

wopth considering. The essence of" the  e n t i r e  benominator 

kZvg + n 52 -k G /n3-u, i s  t h a t  it gives the  e f f ec t ive  3 Y 3  
frequency of Ghe wave as seen by the  p a r t i c l e s .  Thus 

we note t h a t  with co being the  t m e  fkequeney of the  

e l e o t r o s t a t i c  wave t h e ~ e  a r e  th ree  "corx?eetionn ternas* 

F i r s t  the re  i s  the  correct ion of k,v, which i s  the  Doppler 

s h i f t  due t o  the  motion of the  p a ~ t i c l e  fn  the  a direc$ion. 

Next, as long a s  ky # 0, the re  is the  c o r ~ e c t i o n  of n aj 
- 

acc&nting f o r  t he  resonance of the wave with the  n t h  

hamonie of the  bas ie  fpequeney of the  h e l i c a l  motion of 

the  p a r t i c l e s  around the  marnetfa f i e l d  l i ne s ,  the  c y ~ l o t ~ o n  

frequency. Final ly ,  there  i s  the  k G / fij Dopplea. shift 
Y 3  

e o r ~ e e t i o n  f o r  the  motion of the  p a r t i c l e s  i n  the  y 

d i rec t ion  s inee  i n  t h i s  d i rec t ion  there  fs a gravity-  

force-induced uniform d r i f t  ve loc i ty  of vD = e3/nCZj ( s e e  
Y 

preceding sec t ion ) ,  Mote t h a t  the  " d k i f ~ b s "  
V0 ,9  

J 
(v  - /G and those a r i s i n g  f ran the  densf ty-gradient- 

fndueed d imagne t ic  eurrent  do not appear e x p l i c i t l y  i n  

the  resonant denominator of the  8 fspers i sn  pela t ion since 

they a r e  macroscopic d r i f t s  associa ted with the  e q u i l f b r i m  
f 
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s t a t e  of the  plasma, Rather, they entek thkoum the  

depenbence of %he dispersion re la tgon on the equi  libriuna 

d%strfbut%on. The Bessel fuwa$fon mul t i p l i e r  t e rns  give 

the  appkopriate wefghting faa$srs  t o  aeeournt f o r  the  

degree of s p a t i a l  coherence of the  wave propagation 

pea~pendicu la~  t o  the  magnetfe F ie ld  with %he h e l i c a l  

motion of the  p a r t i c l e s  around the  m a p e t i c  f i e l d  l i n e s  

f o r  coupling with each p a ~ t i c u l a r  fiamonic of' %he cyclotron 

frequencyo 

The ovep-all e f f e c t s  of the  t e m s  which c o n t ~ i b u t e  

t o  the dispersion ke l a t f  on ape of ten  r e f e r r ed  t o  by 

p a r t i c u l a r  n m e s .  Since a hmogeneous plasma with a 

Etlaxurelb%aw ve loc i ty  d % s t ~ i b u t i o n  i s  known t o  be s t ab l e  

agalns t  micro ins tab i l i%ies  (see  Section 1 , 1 ) ,  the  t e rns  

whieh contr ibute  t o  the  dispersion r e l a t i o n  must kbzlve 

e f t ; h e ~  a damping e f f e c t  o r  no e f f e c t  a t  a l l  on the  waves 

propagating %n sueh a plasma. The amping cont~ibu%%ons 

due t o  the  kz a (fj> / a  vZ t e rns  a r e  commonly re fe r red  t o  

as " ~awdau" o r  " ~ o % l f s f o n l e s s ' ~  darnping (%,2O). - men Undau 

damping i s  %he major ail%mpfiag meahanism and even it is  near ly  

negl igfble ,  the  sli@;t8tly damped waves whfek pfopagate a r e  

ca l led  '"plasma" waves or  "plasm o s e i l l a t f  ons" (3.21)- - 
The te rns  are the soupee oa" wha$ i s  oal led  

v~ a VL 
"@gelotkon" dmping (3.22 - ) . The waves which ape s l i g h t l y  

damped only by t h i s  last  mechanism ( o r  not  a f fec ted  a t  a l l  



i f  o en&?,%) a r e  re fe r red  t o  a s  "cyclotron" waves (3*23) .  - 

The contrfbutions t o  the  d i s p e ~ s i o n  r e l a t i o a  %@@saantiwg 

f o r  inhomogene9ties of a plasma have no s M i l a k  names 

ind ica t ing  damping mechanisms since %hey usual ly  have a 

des t ab i l i z ing  influenee on a plasmaa However, the  waves 

excf t ed  or dkfven by plasma fnhomogeneitf es  ape @omonly 

referred. t o  as " d r i f t "  waves f o r  rpeasons which ase  dfs- 

cussed fn Section 7.1. 

Pa? a a f t i o n  t o  t h f s  b r fe f  descrfp%io%a. of the  t e m s  

i n  the  general  dispersion r e l a t i on ,  we note some of i t s  

19mitfng f o m s ,  F i r s t ,  i f  we have no grav i ty  foree  and 

no plasma illkaomogeneitiera, then we see t h a t  our genekal 

dispeksfon r e l a t i o n  reduces t o  the  l b ~ ~ f s  d ispers ion 

r e l a t i o n  (3.24). - 11 we were t o  keep, i n  addit ion,  the  

plasma inhmogenefty tems but  neglect  the  usual ly  small 

n -m - t e rns ,  we would have a general  f o m  of the  
ky a x  
dispersfon .relation TOP d r i f t  cyclotron waves, which was 

f f p s t  devpived by MfkhaSlovskii and Fuofeev  (3.25). - COB- 

sfderfng only low frequencfes in. t h i s  s impl i f ied  d3s- 

persion r e l a t i o n  and thus neglect ing the  n a /v magnetic 
j J -  

moment des$mction te rn ,  w e  a r e  l e f t  with the  usual d$s- 

pe~s iom ~ e l a t i o r ?  POP d r i f t  waves in an fnhmogeneous p l a s m  

( 3 . 4 ) .  - SpeciaPSzing t h a t  d i s p e ~ s f o n  pe la t ion  t o  waves 

whose wavelengths pe rpend icu l a~  t o  the  magnet%@ f i e l d  ape 

much longer than the  ion h m o ~  radias ,  we obtafga the 



dispersion relation which, results faam the so-ealled 

d s f f  % kfne%ie approxWatisn (3.26), - 
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Wving fowd the  dispersion Pela t ion f o r  general  

< f )  , we w i l l  now work out the  d ispers ion r e l a t i o n  f o r  

our paroticulas~ equilibrium d is ta~ ibu t ion  function.  3%. 

doing t h i s  we need only work out the  "dfspers%o%r fmct; ionU 

~ ( m , k )  s ince  h, the  other  pa r t  of the  d i s p e ~ s i o n  r e l a t i o n ,  

i s  independent of the choice of e q u i l f b r f m  d i s t r i b u t i o n  

function.  While we w i l l  include both g rav i ty  and non- 

zero 1 contr ibutions t o  H(o,k) i n  the following equations, 

we remind the  reader t h a t  considering a combination of 

these  parameterps i a  probably not a reasonable way t o  

examine magnetic f i e l d  c u ~ v a t u r e  e f f e c t s  on a plasma whieh 

has a loss-cone d i s t r i bu t ion  (see Section 2,2). FOP the  

general equilibrium d i s t r i bu t ion  function discussed in 

d e t a i l  i n  Chapter 2, the  dispersion function may be wr i t t en  

as 



111 t h i s  equation we note tha t  we have integrals  of 

J';(kyvL/ ) tirses the perpendicular velocity d is t r ibut ion  

F: and its derivative.  In Appendix A the in tegra ls  of 
j 

in te rea t  ape discussed i n  d e t a i l  and re la ted  t o  the C,D 

functions defined by Guest and Dory (3.27). Here we l i s t  

only the relevant r e su l t s  found there: 



where 

Using these ~ e s u l t s  in ( 3 . 4 , ~ )  we obtain 

I 

where the a%, ent  X of the C,D function has been 

m f t t e d  f o r  s b p l i e i t y  1x1 notation. 33.1 eamying out the 

remaining v, integration, we enoounter integrals  of the 



v 
where wn = - In the 

"zaz , a z j  

definft ion of these in tegra ls  we must remember that the 

dispersion re la t ion  was derived f o r  Im w > 0 and hende f o r  

Imwn >O (fop ~ e ( k , )  > 0 ) .  The singular in tegra ls  which 

a r i s e  here a r e  re la ted  t o  the plasma dispersion function 

(3.28) - and a re  discussed i n  d e t a i l  i n  Appendfx B, where 

we define 

Using t h i s  def in i t ion  and foming dimensionless groups 

of a l l  variables through the use of the referenae species 

introduced i n  the preceding section, we can write the 

dispersion function a s  (~e(k,) > 0) 



in which 

In writing this equation for the dispersion function, we 

have assumed that a, = al , e., all rerepence species 
0 0 

have Maxwellian velocity distributions. The terns i n  

(3*4,3) ape wri t ten i n  the same order as those in (ao3,15) 

so we can eashly discern the physical significance of each 

tern. In addition, we note that the symbols 6' SL9 e2 



represent respectively the g ~ a d i e n t s  of density, and tempera- 

ture  t ~ a n s v e ~ s e  and pa ra l l e l  t o  the magnetic f i e l d  so we 

can e a s i l y  ident i fy  the e f fec ts  of each of these pakts of 

the plasma Znhomogeneity. %n (3.4.3) the resonant 

dencminator of (3.3.15) is represented by w n .  Physically 

we in te rpre t  wn t o  be the phase veloci ty  of the wave, a s  

seen by the pa r t i c l e s  f o r  coupling with the nth cyclotron 

hamonic of the pa r t i c l e  motion, divided by the thermal 

velocity of the  par t ic les .  It is theref ore an "effective" 

d9mRensioaaless wave phase veloc2By as seen by the pa r t i c l e s .  

W i l e  we w i l l  not fur ther  man%pulrate the dispersion 

funcLion a t  -bhfts point, i n  Appendix C we put f t  in a 

rapidly convergent f o m  whSch Z s  @ore sui table  f o r  nwlferical 

computatioas. In AppendPx C we a l s o  discuss the very 

general cmputer prog~anns which were developed in t h i s  

work t o  investigate the s table  and unstable (convec6fve 

and absolute) waves char;?c%er%zed by the d i s p e r s i ~ n  r e l a t i o n  

gfven in (3 .3  16) with the general dispersion lunot%on 

be%ng tha t  def ined by (3.4.3) a 

Bef ope proceeding t o  a. discussf on of fnstabf l f  ty 

c r i t e r i a ,  there a re  some general propert ies of the dis-  

persion pelation as' wo~ked out 9Js, t R P s  section which ape 

worth discussing here. F i r s t ,  we note tha t  when k, is 

r e a l  but raoraaelgo the dispersion fpnnation B ( Q $ ~ )  1s a sum 

of eneire funetiltaaas of the emplex f requeascy w (see 

Appendb B). Thus, fn t h i s  case it i s  analyt ic  over the 



e n t i r e  f i n i t e  complex lo-plane. When k, = 0, the dispersion 

funct ionss  only s h g u l a r i t i e s  a r e  simple poles which o c c u ~  

f o r  frequencies o equal t o  hamonics of the cyclotron 

frequency. Therefore f o r  a l l  k, the dispersion function 

 lo, k)  i s  an en t i r e  function over the uppek half  complex 

&-plane. 

Another property i s  tha t  f o r  \ m ( k z ) \  > 1 ~e(k , ) I  

the dispersf on function H(U, k)  is undefined ( inf  %mite), 

We w i l l  r e f e r  t o  the region of k, space f o r  which the d is -  

persion function i s  mdef h e d  a s  the "divergence" r eg i  on. 

Tha* the dispersion function becomes In f in i t e  can be seen 

from the f a c t  tha t  f o r  a r b i t r a r i l y  large n and k, in 

the "divergence" region, the arguments of the plasma 

dispersion function moments have a r b i t r a r i l y  large negative 

fmagfnary par ts .  For such arguments w e  see f rm equat9ons 

( ~ ~ 7 )  and ( ~ ~ 1 3 )  tha t  the plasma dispersion function 

moments become a r b i t r a s i l y  large i n  magnitude, thus caus- 

ing the dispersion function t o  dfverge. Two fac tors  

apparently contkibute t o  the divergence of the dispe~sioa? 

function, These a re  the lack o f  convergence of the 

Bessel function expansfon and the inclusion of pa r t i c l e s  

moving a t  a r b i t r a r i l y  large veloci t ies ,  a s  evidenced by 

the f a c t  that the divergent terns  a re  f a r  off resonance 

( large n and large effect ive wave phase speed). It oan 

be shown (3.29) - t ha t  the divergence occurs even when the 

BesseL function expansion i s  not made. Therefore it seems 



tha t  $he dfvergence i s  the r e s u l t  of the inclusion 0% 

par t i c l e s  moving a t  a r b i t r a r i l y  large ve loc i t ies  ( 

grea ter  tkban the velocity of l i g h t ) .  

One way t o  avoid t h i s  divergence dff$i@ulty i s  s h p l y  

t o  i m o ~ e  the contributions t o  the dispersion f m c t f o n  

frcm a l l  terms except tha t  representing the wave resdnance 

with t i e  c losest  cyclotrcn harmonic. The dispersion 

fzufctiorn wh%@h r e s u l t s  from t h i s  procedure mfght closely 

approxhate  the exace one i f  the divergence i s  indeed 

due t o  the inclusfon of pa r t i c l e s  moving f a s t e r  than the 

velocity of I Q h t .  Nowever, i n  t h i s  work we w i l l  avoid 

the df vergence reg1 on df f f i c u l t f  e s  by conf f n b g  ourselves 

t o  a consideration of unstable modes whose k z Q s  a re  not 

i n  the dive~gence region, This k e s t ~ i c t i o n  f s  not severe, 

but does I b f t  us t o  absolute I n s t a b i l i t i e s  with small 

temporal growth paties (see Sections 6,2, 7.2) We should 

a l s o  note tha t  just  outside the divergenee pegion the off- 

resonance te rns  vanish exponentially. Therefore we 

expect tha t  the dfspersion f ~ l ~ 1 c t f 0 ~  we have d e ~ i v e d  i n  

t h i s  section i s  an aceurate r ep~esen ta t ion  of the exact 

dispersion funation f o r  kcz outside the divergence region. 



4. REAL-k INSTABILITY ANALYSIS 

4.1 Marginal Stability Analysis 

In this chapter we will be concerned with deter- 

mining the parametric conditions under which a given wave 

(mode) in a plasma can be unstable. We defer the problem 

of determining whether the unstable mode is of the con- 

vective or absolute type to the next chapter. As we have 

discussed previously (Section 1.11, the key parameter of 

interest here is the density. Thus we will be looking 

mainly for the threshold density, that is the density at 

which a particular mode first becomes unstable. 

In order to find the parametric ranges of instability 

it is customary to carry out a marginal stability analysis. 

In such an analysis we determine the parametric conditions 

under which a given wave in a plasma is marginally stable, 

i.e. the point at which if the parametric conditions were - 
changed incrementally in some particular way the mode 

would become unstable. Clearly the characteristics of a 

marginally stable mode are that it must not be growing 

either temporally or spatially and hence it must have a 

real frequency w and a real wave vector k. - Therefore the 

essence of the marginal stability analysis is that we must 

find the parametric conditions for which solutions of the 

dispersion relation can exist for real w, - k. However, in 
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doing so, depending on the dispersion relation, we must 

remember that not all allowed modes which have real w, k - 
are necessarily marginally stable modes. As an example 

we note that for many "cold plasma" dispersion relations 

(4.1) such modes may be merely undamped propagating modes 

which would be damped in a real collisionless plasma due 

to the presence of Landau ("collisionless") damping (4,2) - 
or perhaps due to collisions themselves. The ambiguity 

concerning the nature of the real w, k - modes can be 
avoided by restricting our study to those modes which, 

for a slight change in parameters, can have frequencies 

with an infinitesimal positive imaginary part and hence 

are truly marginally stable modes, However, in this work 

we employ "hot plasma" dispersion relations which include 

Landau damping and thus know that all allowed modes with 

real w, - k are marginally stable modes, 

In addition to the above qualification on the inter- 

pretation of real w, k - modes there are two other questions 
left unanswered by a marginal stability analysis. First, 

knowing the marginal stability boundary in parameter space, 

there is the question of which side of the boundary repre- 

sents unstable modes and which side stable modes. This 

question is usually quite easily answered by physical 

arguments (e.g. consideration of free energy sources) or 
v 

by a simple calculation of the sign of the imaginary part 



of the frequency as we move incrementally away from the 

marginal stability boundary. Second and more serious is 

the question as to whether or not the parametric regions 

of instability predicted by the marginal stability analy- 

sis constitute all of the possible regions of instability. 

A related question is whether or not the plasma is stable 

outside the predicted regions of instability. 

For an infinite homogeneous plasma with no magnetic 

field present, these questions have been answered for 

exponentially growing waves by the derivation of necessary 

and sufficient conditions for instability (4.3-4.5). -- That 

the lack of satisfaction of these conditions is sufficient 

to guarantee stability against nonexponential growths as 

well has been shown by Penrose (4.4). - We begin our dis- 

cussion of these criteria by specifying the dispersion 

relation for a homogeneous unmagnetized plasma. For a 

general equilibrium distribution function, the dispersion 

relation in this case is (4.5) - 

where the direction of propagation is chosen to be in the 

z direction. 



Defining 

we can write this dispersion relation as 

where 

In this last expression $ denotes the Cauchy principal 

value operator, i.e. - 

In deriving necessary and sufficient conditions for 

instability we need to determine the conditions under which 

unstable modes can exist in a plasma. The unstable modes 

are those solutions of the dispersion relation which can 

exist in the upper half w-plane, that is with Pm(w)>O. 

The dispersion relation of interest here (4.1,3) has the 

2 
form of a positive definite constant k (k is real here) 

being equal to a transcendental function of the wave phase 



velocity. Note however that the transcendental function 

H(w/k) is independent of the magnitude of k for a fixed 

wave phase velocity. A convenient method of analyzing the 

solutions of this type of dispersion relation is by a con- 

formal mapping procedure (4.7) similar to that used in - 
the Nyquist diagram technique (4.8). - Basically in this 

approach the entire upper half w-plane is mapped into the 

H(w/k) plane and then the question of instability reduces 

Imw I 

Figure 4.1. Mapping Contour for Nyquist Diagram Technique 
(R -t m)  . 

to the question of whether or not H(w/k) can take on 

positive real values within the mapped region, In order 

to perform the mapping it is convenient to use the w-plane 

contour shown in Fig. 4.1. The contour goes from to +m 

in Re w just above the real axis and is closed in the upper 

half @-plane by a semicircle at infinity. It can easily 
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be seen from (4.1.4) that H(o/k) vanishes along the semi- 

circle. 

Typical mappings of this contour into the H(w/k)plane 

and the respective plots of F' (w/k) for a stable plasma 

and two characteristic types of unstable plasmas are 

shown in Fig. 4.2. The directions of the arrows in these 

mappings correspond to those along the contour shown in 

Fig. 4.1. From the theory of complex variables (4.7) - we 
know that the interior of the mapped contours (k. to our 

left as we proceed along the contour) corresponds to the 

interior of the contour being mapped. In our case it is 

the upper half w-plane which is being mapped and its 

interior maps into the shaded regions of Fig. 4.2. The 

cases displayed will be discussed in more detail later in 

this section. 

Now, in order to have an instability we must satisfy 

the dispersion relation given by (4.1.3) in the upper half 

w-plane. To do so it is clearly necessary for the H-plane 

mapping of the upper half w-plane to encompass part of the 

positive real H(w/k) axis. Considering the form of H(w/k) 

displayed in the second part of (4.1.4),we see that this 

is possible if and only if there is a speed uo such that 

the imaginary part of the dispersion relation vanishes and 

the real part can be satisfied by a positive definite 

2 
value of k (4.3-4.5t4.9): --- 
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I?' (uo) = 0, with 
(necessary condition) (4,l. 5) 

(sufficiency condition) (4.1.6) 

These necessary and sufficient conditions for instability 

of exponentially growing waves have been derived in a 

more rigorous fashion by Penrose (4.4), - who has also shown 

that when these conditions are not satisfied the plasma 

is stable against all types of growing modes (within the 

limits of the linear theory). For that analysis to apply, 

F1(u) and its derivative must be bounded and square inte- 

grable. Finally, the question of instability when F1(u) 

has a second or higher order zero was also considered by 

Penrose (4.4). - The instability conditions given by (4.1.5) 

and (4.1.6) are often referred to as the "Penrose condi- 

tions, " 

Considering conditions (4.1-5) and (4.1.6) we see 

that unstable modes can exist in a plasma only if there 

is a minimum of F (u) which is sufficiently "deep. " We 

also note that since 

lim F' (u) = 0- 

+ lim F' (u) = 0 , 
u + - m  
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condition (4.1.5) reduces simply to the requirement that 

F'(u) have more than one zero in the finite range of real 

u. A consequence of this reduction is the fact that all 

equilibrium distributions F(u) which are "single-humped" 

must be stable, a result which has been obtained by many 

authors (e.g. 4.3, 4.8). - - -  
In Section 1.1 we noted that Rowlands (4.10) - has 

shown that a homogeneous unmagnetized plasma for which 

the velocity distribution of each species of plasma par- 

ticles is a continuous,but not necessarily monotonic, 

function of the single particle energy is nonlinearly sta- 

ble against microinstabilities. Since one might think 

that a velocity distribution which is not a monotonically 

decreasing function of the energy could give rise to a 

"two-stream" type of instability, it would appear that 

Rowland's conclusion contradicts the results which would 

be obtained from an application of the instability condi- 

tions given by (4.1.5) and (4.1.6)--the Penrose conditions. 

However as we shall now show, this is not the case. Let 

us consider F1(u) for equilibrium distribution functions 
2 

which are continuous functions of v --the single particle 

energy here. For these types of equilibria, from (4.1.2) 

we see that 



in which the I subscript denotes directions perpendicular 

to the wave propagation direction. Changing the variable 
2 2 

of integration to y = vl+ u , we obtain a perfect differ- 
ential and thus have 

2 
However all F ,  must vanish at u = a so that they are 

1 
normalizable and so this becomes simply 

Since by definition F.(u) > 0 ,  we see from this last result 
3 - 

that F'(u) has at most one first order zero. Therefore 

the Penrose conditions also predict stability for this case 

in agreement with the proof by Rowlands (4.10). 

For an unstable plasma characterized by dispersion 

relation (4.1.1), the speed uo which satisfies conditions 

(4.1.5) and (4.1.6) is the phase velocity of the marginally 

stable mode. The appropriate frequency w and wave number 

k for the marginally stable mode are determined by the 

value of k given by solving (4.1.3), i.e, - 
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Note that we can solve the dispersion relation for k in 

this manner only because,while H(w/k) is dependent on 

the phase velocity,it is independent of the magnitude of 

k. After once crossing the real H(w/k) axis at u = uo, 

the H-plane mapping may or may not cross the positive 

real H(w/k) axis again. Therefore in order to determine 

the range of k for the unstable modes, we must find the 

next zero of the imaginary part of the dispersion rela- 

tion (the next maximum of F(u)) for 1 1 - 1  > luole Supposing 

that this occurs for u = ul, the range of real k for which 

unstable waves occur in the plasma is given by 

where 

In the preceding paragraph we have seen that the 

phase velocities of unstable modes in a plasma are always 

greater than the velocity uo at a minimum of F(u) and less 

than the velocity ul at the next maximum of F(u)(/ul />luol). 

We will refer to such regions of u as "positive-slope" 

regions since, at least for positive velocities u, F(u) 

has a positive slope in these regions. Waves whose phase 

velocities are in the "positive-slope" regions may be 
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expected to be unstable since, as is known from quasilinear 

theory (4.111, the presence of any wave in this region 

causes diffusion of the particles "downhill" in velocity 

space which in this case corresponds to particles losing 

kinetic energy. The conservation of energy then demands 

that the wave gain energy at the expense of the particles' 

kinetic energy and hence that the wave is unstable. We 

may also note that the "positive-slope" region is a region 

in which we expect the plasma to have "free energy" which 

can feed an instability since there the effective distri- 

bution function F(u) is not a monotonically decreasing 

function of the energy (see Section 1.1). We therefore 

see that the "positive-slope" regions of F(u) correspond 

to the unstable phase velocity regions for very physical 

reasons. Throughout the remainder of this work we shall 

find the concept of "positive-slope" regions of effective 

distributions quite useful in identifying phase velocity 

regions in which unstable modes may exist. 

As examples of the application of the necessary and 

sufficient conditions for instability, consider the three 

cases shown in Fig, 4.2. In all three cases the leftmost 

heart-shaped curves in the Nyquist plots and the very 

narrow spikes in the F1(u) plots represent the effects of 

the ions, The more slowly varying parts of the F1(u) 

plots and the remainder of the Nyquist plots are due to 

the effects of the ezectrons. For the stable plasma case 



(Fig. 4,2a) it is obvious that F' (u) has only one zero 

which corresponds to a maximum of F(u) and hence the 

plasma is indeed stable, %is of course can also be 

seen from the fact that the mapping of the upper half 

w-plane does not encompass any pazt of the positive real 

H(w/k) axis (the Nyquist curve asymptotically approaches 

the Re(H) axis). In the last two cases shown in Fig. 4.2 

the plasma is unstable. In these cases F'(u) is only 

plotted for positive u since the plot for negative u is 

easily ascertained from the data shown for these cases 

and the stable plasma case. In the "bump-on-tail" 

instability case F1(u) has three zeros and consideration 

of the corresponding Nyquist plot shows that the zero 

marked with a uo satisfies both the necessary and suffi- 

cient conditions for instability. Likewise, in the "two- 

stream" instability case F1(u) has five zeros, of which 

two of the respective values of u (with the same magnitudes 

but opposite signs) satisfy the necessary and sufficient 

conditions for instability. Note that, as we would 

expect, the "positive-slope" regions occur for phase 

velocities which are less than the "drift" velocities in 

the unstable plasmas. 

A11 of the preceding remarks in this chapter have 

applied only to a uniform plasma in the absence of a mag- 

netic field. Tne general necessary and sufficient candi- 

tions for instability have been extended to a homogeneous 



127 

plasma in a uniform magnetic field by McCune (4.12). 

We will not discuss that analysis here since in the next 

section we employ nearly the same procedure to obtain 

criteria further generalized to include the slight plasma 

inhomogeneity and gravity force which are included in the 

dispersion relation derived in the preceding chapter. 
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4.2 General Instability Criterion 

In this section we will show how we can put our 

general dispersion relation (3.3.15) into a form in 

which we can apply the necessary and sufficient condi- 

tions for instability given in the preceding section. 

In addition we will put these conditions in a form in 

which the threshold density is readily determined. 

In order to obtain an appropriate form of the 

dispersion relation, we follow the general procedure 

used by McCune (4.12) in the uniform magnetic field case. 

In terms of our notation, we make the substitution 

for each j, n; we can then write the "dispersion function1' 

H(w,k) as 

where 

W 3 
" " 2 2 

p (u) 3 2 { d v Jnim (kyvL/fij I Jm (kyGj/Qj 
n=-co m=t-co 

k j W  P, 



The transformation given by (4.2.1) reduces the dispersion 

function H(w,k) from a sum of a countable infinity of 

singular integrals over various derivatives of the smooth 

equilibrium distribution function into a singular integral 

over a single, albeit complicated, function. Therefore 

the transformation in a sense transforms the complicated 

magnetic field case into a familiar simple case with a 
U 

"projected" distribution function P(ut) du' which although S_, 
very complicated is in principle much like that of the 

analogous F(u) for two-stream or many-stream distribution 

functions in an unmagnetized plasma, The transformation 

can of course only be performed if kz # 0. However as we 

shall see later in this section, when kZ = 0 the instability 

analysis is similar to that for nonzero kZ, ky. We also 

note that for real w, k,P(w/k) is simply the imaginary part 

of the dispersion function divided by IT. Since in a mar- 

ginal stability analysis one usually fixes k, we can write 

P (w/k) as P (w/Go) or what is usually the same P (w/&) . 
Recalling the general form of our dispersion relation 

(3.3.16) and using (4.2.2) we can write the dispersion 



relation as 

in which we must remember that P(u) is explicitly depen- 

dent on ky, kZ. At first sight one might think that the 

results of the preceding section could not be applied 

to the more general dispersion relation considered in 

this work since P(u) does depend explicitly on the wave 

vector components. However, from the form of (4.2.4) we 
2 

see that the k of (4.1.3) in the unmagnetized plasma 
2 2 

case has been replaced here by Go/w which is a positive 
Po 

definite quantity dependent on the plasma density. Like- 

wise the k-independent F'(u) has been replaced by P(u) 

which is independent -- of the overall plasma density (see 

Section 3.3). Here and throughout the remainder of this 

work we will refer to a parameter which has this property 

that it can be separated out from the rest of the disper- 

sion relation (in an additive sense) as a "free parameter." 

With this definition in mind we see that whereas previously 

the wave number k was a "free parameter," here it is A or 

the overall plasma density which is the "free parameter." 

The overall plasma density is a "free parameter" far a 

homogeneous unmagnetized plasma as well. 
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With these remarks in mind we see that we can 

equally well apply the Nyquist diagram technique used in 

the preceding section to the present case as long as P(u) 

and its derivative are bounded and square integrable and 

kz # 0. It is easy to see from (4.2.3) that these condi- 

tions on P(u) are satisfied for sufficiently well behaved 

equilibrium distribution functions. Therefore the con- 

ditions for a given mode characterized by k kZ to be 
Y' 

unstable are that there must exist a uo such that 

P(uo) = 0, with (necessary condition) 

(4.2.5) 

- du > 0 (sufficiency condit,ion). 
-m U-Ur\ 

For the special case of a homogeneous plasma in a uniform 

magnetic field these conditions were first given by McCune 

(4 -12) for a slightly different form of P(u) *. When these 

* The original derivation of conditions (4.2.5) and (4.2,6) 
given by McCune (4.12) involved unnecessarily complicated 
arguments showing that P(u) is independent of the magnitude 
of k, although it is dependent on w/k, $./k. The fact that 
the density is a free parameter analogouz to k in the ori- 
ginal Penrose analysis, which allows the simple type of 
analysis carried out here, was pointed out to the author by 
McCune (4,131 . Ozawa, Kaji and Kito (4.14) have also used 
a substitution like that given in (4.2.1) to obtain a dis- 
persion relation for a homogeneous plasma in a uniform mag- 
netic fi~ld which depends only on a function that is essen- 
tially k P (u) . These authors use potential theory (4.5) to 
derive instability conditions which for some cases are 
identical with those given here, but in general are incor- 
rect due to an improper consideration of the sufficiency 
condition for instability (4 .2 .6 )  , 



necessary and sufficient conditions for instability are 

satisfied and the plasma is unstable for some plasma 

densities, then the density at which the plasma first 

becomes unstable to the given mode (the threshold 

density) is specified by 

Therefore in checking the sufficiency condition for 

instability,we simultaneously determine the "critical" A 

and hence the threshold density for instability for given 

ky, k,, e. As in the unmagnetized homogeneous plasma 
case,the range of the free parameter for which unstable 

modes occur may be limited due to the fact that the H-plane 

mapping may again intersect the real H(w,k) axis on the 

positive side for lul > luol. Taking this possibility into 

account, we find that the range of plasma densities for 

which the given mode under consideration is unstable is 

specified by 

where 
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i n  which ul i s  de f ined  t o  be  t h e  n e x t  ze ro  of  P (u )  which 

occurs  f o r  l u (  z / u o l .  Condi t ions  ( 4 . 2 . 5 ) ,  (4 .2 .6)  and 

(4 .2 .8)  comprise r e s p e c t i v e l y  t h e  necessary  and s u f f i c i e n t  

cond i t i ons  f o r  t h e  e x i s t e n c e  of e x p o n e n t i a l l y  growing 

( u n s t a b l e )  waves i n  a  plasma and t h e  range of and hence 

plasma d e n s i t y  f o r  which t h e  given mode ( i . e .  - given k )  is 

uns t ab l e .  I t  i s  i n t e r e s t i n g  t o  n o t e  t h a t  s i n c e  f o r  real 

and nonzero kZ t h e  d i s p e r s i o n  func t ion  H(w,k) i s  bounded 

f o r  a l l  f i n i t e  w (see Sec t ion  3 .4 ) ,  ( 4 . 2 . 7 )  and (4.2.8) 

show us t h a t  any plasma w i l l  be  s t a b l e  a g a i n s t  e x p o n e n t i a l l y  

growing modes having any given nonzero kZ f o r  s u f f i c i e n t l y  

low d e n s i t i e s .  

Having de r ived  necessary  and s u f f i c i e n t  cond i t i ons  

f o r  t h e  e x i s t e n c e  of exponen t i a l l y  growing modes, w e  would 

l i k e  t o  know i f ,  i n  t h e  absence of such modes, t h e  plasma 

i s  s t a b l e  a g a i n s t  growing modes of a l l  t ypes .  The de r iva -  

t i o n  given by Penrose ( 4 . 4 )  showing t h a t  t h i s  i s  t h e  c a s e  

f o r  an unmagnetized plasma i s  based upon t h e  f a c t  t h a t  t h e  

l i n e a r i z e d  Vlasov equa t ion  can be p u t  i n t o  a  one-dimensional 

form, - i .e .  a  form which depends only  on F t ( u ) - - t h e  v e l o c i t y -  

space d e r i v a t i v e  of t h e  equ i l i b r ium d i s t r i b u t i o n  f u n c t i o n  

a long t h e  d i r e c t i o n  of wave propagat ion.  The f a c t  t h a t  

h e r e  we a r e  a b l e  t o  o b t a i n  t h e  one-dimensional func t ion  

P ( u )  which i s  d i r e c t l y  analogous t o  F '  (u )  of t h e  Penrose 

a n a l y s i s  i m p l i e s  t h a t  t h e  l i n e a r i z e d  Vlasov equa t ion  can 

a l s o  be p u t  i n t o  a  one-dimensional form even f o r  t h e  com- 

p l i c a t e d  plasma model cons idered  i n  this work, For t h e  



simpler case of a homogeneous plasma in a magnetic field, 

MGCune (4.13) has directly demonstrated that a one-dimen- 

sional form of the linearized Vlasov exists, With these 

remarks in mind we conjecture that the proof by Penrose 

(4.4) - that the plasma is stable in the absence of exponen- 

tially growing modes applies to the more complicated plasma 

model aonsidered in this work as well. Therefore, we 

expect that the necessary and sufficient conditions for 

stability are that the necessary and sufficient conditions 

for instability, (4.2.5) and (4.2.6), not be satisfied 

for any mode of the plasma. 

From the instability conditions we have seen that for 

unstable modes to occur, P(u) must have more than one 

zero and u must be in the range between two successive 

zeros of P(u), the first of which must correspond to a 

minimum of the function P(u')dul. This range of u is S- 
a "positive-slope" region of ll P (u' ) du' and has the same 
physical significance as that discussed in the preceding 

section for F(u). The function P(u) is thus the "effective" 

velocity-space derivative of the equilibrium distribution 

function in the direction of wave propagation for waves 

propagating at any angle other than 9 0 °  with respect to 

the magnetic field, and is directly analogous to F1(u) in 

all ways. In many directionsof propagation it is easy to 

understand the physical significance of the dominant 
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contributions to Pi(u). In the later parts of this work 

we will find an understanding of these contributions and 

the concept of "positive-slope" regions to be very power- 

ful tools in identifying the phase velocity regions (in 

both the y and z directions) for which unstable waves can 

exist in a plasma. 

It is worth noting that the necessary and sufficient 

conditions for instability are simply those which arise 

in a marginal stability analysis. Thus what we have shown 

here is that the usual marginal stability analysis in 

which we take real w, k and search for zeros of the imagi- 

nary part of the dispersion relation (P(u) in this case) 

is rigorously correct. In the marginal stability analysis 

an ambiguity in the range of density for which a given 

mode is unstable arises when the dispersion relation can 

be satisfied for realistic plasma densities at any two 

successive zeros of P(u). This ambiguity is resolved as 

a natural consequence of the Nyquist diagram technique 

employed here (condition (4.2,8) ) . 
The general conditions for instability given by 

(4.2.5), ( 4 .2 .6 )  and (4.2.8) are applicable only for non- 

zero kZ, When kZ = 0 the dispersion function H(w,k) 

becomes an algebraic function of w, with singularities at 

harmonics of the cyclotron frequency (see appendix C ) .  

Unstable solutions of this dispersion relation occur when 

there is a local minimum of HCw,k ,k,=O) between two Y 
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cyclotron harmonics. The unstable modes occur for X less 

than the local minimum of H. The conditions for insta- 

bility when kZ = 0 are thus 

(necessary condition) 

(4.2.10) 

ho z H(wo,ky,kz=O) > 0 (sufficiency condition). 

(4.2.11) 

When unstable modes exist, the density range for insta- 

bility is given by 

< Ao. (4.2.12) 

In view of the similarity of conditions (4.2.5), (4.2.6) 

and (4.2.8) to (4.2.10), (4.2.11) and (4.2.12) we find 

that when kZ=O a convenient definition of P(u) is 

With this definition the instability conditions for zero 

and nonzero values of k, become nearly synonymous. 

At this point we wish to make a distinction between 

two different approaches to finding unstable modes of a 

plasma. Basically the two approaches derive from whether 

we wish to satisfy the necessary or the sufficient condi- 

tion for instability first. Often a combination of both 
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approaches i s  u s e f u l  i n  determining t h e  c o n d i t i o n s  f o r  

i n s t a b i l i t y  ( s e e  Chapters  6 and 7 ) .  I n  t h e  fol lowing 

d i s c u s s i o n  w e  l i m i t  ou r se lves  t o  nonzero k Z  i n  which 

case  t h e  approaches a r e  d i s t i n g u i s h e d  by whether we s a t -  

i s f y  t h e  r e a l  o r  t h e  imaginary p a r t  of t h e  d i s p e r s i o n  

r e l a t i o n  f i r s t .  However, w i th  a p p r o p r i a t e  i n t e r p r e t a -  

t i o n s  of t h e  r e a l  and imaginary p a r t s  of t h e  d i s p e r s i o n  

r e l a t i o n  i n  terms of t h e  i n s t a b i l i t y  c o n d i t i o n s ,  t h e  

same g e n e r a l  remarks apply f o r  k,=O. 

I f  w e  s a t i s f y  t h e  imaginary p a r t  of t h e  d i s p e r s i o n  

r e l a t i o n  f i r s t ,  w e  s ea rch  f o r  ze ros  of P ( u )  and then  

determine t h e  t h r e s h o l d  d e n s i t y  f o r  i n s t a b i l i t y  ( i f  one 

e x i s t s )  f o r  t h o s e  zeros  by cons ide r ing  t h e  s u f f i c i e n c y  

cond i t i on  f o r  i n s t a b i l i t y  ( 4 . 2 . 6 )  . This  approach has  t h e  

advantage t h a t  w e  a r e  seek ing  zeros  of a  t r a n s c e n d e n t a l  

func t ion  PCu). Therefore  w e  can be q u i t e  s u r e  mathemati- 

c a l l y  ( o r  numer ica l ly )  whether o r  n o t  t h e  necessary  

cond i t i on  f o r  i n s t a b i l i t y  i s  s a t i s f i e d .  

A l t e r n a t i v e l y  w e  may t r y  t o  s a t i s f y  t h e  r e a l  p a r t  

of t h e  d i s p e r s i o n  r e l a t i o n  f i r s t .  Th is  can be done by 

r e v e r t i n g  t o  making Nyquist p l o t s ,  While a t  f i r s t  s i g h t  

t h i s  procedure  would seem t o  be q u i t e  d i f f i c u l t ,  i n  many 

cases  it i s  easy  t o  r a p i d l y  ske t ch  Nyquist  p l o t s ,  The 

reason  f o r  t h i s  i s  t h a t  f o r  ca ses  i n  which t h e r e  a r e  no 

temperature  g r a d i e n t s  along t h e  magnetic f i e l d ,  we can 
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easily see from (3.4.3) that H (o,k) is a simple linear 

combination of the transcendental functions -2Zo(w), 

-25,(w). The behavior of these basic functions for the 

Nyquist plotting contour of Fig. 4.1 is plotted in Fig. 

4.3. Both -2Z0 (w) and -2Z1 (w) tend toward the real axis 

asymptotically as they approach the origin in such a 

way that the origin is not enclosed by either mapping. 

Also, both functions vanish along the semicircle at 

infinity in Fig. 4.1. The numbers along the curves in 

Fig. 4.3 give the value of w at that point. We recall 

that in the present notation -2Zl(w) is the same as the 

more familiar function B ' (w) (see appendix B )  . 
Since the dispersion function H(w,k) is a simple 

weighted sum of the functions -2!Zo(w) and -2Z1(w) with 

differing arguments for each cyclotron harmonic and each 

species of plasma particle, we can easily obtain its 

Nyquist plot by appropriately combining the curves shown 

in Figs. 4.3a and 4.3b. We have already seen examples 

of such combinations in Fig. 4.2. There, as we might 

expectfeorn comparing Figs. 4.2 and 4.3, the heart-shaped 

curves are due to the -2Z.i(w) function. The physical 

significance of this function is that it gives the appro- 

priate contribution to the dispersion relation for one 

species of particles having a Maxwellian velocity distri- 

bution in an unmagnetized plasma. In the limit of large 

phase velocity this function leads to a Landau or colli- 
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sionless damping contribution. Since we are usually 

interested only in the behavior of the Nyquist plot in 

the vicinity of the positive real axis, we can normally 

simplify the plotting procedure by reskridting our atten- 

tion to that portion of the Nyquist plot. 

In order to further clarify these different 

approaches, we consider a particular example. The case 

we consider is that introduced by Beasley (4.15) in 

modeling the "central peak" plasma of the DCX-2 machine 

(4.161, The relevant parameters for this homogeneous 
- 3  

plasma example are T, /TI = 10 , T, /T = 0.05, and 
n i i e 'i 
,! = l for the type of vL distribution (see E q .  (1.3 1) ) 

Here the principal source of free energy is the ion 

velocity distribution anisotropy due to the large differ- 

ence between the mean velocities along and transverse 

to the magnetic field. The "loss-cone" nature of the v' 

distribution constitutes in comparison a nearly negligible 

source of free energy (see Section 6.1) We refer to the 

plasma instabilities which are driven mainly by the 

source of free energy associated with the inequality of 

mean velocities along and transverse to the magnetic field 

as "temperature-anisotropy" instabilities (see Section 6.1). 

For the present we only wish to illustrate the possible 

methods of finding plasma instabilities and so we will 

defer discussion of the simplifications of the general dis- 

persion relation (3.3-15) for this case and of the physics 



of this instability to Chapter 6. The mode which we will 

consider here is that which has k a = 2.0 and kzai = 0.75. Y i 

In Fig. 4.4 the Nyquist and P(u) plots for this case 

are displayed. In Figs. 4.4a and 4.4b these plots are 

shown on a scale in which only the electron contribution 

is seen. Since we can distinguish only one zero of 

p(w/Gi) and no enclosure of the positive real axis by the 

Nyquist plot in these plots, we might think that the plasma 

is stable to this mode. However this is not the case. 

In Figs. 4 . 4 ~  and 4:4d we magnify the scale of the Nyquist 

and P(w/Qi) plots around the origin of the Nyquist plot 

to the scale of the ion contributions to the dispersion 

relation. The latter plots are only shown for positive 

frequencies since for this case the real and imaginary 

parts of the dispersion function are respectively syrnrne- 

tric and antisymmetric functions of the frequency. Thus 

the corresponding plots for negative frequencies are easily 

found from those shown for positive frequencies, 

In one approach to finding the unstable modes, we 

examine the imaginary part of the dispersion relation 

first. From Fig. 4.48 we observe that P (w/ai) has eight 

zeros for 0 i w/a < 4.5. Four of these zeros satisfy 
i 

the necessary condition for instability. The real part 

of the dispersion function at each of these four zeros can 

be ascertained from Fig. 4 . 4 ~  which shows that the suffi- 

ciency condition for instability is satisfied for all four 

zeros. 
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In the alternative approach we discover that the 

plasma is unstable to this mode (for sufficiently high 

density) by directly considering the Nyquist plot shown 

in Fig. 4.4~. Here it is obvious that a portion of the 

positive real H axis is enclosed by the contour and 

hence that the mode can be unstable at least for a range 

of plasma densities. In Fig. 4 . 4 ~  it is readily apparent 

that the Nyquist plot is simply constructed from a 

superposition of many of the heart-shaped curves charac- 

teristic of the -2Z1 (w) functions (see Fig. 4.2b) . 
Examples in which the Z (w) functions dominate the ion 

0 

contributions to the dispersion relation are considered 

in Section 4.4 and Chapters6 and 7, Viewing Figs. 4.2 

and 4.4 it is easy to see how with only a meager knowledge 

of the coefficients of the Zo and Z1 functions we could 

plot Nyquist plots for other cases of interest. In par- 

ticular we note that as long as k a /Ge < <  1 (see Section 
y e  

6.1), the electron "background" part is always nearly the 

same and it is only the shape of the curves which repre- 

sent the ion contributions which changes according to the 

type of free energy source which is present. 

We conclude this section with some remarks on the 

advantages and disadvantages of these two different 

approaches to determining whether a given mode is unstable. 

While finding the zeros of a transcendental function such 
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as ~(w/$&) is a relatively simple matter on a computer, 

finding them by hand can be very laborious. In contrast, 

the development of the computer program logic necessary 

to follow complicated Nyquist plots (e.g. Fig. 4.4) and - 
determine the points at which such curves cross the posi- 

tive real axis can be very difficult. We also note that 

while p(w/Qi) is generally a rapidly convergent series 

due to its transcendental nature, the real part of the 

dispersion function is a relatively slowly convergent ser- 

ies due to its algebraic nature. lherefore for computer 

calculations it i s  best to avoid evaluating the real 

part of the dispersion function H(w,k) and hence Nyquist 

plot points as much as possible. However, in contrast to 

these considerations of computational difficulty,we have 

seen that for many cases of interest it is fairly easy 

to sketch a Nyquist plot. We thus conclude that the tech- 

nique of finding zeros of p(w/Jli) is best suited for com- 

pgting machines, while a judgment as to the possibility 

of a given instability is often most readily ascertained 

from a rough sketch of the appropriate Nyquist plot. 



4.3 Temporal Growth Rates 

In this section we address ourselves to the problem 

of determining the temporal growth rate of an instability 

once the plasma density exceeds the threshold density. 

As we have mentioned previously (Section 1.1), we really 

should be interested first in determining whether the 

instability is of the absolute or convective type. How- 

ever, for the purposes of this section we will assume that 

the waves are propagating in an infinite homogeneous 

(in the directions of wave propagation) medium and that 

there is a uniform density of random noise sources induc- 

ing instability uniformly throughout the plasma, Under 

these conditions there is no intrinsic difference between 

absolute and convective instabilities, and we are only 

concerned with the temporal growth rates of the instabili- 

ties for real wave numbers - k. 

The usual method used to determine the temporal 

growth rate (the positive imaginary part of a complex 

frequency w) of an instability is to follow the trajectory 

of the complex w root of the dispersion relation for real 

wave numbers k, - In particular, for a given plasma density 

we generally begin at the w,k - values corresponding to a 

marginally stable mode and change k - by small increments 
until it reaches another marginal stability point. We 

follow the corresponding complex w root by solving the 
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dispersion relation with the Newton-Raphson (4.17) or 

another suitable iteration technique at each successive 

value of the real wave number - k, using the previous 

result as an estimate of the location of the new root. 

Fairly accurate estimates of the location of roots are 

required for most iteration schemes. Therefore the root 

following procedure of determining temporal growth rates 

usually requires that at least a moderately accurate 

marginal stability analysis be carried out to provide 

reasonable starting values of w,k - at each density of 
interest. 

A completely different method of finding complex 

w solutions of the dispersion relation, which does not 

rely upon the marginal stability analysis, has been 

described by McCune (4.18). This method, which we will 

call the Cauchy integral method, is derived from an appli- 

cation of Cauchy's integral theorems (4.19). For a func- 

tion I$ ( z )  which has zeros at apa2,. . . of multiplicity 
rlpr2, ... respectively and poles at bl,b2,...of multiplicity 
sl,s2,.,.respectively within a given contour C, and a 

function f(z) which is analytic within the same region, we 

know from the calculus of residues (4.19) that 
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In the simple case of f(z) = 1 this general equation 

reduces to the familiar theorem for counting the number 

of zeros and poles of a given function $(z); within a 

contour C: 

We can also use the same general integral to locate zeros 

of the dispersion relation in the complex w plane by taking 

f(z) to be equal to z and $(z) to be the dispersion rela- 

tion. Then, noting that the general dispersion relation 

has no poles for kzfO (it is analytic over the entire 

finite complex w-plane--see Section 3.4) and assuming for 

the moment that only one zero of the dispersion relation 

falls within the contour C, we can write (z I w/%) 

where the prime denotes differentiation with respect to z. 

For kz=O the dispersion function H(w,k) has poles for £re- 

quencies w equal to harmonics of the cyclotron frequency. 

In this case as long as the contour C does not encircle 

any of these poles, (4.3.2) is still valid. 

In practice it may be difficult to choose a contour 

which encircles only one zero of the dispersion relation. 



However, even when more than one zero falls within the 

contour we can determine the location of each of the 

zeros (4.20). In order to do so it is convenient to 

define 

in which here we take @ to be the dispersion relation, 

i.e. H (%z ,k) - A .  For a given contour C, I, (C) gives the 
-C- 

number of complex zeros of 4 which are encircled by the 

contour. In order to solve for all the zeros we need at 

least Io(C) independent complex equations relating the 

complex zeros. Since 11 (C) , I2 (C) , e. give respectively 
the sum of the zeros, the sum of the squares of the zeros, 

etc., the required equations to solve for all zeros within - 
the contour can be obtained by calculating the integral 

given in (4.3.3) for b = 1,2, ..., Io(C). In addition to 

these considerations of simple zeros within the contour, 

it is easily shown (4.13) that for branch zeros, I. (C) 

gives the order of the branch zero. Therefore we see that 

in general all simple zeros and branch zeros of the dis- 

persion relation can be computed by evaluating a sufficient 

number of the moment-integrals defined in (4.3.3). 

Note that in the contour integrals given by (4.3.2) 

and (4.3.3) we are keeping k a constant, but can simulta- 



neously calculate (on a computer) the complex frequency 

w for a variety of A's (densities) as long as the contour 

C encloses all of the roots of interest. This reduction 

in effort required to find any one zero is possible only 

because the density is a "free parameter" of the dispersion 

relation. Similar economies can of course be achieved 

for variation in any other "free parameters" of the dis- 

persion relation if they exist. 

Clearly a major difficulty with the Cauchy integral 

method is the selection of an appropriate contour C. In 

practice the contour is relatively easy to select if we 

have done a marginal stability analysis for a given k, 

since then we know the limits on the real w axis between 

which the plasma may be unstable. However, it is not 

really necessary to have this marginal stability informa- 

tion. This is particularly krue when the Cauchy integral 

method is used in conjunction with an "on-line" computer 

in which the "Nyquist" plot of the dispersion relation 

along the contour C can be visually examined to see if it 

encircles the origin, thus demonstrating that a zero of 

the dispersion relation lies within the contour. The 

feasibility of using the Cauchy integral method on an "on- 

line" computer has been demonstrated by MCCune and Fried 



We have computed temporal growth rates useing both 

of the methods discussed above for the plasma model of 

DCX-2 which we used as an example in the preceding section. 

Typical results for these temperature-anisotropy insta- 

bilities are shown in Fig. 4.5. In Fig. 4.5a we show the 

growth rates for a given kZ and varying A (plasma density) 

which were computed by the Cauchy integral method. The 
2 2 

relevant values of A = Q. / w  are listed along the curves. 
1 Pi 

Similarly in Fig. 4.5b where we find the growth rates for 

fixed A (that which corresponds to a density 2.57 times 

the minimum threshold density) and varying kZ by following 

the trajectory of the complex w roots, the numbers listed 

along the curves are the relevant values of kzai. As we 

see from Fig. 4.5, the temporal growth rates of these 

instabilities are significant fractions of the ion cyclo- 

tron frequency for very moderate plasma densities, an 

obvious indication of the threat which the temperature- 

anisotropy instabilities pose to plasma confinement. 

Generally for a thorough analysis of a given instability, 

we would like to know its maximum temporal growth rate for 

a given density. Since the normal method of following the 

trajectory of the complex w roots of the dispersion relation 

for a given density naturally yields such a result, this 

method seems best for a thorough study of a given plasma 

instability. However, this method is heavily dependent 
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upon the results of a marginal stability analysis which 

must provide the precise regions of instability and 

starting values for complex w root following iterations. 

In contrast, as long as one has an on-line computer 

available and can adjust contours in the complex w-plane 

relatively easily, the Cauchy integral method does not 

require any estimate as to the location of the roots of 

the dispersion relation, although certainly even a crude 

guess is helpful. However, to determine the maximum 

temporal growth rate for a given density by the Cauchy 

integral method we must carry out many contour integrations 

for varying k. 

The time required to find temporal growth rates on 

a computer is governed by the number of times it is necess- 

ary to calculate the plasma dispersion function H(w,k). 

This is because it is very time-consuming to sum up the 

infinite sum of Bessel and plasma dispersion functions. 

The determination of the temporal growth rates shown in 

Fig. 4.5 for the unstable mode having @/ai = 2 requires 

approximately the same number of evaluations (100) of the 

dispersion function for both the complex-w root following 

and Cauchy integral methods. In this given amount of com- 

puter time, from the complex-w root following method we 

have already determined the maximum temporal growth rate 
2 2 

at the density given by 4 /w = 300. In contrast, for 
Pi 
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the Cauchy integral method we must cross-plot a number of 

curves such as that shown in Fig. 4.5a to determine the 

maximum temporal growth rate for any given density. How- 

ever, from Fig. 4.5a we are able to see how the temporal 

growth rate changes with density for a given axial wave- 

length. Thus we conclude that if we only want to look at 

some general characteristics of a few unstable modes and 

do not wish to bother with a marginal stability analysis, 

it is probably easiest to obtain the results by using the 

Cauchy integral method on an on-line computer. However, 

if it is desirable to do a thorough analysis of a given 

instability or we wish to use normal computer batch pro- 

cessing, then it is probably best to use the complex-w 

root following method. 



4.4 A Simple Example 

In order to illustrate the use of the general insta- 

bility criteria developed in Section 4.2 we consider a 

simple example in somewhat greater detail. A second rea- 

sonf'or displaying such results here is to provide back- 

ground information for the study of convective and abso- 

lute instabilities in the following section. 

The special case we study here is an example of a 

"loss-cone" instability (see Section 6.2). We prescribe 

the homogeneous plasma case of interest by the following 
- 2  

parameters: Te/Ti = 10 , TI /TZ = 1.0 ,I =1 (the vL 
i i 

distribution is thus of the loss-cone type) and k a = 5.0. 
Y i 

Here, since TI = T, , there can be no free energy arising 
i i 

from dissimilar mean velocities perpendicular and parallel 

to the magnetic field. Rather,the source of free energy 

in this case is due strictly to the loss-cone nature of 

the vl distribution. As for the temperature-anisotropy 

instability, we defer a detailed discussion of the simpli- 

fications of the dispersion relation (3.f3.15) and the 

physics of the instability to Chapter 6. 

Examples of the p(w/Qi) and Nyquist plots for the loss- 

cone instability are shown in Fig. 4.6. As in the tempera- 

ture-anisotropy instability case considered previously, it 

is necessary to make these plots on two different scales: 

that of the electrons (Figs. 4.6a, 4.6b) and that of the 





ions (Figs. 4.6~. 4 -68) . In both the P (@/ai) and ~yquist 

plots it is readily apparent that the structure of the 

ion contribution differs from that of the temperature- 

anisotropy case shown in Fig. 4.4. In the present loss- 

cone case we note that the ion contribution is character- 

istic of the function -2 .2  (w) (with a negative coefficient 
0 

--see Fig. 4.3). We recall that for the temperature-aniso- 

tropy case the ion contribution was characteristic of the 

function -22  (w). This interesting difference in the 
1 

nature of the ion contributions is related to the type of 

free energy source driving the instability and will be 

discussed further in Chapter 6. 

For comparison with previous results we also display 

examples of the complex-o solutions of the dispersion 

relation for the loss-cone instability case in Fig. 4.7. 

These curves are to be compared with those shown in Fig. 

4.5, As before we display temporal growth rates found 

for varying h (density), given k, and varying k,, given h 

(here for a density equal to 1.91 times the minimum 

threshold density), with the numbers along the curves indi- 

cating the relevant value of the implicit parameter. The 

temporal growth rates of these instabilities are signi- 

ficant fractions of the ion cyclotron frequency for rather 

moderate plasma densities, an obvious indication of the 

threat which the loss-cone instabilities pose to plasma 
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confinement. 

In order to arrive at a stability map for the 

k a = 5.0 set of modes, we apply the necessary and 
Y i 

sufficient conditions for instability over the relevant 

range of k,. For each mode (given kzai) which satisfies 

these conditions, we find the range of plasma densities 

for which the mode is unstable from (4.2.8). Assembling 

all these results for varying kZ, we obtain the marginal 

stability curve displayed in Fig. 4.8. Above and out- 

side the three humps in the figure the plasma is stable. 

Hence, the plasma is stable against the loss-cone 

instabilities with k a = 5.0 for sufficiently low den- 
Y i 

L 
sities ( w  5 52:). Inside the humps and hence for suffi- 

P : 1 
I 

ciently high densities the plasma is unstable. The 

numerical values listed along the curve in the figure give 

the values of k,ai on the marginal stability boundary. 

The three separate humps in Fig, 4.8 correspond to 

resonance of the wave with the first three harmonics of 

the ion cyclotron frequency. While one might expect the 

three humps to correspond to three separate sets of 

unstable modes, we see from the figure that this is not 

the case since no region of overlapping is observed. Thus 

at any given density for which the plasma is unstable, as 

the frequency of the instability varies from 1.5 to 4 times 

the ion cyclotron frequency, the mode is always a member 
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of t h e  same set  of u n s t a b l e  modes. I f  t h i s  were no t  t h e  

c a s e  t hen  i n  F ig .  4 . 8  f o r  X < 0.15 and w/Gi = 2 . 4 5  t h e r e  

would be  two over lapping  marginal  s t a b i l i t y  curves .  When 

a l l  t h e  u n s t a b l e  modes of  one o r  more groups belong t o  

t h e  same set  a s  t hey  do h e r e ,  w e  w i l l  c a l l  them an 

" i s o l a t e d "  set  of u n s t a b l e  modes. An e q u i v a l e n t  b u t  more 

complete d e f i n i t i o n  of an " i s o l a t e d "  s e t  of u n s t a b l e  

modes i s  t h a t  such modes a l l  l i e  on a  s i n g l e  Riemann 

s h e e t  of  t h e  s o l u t i o n s  of t h e  d i s p e r s i o n  r e l a t i o n .  A 

group of u n s t a b l e  modes of a  plasma w i l l  b e  members of 

an " i s o l a t e d "  set  i f  t h e  marginal  s t a b i l i t y  boundary i n  

A v e r sus  w space  i s  a  s i n g l e  cont inuous cu rve ,  o r  t h e r e  i s  

a  set  of such curves  which do n o t  i n t e r s e c t  each o t h e r .  

Note t h a t  by t h i s  l a s t  c r i t e r i o n  t h e r e  a r e  two i s o l a t e d  

sets of modes i n  F ig .  4 . 8 :  t h o s e  having w/ni = 1 and 

1.6 2 w/Qi - < 3.4. I n  a l l  b u t  one of t h e  many cases  con- 

s i d e r e d  i n  t h i s  work, a l l  t h e  u n s t a b l e  modes were found 

t o  be members of i s o l a t e d  s e t s .  I n  t h e  one c a s e  i n  which 

some over lapping  of t h e  s e t s  of u n s t a b l e  modes was found 

( T z  /TI = 1.0,  T , / P ~  = 10-~,1=1, k  a = 2 .50 ) ,  t h e  r eg ion  
i i Y i 

of o v e r l a p  occured f o r  h igh  plasma d e n s i t i e s  and frequen- 

c i e s  about  midway between two succes s ive  harmonics of t h e  

i o n  cyc lo t ron  f requency,  For t h e  purposes of t h e  nex t  

c h a p t e r ,  it i s  impor tan t  t o  no te  t h a t  wh i l e  u n s t a b l e  modes 

may no t  a l l  be  members of  an i s o l a t e d  s e t ,  t h e  q u e s t i o n  of 
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whether or not overlapping sets of unstable modes do in 

fact occur, as well as the regions of overlap, can easily 

be ascertained from a thorough marginal stability analysis. 



5. CONVECTIVE VERSUS ABSOLUTE INSTABILITY 

5.1 Distinguishing Between Convective and Absolute 

Instabilities 

In the preceding chapter we have discussed the problem 

of determining the parametric regions of instability of a 

given plasma. In particular, we have given a prescription 

for determining the plasma density at which a given mode 

(given k k,) becomes unstable, i.e. its threshold density. 
Y - 

In this chapter we consider the question of the type of 

instability which occurs as the density is increased above 

this threshold density. 

Sturrock (5.1) - first drew attention to the fact that 
just knowing that an instability exists is not enough in 

many cases and that we must distinguish between two types 

of instabilities, namely convective and absolute (noncon- 

vective) instabilities. The physical distinction between 

these two types of instabilities is best visualized by 

considering the response of a plasma to a small perturba- 

tion which is localized in both space and time. The two 

different characteristic types of response are displayed 

in Fig. 5.1. For the convective type of instability, the 

disturbance grows fastest in a frame of reference moving 

at a speed near the phase velocity of the unstable mode in 

such a way that, after a long time the response of the 
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plasma a t  any g iven  p o i n t  ( i n c l u d i n g  t h e  p o i n t  of t h e  

o r i g i n a l  d i s t u r b a n c e )  becomes van i sh ing ly  smal l ;  t h e  

i n s t a b i l i t y  i s  "convected" away. I n  c o n t r a s t ,  f o r  t h e  

a b s o l u t e  i n s t a b i l i t y  whi le  t h e  d i s t u r b a n c e  may s t i l l  

grow most r a p i d l y  i n  a  moving frame, it grows a t  a l l  

a .  ) Convective I n s t a b i l i t y  b  .) Absolute I n s t a b i l i t y  

F igure  5 .1 .  Envelopes of Time Development of Convective 

and Absolute I n s t a b i l i t i e s .  

p o i n t s  i n  space i n  t h e  t ime asymptot ic  l i m i t .  I n t u i t i v e l y  

we would expec t  t h a t  a  d i s t u r b a n c e  which grows con t inuous ly  

i n  t h e  v i c i n i t y  of t h e  o r i g i n a l  p e r t u r b a t i o n  must be  a  

nonpropagating o r  ze ro  group-ve loc i ty  mode of t h e  plasma. 

We s h a l l  l a t e r  s e e  t h a t  t h i s  i s  indeed t h e  ca se .  

I n  o r d e r  t o  f u r t h e r  c l a r i f y  t h e  d i s t i n c t i o n s  between 

convec t ive  and a b s o l u t e  i n s t a b i l i t i e s ,  we w i l l  d i s c u s s  a  

p h y s i c a l  model of an a b s o l u t e  i n s t a b i l i t y .  We imagine a  

source  l o c a l i z e d  near  t h e  o r i g i n  from which a  s i n g l e  wave 



packet emanates. Physically we can think of this wave 

packet as having been developed by thermal fluctuations 

in the plasma. Let us suppose that as the wave packet 

moves in the positive z direction it is amplified. 

Generally, as the wave packet moves through any given small 

volume of the plasma located at z > 0, in addition to being 

amplified, it is dispersed. Therefore a portion of the 

original wave packet can be thought of as being "reflected" 

from this small volume and propagating back toward the 

origin, presumably being damped in the process. If any 

particular Fourier component of the "reflected" part of 

the wave packet arrives back at the origin with a net ampli- 

fication and is in phase with the original Fourier component, 

then an absolute instability is possible. Otherwise the 

plasma is only convectively unstable. From this model we 

see that in addition to rapid spatial amplification, the 

appearance of an absolute instability requires that there be 

a sufficient amount of dispersion of wave packets moving in 

the plasma. We can also interpret this model as requiring 

that there be a sufficient amount of internal feedback from 

the bulk of the plasma to the region of the initial distur- 

bance as has been discussed by Sudan (5.2). Finally, we - 
note that for an absolute instability to occur it is crucial 

that waves can propagate in both directions, even if they 

are heavily damped in one direction, since otherwise we can- 

not transmit the dispersed or "reflected" part of a wave 

packet back to the origin. 



As we have discussed previously (Section 4.3), for 

a truly infinite, homogeneous plasma the distinction 

between convective and absolute instabilities is not 

significant since a uniform distribution of disturbances 

in such a plasma leads to an "absolutegg type of instability 

in both cases. However, when we attempt to use the infi- 

nite homogeneous plasma theory to study a finite plasma, 

the differences between convective and absolute instabili- 

ties becomes very important. This is because while the 

absolute instabilities are relatively unaffected by the 

finiteness of the plasma (as long as their wavelength 

"fits" into the finite length plasma--see Section 5.4), 

the ultimate effect of cnnvective instabilities on plasma 

confinement is critically dependent on the degree of 

reflection and absorption of the unstable waves from the 

pressure gradients - etc. at the edges of the plasma. In 

addition, it may be very difficult to observe convective 

instabilities experimentally in a finite plasma if their 

absorption at the edges of the plasma is large and their 

spatial growth rates small. 

The relevance of these statements has been dramati- 

cally demonstrated by experimental results from the 

DCX-2 (5.3) - and Pheonix I1 (5.4) - machines. In both cases 

it has been found that the plasma is apparently stabLe and 

relatively quiescent for densities significantly exceeding 

the threshold density. Such results imply that either the 
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marginal stability analysis or our model is inappropriate. 

However, more detailed theoretical calculations (5.5, - - 5.4 

respectively) have shown that for the conditions of the 

above experiments, the plasmas were only convectively 

unstable with relatively long spatial growth lengths. It 

is therefore unlikely that any instability of the plasma 

would have been observed. If, on the other hand, the 

expected instabilities become absolute at some higher 

density, we would expect them to be observable above this 

density. The plasma densities attained in the previously 

mentioned experiments are reasonably c~nsisten~t with the 

calculated densities for the onset of absolute instabili- 

ties. From these observations we conclude that in order 

to make useful comparisons between theory and experiment, 

it is imperative to have detailed information about the 

convective versus absolute nature of microinstabilities. 

With this brief introduction, we will now discuss 

criteria for distinguishing between convective and abso- 

lute instabilities. In doing so we follow principally the 

development given by Bers and Briggs (5.6). - Implicit in 

our discussion of these criteria is the assumption that 

the plasma is infinite and homogeneous in the direction of 

wave propagation. As we have seen earlier in this section, 

in determining the type of instability which is present 

we need to consider the response of a plasma to an initial 

disturbance which is localized in space. In order to do 
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this it is only necessary to know the dispersion relation 

for the modes of interest. Now, since the dispersion 

relation, when appropriately normalized, is simply the 

inverse of the Fourier ( z )  - and Laplace (t) - transformed 
Green's function of the system, the response of a general 

unidimensional system is given by 

i (kz-wt) 
$J(z,t) = 1 

2 
S(k,w) (5.1.1) 

( 2 ~ )  D(k,w) 

where S(k,w) is the Fourier-Laplace transform of the 

initial disturbance. Since the response to any spatially 

localized pulse can be canstructed from a superposition 

of the response to a delta function, we will restrict 

ourselves to delta function sources in space. The temporal 

behavior of the initial disturbance will be assumed to 
- 1 

either be sinusoidal in time (S(k,w) pr (w-wdist,) ) , or 
to be localized in which case we need only consider the 

response to a delta function source in time at t = 0 

(S(k,w) = 1) . In any case S(k,w) will always be an 

analytic function in the upper half w-plane. More general 

types of initial disturbances are discussed by Briggs 

(Q). Here, for simplicity, we are only considering the 

spatial response in a given direction ( 2 )  since the gen- 

eralization to more spatial dimensions is straightforward (5.7). - 
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The inverse Fourier transform contour F in (5.1.1) is 

along the entire real k-axis since we have assumed 

spatial homogeneity in the z direction. The inverse 

Laplace transform contour L is along the line -a+ia 

to a+io where a is taken to be sufficiently large so 

that the Laplace contour passes above all of the singu- 

larities of the integrand I(w,z) (or, ~(w,k)-'for real k) . 
That such a o must exist may be looked upon as a causal- 

ity condition (5.6), - since if a finite a did not exist 

then the plasma would have a nonvanishing response for 

t<O, - i.e. before the disturbance is initiated. 

For a particular frequency w along the Laplace con- 

tour L, the rooks of the dispersion relation (poles of 

the Green's function) in the k-plane are shown schemati- 

cally as crosses in Fig. 5.2. Note that the roots are 

located on one or the other side, but not on the real 

k-axis since by definition the Laplace contour is above 

all the singularities for real k. In addition, since by 

the same argument no roots can cross the Fourier contour 

as the Laplace contour is raised to even higher Im w, we 

can determine uniquely in which half of the k-plane 

(upper or lower) each of the singularities of the Green's 

function of the plasma belongs. Therefore for the Laplace 

contour shown in Fig. 5.2aI the inverse Fourier transform 

I(w,z) is well-defined with the Fourier contour taken 

along the real k-axis. 



a . )  Laplace I n v e r s e  Transform b.)  F o u r i e r  I n v e r s e  Transform 
Contour. Contour. 

F igure  5 . 2 .  Laplace and Four i e r  Inve r se  Transform I n t e -  

g r a t i o n  Contours.  

To determine I ( w , z )  we can c l o s e  t h e  F o u r i e r  con tour  

i n  t h e  upper h a l f  p l a n e  f o r  z > 0 and i n  t h e  lower h a l f  

p l ane  f o r  z  0 a s  shown i n  Fig .  5.2bt  p rov id ing  t h e  

Green' s func t ion  D ( k t  w )  i s  s u f f i c i e n t l y  w e l l  behaved a s  

( k l  + (The f a c t  t h a t  t h e  d i s p e r s i o n  f u n c t i o n  employed 

i n  t h i s  work d ive rges  f o r  11m kzl  > l ~ e  kz l  ( s e e  Sec t ion  

3 . 4 )  does  no t  cause  any problem he re  s i n c e  t h i s  j u s t  

a s s u r e s  convergence of t h e  i n t e g r a l  (5 .1 .1)  i n  t h e  "d ive r -  

gence" r eg ion  of k  space .  Note a l s o  t h a t  t h e  branch p o i n t  

a t  I<, = 0 i n  our  d i s p e r s i o n  r e l a t i o n  ( s e e  S e c t i o n  3 . 3 )  

causes  no d i f f i c u l t y  s i n c e  t h e  i n t e g r a l  of t h e  i n v e r s e  of  

t h e  d i s p e r s i o n  r e l a t i o n  a long t h e  e n t i r e  F o u r i e r  contour  

i s  we l l  def ined  a s  long a s  we t a k e  i n t o  account  t h e  change 



in representation as we pass through the branch point.) 

Thus, for values of w with imaginary parts greater than 

or equal to a , the roots of the dispersion relation in 
the upper half k-plane contribute to the response of 

the plasma for z > 0 whereas those in the lower half con- 

tribute for z < 0. For frequencies on the Laplace con- 

tour the location of the roots in the k-plane indicate 

that all of the modes are spatially evanescent. Physi- 

cally, this means that a localized source whose strength 

grows exponentially with time will cause a response which 

decays spatially in either direction away from the source. 

If we now vary the frequency away from values on 

the Laplace contour toward the real w-axis, the roots in 

the k-plane must still contribute to the response of the 

plasma for the same z-direction irrespective of whether 

or not they cross the real k-axis (see below). If any 

roots do cross the real k-axis they will correspond to 

spatially growing modes of the plasma for the appropriate 

z-direction at some frequency w with 0 < Im(w)<a, 

We can in principle find the total response of the 

plasma from equation (5.1.1) by taking into account all 

of the solutions of the dispersion relation D ( w , k )  = 0. 

However, here we are really only interested in the time- 

asymptotic limit of the response, This is especially true 

since we are looking for instabilities of a plasma. 

Therefore since modes whose frequencies w have negative 



imaginary parts are damped out in the time-asymptotic 

limit, we need only concern ourselves with modes which 

can have frequencies w with positive or zero imaginary 

parts, - i.e. unstable or marginally stable modes. As 

we have seen (Chapter 4), the marginal stability analy- 

sis enables us to identify unstable or growing modes. 

However, in the present development we will use another 

approach. With reference to Eq. (5.1.1),the most 

obvious way to discover which are growing modes within 

the framework of the present development is to analytically 

a.) Laplace Contour Change for b.) Fourier Contour Deforma- 
a Given Real Frequency. tions as Singularities Move 

in the k-plane 

Figure 5.3. Movement of Singularities in the k-plane as 
the Laplace Contour is Analytically Continued 
Down to the real w-axis (Q and @ are Convec- 
tively Unstable Modes). 

continue P(w,z) in the w-plane by deforming the Laplace 

contour down towards the real w-axis and observe the 

corresponding motion of the roots of the dispersion relation 



in the k-plane. In order to properly analytically continue 

I(w,z) we must deform the Fourier contour F if any roots 

cross the real k-axis* so that the contributions of these 

roots are always included in the proper half of the k-plane. 

This analytical continuation of I(w,z) is illustrated in 

Fig. 5.3 for a particular point on the Laplace contour. 

Since roots @ and @ cross the real k-axis as the imaginary 
part of w decreases to zero, these two roots correspond to 

spatially growing modes when driven by a source of real 

frequency. In contrast, roots O, 0, @, @ correspond to 
spatially evanescent modes since they do not cross the real 

k-axis. 

If the movement of the singularities in the k-plane 

were as simple as that pictured in Fig. 5.3 for all fre- 

quencies on the Laplace contour, then we could deform the 

entire Laplace contour all the way to the real w-axis. 

In this case we would conclude that all unstable modes 

present are convective since the asymptotic response of the 

plasma would be that due to a set of spatially growing 

modes with no temporal growth or decay. In fact, there 

would be a time-asymptotic response at finite z in this 

case only if there is a continuing source of disturbance. 

* Note that such crossing requires that there exist roots 
of D = 0 for real k with o > Im(w)>O, - which are unstable 

modes according to the marginal stability analysis. 



However, the situation is nok always as simple as 

that indicated in Fig. 5.3. An additional complicating 

feature which can occur is that the k-plane roots of 

the dispersion relation from opposite half planes may 

coalesce from some frequency with a positive or zero 

imaginary part. This possibility is illustrated in Fig. 

5.4. Since the two coalesced modes from opposite half 

k-planes constitute a combined mode which has nonvanishing 

contributions for all finite spatial points and a temporal 

growth rate given by the imaginary part of wB, such a 

merged mode corresponds to an absolute instability. Physi- 

cally, this can be thought of as a "resonance" of the 

system since in this case there is an asymptotic response 

a. ) Laplace Contour Change for b. ) ~ourier Contour Deforma- 
a Given Real Frequency. tion as Singularities Coal- 

esce for some wB. 

Figure 5.4. Movement of Singularities in the k-plane as the 
Laplace Contour is Analytically Continued Down 
to the Real w-axis (Coalescence of a and@ at 
wg Indicates an Absolutely Unstable Mode). 
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of the system even after the initiating disturbance is 

turned off. 

Mathematically we see that such a coalescence of 

modes leads to a singularity in I(w,z) in that the 

Fourier contour defining I(w,z) must pass between two 

modes which have merged in the k-plane. This is 

commonly referred to as a "pinching" of the Fourier con- 

tour. In the vicinity of any point where two roots of 

the dispersion relation merge, we have 

Therefore we see that the coalescence of two modes gives 

rise to a saddle point in the w(k) plane and a branch 

point in the k(w) plane. Returning to Eq. (5,1,1), we 

find that this circumstance implies that the inner (Fourier) 

integral I(w,z) has a branch point at w=wB of the type 

' Since a branch point in I (w, z )  occurs at I .J (a-wg) 

oB, we cannot deform the Laplace contour past wg without 

special consideration of this point. By first performing 

the k integration in (5.1.1) through the saddle point and 

afterwards the w integration, it is easily shown that this 

coalescence of two modes through the Fourier contour F 

indicates an absolute instability ( 5 , 6 ) ,  - On the other hand, 

it is important to note that the merging of two modes from 



the same side of the real k-axis in the k-plane, no matter -- 
where in the k-plane they may merge, -- does not give rise 

to an absolute instability since then the Fourier inversion 

contour can be deformed around the merging point and I(w,z) 

remains regular. Instead of being an absolute instability, 

such a coalescence only indicates a special double-root 

type of convective instability. In terms of our physical 

model, this circumstance corresponds to the coalescence 

of two waves which are moving to the right (say), rather 

than to the coalescence of one wave moving to the right and 

one to the left. This simple picture of the merging of 

poles through the Fourier contour F can readily be general- 

ized to coalescence of more than two poles (5.6). - For 

mergings of more than two poles, the essential condition 

for an absolute instability to occur is that of all the 

poles merging,at least one must have come from the upper 

half k-plane and at least one must have come from the lower 

half k-plane. 

We will now summarize what we have learned about the 

conditions necessary for the appearance of an absolute 

instability with the statement of a criterion for absolute 

instability. We note that the necessity of the merging in 

the k-plane of two or more roots of the dispersion relation 

can be written simply as 
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With the meaning of these equations in mind, we see that 

the necessary and sufficient conditions for a given 

instability to be an absolute instability may be stated 

as follows: 

An absolute instability can occur 

only if there exists an wg with positive 

imaginary part such that 

When condition (a) is satisfied, the 

merged mode corresponds to an absolute 

instability if of the two or more modes which 

coalesce at wB, kg, there is at least one on 

each side of the real axis of the k-plane 

when the modes are evaluated for Re(w)=wB, 

~ m ' ( ~  j - > G .  (6) 

If conditions (a) and (6) are not both satisfied, then the 

instability is of the convective type. 

The above criterion is essentially a restatement or 

distillation of the original Bers and Briggs criterion(5.61, - 
Dysthe (5.7) - has derived -essentially the same criterion 
and numeribus variations .of it'by a. differenf: procedure, - 

In order to interpret the criterion'pbysdcally; we no,te that 

if we take the total derivative of the dispersion relation 
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and solve the resultant equation for the group velocity, 

we obtain 

Therefore we see that condition (a) is equivalent to 

requiring the existence of a zero group-velocity made in 

the plasma, provided aD/aw is bounded. For the dispersion 

relations employed in this work D is an entire function 

of o as long as k, f 0 and aD/aw is thus bounded for all 

finite w (see Section 3.4). The case k, = 0 is not impor- 

tant here since such a case, when unstable at all, is 

already implicitly an "absolute" instability in the z 

direction (the only direction in which we will consider 

the convective versus absolute nature of the instabilities 

--see Section 6.1). Condition (a) is thus a confirmation 

of our intuitive feeling that a mode which grows at all 

points in space simultaneously must be a nonpropagating 

or zero group-velocity mode. 

From the preceding discussion in this section we know 

that condition (6) ensures that the zero group-velocity 

mode satisfying condition (a) is composed of individual 

modes which propagate in opposite directions from the 

initial perturbation so that the disturbance can, in fact, 

spread out and grow at all points in space while growing 

in time. When, as is usually the case, the imaginary part 

of kg is nonzero, condition ( 6 )  simply requires that of 

the modes coalescing at least one be a spatially growing 



mode and at least one be an evanescent mode. This confirms 

our physical picture of absolute instabilities since what 

condition ( p )  thus implies is that one mode grow spatially 

say for z > 0 and a "reflected" or dispersed part of it 

with precisely the same spatial dependence is damped in 

propagating back to the origin in such a way that it always 

arrives with just the right phase to reinforce the original 

disturbance. 

Through a derivation which is similar to that of Bers 

and Briggs (5.6) - in that the importance of distinguishing 

the types of merging modes is emphasized, Sudan (5.2) has - 
derived a criterion for absolute instability which is 

applicable to slightly inhomogeneous plasmas, - i,e. those 

in which the characteristic inhomogeneity length in the 

direction of propagation is longer than the wavelength of 

the instability. For homogeneous media Sudan's criterion 

is basically the same as the Bers and Briggs criterion as 

given in our conditions (a) and ( 6 )  . Briggs (5.6) has - 
reviewed the merits and limitations of other earlier deriva- 

tions of criteria for absolute instability. 

In addition to these derivations based upon following 

roots which merge through the Fourier contour, criteria 

for absolute instability have also been derived by utili- 

zing other information about the set of unstable modes of 

a plasma, A conceptually useful way of proceeding is to 

plot solutions of the dispersion relation (for some given 

set of plasma parameters including the density) in the 
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complex w-plane for real k. Such a plot is illustrated 

for a simple case in Fig. 5.5a. In this sketch the curve 

labeled with A denotes the real k solutions and that 

labeled with B the real w solutions. Note that if this 

were the only set of unstable modes, the o which defines 

the Laplace contour would only have to be larger than 

I m a X  In addition, for such a simple case the region of 

the complex w-plane enclosed by the curve A-B is the only 

region in which absolute instability condition ( B )  can be 

satisfied since only there can a growing mode of the 

a.) Complex w Solutions of b.) Complex k Solutions of 
the Dispersion Relation. the Dispersion  elation. 

Figure 5.5. Complex w and k Solutions of the Dispersion 
Relation for a Set of Unstable Modes. 

plasma exist. Therefore in this case we can restrict the 

portion of the complex w-plane in which we look for satis- 

faction of condition ( c t )  to this same region. The same 

conclusfon has been arrived at in an independent way by 



Baldwin and Rowlands (5.8). For convenience we will - 
henceforth refer to the contour A-B in Fig, 5.5a as the 

Baldwin-Rowlands or simply the B-R contour since to the 

author's knowledge they were the first authors to intro- 

duce it. Some examples of this contour for our standard 

loss-cone instability example will be displayed in 

Section 5.3. We should also note that Fainberg et al. -- 
(5.9)have arrived at essentially the same criterion as - 
Baldwin and Rowlands except that instead of satisfying 

our condition (a) with the B-R contour they require that 

there be a saddle point in w (k) (i. e. dw/dk=O) within the - 
contour. As we have noted previously, the condition 

dw/dk=O is usually equivalent to condition (a) so the 

criterion of Fainberg et al. is usually the same as that -- 
of Baldwin and Rowlands. 

In considering the work of Baldwin and Rowlands and 

Fainberg et al. we have been assuming that there is only -- 
one set of unstable modes as illustrated in Fig. 5.5, The 

preceding remarks also apply as long as the set of unsta- 

ble modes under consideration is an "isolated" set of 

modes in the sense defined in Section 4.4. However, if 

there are sets of unstable modes which overlap each other, 

then we cannot directly assure that condition ( ( 3 )  is satis- 

fied within the B-R contour. This is because it is then possi- 

ble that two growing modes may coalesce to satisfy condition 

( a )  with the B-R contour. As we have previously noted, 

the merging of two growing modes does not constitute an 



a b s o l u t e  i n s t a b i l i t y .  Therefore  t h e  Fainberg -- e t  a l .  (5.9) 

and Baldwin and Rowlands (5 .8 )  - c r i t e r i a  f o r  a b s o l u t e  

i n s t a b i l i t y  can be v a l i d  on ly  f o r  " i s o l a t e d "  s e t s  of 

u n s t a b l e  modes. This  p o i n t  has  been d i scussed  a t  g r e a t e r  

l e n g t h  by Br iggs  ( 5 . 6 ) .  - W e  should a l s o  no te  t h a t  it i s  

p o s s i b l e  f o r  two evanescent  modes ( u s u a l l y  f o r  l a r g e  I m ( k ) )  

t o  c o a l e s c e  w i t h i n  t h e  B-R contour .  Such a  coa lescence  

does n o t  l e a d  t o  an a b s o l u t e  i n s t a b i l i t y  a s  would be  pre-  

d i c t e d  by t h e  c r i t e r i a  of Baldwin and Rowlands and Fainberg 

e t  a l .  However, t h i s  l a t t e r  c i rcumstance would s e e m  t o  -- 
be q u i t e  u n l i k e l y  and could e a s i l y  be d i s c r i m i n a t e d  

a g a i n s t  by making s u r e  t h a t  one of t h e  modes which merges 

i s  a  member of  t h e  set  of u n s t a b l e  modes f o r  which t h e  B-R 

contour  i s  drawn. I n  any c a s e ,  having once found an 

a b s o l u t e  i n s t a b i l i t y  "candida te"  by t h e s e  methods, w e  can 

always t r a c e  t h e  r o o t s  of t h e  d i s p e r s i o n  r e l a t i o n  f o r  

i n c r e a s i n g  I m ( w )  away from t h e  s add le  p o i n t  t o  make s u r e  

t h a t  t h e  merged mode s a t i s f i e s  cond i t i on  ( 8 ) .  I n  s p i t e  

of t h e  l i m i t a t i o n s  mentioned above, w e  w i l l  f i n d  t h e  

Baldwin-Rowlands p i c t u r e  t o  be  very u s e f u l  i n  cons ide r ing  

a b s o l u t e  i n s t a b i l i t i e s .  

I n  a d d i t i o n  t o  t h e  B-R con tour  d i sp l ayed  i n  F ig .  5.5a,  

we can a l s o  make use  of mappings of t h e  B-R con tour  i n t o  

t h e  complex k-plane a s  shown i n  F ig .  5.5b. A s  long a s  t h e  

i n s t a b i l i t y  i s  convec t ive  t h e  contour  i s  c lo sed  and does  

have a  d e f i n i t e  maximum 11m kl a s  shown by kI . The max 

parameter kT i s  of i n t e r e s t  f o r  convec t ive  i n s t a b i l i t i e s  
-max 
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since it gives the maximum spatial growth rate of the set 

of convectively unstable modes. If an absolute instability 

occurs there is a branch point within the mapping of the 

B-R contour into the k-plane. Then, the mapping in the 

k-plane is an open contour. We could in principle use 

this property of absolute instabilities to discover merged 

modes satisfying condition ( a ) ,  but this is generally not 

practicable since it is very difficult to design computer 

programs which are capable of faithfully following roots 

of the dispersion relation in the vicinity of a branch 

point. However, as we shall see in the following section, 

it is very useful to use contour plots such as that illus- 

trated in Fig. 5.5b to "follow" a growing or unstable mode 

into the merged root to ensure that a given merged root 

in fact satisfies condition ( 6 ) .  

Absolute instability conditions ( a )  and ( P )  are of 

course applicable only in a specified coordinate system. 

Here, implicitly, the coordinate system is that in which 

the dispersion relation was derived. We will now consider 

some aspects of the problem of absolute versus convective 

instability in other coordinate systems. Since for densi- 

ties only slightly exceeding the threshold density the 

plasma is presumably not very dispersive, we would expect 

that the unstable modes would be most rapidly growing in a 

frame of reference which moves at approximately the phase 

velocity of the wave. In such a frame of reference the 

instability would appear as an absolute instability. 



Usually, however, for plasma microinstabilities as the 

density is increased sufficiently far above the threshold 

density the plasma becomes dispersive enough to permit 

zero group-velocity modes in the original frame of refer- 

ence and hence absolute instabilities in that frame (5.4, - 
5.10). 

Many authors (e.9. 5.6, 5.8, 5.11) have discussed - - - -  
the problem of determining the nature of an instability 

in any given frame of reference. Going somewhat further 

than most treatments, Hall and Heckrotte (5.11) have given 

a method for finding absolute instability modes (in the 

laboratory frame) which depends upon finding an absolute 

instability mode in a given frame of reference (namely 

that in which condition (a) is easily satisfied--see (5.111) 

and then transforming to the laboratory frame, making sure 

in the process that the mode is still an absolutely unstable 

mode. The transformation is carried out by solving 

(numerically) differential equations relating velocity 

frames moving at slightly different.ve1ocities. An impor- 

tant by-product of this type of analysis is that one obtains 

the spatial shape of the time-asymptotic behavior of the 

response of the plasma (5.11). 

As an alternative to the procedures discussed above, 

we could find absolutely unstable modes by using the Cauchy 

integral method (see Section 4.3). To do so we would take 

the hint given by Baldwin and Rowlands (5.8) - and see if any 

merged modes occured within the B-R contour. This could be 
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accomplished by defining the function 4 (a) in (4.3.1) 

to be 

in which k(w) is the solution of the dispersion relation 

( 5 . 1 4 )  Choosing an appropriate density,we would use 

the Cauchy integral method to find the complex o at 

which absolute instability condition (a) is satisfied 

within the B-R contour. From (5.1.3) we know that it is 

quite likely that the solutions found will be branch 

points. However, as we have discussed previously (Section 

4.3) this presents no problem for the Cauchy integral 

method as long as the function 4 vanishes at the branch 

point, as happens here. Note that since this use of the 

Cauchy integral method is dependent on the Baldwin and 

Rowlands (5.8) - or Fainberg -- et al. (5.9) - criteria for abso- 

lute instability, it has the same limitations. Therefore, 

in general, after locating modes satisfying condition (a) 

we must separately check that these merged modes satisfy 

condition (6) . 
%is Cauchy integral method would be about as effi- 

cient as the methods described previously in this section 

in determining the absolute instability growth rate for a 

given density. If, in addition to the zero group-velocity 

absolute instability modes, the temporal growth rates of 

absolutely unstable modes for a set of velocities of moving 

frames are desired, then the C a u h y  integral method can be 
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more efficient. %is is because for the appropriate 

definition of $ ( z ) ,  the reference frame velocity would 

be a "free" parameter. Thus we would need to compute 

4 and + '  along only one B-R contour to determine the 

temporal growth rates of absolute instabilities for a 

given set of velocities. However, one difficulty which 

arises in the application of the Cauchy integral method 

with the dispersion relation employed in this work is 

that often the appropriate contours go into the region 

of the k-plane in which the dispersion relation 

"diverges." 'Iherefore while such a technique is not 

useful for the present work, it may be useful for dis- 

persion relations which have no "divergence" regions. 

Hall and Heckrotte (5.11) and to a lesser degree - 
Baldwin and Rowlands (5.8) - emphasize the importance of 
viewing the response of the plasma in an arbitrary 

velocity frame. Probably the most important justifica- 

tion for this emphasis is the fact that there may be 

very rapidly growing convective instabilities which have 

very small but nonzero group-velocities and thus are 

essentially "absolute" instabilities due to the fact that 

they propagate to the ends of the plasma so slowly. Tnere- 

fore the relevant question is whether or not the special 

case of zero group-velocity (absolute instability) is 

reasonably representative of convectively unstable modes 

with very small group velocities. While this may not be 

the case for low frequency modes (w<<Qi), for the high 
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frequency modes (w>Qi) considered in this work the typi- 

cal phase velocity in the direction of propagation 

(along the magnetic field) is usually much larger than 

the electron thermal velocity. Now, since the typical 

group velocities are presumably equal to the phase velo- 

cities to within an uncertainty of perhaps the electron 

thermal velocity, it is likely that the convectively 

unstable modes normally propagate to the ends of the 

plasma very rapidly. 'Iherefore, we presume that for the 

cases considered in this work (Chapters 6, 7), zero 

group-velocity modes are reasonably representative of 

rapidly growing, convectively unstable modes which have 

small group-velocities. Hence we will only be concerned 

with determining the parametric conditions for which zero 

group-velocity modes can occur in the laboratory or rest 

frame. 



5.2 Determining the Transition Density 

In the preceding section we have discussed the general 

criterion for distinguishing between convective and abso- 

lute instabilities and the various methods which have been 

proposed to implement it. A common feature of all these 

methods is that they seek to determine whether a specified 

plasma with a fixed density in excess of the threshold 

density is convectively or absolutely unstable. Berefore, 

using these methods, repeated application of the entire 

procedure is necessary to determine, for example, the den- 

sity at which an absolute instability first appears, that 

is the "transition density." In this section we develop 

a direct method which is much more efficient in determining 

the transition density than any of the above procedures. 

The new technique determines the transition density directly 

by making use of the same property which allowed us to 

readily determine the threshold density from the marginal 

stability analysis, namely that the plasma density is a 

"free" parameter in the dispersion relation. In addition, 

this method makes maximum use of the results of the marginal 

stability analysis. 

In order to determine the transition density directly, 

we first consider how we might satisfy absolute instability 

condition (a). Using the form of the dispersion relation 

given by (3.3.16), condition ( a )  reduces to finding simul- 

taneous solution of the equations 

A - H(w,k) = 0 (5.2.1) 

aW(w,k)/ak = 0 ,  (5.2.2) 
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2 2 
We recall that h = $&/w and is thus positive and real. 

Po 
Since (5.2.2) is independent of X (density) we solve it 

first. Its general solution for a range of frequencies 

is 

%is solution (or any set of such solutions) is physically 

meaningless except when it simultaneously satisfies the 

dispersion relation. A convenient way of ensuring this 

for some value of A (some density) is to find the point,or 

points (if any) where the imaginary part of H(w,k) vanishes 

along the trajectory given in (5.2.3) . If this occurs at 

@B K(wB) , the appropriate value of h (density) for which 

the dispersion relation is satisfied is given immediately by 

provided Re{HEwg,K(wg)]) is positive. 'Ihis procedure gives 

us a simple method for determining the characteristics 

wg, K(wB), h B  of a merged mode of the plasma which satis- 

fies condition (a). 'Ihe method requires only that the 

density or some other relevant parameter be a "free" para- 

meter in the dispersion relation (see Section 4 . 2 ) ,  While 

most dispersion relations for uncoupled electrostatic or 

transverse electromagnetic waves seem to have this property, 

the full three-by-three determinant dispersion relation 

(see Section 1.2) which is relevant when the electrostatic 

and transverse modes are significantly coupled does not. 

However, if the modes are only weakly coupled, we could 

presumably develop an iterative method for the more general 
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c a s e  based upon t h e s e  same i d e a s .  

L e t  us now cons ide r  t h e  c h a r a c t e r i s t i c s  of t h e  abso- 

l u t e  i n s t a b i l i t y  mode a t  t h e  t r a n s i t i o n  d e n s i t y .  We 

r e c a l l  t h a t  t h e  e x i s t e n c e  of an a b s o l u t e  i n s t a b i l i t y  

r e q u i r e s  t h e  plasma t o  be h i g h l y  d i s p e r s i v e .  W e  t h e r e f o r e  

expec t  an a b s o l u t e  i n s t a b i l i t y  mode t o  f i r s t  appear  a t  a  

d e n s i t y  above t h e  t h r e s h o l d  d e n s i t y  (Sec t ion  4 . 2 )  and,  

by analogy wi th  t h e  marginal  s t a b i l i t y  a n a l y s i s ,  t o  be 

n e i t h e r  decaying nor growing tempora l ly  a t  t h i s  " t r a n s i t i o n "  

d e n s i t y .  ?he mode would be  expected t o  e x h i b i t  temporal  

growth a s  t h e  d e n s i t y  i s  inc reased  above t h e  t r a n s i t i o n  

d e n s i t y .  I n  o t h e r  words, a t  t h e  t r a n s i t i o n  d e n s i t y  w e  

expec t  t h e  a b s o l u t e  i n s t a b i l i t y  mode t o  be  "marg ina l ly  

s t a b l e "  and hence have a  r e a l  frequency w .  I t s  wave num- 

be r  k w i l l  i n  g e n e r a l  be  complex. 

Unfor tuan te ly ,  i n  c o n t r a s t  t o  t h e  marginal  s t a b i l i t y  

a n a l y s i s ,  it i s  n o t  - a p r i o r i  obvious t h a t  t h e  a b s o l u t e  

i n s t a b i l i t i e s  w i l l  f i r s t  appear i n  t h i s  way. Note t h a t  

i f  t h e  a b s o l u t e  i n s t a b i l i t y  always has  a  r e a l  frequency a t  

t h e  t r a n s i t i o n  d e n s i t y ,  then  t h e  merged r o o t  comes i n t o  

t h e  B-R contour  i n  F ig .  5.5a on ly  through t h e  r e a l  w-axis 

(curve  B ) .  While t h i s  i s  c e r t a i n l y  t h e  most p robable  

c i rcumstance,  it i s  n o t  obvious t h a t  t h e  merged r o o t  cannot  

come i n  through t h e  r e a l  k mapping (curve  A)  o r  even suddenly 

appear  i n s i d e  t h e  B-R con tour .  

I n  o r d e r  t o  j u s t i f y  r u l i n g  o u t  t h e s e  l a t t e r  p o s s i b i l i -  

t i e s ,  we need t o  cons ider  t h e  c i rcumstances  under which 
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absolute instabilities may occur in more detail. As we 

have noted in the previous section, condition (a)implies 

that a saddle point in w(k) must exist (dw/dk=O), provided 

aD/ao remains finite. In the following analysis we will 

assume that aD/ao is finite for all o (as is the case 

here for kz#O--see Section 3.4) or at leastthataD/aw is 

finite at the point where do/dk=O. Next, we note that a 

saddle point in o(k) can only occur on the surface of a 

single Riemann sheet. %at is, the intersection of two 

Riemann sheets cannot give rise to a saddle point in w(k) 

since it instead leads to the condition dk/dw+m, - i.e. a 

branch point in w(k). %us in our consideration of modes 

which satisfy condition (a), we can restrict our atten- 

tion to those modes which lie on a single Riemann sheet. 

Of the modes which lie on a single Riemann sheet 

there will of course be some stable modes and some unstable 

modes. From the results of a marginal stability analysis 

we already have a considerable amount of information about 

the unstable modes. In general the unstable modes occur 

only for limited ranges of Re(w) , Re(k) and the density 

(see Section 4.2), and in "isolated" sets. Note that an 

isolated set of modes is by definition a set whose members 

all lie on the same Riemann sheet. In light of these 

observations about the unstable modes, in the following we 

will assume that for the modes under consideration the 

ranges of Re(w) , Re (k) for instability are finite. Under 

this assumption we see that the Im(o) surfaces of an 
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i s o l a t e d  set of modes i n  t h e  complex k-plane must be  

t ~ p o l o g i c a l l y  s i m i l a r  t o  t h o s e  shown i n  F ig .  5.6. I n  

t h i s  f i g u r e  w l ,  kR, kI  are r e s p e c t i v e l y  I m  [w (k)  l , 

Re (k )  , I m  (k )  and X i s  t h e  va lue  of A a t  t h e  t r a n s i t i o n  

d e n s i t y .  The s u b s c r i p t s  1, 2 ,  on A t  r e f e r  t o  t h e  f i r s t  

and second groups of modes ( i n  terms of  i n c r e a s i n g  kR) 

shown i n  t h e  f i g u r e .  

For  a l l  p o i n t s  excep t  t hose  where dw/dk=O ( i . e .  - 
t h o s e  where c o n d i t i o n  ( a )  i s  s a t i s f i e d ) ,  t h e  Cauchy- 

Riemann c o n d i t i o n s  show us t h a t  w I  (kR , kI)  can have no 

l o c a l  f i n i t e  maximum o r  minimum and t h a t  t h e  contours  

w I > O  must map ( i n  t h e  k-plane) i n s i d e  t h e  contours  

w I = O  a s  shown i n  F ig .  5.6 b ,  d ,  f .  W e  r e c a l l  t h a t  i n  

S e c t i o n  4.2 w e  have shown t h a t  f o r  s u f f i c i e n t l y  low 

d e n s i t i e s  t h e  plasma i s  always s t a b l e ,  i n  which c a s e  w I 

i s  n e g a t i v e  f o r  a l l  kR. A s  we i n c r e a s e  t h e  d e n s i t y  t o  a  

va lue  s l i g h t l y  above t h e  t h r e s h o l d  d e n s i t y ,  b u t  s t i l l  

below t h e  t r a n s i t i o n  d e n s i t y ,  we o b t a i n  t h e  d i s p o s i t i o n  

of  s t a b l e  and u n s t a b l e  modes shown i n  F ig .  5.6a, b e  H e r e  

curve B of  F ig .  5.5b must be'  c lo sed  t o . i n d i c a t e  a  con- 

v e c t i v e  i n s t a b i l i t y  and any sadd le  p o i n t  must be  below 

t h e  w I  = 0  p l ane .  W e  r e c a l l  t h a t  cond i t i on  ( B )  r e q u i r e s ,  

i f  a  g iven  s a d d l e  p o i n t  i s  t o  imply a b s o l u t e  i n s t a b i l i t y ,  

t h e  merging of an "uns t ab l e"  mode wi th  a  " s t a b l e "  mode. 

S ince  Eqs. (5 .2 .1)  and (5 .2 .2)  a r e .  very well-behaved func- 

t i o n s  of X ( i n v e r s e  d e n s i t y )  , a s  t h e  d e n s i t y  i s  changed 

inc remen ta l ly  t h e r e  i s  no reason t o  expec t  d i s c o n t i n u i t i e s  

i n  t h e  g e n e r a l  s t r u c t u r e  of  t h e  Riemann s u r f a c e ,  Now, a s  



isolhted se t  of 
convect ive9 uostabk modes 

a , )  X > A t  b.) X > X t  

c . )  X = A 
t 1 

f.) h = X t 2  < At 
1 

Fig .  5 .6 .  Appearance of an Absolute  I n s t a b i l i t y  a s  t h e  
Densi ty  I n c r e a s e s  ( A  Decreases)  . 
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we increase the density (decrease A) and hence presumably 

bring the sets of stable and unstable modes closer 

together in the k-plane, we note that since the oI contours 

are nested, when the stable and unstable modes first come 

together for Im(w)> - 0 (if they ever do), they must do so 

for Im(w) = 0.  %us, as the density is increased towards 

the transition density, the saddle point must emerge into 

the B-R contour through the real w-axis, - i.e. through 

curve B of Fig. 5.5a. Hence, just at the transition den- 

sity we expect the absolute instability to have a real 

frequency w and to have a complex k (in general) which 1i.e~ 

arbitrarily close to the value for one of the convectively 

unstable modes associated with ALA 
tl 2 ,  

However, the above must remain only a "plausibility 

argument" in that we have assumed, from the simple depen- 

dence of Eqs. (5.2.1) and (5.2.2) on A, that a given saddle 

point does not simply disappear as A is increased slightly 

above At, but instead moves slightly in the w-plane to a 

point just outside the corresponding B-R contour and loses 

significance. With this assumption and the application 

of the Cauchy-Riemann conditions we see (Fig. 5.6) that a 

saddle point must move into the lower half w-plane as the 

density decreases below the transition density. 

As we have discussed previously, we can tell whether 

condition ( a )  is satisfied anywhere within the B-R cont~ur 

by checking that its mapping is an open contour in the 

complex k-plane. Since from the preceding analysis it seems 
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only a remote possibility that the merged root will enter 

the B-R contour anywhere except on the real w-axis, in 

this work we will assume that at the transition density 

the absolute instability mode does have real w. Then, 

after having found a transition density we choose a 

slightly lower density and check that the k-plane mapping 

of the B-R contour is a closed curve implying convective 

instability. Using such a procedure, the merged mode was 

indeed found to enter the B-R contour through the real 

w-axis in all of the examples treated in the remainder of 

this work. 

Using this property of the absolute instability mode 

at the transition density,we begin a study of such modes 

by restricting our search for solutions of condition (a) 

to real frequencies w. Hence, we need only determine 

solutions K(w) of (5.2.3) for real w. An example of such 

a solution and the real and imaginary parts of H[w,k(w)] 

along the trajectory is shown in Fig. 5.7. The case con- 

sidered here is that pertaining to the isolated set of 

unstable modes near the first ion cyclotron harmonic of 

the loss-cone example considered in Section 4.4. As is 

conventional for such cases (see Section 6.1) we consider 

the convective versus absolute nature of the instability 

only along the magnetic field direction. The numbers on 

the K(w) curve in the figure give the respective values 

of wfli along the trajectory. The dashed lines indicate 

the boundaries sf the region in which the dispersion function 





H "diverges" (see Section 3.4) . From Figs. 5. 7b, c we 

see that at w/Qi = 0 . 9 5 4 3  the imaginary part of 

H[w,X(w)] vanishes and at that point the real pa$t of H 

is positive and equal to 0 . 2 4 4 8 .  %erefore this point 

satisfies the dispersion relation and hence condition (a) 

for X = 0 . 2 4 4 8 .  Comparing Figs. 4.8 and 5.7 we note that 

the density at which this merged mode occurs is about a 

factor of four higher than the threshold density. 

Having found a pair of modes which merge to satisfy 

absolute instability condition (a) for a real frequency w, 

we now wish to see whether these modes also satisfy condi- 

tion (8). In examining this question we go one step 

further than in the preceding section and note that as 

long as Im(kg) is nonzero, in order to satisfy condition 

(6) it is sufficient to show that only one of the modes -- 
which have merged to satisfy condition (a) is an unstable 

or growing mode. (In the very rare cases where the merged 

mode has real kg, it is sufficient to show that only one -- 
of the modes lies on a continuous marginal stability 

curve.) In the following analysis we will use this 

restricted interpretation of condition (6) since it is 

sufficient for our purposes. 

As a first consideration of the constraints imposed 

by absolute instability condition (B), we must certainly 

only be concerned with those merged modes satisfying condi- 

tion (a) which have their real frequency w in a region in 

which unstable or growing modes can exist, These are the 
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r e a l  frequency r eg ions  which have been p rev ious ly  i d e n t i -  

f i e d .  by a marg ina l  s t a b i l i t y  a n a l y s i s .  ( 2hey a r e  a l s o  

t h e  p o r t i o n s  o f  t h e  B-R curves  ( f o r  a l l  d e n s i t i e s ) l a b e l e d  a s  

curve B i n  F ig .  5.5a.)  For t h e  example shown i n  F ig .  4.8 

t h e s e  ranges  a r e  t h o s e  bounded by t h e  marginal  s t a b i l i t y  

curve.  Note t h a t  t h e  r e a l  f requency ranges  from t h e  

marg ina l  s t a b i l i t y  a n a l y s i s  a r e  a p p l i c a b l e  h e r e  s i n c e  we 

a r e  looking  f o r  t h e  t r a n s i t i o n  d e n s i t y  which occurs  f o r  

a  r e a l  f requency w. We should a l s o  no te  t h a t  s i n c e  i n  

t h i s  c a s e  ( i . e .  - t h a t  shown i n  F ig .  4.8) t h e  marginal  

s t a b i l i t y  r e s u l t s  g i v e  a  unique boundary i n  r e a l  w between 

t h e  maps of  t h e  upper and lower h a l f  k-planes ,  t hey  a l s o  

d e f i n e  t h e  s i g n  of Im(k) f o r  t h e  u n s t a b l e  o r  growing 

modes w i t h i n  t h e  frequency ranges  of i n t e r e s t .  ( W e  a r e  

d e a l i n g  h e r e  w i t h  an " i s o l a t e d "  set  of u n s t a b l e  modes, 

e , g .  t h e  l e f t m o s t  s e t  i n  F ig .  4 . 8 ) .  Tnerefore a b s o l u t e  - 
i n s t a b i l i t y  c r i t e r i o n  ( 8 )  r e q u i r e s  a s  a  necessary  c o n d i t i o n  

t h a t  t h e  verged mode have i t s  read frequency i n  t h e  uns ta -  

b l e  r eg ions  i d e n t i f i e d  by t h e  marg ina l  s t a b i l i t y  a n a l y s i s  

and have t h e  s;l .me s i g n  of Im(k) a s  t h e  u n s t a b l e  modes. 

I n  t h e  example shown i n  F ig .  4.8,  t h e  u n s t a b l e  r e a l  

frequency r eg ion  under t h e  marg ina l  s t a b i l i t y  curve i s  

found t o  encompass a  p a r t  of t h e  lower h a l f  k-plane.  % u s ,  

f o r  t h i s  c a s e  it i s  a t  l e a s t  necessary  f o r  t h e  s i g n  of 

Im(k) t o  be  n e g a t i v e  and f o r  t h e  r e a l  frequency t o  l i e  

under t h e  marg ina l  s t a b i l i t y  curve i n  F ig .  4.8 f o r  a  mode 

which s a t i s f i e s  cond i t i on  ( a )  t o  be  an a b s o l u t e  i n s t a b i l i t y .  
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It is readily apparent from Figs. 4.8 and 5.7 that these 

conditions are met by the merged mode found at w/ai=0.9543. 

(In other cases considered later in this work it is some- 

times found that the imaginary part of H[w,k(w)] also 

vanishes at pairs of points for (w-nQi) /ai c +O. 1. Many 

times H[w, k(w)] is positive and real for one of these 

points. The X (w) , H [w ,k (w) ] plots for these cases are 

similar to those displayed in Fig. 5.7. At first sight 

one might expect that such merged modes, which satisfy 

condition (a) within the appropriate real frequency range, 

correspond to absolute instabilities. However, since 

Im(k) turns out to be of the wrong sign for these merged 

modes, we may immediately conclude that they do not satis- 

fy condition (6). lhey simply represent the merging of 

two evanescent modes. Therefore these special merged 

modes at ( ~ - - n $ l ~ ) / ~ ~  4 4-0.1 do not correspond to absolute 

instabilities and we omit them from consideration in all 

examples discussed in the following chapters.) 

In the preceding paragraphs we have indicated two 

ways in which some of the constraints implied by condition 

(6) can be applied immediately to show whether or not 

certain classes of merged modes which satisfy condition 

(a) can be absolutely unstable modes, However, we have 

not yet shown that the classes of merged modes which do 

satisfy these rudimentary applications of condition (B) 

are in fact "marginally stable" absolute instability modes. 

We could of course assure that they are by going back to 



the strictest interpretation of condition (6) and simply 

increase the imaginary part of w until it exceeds o ,  

following in the k-plane the individual modes which have 

merged to make sure that they return to opposite sides of 

the real k-axis. However, in this work we will check for 

satisfaction of condition (6) in a manner which is more 

in keeping with our emphasis on the use of marginal 

stability results. 

As we have noted previously, in order to satisfy 

condition (6) we need to show that - one and only one grow- -- 
ing mode coalesces into the merged mode which satisfies 

condition (a). If only two modes are merging (the usual 

case), the alternate possibilities are of course that two 

stable or two unstable modes merge. We have already noted 

an easily identified case in which two evanescent modes 

merge for real w to satisfy condition (a) but not ( 6 ) .  

'Iherefore, in general, we expect that we must in fact be 

prepared to discriminate against the merging of two stable 

modes. 

In contrast, at least under certain circumstances, 

we can show that it is impossible for two growing or 

unstable modes to merge. As in a previous discussion we 

will assume (for the moment) that we are only concerned 

with a single "isolated" set of unstable modes and that the 

range of kR for instability at kI=O is finite. For such a 

case, a potential merging of two unstable modes of the 

same set is shown in Fig. 5.8, However, as we have pre- 



v i o u s l y  no ted ,  t h e  Cauchy-Riemann c o n d i t i o n s  show us t h a t  

wy(kR,kI) can have no l o c a l  maximum o r  minimum. Therefore  

t h e  " l ake"  shown i n  F ig .  5.8b cannot  e x i s t  and hence it 

i s  imposs ib le  f o r  two u n s t a b l e  modes i n  t h e  same i s o l a t e d  

set  t o  merge t o  form a  s a d d l e  p o i n t ,  - i . e .  t o  s a t i s f y  condi-  

t i o n  ( a ) .  

On t h e  o t h e r  hand i f  t h e r e  a r e  over lapped sets of 

u n s t a b l e  modes, t hen  a  branch p o i n t  may occur  i n  w(k ) .  I n  

t h i s  c a s e ,  a t  l e a s t  i n  t h e  r eg ion  of o v e r l a p  ( p r e v i o u s l y  

i d e n t i f i e d  from a  marginal  s t a b i l i t y  a n a l y s i s  s i n c e  h e r e  

we a r e  on ly  concerned wi th  r e a l  w ) ,  w e  may n o t  always be 

a b l e  t o  app ly  t h e  Cauchy-Riemann c o n d i t i o n s  and hence 

a . )  I s o l a t e d  S e t  of Convec- b . )  Not P o s s i b l e  from Cauchy- 
t i v e l y  Unstable  Modes. Riemann Condi t ions .  

F igure  5 .8 .  I m p o s s i b i l i t y  of Merging of Two Unstable  Modes 
from a  Given I s o l a t e d  S e t .  

c o n d i t i o n  ( a )  may be s a t i s f i e d  by t h e  merging of two uns t a -  

b l e  modes. 



%us, in order to be certain that a given merged mode 

which satisfies condition (a) is an absolute instability, 

in general, we must demonstrate that - one and -- only one of 

of the merged modes is a growing or unstable mode. "Ihe 

way we ensure this is to make complex k - real w plots of 

the unstable modes, such as that shown in Fig. 5.5b, for 

densities increasing successively from the threshold 

density up to the density at which the merged mode exists. 

If the merged modes is to satisfy condition then these 

complex-k curves of the set of growing modes must be closed 

for A > A B  and some point on these curves must come arbi- 

trarily close to the merged point as the density becomes 

arbitrarily close to the density at which the merged mode 

occurs ( A - + A B ) .  If there are overlapped sets of unstable 

modes, then condition (6) is satisfied if -- only one set of 

such curves comes arbitrarily close to the merged mode, 

In practice it is not really necessary to plot the complex 

k curves in detail since they tend to be fairly strongly 

peaked functions of the frequency and the merged modes tend 

to occur very near the extrema of the imaginary part of 

k. Therefore in order to ensure satisfaction of condition 

(B), we usually need only follow the real frequencies for 

which max 11m(k) 1 occurs for densities from the threshold 
density up to that at which the merged mode occurs. An 

important by-product of this procedure is that we obtain 

the maximum spatial growth rates of the convectively unsta- 

ble modes. A knowledge of the properties of these convec- 



tively unstable modes which have the largest spatial 

growth rates is also useful in making an initial guess 

at the solution K (w) in (5.2.2) . 
We should also note that we couild use a somewhat 

simpler procedure to show that merged modes which satisfy 

condition ( a )  also satisfy condition (B). Since we need 

to show that only one of the merged modes is an unstable 

mode, we can ensure satisfaction of condition (6) by 

checking that the merged mode is contained once and only 

once in the complex k - real w mapping of the unstable 

modes (Fig. 5.5b) at the density for which the merged 

mode of interest occurs. 'Ihe points at which the mapping 

intersects the real k-axis must of course be on the mar- 

ginal stability boundary at the appropriate density. 

Note that this procedure of satisfying condition ( 8 )  is 

very analogous to the normally used "pole-pinch" analysis 

in which one follows the merged roots away from the 

saddle point for increasing Im(w). In either of the ways 

discussed above we verify that -- only one of the modes which 

merged at wB, K(wB), AB is a growing mode and hence that 

the merged mode is an absolute instability mode. 

In addition to the preceding discussion concerning 

determination of the transition density in the frame of 

reference in which the dispersion relation was derived, 

we note that the same procedures can be applied to find 

the densities for transition to absolute instability in 

arbitrary frames of reference. Since the question of 



stability versus instability is independent of the frame 

of reference, the marginal stability analysis remains 

unchanged. However, the absolute instability analysis 

does change in that instead of solving (5.2.2) for a 

K(w) trajectory, we now must solve 

which is, as before, a density-independent equation. In 

carrying out the same procedure as before, with (5.2.5) 

now defining the trajectory K ( w ) ,  we determine the transi- 

tion density in a frame of reference moving with velocity 

V relative to the laboratory frame. While such results 

are interesting in themselves, they would not directly allow 

us to make plots of the spatial shape of the time-asymptotic 

response of the plasma as Hall and Heckrotte (5.11) - do, 
since our results would not all be for the same plasma den- 

sity. 

In order to illustrate the procedures outlined above, 

we consider the problem of determining the transition den- 

sities (in the rest frame only) for each of the groups of 

unstable modes (w/SZi--1,2,3) of the simple loss-cone 

example considered in Section 4.4, Using the computer 

programs discussed in appendix C which implement these 

procedures, we obtain the results displayed in Fig. 5.9 

(here kL = k ) and Table 5.1. In the figure the dashed 
Y 

lines indicate the real frequency for which max 1 lm(kZ) I 
occurs at densities for which the instability remains 





T a b l e  5 . 1 .  P r o p e r t i e s  of t h e  U n s t a b l e  

Modes f o r  t h e  S i m p l e  L o s s - C o n e  I n s t a b i l i t y  C a s e  

i n s t a b i l i t y  0 . 9 7 0 8  0 . 0 0  0 . 9 5 6 8  0 . 0 9 1 2 5  0 . 0 0  1 . 0 4 5  

threshold  1 . 9 4 4  0 . 0 0  0 . 8 4 9 8  0 . 1 7 6 7  0 . 0 0  1 , 1 7 7  
2 . 9 1 1  0 . 0 0  0 . 6 6 0 8  0 . 2 4 5  0 .00  1 . 5 1 3  

" m a r g i n a l l y  
s t ab le"  0 . 9 5 4 3  0 . 0 0  0 . 2 4 4 8  0 . 0 3 7 4 7  - 0 . 0 1 4 3 1  4 . 0 8 5  
a b s o l u t e  1 . 9 2 0  0 . 0 0  0 . 1 6 9 2  0 . 0 6 5 8 1  - 0 . 0 2 5 3 4  5 . 9 1 0  
i n s t a b i l i t y  2 . 9 1 5  0 . 0 0  0 . 0 5 7 4 5  0 . 0 6 9 9 4  - 0 . 0 2 7 3 3  1 7 . 4 1  
mode  

a b s o l u t e  0 . 9 5 5 9  0 . 0 1  0 . 1 8 1 2  0 . 0 3 1 2 7  - 0 . 0 1 5 8 8  5 . 5 1 9  
i n s t a b i l i t y  1 . 9 2 2  0 . 0 1  0 . 1 4 1 5  0 . 0 5 9 5 1  - 0 . 0 2 6 7 1  7 . 0 6 7  
mode 2 . 9 1 8  0 . 0 1  0 . 0 4 5 1 4  0 . 0 6 3 3 9  - 0 . 0 2 8 5 0  2 2 . 1 5  

a b s o l u t e  0 . 9 5 7 2  0 . 0 2  0 . 1 2 4 8  0 . 0 2 5 1 0  - 0 , 0 1 8 2 5  8 . 0 1 3  
i n s t a b i l i t y  1 . 9 2 3  0 . 0 2  0 . 1 1 5 5  0 . 0 5 3 1 7  - 0 . 0 2 8 4 7  8 . 6 5 8  
mode 2 . 9 2 0  0 . 0 2  0 . 0 3 3 5 4  0 . 0 5 6 7 8  - 0 . 0 3 0 0 3  2 9 . 8 2  



convective. ?he cross at highest X (lowest density) for 

each of the groups of unstable modes indicates the "margi- 

nally stable" absolute instability mode (i.e. - the transi- 
tion density) found by the method just described. The 

crosses at lower ?, (higher density) indicate the densities 

at which the plasma is absolutely unstable with temporal 

growth rates of 1%, 2%, e. of the ion cyclotron frequency. 
lhe latter results are found by an obvious variation of 

the above procedure in which we follow K ( w )  trajectories 

for w having the appropriate positive imaginary part. %e 

details of this procedure are discussed in the following 

section. 

From the tabulation of the important numerical results 

in Bble 5-1 we see that the "marginally stable" absolute 

instability mode has a negative imaginary part of k, which 

is the appropriate sign here for a growing mode. In addi- 

tion, from Fig. 5.9 we see that the dashed curves indicatr 

ing the real frequency for which max I1m(kZ) 1 occurs do 

indeed closely approach the merged mode which satisfies 

condition (a). Detailed plots of the complex k-real w solu- 

tions of the dispersion relation (corresponding to contour 

B of Fig. 5.5b) for varying densities confirm that the 

merged modes include one and only one growing mode, For 

this example we have also used an independent "pole-pinch" 

analysis, in which as previously described one follows the 

merged roots away from the saddle point for increasing Im(w), 

to directly demonstrate that each of the merged modes satis- 

fies condition (6). Therefore from all this evidence, we 

conclude that the modes denoted by crosses are indeed abso- 

lutely unstable modes. 



5.3 Absolute I n s t a b i l i t y  Temporal Growth R a t e s  

Having developed a  method f o r  determining t h e  d e n s i t y  

a t  which a  "margLnally s t a b l e "  a b s o l u t e  i n s t a b i l i t y  mode 

e x i s t s ,  w e  w i l l  now d i s c u s s  i n  more d e t a i l  how w e  compute 

t h e  temporal  growth rate of  t h e  a b s o l u t e  i n s t a b i l i t y  a s  

t h e  d e n s i t y  i s  i n c r e a s e d  above t h e  t r a n s i t i o n  d e n s i t y .  A s  

we have a l r e a d y  p o i n t e d  o u t ,  t h e  obvious procedure  i s  t o  

c a r r y  through t h e  same method a s  desc r ibed  i n  t h e  preced ing  

s e c t i o n ,  de te rmin ing  K ( w )  a s  a f u n c t i o n  of  t h e  r e a l  p a r t  of 

t h e  frequency wi th  t h e  imaginary p a r t  h e l d  c o n s t a n t  a k  

some p o s i t i v e  v a l u e ,  say y e  B y  such a  p rocess  w e  de te rmine  

t h e  d e n s i t y  a t  which an a b s o l u t e  i n s t a b i T i t y  has  a  temporal  

growth r a t e  of y .  

While most of t h e  a n a l y s i s  i s  t h e  same a s  f o r  t h e  r e a l  

f requency c a s e  ( y = O ) ,  h e r e  w e  cannot  u s e  t h e  marg ina l  sta- 

b i l i t y  a n a l y s i s  t o  ensu re  s a t i s f a c t i o n  of c o n d i t i o n  ( B )  

s i n c e  t h a t  a n a l y s i s  i s  a p p l i c a b l e  only  f o r  r e a l  f r equenc ie s .  

Ra ther ,  w e  w i l l  en su re  s a t i s f a c t i o n  of c ,ondi t ion (6) by 

checking t h a t  t h e  a b s o l u t e  i n s t a b i l i t y  mode of i n t e r e s t  

always remains w i t h i n  t h e  a p p r o p r i a t e  B-R con tour  a s  t h e  

d e n s i t y  i s  inc reased .  W e  have p rev ious ly  noted t h a t  i n  

u s ing  t h e  B-R con tour  t o  check f o r  a b s o l u t e  i n s t a b i l i t i e s ,  

we g e n e r a l l y  must s e p a r a t e l y  check f o r  s a t i s f a c t i o n  of con- 

d i t i o n  ( @ )  by t h e  merged mode. However, a s  long a s  we 

i n c r e a s e  t h e  growth r a t e  y on ly  i nc remen ta l ly  from one com- 

p u t a t i o n  t o  t h e  n e x t ,  we can be s u r e  t h a t  we a r e  fo l lowing  

t h e  a b s o l u t e  i n s t a b i l i t y  mode which has p rev ious ly  been 



shown t o  s a t i s f y  c o n d i t i o n  ( 8 ) .  &en,  t o  ensu re  s a t i s -  

f a c t i o n  of c o n d i t i o n  ( 6 )  w e  need on ly  check t h a t  t h e  

merged mode does n o t  go o u t s i d e  t h e  B-R con tour ,  o r  

coa l e sce  w i th  ano the r  a b s o l u t e l y  u n s t a b l e  mode i n  which 

c a s e  a  "pinch" d i s s o l u t i o n  could occur  ( 5 - 1 1 ) .  

I n  o r d e r  t o  i l l u s t r a t e  t h e s e  p o i n t s ,  we cons ide r  

t h e i r  a p p l i c a t i o n  t o  t h e  s imple  example d i s c u s s e d  i n  

Sec t ions  4 . 4  and 5.2. From Fig .  5,9 it i s  r e a d i l y  appar-  

e n t  t h a t  a s  t h e  d e n s i t y  i n c r e a s e s  above t h e  t r a n s i t i o n  

d e n s i t y  t h e  s e p a r a t e  a b s o l u t e  i n s t a b i l i t y  modes do n o t  

coa l e sce  and t h u s  pinch d i s s o l u t i o n  cannot  occur .  'Ihe B-R 

con tour  p l o t s  f o r  a  s e t  of d e n s i t i e s  and a  range of f r e -  

quenc ies  around t h e  f i r s t  i o n  c y c l o t r o n  harmonic a r e  d i s -  

p layed i n  F ig .  5.10. From t h e s e  p l o t s  it i s  apparen t  t h a t  

t h e  merged mode w e  a r e  fo l lowing  does remain w i t h i n  t h e  

B-R con tours  a s  t h e  d e n s i t y  i s  inc reased .  ' Iherefore,  we 

conclude t h a t  t h e  merged mode remains an a b s o l u t e  i n s t a b i l i t y  

mode f o r  t h e  temporal  growth r a t e s  and d e n s i t i e s  shown. 

S ince  t h e  i n s i d e  of t h e  B-R con tour  r e p r e s e n t s  a  map 

of a  p o r t i o n  of t h e  upper o r  lower h a l f  k-plane,  w e  would 

expec t  t h a t  an i n d i c a t i o n  of a  merged mode moving o u t  of 

t h e  B-R contour  would be  a  change t h e  s i g n  of Im(k) . 
However, t h i s  conc lus ion  on ly  a p p l i e s  f o r  s imple  contours  

such a s  t h a t  shown i n  F ig .  5.5a i n  which curve  A of t h i s  

f i g u r e  does  n o t  i n t e r s e c t  i t s e l f ,  A p a r t i c u l a r  c a s e  i n  

which t h e  contour  does  i n t e r s e c t  i t s e l f  i s  i l l u s t r a t e d  i n  

F ig .  5.11. me on ly  d i f f e r e n c e  between this case  and t h e  
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s imple  loss-cone example which we have been cons ide r ing  

i s  t h a t  Te/Ti  has  been i n c r e a s e d  t o  a  v a l u e  of u n i t y .  I n  

c o n s i d e r i n g  t h e  p r e s e n t  c a s e  it i s  found t h a t  Im(kz) of 

t h e  merged mode changes s i g n  from p o s i t i v e  t o  n e g a t i v e  a s  

y i s  i n c r e a s e d  from ze ro  t o  0.005Sli. A s  w e  have i n d i c a t e d  

above, o r d i n a r i l y  such a  change of s i g n  would be  an i n d i -  

c a t i o n  t h a t  t h e  merged mode has  moved o u t  of t h e  B-R con- 

t o u r .  However, as can be seen  from Fig.  5.11 i n  which 

t h e  r e s p e c t i v e  r eg ions  of mappings of t h e  k-plane a r e  

i n d i c a t e d  by k I ( I m ( k Z ) ) ,  t h e  B-R con tour  " t u r n s  i t s e l f  

i n s i d e  ou t "  as t h e  d e n s i t y  i s  inc reased  i n  such a  way t h a t  

t h e  merged r o o t  always remains w i t h i n  t h e  B-R contour .  

A s  i n  t h e  s imple  loss-cone c a s e  (F igs .  4 . 8  and 5 . 9 ) ,  no 

o t h e r  a b s o l u t e  i n s t a b i l i t y  modes coa l e sce  w i th  t h i s  merged 

mode. l he re fo re  w e  conclude t h a t  t h e  merged modes do 

remain a b s o l u t e l y  u n s t a b l e  modes a s  t h e  d e n s i t y  i s  i n c r e a s e d .  

W e  have a l s o  v e r i f i e d  t h i s  conc lus ion  by us ing  a  "pole-pinch" 

a n a l y s i s  t o  d i r e c t l y  demonstra te  t h a t  c o n d i t i o n  ( 6 )  i s  

s a t i s f i e d  f o r  t h e s e  modes. 

I n  t h i s  T e / T i = l  c a s e  t h e  p h y s i c a l  s i g n i f i c a n c e  of t h e  

B-R con tour  " t u r n i n g  i t s e l f  i n s i d e  o u t "  i s  t h a t  a s  t h e  

d e n s i t y  i n c r e a s e s  above t h e  t r a n s i t i o n  densi ty ,  t h e  i n s t a -  

b i l i t y  changes from one c h a r a c t e r i s t i c  t ype  t o  ano the r .  

Note however t h a t  a l l  of t h e  u n s t a b l e  modes belong t o  a  

s i n g l e  " i s o l a t e d W s e t  s i n c e  t h e r e  e x i s t s  only  one cont inuous  

B-R con tour .  l h i s  uhusual  phenomenon i s  a l s o  i n d i c a t e d  by 

t h e  marg ina l  s t a b i l i t y  a n a l y s i s  where it i s  found t h a t  t h e  



margina l  s t a b i l i t y  curve  i n t e r s e c t s  i t s e l f .  'Ihese p o i n t s  

w i l l  be d i scus sed  i n  more d e t a i l  i n  t h e  n e x t  c h a p t e r .  

I n c i d e n t a l l y ,  w e  may a l s o  no te  t h a t  t h e  r e s u l t s  

d i sp l ayed  i n  F igs .  5.10 and 5 - 1 1  show t h a t  t h e  r ea l -k  

temporal  growth r a t e s  a r e  n o t  a t  a l l  r e p r e s e n t a t i v e  of 

t h e  temporal  growth r a t e s  of t h e  a b s o l u t e  loss-cone 

i n s t a b i l i t i e s .  I n  a d d i t i o n ,  comparing Table 5.1,  F ig .  5.9 

and F ig .  4 . 7  and viewing F igs .  5.10a, b and 5.11a, b  w e  

s e e  t h a t  even when t h e  i n s t a b i l i t y  remains convec t ive  and 

i s  o f t e n  exper imenta l ly  unobservable ( s e e  nex t  s e c t i o n ) ,  

t h e  r ea l -k  temporal  growth r a t e s  may be app rec i ab l e .  'Ihus 

t h e  r ea l -k  temporal  growth r a t e s  can be ve ry  mis lead ing  

i n  t h e  assesment of  an i n s t a b i l i t y .  % i s  obse rva t ion  

f u r t h e r  s t r e n g t h e n s  our  conc lus ion  t h a t  t h e  convec t ive  

ve r sus  a b s o l u t e  n a t u r e  of t h e  i n s t a b i l i t i e s  must be 

examined i n  d e t a i l .  



5.4 

In all of the preceding work we have assumed that the 

plasma is infinite and homogeneous in the directions of 

wave propagation. Following the procedures we have developed, 

we can find the parametric ranges of stability and insta- 

bility (both absolute and convective). In this section 

we discuss the application of the results obtained from 

studying an infinite homogeneous plasma model to the pro- 

blem of predicting the instabilities of real laboratory 

plasmas which are finite in the directions of wave propaga- 

tion. 

A first step in the adaptation of an infinite homo- 

geneous theory to a finite plasma is to make sure that the 

unstable modes of interest have wavelengths which can "fit" 

into the finite plasma in some sense. In order to know 

the precise wavelengths of the modes which can occur in a 

given plasma, we must of course take into account the 

details of plasma inhomogeneities throughout the plasma 

and at its boundaries. However, as a rough guide (in some 

cases very rough), we can say that a half-wavelength of the 

relevant unstable modes can be no longer than the length 

of the plasma in the direction of wave propagation. Many 

of the microinstabilities which we will consider in the 

next two chapters only occur if their wavelengths along 

the magnetic field exceed a certain length. Hence we will 

find this implication of the infinite plasma model to be 

useful in deciding how short an experimental machine should 



be in order to avoid certain microinstabilities. 

When the wave vector component in a given direction 

vanishes, the implication of the preceding discussion is 

that the mode can exist only in a plasma which is infinite 

and homogeneous in this direction, However, in this 

special case other considerations prevail. 'Ihe vanishing 

of a wave-vector component in a given direction really 

means that there is no wave propagation in this direction. 

We may thus think of this as a case in which we have found 

a "local" solution of the dispersion relation in the 

sense discussed in Section 3.3. 'Iherefore, when a given 

wave-vector component vanishes, as long as the plasma is 

longer than a few "fine-structure" scale lengths (the Debye 

length, Larmor radius, - etc.) in this direction, we expect 

the mode to "fit" into the finite plasma. We also note 

that the instability of a mode which does not propagate 

in a given direction is presumably rather insensitive to 

inhomogeneities in that direction, 

One such particular case with which we will be con- 

cerned is where instabilities occur which have no propaga- 

tion in the axial direction (k,=O) and frequencies which 

are usually of the order of the ion cyclotron frequency 

and its harmonics. 'lhese modes are called flute-like modes 

since they are similar to the low-frequency flute modes 

which we are assuming have been stabilized (Section 1.1)- 

As with the flute modes, magnetic wells and "line-tying" 

at the ends of the plasma may be helpful in suppressing 



t h e s e  modes. However, s i n c e  t h e  f r equenc ie s  a r e  s o  much 

h ighe r  f o r  t h e  f l u t e - l i k e  modes, it i s  ques t ionab le  i f  

p a r t i c l e s  could c a r r y  charge p e r t u r b a t i o n s  t o  t h e  ends of  

t h e  plasma f a s t  enough t o  make " l i n e - t y i n g "  t r u l y  e f f e c t i v e .  

' Iherefore,  we expec t  t h a t  when f l u t e - l i k e  modes a r e  pre-  

d i c t e d  by t h e  i n f i n i t e  homogeneous plasma model, t hey  w i l l  

appear i n  most f i n i t e  plasmas a s  w e l l .  

'Ihe nex t  s t e p  i n  &he a p p l i c a t i o n  of our  i n f i n i t e  plasma 

model r e s u l t s  t o  a f i n i t e  plasma i s  t h e  c o n s i d e r a t i o n  of 

t h e  convec t ive  v e r s u s  a b s o l u t e  n a t u r e  of t h e  i n s t a b i l i t i e s .  

A s  w e  have noted i n  t h i s  c h a p t e r ,  m i c r o i n s t a b i l i t i e s  a r e  

u s u a l l y  convec t ive  f o r  d e n s i t i e s  only  s l i g h t l y  exceeding 

t h e  t h r e s h o l d  d e n s i t y  and become a b s o l u t e  on ly  a t  h ighe r  

d e n s i t i e s .  When t h e  i n s t a b i l i t y  i s  convec t ive ,  t h e  r e l e -  

v a n t  measure of i t s  potency i s  t h e  d i s t a n c e  over  which t h e  

u n s t a b l e  mode grows by a  f a c t o r  of e -- t h e  growth l e n g t h .  

I f  w e  n e g l e c t  r e f l e c t i o n  of  convec t ive  modes from t h e  

ends of t h e  plasma, then f o r  waves i n i t i a t e d  by thermal  

f l u c t u a t i o n s  t o  grow t o  exper imenta l ly  observable  ampli- 

t udes  (and the reby  t o  be a b l e  t o  d e s t r o y  conf inement ) ,  t h e  

plasma must be  many growth l e n g t h s  long.  However, i f  

t h e r e  i s  even a  sma l l  amount of r e f l e c t i o n ,  t hen  whether 

o r  n o t  a  convec t ive  i n s t a b i l i t y  causes  a  f i n i t e  plasma t o  

be u n s t a b l e  i s  u s u a l l y  determined by t h e  magnitude of t h e  

r e f l e c t i o n  c o e f f i c i e n t  a s  w e l l  a s  t h e  l eng th  of t h e  plasma 

i n  terms of growth l e n g t h s .  



Many au tho r s  (5-12-5.17) -- have cons idered  t h e  problem 

of computing t h e  r e f l e c t i o n  c o e f f i c i e n t  f o r  plasma waves 

impinging upon d e n s i t y  g r a d i e n t s .  'Ihe r e f l e c t i o n  c o e f f i -  

c i e n t  i s  g e n e r a l l y  thought  t o  be ve ry  sma l l  due t o  t h e  

appearance of s t r o n g  Landau damping a s  t h e  e l e c t r o n  den- 

s i t y  dec reases  ( 5 . 1 2 ) .  C a l c u l a t i o n s  based upon a  f l u i d  - 
model (5 .13)  and upon a  WKB t ype  s o l u t i o n  of t h e  Vlasov 

equa t ion  (5.14,  -- 5.15) have shown t h a t  t h e  r e f l e c t i o n  

c o e f f i c i e n t  i s  g e n e r a l l y  sma l l  a s  long a s  t h e  wavelength 

o r  t h e  i o n  Larmor r a d i u s  i s  sma l l  compared t o  t h e  charac-  

t e r i s t i c  inhomogeneity l eng th .  'Ihese c o ~ c l u s i o n s  based 

upon approximate t r e a t m e n t s  have been v e r i f i e d  by numer- 

i c a l l y  i n t e g r a t i n g  t h e  Vlasov equa t ion  and P o i s s o n ' s  equa- 

t i o n  f o r  waves propaga t ing  i n t o  t h e  d e n s i t y  g r a d i e n t  

r e g i o n  (5 .16 ) .  I n  t h e  above t r ea tmen t s  t h e  r e f l e c t i o n  

a r i s e s  from t h e  s c a t t e r i n g  of  t h e  wave o f f  of t h e  g r a d u a l  

changes i n  t h e  shea th  p o t e n t i a l  and d i e l e c t r i c  c o n s t a n t  

of t h e  plasma, For c e r t a i n  ca ses  i n  which t h e  plasma 

s h e a t h  p o t e n t i a l  v a r i e s  r a p i d l y  wi th  t h e  s p a t i a l  p o s i t i o n ,  

Baldwin (5.17) has  shown t h a t  t h e  r e f l e c t i o n  c o e f f i c i e n t  

may be of o r d e r  u n i t y .  'Ihe e s s e n t i a l  p o i n t  i n  t h e  l a t t e r  

c a l c u l a t i o n  i s  t h a t  t h e  p a r t i c l e s  which a r e  r e f l e c t e d  

a lmost  b a l l i s t i c a l l y  from a  sha rp  shea th  g r a d i e n t  ma in t a in  

t h e  phase coherence of  t h e  wave. However, a s  Baldwin n o t e s ,  

f o r  t y p i c a l  loss-cone and t w p e r a t u r e - a n i s o t r o p y  i n s t a b i l i -  

t i e s ,  t h e r e  w i l l  be some phase mixing due t o  t h e  f i n i t e  wave- 

'lengbhs. s'f t h e  modes- t ransverse  t o  the jmagnet ic '  f i e ld . .  We 
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t h u s  conclude t h a t  i n  g e n e r a l  t h e  r e f l e c t i o n  c o e f f i c i e n t  

must be  e s t ima ted  s e p a r a t e l y  f o r  each plasma of i n t e r e s t .  

I n  t h e  n e x t  two c h a p t e r s  we w i l l  f i n d  t h a t  f o r  con- 

v e c t i v e l y  u n s t a b l e  modes t o  render  a  f i n i t e  plasma 

u n s t a b l e  b e f o r e  an a b s o l u t e  i n s t a b i l i t y  appears ,  t h e  

r e f l e c t i o n  c o e f f i c i e n t  must be  about  0 .285  o r  g r e a t e r .  

Tnerefore,  s i n c e  t h e  above s t u d i e s  i n d i c a t e  t h a t  t h e  

r e f l e c t i o n  c o e f f i c i e n t  i s  u s u a l l y  l e s s  t han  t h i s  v a l u e ,  

o r  a p p a r e n t l y  can be made s o ,  w e  do n o t  expec t  convec- 

t i v e  i n s t a b i l i t i e s  t o  cause  exper imenta l ly  observable  

i n s t a b i l i t i e s  of f i n i t e  plasmas which a r e  reasonably  w e l l  

r e p r e s e n t e d  by t h e  plasma model s t u d i e d  he re .  

I n  c o n t r a s t  t o  a  convec t ive  i n s t a b i l i t y ,  an a b s o l u t e  

i n s t a b i l i t y  i s  r e l a t i v e l y  una f f ec t ed  by t h e  r e f l e c t i o n  

p r o p e r t i e s  a t  t h e  ends of  t h e  plasma, - i . e ,  only  t h e  s l i g h t  

damping e f f e c t s  of t h e  ends w i l l  have any s i g n i f i c a n t  

e f f e c t  on t h e  a b s o l u t e  i n s t a b i l i t i e s . .  Tnerefore a s  a  

rough gu ide ,  we would expec t  t h e  i n s t a b i l i t y  c r i t e r i o n  of  

a  f i n i t e  plasma t o  be t h a t  a  half-wavelength of t h e  abso- 

l u t e l y  u n s t a b l e  mode " f i t "  i n t o  t h e  plasma and t h a t  t h e  

plasma d e n s i t y  exceed t h e  t r a n s i t i o n  d e n s i t y  ( a s  opposed 

t o  t h e  t h r e s h o l d  v a l u e ) ,  For a plasma wi th  a  f i n i t e  l i f e -  

t i m e ,  t h e  a b s o l u t e  i n s t a b i l i t y  w i l l  be expe r imen ta l ly  

observable  on ly  i f  t h e  i n s t a b i l i t y  can grow apprec i ab ly  

w i t h i n  t h e  plasma l i f e t i m e .  % i s  of cou r se  r e q u i r e s  a den- 

s i t y  somewhat l a r g e r  t h a n  t h e  t r a n s i t i o n  d e n s i t y .  

I n  a d d i t i o n  t o  t h e s e  rudimentary c o n s i d e r a t i o n s ,  

r e c e n t l y  t h e  e f f e c t s  on a b s o l u t e  i n s t a b i l i t i e s  of v a r i a t i o n s  



of magnetic f i e l d  s t r e n g t h  (5 ,18)  and o t h e r  parameters  

(5.19) a long  t h e  magnetic f i e l d  d i r e c t i o n  have been cons i -  

dered.  'Ihe c a l c u l a t i o n s  a r e  c a r r i e d  o u t  through a  WKB 

type  a n a l y s i s  i n  which t h e  wavelength of t h e  modes i s  

assumed t o  be  sma l l  compared t o  t h e  s c a l e  l e n g t h  of t h e  

inhomogenei t ies ,  'Ihese s t u d i e s  a r e  s t i l l  i n  p rog res s .  

A t  p r e s e n t  i t  i s  n o t  unequivocal ly  c l e a r  whether sma l l  

magnetic f i e l d ,  d e n s i t y  - e t c .  v a r i a t i o n s  have s t a b i l i z i n g  

o r  d e s t a b i l i z i n g  e f f e c t s  on t h e  a b s o l u t e  i n s t a b i l i t i e s .  

P h y s i c a l l y  we might expec t  t h e  magnetic f i e l d  v a r i a t i o n  

t o  be a s t a b i l i z i n g  e f f e c t  due t o  t h e  f a c t  t h a t  t h e  l o c a l  

i o n  c y c l o t r o n  frequency changes a long  t h e  magnetic f i e l d ,  

thereby  perhaps  "detuning" t h e  a b s o l u t e  i n s t a b i l i t y .  

S i m i l a r l y  plasma inhomogeneit ies cou ld  "detune"  an abso- 

l u t e  i n s t a b i l i t y  by changing t h e  r e l e v a n t  frequency and 

wave number of t h e  i n s t a b i l i t y .  However, w e  should a l s o  

n o t e  t h a t  any inhomogenei t ies  w i l l  i n t r o d u c e  an a d d i t i o n a l  

amount of d i s p e r s i o n  o r  " r e f e l c t i o n "  i n t o  t h e  plasma. 

From t h e  s t a n d p o i n t  of our  p h y s i c a l  model of an a b s o l u t e  

i n s t a b i l i t y  ( S e c t i o n  5.11, t h i s  e f f e c t  of t h e  inhomogen- 

e i t i e s  might be  d e s t a b i l i z i n g  s i n c e  it may provide more 

feedback of wave energy t o  t h e  p o i n t  of t h e  o r i g i n a l  d i s -  

tu rbance  than  t h a t  provided by a  s i m i l a r  i n f i n i t e  homo- 

geneous plasma. F i n a l l y  we no te  t h a t  even i f  t h e  o v e r a l l  

e f f e c t  of t h e  s lowly vary ing  inhomogeneity i s  i n  t h e  

d i r e c t i o n  of  s t a b i l i z i n g  t h e  plasma, it would probably on ly  

i n c r e a s e  t h e  d e n s i t y  a t  which  t h e  a b s o l u t e  i n s t a b i l i t y  



appears ,  - i . e .  it would n o t  p reven t  t h e  a b s o l u t e  i n s t a b i l i t y  

from e v e r  occur ing .  ahen, t h e  impor tan t  q u e s t i o n  i s  how 

much t h e  t r a n s i t i o n  d e n s i t y  has  been inc reased .  

We should a l s o  no te  t h a t  i n  c o n t r a s t  t o  t h e  preced ing  

d i s c u s s i o n ,  t h e  more t y p i c a l  s i t u a t i o n  i n  a  r e a l  plasma 

i s  t h a t  t h e  c h a r a c t e r i s t i c  inhomogeneity l e n g t h  i s  of t h e  

o r d e r  o f  o r  s h o r t e r  t han  t h e  wavelength of  t h e  i n s t a b i l i t y ,  

a t  l e a s t  nea r  t h e  ends of  t h e  plasma. 'lo t h e  a u t h o r ' s  

knowledge t h e  e f f e c t s  of inhomogenei t ies  i n  t h i s  c a s e  

have n o t  been cons idered  i n  any d e t a i l e d  manner, a l though  

some e f f e c t s  due t o  t h e  f i n i t e  l e n g t h s  of plasmas have 

been cons idered  by C o t s a f t i s  (5.20) . 
I n  a d d i t i o n  t o  t h e  preceding c o n s i d e r a t i o n s  of t h e  

e f f e c t s  of a  f i n i t e  geometry, t h e  i n s t a b i l i t i e s  may a l s o  

have t h e i r  wave ampli tudes  l i m i t e d  by n o n l i n e a r  e f f e c t s .  

For convenience w e  w i l l  d i v i d e  t h e  known non l inea r  e f f e c t s  

i n t o  t h r e e  c a t e g o r i e s :  q u a s i l i n e a r ,  s t r o n g  tu rbu lence  and 

mode-coupling, 9he q u a s i l i n e a r  theory  (5.21) i s  t h e  nec- 

e s s a r y  a d d i t i o n  t o  t h e  l i n e a r  t heo ry  t o  ensu re  energy con- 

s e r v a t i o n  as it d e s c r i b e s  t h e  l i m i t i n g  of wave ampli tudes  

due t o  t h e  a b s o r p t i o n  (by t h e  waves) of a l l  t h e  f r e e  

energy d r i v i n g  t h e  i n s t a b i l i t y .  'Ihe t r a n s f e r  of energy 

t a k e s  p l a c e  by a c t i o n  of t h e  waves caus ing  p a r t i c l e  d i f f u -  

s i o n  i n  such a  d i r e c t i o n  a s  t o  reduce t h e  sou rces  of f r e e  

energy.  'Ihe " s t r o n g  tu rbu lence"  t heo ry  ( 5 . 2 2 )  accounts  

f o r  t h e  l i m i t i n g  of  wave growth of a  l a r g e  ampli tude wave 

o r  a  narrow spectrum of  such waves due t o  t h e  " t r app ing"  



of a  l a r g e  group of p a r t i c l e s  i n  v e l o c i t y  space  such t h a t  

t h e  average of t h e  growth r a t e  over t h e  group van i shes ,  

i . e ,  t h e  group inc ludes  p a r t i c l e s  which damp t h e  wave a s  
P 

web1 a s  t h o s e  which f eed  t h e  wave, F i n a l l y ,  t h e  mode- 

coupl ing  theo ry  (5.23) t a k e s  i n t o  account  t h e  l i m i t a t i o n s  

of wave ampli tude due t o  wave-wave i n t e r a c t i o n s  w i th  

damped modes and nonresonant  p a r t i c l e s .  I t  i s  impor t an t  

t o  n o t e  t h a t  whi le  q u a s i l i n e a r  e f f e c t s  a r e  mainly depen- 

d e n t  on t h e  l o c a l  amount of  f r e e  energy a v a i l a b l e ,  s t r o n g  

tu rbu lence  and mode-coupling e f f e c t s  a r e  p r i m a r i l y  depen- 

d e n t  on t h e  local wave ampli tude.  l he re fo re  w e  would n o t  

expec t  q u a s i l i n e a r  e f f e c t s  t o  be impor tan t  i n  l i m i t i n g  a  

convec t ive  i n s t a b i l i t y  s i n c e  t h e  waves sample v i r g i n  

s p a t i a l  r eg ions  a s  t h e  convec t ive ly  u n s t a b l e  wave packe t  

moves, However, i f  a  h igh  l e v e l  of homogeneous tu rbu lence  

i s  p r e s e n t  i n  t h e  plasma, t hen  w e  would expec t  t h e  normal 

q u a s i l i n e a r  e f f e c t s  t o  be  r e l e v a n t  even f o r  a  convec t ive ly  

u n s t a b l e  plasma, With t h i s  one q u a l i f i c a t i o n ,  a l l  of t h e  

n o n l i n e a r  e f f e c t s  would s e e m  t o  apply d i r e c t l y  t o  convec- 

t i v e l y  and a b s o l u t e l y  u n s t a b l e  plasmas, However, n e a r l y  

a l l  of  t h e  non l inea r  t h e o r i e s  have been developed on t h e  

b a s i s  of a  r e a l  k-complex w a n a l y s i s ,  thereby  complete ly  

i g n o r i n g  t h e  convec t ive  o r  a b s o l u t e  n a t u r e  of t h e  i n s t a -  

b i l i t i e s .  An excep t ion  i s  t h a t  t h e  q u a s i l i n e a r  t heo ry  of 

a  plasma which has on ly  convec t ive ly  u n s t a b l e  modes has  

been formulated by Drumrnond ( 5 . 2 4 ) .  I n  convec t ive ly  and 

a b s o l u t e l y  u n s t a b l e  plasmas t h e  motion and s p a t i a l  growth 



of wave packe t s ,  which i s  u s u a l l y  ignored i n  t h e  n o n l i n e a r  

t h e o r i e s ,  i s  presumably ve ry  impor tan t .  Therefore,  b e f o r e  

nonl 'unear c a l c u l a t i o n s  can be r e a l i s t i c a l l y  a p p l i e d  t o  

f i n i t e  plasmas i n  which t h e  t ype  of i n s t a b i l i t y  i s  impor- 

t a n t ,  i t  i s  impera t ive  t o  cons ide r  t h e  e x t e n t  t o  which 

t h e  n o n l i n e a r  e f f e c t s  a s  p r e s e n t l y  conceived would a c t u a l l y  

occur  i n  a  convec t ive ly  o r  a b s o l u t e l y  u n s t a b l e  plasma. 



6. VELOCITY-SPACE ANISOTROPY INSTABILITIES 

6 , l  

I n  t h e  preced ing  two c h a p t e r s  w e  have developed and 

r i g o r o u s l y  j u s t i f i e d  methods f o r  determining t h e  para-  

m e t r i c  r e g i o n s  of s t a b i l i t y ,  convec t ive  i n s t a b i l i t y  and 

a b s o l u t e  i n s t a b i l i t y .  I n  t h i s  c h a p t e r  w e  w i l l  apply 

t h e s e  methods t o  t h e  s tudy  of m i c r o f n s t a b i l i t i e s  caused 

by ve loc i ty - space  a n i s o t r o p i e s  of  a homogeneous plasma, 

F i r s t ,  however, w e  review t h e  l i t e r a t u r e  concerning t h e s e  

i n s t a b i l i t i e s .  The m a j o r i t y  of t h i s  review i s  concerned 

wi th  i n s t a b i l i t i e s  d r i v e n  p r i n c i p a l l y  by t h e  sou rces  o f  

f r e e  energy (see Sec t ion  1.1) a s s o c i a t e d  wi th  e i t h e r  t h e  

i n e q u a l i t y  of  mean v e l o c i t i e s  a long and t r a n s v e r s e  t o  t h e  

magnetic f i e l d  o r  a nonmonotonic ( " loss -cone")  type  of 

2 
VL d i s t r i b u t i o n .  W e  r e f e r  t o  t h e s e  two major t ypes  of 

homogeneous plasma i n s t a b i l i t i e s  a s  t empera ture -an iso t ropy  

and loss-cone i n s t a b i l i t i e s  r e s p e c t f  ve ly  . A f t e r  t h i s  

review, we s tudy  loss-cone i n s t a b i l i t i e s  i n  d e t a i l .  The 

main p a r t  of t h e  s tudy  is concerned wi th  determining t h e  

convec t ive  v e r s u s  a b s o l u t e  n a t u r e  of  t h e  loss-cone i n s t a -  

2 2 
b i l i t i e s  f o r  r e l a t i v e l y  low d e n s i t i e s  ( w  - Q i )  and 

P i  
moderate wavelengths t r a n s v e r s e  t o  t h e  magnetic f i e l d  

kLai > 1). However, i n  a d d i t i o n  we cons ide r  a h igh  d e n s i t y  

and very s h o r t  t r a n s v e r s e  wavelength ca se  (klai = 2 5 . 0 )  . 
The p r i n c i p a l  purpose i n  cons ide r ing  t h e  l a t t e r  ca se  is  t o  

examine t h e  range of  a p p l i c a b i l i t y  of a "continuum" l i m i t  



(very  s h o r t  t r a n s v e r s e  wavelengths,  klai>> 1) of t h e  d i s -  

p e r s i o n  r e l a t i o n  which has  been de r ived  by Rosenbluth 

and P o s t  (6 .1)  . 
w 

The s t a r t i n g  p o i n t  f o r  s t u d i e s  of ve loc i ty - space  

an i so t ropy  i n s t a b i l i t i e s  i s  t h e  d i s p e r s i o n  r e l a t i o n  g iven  

by ( 3.3.15) w i t h  t h e  inhomogeneity and g r a v i t y  terms 

omit ted:  

(6.1.1) 

Here, we have taken  ky t o  be  kL s i n c e  i n  a  homogeneous 

plasma, e q u i l i b r i u m  c o n s i d e r a t i o n s  demand t h a t  t h e r e  be  

azimuthal  symmetry i n  v e l o c i t y  space wi th  r e s p e c t  t o  

t h e  magnet ic  f i e l d  d i r e c t i o n  and. hence i n v a r i a n c e  of t h e  

Vlasov equa t ion  under r o t a t i o n  about  - B. We can i n  t h i s  

case  t h i n k  of kL a s  be ing  e i t h e r  t h e  azimuthal  o r  t h e  

r a d i a l  component of t h e  wave-vector i n  magnet ic  m i r r o r  

machine type  plasmas. W e  w i l l  u s u a l l y  t a k e  it t o  be  t h e  

r a d i a l  component. We r e c a l l  t h a t  i n  t h i s  work w e  a r e  

cons ide r ing  "loV 6" plasmas i n  which on ly  e l e c t r o s t a t i c  

waves are impor t an t  (see Sec t ion  1 . 2 ) .  The g e n e r a l  d i s -  

p e r s i o n  r e l a t i o n  f o r  propagat ion of e l e c t r o s t a t i c  and 

t r a n s v e r s e  waves i n  a uniform magnetized plasma has  been 

de r ived  by Berns t e in  (6 .2)  - . H a r r i s  (6 .3 )  - s p e c i a l i z e d  

t h a t  g e n e r a l  d i s p e r s i o n  r e l a t i o n  t o  t h e  c a s e  of e l e c t r o -  

s t a t i c  waves and f i r s t  pu t  it i n  t h e  convenient  form g iven  

by ( 6 , l .  1) . Therefore  (6 1 i s  u s u a l l y  r e f e r r e d  t o  a s  

t h e  H a r r i s  d i s p e r s i o n  r e l a t i o n .  



I n  examining s o l u t i o n s  of t h e  H a r r i s  d i s p e r s i o n  

r e l a t i o n  f o r  a g iven e q u i l i b r i u m  d i s t r i b u t i o n  f u n c t i o n ,  

w e  w i l l  concern ou r se lves  w i th  t h e  convec t ive  v e r s u s  

a b s o l u t e  n a t u r e  of t h e  u n s t a b l e  waves only  a long t h e  

magnet ic  f i e l d .  I n  t h i s  d i r e c t i o n  t h e  phase v e l o c i t i e s  

of t h e  waves we cons ide r  a r e  t y p i c a l l y  l a r g e  compared 

t o  t h e  e l e c t r o n  thermal  v e l o c i t y .  W e  may thus  expec t  

t h a t  t h e  modes w i l l  be  convec t ive ly  u n s t a b l e  ones which 

a r e  on ly  s l i g h t l y  d i s p e r s e d  by t h e  plasma and t h a t  t h e  

group v e l o c i t y  i s  approximately  e q u a l  t o  t h e  phase 

v e l o c i t y .  A s  w e  have no ted  i n  Sec t ion  5.1,  when t h e  

t y p i c a l  modes of t h e  plasma are convec t ive  modes wi th  

l a r g e  group v e l o c i t i e s  a s  i s  t r u e  h e r e ,  then t h e  z e r o  

group-ve loc i ty  a b s o l u t e  modes a r e  i n t r i n s i c a l l y  d i f f e r -  

e n t  from a l l  b u t  very sma l l  g roup-ve loc i ty  convec t ive  

modes. Therefore  we may expec t  t h a t  t h e  pa rame t r i c  

r eg ions  i n  which convec t ive  and a b s o l u t e  modes propaga te  

i n  t h e  magnetic f i e l d  d i r e c t i o n  w i l l  u s u a l l y  be  d i f f e r -  

e n t  and should be  examined i n  d e t a i l .  

I n  c o n t r a s t ,  t h e r e  a r e  reasons  t o  b e l i e v e  t h a t  t h e  

convec t ive  ve r sus  a b s o l u t e  n a t u r e  of t h e  propaga t ion  

t r a n s v e r s e  t o  t h e  magnetic f i e l d  may n o t  be t o o  impor tan t .  

I f  w e  t h i n k  of kl a s  be ing  t h e  azimuthal  wave-vector com- 

ponent ,  t h i s  i s  obvious s i n c e  then  kl must be r e a l .  When 

kl i s  taken t o  be t h e  r a d i a l  wave-vector component, t h e  

s i t u a t i o n  i s  more complicated.  S ince  most plasmas a r e  

surrounded by h igh ly  conduct ing w a l l s ,  i f  t h e  wavelength 

of an u n s t a b l e  mode i s  of t h e  o r d e r  of t h e  dimensions of 



t h e  system, w e  might expec t  t h e  w a l l  r e f l e c t i o n s  t o  b r i n g  

about  r a d i a l  s t a n d i n g  wave normal.modes f o r  which kL i s  

d i s c r e t e  and r e a l  (an  "abso lu t e "  t ype  of i n s t a b i l i t y ) .  

However, t h i s  s p a t i a l  c o n s t r a i n t  i s  n o t  a p p l i c a b l e  f o r  

many of  t h e  i n s t a b i l i t i e s  cons ide red  i n  t h i s  work s i n c e ,  

a s  w e  s h a l l  l a t e r  see, t h e  uns tab le 'modes  occur  on ly  i f  

t h e  t r a n s v e r s e  wavelength i s  s h o r t e r  than  a c e r t a i n  

c r i t i c a l  l eng th  which i s  o f t e n  much s m a l l e r  t han  t h e  

dimensions of any conce ivab le  system. Concerning s h o r t e r  

wavelengths ,  we w i l l  f i n d  t h a t  t h e  phase v e l o c i t i e s  of  

t h e  u n s t a b l e  modes t r a n s v e r s e  t o  t h e  magnetic f i e l d  d i r e c -  

t i o n  a r e  t y p i c a l l y  s m a l l  compared t o  t h e  mean i o n  v e l o c i t y .  

The re fo re  t h e  t y p i c a l  group v e l o c i t i e s  w i l l  a l s o  (presumably) 

be  sma l l  and t h u s  t h e  d i s t i n c t i o n s  between convec t ive  and 

a b s o l u t e  i n s t a b i l i t i e s  may n o t  be  . t o o  fmportant  (see S e c t i o n  

5 . 1 ) .  W e  a l s o  n o t e  t h a t  w e  would expec t  t h e s e  sma l l  phase  

v e l o c i t y  modes t o  be very  s t r o n g l y  d i s p e r s e d  by t h e  i o n  

thermal  motions.  Thus ze ro  group-ve loc i ty  ( a b s o l u t e  i n s t a -  

b i l i t y )  modes i n  t h e  d i r e c t i o n  t r a n s v e r s e  t o  t h e  magnet ic  

f i e l d  w i l l  presumably e x i s t  i n  t h e  plasma even f o r  d e n s i t i e s  

which on ly  b a r e l y  exceed t h e  t h r e s h o l d  d e n s i t y  f o r  i n s t a -  

b i l i t y .  The preceding obse rva t ions  imply t h a t  i n  d e t e m i n -  

i n g  t h e  c h a r a c t e r i s t i c s  of t h e  i n s t a b i l i t i e s ,  it i s  perhaps  

s u f f i c i e n t  tot cons ide r  on ly  r e a l  va lues  of  t h e  wave v e c t o r  

component kL . These c o n j e c t u r e s  - should-  o f  course  be  examined 

by a  d e t a i l e d  c o n s i d e r a t i o n  of  t h e  a b s o l u t e  ve r sus  convec- 

t i v e  n a t u r e  of t h e  propaga t ion  of u n s t a b l e  modes i n  t h e  



p lane  pe rpend icu la r  t o  t h e  magnetic f i e l d .  Such an i n v e s t i -  

g a t i o n  would r e q u i r e  cons ide ra t ion  - o f  complex- va lues  of  kL . 
However, i n  t h i s  work w e  w i l l  c o n t e n t  o u r s e l v e s  w i th  a 

s tudy  of t h e  Harris d i s p e r s i o n  r e l a t i o n - f o r  complex wave- 

v e c t o r  components k Z ,  b u t  a l low only r e a l  va lues  of kL . 
Thus w e  examine t h e  convec t ive  ve r sus  a b s o l u t e  n a t u r e  of 

t h e  u n s t a b l e  modes only  i n  t h e  a x i a l  o r  z d i r e c t i o n .  

For r e a l  kl, it i s  r e a d i l y  apparen t  t h a t  t h e  H a r r i s  

d i s p e r s i o n  r e l a t i o n  i s  independent of  t h e  s i g n  of kl. This  

obse rva t ion  coupled wi th  prev ious  ones  (Sec t ion  3.3) con- 

ce rn ing  t h e  symmetry p r o p e r t i e s  of t h e  g e n e r a l  d i s p e r s i o n  

r e l a t i o n  (3.3.15) show us t h a t  w e  . can  r e s t r i c t  ou r  cons i -  

d e r a t i o n  of  s o l u t i o n s  of  t h e  H a r r i s  d i s p e r s i o n  r e l a t i o n  

(6.1.1) t o  t hose  having p o s i t i v e  va lues  of kl, Re ( k Z )  and 

Re(w).  Note t h a t  i n  a r r i v i n g  a t  t h i s  conc lus ion  w e  have 

assumed t h a t  a l l  Fj (vL , v z )  a r e  even f u n c t i o n s  of v  (see z 
Sec t ion  3 ,3)  . 

A s  a  f i r s t  c o n s i d e r a t i o n  of s o l u t i o n s  of  t h e  H a r r i s  

d i s p e r s i o n  r e l a t i o n ,  we review some l i m i t i n g  ca ses  (6 .4)  , - 
When t h e r e  i s  propaga t ion  on ly  a long  t h e  magnet ic  f i e l d  

(kl = 0 )  , w e  s e e  t h a t  (6.1.1) reduces  t o  t h e  d i s p e r s i o n  

r e l a t i o n  f o r  a  homogeneous unmagnetized plasma, i . e .  t h e  - 
d i s p e r s i o n  r e l a t i o n  g iven  by ( 4 , l . l ) .  I n  t h i s  l i m i t i n g  

c a s e  t h e  e l e c t r o s t a t i c  modes a r e  s t a b l e  under t h e  same 

c o n d i t i o n s  a s  t h o s e  i n  a  plasma wi th  no magnet ic  f i e l d  

( s e e  Sec t ion  4 . 1 ) .  The f a c t  t h a t  e q u i l i b r i u m  d i s t r i b u t i o n  

f u n c t i o n s  which a r e  dependent s o l e l y  on t h e  s i n g l e  p a r t i c l e  



k i n e t i c  energy of t h e  p a r t i c l e s  a r e  n o n l i n e a r l y  s t a b l e  a s  

w e l l  a g a i n s t  t r a n s v e r s e  e l ec t romagne t i c  waves propaga t ing  

a long t h e  magnet ic  f i e l d  has  been no ted  by Rowlands (6 .5) .  - 
A proof by Kammash and Heckro t te  (6 .6)  - t h a t  i n  a  plasma 

i n  which t h e  i o n s  have a bi-Maxwellian v e l o c i t y  d i s t r i b u -  

t i o n  (Tl#TZ) and t h e  e l e c t r o n s  a  Maxwellian d i s t r i b u t i o n ,  

e l e c t r o s t a t i c  waves propaga t ing  a long t h e  magnetic f i e l d  

a r e  s t a b l e  fo l lows  from t h e  work of Rowlands (6 .5)  - as 

w e l l  a s  from an a p p l i c a t i o n  of  t h e  Penrose s t a b i l i t y  cri- 

t e r i o n  ( s e e  S e c t i o n  4 . 1 )  which a p p l i e s  i n  such cases .  

The case  of  p ropaga t ion  pu re ly  t r a n s v e r s e  t o  t h e  

magnetic f i e l d  (kZ = 0)  i s  of g r e a t e r  i n t e r e s t .  By d e f i -  

n i t i o n  i f  any such u n s t a b l e  modes e x i s t  t hey  a r e  c a l l e d  

f l u t e  modes i f  w < < Q i  and f l u t e - l i k e  modes i f  wcnni, n  

be ing  an i n t e g e r .  For  kZ = 0,  t h e  d i s p e r s i o n  r e l a t i o n  

(6 .1 .1)  i s  a  symmetric func t ion  of w .  Therefore  r e f e r -  

r i n g  back t o  i n s t a b i l i t y  cond i t i ons  (4.2.10) and ( 4  2 . 1 1 )  

which are a p p r o p r i a t e  f o r  kZ = 0 modes, w e  see t h a t  a t  

t h e  o n s e t  of a  f l u t e  mode ( w < < R i )  i n  a homogeneous plasma, 

t h e  frequency would van i sh  and t h e  i n s t a b i l i t y  c r i t e r i o n  

( 4.2.12) would reduce t o  

( i n s t a b i l i t y ) .  (6 .1 .2)  

I n  w r i t i n g  t h e  i n s t a b i l i t y  cond i t i on  i n  t h i s  form we have 

made use  of t h e  Besse l  func t ion  i d e n t i t y  given i n  ~ q .  ( A - 2 2 ) .  



~ e d u c t i o n s  o f  t h i s  i n s t a b i l i t y  cond i t i on  have been no ted  

by Dory, Guest  and H a r r i s  (6 .7 )  and .Wimmel and Sa ison  (6 .8 )  , - - 
I t  i s  easy  t o  s e e  from (6 .1 ,2 )  t h a t  a l l ,  plasmas f o r  which 

each s p e c i e s  has  a  v ~  d i s t r i b u t i o n - w h i c h  i s  a  monotonica l ly  

dec reas ing  func t ion  of $ a r e  s t a b l e  a g a i n s t  f l u t e  modes. 

This  obse rva t ion  i s  i n  agreement wi th  work by Kammash and 

Heckro t te  (6 .6 ,  6.9)  who have shown t h a t  pu re ly  growing - -  
modes (Re ( w )  =0) cannot  e x i s t  i n  a  plasma which has  a b i -  

Maxwellian i o n  v e l o c i t y  d i s t r i b u t i o n  and a Maxwellian 

e l e c t r o n  d i s t r i b u t i o n .  However, f l u t e - m o d e s  can occur  i n  

plasmas which have a  nonmonotonic ( "loss-cone")  v: d i s t r i -  

b u t i o n  f o r  a t  l e a s t  one s p e c i e s  of p a r t i c l e s .  For  a  plasma 

i n  which t h e  i o n s  have a  loss-cone type  of  vL d i s t r i b u t i o n ,  

by examining t h e  va lues  of kl f o r  which (6 .1 .2)  can be  

s a t i s f i e d ,  it i s  easy  t o  s e e  t h a t ,  i n  g e n e r a l  w 2  /a :  must 
P i  

s i g n i f i c a n t l y  exceed u n i t y  f o r  f l u t e  i n s t a b i l i t i e s  t o  occu r ,  

i r r e s p e c t i v e  of t h e  d e t a i l s  of  t h e  vl d i s t r i b u t i o n .  Fo r  a  

d e l t a  func t ion  d i s t r i b u t i o n ,  H a r r i s  (6,101 d i s c u s s e s  t h e  

c o n d i t i o n s  under which f l u t e  modes can -occur  and t h e  e a r l i e r  

l i t e r a t u r e  on t h e  sub-ject. For t h e  more g e n e r a l  v ~  d i s t r i -  

b u t i o n s  employed i n  t h i s  work, Dory, Guest  and H a r r i s  (6 ,7 )  - 
have shown t h a t  both  f l u t e  and f l u t e - l i k e  u n s t a b l e  modes 

occur  on ly  i f  R - z 3, i . e .  t h e  vl d i s t r i b u t i o n  i s  peaked 
v 

s h a r p l y  enough about a  nonzero v e l o c i t y .  These a u t h o r s  a l s o  

d i s c u s s  i n s t a b i l i t y  c r i t e r i a  f o r  t h e  f l u t e - l i k e  modes. An 

approximate formula f o r  t h e  temporal  growth r a t e s  of t h e  

f l u t e  modes i n  a  homogeneous plasma has  been g iven  by 



Brambi l la  ( 6 . 1 1 ) .  - Using e x a c t  c o l l i s f o n a l l y  e q u i l i b r i a t e d  

loss-cone d i s t r i b u t i o n s  a p p r o p r i a t e  f o r  magnetic m i r r o r  

machines i n s t e a d  of t h e  i d e a l i z e d  d i s t r i b u t i o n s  employed 

i n  t h i s  work (see Sec t ion  1 . 3 )  , P o s t  and Rosenbluth (6.12) - 

conclude t h a t  t h e  f l u t e  i n s t a b i l i t y  occurs  only  f o r  a  

m i r r o r  r a t i o  (magnetic f i e l d  a t  t h e  m i r r o r  d iv ided  by t h a t  

a t  t h e  midplane) which i s  n e a r  u n i t y  and even then r e q u i r e s  

a  very h igh  plasma d e n s i t y  ( w 2  / n f > > l ) .  The i m p l i c a t i o n  
P i  

of  a l l  t h e s e  remarks i s  t h u s  t h a t  f o r  a  homogeneous plasma 

wi th  a  loss-cone type  of v e l o c i t y  d i s t r i b u t i o n ,  t h e  f l u t e  

o r  f l u t e - l i k e  mahes a r e  n o t  impor tan t  as long a s  t h e  v l  

d i s t r i b u t i o n  i s  n o t  t o o  s h a r p l y  peaked o r  w 2  /a; i s  n o t  
P i  

t o o  l a r g e  compared t o  u n i t y .  I n  t h e  nex t  s e c t i o n  w e  w i l l  

s e e  t h a t  even when f l u t e  and f l u t e - l i k e  modes can occu r ,  

t hey  do n o t  appear  u n t i l  t h e  d e n s i t y  i s  much h i g h e r  t han  

t h e  t h r e s h o l d  and t r a n s i t i o n  d e n s i t i e s  f o r  u n s t a b l e  modes 

propaga t ing  a t  l a r g e  angles  ( b u t  less than  go0)  t o  t h e  

magnet ic  f i e l d .  That  waves propaga t ing  n e i t h e r  e x a c t l y  

a long no r  e x a c t l y  t r a n s v e r s e  t o  t h e  magnetic f i e l d  should  

become u n s t a b l e  a t  lower plasma d e n s i t i e s  t han  e i t h e r  

l i m i t i n g  ca se  w a s  f i r s t  no ted  by H a r r i s  - (6 .3) .  - 
The above remarks concerning f l u t e - l i k e  modes apply 

t o  t h e i r  appearance i n  a  plasma w i t h  a  s i n g l e  i on  s p e c i e s ,  

P e a r l s t e i n ,  Rosenbluth and Chang (6.13) , us ing  a  s h o r t  

wavelength l i m i t  (kLai  > >  1) of t h e  H a r r i s  d i s p e r s i o n  

r e l a t i o n  ( s e e  Sec t ion  6 . 3 ) ,  have shown t h a t  f l u t e - l i k e  

modes may be u n s t a b l e  i f  t h e r e  e x i s t s  t h e  combination of 



some co ld  i o n s  o r  e l e c t r o n s  t o g e t h e r  wi th  a  h o t  component 

of i o n s  o r  e l e c t r o n s ,  r e s p e c t i v e l y ,  which-has  even a  v e r y  

w e l l  t h e m a l i z e d  (h igh  m i r r o r  r a t i o )  loss-cone d i s t r i b u t i o n .  

For a plasma w i t h  two such i o n  s p e c i e s ,  t h e s e  a n a l y t i c a l  

r e s u l t s  have been extended t o  a l l  p h y s i c a l l y  p e r m i s s i b l e  

wavelengths through numerical  computations by F a r r  and 

Budwine (6.14) . P o s t  and Rosenbluth (6 .12)  , a l s o  us ing  

t h e  s h o r t  t r a n s v e r s e  wavelength l i m i t  of  t h e  d i s p e r s i o n  

r e l a t i o n ,  have shown t h a t  loss-cone modes can be u n s t a b l e  

i n  inhomogeneous plasmas wi th  loss-cone type  i o n  v e l o c i t y  

d i s t r i b u t i o n s .  The l a t t e r  i n s t a b i l i t y  w i l l  b e  d i scus sed  

i n  Sec t ion  7 . 3  a long  wi th  t h e  a b s o l u t e  and convec t ive  

i n s t a b i l i t i e s  which occur  i n  such a  plasma. 

Having reviewed t h e  l i m i t i n g  c a s e s  which have been 

s t u d i e d ,  w e  now d i s c u s s  t h e  work which has  been done f o r  

a r b i t r a r y  d i r e c t i o n s  of  p ropaga t ion  wi th  r e s p e c t  t o  t h e  

magnetic f i e l d  and nonzero f r equenc ie s ,  The v a s t  m a j o r i t y  

of  a l l  p rev ious  i n s t a b i l i t y  s t u d i e s  have been concerned 

on ly  wi th  de te rmin ing  t h e  pa rame t r i c  r eg ions  of i n s t a b i l i t y  

and do n o t  c o n s i d e r  t h e  convec t ive  ve r sus  a b s o l u t e  n a t u r e  

of t h e  i n s t a b i l i t i e s .  Therefore ,  f o r  convenience,  i n  

t h e  fo l lowing  d i s c u s s i o n  w e  w i l l  n o t  s p e c i f i c a l l y  mention 

t h e  type  of  i n s t a b i l i t y  a n a l y s i s  employed u n l e s s  t h e  con- 

v e c t i v e  ve r sus  a b s o l u t e  n a t u r e  of t h e  i n s t a b i l i t i e s  was 

cons idered .  

C e r t a i n  ve loc i ty - space  an i so t ropy  i n s t a b i l i t i e s  d r i v e n  

by t h e  f r e e  energy source  due t o  d r i f t s  a long  t h e  magnet ic  



f i e l d  ( i . e .  - p a r t i c l e  c u r r e n t s )  have been cons idered .  For  

example, Drummond and Rosenbluth (6.15) have shown t h a t  a  

s u f f i c i e n t  c u r r e n t  a long  t h e  magnetic f i e l d  (vD 2 5aZ 1 
i i 

can induce ion -cyc lo t ron  i n s t a b i l i t i e s .  S i m i l a r l y  H a l l  

and Grewal (6.16) have s t u d i e d  t h e  ca se  of two counter-  

s t reaming s p e c i e s  of i o n s  having high tempera ture  aniso-  

t ropy  (TAi  > >  Tz  1. 
i 

I n  t h e  remainder of  t h i s  work w e  w i l l  be  concerned 

only wi th  i n s t a b i l i t i e s  d r i v e n  by f r e e  energy sou rces  

o t h e r  t han  p a r t i c l e  d r i f t s  a long t h e  magnet ic  f i e l d .  An 

exhaus t ive  q u a l i t a t i v e  and s e m i q u a n t i t a t i v e  d i s c u s s i o n  

of  many of t h e  p o s s i b l e  t ypes  of ve loc i ty - space  an i so t ropy  

i n s t a b i l i t i e s  which can occur  i n  t h e  absence of  p a r t i c l e  

d r i f t s  along t h e  magnet ic  f i e l d  i s  g iven  by H a l l ,  Heckro t te  

and Kammash (6 .17)  - . Among t h e  i n s t a b i l i t i e s  d i s cus sed  

by t h e s e  a u t h o r s  are t h e  e l e c t r o n - c y c l o t r o n  i n s t a b i l i t i e s  

d r i v e n  by a  loss-cone type  of v e l o c i t y  d i s t r i b u t i o n .  For  

d e l t a  f u n c t i o n  v, d i s t r i b u t i o n s ,  t h e s e  i n s t a b i l i t i e s  have 

a l s o  been s t u d i e d  by Ozawa, K a j i  and K i t o  (6.18) - and 

Gruber,  Kle in  and Auer (6 .19 ) .  - The l a t t e r  work g i v e s  some 

i n d i c a t i o n  of t h e  r ea l -k  temporal  growth r a t e s  of t h e s e  

e l e c t r o n - c y c l o t r o n  i n s t a b i l i t i e s .  For more r e a l i s t i c  l o s s -  

cone d i s t r i b u t i o n s ,  Korablev (6 .20)  - d i s c u s s e s  h igh  f re- 

quency e l ec t ron -cyc lo t ron  i n s t a b i l i t i e s  u s ing  t h e  Rosenbluth 

and P o s t  "continuum" l i m i t  (6 .1)  - of t h e  Harris d i s p e r s i o n  

r e l a t i o n ,  However, a s  we s h a l l  s e e  i n  S e c t i o n  6.3, t h i s  

"continuum" l i m i t  i s  u s u a l l y  on ly  a p p l i c a b l e  f o r  r a t h e r  



high  f r equenc ie s  ( w >  > Q )  , s h o r t  t r a n s v e r s e  -wavelengths 

( k l a > > l )  and h igh  plasma d e n s i t i e s  ( w 2 j i 2 % > l )  s o  t h a t  
P  

Korab lev ' s  t r ea tmen t  would be  a p p l i c a b l e  only  a t  very 

h igh  plasma d e n s i t i e s .  

Another type  of i n s t a b i l i t y  d i scus sed  by H a l l ,  

Heckro t te  and Kammash (6 .17)  i s  t h a t  which a r i s e s  when 

h o t  i o n s  wi th  a  loss-cone d i s t r i b u t i o n  o r  T d T Z  00 -ex i s t  

w i th  a  group of co ld  i o n s .  Using the . -Rosenbluth  and 

P o s t  "continuum" l i m i t  of t h e  d i s p e r s i o n  r e l a t i o n  (6 .1)  - , 
H a l l  and Heckro t te  (6.21) have d i scussed  t h e  e f f e c t  of 

adding c o l d  plasma t o  a  h o t  i o n  plasma.which has  a  d e l t a  

f u n c t i o n  vL d i s t r i b u t i o n .  Again, a s  we s h a l l  s e e  i n  

S e c t i o n  6 - 3 ,  s i n c e  t h e  "continuum" l i m i t  - i s  r i g o r o u s l y  

v a l i d  on ly  at very h igh  plasma d e n s i t i e s ,  t h i s  p a r t i -  

c u l a r  work of H a l l  and Heckro t te  (6.21) i s  only a p p l i -  

c a b l e  a t  very  h igh  plasma d e n s i t i e s .  These multicompon- 

e n t  plasma i n s t a b i l i t i e s  a r e  p r e s e n t l y  be ing  examined 

i n  more d e t a i l  by Guest and co-workers (6 ,22)  . I n  t h e  

l a t t e r  s t u d i e s  p a r t i c u l a r  emphasis i s  be ing  p l aced  on 

t h e  e f f e c t  which t h e  a d d i t i o n  of a  sma l l  amount of c o l d  

plasma has  on t h e  temperature-anisotropy and loss-cone 

i n s t a b i l i t i e s .  

The two ve loc i ty -space  an i so t ropy  i n s t a b i l i t i e s  

of g r e a t e s t  c u r r e n t  i n t e r e s t  i n  c o n t r o l l e d  thermonuclear  

f u s i o n  r e s e a r c h  a r e  t h e  i on -e l ec t ron  i n s t a b i l i t i e s  w i t h  

f r equenc ie s  n e a r  t h e  i o n  c y c l o t r o n  .frequency o r  harmonics 

t h e r e o f ,  which a r e  d r iven  by t h e  i on  f r e e  energy sou rces  



a s s o c i a t e d  w i t h  t h e  i n e q u a l i t y  of mean v e l o c i t i e s  a long  

and t r a n s v e r s e  t o  t h e  magnetic f i e l d  and/or nonmonotanic 

( loss -cone  type )  pe rpend icu la r  v e l o c i t y  d i s t r i b u t i o n s .  

A s  w e  have p rev ious ly  no ted ,  we r e f e r  t o  t h e s e  i n s t a b i l i -  

t i e s  a s  t h e  tempera ture -an iso t ropy  and loss-cone i n s t a -  

b i l i t i e s  r e s p e c t i v e l y .  W e  beg in  o u r  d i s c u s s i o n  of t h e s e  

two major t y p e s  of i n s t a b i l i t i e s  w i t h  some g e n e r a l  remarks 

which apply  e q u a l l y  t o  bo th  t ypes  of  i n s t a b i l i t y .  

I n  o r d e r  t o  i l l u s t r a t e  t h e  b a s i c  p r o p e r t i e s  of t h e s e  

i n s t a b i l i t i e s  w e  w i l l  use  t h e  b a s i c  plasma model d e l i n e a t e d  

i n  S e c t i o n  1 .3 .  Th i s  model on ly  a l lows  f o r  c y l i n d r i c a l l y  

cu t -ou t  " loss-cone" d i s t r i b u t i o n s ,  however t h e  r e s u l t s  w e  

o b t a i n  h e r e  should  be  i n d i c a t i v e  of  - a l l  typesof  " loss-cone"  

d i s t r i b u t i o n s  s i n c e  ou r  rough examination of t h e  d i s p e r -  

s i o n  r e l a t i o n  i s  independent of  t h e  d e t a i l s  of t h e  i o n  

v e l o c i t y  d i s t r i b u t i o n .  The Harris d i s p e r s i o n  r e l a t i o n  

worked o u t  f o r  o u r  plasma model i s  t h a t  g iven  by (3 ,3 .16)  

and (3 .4 ,3)  w i th  t h e  inhomogeneity and g r a v i t y  terms 

omi t ted .  We a r e  n o t  cons ide r ing  t h e  e f f e c t s  of n e t  p a r t i -  

c l e  d r i f t s  a long t h e  magnetic f i e l d  h e r e ;  hence t h e  vo 
j  

terms w i l l  a l s o  be  omit ted.  S ince  t h e  f r equenc ie s  of  

i n t e r e s t  h e r e  a r e  ,of t h e  o r d e r  of t h e  i on  cyc lo t ron  f r e -  

quency, we can u s u a l l y  n e g l e c t  a l l  b u t  t h e  n  = 0 t e r n  i n  

t h e  e l e c t r o n  c o n t r i b u t i o n s  t o  t h e  d i s p e r s i o n  r e l a t i o n .  

(Actua l ly ,  upon working o u t  t h e  terms i n  d e t a i l  ,.one f i n d s  

t h a t  t h e  c o n t r i b u t i o n  of t h e  r e a l  p a r t  of t h e  n  f 0 e l e c -  

t r o n  t e r m s  t o  t h e  d i s p e r s i o n  r e l a t i o n  is n e g l i g i b l e  on ly  



W e  should a l s o  n o t e  t h a t  f o r  ca ses  i n  which c o n d i t i o n  

(6.1.3) i s  n o t  s a t i s f i e d ,  it i s  l i k e l y  t h a t  w e  can no 

longer  s a f e l y  n e g l e c t  t r a n s v e r s e  e l ec t romagne t i c  waves 

-- s e e  Sec t ion  1 . 2 . )  I n  t h e  a c t u a l  numerical  c a l c u l a -  

t i o n s  p re sen ted  i n  t h i s  and t h e  fo l lowing  chap te r  t h e  

c o n t r i b u t i o n s  of a l l  t h e  ( e l e c t r o s t a t i c )  t e r m s  i n  t h e  

e l e c t r o n  summation a r e  t aken  i n t o  account  e x a c t l y .  

However,for t h e  purposes  of t h e  p r e s e n t  d i s c u s s i o n  we 

w i l l  assume t h a t  t h e  d e n s i t y  i s  low enough t o  s a t i s f y  

( 6 . 1 - 3 )  and hence w e  need on ly  keep t h e  n  = 0 con t r ibu -  

t i o n  from t h e  e l e c t r o n s .  W e  a l s o  assume h e r e  t h a t  t h e  

mean e l e c t r o n  v e l o c i t y  pe rpend icu la r  t o  t h e  magnetic 

f i e l d  i s  sma l l  enough and t h e  t r a n s v e r s e  wavelengths long 

enough s o  t h a t  

i n  which c a s e  t h e  Cge" 1. I n  t h i s  approximation t h e  on ly  

r e l e v a n t  e l e c t r o n  tempera ture  i s  t h a t  c h a r a c t e r i z i n g  t h e  

e l e c t r o n  v e l o c i t y  d i s t r i b u t i o n  a long t h e  magnet ic  f i e l d  

which we w i l l  l a b e l  a s  Te. I n  reducing o u r  g e n e r a l  d i s -  

p e r s i o n  r e l a t i o n  f o r  an a r b i t r a r y  number of  s p e c i e s  t o  t h e  

i o n - e l e c t r o n  plasma of  i n t e r e s t ,  we t a k e  t h e  " r e f e r e n c e "  

s p e c i e s  ( s e e  Sec t ion  3.3) t o  be  t h e  i o n s  excep t  t h a t  w e  

a l low f o r  i n e q u a l i t i e s  of pe rpend icu la r  and p a r a l l e l  i o n  



t empera tures  by a l lowing  T Z  t o  be  d i f f e r e n t  from TZ . 
i o 

Note t h a t  wi th  t h i s  cho ice  of r e f e r e n c e  s p e c i e s  

7 - 
Tli - T ~ o  - T ~ o  # TZi .  Using a l l  of t h e s e  assumptions 

and convent ions ,  we can w r i t e  t h e  approximate d i s p e r s i o n  

r e l a t i o n  a s  

i n  which 

I n  t h i s  d i s p e r s i o n  r e l a t i o n  t h e  f i r s t  t e r m  i n  t h e  b r a c e s  

r e p r e s e n t s  t h e  s u r v i v i n g  e l e c t r o n  c o n t r i b u t i o n  whi le  t h e  

remaining terms account  f o r  t h e  i on  c o n t r i b u t i o n s .  

For t h e  p r e s e n t  rudimentary a n a l y s i s  of 

u n s t a b l e  wave s o l u t i o n s  of t h i s  d i s p e r s i o n  r e l a t i o n  we 

concern ou r se lves  on ly  w i th  t h e  s a t i s f a c t i o n  of t h e  con- 

d i t i o n s  f o r  marg ina l  s t a b i l i t y ,  - i . e .  we seek s o l u t i o n s  

f o r  r e a l  w and k Z .  Therefore  t h e  arguments of t h e  Z o  and 

Z l  f unc t ions  w i l l  be  r e a l .  The behavior  of  t h e s e  func- 

t i o n s  f o r  a l l  r e a l  arguments has  been p rev ious ly  d i sp l ayed  

i n  F ig .  4.3,  from which w e  no t e  t h a t  t h e  magnitude of bo th  

f u n c t i o n s  never  exceeds 3 . 6 .  We a l s o  n o t e  t h e  n e i t h e r  t h e  



i n d i v i d u a l  C and D f u n c t i o n s  no r  t h e i r  summation over  a l l  

harmonics exceed u n i t y  (see appendix B ) .  From t h e s e  f a c t s  

p l u s  knowing t h a t  (kZai) i s  n o t  i n f i n i t e s i m a l l y  s m a l l  a t  

t h e  t h r e s h o l d  d e n s i t y  (see examples i n  Chapter  4 ) ,  we 

can e a s i l y  see from (6.1 .5)  t h a t  i n  g e n e r a l  f o r  Te < T Z i  

t h e  e l e c t r o n  term dominates t h e  d i s p e r s i o n  r e l a t i o n  wh i l e  

'Or Te ' T ~ i  
t h e  ion  terms dominate. 

We w i l l  f i r s t  cons ide r  t h e  ca se  where Te < T Z i  The 

Nyquis t  and P(w/Qi)  p l o t s  f o r  two such cases  have a l r e a d y  

been d i sp l ayed  i n  F igs .  4 . 4  and 4.6'. For Te < T Z i ,  s i n c e  

t h e  e l e c t r o n  term (which i s  a  s t a b i l i z i n g  te rm--see 'Sec t ion  

4 . 2 )  dominates t h e  d i s p e r s i o n  r e l a t i o n ,  w e  need t o  examine 

t h e  c o n d i t i o n s  under which t h e  e l e c t r o n  term can be made 

comparable t o  t h e  i on  terms the reby  a l lowing  t h e  i o n  f r e e  

energy sou rces  t o  d r i v e  an i n s t a b i l i t y .  The e l e c t r o n  

c o n t r i b u t i o n s  t o  t h e  d i s p e r s i o n  r e l a t i o n  can be made s m a l l  

only  i f  t h e  phase v e l o c i t y  of t h e  wave a long  t h e  magnet ic  

f i e l d  i s  l a r g e  compared t o  t h e  e l e c t r o n  thermal  v e l o c i t y .  

The i n s t a b i l i t i e s  we s h a l l  f i n d  t h e r e f o r e  a r i s e  from t h e  

coupl ing  of t h e  i o n  motions w i th  e l e c t r o n  plasma waves 

having h igh  phase v e l o c i t i e s  a long  t h e  magnetic f i e l d .  

( R e s t r i c t i n g  o u r s e l v e s  t o  l a r g e  phase v e l o c i t i e s  a long t h e  

magnet ic  f i e l d  i s  e q u i v a l e n t  t o  cons ide r ing  only t h e  

en l a rged  r eg ion  nea r  t h e  o r i g i n  of t h e  Nyquist  p l o t  as 

d i s p l a y e d  i n  F igs .  4 . 4 ~  and 4 . 6 ~ ~ ) .  I n  t h e  reg ion  of i n -  

t e r e s f  w e  can r e p l a c e  t h e  Z f unc t ion  of t h e  e l e c t r o n  term 
1 

i n  t h e  d i s p e r s i o n  r e l a t i o n  by i t s  asymptot ic  expansion 



(see appendix B)  . Then, w e  can reduce t h e  d i s p e r s i o n  r e l a -  

t i o n  t o  t h e  form 

where 

Here, t h e  f i r s t  term on t h e  r i g h t  g i v e s  a  c o n t r i b u t i o n  

which i s  t h e  same a s  t h e  r e s u l t  of t h e  low tempera ture  

f l u i d  model f o r  t h e  e l e c t r o n  dynamics, whi le  t h e  second 

t e r m  accounts  f o r  t h e  e l e c t r o n  Landau damping. The l a s t  

two terms on t h e  r i g h t  of (6 .1 .6)  , as i n  ( 6 , l .  5 )  , g i v e  t h e  

i o n  c o n t r i b u t i o n s  t o  t h e  d i s p e r s i o n  r e l a t i o n ,  

The waves can absorb t h e  f r e e  energy of t h e  i o n s  

only  i f  t h e  wave f r equenc ie s  a r e  n e a r l y  r e sonan t  w i th  t h e  

i on  c y c l o t r o n  f requency o r  harmonics t he reo f  s o  t h a t  t h e  

wave can i n t e r a c t  s t rongby wi th  t h e  p a r t i c l e s  i n  t h e  i o n  

d i s t r i b u t i o n .  Thus, we must have 

where n  i s  t h e  harmonic number of t h e  i o n  cyc lo t ron  f r e -  



quency. Now, n e g l e c t i n g  f o r  t h e  moment t h e  i o n  cont r ibu-  

t i o n s  t o  t h e  d i s p e r s i o n  r e l a t i o n  a s  w e l l  a s  t h e  e l e c t r o n  

Landau damping (Te + 0 )  and r e a l i z i n g  t h a t  kZ can be no 

l a r g e r  t han  k 2 ,  by s o l v i n g  t h e  r e a l  p a r t  of t h e  r e s u l t a n t  

d i s p e r s i o n  r e l a t i o n  w e  s e e  t h a t  a  very c rude  necessary  

cond i t i on  f o r  i n s t a b i l i t y  i s  t h a t  

This  minimum d e n s i t y  r e q u i r e d  f o r  i n s t a b i l i t y  ( f o r  n  = 1) 

was f i r s t  no ted  by H a r r i s  ( 6 . 3 ) .  - Taking i n t o  account  t h e  

f a c t  t h a t  t h e  f requency may d e v i a t e  from a  g iven  harmonic 

of t h e  i o n  cyc lo t ron  frequency by a s  much a s  h a l f  t h e  

cyc lo t ron  frequency,  Dnestrovsky, Kostomarov and P i s tunov ich  

(6 .23)  have de r ived  t h e  s l i g h t l y  less r e s t r i c t i v e  neces sa ry  

cond i t i on  f o r  i n s t a b i l i t y  given by 

These very  c rude  l i m i t s  can be  improved upon by 

adding t h e  requirement  t h a t  t h e r e  be only  a  sma l l  amount 

of e l e c t r o n  Landau damping, - i . e .  t a k i n g  t h e  plasma t o  have 

a  nonzero e l e c t r o n  temperature .  E l e c t r o n  Landau damping 

can be neg lec t ed  i n  t h e  imaginary p a r t  of t h e  d i s p e r s i o n  

r e l a t i o n  whenever t h e  phase v e l o c i t y  of t h e  wave a long  t h e  

magnetic f i e l d  i s  about  2 . 5  t imes t h e  e l e c t r o n  thermal  

v e l o c i t y  o r  h ighe r ;  - i . e .  



O r ,  employing (6 .1 .7)  and r ea r r ang ing  t h i s  equa t ion  we 

have 

TLi me ( i n s t a b i l i t y )  (6 .  l* 1 0 )  

Using t h i s  l i m i t  on k Z  and aga in  s o l v i n g  t h e  r e a l  p a r t  o f  

t h e  d i s p e r s i o n  r e l a t i o n  n e g l e c t i n g  t h e  i o n  c o n t r i b u t i o n s ,  

w e  s e e  t h a t  an approximate necessary  c o n d i t i o n  f o r  i n s t a -  

b i l i t y  i s  

2 (6.1.11) 
2 Q i 2  3 6  ( k a i )  2(z) ( i n s t a b i l i t y )  

Th i s  l i m i t  i s  on ly  a p p l i c a b l e  f o r  va lues  of  Te/Ti l a r g e  

enough ( b u t  s t i l l  small compared t o  u n i t y )  s o  t h a t  it i s  

n o t  lower t han  t h a t  g iven  by (6.1.8) . W e  n o t e  t h a t  t h e  

approximate i n s t a b i l i t y  cond i t i ons  given i n  (6.1.10) and 

(6.1.11) have been de r ived  wi thou t  r e f e r e n c e  t o  t h e  type  

of i o n  f r e e  energy sou rce .  Our only  concess ion t o  t h e  

i o n s  has  been t h e  requirement  t h a t  o & n Q  . The n a t u r e  of  
i 

t h e  i o n  f r e e  energy sou rce  determines  t h e  va lues  of  kL 

f o r  which i n s t a b i l i t y  can occur .  We should a l s o  n o t e  

t h a t  6  1 . 1  an8 (-6,. 1,ll) ar9 approximate formulas 

f o r  t h e  appearance of ve loc i ty -space  a n i s o t r o p y  i n s t a -  

b i l i t i e s  of e i t h e r  t h e  convec t ive  o r  a b s o l u t e  t ype  and 

hence g i v e  us no i n d i c a t i o n  of t h e  t r a n s i t i o n  d e n s i t y  o r  

r e q u i r e d  a x i a l  wavelength f o r  t h e  appearance of  a b s o l u t e  

i n s t a b i l i t i e s .  



Before d e s c r i b i n g  t h e  two b a s i c  mechanisms by which 

t h e  waves w e  cons ide r  i n  t h i s  chap te r  can e x t r a c t  energy 

from t h e  i o n  f r e e  energy sou rces ,  l e t  us d i s c u s s  t h e  

va r ious  means which have been employed t o  unders tand t h e  

phys i c s  of t h e s e  i n s t a b i l i t i e s .  A s  po in t ed  o u t  i n  Chapter  

4 ,  w e  can view t h e  u n s t a b l e  waves a s  e x t r a c t i n g  energy 

from p a r t i c l e  motions by d i f f u s i n g  p a r t i c l e s  t o  lower 

e n e r g i e s  when t h e  phase v e l o c i t i e s  of t h e  waves l i e  i n  

t h e  "pos i t i ve - s lope"  p o r t i o n  of  t h e  e f f e c t i v e  v e l o c i t y  

d i s t r i b u t i o n  of  t h e  p a r t i c l e s .  This  i s  t h e  d e s c r i p t i o n  

which w e  w i l l  employ throughout  t h i s  work, For t h e  waves 

i n  t h e  " p o s i t i v e - s l o p e "  p o r t i o n  of  t h e  e f f e c t i v e  v e l o c i t y  

d i s t r i b u t i o n ,  t h e  amount of energy i n  t h e s e  waves i h c r e a s e s  

a s  a  r e s u l t  of  t h e i r  i n t e r a c t i o n  wi th  a  damped wave o r  

l o s s y  medium. This  apparen t  paradox of  waves growing as a 

r e s u l t  of  having energy e x t r a c t e d  from them i s  r e so lved  

by r e a l i z i n g  t h a t  t h e  waves a r e  "nega t ive  energytr  waves 

(6 -24 ,  -- 6 .25 ) .  The mechanisms of ve loc i ty - space  an i so t ropy  

i n s t a b i l i t i e s  have been d i scussed  i n  terms of t h e  concepts  

of "nega t ive  energy" waves by B e r s  and Gruber (6.26) and 

Gruber (6 ,271,  These au tho r s  show t h a t  a  group of waves 

wi th  f r equenc ie s  s l i g h t l y  l e s s  than  each of t h e  i o n  cyclo-  

t r o n  harmonics a r e  "nega t ive  energy" waves whi le  waves w i t h  

f r equenc ie s  s l i g h t l y  g r e a t e r  t han  t h e  i o n  cyc lo t ron  harmon- 

i c s  a r e  p o s i t i v e  energy of " s t a b l e "  waves. The p h y s i c a l  

mechanism o f  t h e  ve loc i ty -space  an i so t ropy  i n s t a b i l i t i e s  i s  

t h e r e f o r e  i d e n t i f i e d  as  t h e  coupl ing  of t h e  "nega t ive  energy" 



waves w i t h  e l e c t r o n  plasma waves ( p o s i t i v e  energy waves) 

a long t h e  magnet ic  f i e l d .  A complete ly  d i f f e r e n t  approach 

t o  d i s c u s s i n g  t h e  mechanism of  t h e s e  i n s t a b i l i t i e s  has  

been developed by H a l l ,  Heckro t te  and Kamrnash (6 .17 ) ,  - I n  

t h e i r  approach t h e  coupl ing of  t h e  p a r t i c l e  motions t o  t h e  

e l e c t r o s t a t i c  f i e l d  o s c i l l a t i o n s  i s  d i scussed  through an 

approximate mechanical  a n a l y s i s  i n  what a r e  c a l l e d  

" i n t e r a c t i o n  models." The r e l a t i o n  of  t h e s e  " i n t e r a c t i o n  

models" t o  "nega t ive  energy" wave concepts  has  been d i s -  

cussed by H a l l  and Heckrot te  (6.28) - . 
I n  o r d e r  t o  d i s c u s s  t h e  mechanisms of ve loc i ty -space  

an i so t ropy  i n s t a b i l i t i e s  i n  terms of "pos i t i ve - s lope"  re-  

g i o n s ,  w e  need t o  examine t h e  c o n d i t i o n s  f o r  which 

P ( w / Q i )  can have zeros  ( s e e  Sec t ion  4.2) . For t h e  p r e s e n t  

homogeneous magnetized plasma c a s e ,  making a l l  of t h e  

same assumptions and omissions of  terms t h a t  we have made 

t o  a r r i v e  a t  equa t ions  ( 6 . 1 1 )  and ( 6 . 1 . 6 )  as w e l l  a s  

assuming t h a t  cond i t i on  (6.1,10) i s  s a t i s f i e d  s o  t h a t  t h e  

e l e c t r o n  c o n t r i b u t i o n s  t o  P ( w / Q i )  can be  ignored ,  w e  can 

reduce (4 .2 .3)  t o  ( f o r  I w l  - Qi/2 ,  kL # 0 ,  kZ f 0 )  

O r ,  making use  of t h e  p r o p e r t i e s  of t h e  d e l t a  func t ion  w e  

can w r i t e  t h i s  equa t ion  a s  



For t h e  purposes of  t h e  p r e s e n t  marg ina l  s t a b i l i t y  analy-  

s is ,  w e  a r e  i n t e r e s t e d  i n  t h e  zeros  of t h i s  f u n c t i o n  f o r  

r e a l  w ,  kl, kZ .  W e  have p rev ious ly  no ted  t h a t  f o r  t h e  

work i n  t h i s  c h a p t e r  w e  need only c o n s i d e r  p o s i t i v e  v a l u e s  

of  each of  t h e s e  q u a n t i t i e s .  For p o s i t i v e  w ,  z e ros  o f  

P(w/Qi)  w i l l  occur  whenever t h e r e  i s  a  " p o s i t i v e - s l o p e "  

r eg ion  i n  t h e  e f f e c t i v e  v e l o c i t y  d i s t r i b u t i o n  l*" ( w ,  dw 

(see S e c t i o n s  4 . 1 ,  4 . 2 ) ,  i n  which t h e  f u n c t i o n  P(w/Qi) 

t a k e s  on p o s i t i v e  va lues .  Therefore ,  i n  looking  f o r  

" p o s i t i v e - s l o p e "  r eg ions ,  w e  need on ly  examine t h e  condi-  

t i o n s  under which P(w/Qi) can t a k e  on p o s i t i v e  va lues  f o r  

a  range of  p o s i t i v e  w .  Note t h a t  i f  t h e r e  i s  a  sma l l  

e l e c t r o n  c o n t r i b u t i o n  t o  P ( w / Q i ) ,  it w i l l  be  n e g a t i v e  and 

have a  s t a b i l i z i n g  i n f l u e n c e .  Indeed,  it was through a  

c o n s i d e r a t i o n  of t h e  magnitude of t h e  s t a b i l i z i n g  i n f l u -  

ence of t h e  e l e c t r o n s  t h a t  w e  a r r i v e d  a t  c o n d i t i o n  (6.1.10) . 
There a r e  two d i f f e r e n t  c o n t r i b u t i o n s  t o  t h e  f u n c t i o n  

P(w/Qi )  which may make .it p o s i t i v e  f o r  a range of  f requen-  

c i e s .  F i r s t ,  we n o t e  t h a t  wh i l e  a ~ ~ / a v ~  i s  a  n e g a t i v e  z 
d e f i n i t e  q u a n t i t y  f o r  a  Maxwellian i o n  d i s t r i b u t i o n  a long  

t h e  magnet ic  f i e l d ,  (w-nQi) may t a k e  on e i t h e r  s i g n .  

Second, t h e  aFi/av: t e r m  which i s  normally n e g a t i v e ,  can 

be  p o s i t i v e  i f  t h e  vL d i s t r i b u t i o n  i s  n o t  a  monotonical ly  

dec reas ing  func t ion  of vt  , i . e .  i f  it i s  of  t h e  "loss-cone" - 
type .  W e  s h a l l  l a t e r  s e e  t h a t  it i s  t h e  aFi/av? term which 

g i v e s  t h e  dominant p o s i t i v e  o r  d e s t a b i l i z i n g  c o n t r i b u t i o n  

f o r  loss-cone i n s t a b i l i t i e s  whi le  f o r  t h e  temperature-  



an i so t ropy  i n s t a b i l i t i e s  it i s  t h e  (w-nni) a ~ ~ / a ~ ~  term z 
w i t h  w < nili which g i v e s  t h e  p r i n c i p a l  d e s t a b i l i z i n g  

i n f l u e n c e .  However, a s  long a s  Te < T Z i t  even when one 

term i s  dominant, bo th  t e r m s  u s u a l l y  c o n t r i b u t e .  

For  any g iven  kl, s i n c e  t h e  maximum p o s i t i v e  con- 

t r i b u t i o n  from t h e  (w-nai) term occurs  f o r  w < n n i ,  w e  

e x p e c t  t h a t  a t  t h e  lowes t  t h r e s h o l d  d e n s i t y  f o r  i n s t a -  

b i l i t y  t h e  frequency w i l l  be: s l i g h t l y  l e s s  t han  a  

harmonic of  t h e  i o n  c y c l o t r o n  frequency.  I n  f a c t ,  s i n c e  

kZ i s  l i m i t e d  by cond i t i on  (6.1.  l o ) ,  it i s  easy  t o  show 

t h a t  t h e  minimum t h r e s h o l d  d e n s i t y  should occur  f o r  

f r equenc ie s  given by 

provid ing  of course  t h a t  t h i s  number i s  less than 1/2 s o  

t h a t  it is  r e a l i s t i c  t o  cons ide r  t h e  n t h  harmonic sepa- 

r a t e l y  from a l l  o t h e r s .  The a p p l i c a b i l i t y  of t h i s  formula 

i s  borne o u t  by t h e  r e s u l t s  shown i n  F ig .  4 . 8  and Table 

5 . 1  and a l l  o t h e r  examples cons idered  i n  t h i s  work f o r  

which Te < TZi.  

Of t h e  two b a s i c  t ypes  of ve loc i ty -space  an i so t ropy  

i n s t a b i l i t i e s ,  t h e  f i r s t  w e  w i l l  d i s c u s s  i n  d e t a i l  i s  t h a t  

which i s  d r iven  by t h e  i o n  f r e e  energy source  a s s o c i a t e d  

wi th  unequal  mean v e l o c i t i e s  a long and t r a n s v e r s e  t o  t h e  

magnet ic  f i e l d ,  - i . e .  t h e  temperature-anisotropy i n s t a b i l i t i e s .  

A s  d i s cus sed  i n  Sec t ion  3.3,  t h e  terms i n  b r a c e s  i n  t h e  



H a r r i s  d i s p e r s i o n  r e l a t i o n  and (6.1.12) a r e  e a s i l y  under- 

s tood  a s  t h o s e  account ing f o r  t h e  d e s t r u c t i o n  of t h e  con- 

s e r v a t i o n  of  p a r t i c l e  energy a long ( ~ v i )  and t r a n s v e r s e  

t o  ( ~ v ~  -- t h e  magnetic moment h e r e )  t h e  magnetic f i e l d .  

For d i s t r i b u t i o n  func t ions  which a r e  monotonical ly  

dec reas ing  f u n c t i o n s  o f  t h e  e n e r g i e s  t r a n s v e r s e  and a long  

t h e  magnet ic  f i e l d  we a l s o  r e c a l l  t h a t  t h e  d e s t r u c t i o n  

of t h e s e  c o n s t a n t s  of t h e  motion l e a d  r e s p e c t i v e l y  t o  

Landau and cyc lo t ron  damping. However, from t h e  preced ing  

c o n s i d e r a t i o n  of  "pos i t i ve - s lope"  r eg ions  of t h e  e f f e c t i v e  

v e l o c i t y  d i s t r i b u t i o n ,  w e  know t h a t  when t h e  frequency is  

s l i g h t l y  less than  a  harmonic of  t h e  i o n  cyc lo t ron  £re- 

quency t h e  a ~ ~ / a v ;  t e r m  can be a  d e s t a b i l i z i n g  c o n t r i b u t i o n  

t o  P ( w / Q i ) .  There i s  t h u s  Landau damping f o r  w > n Q i ,  b u t  

Landau growth f o r  w < nQie P h y s i c a l l y  t h e  i o n s  s t a y  n e a r l y  

i n  phase wi th  t h e  wave f o r  w z Q i  by t r a v e l l i n g  a  d i s t a n c e  of  

one wavelength a long t h e  magnet ic  f i e l d  i n  one cyc lo t ron  

pe r iod .  The temperature-anisotropy i n s t a b i l i t y  t h u s  r e s u l t s  

from t h e  coupl ing  of e l e c t r o n  plasma waves a long t h e  magne- 

t i c  f i e l d  w i th  i o n  waves (a long  t h e  magnetic f i e l d )  having 

f r equenc ie s  s l i g h t l y  l e s s  than  harmonics of t h e  i o n  cyclo- 

t r o n  frequency.  

I f  t h e  i o n  v e l o c i t y  d i s t r i b u t i o n  i s  i s o t r o p i c  and a  

monotonical ly  dec reas ing  f u n c t i o n  of t h e  p a r t i c l e  energy,  

then we know from t h e  g e n e r a l  s t a b i l i t y  p roo f s  no ted  i n  

Sec t ion  1.1 t h a t  t h e  plasma i s  s t a b l e .  Therefore  i n  t h i s  

ca se  t h e  i o n  cyc lo t ron  damping i s  s u f f i c i e n t  t o  overcome 

Landau growth a t  all f r e q u e n c i e s  and i n  p a r t i c u l a r  f o r  



f r equenc ie s  j u s t  s l i g h t l y  l e s s  t han  harmonics of t h e  i o n  

cyc lo t ron  f requency.  This  f a c t  can a l s o  be s een  d i r e c t l y  

from a c o n s i d e r a t i o n  of t h e  "pos i t i ve - s lope"  r eg ions  of 

t h e  e f f e c t i v e  v e l o c i t y  d i s t r i b u t i o n .  Assuming a  b i -  

Maxwellian i o n  v e l o c i t y  d i s t r i b u t i o n ,  w e  can s i m p l i f y  t h e  

P ( U / R ~ )  i n  (6.1.12) t o  

Now, t h i s  f u n c t i o n  can t a k e  on p o s i t i v e  va lues  f o r  p o s i t i v e  

f r equenc ie s  n e a r  a  g iven  harmonic of t h e  i o n  cyc lo t ron  

frequency and t h u s  i n d i c a t e  a  "pos i t i ve - s lope"  r eg ion  on ly  

i f  

The frequency i n  t h i s  express ion  cannot  d e v i a t e  from a  

given harmonic by more than  h a l f  t h e  cyc lo t ron  frequency 

o r  it i s  u n r e a l i s t i c  t o  cons ide r  only  a  s i n g l e  harmonic 

term. Therefore  t h i s  i n s t a b i l i t y  cond i t i on  can be 

reduced t o  

-- ( i n s t a b i l i t y )  

( 6 - l e l 4 )  

C l e a r l y  t h i s  cond i t i on  cannot  be s a t i s f i e d  f o r  an i s o t r o -  

p i c  plasma (TI = T Z )  . However, i f  we i n c r e a s e  t h e  mean 

v e l o c i t y  t r a n s v e r s e  t o  t h e  magnetic f i e l d  r e l a t i v e  t o  t h a t  



along t h e  magnet ic  f i e l d ,  it i s  easy  t o  s e e  from t h e  Harris 

d i s p e r s i o n  r e l a t i o n  (6.1.1) and a l l  our  subsequent  reduc- 

t i o n s  of it t h a t  t h e  cyc lo t ron  damping t e r m  dec reases  i n  

magnitude r e l a t i v e  t o  t h e  Landau damping o r  growth term. 

Solv ing  (6.1.14) f o r  TI, w e  f i n d  t h a t  t h e  " c r i t i c a l "  va lue  

f o r  which i n s t a b i l i t y  occurs  i s  given by 

( i n s t a b i l i t y )  (6 le 15)  

Timofeev (6.29) f i r s t  showed t h a t  a  plasma w i t h  a  b i -  

Maxwellian i o n  d i s t r i b u t i o n  i s  u n s t a b l e  i f  T l i  > 2TZ i 
and gave some i n d i c a t i o n  of t h e  e f f e c t s  of e l e c t r o n  

tempera ture  f o r  l a r g e  Te/TZi. Dnestrovsky, Kostomarov 

and P i s tunov ich  (6.23) extended t h a t  work t o  i n c l u d e  a l l  

g r e a t e r  than  u n i t y  and f i r s t  no ted  t h e  i n s t a b i l i t y  

cond i t i on  g iven  by (6.1.15) and v a r i a t i o n s  of it i n c l u d i n g  

t h e  e f f e c t s  of e l e c t r o n  temperature .  Shima and H a l l  ( 6 . 3 0 )  

have shown t h a t  a  g iven plasma s p e c i e s  w i th  a  bi-Maxwellian 

d i s t r i b u t i o n  can have a  d e s t a b i l i z i n g  i n f l u e n c e  on t h e  

plasma only i f  cond i t i on  (6.1.15) i s  s a t i s f i e d .  

For very h igh  degrees  of temperature  an i so t ropy  (TI > > T Z ) ,  

t h e  i o n  cyc lo t ron  damping terms become n e g l i g i b l e  compared t o  

t h e  i o n  Landau growth o r  damping t e r m ,  P h y s i c a l l y  t h i s  means 

t h a t  i n  t h i s  l i m i t  t h e  magnetic moment of t h e  i o n s  i s  a 

conserved q u a n t i t y  f o r  t h e  e l e c t r i c  f i e l d  f l u c t u a t i o n s  i n  t h e  

plasma (see Sec t ion  3.1) and t h u s  t h e  d e t a i l e d  s t r u c t u r e  

of  t h e  i on  vL d i s t r i b u t i o n  has  very l i t t l e  e f f e c t  on t h e  



d i s p e r s i o n  r e l a t i o n  ( 6 . 3 1 ) .  Therefore  f o r  l a r g e  an iso-  

t r o p i e s ,  even f o r  a  plasma i n  which t h e  i o n s  have a  

loss-cone type  of  vL d i s t r i b u t i o n ,  t h e  ve loc i ty - space  

an i so t ropy  i n s t a b i l i t i e s  are d r iven  a lmost  e n t i r e l y  by 

t h e  f r e e  energy a s s o c i a t e d  wi th  t h e  l a r g e  an i so t ropy  i n  

t h e  mean v e l o c i t i e s  a long  and t r a n s v e r s e  t o  t h e  magnetic 

f i e l d .  Indeed,  t h i s  is why w e  c a l l  them temperature-  

an i so t ropy  i n s t a b i l i t i e s .  

A s  i n d i c a t i o n  of t h e  e f f e c t  of l a r g e  a n i s o t r o p y  

can be seen i n  F ig .  4 . 4  which d i s p l a y s  t y p i c a l  Nyquis t  

and P(w/Qi)  p l o t s  f o r  a  plasma having T l i  = l o t 3  T 
Z i 

and a  loss-cone type  of vL d i s t r i b u t i o n  ( ~ = l )  . W e  

r e c a l l  t h a t  t h e  i on  c o n t r i b u t i o n s  t o  t h e s e  p l o t s  are 

t h o s e  shown i n  t h e  en l a rged  p o r t i o n s  l a b e l e d  4.4c, d. 

For t h i s  case  it i s  obvious t h a t  t h e  i o n  c o n t r i b u t i o n s  

t o  t h e  Nyquis t  p l o t  are c h a r a c t e r i s t i c  of t h e  Z1 func- 

t i o n s  (compare F i g s .  4.3b and 4 . 4 ~ )  s o  t h a t  t h e  i o n  

Landau growth o r  damping term f o r  w@nQ complete ly  over-  i 

whelms t h e  i on  cyc lo t ron  damping term. The same con- 

c l u s i o n  can a l s o  be  a r r i v e d  a t  by comparing t h e  p l o t  of 

P ( w / Q i )  i n  Fig.  4.4d wi th  i t s  a n a l y t i c a l  form g iven  by 

(6 .1 .12 ) .  F u r t h e r ,  we n o t e  t h a t  t h e  f a c t  t h a t  t h e s e  

modes have r ea l -k  temporal  growth r a t e s  only  f o r  

w 5 n Q i  ( s e e  F ig .  4.5) i s  a l s o  i n d i c a t i v e  of t h e  domina- 

t i o n  of  t h e  temperature-anisotropy source  of  f r e e  energy 

( s e e  i n s t a b i l i t y  cond i t i on  preceding ( 6 - 1 . 1 4 )  ) . 



Next, we cons ide r  t h e  l i m i t a t i o n s  imposed on t h e  

t r a n s v e r s e  wave number kL s o  t h a t  t h e  temperature-  

an i so t ropy  i n s t a b i l i t i e s  can occur .  S ince  w e  only  

r e q u i r e  t h a t  t h e r e  be  some i n t e k a c t i o n  of t h e  i o n s  w i th  

R 
t h e  wave f o r  w -. nni . Chi. f 0 )  , it i s  c l e a r  t h a t  

I 

t h e r e  a r e  no c r i t i c a l  c o n d i t i o n s  on klai f o r  i n s t a b i l i t y .  

However, w e  expec t  t h e  s t r o n g e s t  i n t e r a c t i o n  t o  occur 

when t h e  t r a n s v e r s e  wavelength i s  comparable t o  t h e  i on  

Larrnor d iameter  (see n e x t  s e c t i o n ) ,  - i .e .  i n  g e n e r a l  

when 

klai na. (6.1.16) 

S ince  (kZai) i s  l i m i t e d  as p e r  (6.1.10) t o  be g e n e r a l l y  

much l e s s  t han  n ,  w e  s e e  from (6 .l. 11) t h a t  t h e  d e n s i t y  

t h r e s h o l d  f o r  t h e  appearance of t h e s e  temperature-aniso-  

t ropy  i n s t a b i l i t i e s  i s  u s u a l l y  a  s t r o n g  func t ion  of t h e  

p a r t i c u l a r  k la i  we c h o ~ s e .  However, when klai becomes 

comparable t o  o r  s m a l l e r  than  kZai, i t s  choice  i s  no 

longe r  impor tan t  i n  t h e  de te rmina t ion  of kai and hence 

of  t h e  t h r e s h o l d  d e n s i t y .  Therefore ,  t h e  va lue  of  (kai)  

which determines  t h e  t h r e s h o l d  d e n s i t y  f o r  t h e  tempera- 

t u r e -an i so t ropy  i n s t a b i l i t i e s  i s  u s u a l l y  t h e  s m a l l e r  of  

e i t h e r  a . )  t h e  kgai r e p r e s e n t i n g  t h e  maximum r a d i a l  wave- 

l e n g t h  which can " f i t "  i n t o  any given plasma of i n t e r e s t ,  

o r  b e )  t h e  maximum va lue  of (kZai) which s a t i s f i e s  

cond i t i on  (6 .1 ,10)  . 
With t h e s e  remarks d e l i n e a t i n g  t h e  g e n e r a l  f e a t u r e s  

of  t h e  tempera ture -an iso t ropy  i n s t a b i l i t i e s ,  we w i l l  now 



survey t h e  ana lyses  of t h e s e  i n s t a b i l i t i e s  which have 

been c a r r i e d  o u t .  Some e a r l y ,  very e x t e n s i v e  computations 

of t h e  marginal  s t a b i l i t y  boundar ies  f o r  t h e  temperature-  

an i so t ropy  modes w e r e  done by Dnestrovsky, Kostomarov and 

P is tunovich  (6.23) . I n  t h a t  work t h e  e f f e c t s  of  changes 

i n  t h e  parameters  Tli/T , klai, kZai and TZi/TZ on t h e  
'i e 

t h r e s h o l d  d e n s i t y  were considered.  A s  would be  expec ted  

from (6.1 .11)  , t h e s e  au tho r s  have observed t h a t  i n c r e a s i n g  

t h e  e l e c t r o n  tempera ture  i n c r e a s e s  t h e  t h r e s h o l d  d e n s i t y .  

Soper and H a r r i s  ( 6 . 3 2 )  - have a l s o  i n v e s t i g a t e d  t h e  margi- 

n a l  s t a b i l i t y  boundar ies  f o r  temperature-anisotropy 

i n s t a b i l i t i e s ,  p r i n c i p a l l y  f o r  c o n d i t i o n s  of very high 

an i so t ropy  and sma l l  e l e c t r o n  tempera tures  which roughly 

approximate t h e  exper imenta l  cond i t i ons  i n  t h e  DCX-1,  

OGRA and ALICE machines. I n  cons ide r ing  ve loc i ty - space  

an i so t ropy  modes d r i v e n  by a combination of temperature-  

an i so t ropy  and loss-cone sou rces  of f r e e  energy,  Guest 

and Dory (6.33) t r e a t  one case  (TL/TZ = 1 0 )  i n  which t h e  

i o n  temperature-anisotropy dominates over  t h e  loss-cone 

source  of f r e e  energy.  Davydova, Dnestrovsky and 

Kostomarov (6 .34)  - have determined t h e  t h r e s h o l d  d e n s i t y  

f o r  t h e  i n s t a b i l i t i e s  of a plasma which has  bo th  a h igh  

d e n s i t y  o f  an i so t ropy  and a loss-cone d i s t r i b u t i o n  under 

c o n d i t i o n s  a p p r o p r i a t e  t o  t h e  OGRA-2 machine. I n  t h e  

l a t t e r  work, p a r t i c u l a r  emphasis was p laced  upon calcu-  

l a t i n g  t h e  t h r e s h o l d  d e n s i t y  f o r  a g iven  a x i a l  wavelength 



which is determined by the physical length of the QGRA-2 

machine. Similar calculations have been carried out for the 

M,M,I,I, machine by Hennion (6,35) with a delta function vL 
P 

distribution centered about a nonzero velocity, again with high 

temperature anisotropy dominating the free energy sources, In 

general the theoretical results obtained by all these authors 

for Te < TZ are consistent to within about an order of mag- 
I 

nitude with the conditions given by (Gal0 81, (6-le10) (6*lel1), 

(6.1.13) and (6,1,15),at least where simple checks can be made. 

In all of the studies cited above, only the threshold 

density for instability of any type was determined and the 

convective versus absolute nature of the instabilities was 

ignored, However, as we have noted in Section 5,1, in order to 

make useful theoretical and experimental comparisons it is 

necessary to consider the distinction. The first calculations 

considering the distinctions between convective and absolute 

temperature-anisotropy instabilities were carried out by 

Cordey (6,36), - who showed that a plasma having a delta function 

ion vL distribution and a high degree of temperature anisotropy 

does exhibit absolute instabilities, The previously cited 

(Section 5,1), somewhat more detailed absolute instability cal- 

culations carried out at about the same time by Beasley (6,37) - 
in demonstrating theoretical agreement with experiment were 

concerned with conditions appropriate for the highly anisotropic 

"central peak plasma of the DCX-2 machine, More extensive 

computations concerning the effect of varying TZ /TI on the 
i i 

convective and absolute instabilities ( w  s ili) of a plasma with 



an a = 1 type  vL d i s t r i b u t i o n  ( s e e  Sec t ion  1.3) and r e l a -  

t i v e l y  coo l  e l e c t r o n s  (Te/Tzi = 0 . 0 5 )  h a v e  been c a r r i e d  o u t  

by Beasley and Cordey ( 6 . 3 8 ) .  A p o r t i o n  of t h o s e  r e s u l t s  have 

been r e p l o t t e d  h e r e  i n  F ig .  6.1. Here and throughout  t h e  

remainder of t h i s  work w e  denote  t h e  marg ina l  s t a b i l i t y  o r  

t h r e s h o l d  d e n s i t y  boundary wi th  a  s o l i d  l i n e  and t h e  "marg ina l ly  

s t a b l e "  a b s o l u t e  i n s t a b i l i t y  o r  t r a n s i t i o n  d e n s i t y  boundary wi th  

a  long dash and d o t  o r  c e n t e r  l i n e .  I n  t h e  f i g u r e  t h e  v a l u e s  

of kzai shown a r e  t h e  r e a l  p a r t  of kzai a p p r o p r i a t e  f o r  

t h e  "marg ina l ly  s t a b l e "  a b s o l u t e  i n s t a b i l i t y  modes. Over t h e  

range of Tli/TZi shown, t h e  s p a t i a l  growth l e n g t h  of t h e  

a b s o l u t e  i n s t a b i l i t i e s  and hence t h e  minimum growth l e n g t h  of 

the  c o n v e c t i v e i n s t a b i l i t i e s  j u s t  below t h e  a b s o l u t e  i n s t a b i l i t y  

t r a n s i t i o n  d e n s i t y  (see d i s c u s s i o n  fo l lowing  (6.2.8) ) i s  

roughly c o n s t a n t  a t  2.6 t imes t h e  wavelength of t h e  r e l e v a n t  

u n s t a b l e  mode. The va lues  of k,ai on t h e  marg ina l  s t a b i l i t y  

boundary a r e  n o t  shown, b u t  a r e  t y p i c a l l y  a  f a c t o r  of 2.5-3 

above those  shown f o r  t h e  a b s o l u t e  i n s t a b i l i t y  modes and ag ree  

roughly wi th  c o n d i t i o n  ( 6 . 1 . 1 0 ) .  The d e n s i t y  t h r e s h o l d  f o r  t h e  

appearance of i n s t a b i l i t i e s  (convec t ive)  i s  i n  r ea sonab le  

agreement wi th  cond i t i ons  (6.1.11) and 6  5  ( s e e  below) . 
Unfor tuna te ly ,  w e  do n o t  have any corresponding s imple  

c o n d i t i o n s  f o r  t h e  a b s o l u t e  i n s t a b i l i t y  c h a r a c t e r i s t i c s  a t  t h e  

t r a n s i t i o n  d e n s i t y  (however, s e e  end of Sec t ion  6 ,2  f o r  some 

r e l e v a n t  comments) . However, we observe from F ig .  6 . 1  t h a t  

t h e  t r a n s i t i o n  d e n s i t y  and a x i a l  wavelengths f o r  t h e  a b s o l u t e  

i n s t a b i l i t y  t end  t o  vary wi th  
T~ i / ~ z i  i n  much t h e  same way - 

a s  t h e  corresponding marg ina l  s t a b i l i t y  (convec t ive)  





c h a r a c t e r i s t i c s .  With r e s p e c t  t o  t h e  d a t a  d i s p l a y e d  i n  t h e  

f i g u r e ,  Beas ley  and Cordey (6 .38)  - a l s o  n o t e  t h a t  t h e  t r a n s i -  

t i o n  d e n s i t y  f o r  a b s o l u t e  i n s t a b i l i t y  i s  n e a r l y  i n d e p e n d e n t  

of t h e  e l e c t r o n  t e m p e r a t u r e  o v e r  a  l a r g e  r a n g e  o f  r a t i o s  of  

Te/TZ , presumably a l l  l e s s  t h a n  u n i t y  (see S e c t i o n  6.2-- 
i 

FLgo 6 e 8 ) .  

Comparing t h e  r e s u l t s  d i s p l a y e d  i n  F i g ,  4.5 w i t h  t h e  

-3 
T Z , / T L  = 10 r e s u l t s  d i s p l a y e d  i n  F i g ,  6 , 1 ,  w e  see t h a t  

I I 

t h e  r e a l - k  t empora l  growth r a t e s  o f  an  i n s t a b i l i t y  can  b e  

m i s l e a d i n g ,  For  t h e  d e n s i t y  a t  which t h e  r e a l - k  a n a l y s i s  

( F i g .  4 , 5 )  i n d i c a t e s  a  maximum tempora l  growth r a t e  o f  a b o u t  

2% of  t h e  i o n  c y c l o t r o n  f requency  ( a  f a i r l y  l a r g e  growth 

r a t e ) ,  from F i g ,  6 . 1  w e  see t h a t  t h e  u n s t a b l e  mode i s  of  t h e  

c o n v e c t i v e  t y p e .  T h e r e f o r e  w e  know from o u r  d i s c u s s i o n  i n  

S e c t i o n  5.4 t h a t  i t  i s  u n l i k e l y  t h a t  t h i s  supposedly  r a t h e r  

p o t e n t  u n s t a b l e  mode would even be  obse rved  i n  such an  

e x p e r i m e n t a l  plasma,  Th i s  o b s e r v a t i o n  f u r t h e r  s t r e n g t h e n s  

o u r  c o n c l u s i o n  t h a t  t h e  c o n v e c t i v e  v e r s u s  a b s o l u t e  n a t u r e  of  

t h e  i n s t a b i l i t i e s  must be  examined i n  d e t a i l .  

I n  F i g .  6 . 1  w e  n o t e  t h a t  i n s t a b i l i t y  of  t h e  plasma ( b o t h  

c o n v e c t i v e  and a b s o l u t e )  p e r s i s t s  a s  TI + T Z  f o r  s u f f i c i e n t l y  
i i 

l a r g e  kAaif seemingly  i n  c o n t r a d i c t i o n  t o  c o n d i t i o n  ( 6 . 1 . 1 5 ) .  

However, t h e s e  c a l c u l a t i o n s  by Beas ley  and Cordey ( 6 , 3 8 )  - were 

c a r r i e d  o u t  f o r  a  d i s t r i b u t i o n  which n o t  o n l y  h a s  t e m p e r a t u r e  

a n i s o t r o p y ,  b u t  i s  a l s o  of  t h e  loss -cone  t y p e ,  I n  such a c a s e  

c o n d i t i o n  (6 .1 ,15)  i s  n o t  t h e  r e l e v a n t  i n s t a b i l i t y  c r i t e r i o n  a s  

s i n c e  t h e n  t h e  dominant s o u r c e  of f r e e  energy  i s  due  
i 



t o  t h e  loss-cone,  The cond i t i ons  under which loss-cone type  

vl d i s t r i b u t i o n s  a r e  uns t ab l e  f o r  TI = TZ a r e  d i s c u s s e d  
i i 

i n  t h e  nex t  s e c t i o n ,  However, cons ide r ing  on ly  t h e  d a t a  

shown i n  F ig ,  6 , 1 ,  we s e e  t h a t  t h e  loss-cone i n s t a b i l i t i e s  

(TI = T Z  ) appear  t o  have h ighe r  t h r e s h o l d  and t r a n s i t i o n  
i i 

d e n s i t i e s  and longe r  a x i a l  wavelengths t han  t h e  temperature-  

an i so t ropy  i n s t a b i l i t i e s  (TI ) T Z  ) .  We would t h e r e f o r e  
i i 

t e n t a t i v e l y  expec t  t h e  loss-cone i n s t a b i l i t i e s  t o  be less 

d e t r i m e n t a l  t o  plasma confinement t han  t h e  temperature-  

an i so t ropy  i n s t a b i l i t i e s ,  i f  t h e  l a t t e r  can occur .  The 

r e s u l t s  we o b t d i n  from a  thorough s tudy  of  t h e  loss-cone 

i n s t a b i l i t i e s  ( s e e  nex t  s e c t i o n )  conf i rm t h i s  expec t a t i on .  

For a bi-Maxwellian plasma, Beasley (6 ,39)  

has  shown t h a t  an a b s o l u t e  i n s t a b i l i t y  can occur  only  i f  

TI 2 125 TZ  ( a b s o l u t e  i n s t a b i l i t y ) ,  ( G e l e l 7 )  
i i 

This  c o n d i t i o n  i s  r e l e v a n t  f o r  t h e  appearance of an a b s o l u t e  

i n s t a b i l i t y  wi th  a  frequency s l i g h t l y  l e s s  t han  t h e  i o n  

c y c l o t r o n  f requency,  Thus, it s h o u l d - b e  compared wi th  t h e  

i n s t a b i l i t y  c o n d i t i o n  f o r  convec t ive ly  u n s t a b l e  modes i n  a  

bi-Maxwellian plasma given by (6 ,1 ,15 )  wi th  n = 1, The 

e f f e c t s  of varying t h e  sharpness  of t h e  ve loc i ty -space  

an i so t ropy  on t h e  a b s o l u t e  i n s t a b i l i t i e s  of a  plasma have 

been cons idered  by Beasley,  Cordey and Dory ( 6 b 4 0 ) ,  I n  t h e s e  - 
s t u d i e s  a  mix ture  of  temperature  an i so t ropy  and loss-cone 

d i s t r i b u t i o n  sou rces  of f r e e  energy a r e  cons idered ,  w i th  t h e  

dominant sou rce  of f r e e  energy n e a r l y  always being t h a t  due 

t o  t h e  temperature  an i so t ropy ,  



I n  t h e  nex t  s e c t i o n  we w i l l  d i s c u s s  t h e  loss-cone i n s t a -  

b i l i t i e s  i n  d e t a i l  f o r  Te < TZ; However, be fo re  proceeding 
- 

t o  t h a t  work, we conclude t h i s  s e c t i o n  wi th  a  d i s c u s s i o n  o f  

some p r o p e r t i e s  of ve loc i ty -space  an i so t ropy  i n s t a b i l i t i e s  of 

a l l  t ypes  when Te > T Z  . I n  t h i s  ca se  t h e  c o n t r i b u t i o n s  of 
i 

t h e  e l e c t r o n s  t o  t h e  d i s p e r s i o n  r e l a t i o n  and hence t o  t h e  i n -  

s t a b i l i t i e s  becomes sma l l  o r  n e g l i g i b l e ,  The i n s t a b i l i t i e s  

which can occur  a r e  t hen  due t o  exchanges of energy between 

t h e  pe rpend icu la r  and p a r a l l e l  motions of  t h e  i o n s  a lone  ( 6 - 1 7 ) .  - 

Since  t h e  coupl ing i s  between or thogona l  motions of a s i n g l e  

s p e c i e s  of p a r t i c l e s ,  t h e s e  i o n  i n s t a b i l i t i e s  a r e  s i m i l a r  t o  

t h e  e l e c t r o n  ve loc i ty -space  an i so t ropy  i n s t a b i l i t i e s  which 

we have p rev ious ly  surveyed,  The exchange o f  energy occu r s  

through t h e  coupl ing  of ion-waves a long t h e  magnetic f i e l d  

wi th  i o n  cyc lo t ron  waves t r a n s v e r s e  t o  t h e  magnetic f i e l d ,  

Note t h a t ,  i n  c o n t r a s t ,  f o r  Te/TZ < 1 t h e  coupl ing i s  wi th  
I 

e l e c t r o n  plasma waves moving i n  t h e  magnetic f i e l d  d i r e c t i o n ,  

The r e l e v a n t  f r equenc ie s  of t h e  ion-waves a r e  however s h i f t e d  

t o  t h e  v i c i n i t y  of  harmonics of t h e  i o n  cyc lo t ron  f requency,  

For  bi-Maxwellian v e l o c i t y  d i s t r i b u t i o n s ,  i n s t a b i l i t y  condi- 

t i o n  (6.1.15) a p p l i e s  f o r  T > T Z  a s  w e l l  a s  f o r  t h e  e  
I 

Te < Tz,  ca se  we have been cons ide r ing ,  I n  a d d i t i o n ,  i n  t h e  
I 

work of  Dnestrovsky, Kostomarov and P is tunovich  (6 ,23)  - and 

Davydova, Dnestrovsky and Kostomarov (6 ,34 )  - t h e  e f f e c t s  of 

e l e c t r o n  tempera tures  i n  excess  of t h e  p a r a l l e l  i o n  tempera- 

t u r e  on t h e  t h r e s h o l d  d e n s i t y  f o r  i n s t a b i l i t y  were cons idered ,  

I n  t hose  s t u d i e s  i t  was found t h a t  i n c r e a s i n g  t h e  e l e c t r o n  



temperature increased the threshold density, To the author's 

knowledge, no similar work concerning the effect of electron 

temperature when Te > T on the properties of the absolute 
z : - 
I 

temperature-anisotropy instabilities has been considered. 

However, for an absolute instability driven principally by 

the loss-cone source of free energy, an investigation of the 

effects of electron temperature for Te > TZ has been under- 
i 

taken by Guest and co-workers ( 6 . 2 2 )  . 



6.2 Loss-Cone Instabilities 

In this section we consider velocity-space anisotropy 

instabilities driven by the free energy associated with a 

nonmonotonic ('floss-cone" ) vL distribution, In order to 

eliminate the temperature-anisotropy instabilities as much 

as possible, we equate the mean velocities along and 

transverse to the magnetic field. Here we will only con- 

sider the loss-cone instabilities in the lowest density 

regime in which they can appear. We defer consideration of 

the high density Rosenbluth and Post "continuum" limit (6.1) - 

to the next section. 

As in most of our discussion of temperature-anisotropy 

instabilities in the preceding section, we will assume that 

Te < TZ . We recall that in this case the electron contri- 
i 

butions dominate the dispersion relation except when the 

phase velocity of the wave along the magnetic field is large 

compared to the electron thermal velocity, In the present 

case the only source of ion free energy driving the instabil- 

ity is that associated with the nonmonotonic nature of the 

VI distribution. Therefore in looking for the parametric 

regions of loss-cone instability, we must look for "positive 

slope" regions of the effective velocity distribution for 

waves moving nearly perpendicular to the magnetic field 

(see below). 



I n  t h e  preced ing  s e c t i o n  we have seen  t h a t  t h e  

"pos i t i ve - s lope"  r eg ions  occur  when t h e  func t ion  P(w/Qi) 

de f ined  by (6.1.12) i s  p o s i t i v e  f o r  a  range of  p o s i t i v e  w e  

I f  T i s  n o t  t o o  much less than  Ti  t h e  va lue  of 
e 1, k z a i  

a t  t h e  t h r e s h o l d  and h lghe r  d e n s i t i e s  i s  q u i t e  smal l  ( s e e  

6 1 0  Then, t h e  wave r e sona te sve ry  s t r o n g l y  wi th  a 

given harmonic a n d - t h e  c o n t r i b u t i o n s  of t h e  nonresonant 

harmonics t o  P(w/Qi) a r e  n e g l i g i b l e .  The i n s t a b i l i t y  con- 

d i t i o n  t h a t  P(w/Qi) be  p o s i t i v e  f o r  a  range of w can 

thus  be  w r i t t e n  a s  

Reca l l i ng  t h a t  f o r  t h e  p r e s e n t  ca se  TI = T i  and us ing  

t h e  f a c t  t h a t  kzai i s  smal l  once more, w e  can reduce 

t h i s  c o n d i t i o n  

( i n s t a b i l i t y ) ,  ( 6 . 2 . 2 )  



f o r  each n  of  i n t e r e s t .  This c r i t e r i o n  f o r  i n s t a b i l i t y  i s  

a  b i t  awkward t o  use  and s o  we w i l l  seek a  s impler  form, 

We w i l l  develop a  s impler  c r i t e r i o n  i n  a  very p h y s i c a l  

manner based on i d e a s  in t roduced  by Rosenbluth and Pos t  (6 .1 ) - -  - 
s e e  Sec t ion  6.3. I f  t h e r e  were no magnetic f i e l d  c o n s t r a i n i n g  

t h e  p a r t i c l e  motions i n  t h e  p l ane  pe rpend icu la r  t o  t h e  mag- 

n e t i c  f i e l d ,  t h e  e f f e c t i v e  v e l o c i t y  d i s t r i b u t i o n  seen  by 

waves moving &n s a y  t h e  y d i r e c t i o n  would be given by 

Ignor ing  t h e  presence  of t h e  magnetic f i e l d  once aga in ,  by 

analogy w i t h  t h e  uniform unmagnetized plasma work ( s e e  Sec- 

t i o n  4 . 1 ) ,  we would expec t  t h a t  a  necessary  c o n d i t i o n  f o r  

i n s t a b i l i t y  of a  wave w i t h  frequency w and wave-vector 

kL = k S k ( k Z  < <  k h e r e )  would be 
Y Y 

J J 

( i n s t a b i l i t y ) ,  

Of cou r se ,  i n  c o n t r a s t  t o  what w e  have been assuming h e r e ,  

t h e  i o n s  a r e  n o t  r e a l l y  f r e e  t o  move t r a n s v e r s e  t o  t h e  mag- 

n e t i c  f i e l d .  However, f o r  waves whose f r equenc ie s  a r e  nea r  

harmonics of  t h e  i o n  cyc lo t ron  f requency,  we expec t  t h a t  t h e  

waves would be a b l e  t o  i n t e r a c t  s t r o n g l y  wi th  t h e  p a r t i c l e s  

i n  such a way t h a t  t h e  magnetic f i e l d  has  very l i t t l e  con- 

s t r a i n i n g  i n f l u e n c e  on t h e  i o n  motions. Therefore  we expec t  

t h a t  when (6 .2 .4)  i s  s a t i s f i e d  f o r  some wave wi th  a  f requency 



nea r  a  harmonic of t h e  cyc lo t ron  f requency,  such a wave may 

be uns t ab l e .  Conversely,  i f  (6 ,2 .4)  i s  n o t  s a t i s f i e d  we 

expec t  t h e  wave t o  be damped, Then, s i n c e  t h e  plasma has  

no o t h e r  source  of f r e e  energy,  t h e  plasma would be s t a b l e .  

Besides  t h e s e  h e u r i s t i c  arguments, t h e r e  a r e  o t h e r  

reasons  t o  b e l i e v e  t h a t  (6.2.4) i s  a  reasonable  i n s t a b i l i t y  

cond i t i on .  F i r s t ,  we no te  t h a t  i n  t h e  l i m i t  of l a r g e  klai 

cpmpared t o  n  ( t h e  l i m i t  of g r e a t e s t  i n t e r e s t  h e r e ) ,  

t h i s  c o n d i t i o n  can be shown t o  approach t h a t  g iven  by (6 .2 .2 ) .  

Next, we observe t h a t  t h e  s imple  i n s t a b i l i t y  c r i t e r i o n  g iven  

by (6 .2 ,4)  can be ob ta ined  by' t a k i n g  t h e  "continuum" l i m i t  

( s e e  n e x t  s e c t i o n )  of t h e  P ( w / Q .  ) given by ( 6 , l .  1 2 )  u s ing  t h e  
1 

p r e s c r i p t i o n  given by Rosenbluth (6 .41 ) ,  The major assump- 

t i o n s  i n  such a  d e r i v a t i o n  a r e  t h a t  Te < T k < <  kL i ' z 

and I m ( w / Q i )  L 1, t h e  l a s t  assumption being h igh ly  dubious  

h e r e  s i n c e  we a r e  doing marginal  s t a b i l i t y  c a l c u l a t i o n s  f o r  

which bo th  t h e  frequkncy and wave v e c t o r  a r e  r e a l ,  I n  s p i t e  

of t h e  dubious methods by which we have a r r i v e d  a t  ( 6 , 2 , 4 ) ,  

we w i l l  f i n d  ( s e e  below) t h a t  i n  many c a s e s  it i s  a  ve ry  

u s e f u l  and a c c u r a t e  i n s t a b i l i t y  c o n d i t i o n ,  I t  i s ,  however, 

impor tan t  t o  no te  t h a t  i f  t h e r e  a r e  d i s t i n c t  groups of  i o n s  

which have d i s s i m i l a r  v e l o c i t y  d i s t r i b u t i o n s  a long t h e  mag- 

n e t i c  f i e l d ,  t hen  it may n o t  be r e a l i s t i c  t o  c o n s i d e r  on ly  

t h e  v e l o c i t y  d i s t r i b u t i o n  pe rpend icu la r  t o  t h e  magnetic 

f i e l d .  That  i s ,  i n  such cases  we cannot  n e c e s s a r i l y  expec t  

e i t h e r  (6 .2 ,2)  o r  ( 6 , 2 , 4 )  t o  be c o r r e c t  and i n  g e n e r a l  must 



F i g u r e  6.2 E T f e c t i v e  V e l o c i t y  D i s t r i b u t i o n  i n  a  Given Direc-  
t i o n  P e r p e n d i c u l a r  t o  t h e  Magnet ic  F i e l d  D i r e c t i o n  
(Homogeneous Plasma,  R = 1) . 

i n s t e a d  r e t u r n  t o  a c o n s i d e r a t i o n  of  t h e  more g e n e r a l  

P(w/Qi) g i v e n  by (6 .1 .12) .  

For  t h e  R = 1 o r  most t h e r m a l l y  s p r e a d  o f  t h e  c y l i n -  

d r i c a l l y  c u t - o u t  " loss -cone"  d i s t r i b u t i o n s  employed i n  t h i s  
* 

work, F  . ( v  ) i s  d i s p l a y e d  i n  F i g ,  6 - 2 .  Note t h a t  t h i s  func-  
1 Y 

t i o n  i s  a lways  a  symmetric  f u n c t i o n  o f  v  due t o  t h e  i s o t r o p y  
Y 

of  t h e  homogeneous plasma a b o u t  t h e  magne t i c  f i e l d  d i r e c t i o n  

a s  r e q u i r e d  by e q u i l i b r i u m  c o n s i d e r a t i o n s ,  The most g e n e r a l  
* 

c h a r a c t e r i s t i c  of  F i ( v  ) i s  t h a t  it i s  peaked ( t w i c e )  a b o u t  
Y 

a  nonzero  v  - v e l o c i t y  and t h u s  i n d i c a t e s  t h a t  t h e r e  a r e  n e t  
Y 

" d r i f t "  v e l o c i t i e s  i n  t h e  plasma t r a n s v e r s e  t o  t h e  magne t i c  
* 

f i e l d  d i r e c t i o n ,  S i n c e  F .  ( v  ) i s  an  even , f u n c t i o n  
1 Y 

o f  v it i n  e f f e c t  h a s  two c o u n t e r s t r e a m i n g  g roups  of 
Y '  

p a r t i c l e s ,  a  s i t u a t i o n  which i s  v e r y  ana logous  t o  t h a t  which 

c a u s e s  t h e  c l a s s i c  " two-stream" i n s t a b i l i t y .  Rosenbluth  (6 .41)  



has  shown t h a t  F i (v  ) has  t h e  same g e n e r a l  c h a r a c t e r i s -  
Y 

t i cs  f o r  t r u e  c o l l i s i o n a l l y  e q u i l i b r a t e d  loss-cone d i s t r i b u -  

t i o n s ,  
- 

For t h e  F i ( v  ) d i s t r i b u t i o n  shown i n  F ig .  6 . 2 ,  t h e  
Y 

phase v e l o c i t i e s  which a r e  i n  t h e  "pos i t i ve - s lope"  r eg ion  

and hence s a t i s f y  cond i t i on  (6.2.4) a r e  g iven  by 

( i n s t a b i l i t y )  . 
(6.2.5) 

Reca l l i ng  t h a t  i n  gene ra l  t h e  frequency fiust  be nea r  a  

harmonic of t h e  cyc lo t ron  frequency f o r  a  s t r o n g  wave- 

p a r t i c l e  i n t e r a c t i o n  t o  occur ,  we can r e w r i t e  (6 ,2 .5)  t o  

i n d i c a t e  t h e  range of  klai f o r  which t h e  plasma can be 

uns t ab l e :  

( i n s t a b i l i t y )  , (6 .2 .6)  

Then, u s ing  t h i s  i n e q u a l i t y  i n  (6.1.11) w e  s e e  t h a t  t h e  

d e n s i t y  t h r e s h o l d  f o r  loss-cone i n s t a b i l i t i e s  over  t h e  

e n t i r e  range of  kLai i s  given roughly by 

W 

P i  - 
2 ( i n s t a b i l i t y )  , (6 ,2 .7 )  

i 

For  va lues  of  klai g r e a t l y  i n  exces s  of n  t h e  

d e n s i t y  t h r e s h o l d  f o r  t h a t  p a r t i c u l a r  mode remains t h a t  

g iven by ( 6 . 1 . 1 1 ) .  

I n  o r d e r  t o  i l l u s t r a t e  t h e  v a l i d i t y  of  i n s t a b i l i t y  

cond i t i on  + ( 6 . 2 , 4 )  and those  de r ived  from it ,  we w i l l  con- 

s i d e r  a  p a r t i c u l a r  example. We cons ide r  loss-cone i n s t a -  

b i l i t i e s  i n  a plasma c h a r a c t e r i z e d  by t h e  parameters  R = l ,  



- 2  
T J T  = 1 0  , i . e .  t h e  most thermal ly  spread  vL d i s t r i -  

e  i 

bu t ion  of t h e  loss-cone type  which we have a v a i l a b l e  and 

"cool"  e l e c t r o n s ,  Throughout t h e  remainder of t h i s  c h a p t e r  

we r e f e r  t o  t h i s  a s  t h e  "s tandard"  loss-cone case  and we 

w i l l  make a l l  pa rame t r i c  changes away from t h i s  ca se .  I n  

Sec t ions  4 . 4  and 5.2 w e  have a l r eady  cons idered  t h i s  

" s tandard"  c a s e  i n  d e t a i l  f o r  t h e  pe rpend icu la r  wavelength 

given by klai = 5.0. From Fig.  4.8 we no te  t h a t  f o r  t h i s  

ca se  waves wi th  f r equenc ie s  h ighe r  t han  3,428Q a r e  
i 

always s t a b l e ,  This  obse rva t ion  i s  i n  agreement wi th  t h e  

i n s t a b i l i t y  cond i t i on  g iven  by ( 6 - 2 . 6 ) .  The r e s u l t s  of  

examining ou r  s t anda rd  c a s e  f o r  t h e  maximum frequency f o r  

which waves can be u n s t a b l e  ( u s u a l l y  occur ing  a t  h igh  

d e n s i t i e s )  over  a  l a r g e  range of va lues  of klai a r e  

shown i n  F ig .  6.3. This  f i g u r e  shows t h a t  t h e  c o n d i t i o n  

given by (6 .2 .6)  i s  remarkably good i n  p r e d i c t i n g  t h e  

f r equenc ie s  f o r  which i n s t a b i l i t y  occu r s ,  i nc lud ing  t h o s e  

which l i e  between harmonics of t h e  i o n  cyc lo t ron  f requency.  

From t h e  i n s t a b i l i t y  cond i t i ons  noted above, we s e e  

t h a t  loss-cone i n s t a b i l i t i e s  can occur  on ly  i f  t h e  

L 
aF./avL term of t h e  H a r r i s  d i s p e r s i o n  r e l a t i o n  becomes 
1 

p o s i t i v e ,  Thus t h e  u sua l  cyc lo t ron  damping term has 

become a  c y c l o t r o n  "growth" term. The loss-cone i n s t a b i l -  

i t y  t h e r e f o r e  r e s u l t s  from t h e  coupl ing  of an u n s t a b l e  

ion-cyc lo t ron  wave wi th  a  damped e l e c t r o n  plasma wave 

moving a long t h e  magnetic f i e l d  by wave propaga t ion  a t  an 





ang le  o t h e r  t han  90° t o  t h e  magnetic f i e l d .  S ince  t h e  

aFi/avL term i s  s o  impor tan t  i n  t h e  d i s p e r s i o n  r e l a t i o n ,  

t h e  constancy of t h e  maQnetfc moment of  t h e  i o n s - i s  r a p i d l y  

des t royed .  A s  a  m a t t e r  of f a c t ,  i t  i s  t h i s  change 

( r e d u c t i o n )  i n  t h e  magnetic mament of t h e  p a r t i c l e s  i n  t h e  

"pos i t i ve - s lope"  reg ion  t h a t  r e l e a s e s  t h e  source  of f r e e  

energy d r i v i n g  t h e  i n s t a b i l i t y .  

Note t h a t  t h i s  d e s c r i p t i o n  of t h e  loss-cone i n s t a b i l -  

i t y  i s  cons iderab ly  d i f f e r e n t  from t h e  exp lana t ion  which 

w e  gave of t h e  dynamics of  t h e  temperature-anisotropy 

i n s t a b i l i t i e s .  Here, as has  been noted by H a l l ,  Heckro t te  

and Kammash (6.17) , t h e  n a t u r e  of  t h e  vl d i s t r i b u t i o n  i s  - 
very c r i t i c a l  i n  determining t h e  c h a r a c t e r i s t i c s  of  t h e  

i n s t a b i l i t y .  Also,  i n  c o n t r a s t  t o  t h e  temperature-  

an i so t ropy  i n s t a b i l i t i e s ,  f o r  t h e  loss-cone i n s t a b i l i t i e s  

it i s  t h e  i o n  Landau damping ( o r  growth) term which i s  

n e a r l y  n e g l i g i b l e ,  This f a c t  can be seen  from t h e  t y p i c a l  

Nyquist  and P(w/Qi) p l o t s  f o r  t h e  loss-cone case  d i sp l ayed  

i n  F ig .  4.6. I n  F ig .  4 . 6 ~  we f i n d  t h a t  t h e  i o n  con t r ibu -  

t i o n s  t o  t h e  d i s p e r s i o n  r e l a t i o n  a r e  c h a r a c t e r i s t i c  o f  t h e  

Z O  f u n c t i o n s  ( s e e  F ig .  4.3a) which we s e e  from (6.1.5) a r e  

i n d i c a t i v e  of t h e  i o n  cyc lo t ron  damping o r  growth terms,  

The i o n  c o n t r i b u t i o n s  shown i n  t h e  Nyquist p l o t s  of F i g s ,  

4.4.c and 4 . 6 ~  a r e  t h e r e f o r e  i n t r i n s i c a l l y  d i f f e r e n t  and 

i n  f a c t  t h e i r  d i f f e r e n c e s  a r e  d i r e c t l y  r e l a t e d  t o  t h e  

d i f f e r e n c e s  i n  t h e  mechanisms of t h e  temperature-anisotropy 



and loss-cone instabilities, Similarly we note that the 

P (w/Qi) plots (Figs. 4.48 and 4.6d) and real-k temporal 

growth rate curves (Figs. 4.5 and 4,7) for the two types 

of instabilities are different for the same reason. 

Having delineated the general features of the loss- 

cone instabilities, we will now survey the analyses of 

these instabilities which have been carried out. 

Dnestrovsky (6.31) - was the first to study the velocity- 
space anisotropy instabilities driven by the free energy 

associated with nonmonotonic v, distributions. After 

discussing the instabilities in a general way for arbi- 

trary but nonmonotonic vL2 distributions, he considers 

a plasma having a delta function V_L distribution, The 

main emphasis of the work by Dnestrovsky is on demonstrat- 

ing that, in contrast to the temperature-anisotropy insta- 

bilities, the loss-cone instabilities persist even when the 

mean velocities along and transverse to the magnetic field 

are equal, Davydova.(Gb42) has considered loss-cone insta- 

bilities for ion vL distributions given by 

in which A is adjusted to give the desired "sharpness" of 

the distribution, Upon considering the effects of varying 

A, Davydova (6,42) concludes that spreading the vl dis- - 
tribution stabilizes the plasma against the loss-cone insta- 

bilities to a limited degree. The results found in this 



work (see Fig. 6.11) are in agreement with this conclu- 

sion. The loss-cone instabilities for v, distributions 

of the type employed in this work have been considered by 

Guest and Dory (6.33). - In the latter work, the effect of 

electron temperature on the instabilities is considered 

over a broad range of Te/TZ values, all less than unity, 
I 

Guest and Dory (6.33) have also given slightly more exact 

formulas for the threshold density and maximum axial wave- 

length for instability than those given in (6-2.7) and (6.1,10) 

respectively. In addition to these studies, some of the 

works (6.34, -- 6,35) which we cited in surveying the litera- 

ture of temperature-anisotropy instabilities have employed 

nonmonotonic vL2 distributions. However, in those 

studies, the dominant source of free energy was from the 

inequality of mean velocities along and transverse to the 

magnetic field and not from the loss-cone type distribution. 

The studies of the loss-cone instabilities discussed 

above have all been concerned with determining the para- 

metric regions of instability and completely ignore the 

convective versus absolute nature of the instabilities, 

The work of Beasley and Cordey (6.38) - which we discussed 

in the preceding.section and which does consider the 

nature of the instabilities is carried out for a loss-cone 

type distribution ( R  = 1) . However, in their work (see 

Fig, 6.1) the dominant free energy source is due to 

TI # TZ except when TL = TZ. Therefore that work is 



n o t  r e a l l y  f o r  loss-cone i n s t a b i l i t i e s .  Very r e c e n t l y  

Guest and co-workers ( 6 . 2 2 )  - have undertaken a  s tudy  of t h e  

e f f e c t  of e l e c t r o n  temperature  on a b s o l u t e  loss-cone i n s t a -  

b i l i t i e s  f o r  Te/TZ i n  t h e  range of 0 . 1  t o  1 0 .  They f i n d  
I 

t h a t  over  t h i s  range,  i n c r e a s i n g  t h e  e l e c t r o n  tempera ture  has  

a  s l i g h t  s t a b i l i z i n g  i n f l u e n c e  on t h e  plasma i n  t h a t  t h e  

temporal  growth r a t e s  of t h e  a b s o l u t e  i n s t a b i l i t i e s  a r e  

reduced and t h e  a x i a l  wavelengths i nc reased .  The r e s u l t s  of 

t h e  c a l c u l a t i o n s  i n  t h i s  work a r e  i n  gene ra l  agreement wi th  

t h i s  conc lus ion  (see Fig.  6.8)  . 
W e  w i l l  now d i s c u s s  t h e  e x t e n s i v e  c a l c u l a t i o n s  of  t h e  

loss-cone i n s t a b i l i t i e s  which we have c a r r i e d  o u t .  F i r s t ,  

we w i l l  cons ide r  t h e  gene ra l  c h a r a c t e r i s t i c s  of t h e  l o s s -  

cone i n s t a b i l i t i e s  f o r  ou r  " s tandard '  c a se  ( T , / T ~ = ~ o - ~ ,  "1) , 

I n  a l l  t h e  computations throughout  t h i s  work we t a k e  

mi/me = 1836. We examine t h e  g e n e r a l  c h a r a c t e r i s t i c s  of 

t h e  loss-cone i n s t a b i l i t i e s  by computing t h e  lowest  t h r e s h o l d  

d e n s i t y ,  t h e  t r a n s i t i o n  d e n s i t y  f o r . a b s o l u t e  i n s t a b i l i t y  and 

t h e  d e n s i t i e s  corresponding t o  c e r t a i n  temporal  growth r a t e s  

f o r  t h e  a b s o l u t e  i n s t a b i l i t i e s ,  u s ing  t h e  procedures  a l r e a d y  

desc r ibed  f o r  t h e  case  klai = 5.0 ( s e e  F igs .  4 . 8 ,  5 . 9 )  . 
Carrying t h e s e  procedures o u t  over  a  range of va lues  of  

klai and c r o s s - p l o t t i n g  t h e  r e s u l t s ,  we o b t a i n  t h e  s t a b i l i t y  

map shown i n  Fig.  6 . 4  ( s e e  a l s o  Table 7 . 3 ) .  A s  i n  F i g ,  6,1, 

w e  adopt  t h e  convention t h a t  a  s o l i d  l i n e  denotes  t h e  

marg ina l ly  s t a b l e  modes . ( t h re sho ld  d e n s i t y )  whi le  t h e  





dash-dot l i n e  i n d i c a t e s  t h e  "marginal ly  s t a b l e "  a b s o l u t e  

i n s t a b i l i t y  modes ( t r a n s i t i o n  d e n s i t y ) .  H e r e  w e  have added 

dashed l i n e s  t o  denote  t h e  a b s o l u t e l y  u n s t a b l e  modes wi th  

given temporal  growth-ra tes  of y abse I n  t h i s  graph and 

throughout t h e  remainder of t h i s  work t h e s e  dashed l i n e s  

i n d i c a t e  s u c c e s s i v e l y  temporal growth r a t e s  of 1%, 2 % ,  e t c .  - 
of t h e  i o n  c y c l o t r o n  f requency,  We a r e  l i m i t e d  t o  such 

smal l  growth r a t e s  h e r e  because a s  t h e  temporal  growth 

r a t e s  i n c r e a s e ,  t h e  kZ of t h e  a b s o l u t e l y  u n s t a b l e  modes 

moves toward and e v e n t u a l l y  becomes l o s t  i n t o  t h e  "d ive r -  

gence" r eg ion  (see Table 5 . 1  and Sec t ion  3,4 )  , 

The nes t ed  s e t s  o f  curves  i n  F ig ,  6.4 r e p r e s e n t  i n s t a -  

b i l i t i e s  wi th  f r equenc ie s  nea r  t h e  i o n  c y c l o t r o n  frequency 

and i t s  f i r s t ,  second,  e t c ,  harmonics w i th  each succeeding 

harmonic becoming u n s t a b l e  a s  kLai i n c r e a s e s .  The va lues  

of kLai ( i n c r e a s i n g  from t h e  l e f t )  f o r  which t h e  succes s ive  

harmonics become u n s t a b l e  a r e  i n  reasonable  agreement wi th  

cond i t i on  ( 6 . 2 , 6 ) ,  l end ing  f u r t h e r  suppor t  t o  t h e  h e u r i s t i c  

arguments from which t h i s  cond i t i on  was d e r i v e d ,  For l a r g e  

k~ ai t h e  d e v i a t i o n s  of  t h e  r e s u l t s  shown i n  F ig ,  6.4 from 

cond i t i on  (6 .2 .6)  a r e  due t o  t h e  f a c t  t h a t  t hen  t h e  frequency 

a t  which t h e  i n s t a b i l i t y  occurs  i s  s i g n i f i c a n t l y  l e s s  t han  a  

harmonic of t h e  c y c l o t r o n  frequency ( s e e  (6 .1 ,13)  and 

F ig ,  6 . 7 ) ,  For a l l  c a s e s  examined i n  t h i s  work t h e  more 

e x a c t  i n s t a b i l i t y  c o n d i t i o n  given by (6 ,2 .5 )  i s  s a t i s f i e d .  

The minimum t h r e s h o l d  d e n s i t y  i s  p r e d i c t e d  by i n s t a b i l i t y  



condition (6 .2.71 for each harmonic to within a factor of 

two. We also observe that as klai becomes large compared 

to the value necessary to satisfy (6,2,6), the instabilities 

near the various cyclotron harmonics do tend to have nearly 

the same threshold density, a result which is consistent 

with instability condition (6.1,11). These comparisons with 

our approximate instability criteria confirm their usefulness 

with respect to predicting the onset of convective instabilities. 

From Fig. 6.4 we observe that the loss-cone instabilities 

do become absolute in nature for our standard-loss-cone case 

when kiai exceeds about 1.75. While the general shapes of 

the marginal stability and absolute instability curves are 

similar, the simple formulas which predict the marginal stability 

characteristics do not accurately predict the absolute instabil- 

ity characteristics. However, the transition density does 

scale with klai in a manner which is roughly consistent with 

our simple instability condition formulas, 

Along the absolute instability transition-density curve 

we find empirically that for all klai 

This result is indicative of the maximum spatial growth rate 

of the convective instabilities since at the transition density 

the absolute instability is "marginally stable" (temporally). 

It does not give the maximum spatial growth rate precisely 

since the two modes which are merging do not generally merge 





p r e c i s e l y  a t  kI ( s e e  Sec t ion  5 . 2 ) .  However, t h e  devi-  
max 

a t i o n  of t h e  t r u e  maximum s p a t i a l  growth r a t e  from t h a t  i n -  

d i c a t e d  i n  (6 .2 .8)  i s  usua l ly  of t h e  o r d e r  of - t h e  u n c e r t a i n t y  

i n  i t s  va lue  and s o  w e  may n e g l e c t  i t ,  A t y p i c a l  p l o t  o f  t h e  

s p a t i a l  growth r a t e  versus  d e n s i t y  f o r  t h e  convec t ive ly  un- 

s t a b l e  modes i s  shown i n  Fig .  6,5b From t h i s  graph w e  n o t e  

t h a t  t h e  maximum s p a t i a l  growth r a t e  of t h e  convect ive  i n -  

s t a b i l i t i e s  i n c r e a s e s . r o u g h l y  l i n e a r l y  w i th  t h e  logar i thm 

of t h e  d e n s i t y ,  

Returning t o  Fig .  6.4,  we observe t h a t  t h e  i n s t a b i l i t y  

whose frequency i s  nea r  t h e  i o n  cyc lo t ron  frequency i s  t h e  

"most uns t ab l e"  mode i n  t h a t  it has  t h e  lowest  t h r e s h o l d  and 

t r a n s i t i o n  d e n s i t i e s  f o r  a l l  klai However, a s  we have 

noted i n  Sec t ion  5.4,  be fo re  w e  conclude t h a t  t h i s  t r u l y  i s  

t h e  "most uns t ab l e"  mode, w e  must check t h a t  t h e  wavelength 

of t h e  u n s t a b l e  mode " f i t s "  i n t o  t h e  plasma of i n t e r e s t ,  I n  

t h e  r a d i a l  o r  pe rpend icu la r  d i r e c t i o n ,  we s e e  from F ig ,  6 ,4  

t h a t  t h e r e  i s  no "cu to f f "  f o r  s h o r t  wavelengths s o  t h a t  any 

of t h e  u n s t a b l e  modes can " f i t "  i n t o  t h e  plasma, 

However, f o r  t h e  a x i a l  o r  p a r a l l e l  wavelengths t h e r e  i s  

a  s h o r t  wavelength " c u t o f f "  f o r  any given group of u n s t a b l e  

modes, This  e f f e c t  i s  shown i n  F ig ,  6,6 i n  which we have 

p l o t t e d  t h e  va lues  of Re(kzai) a long  t h e  t h re sho ld  and 

t r a n s i t i o n  d e n s i t y  curves  of  Fig .  6.4. I n  t h i s  f i g u r e  klai 

i s  an i m p l i c i t  parameter and i n c r e a s e s  from l e f t  t o  r i g h t  on 

t h e  curves .  I n  F ig .  6.6 a s  i n  Fig,  6.4 t h e  nes ted  s e t s  of 





curves  correspond t o  i n s t a b i l i t i e s  having w / Q i  4 l r 2 f e t c . ,  

wi th  t hose  curves  a t  t h e  lowest  d e n s i t i e s  r e p r e s e n t i n g  i n -  

s t a b i l i t y  f o r  t h e  lowest  harmonics of t h e  i o n  cyc lo t ron  

f requency,  S ince  t h e  va lues  of kzai a long t h e  marg ina l  

s t a b i l i t y  curve i n  F ig .  6.6 a r e  those  f o r  which t h e  minimum 

t h r e s h o l d  d e n s i t y  occu r s ,  they a r e  no t  n e c e s s a r i l y  t h e  

maximum va lues  f o r  which i n s t a b i l i t y  occurs  f o r  any g iven  

harmonic ( s ee  Fig .  4 .8 ) .  However, t h e  d e v i a t i o n  of t h e  

maximum k z a i  f o r  i n s t a b i l i t y  from t h a t  shown i n  Fig .  6.6 

r a r e l y  exceeds 5% (except  f o r  Te /J Ti -- s e e  F ig .  6.8)  and 

s o  we w i l l  n e g l e c t  it hencefor th .  

The maximum kzai f o r  which i n s t a b i l i t y  of any k ind  

occu r s  i s  p r e d i c t e d  q u i t e  a c c u r a t e l y  by cond i t i on  (6 .1 .10 ) ,  

which w e  r e c a l l  was de r ived  by r e q u i r i n g  t h a t  t h e r e  no t  be 

exces s ive  e l e c t r o n  Landau damping of t h e  i n s t a b i l i t y ,  We 

a l s o  s e e  t h a t  t h e  Re(kzai) va lues  a p p r o p r i a t e  f o r  t h e  

a b s o l u t e  i n s t a b i l i t i e s  a r e  much sma l l e r  t han  t h e  va lues  f o r  

t h e  convec t ive  i n s t a b i l i t i e s ,  b u t  do s c a l e  wi th  t h e  harmonic 

number n  i n  roughly t h e  same manner. The a b s o l u t e  i n s t a -  

b i l i t i e s  thus  have cons iderab ly  longer  wavelengths than  t h e  

convec t ive  i n s t a b i l i t i e s  and hence much longer  plasmas a r e  

r e q u i r e d  f o r  t h e i r  appearance.  For example, f o r  t h e  "most 

uns t ab l e"  mode of Fig .  6 . 4  ( w / Q i  d 1) t h e  plasma must be a  

r a t h e r  long 83 i o n  Larmor r a d i i  i n  l eng th  f o r  a  h a l f -  

wavelength of  t h e  a b s o l u t e  i n s t a b i l i t y  t o  " f i t "  i n t o  t h e  

plasma. Therefore  . t h e  .maximum kzai f o r  which a  given 





u n s t a b l e  mode occu r s  can be a s  impor tan t  a  c o n s i d e r a t i o n  i n  

p r e d i c t i n g  t h e  appearance of an i n s t a b i l i t y  a s  t h e  plasma d e n s i t y  

a t  which t h e  u n s t a b l e  mode f i r s t  appears .  

A s  a f i n a l  examination of t h e  e f f e c t s  of  varying kiai, 

w e  e x h i b i t  i n  F ig .  6.7 t h e  va lues  of u / n i  a long t h e  t h re sh -  

o l d  and t r a n s i t i o n  d e n s i t y  curves  of F ig .  6 . 4 .  Here a s  i n  

F ig .  6.6 klai i n c r e a s e s  from l e f t  t o  r i g h t  a long t h e  t h r e s h -  

. o l d  d e n s i t y  curves ,  b u t  i n c r e a s e s  i n  t h e  o p p o s i t e  d i r e c t i o n  

a long t h e  t r a n s i t i o n  d e n s i t y  curve.  The f r equenc ie s  a long  t h e  

marginal  s t a b i l i t y  curve agree  reasonably  w e l l  wi th  (6 ,1 ,13 )  

except  f o r  smal l  k ,a i  The disagreement a t  smal l  klai i.s 

due t o  t h e  c o n s t r a i n t s  of cond i t i on  ( 6 . 2 , 5 ) .  The v a r i a t i o n  

of t h e  r e a l  p a r t  of t h e  frequency of t h e  a b s o l u t e  i n s t a b i l i t i e s  

f o r  a  g iven temporal  growth r a t e  i s  even less than  t h a t  shown 

f o r  t h e  "marg ina l ly  s t a b l e "  abso lu t e  i n s t a b i l i t y  mode, From 

t h e  r e s u l t s  shown we s e e  t h a t  t h e  frequency of  t h e  u n s t a b l e  

modes does n o t  d e v i a t e  very much from harmonics of t h e  i o n  

cyc lo t ron  f requency;  t h i s  i s  p a r t i c u l a r l y  t r u e  f o r  t h e  

a b s o l u t e  i n s t a b i l i t y  modes. 

Next, w e  i n v e s t i g a t e  t h e  e f f e c t  which vary ing  t h e  e l e c -  

t r o n  temperature  has  on t h e  loss-cone i n s t a b i l i t i e s ,  We do 

t h i s  by f i r s t  cons ide r ing  t h e  p r o p e r t i e s  of t h e  uns t ab l e  mode 

having w / n i  1. This  i s  t h e  mode which we have found. from 

t h e  klai a n a l y s i s  t o  be t h e  "most uns t ab l e"  mode i n  t h a t  it 

h.as t h e  lowes t  t h r e s h o l d  and t r a n s i t i o n  d e n s i t i e s ,  I n  
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determining t h e  p r o p e r t i e s  of  t h i s  "most uns t ab l e"  mode as 

Te/Ti changes,  w e  minimize t h e  t h r e s h o l d  and t r a n s i t i o n  

d e n s i t i e s  wi th  r e s p e c t  t o  v a r i a t i o n s  i n  kLa i  The r e s u l t s  

a r e  d i sp l ayed  i n  F ig ,  6.8.  (The a b s o l u t e  i n s t a b i l i t y  

temporal  growth r a t e  curves  were n o t  i t e r a t e d  f o r  t h e  lowes t  

d e n s i t y  a t  which t h e  given temporal  growth r a t e  occu r s .  

Ra ther ,  s i n c e  we s e e  from Fig .  6.4 t h a t  t h e  temporal  growth 

r a t e s  we cons ide r  a r e  n o t  a  s t r o n g  func t ion  of  klai nea r  t h e  

lowes t  t r a n s i t i o n  d e n s i t y ,  w e  compute t h e  a b s o l u t e  i n s t a b i l i t y  

temporal  growth r a t e s  f o r  t h e  p a r t i c u l a r  kLai which y i e l d s  

t h e  lowest  t r a n s i t i o n  d e n s i t y . )  The v a r i a t i o n s  of 

- 1 m  (kZai) / R e  (kZai) , kLai and w / Q  along t h e  curves  i n  i 

F ig ,  6 , 8  a r e  shown i n  F ig ,  6.9. 

From t h e  r e s u l t s  shown i n  Fig .  6.8 we see t h a t  t h e  abso- 

l u t e  an6 convect ive  i n s t a b i l i t i e s  a r e  a f f e c t e d  by changes i n  

t h e  e l e c t r o n  temperature  i n  very  d i f f e r e n t  ways. The convec- 

t i v e  i n s t a b i l i t i e s  a r e  seen  t o  be s t r o n g l y  i n f l u e n c e d  by t h e  

e l e c t r o n  temperature .  For Te/Ti l e s s  t han  about  0.1,  t h e  

t h r e s h o l d  d e n s i t y  f o r  convec t ive ly  u n s t a b l e  modes roughly 

s a t i s f i e s  i n s t a b i l i t y  c o n d i t i o n  (6 .2 .7 ) .  Likewise t h e  va lues  

of  kzai a t  which t h e  convec t ive  i n s t a b i l i t i e s  appear  ( s o l i d  

l i n e  i n  F ig .  6 , 8 )  a r e  given approximately by (6 .1 .10) .  The 

d e v i a t i o n s  of t h e  convec t ive  i n s t a b i l i t y  r e s u l t s  from t h e  

approximate formulas w e  have de r ived  a r e  due t o  s l i g h t  v a r i a -  

t i o n s  i n  t h e  amount of e l e c t r o n  Landau damping which i s  re- 

q u i r e d  t o  balance t h e  i o n  growth terms a t  t h e  t h r e s h o l d  d e n s i t y .  







I n  c o n t r a s t  t o  t h e  convect ive  i n s t a b i l i t i e s ,  t h e  abso- 

l u t e  i n s t a b i l i t i e s  a r e  r e l a t i v e l y  una f f ec t ed  by v a r i a t i o n s  i n  

t h e  e l e c t r o n  tempera ture  except  when Te/Ti approaches u n i t y .  

For a  given plasma d e n s i t y  i n  excess  of t h e  t r a n s i t i o n  d e n s i t y ,  

a s  Te/Ti  i n c r e a s e s  toward u n i t y  we s e e  from Fig .  6 . 8  t h a t  

t h e  a b s o l u t e  i n s t a b i l i t y  temporal  growth r a t e s  decrease  

s l i g h t l y ,  I n  a d d i t i o n ,  we no te  t h a t  t h e  a x i a l  wavelengths of 

t h e  a b s o l u t e  i n s t a b i l i t i e s  i n c r e a s e  s l i g h t l y  w i th  T,/Tir b u t  

aga in  only  f o r  Te/Ti nea r  u n i t y .  Guest and co-workers 

(6.22) - have found t h a t  t h e s e  t r e n d s  p e r s i s t  a s  Te/Ti i s  

i nc reased  above u n i t y ,  On t h e  b a s i s  of  t h e s e  obse rva t ions  we 

might expec t  t o  ach ieve  a  s l i g h t  degree  of s t a b i l i z a t i o n  of 

t h e  a b s o l u t e  loss-cone i n s t a b i l i t i e s  by h e a t i n g  t h e  e l e c t r o n s  

up t o  o r  above t h e  i o n  temperature ,  On t h e  o t h e r  hand, w e  

a l s o  n o t e  from Fig.  6 ; 8  t h a t  a s  Te/Ti becomes l a r g e r  than  

about  0.60, t h e  h ighe r  d e n s i t y  and l a r g e r  temporal  growth r a t e  

a b s o l u t e  modes have succes s ive ly  h ighe r  va lues  of Re(kzai) 

thereby  i n d i c a t i n g  t h a t  they  can e x i s t  i n  s u c c e s s i v e l y  s h o r t e r  

plasmas. I t  t h u s  seems t h a t  we g a i n  very  l i t t l e  i n  cont inu ing  

t o  i n c r e a s e  t h e  e l e c t r o n  temperature  above Te/Ti c5 0.60. 

However; t h i s  conc lus ion  r e q u i r e s  f u r t h e r  i n v e s t i g a t i o n  inc lud-  

i n g  perhaps a  c o n s i d e r a t i o n  of t h e  f i n i t e  l e n g t h  e f f e c t s  we 

have d i scussed  i n  Sec t ion  5 , 4 .  

Another very  impor tan t  f a c t  we no te  concerning t h e  e f f e c t  

of Te/Ti v a r i a t i o n s  i s  t h a t  t h e  r e a l  p a r t  of kzai of  t h e  

abso lu t e  loss-cone i n s t a b i l i t i e s  a sympto t i ca l ly  approaches a  



maximum of about  0 . 0 4  a s  Te/Ti + 0.  I n  t h i s  same l i m i t  t h e  

maximum convec t ive  growth r a t e  ( j u s t  be fo re  an a b s o l u t e  i n s t a -  

b i l i t y  occu r s )  a svmpto t i ca l ly  approaches a  maximum s p e c i f i e d  by 

I m  (kzai)  - 
Re (lc a .  ) s 0 . 4 0  

z  1 

( c f ,  - Fig.  6 . 9 a ) .  

I n  t h e  preced ing  s e c t i o n  w e  have noted t h a t  t h e  n a t u r e  of 

t h e  i n s t a b i l i t y  i s  d i f E e r e n t  a s  
Te/Ti 

changes from a smal l  t o  

a  l a r g e  number (compared t o  u n i t y ) .  We r e c a l l  t h a t  t h e  b a s i c  

d i f f e r e n c e  i n  t h e s e  ca ses  i s  whether t h e  i o n  c y c l o t r o n  waves 

moving t r a n s v e r s e  t o  t h e  magnetic f i e l d  couple  r e s p e c t i v e l y  t o  

e l e c t r o n  plasma o r  i o n  waves a long  t h e  magnetic f i e l d .  I n  

F igs .  6 .8 ,  6 . 9  we s e e  evidences  of t h i s  phenomenon. I n  p a r t i c u -  

l a r ,  from Fig .  6.9a we n o t e  t h a t  f o r  Te/Ti = 0.60 t h e  imaginary 

p a r t  of kzai f o r  t h e  a b s o l u t e  i n s t a b i l i t y  changes s i g n .  From 

our  d i s c u s s i o n  i n  Chapter  5 w e  know t h a t  t h i s  means t h a t  of  t h e  

two merging modes, what was t h e  growing mode has become t h e  

evanescen t  mode and v i c e  ve r sa .  However, we s e e  from Fig .  6.9a 

t h a t  a s  t h e  d e n s i t y  i n c r e a s e s ,  t h e  i d e n t i f i c a t i o n  of t h e  growing 

and evanescen t  modes r e v e r t s  t o  t h a t  f o r  low T , / T ~ .  The s a t i s -  

f a c t i o n  of  a b s o l u t e  i n s t a b i l i t y  cond i t i on  ( 8 )  f o r  such c a s e s  

has  a l r e a d y  been d i scussed  i n  Sec t ion  5.3. 

For smal l  
Te/Ti 

we no te  from Fig .  6 .9b,c  t h a t  f o r  t h e  

"most uns t ab l e"  (convec t ive)  modes t h e  frequency becomes s i g -  

n i f i c a n t l y  less than  t h e  i o n  c y c l o t r o n  frequency and kLai 

dec reases  s u b s t a n t i a l l y .  These e f f e c t s  a r i s e  from t h e  l a r g e  



i o n  Doppler s h i f t s  due t o  t h e  l a r g e  va lues  of kzai r e l e v a n t  

f o r  t h e s e  c a s e s  ( c f .  7 ( 6 . 1 1 0 )  ) Then, cond i t i on  ( 6 , 2 , 5 )  can be 

s a t i s f i e d  f o r  sma l l e r  kLai, and c o n d i t i o n  (6.1.11) shows us 

t h a t  t h i s  r e s u l t s  i n  a  lower t h r e s h o l d  d e n s i t y .  

I n  a d d i t i o n  t o  i n v e s t i g a t i n g  t h e  e f f e c t s  of e l e c t r o n  

tempera ture  on t h e  "most uns t ab l e"  mode, we have cons idered  as 

a  t y p i c a l  c a s e  t h e s e  same e f f e c t s  on t h e  i n s t a b i l i t i e s  f o r  

kLai = 5.0 .  These r e s u l t s  a r e  shown i n  Fig .  6.10. W e  observe  

he re  t h e  same gene ra l  c h a r a c t e r i s t i c s  a s  t hose  d i sp l ayed  i n  

Fig .  6 .8 ,  - i . e .  f o r  t h e  "most" u n s t a b l e  modes, I t  i s  i n t e r e s t -  

i n g  t o  no te  t h a t  f o r  smal l  Te/Ti 
each of t h e  t h r e e  convec- 

t i v e l y  u n s t a b l e  modes have n e a r l y  t h e  same t h r e s h o l d  d e n s i t y  

whi le  f o r  Te/Ti * 1 t h e i r  r e s p e c t i v e  t h r e s h o l d  d e n s i t i e s  a r e  

d i s t i n c t l y  d i f f e r e n t  and each approximate t h e  t r a n s i t i o n  d e n s i t y  

f o r  t h e  corresponding a b s o l u t e  i n s t a b i l i t y  mode., The v a r i a t i o n s  

of Re (kza i ) ,  t h e  maximum convec t ive  growth r a t e  and w / Q i  

w i th  Te/Ti i n  t h i s  case  a r e  s i m i l a r  t o  t hose  shown i n  F igs .  

6.8 and 6 . 9 ,  

L e t  us  now cons ide r  t h e  e f f e c t  of varying t h e  sharpness  of 

t h e  vL d i s t r i b u t i o n  by changing t h e  parameter R, A s  w e  have 

noted i n  Sec t ion  1 , 3 ,  a s  R v a r i e s  t h e  mean v e l o c i t y  ( r e a l l y  

t h e  most p robable  v e l o c i t y )  pe rpend icu la r  t o  t h e  magnetic f i e l d  

i s  g iven  by 

For convenience,  he re  we w i l l  keep t h e  mean v e l o c i t y  ( v 3  a  

c o n s t a n t  a s  w e  vary R. Therefore  we assume a  given va lue  of 





{vL) and d e f i n e  

Wi th  t h i s  convention t h e  mean ion  Larmor r a d i u s  i s  given by 

( v 3 / n i .  Having taken  (vL> t o  be c o n s t a n t ,  i n  vary ing  !t 

we a r e  changing t h e  thermal  spread i n  t h e  vL d i s t r i b u t i o n  

accord ing  t o  t h e  r e l a t i o n  

i n  which 6vL i s  roughly t h e  v e l o c i t y  spread  a t  half-maximum. 

The parameter 1 / R  i s  t h u s  a measure of t h e  thermal  spread  

r e l a t i v e  t o  t h e  n e t * " d r i f t l '  energy of  t h e  vL d i s t r i b u t i o n ,  

Following t h i s  procedure  of keeping t h e  mean pe rpend icu la r  

v e l o c i t y  (vL) and hence t h e  mean i o n  Larmor r a d i u s  a c o n s t a n t ,  

we have cons idered  t h e  p r o p e r t i e s  of t h e  u n s t a b l e  modes having 

w/" i 1 (ice. - t h e  "most uns t ab l e"  modes) f o r  vary ing  a.  Mini- 

mizing t h e  t h r e s h o l d  and t r a n s i t i o n  d e n s i t i e s  wi th  r e s p e c t  t o  

k~ < V L )  Ini f o r  R = 1, 2 ,  3 ,  we o b t a i n  t h e  r e s u l t s  d i s -  

p layed i n  F ig .  6 . 1 1 .  Here and i n  f u t u r e  graphs  concerning t h e  

e f f e c t s  of thermal  sp read  we have connected t h e  d i s c r e t e  p o i n t s  

a t  l / R  = 1, $, 1/3 ,  0 by s t r a i g h t  l i n e  segments t o  f a c i l i t a t e  

v i s u a l i z a t i o n  of t r e n d s  i n  t h e  r e s u l t s .  A s  wi th  t h e  Te/Ti 

computations, t h e  d e n s i t i e s  a t  which t h e  a b s o l u t e  i n s t a b i l i t i e s  

have c e r t a i n  temporal growth r a t e s  a r e  no t  minimized wi th  

r e s p e c t  t o  k L e  Rather ,  t hey  a r e  computed f o r  t h e  k L  a t  

which t h e  minimum t r a n s i t i o n  d e n s i t y  occu r s ,  b u t  a r e  





none the l e s s  f a i r l y  r e p r e s e n t a t i v e .  The v a r i a t i o n s  of 

and w / Q i  f o r  t h e  va lues  o f  R  

cons idered  i n  F ig .  6.11 a r e  d i sp l ayed  i n  F ig .  6 -12 ,  

S ince  a  d e l t a  f u n c t i o n  d i s t r i b u t i o n  has  more f r e e  energy 

than  t h e  same group of  p a r t i c l e s  cen te red  about t h e  same mean 

v e l o c i t y  wi th  some thermal  spread ,  w e  e x p e c t  t h a t  t h e  plasma 

w i l l  have t h e  g r e a t e s t  tendency toward i n s t a b i l i t y  when t h e  

vL d i s t r i b u t i o n  has  ze ro  thermal  spread  ( R  = w )  , From F i g ,  6 , 1 1  

we s e e  t h a t  t h i s  i s  indeed t h e  case .  I n  c o n t r a s t  t o  t h e  v a r i -  

a t i o n s  wi th  Te/Ti, t h e  t h r e s h o l d  d e n s i t y  f o r  convec t ive  i n -  

s t a b i l i t y  i s  seen  t o  be r e l a t i v e l y  independent of t h e  sp read  

i n  t h e  vL d i s t r i b u t i o n .  On t h e  o t h e r  hand, t h e  t r a n s i t i o n  

d e n s i t y  f o r  a b s o l u t e  i n s t a b i l i t y  i s  moderately a f f e c t e d  by t h e  

thermal  spread  i n  t h e  vL d i s t r i b u t i o n .  I t  i s  i n t e r e s t i n g  t o  

no te  t h a t  i n c r e a s i n g  t h e  thermal  spread  i n c r e a s e s  t h e  s t a b i l i t y  

of t h e  plasma by i n c r e a s i n g  t h e  a x i a l  wavelengths of t h e  "most 

uns t ab l e"  modes a s  w e l l  a s  both  t h e  t h r e s h o l d  and t r a n s i t i o n  

d e n s i t i e s .  Llkewise t h e  temporal  growth r a t e s  of t h e  a b s o l u t e  

i n s t a b i l i t i e s  i n c r e a s e  less.  r a p i d l y  w i th  d e n s i t y  a s  t h e  thermal  

spread  i s  inc reased .  However, it  i s  impor tan t  t o  no te  t h a t  i n  

spread ing  t h e  vl d i s t r i b u t i o n  from ze ro  spread  up t o  t h e  w e l l  

spread  case  of  R  = 1, t h e  t r a n s i t i o n  d e n s i t y  i n c r e a s e s  by 

on ly  a  f a c t o r  of 2,86 whi le  t h e  wavelength of t h e  a b s o l u t e  

i n s t a b i l i t y  mode i n c r e a s e s  by only a  f a c t o r  of 1.65. Thus we 

conclude t h a t  exper imenta l ly  i n c r e a s i n g  t h e  thermal  spread  i n  

t h e  v_, d i s t r i b u t i o n  would s t a b i l i z e  t h e  loss-cone i n s t a b i l i -  

t i e s  t o  only  a very l i m i t e d  degree ,  



a.) Convect ive  Growth  Rate 
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W e  may a l s o  compare t h e  a b s o l u t e  and convec t i ve  l o s s -  

cone i n s t a b i l i t i e s  shown i n  F i g ,  6 , 1 1  w i t h  t h e  f l u t e  and 

f l u t e - l i k e  modes d i s c u s s e d  i n  t h e  p r eced ing  s e c t i o n .  A s  w e  

have no t ed  p r e v i o u s l y ,  Dory, Guest  and H a r r i s  ( 6 , 7 )  - have 

shown t h a t  t h e  k Z  = 0 modes a r e  u n s t a b l e  o n l y  i f  3 .  

H e r e  w e  f i n d  t h a t  t h e  d e n s i t y  a t  which t h e  f l u t e  modes 

2 2  ( kZ  = 0 ,  w/" i 0 )  appear  a r e  g iven  by w / f i i  = 7 4 6 . 7 .  
P i  

16.98 f o r  R = 3,m r e s p e c t i v e l y .  These v a l u e s  a r e  i n  

agreement w i t h  t h o s e  r e p o r t e d  by Dory, Guest and H a r r i s  

( 6 . 7 1 ,  The f l u t e - l i k e  modes ( w  nR . )  have s i m i l a r  d e n s i t y  
1 

t h r e s h o l d s  ( 6 . 7 )  - , The re fo r e  t h e  f l u t e  and f l u t e - l i k e  modes 

occur  on ly  a t  much h i g h e r  d e n s i t i e s  t h a n  t h e  convec t i ve  o r  

a b s o l u t e  loss-cone i n s t a b i l i t i e s .  However, t h e  nonzero  k 
Z 

i n s t a b i l i t i e s  may of  c o u r s e  b e  fo rb idden  by plasma l e n g t h  

c o n s i d e r a t i o n s ,  I n  any c a s e  s i n c e  even a  moderate amount o f  

t he rma l  s p r e a d i n g  o f  t h e  vL d i s t r i b u t i o n  s t a b i l i z e s  t h e  

f l u t e  and f l u t e - l i k e  i n s t a b i l i t i e s ,  t h e y  presumably do n o t  

p r e s e n t  a  ve ry  impor t an t  t h r e a t  t o  plasma conta inment  (see 

a l s o  S e c t i o n  6 , 1 ) ,  

S i n c e  t h e  convec t i ve  i n s t a b i l i t y  t h r e s h o l d  d e n s i t i e s  and 

v a l u e s  of  k a .  do n o t  va r y  much w i t h  R, we f i n d  g e n e r a l  
Z 1 

agreement o f  t h e s e  r e s u l t s  w i t h  t h e  approximate i n s t a b i l i t y  

c o n d i t i o n s  g iven  by (6 .2 .7)  and (6 .1 ,10)  , However, t h e r e  

remain some s u b t l e  p o i n t s  which shou ld  be  d i s c u s s e d ,  Reca l l -  

i n g  d e f i n i t i o n  ( 6 . 2 , 1 1 ) ,  we n o t e  t h a t  t h e  v a l u e  o f  v  f o r  
Y 

* 

which t h e  e f f e c t i v e  v e l o c i t y  d i s t r i b u t i o n  F i (v  ) has  i t s  
Y 



maximum, i n c r e a s e s  monotonically from <vi) /2 f o r  !L = 1 

t o  ( v ~ )  f o r  !L = -. Therefore  a s  R i n c r e a s e s  up t o  i n f i n -  

i t y ,  i n s t a b i l i t y  cond i t i on  ( 6 , 2 . 5 )  Decomes 

0 < w/k, < (v,) R - , i n s t a b i l i t y )  
(6 .2 .13)  

wilicii Iri turn cnanffes cond i t i on  ( 6 . 2 , 6 )  t o  

kl (vI) / Q i  > w / "  n  ( e  - -, i n s t a b i l i t y ) .  
i (6.2.14) 

On t h e  b a s i s  of  t h e  l a t t e r  cond i t i on  and t h e  f a c t  t h a t  t h e  

t h r e s h o l d  d e n s i t y  i s  g e n e r a l l y  lowest  nea r  t h e  s m a l l e s t  va lue  

of kL pe rmis s ib l e  ( s e e  ( 6 . 1 . 1 1 ) ) ,  we would expec t  t h a t  a s  R 

i n c r e a s e s , t h e  va lue  of kL a t  which t h e  lowest  t h r e s h o l d  

d e n s i t y  occurs  would dec rease ,  However, from Fig .  6.12b we 

s e e  t h a t  t h i s  i s  n o t  t h e  case .  Examining t h e  maximum frequency 

f o r  which i n s t a b i l i t y  can occur f o r  a  g iven  kl, we f i n d  t h a t  

i n c r e a s i n g  R does a l low h ighe r  frequency modes t o  be u n s t a b l e ,  

a l though wi th  f r equenc ie s  n o t  q u i t e  a s  l a r g e  a s  (6 ,2 ,13 )  would 

a l low.  We t h e r e f o r e  conclude t h a t  our  arguments about  t h e  

phase v e l o c i t y  pe rpend icu la r  t o  t h e  magnetic f i e l d  be ing  i n  

a  "pos i t i ve - s lope"  r eg ion  a r e  s t i l l  v a l i d ,  

This  be ing  t h e  c a s e ,  we must c o n s i d e r  why it i s  t h a t  

( 6  . lo 11) i s  i n a p p l i c a b l e  here .  The reason  i s  t h a t  a s  t h e  vL 

d i s t r i b u t i o n  has  i t s  thermal  spread  reduced,  c e r t a i n  wave- 

l e n g t h s  t r a n s v e r s e  t o  t h e  magnetic f i e l d  exchange energy wi th  

t h e  s h a r p l y  peaked vL d i s t r i b u t i o n  of p a r t i c l e s  much more 

e f f e c t i v e l y  t h a n  o t h e r s .  When R = 1, t h e  vL d i s t r i b u t i o n  



i s  s u f f i c i e n t l y  thermal ized  ( s e e  F ig .  6 .2)  s o  t h a t  n e a r l y  

any wave which s a t i s f i e s  (6 .2 .5)  can r e s o n a t e  w e l l  w i th  

some group of p a r t i c l e s .  However, from a  c o n s i d e r a t i o n  of  

t h e  i n t e r a c t i o n  between p l ane  waves and p a r t i c l e s  moving 

t r a n s v e r s e  t o  t h e  magnetic f i e l d  ( c a r r i e d  t o  f i r s t  o r d e r  

c o r r e c t i o n s  i n  t h e  pe r tu rbed  e l e c t r i c  f i e l d s ) ,  we can e a s i l y  

see t h a t  i f  a l l  t h e  i o n s  had t h e  same pe rpend icu la r  v e l o c i t y  

( a  = - )  , t hen  f o r  w / Q i  1 t h e  i n t e r a c t i o n  i s  s t r o n g e s t  

when t h e  wavelength i s  n e a r l y  equa l  t o  t h e  Larmor d iameter .  

I n  g e n e r a l  w e  f i n d  t h a t  f o r  u/Qi@ 1 t h e  i n t e r a c t i o n  i s  

s t r o n g e s t  i f  

wh i l e  for 

t h e r e  i s  v i r t u a l l y  no i n t e r a c t i o n  a t  a l l .  The va lues  of 

kl(vL) / Q i  f o r  which t h e  i n t e r a c t i o n  i s  s t r o n g e s t  a r e  

t h e r e f  o r e  

A s  can be seen from o u r  gene ra l  i n s t a b i l i t y  cond i t i ons  ( s e e  

Sec t ion  4 . 2  and (6.1.12) ) , t h e  exac t  va lues  of kl ( v ~ )  /Q i 

f o r  t h e  s t r o n g e s t  i n t e r a c t i o n  a r e  given by t h e  minima of t h e  



CO 

func t ion  Dl , which i s  r e a l l y  j u s t  t h e  func t ion  
jlJ; 

( s e e  Appendix A ) .  Tne va lues  of kL(vL) / I i i  g iven hy 

(6 .2 .17)  a r e  simply those  f o r  which 
"1"; 

has i t s  maxi- 

mum n e g a t i v e  va lue  a s  kl  (vl) / Q i  becomes a r b i t r a r i l y  

l a r g e ,  i . e .  i n  t h e  asymptot ic  l i m i t ,  The reasons  why t h e  - 
B e s s e l  f u n c t i o n s  a r i s e  h e r e  and t h e  d e t a i l s  of t h e  wave- 

p a r t i c l e  coupl ing  i n t e r a c t i o n s  a r e  d i scus sed  by H a l l ,  

Heckro t te  and Kammash (6.17) , 

From (6,2 .17)  we s e e  t h a t  t h e  s m a l l e s t  va lue  of 

kl ( vI) /" f o r  which s t r o n g  wave-par t ic le  i n t e r a c t i o n s  

occur  i s  n. Therefore  t h e  reason kl i n c r e a s e s  a t  t h e  

lowes t  t h r e s h o l d  d e n s i t y  a s  w e  dec rease  t h e  thermal  spread  

of  t h e  vL d i s t r i b u t i o n  i s  t h a t  t h e  va lue  of kL(vL) / Q i  

f o r  s t r o n g e s t  wave-par t ic le  i n t e r a c t i o n  i s  i n c r e a s i n g .  The 

va lue  of kL (vI) /a i  does n o t  i n c r e a s e  a l l  t h e  way t o  ~i 

because a s  (6.1.11) shows, t h e  minimum k  f o r  which an - 
a p p r e c i a b l e  i n t e r a c t i o n  occurs  i s  t h e  one f o r  which t h e  

i n s t a b i l i t y  has  t h e  lowest  t h r e s h o l d  d e n s i t y ,  I t  i s  i n t e r -  

e s t i n g  t o  n o t e  from Fig .  6,12b t h a t  a s  R v a r i e s ,  t h e  kL 

f o r  which t h e  lowest  t r a n s i t i o n  d e n s i t y  f o r  a b s o l u t e  i n s t a -  

b i l i t y  occu r s  s c a l e s  i n  t h e  same manner a s  t h a t  f o r  t h e  

t h r e s h o l d  d e n s i t y  f o r  convec t ive  i n s t a b i l i t i e s ,  

W e  have a l s o  considered t h e  e f f e c t s  of changes i n  R 

on modes wi th  a  p a r t i c u l a r  k l  , v i z .  kl (vL) /a i  = 5 . 0 .  - 
The r e s u l t s  of t h e s e  computations a r e  shown i n  E'ig, 6.13,  

For t h e  w/" P+ 1 mode, w e  no t e  t h a t  when R = - t h i s  





mode i s  n o t  uns t ab l e .  S ince  o u r  va lue  of  kL (vL)  / Q i  = 5.0 

i s  nea r  3 ~ / 2 ,  which i s  one of t h e  p o i n t s  f o r  which v i r t u a l l y  

no w a v e - p a r t i c k  i n t e r a c t i o n  occurs  (see (6.2.16) ) , w e  would 

n o t  expec t  such a  mode t o  be u n s t a b l e .  The w / Q i e  2 mode 

has  c h a r a c t e r i s t i c s  which a r e  s i m i l a r  t o  t h e  "most uns t ab l e"  

mode ( s e e  Fig .  6 .11) .  However, we no te  t h a t  t h e  w / Q i  " 3 

modes and p a r t i c u l a r l y  t h e s e  a b s o l u t e  i n s t a b i l i t y  modes a r e  

q u i t e  s e n s i t i v e  t o  changes i n  t h e  thermal  sp read  i n  t h e  VL 

d i s t r i b u t i o n .  Re fe r r ing  back t o  ~ i g .  6.4 w e  s e e  t h a t  t h i s  

s e n s i t i v i t y  a r i s e s  from t h e  f a c t  t h a t  t h i s  mode l i e s  i n  a  

very  r a p i d l y  changing p o r t i o n  of t h e  t r a n s i t i o n  d e n s i t y  

curve.  Therefore  w e  conclude t h a t  t h i s  s t r o n g  v a r i a t i o n  i s  

n o t  t y p i c a l .  This  obse rva t ion  emphasizes t h e  f a c t  t h a t  we 

should be very c a r e f u l  i n  i n t e r p r e t i n g  t h e  r e s u l t s  of a  s i n g l e  

c a l c u l a t i o n  w i t h  one parameter f i x e d ,  s i n c e  a s  w e  have seen  

h e r e f t h e  r e s u l t s  from a  s i n g l e  c a l c u l a t i o n  may n o t  be very 

r e p r e s e n t a t i v e .  

I n  concluding t h i s  s e c t i o n  we w i l l  summarize what we 

have l ea rned  about loss-cone i n s t a b i l i t i e s  and make compari- 

sons between t h e  loss-cone and temperature-anisotropy i n s t a -  

b i l i t i e s .  For both  types  of i n s t a b i l i t i e s  we have found t h a t  

f o r  Te/TZ 5 1 j u s t  h e f o r e  t h e  a b s o l u t e  i n s t a b i l i t i e s  appear  
i 

t h e  minimum growth l e n g t h  of t h e  convec t ive  i n s t a b i l i t i e s  i s  

always g r e a t e r  than 2 ,5  t imes t h e  wavelength of t h e  u n s t a b l e  

mode ( s e e  Sec t ion  6 . 1 ,  ( 6 .2 .81 ,  ( 6 . 2 . 9 )  and F ig .  6 .12a ) .  

Therefore ,  i f  we presume t h a t  a b s o l u t e  i n s t a b i l i t i e s  can " f i t "  



i n t o  a  plasma whose l e n g t h  i s  e q u a l  t o  a  ha l f -wave leng th  o f  

t h e  u n s t a b l e  mode, t h e n  t h e  c o n v e c t i v e l y  u n s t a b l e  modes a r e  

a  s e r i o u s  t h r e a t  t o  plasma con ta inment  o n l y  i f  t h e  r e f l e c t i o n  

c o e f f i c i e n t  a t  t h e  ends  exceeds  0.285 and even t h e n  o n l y  f o r  

s m a l l  T , /T~  (see F i g .  6 . 9 a ) .  S i n c e  such  a  h i g h  r e f l e c t i o n  

c o e f f i c i e n t  seems improbable  o r  a t  l e a s t  a v o i d a b l e  (see 

S e c t i o n  5 . 4 ) ,  w e  e x p e c t  t h a t  o n l y  a b s o l u t e  loss -cone  o r  

t e m p e r a t u r e - a n i s o t r o p y  i n s t a b i l i t i e s  w i l l  l i m i t  conf inement  

o f  e x p e r i m e n t a l  plasmas.  

I n  t h i s  s e c t i o n  w e  have found t h a t  t h e  a b s o l u t e  l o s s -  

cone i n s t a b i l i t i e s  a r e  r e l a t i v e l y  u n a f f e c t e d  by changes  i n  

t h e  e l e c t r o n  t e m p e r a t u r e  and o n l y  modera te ly  a f f e c t e d  by 

changes i n  t h e  t h e r m a l  s p r e a d  o f  t h e  vL d i s t r i b u t i o n .  

Even under  t h e  most s e v e r e  c i r c u m s t a n c e s  t h e y  c a n  o c c u r  o n l y  

2 
i f  t h e  plasma d e n s i t y  i s  h i g h  enough s o  t h a t  w / n i 2  ? 0 . 3  

P; 
.L 

(see F i g .  6 . 1 1 ) .  I n  c o n t r a s t ,  Beas ley  and Cordey (6 .38  -- 
see F i g .  6 .1 )  have shown t h a t  f o r  l a r g e  TL;/TZ , t h e  plasma 

I I 

d e n s i t y  r e q u i r e d  f o r  a b s o l u t e  t e m p e r a t u r e - a n i s o t r o p y  i n s t a -  

b i l i t i e s  i s  lower  by a  f a c t o r  of  roughly  TZ;/TI T h e i r  

r e s u l t s  a l s o  i n d i c a t e  t h a t  a s  TI /TZ i s  i n c r e a s e d  (above 
i i 

u n i t y )  t h e  a x i a l  wavelengths  o f  t h e  u n s t a b l e  modes d e c r e a s e  

rough ly  a s  t h e  s q u a r e  r o o t  of  TZ,/TI (see F i g .  6 . 1 )  . 
7 7 
I J. 

T h e r e f o r e  w e  e x p e c t  t h a t  whenever t h e  t e m p e r a t u r e - a n i s o t r o p y  

i n s t a b i l i t i e s  a r e  p o s s i b l e  by v i r t u e  o f  t h e r e  b e i n g  an  i n -  

e q u a l i t y  o f  t h e  mean v e l o c i t i e s  a l o n g  and t r a n s v e r s e  t o  t h e  

magne t i c  f i e l d ,  t h e y  w i l l  be  t h e  dominant i n s t a b i l i t i e s  which 



i n h i b i t  confinement of h igh d e n s i t y  exper imenta l  plasmas. 

The purpose of t h i s  work has  been t o  i n v e s t i g a t e  t h e  u l t i -  

mate s i t u a t i o n  i n  which t h e  sources  of f r e e  energy d r i v i n g  

t h e  temperature-anisotropy i n s t a b i l i t i e s  have been removed 

(by having TI ,  T i )  and we a r e  l e f t  wi th  "only" t h e  l o s s -  

cone i n s t a b i l i t i e s  i n  an open-ended confinement system, 

For s u f f i c i e n t l y  high plasma d e n s i t i e s  we have found 

t h a t  t h e  loss-cone i n s t a b i l i t i e s  a r e  always of t h e  a b s o l u t e  

type.  This  f a c t  a lone  i s  perhaps one of t h e  most impor tan t  

r e s u l t s  found i n  t h i s  t h e s i s  s i n c e  e a r l i e r  work ( ( 6 . 1 ) - -  s e e  - 
nex t  s e c t i o n )  had i n d i c a t e d  t h a t  t h e  loss-cone i n s t a b i l i t i e s  

were always of  t h e  convect ive  t ype ,  The a b s o l u t e  loss-cone 

i n s t a b i l i t i e s  have r a t h e r  long a x i a l  wavelengths and t h e r e f o r e  

may be amenable t o  s t a b i l i z a t i o n  by keeping exper imental  

plasmas r e l a t i v e l y  s h o r t ,  The s u c c e s s i v e l y  h igher  c y c l o t r o n  

harmonic modes have s h o r t e r  a x i a l  wavelengths,  b u t  f o r t u n a t e l y  

do n o t  occur  u n t i l  succes s ive ly  h igher  plasma d e n s i t i e s  have 

been reached.  Analyzing ou r  r e s u l t s  on an empi r i ca l  b a s i s ,  we 

f i n d  t h a t  we can s t a b i l i z e  an exper imenta l  plasma a g a i n s t  

t h e s e  abso lu t e  loss-cone i n s t a b i l i t i e s  on ly  i f  

257iai 

L s ~  ( s t a b i l i t y ) ,  (6 ,2 .18)  
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P i  
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8'3 ( s t a b i l i t y )  ( 6 , 2 . 1 9 )  



in which L is the axial legnth of an experimental plasma and 

n is the harmonic number of the absolute instability mode, In 

obtaining the length criterion we have assumed that if the 

plasma is a half-wavelength long the corresponding absolute 

instability mode "fits" into the plasma (see Section 5,4), Our 

results also indicate that neither heating the electrons (up 

towards the ion temperature) nor increasing the thermal spread 

of the vl distribution will be very helpful in suppressing 

these absolute loss-cone instabilities. The relevant trans- 

verse wavelengths of the absolute loss-cone modes having the 

lowest transition densities are given roughly by 

Since for high harmonic numbers the relevant modes have 

very short transverse wavelengths, they will undoubtedly grow 

rapidly into the nonlinear regime where they may be limited in 

amplitude. The resultant effects of these absolute loss-cone 

instability modes is then presumably a high level of turbulent 

diffusion. To the author's knowledge the only calculation of 

nonlinear limiting processes for the loss-cone instabilities is 

that carried out by Galeev (6.43)l,who has used the quasilinear 

theory to consider their effects on the particle velocity dis- 

tributions. However, in addition to making the seemingly in- 

consistent approximations of Im(w)/Ri<<l for the validity of 

the quasilinear theory and 1m(w)/Qi > >  1 for the validity of 

the "continuumii limit of the dispersion relation (see next 

section), his calculations ignore the convective versus absolute 



n a t u r e  of t h e  loss-cone i n s t a b i l i t i e s ,  Therefore  it i s  d i f f i -  

c u l t  t o  s e e  how those  c a l c u l a t i o n s  would be a p p l i c a b l e  t o  t h e  

loss-cone i n s t a b i l i t i e s  we have d i scussed  i n  t h i s  work. 

F i n a l l y ,  w e  w i l l  d i s c u s s  t h e  unders tanding of  t h e  phys i c s  

of t h e  a b s o l u t e  loss-cone and temperature-anisotropy i n s t a b i l i -  

t i e s  which w e  can ga in  from t h e  r e s u l t s  of our  numerical  compu- 

t a t i o n s .  F i r s t ,  we no te  t h a t  f o r  smal l  Te/Ti t h e  phase 

v e l o c i t y  of  t h e  abso lu t e  i n s t a b i l i t y  modes a long  t h e  magnetic 

f i e l d  i s  very  l a r g e  compared t o  t h e  e l e c t r o n  thermal  v e l o c i t y ,  

For Te/Ti 1 it becomes on ly  s l i g h t l y  l a r g e r  than  t h e  e l e c -  

t r o n  thermal  v e l o c i t y .  Thus we expec t  t h a t  t h e  thermal  motions 

of t h e  e l e c t r o n s  w i l l  cause l i t t l e  d i s p e r s i o n  of t h e  waves 

u n l e s s  Te/Ti " 1. The t r u t h  of t h i s  c o n j e c t u r e  can be seen  

from Fig .  6 . 8  wnere we f i n d  t h a t  t h e  a b s o l u t e  i n s t a b i l i t i e s ,  

whose presence  r e q u i r e s  a  s i g n i f i c a n t  amount of d i s p e r s i o n  (see 

Sec t ion  5.1), a r e  n r a c t i c a l l y  una f f ec t ed  by changes i n  t h e  

e l e c t r o n  temperature  except  f o r  T i  1 I n  g e n e r a l ,  t h e  

necessary  d i s p e r s i o n  f o r  t h e  e x i s t e n c e  o f  ze ro  group-ve loc i ty  

( i .e .  - a b s o l u t e  i n s t a b i l i t y )  modes i s  supp l i ed  by t h e  i o n s ,  A s  

evidence of t h i s  f a c t ,  we no te  t h a t  ( s e e  f o r  example Tables  5 , 1 ,  

6 . 1 )  a t  t h e  t r a n s i t i o n  d e n s i t y  f o r  a b s o l u t e  i n s t a b i l i t y  t h e  

" e f f e c t i v e "  phase v e l o c i t y  of  t h e  a b s o l u t e  i n s t a b i l i t y  mode 

a long t h e  magnetic f i e l d  f o r  t h e  dominant i o n  c o n t r i b u t i o n  t o  

t h e  d i s p e r s i o n  r e l a t i o n  ( s e e  Sec t ion  3 ,4 )  i s  only s l i g h t l y  

g r e a t e r  t han  t h e  i o n  thermal  v e l o c i t y  i n  t h i s  d i r e c t i o n  ( f o r  

bo th  t h e  loss-cone and temperature-anisotropy modes), This  i s  



of cou r se  p r e c i s e l y  t h e  e f f e c t i v e  phase v e l o c i t y  which would 

be expec ted  t o  r e s u l t  i n  t h e  g r e a t e s t  amount of d i s p e r s i o n  of 

t h e  waves by t h e  thermal  motions of t h e  i o n s .  Using essen-  

t i a l l y  only  t h e  p h y s i c a l  f a c t s  we have noted i n  t h i s  paragraph,  

Rosenbluth and Horton (6.44) have a n a l y t i c a l l y  shown t h a t  f o r  

a b s o l u t e  loss-cone i n s t a b i l i t i e s ,  i n  t h e  l i m i t  of smal l  Te/Tip 

t h e  t r a n s i t i o n  d e n s i t y  should s c a l e  a s  n  8/3  and t h e  va lue  of 

k  a s  n2/3 ,  bo th  s c a l i n g s  being independent of t h e  e l e c t r o n  
z 

t empera ture ;  t h e s e  r e s u l t s  agree  w i th  (6 .2 .18 ) . and  (6 .2 .19) .  

We should a l s o  no te  t h a t  under a lmost  t h e  same assumptions,  

Beasley and Cordey (6.38) - have a n a l y t i c a l l y  ob ta ined  t h e  r e l e -  

v a n t  va lues  of  w and kZ  f o r  t h e  a b s o l u t e  temperature-  

an i so t ropy  modes. The conc lus ion  of t h e  preceding remarks i s  

t h u s  t h a t  whi le  t h e  coupl ing of t h e  e l e c t r o n  motions a long t h e  

magnetic f i e l d  t o  t h e  t r a n s v e r s e  i o n  motions i s  r e s p o n s i b l e  f o r  

t h e  appearance of convect ive  i n s t a b i l i t i e s ,  it i s  t h e  i o n  

motions a long t h e  magnetic f i e l d  which a r e  p r i m a r i l y  r e s p o n s i b l e  

f o r  t h e  d i s p e r s i o n  of t h e  waves (wi th  f r equenc ie s  nea r  harmonics 

of t h e  i o n  cyc lo t ron  frequency) and hence t h e  a b s o l u t e  i n s t a b i l i -  

t i e s .  



6 . 3  The Rosenbluth-Post "Continuum" L i m i t  

I n  t h i s  s e c t i o n  we w i l l  d i s c u s s  t h e  "continuum" l i m i t  

(very  s h o r t  t r a n s v e r s e  wavelengths,  klai > >  1) of t h e  H a r r i s  

d i s p e r s i o n  r e l a t i o n  which has  been de r ived  by Rosenbluth and 

Pos t  (6 .1 ,  - -  6 . 4 1 ) .  A f t e r  d e r i v i n g  t h i s  and another  l a r g e  klai 

l i m i t ,  w e  survey t h e  work which has been c a r r i e d  o u t  u s ing  t h e  

r e s u l t a n t  forms of t h e  d i s p e r s i o n  r e l a t i o n .  Then, t o  s e e  how 

a p p l i c a b l e  the "continuum" l i m i t  i s ,  we cons ide r  i n  d e t a i l  a  

p a r t i c u l a r  very s h o r t  t r a n s v e r s e  wavelength ca se  (kLai = 2 5 )  

u s ing  t h e  e x a c t  H a r r i s  d i s p e r s i o n  r e l a t i o n ,  

A s  w e  have seen  i n  t h e  preceding s e c t i o n ,  except  f o r  t h e  

h ighe r  harmonic, h ighe r  d e n s i t y  modes, t h e  loss-cone i n s t a b i l i -  

t i es  have r a t h e r  long wavelengths a long t h e  magnetic f i e l d  and 

hence occur  only  i n  r e l a t i v e l y  long exper imenta l  plasmas,  

Therefore  w e  expec t  t h a t  i n  r e l a t i v e l y  s h o r t  exper imenta l  

plasmas t h e  only  loss-cone i n s t a b i l i t i e s  which occur  have 

f r equenc ie s  which a r e  high harmonics of t h e  i o n  cyc lo t ron  

frequency.  A t  t h e  same t ime ,  we no te  from t h e  r e s u l t s  of t h e  

preced ing  s e c t i o n  ( s e e  f o r  example F ig ,  6 , 3 )  t h a t  t h e s e  h igh  

harmonic numbers. imply t h a t  

k ~ a i  > >  1 . ( 6 . 3 - 1 )  

Therefore  w e  expec t  t h a t  i n  f a i r l y  s h o r t  exper imental  plasmas 

t h e  pe rpend icu la r  wavelengths of t h e  u n s t a b l e  modes w i l l  be 

much l e s s  than  t h e  i o n  Larmor r a d i u s ,  This being t h e  c a s e ,  i f  

t h e  u n s t a b l e  modes were t o  grow i n  t imes l i k e  t h e  i on  cyc lo t ron  

p e r i o d ,  t h e  i o n s  could be considered t o  have s t r a i g h t - l i n e  
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o r b i t s  t r a n s v e r s e  t o  t h e  magnetic f i e l d  d i r e c t i o n ,  7 i . e .  be  

uncons t ra ined  by t h e  magnetic f i e l d  i n  t h e i r  motions,  Making 

t h i s  very  p h y s i c a l  assumption (which we have a l s o  used i n  ob- 

t a i n i n g  ( 6 . 2 . 4 )  ) , Rosenbluth and P o s t  ( 6 . 1 )  - have de r ived  t h e  

d i s p e r s i o n  r e l a t i o n  f o r  waves moving i n  such a  dense plasma 

which has  an a r b i t r a r y  i o n  v e l o c i t y  d i s t r i b u t i o n .  S ince  t h e  

i o n  c y c l o t r o n  f requency and i o n  Larmor r a d i u s  drop o u t  of t h e  

d i s p e r s i o n  r e l a t i o n  i n  t h i s  ca se ,  due t o  t h e  very  h igh  f r e -  

quenc ies  and s h o r t  t r a n s v e r s e  wavelengths,  w e  r e f e r  t o  t h i s  

l i m i t  a s  t h e  "continuum" l i m i t  of t h e  H a r r i s  d i s p e r s i o n  r e l a -  

t i o n .  W e  w i l l  n o t  d e r i v e  t h i s  d i s p e r s i o n  r e l a t i o n  based upon 

s t r a i g h t - l i n e  i o n  o r b i t s  d i r e c t l y .  Ra ther ,  w e  w i l l  fo l low a  

procedure  which has  been g iven  by Rosenbluth (6 .41)  -- f o r  a lge -  

b r a i c a l l y  reducing t h e  i o n  c o n t r i b u t i o n s  t o  t h e  H a r r i s  d i s -  

p e r s i o n  r e l a t i o n  t o  t h i s  "continuum" l i m i t ,  This  procedure  

has  t h e  advantage t h a t  t h e  cond i t i ons  under which t h e  "con- 

tinuum" l i m i t  should be a p p l i c a b l e  emerge from it q u i t e  

n a t u r a l l y .  

I n  d e r i v i n g  t h e  "continuum" l i m i t  we a r e  on ly  concerned 

wi th  t h e  i o n  c o n t r i b u t i o n  t o  t h e  d i s p e r s i o n  r e l a t i o n  which we 

w i l l  c a l l  Ri: 



Completing t h e  numerator i n  t h e  aFi/avL t e r m ,  f o r  Fi 

d i s t r i b u t i o n s  which van ish  f o r  vL = 0 ( t h e  only  ones of  

i n t e r e s t  h e r e )  , we can r e w r i t e  Ri a s  

Then, u s ing  t h e  Besse l  func t ion  i d e n t i t y  ( 6 . 4 5 )  

w e  have 

Now, assuming t h a t  

-1 
on ly  t i m e s  r l e s s  than  Q i  w i l l  c o n t r i b u t e  s i g n i f i c a n t l y  t o  

t h e  T i n t eg ra . t i on  and s o  



Using t h i s  r e s u l t  and t h e  Bessel  f u n c t i o n  i n t e g r a l  i d e n t i t y  

(6.46) 
P 

l m e i b  t ~ o  ( a t )  d t  = i 

(b2-a2)% 

we f i n a l l y  o b t a i n  

I n  c o n t r a s t  t o  t h e  o r i g i n a l  exp res s ion  (6 .3 .2 ) ,  we s e e  t h a t  t h e  

i o n  cyc lo t ron  f requency and indeed a l l  i n d i c a t i o n s  of t h e  i on  

c y c l o t r o n  resonance have disappeared from t h i s  l a s t  approximate 

form of Ri. Note t h a t  i n  d e r i v i n g  t h i s  r e s u l t ,  t h e  on ly  ap- 

proximat ion which was made was t h a t  of ( 6 . 3 . 3 ) .  However, s i n c e  

t h e  temuoral  growth r a t e  of an u n s t a b l e  mode seldom exceeds i t s  

rsal frequency and l a r g e  va lues  of  klai a r e  r equ i r ed  f o r  h igh  

narmonic number modes t o  be u n s t a b l e ,  we s e e  t h a t  cond i t i on  

( z . 3 . 3 )  i m p l i e s  t h a t  cond i t i on  (6.3.1) be  s a t i s f i e d  a s  w e l l .  

I n  a d d i t i o n  t o  t h e  assumption i n  ( 6 . 3 . 3 ) ,  we w i l l  a l s o  

assume, a s  i s  customary, t h a t  ( f o r  t h e  i o n s )  

Then, s i n c e  f o r  t h e  loss-cone i n s t a b i l i t i e s  t h e  mean v e l o c i t i e s  

a long  and t r a n s v e r s e  t o  t h e  magnetic f i e l d  a r e  n e a r l y  e q u a l ,  

a l l  terms c o n t a i n i n g  kZ  can be set t o  zero  and w e  o b t a i n  t h e  

d e s i r e d  r e s u l t  ( 6 . 1 ,  6.41) : - -  



i n  which a s  u sua l  t h e  s i n g u l a r  denominator i s  de f ined  f o r  

I m ( w )  > 0 .  Equation (6 .3 ,6 )  i s  t h e  form of t h e  i o n  con t r ibu -  

t i o n s  t o  t h e  d i s p e r s i o n  r e l a t i o n  from which w e  o b t a i n  i n s t a -  

b i l i t y  cond i t i on  (6 .2 .4)  (see ( 6 2 ) ) .  For t h e  most t he rma l ly  

sp read  of ou r  vl d i s t r i b u t i o n s  ( R  z= 1) , we f i n d  t h a t  t h i s  
* 

i o n  c o n t r i b u t i o n  i s  g iven  by 

where t h e  f u n c t i o n s  Z l  and Z 3  a r e  plasma d i s p e r s i o n  f u n c t i o n  

moments which we d i s c u s s  i n  Appendix B e  

Using t h e  "continuum" l i m i t  of t h e  i o n  c o n t r i b u t i o n s  t o  

t h e  d i s p e r s i o n  r e l a t i o n ,  Rosenbluth and P o s t  ( 6 , l )  a r r i v e  a t  

many i n t e r e s t i n g  conc lus ions  about  loss-cone d r i v e n  i n s t a b i l i -  

t ies .  F i r s t ,  they no te  t h a t  t h e r e  a r e  no f l u t e  o r  f l u t e - l i k e  

(kZ  = 0) u n s t a b l e  modes. However, a s  we have d i scussed  i n  

Sec t ion  6 . 1 ,  both  f l u t e  and f l u t e - l i k e  modes can become u n s t a b l e  

i f  t h e  vI d i s t r i b u t i o n  i s  s u f f i c i e n t l y  s h a r p l y  peaked about  

a  nonzero v e l o c i t y .  The reason t h e  continuum l i m i t  does  no t  

g i v e  t h e  proper  answer h e r e  i s  due t o  t h e  f a c t  t h a t  f o r  su f -  

f i c i e n t l y  sha rp  vl d i s t r i b u t i o n s ,  on ly  c e r t a i n  t r a n s v e r s e  

* 
I n  performing t h e  r equ i r ed  i n t e g r a t i o n s ,  it i s  e a s i e s t  t o  
conve r t  (6.3.6) i n t o  a  form i n  which t h e  s i n g u l a r  denominator 
i nvo lves  only  t h e  v  v e l o c i t y  component ( s e e  (Q) ) 

Y 



wavelengths can r e sona te  s t r o n g l y  wi th  t h e  t r a n s v e r s e  motions 

of t h e  p a r t i c l e s  ( s e e  preced ing  s e c t i o n )  and i n  t h e  continuum 

l i m i t  we smooth o u t  such d i s c r e t e n e s s  e f f e c t s .  A second pre-  

d i c t i o n  which Rosenbluth and P o s t  make from t h e  continuum 

l i m i t  of t h e  d i s p e r s i o n  r e l a t i o n  i s  t h a t  f o r  t h e  most u n s t a b l e  

modes 

We w i l l  examine t h e s e  c o n d i t i o n s  l a t e r  i n  a  numerical  example. 

F i n a l l y ,  Rosenbluth and P o s t  (6 .1 )  no te  t h a t  t h e  u n s t a b l e  

modes p r e d i d t e d  by t h e  continuum l i m i t  of t h e  d i s p e r s i o n  r e l a -  

t i o n  a r e  a l l  only  convec t ive ly  u n s t a b l e  modes, i . e .  a b s o l u t e  

i n s t a b i l i t y  modes do n o t  occur .  With t h i s  obse rva t ion  they  

then  e s t i m a t e  convec t ive  growth l e n g t h s  and r e f l e c t i o n  c o e f f i -  

c i e n t s ,  thereby  a r r i v i n g  a t  c r i t i c a l  machine l e n g t h s  below 

which t h e  plasma should be s t a b l e  a g a i n s t  t h e s e  convec t ive  i n -  

s t a b i l i t i e s  ( s e e  Sec t ion  5 ; 4 ) .  We have seen from Sec t ion  5 .1  

t h a t  i n  ordex t o  show t h a t  u n s t a b l e  modes a r e  of t h e  convec t ive  

t y p e ,  w e  must be a b l e  t o  s o l v e  t h e  d i s p e r s i o n  r e l a t i o n  f o r  

complex k  and r e a l  f r equenc ie s .  However, t h e  continuum l i m i t  

of  t h e  d i s p e r s i o n  r e l a t i o n  i s  n o t  r i g o r o u s l y  v a l i d  f o r  r e a l  

f r equenc ie s  ( s e e  ( 6 . 3 . 3 ) )  and s o  t h e  conc lus ion  de r ived  from it 

t h a t  t h e  loss-cone i n s t a b i l i t i e s  a r e  of t h e  convec t ive  t y p e  

would seem t o  be a  very dubious conc lus ion .  Indeed,  w e  have 

a l r eady  seen t h a t  t h e  loss-cone i n s t a b i l i t i e s  can be of t h e  

a b s o l u t e  t ype  f o r  va lues  of klai up t o  8.  W e  ex tend  t h o s e  

c a l c u l a t i o n s  up t o  a  va lue  of klai of 2 5  l a t e r  i n  t h i s  



s e c t i o n  and f i n d  t h a t  t h e  loss-cone i n s t a b i l i t i e s  s t i l l  may 

be of  t h e  a b s o l u t e  type  f o r  s u f f i c i e n t l y  dense plasmas.  From 

t h e  d i s c u s s i o n  a t  t h e  end of t h e  preced ing  s e c t i o n  concerning 

t h e  phys i c s  of t h e  a b s o l u t e  loss-cone i n s t a b i l i t i e s ,  we have 

seen  t h a t  it i s  t h e  cyc lo t ron  resonance of t h e  u n s t a b l e  wave 

wi th  i on  motions a long  t h e  magnetic f i e l d  which g i v e s  r i s e  t o  

t h e  r e q u i r e d  d i s p e r s i o n  f o r  a b s o l u t e  i n s t a b i l i t i e s ,  However, 

t h e s e  cyc lo t ron  resonances a r e  p r e c i s e l y  t h e  e f f e c t s  which 

have been "smoothed ou t"  by t h e  p roces s  of t a k i n g  t h e  "con- 

tinuum" l i m i t .  Therefore  it i s  n o t  a t  a l l  s u r p r i s i n g  t h a t ,  i n  

c o n t r a s t  t o  t h e  a c t u a l  ca se ,  t h e  continuum l i m i t  of t h e  d i s -  

p e r s i o n  r e l a t i o n  p r e d i c t s  t h a t  t h e  loss-cone i n s t a b i l i t i e s  a r e  

never  of t h e  a b s o l u t e  type.  

We w i l l  now survey  t h e  work which has  been c a r r i e d  o u t  

u s ing  t h e  continuum l i m i t  of t h e  i o n  c o n t r i b u t i o n  t o  t h e  d i s -  

p e r s i o n  r e l a t i o n .  The f i r s t  such work was by K r a s o v i t s k i i  and 

Stepanov (6.47) who used a  d e l t a  f u n c t i o n  d i s t r i b u t i o n  f o r  t h e  - 
i o n s .  The work of t h e s e  a u t h o r s  a c t u a l l y  preceded t h e  appar-  

e n t l y  independent work of Rosenbluth and P o s t  ( 6 , 1 ) ,  - However, 

i n  t h e  former work t h e  continuum l i m i t  was de r ived  on ly  f o r  a  

d e l t a  f u n c t i o n  d i s t r i b u t i o n .  Ha l l  and Beckro t te  (6 ,21 )  - have 

c a r r i e d  t h e  work w i t h  d e l t a  func t ion  d i s t r i b u t i o n s  somewhat 

f u r t h e r  and i n  a d d i t i o n  have used t h e  continuum l i m i t  of t h e  

i o n  t e r m s  t o  d i s c u s s  t h e  h igh  frequency i n s t a b i l i t i e s  of a  two- 

component i o n  plasma when t h e  e l e c t r o n  c o n t r i b u t i o n s  t o  t h e  

d i s p e r s i o n  r e l a t i o n  a r e  n e g l i g i b l e  (Te/TL > Also,  a s  w e  
i 



w i l l  d i s c u s s  i n  more d e t a i l  l a t e r ,  McCune and- F r i e d  ( 6  -48)  

have used a  d e l t a  func t ion  i o n  vL d i s t r i b u t i o n  t o  numeri- 

c a l l y  c a l c u l a t e  and compare t h e  r ea l -k  temporal  growth r a t e s  

from t h e  continuum l i m i t  and e x a c t  d i s p e r s i o n  r e l a t i o n s .  Using 

t h e  e x a c t  c o l l i s i o n a l l y  e q u i l i b r i a t e d  loss -cone  d i s t r i b u t i o n s ,  

P o s t  and Rosenbluth ( 6 . 1 2 )  have c a r r i e d  o u t  very  e x t e n s i v e  

numerical  computations o f - t h e  c r i t i c a l  machine l e n g t h s  a s  

determined by t h e  convec t ive  growth l e n g t h s  p r e d i c t e d  from 

t h e  continuum l i m i t  of t h e  d i s p e r s i o n  r e l a t i o n ,  These re -  

s u l t s  a r e  q u i t e  o p t i m i s t i c  i n  t h a t  they  p r e d i c t  r a t h e r  long 

c r i t i c a l  machine l e n g t h s  even f o r  f a i r l y  dense plasmas. 

However, aga in  we no te  t h a t  t h e s e  conc lus ions  a r e  based upon 

t h e  dubious procedure  of deducing p r o p e r t i e s  of t h e  u n s t a b l e  

modes f o r  r e a l  f r equenc ie s  where t h e  continuum l i m i t  of t h e  

d i s p e r s i o n  r e l a t i o n  i s  n o t  r i g o r o u s l y  v a l i d  and t h a t  i n  con- 

t r a s t  t o  t h e  continuum l i m i t  p r e d i c t i o n s ,  s e r i o u s  a b s o l u t e  

i n s t a b i l i t i e s  do appear .  Brambilla and Schmidt (6.49) - have 

a l s o  used t h e  continuum l i m i t  form of t h e  d i s p e r s i o n  r e l a t i o n  

t o  do a  marginal  s t a b i l i t y  a n a l y s i s  of e l e c t r o s t a t i c  i n s t a -  

b i l i t i e s  of  a  plasma i n  which only a  s i n g l e  s p e c i e s  of plasma 

p a r t i c l e s  c o n t r i b u t e  t o  t h e  d i s p e r s i o n  r e l a t i o n  ( e , g ,  - t h e  i o n s  

i f  Te/Ti > >  1). However, aga in  we wonder i f  t h e  r e s u l t s  of  

such a  s tudy  a r e  t o  be be l i eved  s i n c e  t h e  marginal  s t a b i l i t y  

a n a l y s i s  r e l i e s  upon e v a l u a t i o n s  of t h e  d i s p e r s i o n  r e l a t i o n  

f o r  r e a l  f r equenc ie s  and r e a l  wave-numbers, which i s  p r e c i s e l y  

where t h e  continuum l i m i t  c o n t r i b u t i o n s  a r e  n o t  r i g o r o u s l y  v a l i d .  



As we have previously noted, Korablev (6.20) has also used 

the continuum limit to study electron-cyclotron instabili- 

ties of a two-component electron plasma with one component 

having a loss-cone type v~ distribution, 

In addition to the continuum limit of the ion contribu- 

tions to the dispersion relation which we have derived above, 

there is another limit which can be derived by taking large 

klai when k = 0 .  In this case we evaluate the Bessel 
z 

functions in their asymptotic limit and set 

Then, using the identity 

we can write the ion contribution to the dispersion relation 

Aamodt (6.50) has derived a more general continuum limit for 

our R = 1 vl distribution which includes both (6,3.6) and 

(6.3,11) and from which we can in principle derive higher 

order corrections to these two limiting cases, The limiting 

form given by (6.3.11) has been used by Post ana Rosenbluth 

(6.12) to study flute-like modes which occur in a plasma - 
which has both loss-cone and density inhomogeneity sources 

of free energy. In that work the approximate results were 

also compared with the results obtained from using the exact 



d i s p e r s i o n  r e l a t i o n .  I n  g e n e r a l ,  Pos t  and Rosenbluth ( 6 - 1 2 )  

found-agreement between t h e  e x a c t  and approximate r e s u l t s  as 

long a s  cond i t i on  (6.3.1) was s a t i s f i e d .  We w i l l  d i s c u s s  

t h e s e  f l u t e - l i k e  i n s t a b i l i t i e s  i n  d e t a i l  i n  Sec t ion  7 . 3 ,  A s  

w e  have p rev ious ly  noted,  P e a r l s t e i n ,  Rosenbluth and-Chang 

(6.13) - have a l s o  used t h e  l i m i t i n g  form of t h e  i o n  t e r m  g iven  

by (6.3,11) t o  i n v e s t i g a t e  f l u t e - l i k e  i n s t a b i l i t i e s  i n  plasmas 

which have bo th  h o t  and cold 'components of t h e  same s p e c i e s  of 

plasma p a r t i c l e s ,  wi th  t h e  ho t  component having a  loss-cone 

type  vl d i s t r i b u t i o n .  

W e  w i l l  now i n v e s t i g a t e  t h e  a p p l i c a b i l i t y  of t h e  con- 

tinuum l i m i t  of  t h e  i o n  c o n t r i b u t i o n s  t o  t h e  d i s p e r s i o n  r e l a -  

t i o n  g iven  by ( 6 . 3 . 6 ) .  W e  have a l r e a d y  seen i n  t h e  preced ing  

s e c t i o n  t h a t  i n  some ways it - i s  a p p l i c a b l e  and i s  indeed 

very u s e f u l .  This  i s  because s i n c e  cond i t i on  (6 .2 .4)  i s  d i -  
p 

r e c t l y  d e r i v a b l e  from (6 .3 ,6 )  , w e  s e e  t h a t  t h e  i n s t a b i l i t y  

c o n d i t i o n s  g iven  by (6.2.5) , (6 .2 .6)  and ( 6 . 2 . 7 )  a r e  r e a l l y  

based upon t h e  "continuum" l i m i t  of  t h e  i o n  c o n t r i b u t i o n s  t o  

t h e  d i s p e r s i o n  r e l a t i o n .  The l a t t e r  i n s t a b i l i t y  c o n d i t i o n s  

have of  course  been found t o  be q u i t e  adequate  t o  p r e d i c t  t h e  

o n s e t  o f  convec t ive  i n s t a b i l i t i e s  f o r  t h e  ca ses  we have con- 

s i d e r e d .  I n  f a c t ,  t h e  r e s u l t s  d i sp l ayed  i n  F ig .  6.3 a r e  

r e a l l y  a  d i r e c t  v e r i f i c a t i o n  of t h e  a p p l i c a b i l i t y  of t h e  con- 

tinuum l i m i t  i n  p r e d i c t i n g  t h e  va lue  of kl f o r  t h e  o n s e t  of  

i n s t a b i l i t i e s  of  a  g iven frequency f o r  t h e  p a r t i c u l a r  c a s e  of 

-2 
Te/Ti = 1 0  , !L = 1. However, it i s  impor tan t  t o  no te  t h a t  



i f ,  i n  c o n t r a s t  t o  t h e  c a s e s  cons idered  h e r e ,  t h e r e  a r e  

groups of  i o n s  i n  a plasma which have d i s s i m i l a r  v e l o c i t y  

d i s t r i b u t i o n s  a long t h e  magnetic f i e l d ,  t hen  it i s  c e r t a i n l y  

n o t  a p r i o r i  obvious t h a t  we could reduce t h e  e x a c t  necessary  

c o n d i t i o n  f o r  i n s t a b i l i t y  ( s e e  Sec t ion  4 , 2 )  t o  t h e  approxi-  

mate r e s u l t  g iven  by (6.2.4), w i t h  t h e  i o n  d i s t r i b u t i o n  being 

simply t h e  sum of  t h e  i n d i v i d u a l  i o n  components, Ra ther ,  

we would expec t  t h a t  it would be  very impor tan t  t o  t a k e  ac- 

count  of  t h e  d i f f e r i n g  v e l o c i t y  d i s t r i b u t i o n s  of  t h e  i o n s  

a long  t h e  magnetic f i e l d .  Thus we conclude (more o r  l e s s  

e m p i r i c a l l y )  t h a t  t h e  continuum l i m i t  of t h e  i o n  c o n t r i b u t i o n s  

t o  t h e  d i s p e r s i o n  r e l a t i o n  i s  q u i t e  a p p l i c a b l e  f o r  c a l c u l a -  

t i o n s  of pa rame t r i c  cond i t i ons  f o r  t h e  o n s e t  of convec t ive  

i n s t a b i l i t i e s ,  a t  l e a s t  f o r  plasmas having on ly  a  s i n g l e  i on  

component, 

I n  a d d i t i o n  t o  t h e  preceding d i s c u s s i o n ,  w e  wish t o  s e e  

under what c o n d i t i o n s  i n e q u a l i t y  (6, ,3.3)  can be s a t i s f i e d  and 

t o  what e x t e n t  t h e  loss-cone i n s t a b i l i t i e s  a r e  of t h e  a b s o l u t e  

type  a s  klai becomes l a r g e .  We have a l r eady  noted t h a t  f o r  

t h e  s a t i s f a c t i o n  of cond i t i on  (6 .3 ,3 )  we need t o  go t o  l a r g e  

klai The q u e s t i o n  of how l a r g e  klai must be has  been con- 

s i d e r e d  by McCune and F r i e d  ( 6 . 4 8 ) ,  - Using a  d e l t a  f u n c t i o n  

i o n  vl d i s t r i b u t i o n  peaked about a  nonzero v e l o c i t y ,  t h e s e  

au tho r s  numerical ly  compute t h e  rea l -k  temporal  growth r a t e s  

from both t h e  continuum l i m i t  and e x a c t  d i s p e r s i o n  r e l a t i o n  

and compare them. McCune and F r i e d  (6 ,48)  - conclude t h a t ,  f o r  



any g iven  kLai l e s s  than  o r  e q u a l  t o  2 0 ,  merely i n c r e a s i n g  

the plasma d e n s i t y  does n o t  b r i n g  t h e  continuum l i m i t  r e s u l t s  

a r b i t r a r i l y  c l o s e  t o  t h e  e x a c t  r e s u l t s .  Ra ther ,  t hey  n o t e  

t h a t  t h e  continuum l i m i t  r e s u l t s  a r e  on ly  moderately r ep re -  

s e n t a t i v e  of t h e  e x a c t  r e s u l t s  when klai i s  2 0 e v e n  though 

t h e  rea l -k  temporal  growth r a t e s  reach about 4 Q i ,  b u t  t h a t  

t h e  agreement would be b e t t e r  f o r  l a r g e r  va lues  of  kLaie W e  

t h u s  observe t h a t  a s  f a r  a s  t h e  p r e d i c t i o n  of rea l -k  temporal  

growth rates axe concerned,  it seems t h a t  c o n d i t i o n  (6 .3 .3)  

must be  w e l l  s a t i s f i e d  i n  o r d e r  f o r  t h e  continuum l i m i t  

r e s u l t s  t o  be reasonably c o r r e c t .  

With regazd t o  t h e  q u e s t i o n  of t h e  occurence of  a b s o l u t e  

loss-cone i n s t a b i l i t i e s ,  .we have a l r eady  found-them f o r  klai 

va lues  up t o  8; Therefore  t h e  way i n  which we i n v e s t i g a t e  t h e  

r eg ion  of  a p p l i c a b i l i t y  i n  t h i s  r ega rd  i s  t o  ask how l a r g e  we 

must make kLai s o  t h a t  t h e  continuum l i m i t  a p p l i e s  ( i . e .  - 
where t h e r e  a r e  no a b s o l u t e  i n s t a b i l i t i e s ) .  I n  t h i s  work we 

w i l l  t a k e  klai = 25 ( t h e  l a r g e s t  va lue  ou r  computer programs 

can convenien t ly  handle). a n d ' i n v e s t i g a t e  t h e  a p p l i c a b i l i t y  of  

t h e  continuum l i m i t  of t h e  d i s p e r s i o n  r e l a t i o n .  For t h i s  

va lue  of kLai t h e  t r a n s v e r s e  wavelength i s  about  % of t h e  

i o n  Larmor r a d i u s  andLwe would t h u s  expec t  t h i s  ca se  t o  c l o s e l y  

approach t h e  continuum l i m i t .  The plasma we cons ide r  w i l l  be 

t h a t  of  o u r  s t anda rd  loss-cone case  (T,/Ti = !L = 1) .  

Using t h e  methods desc r ibed  i n  Chapters  4 and 5 ,  we o b t a i n  t h e  

marg ina l  s t a b i l i t y  and a b s o l u t e  i n s t a b i l i t y  r e s u l t s  d i s p l a y e d  



i n  F ig .  6.14 (see a l s o  Table  7 . 3 ) -  The c h a r a c t e r i s t i c s  o f  

t h e  a b s o l u t e  i n s t a b i l i t y  modes shown i n  t h i s  f i g u r e  a r e  l i s t e d  

i n  Table  6 . 1 .  

Tab le  6.1, P r o p e r t i e s  o f  t h e  "Marg ina l ly  S t a b l e "  
Abso lu te  I n s t a b i l i t y  Modes f o r  k,ai=25-2 
Loss-Cone I n s t a b i l i t y  Case (T,/Ti = 1 0  , 
a = 1-1, 

9 9 





Figure  6.14 i s  p l o t t e d  i n  t h e  same manner a s  t h e  

klai = 5 c a s e  d i sp l ayed  i n  F igs .  4 , 8 ,  5 . 9  and comparing 

t h e s e  two graphs  w e  no te  many i n t e r e s t i n g  s i m i l a r i t i e s  and 

d i f f e r e n c e s .  F i r s t ,  whi le  f o r  klai = 5 on ly  wave f r e -  

quenc ies  up t o  3.4280 may be u n s t a b l e ,  f o r  klai = 25 f r e -  i 

quenc ies  o u t  t o  17.66Ri a r e  uns t ab l e .  The l a t t e r  u n s t a b l e  

frequency range i s  p r e c i s e l y  t h a t  p r e d i c t e d  by c o n d i t i o n  

(6 .2 .5 ) ,  Next, w e  no t e  t h a t  i n  going from 5  t o  25 i n  t h e  

va lue  of klai, t h e  t h r e s h o l d  d e n s i t y  f o r  say  t h e  w / Q i  - 1 

modes i n c r e a s e s  by a  f a c t o r  of about 34.2 which i s  roughly 

c o n s i s t e n t  wi th  i n s t a b i l i t y  cond i t i on  ( 6 . 1 . 1 1 ) .  

I n  t h e  klai = 25 c a s e ,  f o r  d e n s i t i e s  exceeding t h e  

minimum t h r e s h o l d  d e n s i t y  b u t  l e s s  t han  t h e  lowest  t r a n s i t i o n  

d e n s i t y ,  w e  s e e  t h a t  t h e  plasma i s  convec t ive ly  u n s t a b l e  over  

a  broad frequency range encompassing many c y c l o t r o n  harmonic 

resonances, i n  apparen t  agreement w i th  t h e  continuum l i m i t  pre-  

d i c t i o n s .  However, it i s  very impor tan t  t o  observe t h a t  i n  

t h e  klai = 25 c a s e ,  a s  i n  t h e  klai = 5  c a s e ,  a b s o l u t e  

loss-cone i n s t a b i l i t i e s  - do occur  f o r  s u f f i c i e n t l y  h igh  plasma 

d e n s i t i e s  which i s  i n  c o n t r a s t  t o  t h e  p r e d i c t i o n s  of t h e  

continuum l i m i t  of  t h e  d i s p e r s i o n  r e l a t i o n .  The t r a n s i t i o n  

d e n s i t y  f o r  t h e  appearance of  t h e s e  a b s o l u t e  i n s t a b i l i t i e s  

i n c r e a s e s  by a  f a c t o r  of about 67.4 i n  going from 5  t o  25  i n  

t h e  va lue  of kLai. I n  comparing t h i s  change wi th  t h a t  i n  

t h e  t h r e s h o l d  d e n s i t y ,  we s e e  t h a t  t h e  t r a n s i t i o n  d e n s i t y  i s  

becoming p r o p o r t i o n a l l y  l a r g e r  than  t h e  t h r e s h o l d  d e n s i t y  a s  



w e  i n c r e a s e  k L a i  An i n d i c a t i o n  of t h i s  t r e n d  can a l s o  be  

seen  from Fig .  6.4.  Therefore  w e  see t h a t  i f  we took s u f f i -  

c i e n t l y  l a r g e  kLai , w e  could e v e n t u a l l y  reach  a s i t u a t i o n  

where t h e  a b s o l u t e  i n s t a b i l i t y  t r a n s i t i o n  d e n s i t i e s  would be  

many o r d e r s  of magnitude above t h e  convec t ive  i n s t a b i l i t y  

t h r e s h o l d  d e n s i t y .  However, s i n c e  w e  have i n c r e a s e d  klai 

by a f a c t o r  of  5 he re  and observed t h a t  t h e  r a t i o  of t r a n s i -  

t i o n  t o  t h r e s h o l d  d e n s i t y  i n c r e a s e s  by only a f a c t o r  of about  

2 ,  i n  t h i s  r ega rd  t h e  approach t o  t h e  "continuum" l i m i t  

(where t h e r e  are on ly  convec t ive  i n s t a b i l i t i e s )  seems t o  be  

very slow. 

I n  s p i t e  of t h e  apparen t  over lapping  of cyc lo t ron  

resonances  shown i n  F ig .  6.14, t h e r e  i s  s t i l l .  cons ide rab le  

i o n  c y c l o t r o n  resonance s t r u c t u r e  even i n  t h e  convec t ive ly  un- 

s t a b l e  reg ion .  I n  Fig .  6.15 w e  p l o t  t h e  s p a t i a l  growth r a t e s  

ve r sus  r e a l  frequency f o r  a d e n s i t y  j u s t  below t h e  minimum 

t r a n s i t i o n  d e n s i t y .  Here i t  i s  r e a d i l y  apparen t  t h a t  t h e  

f i r s t  1 5 ' i o n  c y c l o t r o n  harmonic resonances a r e  e a s i l y  d i s -  

t i n g u i s h a b l e ,  - i . e .  n o t  over lapped.  This  obse rva t ion  coupled 

wi th  t h e  f a c t  t h a t . t h e  convec t ive ly  u n s t a b l e  modes merge i n t o  

t h e  a b s o l u t e  i n s t a b i l i t y  modes nea r  t h e  Im(kz)  corresponding 

t o  t h e  maximum spa t ia l .  growth r a t e  shows us  why we s t i l l  g e t  

many e a s i l y  d i s t i n g u i s h a b l e  a b s o l u t e  i n s t a b i l i t y  modes. One 

reason why t h e  continuum l i m i t  r e s u l t s  do n o t  p r e d i c t  t h e  ap- 

pearance of a b s o l u t e  i n s t a b i l i t i e s  i s  t h a t  t h e  f i n e  s t r u c t u r e  

i n  F ig .  6.15 i s  l o s t .  The f i n e  s t r u c t u r e  i s  due p r i n c i p a l l y  t o  





the fact that for frequencies near harmonics of the ion 

cyclotron frequency, the wave resonates with the ion motions 

along the magnetic field (see Section 6'.1). For the large 

kzai which occur near the threshold density (e.g. up to 1.26 

in Fig. 6.14), these effects would-of course be minimal due to 

the overlapping of many resonances. However, as we go to 

higher densities, we can see directly from the "fluid contri- 

bution" of the electrons (see Section 6.1) that the value of 

k for instability simultaneously decreases (see Fig. 6.16). 
Z 

Therefore as we observe here, eventually we reach a density at 

which we can easily distinguish the individual ion cyclotron 

harmonic resonances (see Fig, 6.15). 

Next we compute the real-kz temporal growth rates of the 

loss-cone instabilities for this klai = 25 case. The results 

obtained are shown in Fig. 6.16 for a density just below the 

lowest transition density for absolute instability, then densi- 

ties which are factors of 2,4 and 8 higher and finally the 

case of infinite density. The last case is of course physically 

impossible and would definitely be a case in which we could not 

neglect the transverse electromagnetic waves (see Section 1-2). 

However, we include it here since it is the mathematical limiting 

case of our electrostatic dispersion relation. In Fig. 6-16 

we immediately see that when Im(w)/Qi < 1 the ion cyclotron 

harmonic structure is distinguishable. (At large kzai and 

Im (w/Oi) <l the structure tends to disappear not due to 



F i g u r e  6 .16 .  R e a l - k ~  T e m p o r a l  G r o w t h  R a t e s  of $ a i = 2 5  
Loss -Cone  I n s t a b i l i t i e s  (Te/Ti=lOe , 
~ = l )  . 



I m ( w )  > 0 ,  b u t  r a t h e r  due t o  t h e  f a c t  t h a t  t h e  i n d i v i d u a l  

i o n  cyc lo t ron  resonances  ove r l ap  because of t h e  l a r g e  k  v 
Z Z 

i o n  Doppler s h i f t s . )  However, f o r  lm(o) /n i  2 1 w e  s e e  t h a t  

t h e  i o n  c y c l o t r o n  harmonic s t r u c t u r e  d i sappea r s  a l t o g e t h e r  i n  

agreement w i th  cond i t i on  (6 .3;3)  and t h u s  t h e  continuum l i m i t .  

I n  F ig .  6.16 w e  have a l s o  i n d i c a t e d  wi th  an arrow t h e  

r e l e v a n t  va lue  of  Re(kZai) f o r  which an a b s o l u t e  i n s t a b i l -  

i t y  occurs  f o r  each of t h e  d e n s i t i e s  cons idered .  S ince  any 

plasma which would admit u n s t a b l e  waves wi th  Re(kzai)  l e s s  

than those  p a r t i c u l a r  va lues  would presumably admit t h e  abso- 

l u t e  i n s t a b i l i t y  modes a s  w e l l ,  t h e  arrows i n d i c a t e  t h e  

s m a l l e s t  va lue  of  Re(kzai) f o r  which t h e  continuum l i m i t  

can be a p p l i c a b l e .  Assuming then  t h a t ,  a s  we have p r e v i o u s l y  

d i scussed ,  t h e  continuum l i m i t  i s  on ly  a p p l i c a b l e  f o r  

I m  ( w )  > Q i ,  we have denoted-  t h e  r e s u l t a n t  combined r eg ion  of 

a p p l i c a b i l i t y  w i t h  dashed l i n e s  i n  Fig .  6.16. S ince  t h e s e  

r eg ions  of a p p l i c a b i l i t y  a r e  r e l a t i v e l y  sma l l ,  w e  conclude 

t h a t  a t  klai = 25 we s t i l l  have n o t  y e t  reached t h e  regime 

of e x t e n s i v e  a p p l i c a b i l i t y  of  t h e  continuum l i m i t ,  

We may summarize t h e s e  r e s u l t s  by o r d e r i n g  t h e  s e t  of 

approximate e q u a l i t i e s  g iven  i n  (6 .3 .8)  i n t o  a  proper  s e t  of  

i n e q u a l i t i e s .  I n  g e n e r a l  we f i n d  t h a t  f o r  modes w i th  t h e  

l a r g e s t  rea l -k  temporal  growth r a t e s  
Z 

' R e ( w )  < klali 
< w  (6.3.12) 

P i  



The f a c t  t h a t  I m ( w )  i s  t h e  s m a l l e s t  of a l l  t h e s e  q u a n t i t i e s  

i s  i n d i c a t i v e  of t h e  d i f f i c u l t y  w e  have i n  reach ing  t h e  con- 

tinuum l i m i t  whose v a l i d i t y  r e q u i r e s  t h a t  I m  ( w )  be l a r g e r  

t han  ", 

W e  w i l l  now d i s c u s s  what e f f e c t  changes i n  t h e  parameters  

Te/Ti and !L might have on t h e  above r e s u l t s  f o r  t h e  

klai = 2 5  case .  A s  w e  have seen i n  t h e  preceding s e c t i o n ,  

vary ing  Te/Ti changes t h e  ranges  of kzai f o r  which convec- 

t i v e  i n s t a b i l i t y  can occur  b u t  has  p r a c t i c a l l y  no e f f e c t  on t h e  

a b s o l u t e  i n s t a b i l i t i e s ,  Therefore  f o r  s m a l l e r  Te/Ti t han  

t h a t  used h e r e ,  t h e  kzai ranges  of i n s t a b i l i t y  i n  F ig .  6.16 

would expand t o  somewhat l a r g e r  va lues  of kzaie A t  t h e  same 

t i m e  t h e  arrows i n d i c a t i n g  t h e  Re (kzai)  va lues  f o r  t h e  

a b s o l u t e  i n s t a b i l i t i e s  would remain n e a r l y  unchanged, Simi- 

l a r l y  t h e  maximum temporal  growth r a t e s  would be n e a r l y  unaf- 

f e c t e d  by changing Te/Ti ( e l e c t r o n  Landau damping i s  n e a r l y  

n e g l i g i b l e  f o r  t h e s e  i n s t a b i l i t i e s  a t  h igh d e n s i t i e s ) .  There- 

f o r e  f o r  va lues  of Te/Ti l e s s  than  1 0 ~ ~ ~  t h e  r eg ion  of 

a p p l i c a b i l i t y  of t h e  continuum l i m i t  would be expanded some- 

what, mainly t o  l a r g e r  kzai. Conversely,  we no te  by t h e  

same reasoning  t h a t  i f  Te/Ti i s  inc reased  above t h e  

range of a p p l i c a b i l i t y  s h r i n k s .  Since most exper imenta l  

plasmas a r e  c h a r a c t e r i z e d  by va lues  of Te/Ti l a r g e r  t han  t h a t  

of o u r  "s tandard"  c a s e ,  ou r  conc lus ions  w i th  r e s p e c t  t o  F ig .  6.16 

a r e  probably more o p t i m i s t i c  about t h e  a p p l i c a b i l i t y  of t h e  

continuum l i m i t  t han  i s  a c t u a l l y  t h e  case  i n  exper imenta l  

plasmas of i n t e r e s t .  



W e  expec t  t h a t  dec reas ing  t h e  thermal  spread  i n  t h e  vl 

d i s t r i b u t i o n  by i n c r e a s i n g  R w i l l  i n c r e a s e  t h e  temporal  

growth rates a t  any given d e n s i t y  due t o  t h e  f a c t  t h a t  w e  

a r e  i n c r e a s i n g  t h e  f r e e  energy of  t h e  plasma. W e  have a l -  

ready seen an i n d i c a t i o n  of  t h i s  i n  t h e  preced ing  s e c t i o n  

where we found t h a t  dec reas ing  t h e  thermal  spread  l e d  t o  

i n c r e a s e d  a b s o l u t e  i n s t a b i l i t y  temporal  growth rates a t  any 

given d e n s i t y .  The f a c t  t h a t  McCune a n d - F r i e d  (6 .48)  found 

r ea l -kz  temporal  growth r a t e s  which were s l i g h t l y  l a r g e r  t h a n  

ou r s  f o r  a s m a l l e r  va lue  of kLai i s  a consequence of t h e i r  

having used a d e l t a  func t ion  d i s t r i b u t i o n  a s  opposed t o  ou r  

wel l - thermal ized  loss-cone d i s t r i b u t i o n ,  However, whi le  

dec reas ing  t h e  thermal  spread  does i n c r e a s e  t h e  r e a l - k z  t e m -  

p o r a l  growth r a t e s  of t h e  u n s t a b l e  modes s l i g h t l y ,  we n o t e  

from Fig .  6.11 t h a t  it a l s o  i n c r e a s e s  t h e  va lue  of R e  (k a .  ) z 1 

f o r  t h e  a b s o l u t e  i n s t a b i l i t i e s .  F i n a l l y ,  a s  w e  have p r e v i -  

ous ly  d i scussed ,  i n c r e a s i n g  R t ends  t o  accen tua t e  t h e  

resonance of t h e  waves w i th  c e r t a i n  ranges  of klai and 

hence presumably it a l s o  accen tua t e s  t h e  i o n  cyc lo t ron  

resonance s t r u c t u r e  of t h e  d i s p e r s i o n  r e l a t i o n .  We t h e r e f o r e  

conclude t h a t  a s  t h e  thermal  spread  i n  t h e  vl d i s t r i b u t i o n  

dec reases  ( R i n c r e a s e s ) ,  t h e  range of e x t e n s i v e  a p p l i c a b i l i t y  

of t h e  continuum l i m i t  probably does i n c r e a s e ,  b u t  n o t  ve ry  

s u b s t a n t i a l l y ,  With t h e s e  remarks i n  mind, we s e e  t h a t  t h e  

only  way w e  can s u b s t a n t i a l l y  i n c r e a s e  t h e  range of a p p l i c a b i l -  

i t y  of t h e  continuum l i m i t  i s  t o  cont inue  t o  i n c r e a s e  kLais 

going beyond 2 5 ,  
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I n  summary, we no te  t h a t  i n  t h e  kgai = 25 case  we s e e  

many c h a r a c t e r i s t i c s  of t h e  continuum l i m i t  b u t  appa ren t ly  

a r e  as y e t  a t  t o o  smal l  a  va lue  of klai f o r  i t  t o  be  com- 

p l e t e l y  v a l i d .  S ince  t h e  g e n e r a l  f e a t u r e s  of F igs .  6.14-6.16 

a r e  i n d i c a t i v e  of  smoothly vary ing  f u n c t i o n s  upon which a  

g r e a t  d e a l  of s t r u c t u r e  i s  imposed, t h e  continuum l i m i t  may 

w e l l  be s u f f i c i e n t  f o r  doing very rough c a l c u l a t i o n s  of s t a -  

b i l i t y ,  n o n l i n e a r  e f f e c t s ,  e t c .  where t h e  d e t a i l s  of t h e  i o n  - 
c o n t r i b u t i o n  t o  t h e  d i s p e r s i o n  r e l a t i o n  a r e  r e l a t i v e l y  unim- 

2 2 3  p o r t a n t .  However, a t  l e a s t  f o r  k ai  s 25 and w / Q i  s 1 0  , 
P i  

any d e t a i l e d  c a l c u l a t i o n s  of t h e  loss-cone i n s t a b i l i t i e s  must 

c e r t a i n l y  be c a r r i e d  o u t  us ing  t h e  e x a c t  H a r r i s  d i s p e r s i o n  

r e l a t i o n  and t h e  r o l e  of abso lu t e  i n s t a b i l i t i e s  must be con- 

s i d e r e d .  Therefore  whi le  t h e  continuum l i m i t  i s  de r ived  from 

very appea l ing  p h y s i c a l  arguments and i s  very h e l p f u l  i n  guid- 

i n g  o u r  i n t u i t i o n  and i n  doing approximate c a l c u l a t i o n s ,  it 

does no t  seem t o  have a  wide enough range of a p p l i c a b i l i t y  f o r  

d e t a i l e d  i n s t a b i l i t y  c a l c u l a t i o n s  i n c l u d i n g  t h e  convec t ive  

ve r sus  a b s o l u t e  n a t u r e  of loss-cone i n s t a b i l i t i e s ,  Indeed,  

perhaps  t h e  most s u r p r i s i n g  a s p e c t  of t h e  r e s u l t s  p resen ted  

i n  t h i s  s e c t i o n  i s  t h a t  even f o r  t h e  very  l a r g e  va lue  of 

klai of 25, w e  s t i l l  appear  t o  be r e l a t i v e l y  f a r  from a  r eg ion  

of e x t e n s i v e  a p p l i c a b i l i t y  of t h e  continuum l i m i t ,  



7. "UNIVERSALt' INSTABILITIES 

7.1 Introduction; Low Frequency Drift Instabilities 

In the preceding chapter we were concerned with instabilities 

driven by the free energy source associated with velocity-space 

anisotropies. These sources of free energy arise only in certain 

types of plasma confinement or plasma injection schemes, - e,g, in 

magnetic mirror confinement or neutral beam injection methods respec- 

tively. A more general reservoir of free energy is that associated 

with the spatial inhomogeneity of a confined plasma. Instabilities 

driven by this source of free energy are loosely referred to as 

"universal" instabilities since they presumably occur in any confined 

plasma, However, as we shall later see, this is a misnomer because 

these instabilities can be prevented from occurring,or at least sup- 

pressed in many types of plasmas. 

In this chapter we consider the two basic types of "universal" 

instabilities. First, in the present section we discuss the low 

frequency drift instabilities ( w < < . Q . )  with the objectives being to 
1 

give the essential features of these modes for later comparisons and 

to briefly review the work which has been done on them. In the fol- 

lowing sections we investigate in detail the drift-cyclotron 

instabilities (wanQi). These modes were first discussed by 

Mikhailovskii and Timofeev (7.1) - and are very analogous to the 
velocity-space anisotropy instabilities (see Section 7.2). The 

previous work on drift-cyclotron instabilities is reviewed in Section 

7,2. In the same section we compute the parametric regions of con- 

vective and absolute instability for the nonzero kZ drift-cyclotron 



modes and compare them with the concomitant flute-like (kZ=O, 

w-nil.) modes. Those calculations are carried out for a 
1 

Maxwellian velocity distribution, Then, having considered the 

loss-cone and drift-cyclotron instabilities separately, in the 

final section of this chapter we consider the instabilities 

which occur when the plasma has both velocity-space anisotropy 

(loss-cone) and density gradient sources of free energy, 

In studying the electrostatic instabilities of an inhomo- 

geneous plasma in a magnetic field, the basic starting point is 

the dispersion relation given by (3.3.15) with the normally small 

(n-m)/ky terms (see section 3.3) neglected, in which case the m 

summation is trivial and we obtain simply - 

In this work the (n-m)/k terms are retained in the numerical 
Y 

computations, but we will ignore them for the purposes of the 

present discussion. In addition to ignoring these small terms, 

when the gravity terms are relevant, it is customary (7,2, - -  7,3) 

to consider only those cases for which 

The reason for restricting oneself to such small gravity forces 

and/or long transverse wavelengths is that the dispersion relation 

is normally derived under this assumption, In the dispersion re- 

lation thus derived (7,2, p -  7,3), the m summation over Bessel func- 

tions in (3.3.15) is replaced by unity and m set to zero, Ge 
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(7,1,1) is obtained. However, in our own work we have derived pre- 

cisely the same dispersion relation without assuming that condition 

(7.1,2) is satisfied. Therefore what we have found is that as long 

as the (n-m)/k terms are negligible, it is not necessary to satisfy 
Y 

condition (7.1.2) in order for the dispersion relation given by 

(7,l-1) to be valid. As we have noted in Section 3 , 3 ,  if the 

(n-m)/ky terms are not negligible, our density gradient expansion 

breaks down and we must seek alternative forms of the dispersion 

relation. Thus, within the limitations of this work (i,e, - when the 
density gradient expansion does not break down), the dispersian 

relation given by 7 1  is valid whether or not condition (7,1.2) 

is satisfied, 

The basic source of free energy driving the "universal" insta- 

bilities is of course the inhomogeneity of the plasma, As we have 

seen in Yections 2.3 and 2.4, in order for an equilibrium to exist 

the inhomogeneity of the confining magnetic field must be balanced 

by the magnetic field produced by a diamagnetic current flowing in 

the inhomogeneous plasma. The diamagnetic current is produced by 

net or macroscopic "drift" velocities of each of the species of 

plasma particles which are given by 

Note that the drifts are in opposite directions for oppositely 

charged species of particles. The way in which we expect to be able 

to release the free energy of inhomogeneous plasmas Is through 



waves which resonate with particles in the "positive-slope" regions 

of the effective velocity distributions having the net drift veloci- 

ties given by (7.1.3), - i.e. 

That the waves in these phase velocity regions are the only ones 

which can be unstable is easily shown from a consideration of the 

necessary condition for instability, - i .e. P (4.  ) (see below) . These 
1 

waves which resonate with the drift velocities in the plasma and 

hence are potentially unstable are usually referred to as drift 

waves. A number of the physical mechanisms by which these drift 

waves can become unstable are discussed by Chen (7,49, - 
For frequencies much smaller than the ion cyclotron frequency 

(u<<Qi) , the instabilities resulting from coupling of the potentially 
unstable drift waves with particle motions along the magnetic field 

are commonly called drift instabilities, From (7,1,4) and (7,1,3) 

we immediately see that the phase velocities and presumably also the 

group velocities transverse to the magnetic field direction are usu- 

ally much less than the ion thermal velocity and hence quite small, 

Since the drift waves usually couple to ion waves along the magnetic 

field (see below), the phase velocities along the magnetic field are 

typically somewhat larger than the mean ion velocity along the magnetic 

field, but less than the mean electron velocity in the same direction, 

Therefore their phase velocities and also presumably their group 

velocities along the magnetic field are much less than those encoun- 

tered in the velocity-space anisotropy instabilities discussed in the 



preceding  chap te r .  The group v e l o c i t i e s  of t h e  low frequency d r i f t  

i n s t a b i l i t i e s  a r e  t h u s  presumably "smal l "  i n  bo th  d i r e c t i o n s  of  

p ropaga t ion .  For such smal l  group v e l o c i t y  c a s e s ,  w e  have p r e v i -  

ous ly  no ted  (Sec t ions  5.1,  6 . 1 )  t h a t  t h e  d i s t i n c t i o n s  between con- 

v e c t i v e  and a b s o l u t e  i n s t a b i l i t i e s  can be i n v e s t i g a t e d  on t h e  b a s i s  

of a  r ea l -k  a n a l y s i s  and t h e i r  convec t ive  v e r s u s  a b s o l u t e  n a t u r e  

ignored ,  This  c o n j e c t u r e  should of cou r se  be checked by d e t a i l e d  

numerical  computations of  t h e  convec t ive  ve r sus  a b s o l u t e  n a t u r e  of 

t h e  i n s t a b i l i t i e s  i n c l u d i n g  a  c o n s i d e r a t i o n  of t h e  group v e l o c i t i e s  

of t h e  u n s t a b l e  modes i n  bo th  d i r e c t i o n s  of p ropaga t ion ,  However, 

i n  t h i s  work t h i s  w i l l  n o t  be done f o r  t h e  low frequency d r i f t  i n -  

s t a b i l i t i e s .  Ra ther ,  we c o n t e n t  o u r s e l v e s  wi th  a  b r i e f  d i s c u s s i o n  

of t h e  pa rame t r i c  r eg ions  of i n s t a b i l i t y  f o r  t h e s e  modes, 

For  kZ=O and t h e  s t a n d a r d  hydrodynamic approximat ions  

(kyai=kai+O), t h e  d r i f t  i n s t a b i l i t i e s  become f l u t e  o r  hydrodynamic 

in t e r change  i n s t a b i l i t i e s  ( 7 . 5 ) .  This  p a r t i c u l a r  t ype  of mode i s  

e s s e n t i a l l y  t h e  well-known Rayleigh-Taylor i n s t a b i l i t y ,  r e q u i r i n g  

bo th  ---- a d e n s i t y  g r a d i e n t  and an unfavorable  g r a v i t y  ( o r  c u r v a t u r e ) ,  

This  i s  i n  c o n t r a s t  t o  t h e  low-frequency " d r i f t  modes" d e s c r i b e d  

above (and i n  more d e t a i l  below) which e x i s t  and can be u n s t a b l e  

even wi th  G . = O  ( 7 . 6 ) ,  A s  w e  have p rev ious ly  no ted ,  by t h e  t e r m  
I - 

f l u t e  i n s t a b i l i t i e s  we mean t h o s e  i n s t a b i l i t i e s  which have k  z = O  

and Re(w) v e r y ,  ve ry  smal l  i f  no t  ze ro .  A d i r e c t  d e r i v a t i o n  o f  

t h e  f l u t e  o r  hydrodynamic in t e r change  i n s t a b i l i t y  from d i s p e r s i o n  

r e l a t i o n  ( 7  11) i s  g iven  by Rosenbluth (7.6) . A inajor con t r ihu -  

L ' LL;:I Lo the t heo ry  of f l u t e  i n s t a b i l i t i e s  was made by Rosenbluth,  

- I - -  ... ..,,!.i 2nd !j-ostoker ( 7 . 7 )  - who d i s c ~ s s e d  t h e  f i n i t e  i o n  L a m o r  r a d i u s  

( k y a i  smal1,but  nonzero) s t a b i l i z a t i o n  e f f e c t s  fo r  r e l a t i v e l y  dense 



plasmas ( > >  . 1 qo?l.-rre!iei.si-.?:? 7 . ;  O? ::ark on :?17J.k~ 
A. A 

instabilities for arbitrary kyai 3s yiven by ~ikhailovskii (7.8). - 

In this work we are assuming that the hydromagnetic interchange 

and also presumably all flute modes have been stabilized by some 

appropriate confinement scheme (Section 1,1), Therefore any low 

frequency (w<<R.) instabilities which remain have nonzero k and a 
1 z 

description of them must include the dynamics of the particle 

motions along the magnetic field. The earliest work on low frequency 

drift instabilities with nonzero k was done by Tserkovnikov (7,9) 
z P 

and Rudakov and Sagdeev (7.10, 7.11) , More extensive studies have -- 
been carried out by Kadomtsev and Timofeev (7,12), Galeev, Oraevskii 

and Sagdeev (7,13) and Krall and Rosenbluth (%,2), Early compre- - 
hensive reviews of work on drift instabilities were made by 

Mikhailovskii (7.8), Kadomtsev (7.14), Rukhadze and Silin (7,151, - 
and Hoh (7.16). A very useful discussion of the types of instabili- 

ties obtained from dispersion relation (7,1,1) has been given by 

Rosenbluth (7.6) . - 
Here we will only discuss some rudimentary facts about these 

low frequency drift instabilities, In order to do so, we will con- 

sider the necessary condition for instability (see Section 4,2%, i,e, - 
P(u) or as we will label it here, P(w), For frequencies much less 

than the ion cyclotron frequency, only the n=O terms in both the ion 

and electron Bessel function summations contribute significantly to 

P(w) since the low frequency plane waves do not couple appreciably 

to the cyclotron orbit motions. Thus, assuming a Maxwellian, 

isothermal (Te=Ti) plasma, we find that (4.2.3) can be reduced to 



where as in Section 3.4, 

and in which we have assumed that k a <<I. The first term in braces 
Y e 

in this expression gives the electron contribution while the second 

gives the ion contribution. Note that since we have assumed that 

T =T the electron and ion drift velocities (V , VD respectively) e i' De i 

are equal in magnitude although opposite in sign. We recall from 

Section 4.2 that in order for instability to be possible, p(u) must 

have more than one zero. Thus, we see that the ion or electron con- 

tributions are not destabilizing by themselves, although the combina- 

tion of them may be. Note also that, in general, only those phase 

velocities in the "positive-slope" regions of the effective velocity 

distribution transverse to the magnetic field direction (see (7-le4)) 

can lead to destabilizing contributions to the dispersion relation. 

In fact, since the mean electron velocity 
a e is much larger than 

the mean ion velocity oi , it is easy to see that the only waves 
which can be unstable are those for which u/k is of the same sign, 

Y 
but smaller in magnitude than VD , - i.e. those which propagate in the 

e 
direction of the electron drifts and hence opposite to the direction 

of the diamagnetic current. Thus, these particular drift instabili- 

ties are often referred to as electron-drift instabilities, 

We also note from (7.1.5) that for large u/kzoe ( large 

phase velocities along the magnetic field compared to the electron 



thermal velocity), P(w) becomes very small and hence the instability, 

even if it occurs, would be expected to have a small temporal growth 

rate (7.17). On the other hand, for small w/kzai (i,e, - small phase 

velocities along the magnetic field compared to the ion thermal 

velocity), the exponential factors approach unity and the destabiliz- 

ing drift terms cancel. Therefore the electron-drift instability is 

most dangerous for 

a < w/kZ < a ,, i e (7,1,6) 

The properties of the electron-drift instabilities which we 

have discussed above are illustrated graphically in Fig, 7,l in 

which we have plotted a typical pair of Nyquist and P(w/L!.) curves, 
1 

Comparing the plots in Fig, 7,l with the corresponding ones for the 

temperature-anisotropy, loss-cone and drift-cyclotron instabili- 

ties (Figs. 4.4, 4.6, and 7-4 respectively), we find few if any 

similarities, a result which is indicative of the intrinsic differ- 

ences in the instability mechanisms, Here, as usual, the slowly 

varying function of w in the P(w/Qi) plot represents the electron 

contributions to the dispersion relation while the rapidly varying 

part represents the ion contributions, In the Nyquist plot the 

dashed lines indicate where the curve would go in the absence of 

cyclotron damping near harmonics of the ion cyclotron frequency, 

These cyclotron damping contributions are much larger in magnitude 

and cannot be plotted on the scale used in Fig, 7,1, In Fig. 7,la, 

the small heart-shaped curve near the origin is, as usual, the 

electron contribution. Here it is distorted slightly due to the 

electron diamagnetic drift. From Fig, 7,l we see that the unstable 





modes (those near w ) have positive frequencies and recalling the 
0 

definitions given by (7,1.3) and (2.2.7), we see that they do 

propagate in the direction of the electron diamagnetic drift 

velocity, In Fig, 7.1 it is readily apparent that the unstable 

modes lie within the range specified by (7.1.6). 

If we combine the left most of the conditions in (7,1.6) 

with the condition given by (7,1,4) (for the electrons), we see 

that the k for which instability can occur is limited by 
z k V 

k < 
Y De 

Z C1 
(instability), (7.1.7) 

i 

In the limit of large k this condition implies that kZ is un- 
Y" 

limited in magnitude, However, from (7,1,5) we note that as k 
Y 

becomes large, the ion term becomes small due to the reduction in 
-Ai 

magnitude of the Bessel function coefficient Io(Ai)e Taking 

this reduction into account and also considering the limitations 

of the sufficiency condition for instability, the fundamental 

frequency of the drift oscillations, k V (see (7,1.4)), becomes 
Y De 

multiplied by a factor of (7,14) 

E . r l y s i ~ a l L y  t-1i.s qorrection to the fundamental drift frequency is due 

to the averaging of the wave field over the ion Larmor radius (7.14). 

Using this finite Larmor radius correction and evaluating the 

Bessel function in the limit of large k a , we find that drift 
Y i 

instabilities occur only if 



This approximate result has been noted by Rosenbluth (7,6). 

The variation of k for which instability occurs for varying 
z 

kyait TLf TZt Te, Ti and plasma density has been considered in detail 

by Krall and Rosenbluth (7.2). - They find that if 

(instability) (7-1-8) 

instability can occur, generally for values of k a significantly 
Y i 

in excess of unity. The effect of varying k a is displayed 
Y i 

graphically by these authors. Imposing the condition that the 

plasma be at least a half wavelength in length for the unstable 

mode to occur, Krall and Rosenbluth (7.2) - note that a given plasma 
will be stable against these low frequency electron-drift instabili- 

ties if 

(stability) (7 .log) 

in which L is the axial length of the plasma. 

For a particular case (T =T. =T =T k = 0 ,  E 'a = 0.1, k a. =5.0) e 1 I zF i Y 1 

we have investigated the variation of kzai with plasma density 

2 2 
( w  / ) for the marginally stable modes and found the results to 
Pi 

agree with condition (7.1.8) to within about 5%. The slight dis- 

crepancy is in the appropriate direction for the noninfinite value 



of k a considered here and presumably is due solely to this 
Y i 

effect. We therefore conclude that our results confirm the plasma 

density dependence of instability condition (7,1,8), 

The preceding remarks have applied only to density gradient 

driven instabilities and even among those only to the ones whose 

phase velocities along the magnetic field lie within the range 

given in (7-1.6). The effects which temperature gradients, a 

component added to a "hot" plasma and currents along the 

magnetic field have on these instabilities have been discussed by 

Krall and Rosenbluth (7,2), - The temperature gradient drift insta- 

bilities were first considered by Mikhailovskaya and Mikhailovskii 

7.18). The work on drift instabilities in the presence of a 

current flowing along the magnetic field has been reviewed by 

Mikhailovskii (7.19), For all these different types of low - 
frequency drift instabilities, a condition similar to (7,1,8) 

remains applicable (7,2) - , 
It is of interest to compare the critical lengths for which 

the low frequency drift instabilities can occur with those 

obtained in chapter six for the velocity-space anisotropy insta- 

bilities. This can be done by making a comparison of conditions 

(7.1.8) and (6.1.10). For mi/me=1836, condition 6 1 1 0  can be 

written approximately as 

n 
(kzai) - 100 (instability), (7.1.103 

We recall that the general dispersion relation was derived under 

the assumption that the characteristic inhomogeneity length is 

much larger than an ion Larmor radius, - i,e, 



Therefore, upon comparing conditions (7,1,8) and (7,1,10) (for 

T,/T~ 5 1, since conditions 6 1 1 0  and (7 1 )  are only appli- 
I 

cable for these values of Te), we see that the two are comparable 

only when TL,/T, ,.. 1, TI /Te + 1 and even then only for the n=l 
1. i i 

velocity-space anisotropy modes. (We have also found in chapter 

six that the value of Re(kzai) for which absolute instability 

occurs is smaller than that given by condition (7.1,10), However, 

for Te/TL P.. 1 the difference is very slight.) For smaller 
I 

electron temperatures (Te/T i 1) or a higher harmonic number n, 
J- 2 
I 

the low frequency drift instabilities only occur for smaller 
kZ 

and hence only in longer plasma machines than the velocity-space 

anisotropy instabilities. Therefore we conclude that in most 

open-ended confinement devices (e.g. magnetic mirror machines) 

which have loss-cone or other velocity-space anisotropy sources of 

free energy, as long as the plasma inhomogeneity is sufficiently 

gentle to satisfy condition (7.1.11), the velocity-space anisotropy 

instabilities will be the more dangerous ones in limiting plasma 

containment. For confinement schemes which have closed field lines 

(3. stellerators) in which there is no prominent loss-cone source 

of free energy, as long as the temperatures along and transverse to 

the magnetic field lines are nearly equal (see(6.1,15)), the low- 

frequency drift instabilities will presumably be the most detri- 

mental to plasma containment, However, in principle the latter 

instabilities may be stabilized by a number of means which we will 

now discuss, 

In general what is found in all studies of the low frequency 

drift instabilities satisfying condition (7,1,6) is that for 



instability, k must be very small as indicated by condition z 

7 8  Since kZ is thus much smaller than k for instability, 
Y 

any "uncertainty" in kZ caused by a sheared magnetic field would 

presumably stabilize the instability (see (7,811, - Many authors 

have considered this effect and a short review of that work and the 

limitations of these simple concepts is given by Rutherford and 

Frieman (7.20). - Another subject of considerable interest in this 

regard are the recent demonstrations (7.21-7,231 -- that the temperature- 
gradient-driven drift instabilities are relatively unaffected by a 

sheared magnetic field structure, Similarly it has been noted (7,241 

that a drift instability due to impurity ions is not influenced by 

shear. 

Another possible stabilizing effect on the drift instabilities 

is that of collisions, due to the fact that the drift frequency is 

so small, The earliest considerations of collisional drift insta- 

bilities have been reviewed by Kadomtsev (7,141, - The most recent 

work has been done by Mikhailovskii and Pogutse (7,251 - who develop 

the dispersion relation using the BGK collision model (7,261, - by 

Hendel -- et al, (7-27) - and by Jukes (7,231 - who considers the effects 
of collisions on the temperature-gradient-driven drift instability 

in the presence of a sheared magnetic field structure, 

For plasma densities large enough to give collision frequencies 

of the order of the drift frequency, the parameter 6 of the plasma 

may be larger than that specified by (1,2,24), In this case the 

electron thermal velocity may become comparable with the ~lfvgn speed 

(7.8) - and transverse electromagnetic waves must be considered (see 
Section 1.2). The first work on transverse wave-low frequency drift 



modes was carried out by Mikhailovskii and Rudakov (7,281 - who found 

that a sufficiently high value of B (still less than unity) 

stabilizes the plasma against drift modes and by Krall and Rosenbluth 

(7,29), - These and other studies of transverse modes axe surveyed by 

Mikhailovskii ( 7 , 8 )  - , Kadomtsev (7.14) , Rukhadze and Silin (7,15) - 
and Galeev, Moiseev and Sagdeev (7.30). 

A quite different means of stabilizing the drift instabilities 

is through favorable curvature in the confining magnetic field 

structure, This stabilization has been considered by Krall and 

Rosenbluth (7,2), - As we have discussed in Section 2.4, the magnetic 

field curvature can be represented to a limited degree by the gravity 

force, Representing the curvature in this way, we see immediately 

from (7,1.3) that the effect of the curvature is to modify the drift 

velocities in the plasma. Since the drifts constitute the source of 

free energy driving the instability, the direction of favorable 

curvature is that for which the effective drift velocities are 

reduced, This favorable curvature direction is also synonymous with 

that for the stabilization of the hydrodynamic interchange instabili- 

ties (7.2). - In addition to this rudimentary consideration of the 

stabilization due to magnetic field curvature, Lava1 -- et al, (7,31) - 
have considered the effects in more detail by accounting for the 

fact that the curvature affects particles of dissimilar velocities 

slightly differently (see equation preceding (2.4.11)), This 

velocity dispersion effect on the constant "gravity" commonly used 

to represent magnetic field curvature effects was found to dramatically 

improve the stabilization of the drift instabilities for favorable 

curvature situations (7,31). 
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The non l inea r  s t a b i l i z a t i o n  of low frequency d r i f t  i n s t a b i l i -  

t i e s  has  been t h e  s u b j e c t  of many s t u d i e s ,  The l i t e r a t u r e  concern- 

i n g  t h i s  work i s  very e x t e n s i v e  and we w i l l  no t  a t t empt  t o  survey  

it h e r e ,  An e a r l y  i n t r o d u c t i o n  t o  t h e  non l inea r  work i s  con ta ined  

i n  Kadomtsev's book ( 7 . 1 4 ) ,  - The va r ious  t ypes  of non l inea r  l i m i t i n g  

mechanisms a r e  d i scus sed  and a p p r o p r i a t e  r e f e r e n c e s  noted i n  

Sec t ion  5 ,4 ,  

The exper imenta l  obse rva t ions  of d r i f t  i n s t a b i l i t i e s  have 

r e c e n t l y  been reviewed by Lehnert  ( 7 , 3 2 ) ,  - I n  t h a t  review Lehner t  

no t e s  t h a t  no exper imenta l  evidence of s h e a r  s t a b i l i z a t i o n  of d r i f t  

waves has  been found. Very r e c e n t l y  Grove -- e t  a l .  (7 ,33)  - have demon- 

s t r a t e d  t h a t ,  a t  l e a s t  f o r  t h e  smal l  amounts o f  s h e a r  p r e s e n t l y  

a v a i l a b l e  i n  t h e  C - s t e l l a r a t o r ,  a  c o l l i s i o n l e s s  plasma i s  s t a b i l i z e d  

somewhat by t h e  i n t r o d u c t i o n  of magnetic f i e l d  s h e a r ,  I n  a d d i t i o n ,  

very good agreement between theo ry  and experiment has  r e c e n t l y  been 

r epo r t ed  by Hendel e t  -- a l ,  (7 ,27)  - f o r  a  d r i f t  i n s t a b i l i t y  i n  which 

c o l l i s i o n s  a r e  impor tan t ,  

F i n a l l y  i n  o u r  d i s c u s s i o n  of low frequency d r i f t  i n s t a b i l i t i e s ,  

we should mention a  c l a s s  of modes whose phase v e l o c i t i e s  a long  t h e  

magnetic f i e l d  do no t  s a t i s f y  cond i t i on  ( 7 , 1 , 6 ) ,  Rather ,  t h e s e  modes 

s a t i s f y  t h e  cond i t i on  

and a r e  t hus  t y p i c a l l y  very low frequency i n s t a b i l i t i e s  having a x i a l  

wavelengths s h o r t e r  t han  those  s a t i s f y i n g  cond i t i on  ( 7 , 1 , 8 ) ,  They 

can t h e r e f o r e  occur  i n  plasmas which a r e  s h o r t e r  t han  t h o s e  admi t t i ng  

t h e  low frequency d r i f t  i n s t a b i l i t i e s  we have p rev ious ly  d i scussed ,  

However, a s  observed by Galeev -- e t  a l e  (7 ,13)  - and Kogan and Moiseev 



(7 .34 ) ,  t h e i r  appearance i n  an inhomogeneous plasma i n  a  n e a r l y  uni-  

form magnetic f i e l d  r e q u i r e s  t h e  s a t i s f a c t i o n  of r a t h e r  s p e c i a l  and 

u n l i k e l y  c o n d i t i o n s ,  - e .g .  t h a t  t h e  r a t i o  of temperature  t o  d e n s i t y  

g r a d i e n t  s a t i s f y  t h e  cond i t i on  

d%nTi 
> 2 ( i n s t a b i l i t y ) ,  

danni 

When a vary ing  magnetic f i e l d  c u r v a t u r e  i s  cons idered ,  Coppi 

e t  a l .  (7.35) have shown t h a t  d r i f t  modes can be l o c a l i z e d  i n  unfav- -- 
o r a b l e  c u r v a t u r e  r eg ions  and be u n s t a b l e  under less s t r i n g e n t  condi-  

t i o n s  t han  those  given above. Coppi, Rosenbluth and Yoshikawa (7.36) - 
have d i scussed  t h e  l o c a l i z e d  ("ba l looning")  modes which a r i s e  i n  

mu l t i po l e  c o n f i g u r a t i o n s  and which inc lude  d r i f t  modes l o c a l i z e d  i n  

t h e  r eg ions  of unfavorab le  cu rva tu re .  I n  a d d i t i o n ,  Kadomtsev and 

Pogutse (7.37) - and Rosenbluth (7.38) - have d i scussed  f l u t e  i n s t a b i l i -  

t i e s  which can occur  due t o  t h e  t r a p p i n g  of p a r t i c l e s  i n  t h e  unfavor-  

a b l e  c u r v a t u r e  r eg ions  between l o c a l  magnetic m i r r o r s  i n  complex 

magnetic f i e l d  geometr ies .  The l a t t e r  i n s t a b i l i t i e s  a r e  r e f e r r e d  t o  

a s  " t r apped  p a r t i c l e "  i n s t a b i l i t i e s .  F i n a l l y ,  w e  should n o t e  t h a t  

p r e s e n t l y  t h e r e  a r e  i n  p rog res s  many i n v e s t i g a t i o n s  of low frequency 

d r i f t  and f l u t e  o r  t rapped  p a r t i c l e  i n s t a b i l i t i e s  i n  very  g e n e r a l  

magnetic f i e l d  c o n f i g u r a t i o n s  (7.39-7-42).  -- 



7 .2  Dr i f t -Cyclo t ron  I n s t a b i l i t i e s  

Having b r i e f l y  reviewed t h e  dominant f e a t u r e s  of t h e  low 

frequency d r i f t  i n s t a b i l i t i e s ,  w e  w i l l  now d i s c u s s  t h e  

so -ca l l ed  d r i f t - c y c l o t r o n  i n s t a b i l i t i e s  (7.1) - i n  much g r e a t e r  

d e t a i l .  I n  t h i s  s e c t i o n  we r e s t r i c t  our  cons ide ra t ion  of 

t h e  d r i f t - c y c l o t r o n  i n s t a b i l i t i e s  t o  t hose  which occur  i n  a  

s p a t i a l l y  inhomogeneous plasma ( d e n s i t y  g r a d i e n t s  on ly)  

which h a s  a  Maxwellian v e l o c i t y  d i s t r i b u t i o n  wi th  e q u a l  t e m -  

p e r a t u r e s  a long  and t r a n s v e r s e  t o  t h e  magnetic f i e l d  d i r e c -  

t i o n .  W e  d e f e r  a  d i s cus s ion  of  t h e  h igh  frequency ( w  +n") 

i n s t a b i l i t i e s  t h a t  occur i n  a plasma which has  bo th  l o s s -  

cone and d e n s i t y  g r a d i e n t  sou rces  of f r e e  energy t o  t h e  n e x t  

s e c t i o n .  

The a p p r o p r i a t e  d i s p e r s i o n  r e l a t i o n  f o r  s tudying  t h e  

d r i f t - c y c l o t r o n  i n s t a b i l i t i e s  i s  t h a t  g iven by (7.1.1) w i th  

t h e  g r a v i t y  t e r m  omit ted:  



While i n  o m i t t i n g  t h e  g r a v i t y  t e r m  we omit  aXI considera-  

t i o n  of magnetic f i e l d  cu rva tu re  e f f e c t s ,  l a t e r  i n  t h i s  

s e c t i o n  w e  review o t h e r  s t u d i e s  of t h e s e  e f f e c t s  which have 

been c a r r i e d  o u t .  A s  i n  t h e  c a l c u l a t i o n s  c a r r i e d  o u t  i n  

Chapter  6 ,  w e  w i l l  only  cons ide r  t h e  convec t ive  versus  

a b s o l u t e  n a t u r e  of t h e  uns t ab l e  modes i n  t h e  z o r  magnet ic  

f i e l d  d i r e c t i o n .  A s  long a s  Te . Tzi, we w i l l  f i n d  t h a t ,  

a s  wi th  t h e  ve loc i ty -space  an i so t ropy  modes, i n  t he  z  o r  

a x i a l  d i r e c t i o n  t h e  d r i f t - c y c l o t r o n  modes t y p i c a l l y  have 

phase v e l o c i t i e s  much l a r g e r  than t h e  e l e c t r o n  thermal  

v e l o c i t y  and hence t h e  d i s t i n c t i o n s  between a b s o l u t e  and 

convec t ive  modes i n  t h i s  d i r e c t i o n  w i l l  be  expected t o  be  

impor tan t ,  For t h e  d r i f t - c y c l o t r o n  i n s t a b i l i t i e s ,  w e  w i l l  

a l s o  f i n d  (see (7.2.14) ) t h a t  t h e  phase v e l o c i t y  of t h e  

u n s t a b l e  modes t r a n s v e r s e  t o  t h e  magnetic f i e l d  must always 

be cons ide rab ly  less than  t h a t  g iven  by (6 ,2 .5 )  f o r  t h e  

loss-cone i n s t a b i l i t i e s  and c e r t a i n l y  l e s s  than  the  i o n  

thermal  v e l o c i t y .  Therefore ,  our  arguments i n  Sec t ion  6 . 1  f o r  



n e g l e c t i n g  t h e  a b s o l u t e  ve r sus  convect ive  n a t u r e  of t h e  i n s t a b i l i -  

t i e s  i n  t h e  y  d i r e c t i o n  would seem t o  be even b e t t e r  j u s t i f i e d  f o r  

t h e  d r i f t - c y c l o t r o n  i n s t a b i l i t i e s ,  Assuming t h e s e  arguments t o  be 

v a l i d ,  we need on ly  cons ide r  s o l u t i o n s  of t h e  d i s p e r s i o n  r e l a t i o n  

f o r  r e a l  k  . However, a s  u s u a l  we cons ide r  k  and w t o  be com- 
Y z 

p l ex  i n  gene ra l ,  With t h e s e  assumptions,  we have p rev ious ly  seen  

from a  c o n s i d e r a t i o n  of t h e  symmetry p r o p e r t i e s  of t h e  g e n e r a l  d i s -  

p e r s i o n  r e l a t i o n  ( s e e  Sec t ion  3.3) t h a t  w e  need only c o n s i d e r  p o s i t i v e  

k  and va lues  of k  having p o s i t i v e  r e a l  p a r t s ,  b u t  r e a l  p a r t s  of 
Y z  

w of e i t h e r  s i g n ,  

Carrying o u t  t h e  i n d i c a t e d  i n t e g r a t i o n s  i n  t h e  d i s p e r s i o n  r e l a -  

t i o n  given by ( 7 , 2 , 1 )  f o r  t h e  plasma model of i n t e r e s t  h e r e ,  we 

o b t a i n  t h e  d i s p e r s i o n  r e l a t i o n  given by (3 ,3 ,16 )  and ( 3 , 4 , 3 )  w i th  t h e  

n/kyt  g r a v i t y  and temperature  g r a d i e n t  t e r m s  omi t ted  and t h e  v a r i a b l e s  

v 
0 se t  t o  zero ,  Making t h e  same approximations i n  t h e  e l e c t r o n  

j 
c o n t r i b u t i o n s  t o  t h e  d i s p e r s i o n  r e l a t i o n  a s  w e  d i d  i n  Sec t ion  6 , l  

(namely w 
2 2 

'e kAae H 1, Te < T~ 
) and making t h e  f u r t h e r  

Pe i 
assumption t h a t  TI = TZ , w e  may w r i t e  t h e  r e s u l t a n t  d i s p e r s i o n  r e l a -  

i i 
t i o n  a s  

where 



Here t h e  f i r s t  two terms on t h e  r i g h t  g i v e  t h e  f l u i d  model con t r ibu -  

t i o n s  of t h e  e l e c t r o n s  w i th  t h e  second of t h e s e  r e p r e s e n t i n g  t h e  

e f f e c t  of t h e  e l e c t r o n  d e n s i t y  g r a d i e n t .  S i m i l a r l y  t h e  two t e r m s  

enc losed  i n  t h e  f i r s t  se t  of b r a c k e t s  account f o r  t h e  coupl ing  of 

t h e  wave w i t h  e l e c t r o n  motions a long  t h e  magnetic f i e l d  i n  which 

t h e  dominant c o n t r i b u t i o n  comes from t h e  e l e c t r o n  Landau damping 

term ( t h e  f i r s t  t e r m ) ,  F i n a l l y ,  t h e  terms summed over  n  g i v e  t h e  

i o n  c o n t r i b u t i o n s  t o  t h e  d i s p e r s i o n  r e l a t i o n ,  The l a t t e r  t e r m s  

account f o r  t h e  f r e e  energy which d r i v e s  t h e  d r i f t - c y c l o t r o n  i n s t a -  

b i l i t i e s  ( s e e  below).  A s  wi th  t h e  ve loc i ty -space  a n i s o t r o p y  i n s t a -  

b i l i t i e s ,  i n  o r d e r  f o r  waves t o  i n t e r a c t  s t r o n g l y  wi th  t h e  p a r t i c l e s  

and t a p  t h i s  source  of f r e e  energy,  t h e i r  frequency must be near  a  

m u l t i p l e  o f  t h e  cyc lo t ron  f requency,  - i , e ,  

w PB/ nQ 
i " 

( 7 , 2 , 3 )  

The d r i f t - c y c l o t r o n  i n s t a b i l i t i e s  were f i r s t  s t u d i e d  by 

Mikha i lovsk i i  and Timofeev (7 .1)  - who showed t h a t  bo th  f l u t e - l i k e  

(kZ= 0 )  and "convect ive"  (kZ  + 0 )  modes can be uns t ab l e .  The term 

"convec t ive"  h e r e  i s  used t o  imply motion of t h e  wave a long t h e  

magnetic f i e l d  and i s  common i n  t h e  Russian l i t e r a t u r e ,  I t  does no t  

n e c e s s a r i l y  imply t h a t  t h e  mode i s  of t h e  convec t ive  t ype  i n  t h e  

s ense  of o u r  d i s c u s s i o n  i n  chap te r  f i v e  and s o  i n  o r d e r  t o  avoid 

confusion we w i l l  r e f r a i n  from f u r t h e r  use  of t h e  word "convect ive"  

t o  d e s c r i b e  modes wi th  nonzero k Z .  A very e x t e n s i v e  s tudy  of t h e  

d r i f t - c y c l o t r o n  i n s t a b i l i t i e s  under vary ing  plasma c o n d i t i o n s  has 

been c a r r i e d  o u t  by Mikha i lovsk i i  ( 7 , 4 3 ) .  Very b r i e f  d i s c u s s i o n s  of  

t h e  g e n e r a l  f e a t u r e s  of t h e  d r i f t - c y c l o t r o n  i n s t a b i l i t i e s  can be 



found i n  t h e  review works by Kadomtsev ( 7 , 1 4 ) ,  Mikha i lovsk i i  ( 7 , 8 )  - 
and Rosenbluth (7 .6)  , - 

Taking t h e  k Z  = 0 l i m i t  of d i s p e r s i o n  r e l a t i o n  (7 .2 ,2 )  and 

adding t h e  term me/mi t o  t h e  l e f t  of t h e  r e s u l t a n t  equa t ion  t o  

account f o r  t h e  lowest  o r d e r  n  0 e l e c t r o n  c o n t r i b u t i o n s  t o  t h e  

e x a c t  e l e c t r o s t a t i c  d i s p e r s i o n  r e l a t i o n ,  t h e  f l u t e - l i k e  modes can 

be shown t o  be u n s t a b l e  only  i f  (see (7 .1 ,  7 , 6 ) ,  o r  use  t h e  i n s t a -  - -  
b i l i t y  c r i t e r i o n  given i n  Sec t ion  4 , 2  f o r  such c a s e s )  

m 2 1 / 2  

( i n s t a b i l i t y )  

P i  * 
For a  plasma of s u f f i c i e n t l y  low d e n s i t y  s o  t h a t  w 

2 2  

Pe < "e 

t h i s  c r i t e r i o n  can be reduced t o  

2 

( i n s t a b i l i t y )  . ( 7 , 2 , 4 )  

I n  ou r  numerical  c a l c u l a t i o n s  of  t h e  t h r e s h o l d  d e n s i t y  f o r  t h e  

f l u t e - l i k e  d r i f t - c y c l o t r o n  i n s t a b i l i t i e s  ( s e e  below) i n  which we 

r e t a i n  t h e  e x a c t  e l e c t r o n  c o n t r i b u t i o n s  t o  t h e  e l e c t r o s t a t i c  d i s -  

pe r s ion  r e l a t i o n ,  we f i n d  t h i s  l a t t e r  c r i t e r i o n  t o  be  q u i t e  ade- 

qua t e  f o r  e s t i m a t i n g  t h e  t h r e s h o l d  d e n s i t y .  

Next, w e  w i l l  d i s c u s s  t h e  d r i f t - c y c l o t r o n  i n s t a b i l i t i e s  having 

nonzero k . Owing t o  t h e  s i m i l a r i t y  of t h e  d i s p e r s i o n  r e l a t i o n  z  

* 
I f  t h i s  cond i t i on  i s  n o t  s a t i s f i e d ,  t hen  it i s  no t  - a  p r i o r i  

obvious t h a t  t h e  plasma w i l l  have a  s u f f i c i e n t l y  low va lue  of  B 

t o  war ran t  o u r  n e g l e c t  of t r a n s v e r s e  e l ec t romagne t i c  waves ( s e e  

Sec t ion  1 , 2 )  , 



given by ( 7 , 2 , 2 )  t o  t h a t  s t u d i e d  i n  connect ion wi th  t h e  v e l o c i t y -  

space an i so t ropy  i n s t a b i l i t i e s  -- ( 6 . 1 . 6 ) ,  we w i l l  fo l low t h e  

same gene ra l  procedure  a s  t h a t  i n  Sec t ion  6 . 1  i n  d i s c u s s i n g  t h e  

kZ 0 d r i f t - c y c l o t r o n  i n s t a b i l i t i e s  and r e f e r  t h e  r eade r  t o  t h a t  

s e c t i o n  f o r  t h e  d e t a i l s  of t h e  b r i e f  arguments p re sen ted  h e r e ,  A s  

b e f o r e ,  it  is impor tan t  t o  no te  t h a t  t h e  i o n  c o n t r i b u t i o n s  t o  t h e  

d i s p e r s i o n  r e l a t i o n  a r e  of o rde r  u n i t y ,  Omitt ing t h e s e  con t r ibu -  

t i o n s  f o r  t h e  moment and s e t t i n g  kZ e q u a l  t o  k, we f i n d  t h a t  

f o r  i n s t a b i l i t y  t o  occur  we c e r t a i n l y  must have 

w > n" (me/mi) ( 7 , 2 , 5 )  
P i  

i n  which w e  have employed (7 .2 .3 ) .  Next, we no te  t h a t  i n  o r d e r  

f o r  t h e  d e s t a b i l i z i n g  i o n  terms t o  be a b l e  t o  c o n t r i b u t e  s i g n i f i -  

c a n t l y  t o  t h e  d i s p e r s i o n  r e l a t i o n ,  t h e  e l e c t r o n  Landau damping 

must be  made "smal l "  by cons ide r ing  only t h o s e  waves whose phase 

v e l o c i t i e s  a long  t h e  magnetic f i e l d  a r e  l a r g e  compared t o  t h e  e l e c -  

t r o n  thermal  v e l o c i t y .  A s  be fo re ,  we w r i t e  t h i s  requirement  i n  

terms of a  cond i t i on  r e f l e c t i n g  t h e  va lues  of kZ which may be 

uns t ab l e :  

( i n s t a b i l i t y )  . ( 7 , 2 , 6 )  

Using t h i s  l i m i t  on kZ and aga in  s o l v i n g  t h e  r e a l  p a r t  of t h e  

d i s p e r s i o n  r e l a t i o n  o m i t t i n g  t h e  i on  c o n t r i b u t i o n s ,  we see  t h a t  an 

approximate necessary  cond i t i on  f o r  i n s t a b i l i t y  i s  

t a b i  l i t y )  . 



This  l i m i t  i s  on ly  a p p l i c a b l e  f o r  va lues  of  Te/Ti l a r g e  enough (bu t  

s t i l l  sma l l  compared t o  u n i t y )  s o  t h a t  it i s  no t  lower t h a n  t h a t  

g iven by ( 7 , 2 , 5 ) ,  However, i n  g e n e r a l  t h i s  l i m i t  i s  u s u a l l y  consid- 

e r a b l y  l e s s  r e s t r i c t i v e  on t h e  plasma d e n s i t y  than  c o n d i t i o n  ( 7 , 2 , 5 ) ,  

Now, wi th  t h e  except ion  of t h e  d e n s i t y  dependent term i n  t h e  denomi- 

n a t o r  of (7 .2 .7)  which i s  n e g l i g i b l e  f o r  smal l  Te/Ti o r  ve ry  weak 

s p a t i a l  g r a d i e n t s ,  w e  no t e  t h a t  cond i t i ons  (7 ,2 .6)  and ( 7 , 2 , 7 )  a r e  

i d e n t i c a l  wi th  t h e  corresponding ones de r ived  i n  t h e  preced ing  

chap te r  f o r  ve loc i ty -space  an i so t ropy  i n s t a b i l i t i e s ,  The reason  

f o r  t h i s  l a c k  of prominent d i f f e r e n c e s  i s  t h a t  we have y e t  t o  con- 

s i d e r  any a s p e c t s  of t h e  i o n  f r e e  energy source  t h a t  d r i v e s  t h e  

d r i f t - c y c l o t r o n  i n s t a b i l i t y  (except  f o r  assumption ( 7 . 2 . 3 ) )  and 

which i s  somewhat d i f f e r e n t  from t h a t  of t h e  ve loc i ty - space  an i so t ropy  

i n s t a b i l i t i e s .  

The d r i f t - c y c l o t r o n  i n s t a b i l i t i e s  a r e  d r iven  by t h e  source  of 

f r e e  energy a s s o c i a t e d  wi th  t h e  inhomogeneity of t h e  plasma, which 

a s  w e  have d i scussed  i n  t h e  preceding s e c t i o n  man i f e s t s  i t s e l f  i n  

n e t  o r  macroscopic p a r t i c l e  d r i f t s  i n  t h e  y  d i r e c t i o n ,  Consider- 

i n g  a  plasma having on ly  a  d e n s i t y  g r a d i e n t ,  t h e  n e t  d r i f t  v e l o c i t y  

f o r  t h e  i o n s  i s  given by (see ( 7 0  la  3 )  ) 

The i o n  d r i f t  v e l o c i t y  i s  most r e l e v a n t  he re  s i n c e  we w i l l  be con- 

s i d e r i n g  ( cyc lo t ron )  waves which couple  energy o u t  of t h e  - i o n  

motions t r a n s v e r s e  t o  t h e  magnetic f i e l d ,  

I n  o r d e r  t o  d i s c u s s  t h e  mechanism of  t h e  d r i f t - c y c l o t r o n  

i n s t a b i l i t i e s  i n  terms of "pos i t i ve - s lope"  r eg ions ,  we examine 
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the zeros of the Zccction P(u,/~~). Fcr thc present inhomogeneous 

magnetized plasma case, making all of the sane assumptions and 

omissions of terms that we have made to arrive at equations (7,2,1) 

anc. ( 7 . 2 , 2 )  as well as assuming that condition (7,2,6) is satisfied 

so that the electron contribution to P(w/R.) can be ignored, we can 
1 

reduce (4.2.3) to (for lwl L Ri/2, k $ 0, kZ t 0) Y 

For the purposes of the present marginal stability analysis, the 

zeros of this function are to be found for real w,ki,kz. We have 

noted previously that we need only consider positive values of each 

of these quantities except w, However, we need only consider 

positive w if we allow for spatial gradients in either direction, 

i.e. of either sign (see Section 3.3). Zeros of P(w/Ri) will occur - 
whenever there is a "positive-slope" region (see Sections 4,1, 4,2). 

For positive w, P(w/R.) has positive values in this region. In 
1 

(7,2.9), in addition to the terms which are present for a homogeneous 

plasma, we have the plasma inhomogeneity term (k /Ri)Fiagi/ax. Since. 
Y 

as we have previously discussed (Section 6.1), for a Maxwellian 

plasma the homogeneous plasma contributions both have stabilizing 

effects, it is the inhomogeneity term which must lead to the destabili- 

zation here, We also note that due to the similarities of the relevant 

terms in the dispersion relation and P(w/R.) 1 for the velocity-space 

anisotropy and drift-cyclotron modes, the frequency of the drift- 

cyclotron mode at the lowest threshold density would be expected to 



be t h a t  g iven by ( 6 , 1 . 1 3 ) ,  The v a l i d i t y  of t h i s  a s s e r t i o n  i s  borne 

o u t  by a l l  of  ou r  numerical  c a l c u l a t i o n s  of  d r i f t - c y c l o t r o n  i n s t a -  

b i l i t i e s  having nonzero k  and Te/Ti 5 1. 
Z 

I f  Te i s  n o t  t o o  much less than  Ti ,  t h e  va lue  of k  a ,  a t  
Z 1 

and above t h e  t h r e s h o l d  d e n s i t y  i s  q u i t e  smal l  ( s e e  ( 7 . 2 . 6 ) ) .  A s  

b e f o r e ,  we no te  t h a t  i n  t h i s  case  t h e  resonance of t h e  wave i s  p r i -  

mar i ly  wi th  a  given harmonic of  t h e  i o n  cyc lo t ron  frequency and t h e  

c o n t r i b u t i o n s  of t h e  nonresonant harmonics t o  P(w/ili) a r e  n e g l i g i b l e .  

Then, aga in  u s ing  t h e  f a c t  t h a t  kzai i s  sma l l ,  we can reduce t h e  

i n s t a b i l i t y  c o n d i t i o n  t h a t  P(w/ili) from (7.2.9) be p o s i t i v e  f o r  

p o s i t i v e  w t o  

aFi 

[d3v J: re) (nili7 + &  k F  2ili - ( i n s t a b i l i t y )  (7 ,2 ,10)  
av .  ax 

f o r  each p o s i t i v e  n  of i n t e r e s t ,  Working o u t  t h i s  c r i t e r i o n  f o r  a  

Maxwellian v e l o c i t y  d i s t r i b u t i o n ,  w e  f i n d  t h a t  it becomes simply 

nil, 

( i n s t a b i l i t y )  ( ' 7 e 2 . 1 1 )  

Reca l l i ng  assumption ( 7 , 2 . 3 ) ,  we s e e  t h a t  t h i s  r e s u l t  i s  very  ind i ca -  

t i v e  of a  resonance of t h e  wave wi th  p a r t i c l e s  i n  t h e  " p o s i t i v e -  

s lope"  p o r t i o n  of  an e f f e c t i v e  i o n  v e l o c i t y  d i s t r i b u t i o n  which t a k e s  

i n t o  account t h e  i o n  diamagnetic d r i f t  v e l o c i t y  ( s e e  be low) ,  

I f ,  i n s t e a d  of u s ing  t h e  procedure desc r ibed  i n  t h e  preced ing  

paragraph,  we make t h e  same p h y s i c a l  arguments a s  t hose  made i n  

Sec t ion  6 ,2  r ega rd ing  t h e  e f f e c t i v e  v e l o c i t y  d i s t r i b u t i o n  t r a n s v e r s e  

t o  t h e  magnetic f i e l d ,  w e  would d e f i n e  i t  he re  a s  



Then, a s  be fo re ,  we would conclude t h a t  t h e  a p p r o p r i a t e  i n s t a b i l i t y  

c r i t e r i o n  f o r  waves having a  component i n  t h e  y  d i r e c t i o n  would be 

(7 .2 .13)  

For w = nQi, a t  l e a s t  i n  t h e  l i m i t  of smal l  g r a d i e n t s ,  t h i s  l a s t  

c r i t e r i o n  i s  e q u i v a l e n t  i n  t h e  p r e s e n t  ca se  t o  (7 .2 ,11 ) ,  W e  should 

a l s o  no te  t h a t  (7.2,13) can be ob ta ined  by t a k i n g  t h e  "continuum" 

l i m i t  of P (w/Q. )  g iven  by (7.2.9) us ing  t h e  p r e s c r i p t i o n  given by 
1 

Rosenbluth (7 ,6)  - ( s e e  Sec t ions  6 . 2 ,  6.3 f o r  t h e  d e t a i l s  of t h i s  

p rocedure ) .  I n  subsequent c a l c u l a t i o n s  we w i l l  f i n d  t h a t  (7.2.13) i s  

q u i t e  adequate f o r  p r e d i c t i n g  t h e  ranges of f r equenc ie s  f o r  which 

i n s t a b i l i t y  of a  mode wi th  given k  can occur  and i n  f a c t  i s  a  
Y 

more a c c u r a t e  i n s t a b i l i t y  c r i t e r i o n  than  t h a t  g iven by (7 .2 .11) .  

A s  w i th  t h e  s i m i l a r  c r i t e r i o n  developed i n  Sec t ion  6 . 2 ,  it i s  

impor tan t  t o  no te  t h a t  i f  t h e r e  a r e  d i s t i n c t  groups of i o n s  which 

have d i s s i m i l a r  v e l o c i t y  d i s t r i b u t i o n s  a long  t h e  magnetic f i e l d ,  

t hen  it may no t  be very r e a l i s t i c  t o  cons ide r  on ly  t h e  e f f e c t i v e  

v e l o c i t y  d i s t r i b u t i o n  pe rpend icu la r  t o  t h e  magnetic f i e l d ,  That  

i s ,  i n  such cases  w e  do n o t  n e c e s s a r i l y  expec t  e i t h e r  (7 .2 ,10)  o r  

(7 ,2 ,13 )  t o  be c o r r e c t  and i n  gene ra l  must r e t u r n  t o  a  c o n s i d e r a t i o n  

of t h e  more gene ra l  P  ( w / Q i )  g iven by ( 7 . 2 . 9 )  . 
- 

A t y p i c a l  p l o t  of F i (v  ) f o r  an inhomogeneous plasma wi th  a  
Y 

Maxwellian v e l o c i t y  d i s t r i b u t i o n  i s  shown i n  F ig .  7 ,2 ,  From t h i s  

f i g u r e  w e  s e e  t h a t  t h e  s p a t i a l  inhomogeneity of t h e  plasma e f f e c -  

t i v e l y  g i v e s  rise t o  a  ve loc i ty -space  an i so t ropy ,  Viewing t h e  



figure and considering (7.2.13), we see that the phase velocities 

specified by 

are in the "positive-slope" region of the effective velocity dis- 

tribution Fi(v ) and hence correspond to potentially unstable 
Y 

waves. Note that those waves having negative w/ky are 

necessarily stable waves, 

Figure 7,2, Effective Velocity Distribution in the y Direction 
a dni i 
n dx - -r8ai = 0.2). (Inhomogeneous Plasma, - - - 
i 

As in the preceding chapter, in order to demonstrate the 

validity of (7,2.14), we will consider a particular example, The 

case we investigate is that which is characterized by Te/Ti= 
ai dni 

and - - = - &'a = 0,2, This case will be the "standard" n, dx i 
1 

drift-cyclotron instability case, away from which we will make all 

variations of Te/Ti and €'a i" Strictly speaking, this choice of 

density gradient scale length of ai/L = 0.2 is on the borderline 

of being acceptable as far as the satisfaction of condition (3,3,13) 



for the validity of our dispersion relation. While it would per- 

haps be better to choose a somewhat smaller value of this parameter, 

we use the value of 0,2 since within the limitations of our computer 

programs (k a 2 28), it allows us the greatest possible flexibility 
Y i 

in varying k a (see below). Later when we consider the influence 
Y i 

of variations in the density gradient parameter, we will find that 

this choice for our "standard" case does yield results which are 
I 

qualitatively equivalent to those found for smaller values of cia i 

which more closely satisfy condition '(3.3.13) (see Fig, 7,9), 

Considering this standard case, for a given k a we find 
Y i 

stability curves such as those displayed in Figs. 4.8, 5,9 for 

positive frequencies, For negative frequencies we do not find any 

instabilities, a result which is in agreement with (7,2,14) and 

which tells us that unstable waves propagate only in the ion drift 

or diamagnetic current direction. Again, as in the case of the 

loss-cone instabilities, we find that for each given k a there 
Y i 

is a maximum frequency wave (typically for a fairly high density) 

which can be unstable in the plasma. The variation with k a of 
Y i 

this maximum frequency for which instability can occur is displayed 

in Fig, 7@3, From these results and the fact that waves with 

negative w are always stable for this case, we conclude that 

condition (7,2,14) is a valid condition for instability for all 

frequencies, including those which lie between harmonics of the 

ion cyclotron frequency. 

Having established the validity of (7.2,14), we will now use 

it to derive a more accurate stability criterion than that given 

by (7-2 - 7 )  , Recalling that in general the frequency must be near 





a cyclotron harmonic for a strong wave-particle interaction to 

occur, we can rewrite (7,2.14) to indicate the range of k a for 
Y i 

which the plasma can be unstable: 

Then, using this relation in (7.2.7), we find that the density 

threshold over the entire range of k a for which drift-cyclotron 
Y i 

instabilities can occur is given roughly by: 

Te - 1 
2 

(instability), 
Ti  la^) 

For k a values greatly in excess of n a li /v Dif the density 
Y i 

threshold for instability of that particular mode remains that 

given by (7,2,7), 

In the derivation of the dispersion relation we required the 

satisfaction of condition (3.3.13) which here is given by: 



Therefore  we immediately s e e  from cond i t i ons  (7 ,2 .15)  and (7 ,2 ,16 )  

t h a t  a  consequence of t h i s  smal lness  of  t h e  d r i f t  v e l o c i t y  f o r  

inhomogeneous plasmas i s  t h a t  t h e  d r i f t - c y c l o t r o n  i n s t a b i l i t i e s  

occur  only  f o r  very  s h o r t  t r a n s v e r s e  wavelengths and r e l a t i v e l y  

high plasma d e n s i t i e s .  They can t h e r e f o r e  be prevented a t  any 

given plasma d e n s i t y  by r e q u i r i n g  t h a t  t h e  plasma have a  s u f f i -  

c i e n t l y  g e n t l e  d e n s i t y  g r a d i e n t .  

R e c a l l i n g  cond i t i on  (7.2.15) f o r  a  n e g a t i v e  va lue  of & ' a i ,  

w e  can r e a d i l y  s e e  from t h e  d i s p e r s i o n  r e l a t i o n  and P(w/Qi) t h a t  

t h e  combination of t h e  a < f . > / a v i  and a < f . > / a x  terms i s  p o s i t i v e  
1 1 

nea r  a  given harmonic of t h e  i o n  cyc lo t ron  frequency when t h e  

d r i f t - c y c l o t r o n  i n s t a b i l i t y  occurs .  Thus, h e r e  as f o r  t h e  l o s s -  

cone i n s t a b i l i t y ,  t h e  normal cyc lo t ron  damping has  become a  

c y c l o t r o n  growth, The d r i f t - c y c l o t r o n  i n s t a b i l i t y  (wi th  nonzero 

k Z )  t h e r e f o r e  r e s u l t s  from t h e  coupl ing  of  a  p o t e n t i a l l y  u n s t a b l e  

ion-cyc lo t ron  wave wi th  a  damped e l e c t r o n  plasma wave moving a long  

t h e  magnetic f i e l d  by wave propaga t ion  a t  an ang le  o t h e r  t han  90'  

t o  t h e  magnetic f i e l d .  We a l s o  n o t e  t h a t  s i n c e  t h e  a < f i > / a x  t e r m  

g i v e s  t h e  d e s t a b i l i z i n g  c o n t r i b u t i o n  t o  t h e  d i s p e r s i o n  r e l a t i o n ,  

t h e  x  component of t h e  gu id ing  c e n t e r  of t h e  i o n s  i s  r a p i d l y  

des t royed  a s  a  c o n s t a n t  of t h e  motion. A s  a  m a t t e r  of f a c t ,  it 

i s  t h i s  change i n  t h e  gu id ing  c e n t e r  i n  t h e  "pos i t i ve - s lope"  r eg ion  

which r e l e a s e s  t h e  source  of f r e e  energy d r i v i n g  t h e  i n s t a b i l i t y ,  

The s t a t emen t s  made i n  t h e  preceding paragraph can b e  i l l u s -  

t r a t e d  by cons ide r ing  t h e  Nyquist and p(w/Qi) p l o t s  f o r  t h e  d r i f t -  

cyc lo t ron  i n s t a b i l i t i e s .  A t y p i c a l  set of  such graphs i s  d i sp l ayed  

i n  F ig ,  7,4. A s  i n  t h e  case  of t h e  ve ' loci ty-space an i so t ropy  i n -  

s t a b i l i t i e s ,  s i n c e  we a r e  cons ide r ing  a  c a s e  w i th  T e < <  T Z  t h e  
i 





e l e c t r o n  and i o n  c o n t r i b u t i o n s  t o  t h e  d i s p e r s i o n  r e l a t i o n  a r e  i n  

g e n e r a l  on v a s t l y  d i f f e r e n t  s c a l e s ,  The Nyquist  and p ( w / Q i )  p l o t s  

on t h e  e l e c t r o n  s c a l e  a r e  d i sp l ayed  i n  F i g ,  7,4 a r b ,  A s  u s u a l  t h e  

e l e c t r o n  c o n t r i b u t i o n  i s  c h a r a c t e r i s t i c  of t h e  Z l  f u n c t i o n  ( s e e  

F ig ,  4,3b) a l though h e r e  t h e r e  i s  a  s l i g h t  d e v i a t i o n  from t h i s  

simple func t ion  due t o  t h e  presence of  t h e  e l e c t r o n  d r i f t  v e l o c i t y ,  

For nega t ive  f r equenc ie s  w e  no t e  from F ig ,  7,4b t h a t  t h e r e  i s  

c y c l o t r o n  damping of waves w i t h  f r equenc ie s  near  i n t e g e r  m u l t i p l e s  

of t h e  i o n  cyc lo t ron  frequency,  This damping p e r s i s t s  f o r  a l l  

nega t ive  f r equenc ie s ,  a  f a c t  which can be seen  d i r e c t l y  from d i s -  

pe r s ion  r e l a t i o n  ( 7 , 2 , 2 )  o r  P (w/Qi )  a s  g iven by ( 7 , 2 . 9 ) ,  However, 

a s  w e  can s e e  from t h e  Nyquist and P(w/%)  p l o t s  on t h e  s c a l e  of  

t h e  i o n  c o n t r i b u t i o n s  t o  t h e  d i s p e r s i o n  r e l a t i o n  (F ig ,  % , 3  c , d ) ,  

f o r  p o s i t i v e  f r equenc ie s  t h e r e  i s  cyc lo t ron  growth a t  l e a s t  f o r  

w / Q .  ,J 1 , 2  i n  t h i s  ca se ,  For h ighe r  harmonics t h e  i o n  con t r ibu -  
1 

t i o n s  have s t a b i l i z i n g  e f f e c t s ,  We a l s o  n o t e  t h a t  i r r e s p e c t i v e  of 

whether t h e  i o n  c o n t r i b u t i o n s  have s t a b i l i z i n g  o r  d e s t a b i l i z i n g  

e f f e c t s ,  t hey  a r e  always c h a r a c t e r i s t i c  of t h e  Zo f u n c t i o n s  

(cf, - Fig ,  4 , 3 a ) ,  

Comparing F ig ,  7,4 wi th  t h e  corresponding f i g u r e  f o r  l o s s -  

cone i n s t a b i l i t i e s  (F ig ,  4 , 6 ) ,  we see  a g r e a t  number of s i m i l a r -  

i t i e s ,  A s  we have p rev ious ly  d i scussed ,  t h e  e l e c t r o n  c o n t r i b u t i o n s  

d i f f e r  only  by t h e  smal l  e l e c t r o n  d r i f t  v e l o c i t y  e f f e c t s ,  I n  b a t h  

ca ses  t h e  i o n  c o n t r i b u t i o n s  ( s t a b i l i z i n g  and d e s t a b i l i z i n g )  a r e  

n e a r l y  i d e n t i c a l  except  t h a t  f o r  t h e  d r i f t - c y c l o t r o n  i n s t a b i l i t i e s  

t h e  d e s t a b i l i z i n g  e f f e c t s  occur  only  f o r  p o s i t i v e  f r equenc ie s  and 

hence p o s i t i v e  phase v e l o c i t i e s  t r a n s v e r s e  t o  t h e  magnetic f i e l d ,  



This is a consequence of the directionality of the diamagnetic 

particle drifts in an inhomogeneous plasma. In contrast, the "loss- 

cone" v distribution has net particle "drifts1' in all directions 
L 

in the plane perpendicular to the magnetic field and hence permits 

destabilizing effects for all wave directions in this plane, Thus, 

except for the directionality and perhaps the magnitudes of the 

"drift" velocities, the drift-cyclotron and loss-cone instabilities 

are very similar and we would expect many of their instability 

characteristics to be similar as well, It is also interesting to 

note that while the drift-cyclotron instabilities tap the free 

energy source associated with the spatial inhomogeneity of the 

plasma, they do so by taking energy from the velocity-space an- 

isotropy resulting from the density-gradient-induced diamagnetic 

particle drifts, Therefore in a sense, they are really just 

velocity-space anisotropy instabilities like those we have dis- 

cussed in the preceding chapter. 

With this introduction to the general properties of the drift- 

cyclotron instabilities, we will now discuss the calculations we 

have carried out concerning these instabilities. We begin by 

considering the effects of variations of k a on the unstable 
Y i 

drif t-cyclotron modes for our standard case (T,/T~=~o-~, r a. 1 = 

-0,2), In all of the computations presented here and elsewhere 

in this work, we take mi/me = 1836. As in considering the loss- 

cone instabilities, we first make instability plots for a given 

k a. of the type displayed in Figs. 4.8 and 5,9, Then, cross- 
Y 1 
plotting the minimum densities for which instability occurs for 

each kyait we obtain the instability map displayed in Fig. 7.5. 





A s  i n  t h e  graphs i n  t h e  preceding c h a p t e r ,  a  s o l i d  l i n e  denotes  t h e  

marg ina l ly  s t a b l e  modes ( t h r e s h o l d  d e n s i t y ) ,  a  dash-dot o r  c e n t e r  

l i n e  i n d i c a t e s  t h e  "marg ina l ly  s t a b l e "  a b s o l u t e  i n s t a b i l i t y  modes 

( t r a n s i t i o n  d e n s i t y )  and t h e  dashed l i n e s  i n d i c a t e  t h e  a b s o l u t e  

i n s t a b i l i t y  modes wi th  g iven  temporal  growth r a t e s ,  The new l i n e s  

having long  dashes  s e p a r a t e d  by two s h o r t  dashes  which we in t roduce  

i n  t h i s  graph denote  t h e  f l u t e - l i k e  (kZ=O) modes. I n  t h i s  s e c t i o n  

t h e  s i n g l e  dashed l i n e s  which a r e  d i sp l ayed  w i l l  always i n d i c a t e  

a b s o l u t e  i n s t a b i l i t y  temporal  growth r a t e s  of 1% of t h e  i o n  cyclo- 

t r o n  f requency,  We r e c a l l  t h a t  we a r e  l i m i t e d  t o  such sma l l  tem- 

p o r a l  growth r a t e s  s i n c e  a s  they i n c r e g s e ,  t h e  kZ  of t h e  a b s o l u t e  

i n s t a b i l i t y  modes moves toward and e v e n t u a l l y  becomes l o s t  i n t o  

t h e  "divergence" reg ion  ( see  Sec t ion  3 . 4 ) ,  

I n  F i g ,  7.5 t h e  n e s t e d  s e t s  of curves  r e p r e s e n t  d r i f t - c y c l o t r o n  

i n s t a b i l i t i e s  w i th  f r equenc ie s  nea r  t h e  f i r s t ,  second,  - e t c ,  har-  

manics of  t h e  i o n  cyc lo t ron  frequency wi th  each succes s ive  harmonic 

becoming u n s t a b l e  a s  we i n c r e a s e  k  a  . The va lues  of k a  f o r  which 
Y i Y i 

t h e  consecut ive  harmonics a r e  uns t ab l e  a r e  i n  reasonable  agreement 

wi th  c o n d i t i o n  (7 .2 .15 ) ,  a  r e s u l t  which g ives  f u r t h e r  suppor t  t o  

t h e  arguments from which t h i s  cond i t i on  was d e r i v e d ,  The dev ia -  

t i o n s  of t h e  r e s u l t s  shown from cond i t i on  (7 .2 ,15)  a r e  due t o  t h e  

f a c t  t h a t  t h e  frequency a t  which t h e  i n s t a b i l i t y  has  i t s  lowest  

t h r e s h o l d  d e n s i t y  i s  somewhat l e s s  than a  harmonic of t h e  c y c l o t r o n  

frequency ( see  F i g ,  7 . 6 ) .  For a l l  t h e  ca ses  cons idered  i n  t h i s  

work, t h e  more e x a c t  i n s t a b i l i t y  cond i t i on  given by ( 7 , 2 , 1 4 )  i s  

always s a t i s f i e d .  The minimum t h r e s h o l d  d e n s i t y  f o r  i n s t a b i l i t y  

of each of t h e  c y c l o t r o n  harmonic modes i s  found t o  be p r e d i c t e d  



by i n s t a b i l i t y  c o n d i t i o n  ( 7 , 2 , 1 6 )  w i t h i n  rough ly  a  f a c t o r  o f  1 , 5 ,  

W e  a l s o  o b s e r v e  t h a t  a s  k  a  becomes l a r g e  compared t o  t h e  v a l u e  
Y i 

n e c e s s a r y  t o  s a t i s f y  ( 7 , 2 , 1 5 ) ,  t h e  i n s t a b i l i t i e s  n e a r  t h e  v a r i o u s  

c y c l o t r o n  harmonics t e n d  t o  have n e a r l y  t h e  same t h r e s h o l d  d e n s i t y ,  

a s  i n d i c a t e d  by i n s t a b i l i t y  c o n d i t i o n  ( 7 , 2 , 7 ) ,  These conf i rma-  

t i o n s  o f  o u r  approximate  i n s t a b i l i t y  c r i t e r i a  e x h i b i t  t h e i r  u s e f u l -  

n e s s  w i t h  r e s p e c t  t o  p r e d i c t i n g  t h e  o n s e t  o f  c o n v e c t i v e  i n s t a b i l -  

i t i e s ,  

From F i g ,  7 , 5  w e  o b s e r v e  t h a t  t h e  d r i f t - c y c l o t r o n  i n s t a b i l -  

i t i e s  do become a b s o l u t e  i n  n a t u r e  when k  a  exceeds  1 0 ,  While 
Y i 

t h e  g e n e r a l  shapes  o f  t h e  m a r g i n a l  s t a b i l i t y  and a b s o l u t e  i n s t a -  

b i l i t y  c u r v e s  a r e  o b v i o u s l y  s i m i l a r ,  t h e  s i m p l e  fo rmulas  which 

p r e d i c t  t h e  marg ina l  s t a b i l i t y  c h a r a c t e r i s t i c s  do n o t  a c c u r a t e l y  -- 
p r e d i c t  t h e  a b s o l u t e  i n s t a b i l i t y  c h a r a c t e r i s t i c s ,  However, t h e  

d e n s i t y  a t  which t h e  t r a n s i t i o n  t o  a b s o l u t e  i n s t a b i l i t y  o c c u r s  

does  s c a l e  w i t h  k  a  i n  a  manner which i s  rough ly  c o n s i s t e n t  w i t h  
Y i 

o u r  s i m p l e  i n s t a b i l i t y  c o n d i t i o n  f o r m u l a s ,  Along t h e  a b s o l u t e  

i n s t a b i l i t y  t r a n s i t i o n  d e n s i t y  c u r v e  w e  f i n d  e m p i r i c a l l y  t h a t  f o r  

k ~ a i  
t h e  r a t i o  o f  t h e  imaginary  p a r t  o f  k Z  t o  i t s  rea l  p a r t  

i s  r o u g h l y  t h e  same a s  t h a t  g i v e n  by ( 6 , 2 , 8 )  f o r  t h e  c o r r e s p o n d i n g  

loss -cone  i n s t a b i l i t y  c a s e ,  The d e g r e e  t o  which t h e  v a l u e s  o f  

I m  (k ) a l o n g  t h e  same curve  f a i t h f u l l y  r e p r e s e n t  t h e  maximum z 

s p a t i a l  growth r a t e  of  t h e  c o n v e c t i v e  i n s t a b i l i t i e s  i s  r o u g h l y  

t h e  same a s  f o r  t h e  loss -cone  i n s t a b i l i t i e s  (see S e c t i o n  6 , 2 ) ,  

The maximum s p a t i a l  growth r a t e  f o r  t h e  c o n v e c t i v e  d r i f t - c y c l o t r o n  

i n s t a b i l i t i e s  a s  a  f u n c t i o n  o f  d e n s i t y  i s  t y p i c a l l y  t h e  same a s  

t h a t  d i s p l a y e d  i n  F i g ,  6 , 5  f o r  t h e  loss -cone  i n s t a b i l i t i e s ,  



I t  i s  i n t e r e s t i n g  t o  no te  t h a t  t h e  f l u t e - l i k e  d r i f t - c y c l o t r o n  

i n s t a b i l i t i e s  only  appear  f o r  d e n s i t i e s  i n  excess  of t h o s e  f o r  which 

t h e  nonzero k Z  i n s t a b i l i t i e s  of bo th  t h e  convec t ive  and aEsolu te  

type  a r e  p r e s e n t ,  However, u n l i k e  t h e  nonzero k Z  modes, t h e  f l u t e -  

l i k e  modes a r e  n o t  g e n e r a l l y  r e s t r i c t e d  t o  occur  only  i n  s u f f i -  

c i e n t l y  long plasmas (see Sec t ion  5.4 and F ig .  7 ,6 )  . Comparing 

t h e  r e s u l t s  shown i n  F ig .  7.5 w i th  i n s t a b i l i t y  cond i t i on  ( 7 , 2 , 4 ) ,  

w e  f i n d  t h a t  t h e  d e n s i t y  t h re sho ld  f o r  f l u t e - l i k e  i n s t a b i l i t i e s  i s  

q u i t e  a c c u r a t e l y  p r e d i c t e d  by t h a t  i n s t a b i l i t y  cond i t i on ,  

Over a l l  k  a  f o r  which t h e  d r i f t - c y c l o t r o n  modes can be un- 
Y i 

s t a b l e ,  we observe from Fig .  7.5 and cond i t i on  (7 ,2 ,16)  t h a t  t h e  

mode whose frequency i s  near  t h e  i o n  cyc lo t ron  frequency i s  t h e  

"most uns t ab l e"  mode i n  t h a t  t h e  t h r e s h o l d  d e n s i t y ,  t r a n s i t i o n  

d e n s i t y  f o r  a b s o l u t e  i n s t a b i l i t y  and t h e  d e n s i t y  a t  which t h e  

f l u t e - l i k e  i n s t a b i l i t y  f i r s t  appears  a r e  a l l  lowest  f o r  t h i s  mode. 

However, a t  l e a s t  f o r  t h e  nonzero k Z  modes, be fo re  w e  can conclude 

t h a t  t h i s  mode i s  t h e  most d e t r i m e n t a l  t o  plasma containment,  w e  

must cons ide r  t h e  l e n g t h  of plasma r e q u i r e d  f o r  t h e  e x i s t e n c e  of 

-1 
t h e s e  modes. S ince  t h e  t r a n s v e r s e  wavelengths   IT k a r e  much 

Y 

s m a l l e r  than  t h e  t r a n s v e r s e  dimension of any conceivable  plasma, 

t h e  waves can always " f i t "  i n t o  t h e  plasma i n  t h e  d i r e c t i o n  per-  

pend icu la r  t o  t h e  magnetic f i e l d .  

-1 
However, t h e  p a r a l l e l  o r  a x i a l  wavelengths 271 k Z  f o r  which 

t h e  d r i f t - c y c l o t r o n  i n s t a b i l i t y  occurs  a r e  u s u a l l y  q u i t e  long  

and s o  t h e  l e n g t h  of t h e  plasma i n  t h i s  d i r e c t i o n  i s  a  major 

c o n s i d e r a t i o n  i n  determining which u n s t a b l e  modes can occur  i n  

a given plasma, This  e f f e c t  i s  d i sp l ayed  i n  F ig .  7,6 i n  which 





w e  d i s p l a y  t h e  v a r i a t i o n s  of Re(kzai)  and w / Q i  a long t h e  marginal  

s t a b i l i t y ,  a b s o l u t e  i n s t a b i l i t y  and f l u t e - l i k e  i n s t a b i l i t y  curves  

i n  F ig ,  7.5,  I n  t h i s  f i g u r e  k a  i s  an i m p l i c i t  parameter  and 
Y i 

i n c r e a s e s  i n  va lue  from l e f t  t o  r i g h t  on a l l  curves ,  except  t h e  

frequency curves  f o r  t h e  a b s o l u t e  and f l u t e - l i k e  i n s t a b i l i t y  

modes i n  which k a i n c r e a s e s  i n  t h e  oppos i t e  d i r e c t i o n ,  A s  wi th  
Y i 

t h e  loss-cone i n s t a b i l i t i e s  ( s e e  Sec t ion  6 . 2 ) ,  we see from F i g ,  

7,6b t h a t  t h e  v a r i a t i o n  of t h e  frequency a long t h e  marginal  

s t a b i l i t y  curve i s  smal l  compared t o  t h e  i o n  c y c l o t r o n  f requency 

and i n  rough agreement wi th  (6.1.13) -- see d i s c u s s i o n  i n  Sec t ion  

6 - 2 ,  We a l s o  n a t e  t h a t  frequency v a r i a t i o n s  a long t h e  a b s o l u t e  

and f l u t e - l i k e  i n s t a b i l i t y  curves  a r e  smal l  compared t o  t h e  i o n  

c y c l o t r o n  frequency.  The d e v i a t i o n s  of t h e  va lues  of  (kzai) 

shown i n  F ig .  7.6a from t h e  maximum (kzai) f o r  which i n s t a b i l i t y  

(convec t ive)  can occur  a t  any d e n s i t y  i s ,  a s  i n  t h e  c a s e  of  t h e  

loss-cone i n s t a b i l i t i e s ,  smal l  and we ignore  it. Comparing t h e  

r e s u l t s  shown i n  F ig .  7 ,6a  w i t h  i n s t a b i l i t y  cond i t i on  ( 7 , 2 , 6 ) ,  

we f i n d  e x c e l l e n t  agreement f o r  t h e  convect ive  i n s t a b i l i t i e s ,  

However, a s  w e  would expec t ,  t h e  Re(kzai) va lues  shown f o r  t h e  

a b s o l u t e  i n s t a b i l i t i e s  a r e  n o t  a c c u r a t e l y  p r e d i c t e d  by ( 7 , 2 , 6 ) ,  

a l though they  do s c a l e  wi th  harmonic number n  i n  a  manner which 

i s  c o n s i s t e n t  wi th  ( 7 . 2 , 6 ) .  S ince  t h e  a b s o l u t e  d r i f t - c y c l o t r o n  

i n s t a b i l i t i e s  have cons iderab ly  longer  wavelengths t han  t h e  

corresponding convect ive  i n s t a b i l i t i e s ,  they r e q u i r e  much longe r  

plasmas f o r  t h e i r  appearance. The a x i a l  wavelength of t h e  non- 

zero  kZ  modes i s  t h u s  a  very impor tan t  c o n s i d e r a t i o n  i n  d e t e r -  

mining whether t h e  d r i f t - c y c l o t r o n  i n s t a b i l i t i e s  occur  i n  a  

given exper imenta l  plasma, 



Next w e  w i l l  i n v e s t i g a t e  t h e  e f f e c t  which v a r y i n g  Te/Ti(i .e.  - 
t h e  e l e c t r o n  t e m p e r a t u r e )  h a s  on t h e  d r i f t - c y c l o t r o n  i n s t a b i l i t i e s ,  

From t h e  p r e c e d i n g  k  a  a n a l y s i s ,  w e  have found t h a t  t h e  "most 
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u n s t a b l e "  modes i n  t h e  s e n s e  o f  hav ing  t h e  l o w e s t  d e n s i t y  f o r  each 

t y p e  o f  i n s t a b i l i t y  a r e  t h o s e  modes whose f r e q u e n c i e s  a r e  n e a r  t h e  

i o n  c y c l o t r o n  f requency .  I n  examining t h e  e f f e c t s  of  v a r y i n g  Te/Ti 

w e  w i l l  o n l y  c o n s i d e r  t h e  i n f l u e n c e  which t h i s  p a r a m e t e r  h a s  on  t h e  

"most u n s t a b l e "  modes, I n  d e t e r m i n i n g  t h e  p r o p e r t i e s  o f  t h e s e  

"most  u n s t a b l e "  modes a s  Te/Ti v a r i e s ,  w e  minimize t h e  t h r e s h o l d  

and t r a n s i t i o n  d e n s i t i e s  and t h e  d e n s i t y  a t  which t h e  f l u t e - l i k e  

modes f i r s t  appear  w i t h  r e s p e c t  t o  v a r i a t i o n s  i n  k  a  y  io  The r e s u l t s  

of  t h e s e  computa t ions  f o r  ~ ' a ~  = -0,2 a r e  d i s p l a y e d  i n  F i g ,  7 , 7 ,  

The v a r i a t i o n s  o f  - 1 m  ( k Z )  / R e  ( k Z )  k  a .  and w / Q i  a l o n g  t h e  c u r v e s  
Y 1 

i n  F i g ,  7 , 7  a r e  shown i n  F i g ,  7 , 8 ,  

Comparing F i g s ,  6 , 8 ,  6,9 and 7 , 7 ,  7 , 8 ,  w e  f i n d  t h a t  a s  w e  

e x p e c t e d ,  t h e  e f f e c t s  o f  v a r y i n g  t h e  e l e c t r o n  t e m p e r a t u r e  f o r  t h e  

d r i f t - c y c l o t r o n  i n s t a b i l i t i e s  a r e  n e a r l y  t h e  same a s  f o r  t h e  l o s s -  

cone i n s t a b i l i t i e s ,  S i n c e  t h e  e f f e c t s  o f  e l e c t r o n  t e m p e r a t u r e  a r e  

s o  s i m i l a r  i n  t h e  two c a s e s ,  t h e  remarks which we have made p r e v i -  

o u s l y  f o r  t h e  loss -cone  i n s t a b i l i t i e s  (see S e c t i o n  6,2)  app ly  

e q u a l l y  t o  t h e  d r i f t - c y c l o t r o n  i n s t a b i l i t i e s ,  We r e c a l l  t h a t  t h e  

most i m p o r t a n t  p o i n t  abou t  t h e  e f f e c t s  of  v a r y i n g  Te/Ti was t h a t  

w h i l e  t h e  c o n v e c t i v e  i n s t a b i l i t i e s  abey t h e  approximate  i n s t a -  

b i l i t y  c r i t e r i a  which w e  have d e r i v e d  ( h e r e  ( 7 , 2 , 6  1 , ( 7 , 2 , 1 6 )  1 , 
t h e  a b s o l u t e  i n s t a b i l i t i e s  a r e  r e l a t i v e l y  u n a f f e c t e d  by changes  

i n  Te/Ti e x c e p t  when t h i s  pa ramete r  approaches  u n i t y ,  T h i s  r e s u l t  

i s  i m p o r t a n t  s i n c e  it i m p l i e s  t h a t  i n  g e n e r a l ,  h e a t i n g  t h e  e l e c -  

t r o n s  w i l l  n o t  s u b s t a n t i a l l y  a f f e c t  t h e  conf inement  o f  a  plasma -- 







which is limited in density due to an absolute drift-cyclotron in- 

stability. However, as with the loss-cone instabilities, we should 

note that it may be important to consider the effects due to the 

finite length of experimental plasmas (see Section 5.4) , 

The variation of the threshold density for the flute-like 

(kZ=O) modes with changing T /Ti, even though slight, is surprising e 

at first glance since the electron temperature parallel to the 

magnetic field disappears from the dispersion relation for kZ=Oe 

However, noting from Fig. 7.8b that k a for these modes is about 
Y i 

16, we see that as Te/Ti approaches unity the assumption that 

ky < <  1 becomes invalid. In the calculations the exact elec- 

trostatic dispersion relation given by (7 .2 .1 )  is used and so 

all the electron contributions are retained exactly. Therefore 

the observed slight variation of the threshold density for the 

flute-like modes is due to the finite electron Larmor radius 

effects. 

Finally, we will investigate the effect which changes in the 

density gradient scale length have on the "most unstable" drift- 

cyclotron instabilities. As always, we minimize the various 

instability threshold densities with respect to variations in 

kyail kzai and o/Qi for each case. The results of computations 

for T,/T~=~o-~ and density gradient scale lengths given by 

- E %  = 0-1, 0 , 2 ,  0,5 are displayed in Fig. 7.9, The variations i 

of -Im(kz)/Re(kZ), k a. and w/Qi along the curves in Fig. 7.9 
Y 1 

are shown in Fig. 7.10. For the &'ai = -0.1 case the absolute 

and flute-like instabilities have their lowest transition and 

threshold densities respectively for values of k a larger than 
Y i 

those we can conveniently handle in the computer programs, We 



o b t a i n  t h e s e  p o i n t s  by an e x t r a p o l a t i o n  procedure ,  t h e  approximate 

e r r o r  of  which i s  i n d i c a t e d  by t h e  s i z e  of t h e  c i r c l e s  i n  F ig ,  

7,10b, W e  a l s o  no te  t h a t ,  s t r i c t l y  speaking,  € ' a  = -0 ,5  does n o t  i 

s a t i s f y  c o n d i t i o n  (7 ,2 ,17)  which i s  r equ i r ed  f o r  t h e  v a l i d i t y  of 

t h e  d i s p e r s i o n  r e l a t i o n  we a r e  u s ing ,  We inc lude  t h i s  c a s e  he re  

a s  a  mathematical  r a t h e r  t han  p h y s i c a l  l i m i t i n g  c a s e ,  I n  t h e s e  

computations w i t h  varying d e n s i t y  g r a d i e n t  s c a l e  l e n g t h s  we have 

r e s t r i c t e d  o u r s e l v e s  t o  va lues  of  l e t a i l  equa l  t o  o r  g r e a t e r  t han  

0 , l  s i n c e  f o r  s m a l l e r  va lues  of  t h i s  parameter t h e  va lues  of k  a  
Y i 

f o r  t h e  u n s t a b l e  modes become l a r g e r  t han  28, which i s  t h e  l a r g e s t  

va lue  we can convenien t ly  handle  i n  t h e  computer programs, The 

t r e n d s  i n  t h e  r e l e v a n t  q u a n t i t i e s  f o r  sma l l e r  va lues  of € ' a i  can 

e a s i l y  be a s c e r t a i n e d  by e x t r a p o l a t i n g  t h e  d a t a  shown i n  F i g s ,  

The most s t r i k i n g  r e s u l t  from t h e  v a r i a t i o n s  of t h e  d e n s i t y  

g r a d i e n t  s c a l e  l eng th  i s  t h e  very  s t r o n g  i n f l u e n c e  which it has  

on t h e  t h r e s h o l d  d e n s i t y  f o r  t h e  va r ious  types  of  i n s t a b i l i t y  

(convec t ive ,  a b s o l u t e  and f l u t e - l i k e ) ,  Comparing t h e  marginal  

s t a b i l i t y  and f l u t e - l i k e  i n s t a b i l i t y  t h r e s h o l d  d e n s i t y  curves  

wi th  t h e  r e s p e c t i v e  i n s t a b i l i t y  cond i t i ons  of ( 7 , 2 , 4 )  and 

( 7 , 2 , 1 6 ) ,  we f i n d  e x c e l l e n t  agreement, We a l s o  observe t h a t  

whi le  t h e  a b s o l u t e  i n s t a b i l i t y  t r a n s i t i o n  d e n s i t y  i s  n o t  w e l l  

p r e d i c t e d  by e i t h e r  of t h e s e  i n s t a b i l i t y  cond i t i ons ,  it does 

s c a l e  wi th  t h e  d e n s i t y  g r a d i e n t  s c a l e  l eng th  i n  n e a r l y  t h e  

same manner a s  t h e s e  two c o n d i t i o n s ,  I t  i s  i n t e r e s t i n g  t o  n o t e  

t h a t  f o r  s h a r p e r  d e n s i t y  g r a d i e n t s ,  i n  a d d i t i o n  t o  occu r r ing  

a t  lower plasma d e n s i t i e s ,  t h e  dsr i f t -cyclotron modes have 







shorter axial wavelengths and hence are also more detrimental to 

confinement in that they may occur in shorter plasmas, 

From the data presented here, it is obvious that the most 

effective way to prevent drift-cyclotron instabilities in any given 

experimental situation is to make plasmas which have sufficiently 

gentle density gradients. We will now examine just how gentle the 

density gradients must be. Considering Figs, 7,8a and 7,lOa and 

our previous remarks concerning the absolute instability modes in 

Fig, 7,5, we find that the maximum spatial growth rate of the 

convective instabilities which occur before the appearance of 

absolute drift-cyclotron instabilities is in agreement with con- 

dition (6.2,9), Therefore, as with the loss-cone instabilities 

(see Section 6,2), if we assume that absolute instabilities can 

"fit" into any plasma which is at least a half-wavelength in 

length, we would expect the convective instabilities to be detri- 

mental to plasma containment only if the reflection coefficient 

for waves moving axially in the plasma exceeds about 0,285 and 

even then only for small Te/Ti (see Fig. 7.8a). As we have dis- 

cussed in Section 5,4, such a high reflection coefficient seems 

unlikely or at least avoidable and so we will presume that we 

need only be concerned with the absolute drift-cyclotron insta- 

bilities, 

As with the loss-cone instabilities, our results imply that 

at least up to Te Ti, heating the electrons does not have an 

important stabilizing effect on the absolute drift-cyclotron 

instabilities, Analyzing our data empirically (and recalling 

the similarities between the loss-cone and drift-cyclotron 



instabilities), we find that the absolute drift-cyclotron insta- 

bilities obey the following stability criterion: 

in which we recall that €'ai is the ratio of the ion Larmor radius 

to the density gradient scale length. Presuming that a plasma which 

is a half-wavelength long admits an absolute drift-cyclotron insta- 

bility mode, we obtain the following condition on the plasma length 

L for stability: 

(stability) (7,2,19) 

The relevant transverse wavelengths for the absolute drift-cyclotron 

modes with the minimum transition density are given roughly by: 

The discussion of the physical mechanism of the absolute loss-cone 

instabilities at the end of Section 6,2 applies to the absolute 

drift-cyclotron instabilities as well, 

Comparing conditions (7,2,18) and (7,2,19) with the corre- 

sponding ones for loss-cone instabilities (6,2.19) and (6.2.18) 

and recalling condition (7 ,2 .17) ,  we see that if a loss-cone type 

of v, distribution is present, the absolute loss-cone instabilities 



will be more detrimental to plasma containment than the absolute 

drift-cyclotron instabilities in that they have transition densities 
dni 2 ( 2  -)   ow ever we should which are smaller by a factor of n, dx 

also note that when the plasma has a density gradient, then flute- 

like drift-cyclotron instabilities which are not particularly sub- 

ject to a length condition (see Section 5.4) as the absolute insta- 

bilities are, can appear. Considering the plasma to have only a 

density inhomogeneity source of free energy! the instability cri- 

terion for the flute-like modes is given by (7,2,4). (The case in 

which both loss-cone and density inhomogeneity sources of free 

energy are present is discussed in the next section.) It is con- 

ceivable that low harmonic number absolute drift-cyclotron modes 

(kZ#O) may be forbidden in a given machine by condition (7.2.19), 

in which case the flute-like drift-cyclotron instabilities would 

occur at lower plasma densities than the absolute instabilities 

and thus presumably be more detrimental to plasma containment, 

However, as we will now discuss, the flute-like drift-cyclotron 

instabilities can be stabilized by (among other things) the 

introduction of a moderate amount of favorable magnetic field 

curvature, 

The effect of magnetic field curvature on drift-cyclotron 

instabilities was first considered by Mikhailovskii (7.43) - who 
concluded that these instabilities are not stabilized by curva- 

tures with radii longer than or approximately equal to the den- 

sity gradient scale length. Krall and Fowler (7.3) - have re- 
considered this problem including the effect of magnetic field 

curvature on the effective drift velocity (see (7.1,3)) which 



was neg lec t ed  by Mikha i lovsk i i ,  For t h e  f l u t e - l i k e  d r i f t - c y c l o t r o n  

i n s t a b i l i t i e s ,  K r a l l  and Fowler (7 .3)  f i n d  t h a t  a  moderate amount 

of f avo rab le  magnetic f i e l d  c u r v a t u r e  ( cu rva tu re  l e n g t h  n o t  t o o  

much i n  exces s  of t h e  d e n s i t y  g r a d i e n t  s c a l e  l eng th )  i s  s u f f i c i e n t  

t o  e f f e c t i v e l y  s t a b i l i z e  t h e s e  modes. The e s s e n t i a l  s t a b i l i z a t i o n  

mechanisms h e r e  a r e  t h e  r educ t ion  i n  t h e  e f f e c t i v e  i o n  d r i f t  veloc-  

i t y  of ( 7 , 1 , 3 )  by t h e  f avo rab le  c u r v a t u r e  and a  downward s h i f t  i n  

t h e  f requency of t h e  i n s t a b i l i t y .  K r a l l  and Fowler (7 .3)  - a l s o  

conclude t h a t  t h e  nonzero kZ modes a r e  no t  s i g n i f i c a n t l y  a f f e c t e d  

by t h e  i n t r o d u c t i o n  of magnetic f i e l d  cu rva tu re .  Using t h e  gen- 

e r a l  computer programs developed i n  t h i s  work, w e  have found t h a t ,  

a s  we would expec t  from t h e  way i n  which w e  d e r i v e  t h e  approximate 

i n s t a b i l i t y  cond i t i ons  given by (7 .2 .14 ) ,  (7 .2 ,15)  and ( 7 , 2 , 1 6 ) ,  

i n  a t  l e a s t  one n o n t r i v i a l  ca se  t h e  magnetic f i e l d  c u r v a t u r e  

e f f e c t s  ( r e p r e s e n t e d  by t h e  " g r a v i t y "  f o r c e )  do have a  s i g n i f i -  

c a n t  e f f e c t  on t h e  i n s t a b i l i t y  of t h e  nonzero kZ d r i f t - c y c l o t r o n  

modes, Thus t h i s  l a s t  conc lus ion  of t h e  work by K r a l l  and ~ o w l e r  

seems ques t ionab le  t o  us ,  

I n  a l l  of t h e  preceding work c i t e d  t h e  magnetic f i e l d  curva- 

t u r e  e f f e c t s  have been taken i n t o  account  through a  v e l o c i t y -  

independent g r a v i t y  term ( s e e  Sec t ion  2 . 4 ) .  However, a s  we have 

noted p rev ious ly ,  Lava1 -- e t  a l ,  (7 ,31)  have shown t h a t  t h e  v e l o c i t y  

d i s p e r s i o n  e f f e c t s  of t h e  magnetic f i e l d  cu rva tu re  have an  impor- 

t a n t  s t a b i l i z i n g  i n f l u e n c e  on t h e  low frequency d r i f t  i n s t a b i l i t i e s ,  

We would expec t  t h a t  t h e s e  e f f e c t s  would a l s o  be impor tan t  i n  t h e  

c o n s i d e r a t i o n  of d r i f t - c y c l o t r o n  i n s t a b i l i t i e s ,  Bhadra (7 ,44)  - has  

c a r r i e d  o u t  a  numerical  c a l c u l a t i o n  i n  which t h e  d i s p e r s i v e  e f f e c t s  

of t h e  magnetic f i e l d  cu rva tu re  on t h e  f l u t e - l i k e  d r i f t - c y c l o t r o n  



i n s t a b i l i t i e s  have been considered f o r  a  s p e c i f i c  c a s e ,  While no 

a t tempt  was made t o  determine t h e  s t a b i l i z i n g  e f f e c t s  of t h e  

veloci ty-dependent  a s  opposed t o  t h e  veloci ty- independent  curva- 

t u r e  e f f e c t s ,  Bhadra (7 ,44)  does i n d i c a t e  t h a t  i n  t h e  s t r o n g  

cu rva tu re  case  cons idered ,  a  l a r g e r  s h i f t  i n  t h e  frequency of 

t h e  f l u t e - l i k e  i n s t a b i l i t y  than  t h a t  ob t a ined  from v e l o c i t y -  

independent c u r v a t u r e  c a l c u l a t i o n s  i s  found, There i s  t h u s  an 

i n d i c a t i o n  t h a t  t h e  v e l o c i t y  d i s p e r s i o n  e f f e c t s  of c u r v a t u r e  do 

have a  s i g n i f i c a n t  e f f e c t  on t h e  d r i f t - c y c l o t r o n  i n s t a b i l i t i e s ,  

From t h i s  obse rva t ion  and t h e  f a c t  t h a t  t h e  i n c l u s i o n  of t h e  

v e l o c i t y  dependence of t h e  cu rva tu re  d r i f t s  does have a  sta- 

b i l i z i n g  e f f e c t  on t h e  low-frequency d r i f t  i n s t a b i l i t i e s  ( 7 , 3 1 ) ,  - 
we c o n j e c t u r e  t h a t  it may l i kewise  have a  s t a b i l i z i n g  e f f e c t  on 

t h e  d r i f t - c y c l o t r o n  i n s t a b i l i t i e s ,  

The e f f e c t  which c o l l i s i o n s  have on t h e  d r i f t - c y c l o t r o n  

i n s t a b i l i t i e s  has  a l s o  been cons idered ,  Pogutse (7.45) - f i r s t  

cons idered  t h e s e  e f f e c t s  u s ing  t h e  BGK c o l l i s i o n  model (7 ,26)  

from which he concluded t h a t  whi le  c o l l i s i o n s  do reduce t h e  

rea l -k  temporal  growth r a t e s  somewhat, t hey  do n o t  markedly 

a f f e c t  t h e  s t a b i l i t y  of t h e  d r i f t - c y c l o t r o n  i n s t a b i l i t i e s ,  

This work by Pogutse has  been c r i t i c i z e d  by Bogdankevich and 

Rukhadze (7 ,46)  who no te  t h a t  t h e  work by P i t a e v s k i i  ( 7 ,47 )  - 

has i n d i c a t e d  t h a t  t h e  e s s e n t i a l l y  hydrodynamic BGK model i s  

inadequa te  f o r  t h e  very s h o r t  t r a n s v e r s e  wavelengths encoun- 

t e r e d  i n  t h e  d r i f t - c y c l o t r o n  i n s t a b i l i t i e s ,  Using a  Landau- 

type  c o l l i s i o n  model (7 ,48)  t h e  l a t t e r  au tho r s  f i n d  t h e  d r i f t -  

cyc lo t ron  i n s t a b i l i t i e s  can be s t a b i l i z e d  by a  moderate number 



of collisions, but that as the collisions are introduced, it becomes 

possible for the potentially more dangerous drift-dissipative insta- 

bility (7,14) to occur, We thus conclude that it is unlikely that 

the introduction of particle collisions is a reasonable means of 

stabilizing the drift-cyclotron instabilities, 

In addition to the effects discussed above, Mikhailovskii 

(7,43) - has also considered the effects on the drift-cyclotron in- 
stabilities of temperature gradients, "cold" plasma at the ends of 

the "hot" plasma, inhomogeneities in the magnetic field both along 

and transverse to the magnetic field and finally magnetic shear, 

Among these effects only the magnetic shear and introduction of 

cold plasma at the ends (by "line-tying" effects - see Section 1,l 
for references) are found to significantly stabilize these insta- 

bilities, In other work, Mikhailovskii (7,49) - has considered the 
nonlinear limiting of the drift-cyclotron instabilities for 

Te > >  T i0 Finally, we should note that a transverse electro- 

magnetic (k 6E = 0) drift-cyclotron instability has been pre- 

dicted and discussed by Mikhailovskii (7,50), - 
A brief discussion of experiments in which the drift-cyclotron 

instability may be occurring is given by Lehnert (7,32), - A defini- 

tive observation of flute-like drift-cyclotron instabilities in a 

multipole machine has recently been made by Ohkawa and Yoshikawa 

(7,51), In that work the dispersion characteristics of the un- 

stable mode were found to be similar to those of the drift- 

cyclotron modes and the unstable modes were observed to propagate 

in the direction of the diamagnetic current, in agreement with 

theoretical predictions, However, the frequency was found 



exper imenta l ly  t o  be  on ly  a  sma l l  f r a c t i o n  of i n s t e a d  of n e a r l y  

equa l  t o  t h e  ion  cyc lo t ron  frequency.  This  l a t t e r  d i sc repancy  

i s ,  f o r  t h e  most p a r t ,  exp la ined  by t h e  l a r g e  magnetic f i e l d  

cu rva tu re  e f f e c t  i n  t h e  exper imenta l  machine (7 .51)  and h a s  

been c a r e f u l l y  i n v e s t i g a t e d  t h e o r e t i c a l l y  by Bhadra ( 7 - 4 4 ) .  - 



7.3 

Having cons idered  the)  loss-cone and d r i f t - c y c l o t r o n  

i n s t a b i l i t i e s  s e p a r a t e l y  i n  Sec t ions  6.2 and 7.2 respec-  

t i v e l y ,  w e  w i l l  now d i s c u s s  t h e  i n s t a b i l i t i e s  of a 

plasma which has  bo th  loss-cone and s p a t i a l  inhomogeneity 

sou rces  of  f r e e  energy.  I n  t h i s  work w e  r e s t r i c t  our- 

s e l v e s  t o  i n s t a b i l i t i e s  w i th  occur  n e a r  harmonics of t h e  

i on  c y c l o t r o n  frequency i n  such a  plasma. I n  doing s o  we 

omit from c o n s i d e r a t i o n  t h e  low frequency d r i f t  and f l u t e  

modes which might have d i f f e r e n t  c h a r a c t e r i s t i c s  from 

t h e  corresponding modes w e  have p rev ious ly  d i scussed  

which have on ly  one of t h e s e  two sou rces  f o r  f r e e  energy.  

To t h e  a u t h o r ' s  knowledge t h e s e  combination modes have 

never  been i n v e s t i g a t e d .  However, a  c o n s i d e r a t i o n  of 

t h e  c h a r a c t e r i s t i c s  of such low frequency modes ( w < < R i )  

is beyond t h e  scope of t h e  p r e s e n t  work. 

For convenience i n  d i scus s ing  t h e s e  i n s t a b i l i t i e s  d r i v e n  by 

a  combination of loss-cone and s p a t i a l  inhomogeneity sou rces  

of f r e e  energy,  w e  r e f e r  t o  them as " d r i f t - c o n e "  i n s t a b i l i t i e s ,  a 

name given t o  them by Mikha i lovsk i i  ( 7 . 5 2 ) .  For a  d e l t a  f u n c t i o n  

vL d i s t r i b u t i o n  (peaked about  a  nonzero v e l o c i t y ) ,  t h e  d r i f t - c o n e  

i n s t a b i l i t i e s  having kz=O were f i r s t  d i s cus sed  by Mikha i lovsk i i  

( 7 . 4 3 ) .  However, i n  t h a t  work t h e  i n s t a b i l i t i e s  near  harmonics 



of the ion cyclotron frequency were found to be only slightly 

affected by the spatial inhomogeneity and persisted even in the 

limit of spatial homogeneity of the plasma. This particular set 

of modes discussed by Mikhailovskii are really just the flute- 

like loss-cone instabilities, which we have discussed in Sections 

6,l and 6,2, with slight corrections arising from the plasma 

inhomogeneity, Mikhailovskii (7.43) also discusses the high- 

frequency limit of the flute-like drift-cone instabilities, 

(This limit is equivalent to the "continuum" limit discussed in 

Section 6,3, whose validity requires that condition (6,3.3) be 

satisfied,) The effect of taking this limit in this case is 

to 'tsmooth-out" the resonances of the waves moving transverse to 

the magnetic field direction with the individual cyclotron har- 

monic motions of the ions, thereby removing from consideration 

the flute-like instabilities driven by only the loss-cone source 

of free energy (see Section 6.3). Understandably, in the limit 

of spatial homogeneity of the plasma, Mikhailovskii (7.43) pre- 

dicts that the drift-cone modes are stable. However, when a 

density gradient is present, Mikhailovskii finds that the flute- 

like drift-cone modes are unstable for sufficiently high plasma 

densities, 

A much more exhaustive treatment of the flute-like drift- 

cone instabilities is given by Post and Rosenbluth (7,53). In 

contrast to Mikhailovskii (7.43), in analytical work they use 

a large k a limit of the dispersion relation (see Section 6,3). 
Y i 

The latter limit is valid for all complex w, but "smooths out" 

the strengths of the individual cyclotron resonances so that the 



f l u t e - l i k e  i n s t a b i l i t i e s  d r i v e n  by on ly  t h e  loss-cone s o u r c e  of 

f r e e  energy a r e  aga in  removed from c o n s i d e r a t i o n ,  I n  t h i s  l i m i t  

of l a r g e  kyaif Pos t  and Rosenbluth f i n d  t h a t  t h e  f l u t e - l i k e  d r i f t -  

cone modes a r e  u n s t a b l e  f o r  a  g iven d e n s i t y  plasma i f :  

i n  which 

2 
Now, f o r  low d e n s i t i e s  (UP:  < fi -- s e e  foo tno te  a t  bottom of p.344) e 

t h e  i n s t a b i l i t y  cond i t i on  can be w r i t t e n  approximately a s :  

( i n s t a b i l i t y ) .  ( 7 , 3 , 2 )  

Comparing t h i s  c r i t e r i o n  wi th  ( 7 , 2 , 4 ) ,  we immediately conclude 

t h a t  t h e  f l u t e - l i k e  d r i f t - c o n e  i n s t a b i l i t i e s  a r e  i n t r i n s i c a l l y  - 

d i f f e r e n t  from t h e  f l u t e - l i k e  d r i f t - c y c l o t r o n  i n s t a b i l i t i e s ,  b u t  

a r e  i n  a sense  an average of  t h e  f l u t e - l i k e  loss-cone and d r i f t -  

c y c l o t r o n  i n s t a b i l i t i e s .  For a  d e l t a  func t ion  vL d i s t r i b u t i o n ,  

Mikha i lovsk i i  (7 ,43)  has  a l s o  de r ived  ( 7 , 3 , 2 ) ,  However, it i s  

impor tan t  t o  no te  t h a t  (7 ,3 .2)  a p p l i e s  and f l u t e - l i k e  d r i f t - c o n e  



i n s t a b i l i t i e s  can occur  f o r  any loss-cone type of v  d i s t r i b u t i o n  
L 

a s  long a s  =O (7 .53 ) .  Pos t  and Rosenbluth (7 .53)  have 

v =o 
I 

a l s o  c a r r i e d  o u t  e x t e n s i v e  numerical  c a l c u l a t i o n s  of t h e  c r i t i c a l  

d e n s i t y  g r a d i e n t  f o r  i n s t a b i l i t y  of t h e s e  f l u t e - l i k e  d r i f t - c o n e  

 odes us ing  t h e  e x a c t  d i s p e r s i o n  r e l a t i o n  and compared them wi th  

t h e  approximate c r i t e r i o n  given by (7 .3 .1 ) .  I n  t h e s e  computations 

e x a c t  c o l l i s i o n a l l y  e q u i l i b r a t e d  vL d i s t r i b u t i o n s  found i n  magnetic 

m i r r o r  machines a r e  used and t h e  e f f e c t  of varying t h e  magnetic 

m i r r o r  r a t i o  i s  d i scussed .  I n  g e n e r a l  it i s  concluded t h a t  condi-  

t i o n  ( 7 , 3 , 1 )  i s  a p p r o p r i a t e  a s  long a s  i s  l e s s  t h a n  

about 0 . 1 ,  which i n  t u r n  imp l i e s  t h a t  k  a  be g r e a t e r  t han  about  
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t h r e e .  W e  should a l s o  no te  wi th  r e s p e c t  t o  t h e  f l u t e - l i k e  d r i f t -  

cone i n s t a b i l i t i e s  t h a t  Mikha i lovsk i i  (7 .54)  - has  cons idered  some 

a s p e c t s  of  t h e i r  non l inea r  e f f e c t s .  

To t h e  a u t h o r ' s  knowledge t h e  d r i f t - c o n e  i n s t a b i l i t i c s  having 

nonzero kZ  have never been i n v e s t i g a t e d .  From our  p rev ious  d i s -  

cus s ions  of  t h e  nonzero k, loss-cone and d r i f t - c y c l o t r o n  i n s t a -  

b i l i t i e s ,  it i s  easy  t o  a s c e r t a i n  t h e  g e n e r a l  c h a r a c t e r i s t i c s  of  

t h e  d r i f t - c o n e  i n s t a b i l i t i e s .  I n  comparing t h e  loss-cone and 

d r i f t - c y c l o t r o n  i n s t a b i l i t i e s  w e  have found t h a t  t h e  on ly  funda- 

mental  d i f f e r e n c e  between them i s  t h e  range of phase v e l o c i t i e s  

t r a n s v e r s e  t o  t h e  magnetic f i e l d  f o r  which t h e  i o n  c o n t r i b u t i o n s  

a r e  d e s t a b i l i z i n g  and t h u s  l e a d  t o  i n s t a b i l i t y .  For t h e  l o s s -  

cone i n s t a b i l i t i e s ,  t hose  waves w i th  phase v e l o c i t i e s  l e s s  than  

roughly t h e  mean i o n  v e l o c i t y  t r a n s v e r s e  t o  t h e  magnetic f i e l d  

a r e  p o t e n t i a l l y  u n s t a b l e .  I n  c o n t r a s t ,  f o r  t h e  d r i f t - c y c l o t r o n  



modes the unstable waves have phase velocities which are less than 

the ion diamagnetic drift velocity and propagate only in the direc- 

tion of the ion drift, Now, since within the approximations em- 

ployed in this work (see (7.2.17)) the ion diamagnetic drift veloc- 

ity is much less than the mean ion velocity, the phase velocity 

ranges in which the loss-cone and drift-cyclotron instabilities 

occur are usually quite different, Therefore we expect that the 

characteristics of the drift-cone instability will generally be 

governed by the range in which the phase velocity transverse to 

the magnetic field lies. If it is sufficiently small and in the 

direction of the ion diamagnetic drift, we expect the drift-cone 

instability to be like the drift-cyclotron instability, Likewise, 

when the phase velocity transverse to the magnetic field lies out- 

side this small region but is still somewhat less than the mean 

ion velocity, the drift-cone instability would be expected to be 

like the loss-cone instability, Finally, we note that when the 

phase velocity is outside the regions for which a loss-cone insta- 

bility can occur, we expect that the drift-cone modes will be 

stable. 

In order to illustrate these points we will now discuss some 

calculations of the drift-cone instability which we have carried 

out. For convenience in comparing the results to the loss-cone 

and drift-cyclotron instabilities we choose the plasma parameters 

- 2  as follows: Te/Ti=10 , T =T , k=l, €la.= -0.2, With this 
.I; z ;  1 

L I 

choice of parameters we have computed the effects of varying k a 
Y i 

on the drift-cone instabilities in the usual manner (see Sections 

6 , 2 ,  7.2), The results of these calculations are displayed in 



Fig. 7.11, Tables 7,1, 7.2 and 7.3. In Fig. 7.11 the marginal 

stability and absolute instability characteristics are only plotted 

for the unstable drift-cone modes having frequencies near the ion 

cyclotron frequency, However, the flute-like drift-cone insta- 

bilities are shown for "/ai iJ 1,2. 

For w/" i d  1 and k a < 10, the transverse phase velocity of 
Y i 

the modes is greater than the ion diamagnetic drift velocity and 

so we expect that in this range the drift-cone instability will be 

like the loss-cone instability. Comparing the w n fii instabilities 

in Fig, 7-11 with those in Fig. 6.4, we find that this is indeed 

the case, However, there are also two very important differences 

between the loss-cone and drift-cone modes in this regime. 

First, we note that as we have discussed earlier in this 

section, there is a flute-like drift-cone instability even for 

the R=l or most thermalized v distribution for which the flute- 
1 

like loss-cone modes are stable (see Section 6,l). Comparing the 

results displayed in Figs. 7.5 and 7.11, we see that the combina- 

tion of loss-cone and spatial inhomogeneity sources of free energy 

induces a flute-like instability which occurs at a much lower den- 

sity than that required in a comparable plasma with the source of 

free energy due to the loss-cone type of vL distribution removed. 

Even though we are out of the range in which instability condition 

(7,3,1) or (7,3,2) has been found by Post and Rosenbluth (7.53) - to 

apply, we find that it is correct to within approximately a factor 

of 3 in the plasma density. The minimum density for instability 

of the flute-like drift-cone modes shown in Fig, 7,11 is consistent 

with the numerical calculations of Post and Rosenbluth (7.53), - 





The second major difference between the drift-cone and loss- 

cone instabilities in this regime is that in contrast to the loss- 

cone instabilities, the drift-cone instabilities have different 

characteristics for positive and negative frequencies, This dif- 

ference is due to the directionality of the ion diamagnetic drift 

which has an effect on the drift-cone instabilities even in this 

essentially loss-cone instability regime. In order to demonstrate 

this effect, in Table 7,l we have tabulated some properties of the 

drift-cone instabilities, Here we see that in the direction of 

diamagnetic current or ion diamagnetic drift (positive frequency) 

the instability is generally enhanced in that it occurs for lower 

densities and shoxter axial wavelengths, In the opposite direc- 

tion it is generally suppressed in these same respects, It is 

also important to note that the flute-like drift-cone modes, like 

the flute-like drift-cyclotron modes, are unstable only when they 

propagate in the direction of the ion diamagnetic drift, 

Next, we consider the properties of the drift-cone insta- 

bilities for w/Qi 1 and kyai 1 10 in which case the transverse 

phase velocity is of the order of or smaller than the ion dia- 

magnetic drift velocity, As we have noted previously, we then 

expect the drift-cone instabilities to have properties which 

are similar to the drift-cyclotron instabilities. In order to 

make an appropriate comparison, we have computed the properties 

of the drift-cone instabilities for k a = 10,17 and 25. The 
Y i 

results of these computations are shown in Table 7 , 2 ,  Similar 

results for the loss-cone instability are given in Table 7 , 3 ,  

Comparing the data shown in Table 7,2  with that displayed in 



Table 7,1, Sample Properties of Drift-Cone 

Instabilities for k a < 10 
-2 Y i 

(Te/Ti = 10 , = 1, €'a = -0,2). i 

k a 2 2 
Y i w/ni ( Ypi/Q 1 ) min 

Flute-Like Modes (kZ=O) 

Marginal Stability Analysis 

Absolute Instability Transition Densities 



Table  7 , 2 ,  Sample P r o p e r t i e s  o f  Drif t-Cone 

I n s t a b i l i t i e s  f o r  k  a  > 10 y  i - 
-2 (Te/Ti = 1 0  , % = 1, & ' a i  = - 0 . 2 ) .  

F lu te -L ike  Modes (kZ=O) 

Maruinal  S t a b i l i t v  Ana lv s i s  

Absolute  I n s t a b i l i t y  T r a n s i t i o n  D e n s i t i e s  

Abso lu te  I n s t a b i l i t i e s  w i t h  Temporal Growth Ra tes  



Table 7 , 3 ,  Sample Properties of Loss-Cone 

Instabilities for k a > 10, for comparison with Table 7,2 y i -  
( T ~ / T ~  = = 1, c g a  = 0.0). i 

Marainal Stabilitv Analvsis 

Absolute Instability Transition Densities 

Absolute Instabilities with Temporal Growth Rates 



Figs .  7 , 5 ,  7 . 6  f o r  t h e  d r i f t - c y c l o t r o n  i n s t a b i l i t i e s  and t h a t  d i s -  

p layed i n  Table 7 , 3  f o r  t h e  loss-cone i n s t a b i l i t i e s , w e  f i n d  t h a t  

i n  t h i s  regime, a s  we expected,  t h e  d r i f t - c o n e  i n s t a b i l i t i e s  a r e  

most l i k e  t h e  d r i f t - c y c l o t r o n  i n s t a b i l i t i e s  and t h a t  t h e  s i m i l a r i t y  

i n c r e a s e s  wi th  i n c r e a s i n g  k  a . 
Y i 

W e  have t h u s  seen t h a t  f o r  t h e  most p a r t  t h e  d r i f t - c o n e  i n s t a -  

b i l i t y  i s  simply a  " supe rpos i t i on"  of t h e  loss-cone and d r i f t -  

cyc lo t ron  i n s t a b i l i t i e s .  S ince  t h e  Te/Ti c h a r a c t e r i s t i c s  o f  t h e s e  

two d i f f e r e n t  t ypes  of i n s t a b i l i t i e s  a r e  n e a r l y  t h e  same, we 

expec t  t h a t  t h e  d r i f t - c o n e  modes w i l l  have t h e s e  same cha rac t e r -  

i s t i c s  f o r  vary ing  T /T ie  AS we have seen t h e r e  a r e  two major e  

c o n t r a d i c t i o n s  t o  t h i s  " supe rpos i t i on ing"  of t h e  loss-cone and 

d r i f t - c y c l o t r o n  i n s t a b i l i t i e s ,  

F i r s t , t h e r e  i s  t h e  appearance of t h e  f l u t e - l i k e  d r i f t - c o n e  

mode a t  much lower d e n s i t i e s  and va lues  of k  a  t han  found f o r  
Y i 

t h e  d r i f t - c y c l o t r o n  i n s t a b i l i t i e s  i n  a  regime i n  which no f l u t e -  

l i k e  loss-cone i n s t a b i l i t i e s  occur .  The appearance of t h i s  d r i f t -  

cone mode has very impor tan t  i m p l i c a t i o n s  on t h e  p o s s i b i l i t y  of 

containment of h igh d e n s i t y  loss-cone type  plasmas s i n c e  i n  

c o n t r a s t  t o  t h e  d r i f t - c o n e  modes wi th  nonzero k  t h e  f l u t e - l i k e  z  

mode appears  i n  plasmas of  n e a r l y  any l eng th  (see Sec t ion  5 , 4 ) .  

I t  i s  t h u s  much more dangerous,  We a l s o  no te  t h a t  i n  t h e  c a s e  

cons idered  h e r e  it occurs  a t  a  f a i r l y  low plasma d e n s i t y ,  A s  

w i t h  t h e  f l u t e - l i k e  modes which we have p rev ious ly  d i s c u s s e d ,  

we may be a b l e  t o  suppress  t h e  f l u t e - l i k e  d r i f t - c o n e  i n s t a b i l i t y  

by t h e  i n t r o d u c t i o n  of co ld  plasma a t  t h e  ends of t h e  h o t  plasma 

r eg ion  ( " l i n e - t y i n g "  e f f e c t ) ,  o r  of cu rva tu re  of t h e  magnetic 



field. It may also be controlled by making the density gradients 

and vl distribution sufficiently gentle (7.53). Therefore while 

these flute-like drift-cone instabilities would appear to be very 

detrimental to the containment of high density plasmas, it appears 

that we may be able to control them to a reasonable degree. 

The other major contradiction to the "superpositioning" of 

the loss-cone and drift-cyclotron instabilities is that the ion 

diamagnetic drift introduces a preferential direction in which 

the drift-cone modes move. An important implication of this 

observation is that the unstable "high frequency" modes (with 

frequencies near harmonics of the ion cyclotron frequency) in 

any finite plasma with a loss-cone type of vL distribution would 

be expected to preferentially propagate in the direction of the 

diamagnetic current. This property could presumably be helpful 

in identifying the instabilities of an experimentally unstable 

plasma, 



8.  CONCLUSION 

8 , l  Summary 

We have a l r eady  given a  synops is  of t h e  t o p i c s  d i s -  

cussed i n  each of t h e  chap te r s  of t h i s  t h e s i s  i n  Sec t ion  1,4. 

I n  t h i s  s e c t i o n  w e  summarize t h e  impor tan t  r e s u l t s  ob ta ined  

i n  t h i s  work, Some ex tens ions  of t h i s  work which a r e  worthy 

of c o n s i d e r a t i o n  a r e  noted i n  t h e  fol lowing s e c t i o n .  

I n  t h e  f i r s t  t h r e e  chap te r s  w e  have come t o  some conclu- 

s i o n s  of perhaps  only  minor importance which arerhowever,worth 

no t ing  h e r e ,  F i r s t ,  i n  Sec t ion  1 . 2  w e  have concluded t h a t  i n  

o r d e r  t o  j u s t i f y  n e g l e c t i n g  t h e  e f f e c t s  of t r a n s v e r s e  ( e l e c -  

t romagnet ic )  waves i n  a  plasma, t h e  B o f - t h e  plasma must be 

much less than  me/mi, o r  u n i t y  f o r  wave f r equenc ie s  much 

l e s s  t h a n ,  o r  of  t h e  o rde r  of t h e  i o n  c y c l o t r o n  frequency 

r e s p e c t i v e l y .  I n  Sec t ion  2 . 4  we have found t h a t ,  s t r i c t l y  

speaking,  i n  o r d e r  t o  s a t i s f y  t h i s  c o n d i t i o n  on B and have 

a  s e l f - c o n s i s t e n t  equ i l i b r ium when t h e r e  i s  magnetic f i e l d  

cu rva tu re  b u t  no s t a t i c  e l e c t r i c  f i e l d  component a long t h e  

magnetic f i e l d ,  t h e  c h a r a c t e r i s t i c  c u r v a t u r e  l e n g t h  must i n  

gene ra l  be long compared t o  t h e  c h a r a c t e r i s t i c  s c a l e  l e n g t h  

f o r  plasma inhomogenei t ies ,  F i n a l l y ,  i n  Sec t ion  3.3 we have 

determined t h a t  t h e  " l o c a l "  approximation ( i n  t h e  d i r e c t i o n  of  

plasma inhomogenei t ies)  t o  t h e  e x a c t  d i s p e r s i o n  r e l a t i o n ,  

which i s  used i n  t h i s  and many o t h e r  works, i s  reasonably 

v a l i d  only  i f  t h e  c h a r a c t e r i s t i c  plasma inhomogeneity leng th  



i s  long  compared t o  n o t  only  t h e  i o n  Larmor r a d i u s  a s  noted 

by K r a l l  and Rosenbluth ( 8 . 1 ) ,  - b u t  a l s o  t o  two o t h e r  " f i n e -  

s t r u c t u r e "  l e n g t h s  i n  t h e  plasma, namely t h e  Debye l eng th  

and G ~ / o ~ ~  ( t h e  s c a l e  l e n g t h  of  charge s e p a r a t i o n s  due t o  t h e  

presence of  a  g r a v i t y  f o r c e  t r a n s v e r s e  t o  t h e  magnetic f i e l d ) .  

The conc lus ions  and r e s u l t s  ob ta ined  i n  t h e  fo l lowing  

chap te r s  a r e  of g r e a t e r  importance.  I n  Chapter  4 w e  have 

r i g o r o u s l y  de r ived  very g e n e r a l  necessary  and s u f f i c i e n t  con- 

d i t i o n s  f o r  i n s t a b i l i t y  of a  s l i g h t l y  inhomogeneous plasma i n  

a  magnetic f i e l d ,  I n  g e n e r a l ,  t h e s e  c r i t e r i a  j u s t i f y  and 

e l u c i d a t e  t h e  commonly..used marginal  s t a b i l i t y  a n a l y s i s .  A s  

a  f u r t h e r  conc lus ion  i n  t h i s  c h a p t e r ,  we have no ted  t h a t  whi le  

t h e  Cauchy i n t e g r a l  method ( 8 . 2 )  - can be extremely u s e f u l  i n  

f i n d i n g  r ea l -k  temporal  growth r a t e s  of u n s t a b l e  modes i f  an 

"on- l ine"  computer i s  a v a i l a b l e ,  i n  gene ra l  i f  we want t o  

thoroughly i n v e s t i g a t e  t h e  rea l -k  temporal  growth r a t e s  of a  

g iven i n s t a b i l i t y  o r  wish t o  use  normal computer "batch"  

p roces s ing ,  it i s  probably b e s t  t o  use t h e  u s u a l  i t e r a t i v e  

r o o t  fo l lowing  techniques .  

I n  t h e  f i f t h  chap te r  w e  have reviewed t h e  c r i t e r i a  which 

have been de r ived  f o r  d i s t i n g u i s h i n g  between convec t ive  and 

a b s o l u t e  i n s t a b i l i t i e s  and have summarized t h a t  work f o r  our  

purposes w i t h  t h e  s ta tement  of a  s i n g l e  c r i t e r i o n  f o r  a b s o l u t e  

i n s t a b i l i t y .  By e x p l o i t i n g  t h e  f a c t  t h a t  t h e  d i s p e r s i o n  rela- 

t i o n  can be w r i t t e n  i n  a  form i n  wh ich . the  d e n s i t y  i s  a " f r e e  

parameter" and t h e  r e s u l t s  of a  marginal  s t a b i l i t y  a n a l y s i s ,  



we have developed a new and very  e f f i c i e n t  method- for  imple- 

menting t h e  c r i t e r i o n  f o r  a b s o l u t e  i n s t a b i l i t y  t o  d i r e c t l y  

determine t h e  t r a n s i t i o n  d e n s i t y  f o r  t h e  o n s e t  of a b s o l u t e  

i n s t a b i l i t y ,  We have a l s o  d i scussed  how w e  can use  e s s e n t i a l l y  

t h e  same method t o  d i r e c t l y  determine t h e  d e n s i t y  a t  which an 

a b s o l u t e  i n s t a b i l i t y  has a g iven  temporal  growth r a t e ,  

I n  t h e  fol lowing chap te r s  w e  have app l i ed  t h e  techniques  

developed i n  t h i s  work t o  t h e  s tudy  of  two very g e n e r a l  c l a s s e s  

of m i c r o i n s t a b i l i t i e s .  F i r s t ,  i n  Chapter 6 w e  have cons idered  

t h e  i n s t a b i l i t i e s  of  a homogeneous plasma i n  a magnetic f i e l d  

which a r e  d r i v e n  by t h e  f r e e  e n e r g i e s  a s s o c i a t e d  wi th  v e l o c i t y -  

space  a n i s o t r o p i e s ,  Using t h e  g e n e r a l  i n s t a b i l i t y  c r i t e r i o n  

of Chapter  4 a s  a guide,  w e  have reviewed t h e  l i t e r a t u r e  con- 

ce rn ing  t h e s e  i n s t a b i l i t i e s ,  

With t h i s  review a s  an i n t r o d u c t i o n ,  we have under taken 

an e x t e n s i v e  s tudy  of . t h e  ve loc i ty -space  an i so t ropy  i n s t a b i l i -  

t ies d r i v e n  by t h e  source  of  f r e e  energy a s s o c i a t e d  w i t h  a 

loss-cone type  of v, d i s t r i b u t i o n ,  - i . e .  t h e  loss-cone i n s t a -  

b i l i t i e s ,  The e f f e c t s  which v a r i a t i o n s  i n  t h e  e l e c t r o n  

tempera ture  and sharpness  of t h e  vl d i s t r i b u t i o n  have on l o s s -  

cone i n s t a b i l i t i e s  f o r  a l l  r e l e v a n t  wave numbers and f r equenc ie s  

have been considered,  The convec t ive  ve r sus  a b s o l u t e  n a t u r e  

of  t h e s e  u n s t a b l e  modes a long  t h e  a x i a l  o r  magnetic f i e l d  d i -  

r e c t i o n  has  been thoroughly i n v e s t i g a t e d ,  I n  c o n t r a s t  t o  p re -  

v ious  i n d i c a t i o n s  ( 8 , 3 ) ,  - w e  f i n d  t h a t . t h e  loss-cone i n s t a b i l i -  

t ies  can be of t h e  a b s o l u t e  type  and i n  f a c t  a s  a g e n e r a l  r u l e  



a r e  s o  f o r  r e l e v a n t  plasma cond i t i ons .  Assuming t h a t  abso- 

l u t e  i n s t a b i l i t i e s  can " f i t "  i n t o  any plasma which i s  a t  

l e a s t  a half-wavelength long ,  we have found t h a t  t h e  convec- 

t i v e  loss-cone i n s t a b i l i t i e s  can be a s e r i o u s  de t r imen t  t o  

plasma containment be fo re  t h e  appearance of  an a b s o l u t e  

i n s t a b i l i t y  on ly  i f  t h e  r e f l e c t i o n  c o e f f i c i e n t  f o r  waves 

moving a x i a l l y  i n  t h e  plasma exceeds about 0.285 and even 

then  only f o r  smal l  Te/Tie S ince  such a l a r g e  r e f l e c t i o n  

c o e f f i c i e n t  seems u n l i k e l y  o r  a t  l e a s t  avo idable  ( s e e  Sec- 

t i o n  5 , 4 ) ,  w e  conclude t h a t  only  t h e  a b s o l u t e  loss-cone 

i n s t a b i l i t i e s  w i l l  be impor tan t  i n  l i m i t i n g  plasma contain-  

ment i n  an exper imental  dev ice .  

Within t h e  l i m i t s  of  a cons ide ra t ion  of  t h e  i n f i n i t e  

homogeneous plasma theo ry ,  w e  have found t h a t  n e i t h e r  h e a t i n g  

t h e  e l e c t r o n s  (up t o  Te - Ti) nor i n c r e a s i n g  t h e  thermal  

spread  i n  t h e  v d i s t r i b u t i o n  (up t o  a sp read  roughly equa l  

t o  t h e  mean displacement)  s i g n i f i c a n t l y  s t a b i l i z e  t h e  a b s o l u t e  

loss-cone i n s t a b i l i t i e s .  The r e l e v a n t  c r i t e r i a  f o r  t h e  ap- 

pearance of t h e  abso lu t e  loss-cone i n s t a b i l i t i e s  have been 

found t o  be 

( i n s t a b i l i t y )  ( 8 0 1 0 1 )  

( i n s t a b i l i t y )  (8 .1 ,2 )  

i n  which n i s  t h e  i on  cyc lo t ron  harmonic number of t h e  



u n s t a b l e  mode, ai i s  t h e  mean ion  Larmor r a d i u s  and L i s  

t h e  a x i a l  l eng th  of t h e  plasma. I n  a r r i v i n g  a t  t h e  l eng th  

cond i t i on  we have assumed t h a t  an abso lu t e  i n s t a b i l i t y  mode 

" f i t s "  i n t o  t h e  plasma i f  L i s  g r e a t e r  t han  a  half-wavelength 

of t h e  mode, The t h r e s h o l d  d e n s i t i e s  f o r  bo th  f l u t e  and f l u t e -  

l i k e  loss-cone i n s t a b i l i t i e s  a r e  gene ra l ly  h i g h e r  than  t h a t  

g iven by i n e q u a l i t y  ( 8 , l . l )  -- s e e  Sec t ion  6 . 2 .  

We have a l s o  employed t h e  techniques  developed i n  t h i s  

work t o  examine t h e  a p p l i c a b i l i t y  of t h e  "continuum" l i m i t  

( s h o r t  t r a n s v e r s e  wavelengths,  klai > >  1) of t h e  d i s p e r s i o n  

r e l a t i o n  which has  been de r ived  by Rosenbluth and P o s t  ( 8 , 3 )  - 
f o r  s tudying  loss-cone i n s t a b i l i t i e s .  I n  t h i s  r ega rd ,  we 

have cons idered  a  c a s e  i n  which kAai = 2 5  i n  g r e a t  d e t a i l .  

We conclude t h a t  whi le  t h e  "continuum" l i m i t  i s  de r ived  

from ve ry  appea l ing  p h y s i c a l  arguments and i s  very h e l p f u l  i n  

gu id ing  o u r  i n t u i t i o n  and i n  doing approximate c a l c u l a t i o n s ,  

it does n o t  seem t o  have a  wide enough range of a p p l i c a b i l i t y  

f o r  d e t a i l e d  i n s t a b i l i t y  c a l c u l a t i o n s  which must i nc lude  a  

c o n s i d e r a t i o n  of t h e  convec t ive  versus  a b s o l u t e  n a t u r e  of t h e  

loss-cone i n s t a b i l i t i e s .  

The second g e n e r a l  a p p l i c a t i o n  of t h e  techniques  we have 

developed i n  t h i s  work has  been t o  t h e  s tudy  of "un ive r sa l "  

o r  d r i f t  i n s t a b i l i t i e s  (see Chapter 7 ) ,  - i , e .  t h o s e  d r iven  by 

t h e  sou rce  of f r e e  energy a s s o c i a t e d  wi th  t h e  inhomogeneity 

of conf ined plasmas, I n  t h i s  r ega rd ,  we have b r i e f l y  surveyed 

t h e  l i t e r a t u r e  concerning low frequency d r i f t  i n s t a b i l i t i e s  and 



employed the instability criteria developed in this work to 

derive a simple version of a general instability criterion 

for these modes which has been given by Krall and Rosenbluth 

( 8  - By comparing the instability criteria for low fre- 

quency drift modes with those for the loss-cone instabilities, 

we conclude that the loss-cone modes generally occur in 

shorter plasmas and are thus potentially more detrimental to 

plasma containment. 

As a second major application of the techniques developed 

in this work, we have undertaken an extensive study of the 

drift-cyclotron instabilities (those drift instabilities which 

have frequencies of the order of the ion cyclotron frequency or 

its harmonics), This study includes a review of the literature 

on these instabilities and an examination of their convective 

versus absolute nature in the axial or magnetic field direc- 

tion, The effects which variations in the electron temperature 

and density gradient have on drift-cyclotron instabilities for 

all relevant wave numbers and frequencies have been considered, 

We find that, as with the loss-cone instabilities, the drift- 

cyclotron instabilities can be of the absolute type and that 

the convective drift-cyclotron instabilities would be expected 

to be detrimental to plasma containment only if the reflection 

coefficient at the axial ends of the plasma exceeds about 

0,285, Thus, as before, we conclude that only the absolute 

drift-cyclotron instabilities will be of importance in experi- 

mental plasmas. These absolute instabilities have been found 



t o  be r e l a t i v e l y  una f f ec t ed  by v a r i a t i o n s  i n  t h e  e l e c t r o n  

temperature  (up t o  Te - T i ) ,  b u t  s t r o n g l y  a f f e c t e d  by 

changes i n  t h e  d e n s i t y  g r a d i e n t .  The c r i t e r i a  f o r  t h e  ap- 

pearance of a b s o l u t e  d r i f t - c y c l o t r o n  i n s t a b i l i t i e s  were 

found t o  be 

( i n s t a b i l i t y )  (8 .1 .4)  

i n  which t h e  corresponding symbols have t h e  same meanings a s  i n  

( 8 . 1 , l )  and ( 8 , 1 , 2 )  . The corresponding i n s t a b i l i t y  c r i t e r i o n  

f o r  t h e  appearance of t h e  f l u t e - l i k e  d r i f t - c y c l o t r o n  i n s t a b i l i -  

t i e s  i s  ( s e e  Sec t ion  7 ,2)  

Comparing t h e  r e s p e c t i v e  c r i t e r i a  f o r  t h e  appearahce of abso- 

l u t e  loss-cone and a b s o l u t e  and f l u t e - l i k e  d r i f t - c y c l o t r o n  

i n s t a b i l i t i e s ,  we conclude t h a t  t h e  loss-cone i n s t a b i l i t i e s  

pose t h e  g r e a t e r  t h r e a t  t o  plasma confinement,  

F i n a l l y ,  i n  Sec t ion  7.3 we have d i scussed  t h e  i n s t a b i l i -  

t ies  which occur  when both loss-cone and s p a t i a l  inhomogeneity 

sources  of f r e e  energy a r e  p r e s e n t ,  6Je have found t h a t  t h e s e  

i n s t a b i l i t i e s  a r e  j u s t  a  I' supe rpos i t i on"  of t h e  loss-cone and 

d r i f t - c y c l o t r o n  i n s t a b i l i t i e s  i n  a l l  b u t  two r e s p e c t s ,  F i r s t ,  



we have observed t h a t  t h e  f l u t e - l i k e  i n s t a b i l i t i e s  which occur  

i n  such a  plasma ( 8 . 4 ,  - -  8 .5 )  have c h a r a c t e r i s t i c s  which a r e  d i f -  

f e r e n t  from e i t h e r  t h e  f l u t e - l i k e  loss-cone o r  d r i f t - c y c l o t r o n  

i n s t a b i l i t i e s  a l though they do r e p r e s e n t  some s o r t  of  an average 

of t h o s e  c h a r a c t e r i s t i c s .  However, it i s  impor tan t  t o  n o t e  t h a t  

t h e  combination f l u t e - l i k e  modes g e n e r a l l y  have a  lower t h r e s h -  

o l d  d e n s i t y  t han  e i t h e r  of t h e  s e p a r a t e  modes ( s e e  Sec t ion  7 . 3 ) .  

Second, we have found t h a t  t h e  i n t r o d u c t i o n  of t h e  d e n s i t y  

g r a d i e n t  causes  t h e  i n s t a b i l i t i e s  t o  have a  p r e f e r r e d  d i r e c t i o n  

of p ropaga t ion ,  namely i n  t h e  d i r e c t i o n  of t h e  diamagnet ic  cur-  

r e n t .  This  l a t t e r  p rope r ty  may be u s e f u l  i n  expe r imen ta l ly  

i d e n t i f y i n g  t h e s e  u n s t a b l e  modes. 

I n  s h o r t ,  t h e  methods we have developed t o  s tudy  t h e  s t a -  

b i l i t y  and a b s o l u t e  versus  convec t ive  i n s t a b i l i t y  of weakly 

inhomogeneous plasmas immersed i n  a  magnetic f i e l d  have been 

found t o  be of s u f f i c i e n t  g e n e r a l i t y  and e f f i c i e n c y  t o  a l l ow 

us  t o  thoroughly examine f o r  t h e  f i r s t  t ime t h e  a b s o l u t e  

ve r sus  convec t ive  n a t u r e  and potency of t h e  loss-cone and 

d r i f t - c y c l o t r o n  i n s t a b i l i t i e s .  



8,2 Suggest ions  f o r  F u r t h e r  Study 

While we have r e s t r i c t e d  o u r  a p p l i c a t i o n s  of t h e  g e n e r a l  

t echniques  developed i n  t h i s  work t o  d e t a i l e d  s t u d i e s  of  t h e  

loss-cone and d r i f t - c y c l o t r o n  i n s t a b i l i t i e s ,  t h e  techniques  

can presumably be f r u i t f u l l y  a p p l i e d - t o  many o t h e r  t ypes  of  

i n s t a b i l i t i e s  a s  w e l l ,  Within t h e  l i m i t a t i o n s  o f - t h e  computer 

programs developed i n  t h i s  work, i n  a d d i t i o n  t o  t h e  e f f e c t s  

cons idered  h e r e ,  w e  could cons ider :  multi-component plasmas,  

i n e q u a l i t y  of mean v e l o c i t i e s  a long and t r a n s v e r s e  t o  t h e  mag- 

n e t i c  f i e l d ,  p a r t i c l e  c u r r e n t s  a long t h e  magnetic f i e l d ,  

temperature  g r a d i e n t s  a long and t r a n s v e r s e  t o  t h e  magnetic 

f i e l d ,  magnetic f i e l d  cu rva tu re  e f f e c t s  a t  l e a s t  i n  bi-Maxwellian 

plasmas ( s e e  Sec t ions  2 i 2 ,  2 ,4 ) ,  o r - a n y  d e s i r e d  combination of 

t h e s e  e f f e c t s .  Of p a r t i c u l a r  i n t e r e s t  would be a  s tudy  of  t h e  

e f f e c t s  of t h e  i n t r o d u c t i o n  of a  smal l  number of "warm" i o n s  

having a  Maxwellian d i s t r i b u t i o n  i n t o  a  "hot" plasma whose i o n s  

have a  loss-cone type  vL d i s t r i b u t i o n  s i n c e  t h i s  procedure  

has been proposed ( 8 . 6 )  - a s  a  method o f A n f i l l i n g  i n "  t h e  l o s s -  

cone and thereby s t a b i l i z i n g  t h e  loss-cone i n s t a b i l i t i e s .  

With r e s p e c t  t o  t h e  loss-cone a n d - d r i f t - c y c l o t r o n  i n s t a -  

b i l i t i e s  which we have s t u d i e d - i n  g r e a t  d e t a i l ,  t h e r e  a r e  a  

number of  s u b s i d i a r y  q u e s t i o n s  worth cons ide r ing  which may 

r e s u l t  i n  mod i f i ca t ions  of  t h e  conc lus ions  we have a r r i v e d  a t  

i n  t h i s  work, F i r s t ,  i t  i s  very important  t o  know i f  t h e  

loss-cone i n s t a b i l i t i e s  o f ' a  plasma having a  t r u e  c o l l i s i o n a l l y  

e q u i l i b r i a t e d  loss-cone d i s t r i b u t i o n  would have t h e  same 



q u a l i t a t i v e  f e a t u r e s  a s  t h o s e  we have found us ing  i d e a l i z e d  

l ' loss-cone" d i s t r i b u t i o n s .  Next, it would be of g r e a t  i n t e r -  

e s t  t o  s tudy  t h e  nonzero,  b u t  r e a l ,  group-veloci ty  loss-cone 

and d r i f t - c y c l o t r o n  i n s t a b i l i t y  modes t o  a s c e r t a i n  i f ,  a s  we 

have con jec tu red ,  t h e  ze ro  group-veloci ty  ( a b s o l u t e  i n s t a b i l -  

i t y )  modes a r e  indeed r e p r e s e n t a t i v e  of t h e  smal l  group- 

v e l o c i t y  modes and t h a t  t h e  abso lu t e  ve r sus  convec t ive  n a t u r e  

of t h e  u n s t a b l e  modes t r a n s v e r s e  t o  t h e  magnetic f i e l d  d i r e c -  

t i o n  i s  of l i t t l e  importance.  Also of i n t e r e s t  would be a 

s tudy  of t h e  non l inea r  e f E e c t s  on t h e  a b s o l u t e  i n s t a b i l i t i e s  

which, a s  we have n o t e d - i n  Sec t ion  5.4,  must presumably t a k e  

account  of t h e  motion and s p a t i a l  growth of wave packe ts  of 

u n s t a b l e  modes. Of perhaps g r e a t e s t  importance would be a 

s tudy  of t h e  e f f e c t s  which t h e  f i n i t e  l e n g t h  of any given 

plasma may have on bo th  t h e  convect ive  and a b s o l u t e  i n s t a b i l i -  

t i es ,  i nc lud ing  those  ca ses  where t h e  s c a l e  l e n g t h  of t h e  

plasma o r  magnetic f i e l d  inhomogeneity i s  of t h e  o r d e r  of  t h e  

wavelength of t h e  u n s t a b l e  modes. 

F i n a l l y ,  we may no te  s t u d i e s  which have been i m p l i c i t l y  

sugges ted  i n  our  d e r i v a t i o n  and a n a l y s i s  of t h e  gene ra l  d i s -  

p e r s i o n  r e l a t i o n ,  From t h e  f a c t  t h a t  we have seen t h a t  

t r a n s v e r s e  (e lec t romagnet ic )  waves cannot be ignored i n  very  

dense plasmas ( s e e  Sec t ion  1 . 2 j ,  we observe t h a t  a  s tudy  of 

t h e s e  waves and t h e i r  coupl ing t o  t h e  e l e c t r o s t a t i c  waves 

cons idered  he re  would be of i n t e r e s t  i n  such plasmas. The 

rudimentary l e v e l  of ou r  d i scus s ion  of t h e  e f f e c t s  of 



magnetic f i e l d  c u r v a t u r e ,  p a r t i c u l a r l y  wi th  loss-cone type  vl 

d i s t r i b u t i o n s ,  i s  i n d i c a t i v e  of t h e  p r e s e n t  t h e o r e t i c a l  t r e a t -  

ments of t h i s  s u b j e c t ,  A s tudy  of t h e s e  e f f e c t s  i n c l u d i n g  

t h e i r  dependence on p a r t i c l e  v e l o c i t i e s  ( s e e  Sec t ions  2 , 4 ,  7.1) 

and a  c a r e f u l  c o n s i d e r a t i o n  of t h e  e s t ab l i shmen t  of a  r e a l i s t i c  

and s e l f - c o n s i s t e n t  equ i l i b r ium would be of  cons ide rab le  i n t e r -  

e s t  w i th  regard  t o  a p p l i c a t i o n s  of t h i s  work t o  a  t h e o r e t i c a l  

s tudy  of  plasmas such as those  f o u n d ' i n  t h e  Van Al len  b e l t s .  

I t  wou ld -a l so  be i n t e r e s t i n g  t o  d e r i v e  a  one-dimensional form 

of ou r  g e n e r a l ' d i s p e r s i o n  r e l a t i o n  ( s e e  Chapter  4 )  d i r e c t l y  

from t h e  Vlasov equa t ion .  Such a  d e r i v a t i o n  would a l low us  t o  

show d i r e c t l y  t h a t  t h e  necessary  and s u f f i c i e n t  condTtions f o r  

s t a b i l i t y  a r e  t h a t  t h e  necessary  and s u f f i c i e n t  c o n d i t i o n s  f o r  

n o t  be s a t i s f i e d  f o r  any mode i n  t h e  plasma, I t  

would a l s o  presumably g ive  us Zurther  i n s i g h t  i n t o  t h e  n a t u r e  

of t h e  " l o c a l "  approximation used i n  d e r i v i n g  t h e  d i s p e r s i o n  

r e l a t i o n ,  F i n a l l y ,  it would-be o f - i n t e r e s t  t o  f u r t h e r  e l u c i -  

d a t e  ( s e e  Sec t ion  5 ,2)  t h e  cond i t i ons  under which a b s o l u t e  

i n s t a b i l i t y  modes a t  t h e  lowest  d e n s i t i e s  f o r  which they can 

occur  have r e a l  f r equenc ie s ,  
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APPENDIX A: The Functions C and D 

In the derivation of the dispersion relation in 

Section 3.4, integrals of the form 

are encountered. Here, for convenience, the species sub- 

script has been suppressed since we will only be consider- 

ing one species at a time. In the above expression ~2 is 
the part of the equilibrium distribution function pre- 

scribing the vL distribution, Eq. (1e3a1) p ieea 

Fallowing Guest and Dory (A.11, we define 

2 2 
where h = (kyaL) / 2 f i  . Noting that 



w e  see t h a t  t h e  o t h e r  i n t e g r a l s  of i n t e r e s t  can be spec i -  

f i e d  i n  terms of (A.  2 )  and (A. 3 )  as 

00 2 2 A 

21[ vLduL J ~ ( ~ ~ v ~ ~ ) v : [ ~  &J= dv (2.1) aLDn '+'-2~;. (A.  7) 

Having expressed  a l l  of t h e  r e l e v a n t  i n t e g r a l s  i n  

t e r m s  of  t h e  C ,  D f unc t ions  w e  w i l l  now l i s t  some of  t h e  

impor tan t  p r o p e r t i e s  of t h e s e  func t ions .  F i r s t ,  w e  no t e  

t h a t  w e  can d e t i n e  a  s e t  of l i n e a r  o p e r a t o r s  QR g iven  by 

which when o p e r a t i n g  on F! r a i s e  t h e  index by one, t h a t  

is., 

S ince  t h e  i n t e g r a l s  of i n t e r e s t  a r e  independent of a~  

except  f o r  t h e  dependence through F!, t h e s e  o p e r a t o r s  

can e q u a l l y  w e l l  be a p p l i e d  t o  t h e  C ,  D f unc t ions .  

Applying t h e  s e t  of o p e r a t o r s  QR a s u f f i c i e n t  number of 

t imes  t o  t h e  f u n c t i o n s  c:, 6; we can o b t a i n  c:, 6;. 



The former f u n c t i o n s  a r e  known i n t e g r a l s  which can be  

w r i t t e n  i n  terms of t h e  modified Besse l  f u n c t i o n s  of 

t h e  f i r s t  k ind  ( A . 2 )  : - 

(A. 10) 

A 

For convenience w e  renormal ize  t h e  D ' s  s o  t h a t  t h e y  are 

R d imensionless  by d e f i n i n g  Dn a s  

(A. 11) 

With t h i s  d e f i n i t i o n ,  i n t e g r a l s  (A.  3) and (A.5) become 

(A. 12) 

(A.  13) 

Next ,us ing  t h e  o p e r a t o r  d e f i n i t i o n  (A. 7 )  and t h e  

r eno rma l i za t ion  d e f i n i t i o n  ( A . l l )  w e  can w r i t e  t h e  R 

r e c u r s i o n  r e l a t i o n s  f o r  t h e  C ,  D f u n c t i o n s  a s  

( A ,  1 4 )  

(A.  15) 

These r e c u r s i o n  r e l a t i o n s  can be s i m p l i f i e d  by n o t i n g  t h a t  



Using t h i s  formula w e  s e e  from (A.  3) and (A. 11) t h a t  

(A.  16) 

and then  t h e  o t h e r  r e c u r s i o n  r e l a t i o n  bee0-f s imply 

R R+1 
= C, + Dn e (A. 17) 

Consider ing t h e  l a t t e r  forms and (A. 9)  , (A. 10) w e  

s e e  t h a t  i n  g e n e r a l  w e  can w r i t e  

R 
D' n = [ p A ( h ) ~ n ( A )  - q , ( h ) ~ h ( h ) ] e - A  (A. 19) 

R R R  where Pn, Q n r  p,, qi are polynomials i n  A of o r d e r  R o r  

less. The r e c u r s i o n  r e l a t i o n s  of t h e s e  polynomials can 

be  shown t o  be  g iven  by 

For  f u t u r e  r e f e r e n c e  w e  l i s t  t h e  f i r s t  few of t h e  polynomials: 



F o r  ,e -+ - t h e  d i s t r i b u t i o n  f u n c t i o n  F: approaches  a  D i r a c  

d e l t a  f u n c t i o n  ( A . 3 )  c e n t e r e d  a t  vl = a, and t h e n  t h e  C ,  D 

f u n c t i o n s  can  b e  shown t o  b e  

(A, 2 1 )  

F i n a l l y ,  w e  l i s t  some u s e f u l  summation formulas  f o r  

2 
t h e  C ,  D f u n c t i o n s .  For  Jn (x) a  summation rube  g i v e n  by 

Abromowitz and S tegun  (A.  4 )  i s  - 
03 2 
C Jn (x) = 1 . (A. 22) 

n=-w 

I n  a d d i t i o n ,  w e  n o t e  from t h e  second Bessel f u n c t i o n  i d e n -  

t i t y  f o l l o w i n g  ( 3 . 3 . 1 )  t h a t  w e  c a n  w r i t e  

03 w 

: =  c i e  (n-m) --i$(n-m) 
C Jn (x) J, (x) e e - 

n=-w m = - m  



Mult ip ly ing  t h i s  equa t ion  by s i n  8 and i n t e g r a t i n g  0 

from 0 t o  271 we f i n d  t h a t  

(A. 2 3 )  

Using t h e  a d d i t i o n  theorems of (A. 2 2 )  and (A. 2 3 )  w e  see 

immediately from ( A . 2 )  and ( A . 3 )  t h a t  

m 
R c c n = l ,  ~ = 0 , 1 , 2 ,  ... (A. 2 4 )  

n=-m 

(A. 2 5 )  

m 

z n  D: = 0 , k = 0 ,  1, ... (A. 2 6 )  
n=-03 

where 6 i s  t h e  Kronecker d e l t a  f u n c t i o n ,  p rev ious ly  
RO 

de f ined  i n  Eq .  ( 2 . 2 . 7 ) .  



APPENDIX B :  Plasma Dispers ion  Function Moments 

En t h e  d e r i v a t i o n  of t h e  g e n e r a l  d i s p e r s i o n  r e l a t i o n  

i n  S e c t i o n  3 . 4 ,  s i n g u l a r  i n t e g r a l s  of t h e  form 

a r e  encountered.  These s i n g u l a r  i n t e g r a l s  a r e  de f ined  f o r  

w having a  p o s i t i v e  imaginary p a r t .  The s i m p l e s t  of t h e s e  

i n t e g r a l s  ( t h a t  wi th  n=O) i s  p r o p o r t i o n a l  t o  t h e  plasma 

d i s p e r s i o n  func t ion  

which has  been t a b u l a t e d  by F r i e d  and Conte 1 )  - I n  t h e  

succeding a n a l y s i s  we w i l l  show t h a t  a l l  of t h e  i n t e g r a l s  

of i n t e r e s t  h e r e  can be simply r e l a t e d  t o  t h i s  f u n c t i o n  

and i t s  d e r i v a t i v e s .  

Taking succes s ive  d e r i v a t i v e s  of t h e  plasma d i s p e r -  

s i o n  f u n c t i o n  we no te  t h a t  i n  g e n e r a l  

I n t e g r a t i n g  t h e  r i g h t  s i d e  of t h i s  equa t ion  by p a r t s  a  

t o t a l  of n  t imes we f i n d  t h a t  

Next we no te  from t h e  ~ o d r i ~ u e s '  formula ( B - 2 )  - f o r  t h e  



427 

H e r m i  t e  polynomia.1~ Hn (x )  t h a t  

Using t h i s  r e l a t i o n  i n  (B.3) w e  see t h a t  a s imple  expres-  

s i o n  f o r  t h e  nth d e r i v a t i v e  of t h e  plasma d i s p e r s i o n  

f u n c t i o n  i s  

I n  our  work w e  encounter  i n t e g r a l s  i n  which t h e  H e r m i t e  

polynomials are r ep l aced  by s imple  powers of  u. To 

f i n d  s imple  exp res s ions  f o r  t h e  l a t t e r  i n t e g r a l s  w e  no t e  

t h a t  w e  may expres s  any power of a  v a r i a b l e  x i n  t e r m s  

of a series of  H e r m i t e  polynomials w i th  o r d e r s  up t o  and 

inc lud ing  t h e  power of x. That  i s ,  i n  g e n e r a l  

where dm(n)  are c o e f f i c i e n t s  g iven  by Abromowitz and 

Stegun ( B .  - 3 )  and t h e  n o t a t i o n  [ 1 denotes  t h e  b r a c k e t  

o p e r a t o r ,  i . e .  [x ]  equa l s  t h e  l a r g e s t  i n t e g e r  less than  - 
o r  e q u a l  t o  x .  With t h e s e  remarks w e  s e e  t h a t  t h e  d e s i r e d  

i n t e g r a l s ,  which w e  d e f i n e  a s  Z n ( w )  according t o  



may be w r i t t e n  a s  

The f i r s t  f o u r  of  t h e s e  func t ions  a r e  

Z 0 ( w )  = z (w)  

Z 3 ( w )  = - I [GZI(w)+Z"'(w)I (B.  11) 
8 

where t h e  prime denotes  d i f f e r e n t i a t i o n  wi th  r e s p e c t  t o  

t h e  argument. 

Having shown t h a t  t h e  s i n g u l a r  i n t e g r a l s  of i n t e r e s t  

can be w r i t t e n  i n  terms of t h e  plasma d i s p e r s i o n  func t ion  

and i t s  d e r i v a t i v e s ,  w e  w i l l  now l i s t  some of t h e  impor tan t  

p r o p e r t i e s  of t h e  plasma d i s p e r s i o n  func t ion .  For I m ( w ) > O  

Z (w)  can be shown t o  s a t i s f y  t h e  Cauchy-Riemann cond i t i ons  

and hence i s  an a n a l y t i c  func t ion  of w i n  t h e  upper h a l f  

complex w-plane . I n  a d d i t i o n ,  by deforming t h e  i n t e g r a t i o n  

contour  i n  ( B . 1 )  s o  t h a t  it always pas ses  below t h e  poink 

w i n  t h e  complex w-plane, we can a n a l y t i c a l l y  cont inue  t h e  

plasma d i s p e r s i o n  func t ion  i n t o  t h e  lower h a l f  w-plane. 

Therefore ,  when p rope r ly  de f ined ,  t h e  plasma d i s p e r s i o n  

func t ion  Z ( w )  i s  an a n a l y t i c  func t ion  of  w over  t h e  e n t i r e  

w-plane. The power s e r i e s  expansion of Z ( w )  i s  ( B .  1) 



where t h e  symbol !! means double f a c t o r i a l ,  - i . e .  

n (n-2) (n-4) . . .1, n odd 
n!! = 

n(n-2)  (n-4) .  . - 2 ,  n even. 

The plasma d i s p e r s i o n  f u n c t i o n  a l s o  has  an asymptot ic  

expansion which i s  g iven  by ( B .  - 1) 

(B. 13) 

where 

i 
0 ,  I m w  > O 

a =  , l , I m w = O  

2 ,  I m  w < 0 .  

Note t h a t  f o r  I m  w > 0 and Iw / >>l,  Z (w)  goes approximately  

- 1  Another ve ry  u s e f u l  formula concerning t h e  plasma 

d i s p e r s i o n  f u n c t i o n  i s  i t s  d i f f e r e n t i a l  equa t ion :  

Z ' ( W )  = - 2 [l + w Z ( w ) l .  (B.  1 4 )  



APPENDIX C:  Desc r ip t ion  of Computer Programs 

The group of programs d i scussed  h e r e  have been used 

t o  o b t a i n  a l l  of t h e  r e s u l t s  d i sp l ayed  i n  t h i s  t h e s i s .  

I n  g e n e r a l ,  t h e  programs c a l c u l a t e  t h e  p r o p e r t i e s  of t h e  

i n s t a b i l i t i e s  of a plasma c h a r a c t e r i z e d  by t h e  d i s p e r s i o n  

r e l a t i o n  given by (3 .3 .16)  and (3.4.3) . I n  p a r t i c u l a r ,  

depending on t h e  i n p u t  d a t a ,  t h e s e  programs compute: t h e  

t h r e s h o l d  d e n s i t y  f o r  a g iven  ky,  kZ;  t h e  r ea l -k  temporal  

growth r a t e s  by t h e  Cauchy i n t e g r a l  method ( s e e  Sec t ion  

4 . 3 ) ;  t h e  real-w s p a t i a l  growth r a t e s  (complex k Z )  by a 

r o o t  fo l lowing  technique;  t h e  r ea l -k  temporal  growth r a t e s  

by a r o o t  fo l lowing  technique;  t h e  t r a n s i t i o n  d e n s i t y  

f o r  a b s o l u t e  i n s t a b i l i t y ;  t h e  d e n s i t y  a t  which an a b s o l u t e  

i n s t a b i l i t y  has  any g iven  temporal  growth r a t e .  I n  addi -  

t i o n ,  i f  d e s i r e d ,  t h e  programs w i l l  p r i n t  o u t  d a t a  f o r  

Nyquist and P (w/$J,) p l o t s  and t h e  r e s u l t s  of some i n t e r -  

mediate  c a l c u l a t i o n s .  While t h e  programs were o r i g i n a l l y  

w r i t t e n  f o r  an IBM 360/65 computer i n  t h e  FORTRAN I V  

( G  l e v e l )  language ( C .  1) , t hey  a r e  w r i t t e n  i n  a manner - 
which should  make them easy  t o  adapt  t o  o t h e r  machines 

which have FORTRAN I V  compilers .  The most impor tan t  para-  

meters  f o r  such an a d a p t a t i o n  a r e  ALOW and EXPMAX ( s p e c i -  

f i e d  i n  MICRO1,  MICR02, MICRO3 and MICR04) which should 

8 be given r e s p e c t i v e l y  a s  10 t imes  t h e  minimum nonzero 

number on t h e  machine of i n t e r e s t  and t h e  maximum power 

t o  which t h e  number e may be r a i s e d  on t h e  machine. Many 

of t h e  i n d i v i d u a l  subprograms which w e  have w r i t t e n  are 



of s u f f i c i e n t  g e n e r a l i t y  and e f f i c i e n c y  t o  war ran t  t h e i r  

use  i n  o t h e r  a p p l i c a t i o n s .  

The programs a r e  d iv ided  i n t o  two d i f f e r e n t  s e t s  of 

packages.  I n  g e n e r a l ,  t h e  f i r s t  s e t  ( M I C R O l ,  MICRO3 and 

MICR04) c a r r i e s  o u t  a marg ina l  s t a b i l i t y  a n a l y s i s ,  com- 

pu te s  r ea l -k  temporal  growth r a t e s  by t h e  Cauchy i n t e g r a l  

method and provides  d a t a  f o r  Nyquist  and p(w/Q0) p l o t s .  

The second set  c a r r i e s  o u t  t h e  remaining procedures  no ted  

i n  t h e  preced ing  paragraph by complex r o o t  fo l lowing  

techniques .  The f i r s t  set has  t h r e e  d i f f e r e n t  packages 

o r  v e r s i o n s ,  two of which (MICR03, MICRO$) a r e  e s s e n t i a l l y  

abb rev ia t ed  v e r s i o n s  of t h e  most g e n e r a l  one   MICRO^). 

The fo l lowing  l i s t  i n d i c a t e s  t h e  o r d e r  i n  which t h e  sub- 

programs a r e  a r ranged  w i t h i n  each of t h e  packages ( inden- 

t a t i o n s  i n d i c a t e  g e n e r a l  c a l l i n g  sequence of  programs): 

M I C R O 1  
INPUT 
SETUP 

CDCOMP 
BESSEL 

FIND 
P 
ROOT 

DISP 
DISPF 
MOMENT 
ZETA 

GRQWTW 
INTEG 
LINE 
PHASE 

NYQUIS 

MICRO2 
SINPUT 
SETUP 

CDCOMP 
BESSEL 

FOLLOW 
LOCATE 
RESULT 
FUNC 
ROOT 

DISPF 
MOMENT 
ZETA 

MICRO3 
INPUT 
SETUP 

CDCOMP 
BESSEL 

FIND 
P 
ROOT 

DISP 
DISPF 
MOMENT 
ZETA 

MICRO4 
SINPUT 
SETUP 

CDCOMP 
BESSEL 

P 
ROOT 
DISP 

MOMENT 
ZETA 

A FORTRAN l i s t i n g  of each of t h e s e  programs appears  a t  t h e  

end of t h i s  appendix. Each of t h e s e  fou r  packages i s  a 

s e p a r a t e ,  independent program. 



The i n p u t  d a t a  f o r  t h e  programs i s  d iv ided  i n t o  two 

p a r t s .  F i r s t ,  t h e r e  i s  t h e  c o n t r o l  program d a t a  which i s  

r e a d  by MICRO1,  MICR02, MICRO3 and MICR04. The f i r s t  p a r t  

of t h i s  d a t a  f o r  each of t h e s e  programs excep t  MICRO4 i s  

NCASES, NSUBS, t h e  number of c a s e s  t o  be run  and t h e  number 

of subcases  i n  t h e  f i r s t  c a s e  r e s p e c t i v e l y .  The remainder 

of t h e  i n p u t  d a t a  s p e c i f y i n g  t h e  i n s t a b i l i t y  a n a l y s i s  t o  

be performed i s  d i scussed  below i n  conjunc t ion  wi th  a 

d i s c u s s i o n  of some of  t h e  i n d i v i d u a l  programs. 

I n  a d d i t i o n  t o  t h e  d a t a  noted above, t h e r e  i s  t h e  

d a t a  s p e c i f y i n g  t h e  c a s e  t o  be  cons idered ,  which i s  r ead  

by e i t h e r  subprogram INPUT o r  SINPUT. The proper  sequence 

f o r  load ing  t h e  l a t t e r  s e t  of d a t a  i s  g iven  i n  Table  C-1 ,  

Format s p e c i f i c a t i o n s  and i m p l i c i t  DO loop convent ions  

employed t h e r e  a r e  a s  p e r  t h e  FORTRAN I V  language ( C . 1 ) .  - 
The f i r s t  s p e c i e s  s p e c i f i e d  i n  t h e  i n p u t  d a t a  f o r  a  g iven  

c a s e  i s  assumed t o  be t h e  s p e c i e s  which i s  most l i k e  t h e  

r e f e r e n c e  s p e c i e s  and determines  t h e  minimum s t e p  s i z e s  i n  

e tc .  which we cons ide r .  The va lue  of  JMAX i s  l i m i t e d  "151, - 
t o  a maximum of 3  i n  t h e  p r e s e n t  programs, b u t  could be  

made l a r g e r  by changing some DIMENSION s t a t emen t s  i n  t h e  

programs. The maximum va lue  of  k a  i s  l i m i t e d  t o  about  
Y j  

28.2 by t h e  BESSEL r o u t i n e  (see below) . The va lue  of Q 

i s  as s p e c i f i e d  i n  S e c t i o n  1 . 3  except  t h a t  f o r  plasmas 

having no temperature  g r a d i e n t s ,  Q g r e a t e r  t han  3  i s  taken  

t o  be i n f i n i t e ,  whi le  f o r  plasmas having tempera ture  grad- 

i e n t s ,  R g r e a t e r  t han  2 i s  taken  t o  be i n f i n i t e .  A f t e r  

read ing  i n  t h e  d a t a  which d e f i n e s  t h e  ca se  t o  be cons idered ,  



Table  C-1 .  I npu t  Data Spec i fy ing  Case t o  be 

Considered (Read i n  by INPUT o r  SINPUT), 

Format Symbol Explanat ion 

no. of s p e c i e s  of  p a r t i c l e s  i n  
t h i s  ca se  

315 type  of ca se  (see below) 

( NVZERO key parameter  f o r  p a r t i c l e  cur -  
r e n t s  a long  magnetic f i e l d  

( i f  none se t  t o  zero)  

2314.8 (CAPK(1) , I = 1 , 2 )  k  a  ,kZao ( i n  SINPUT, on ly  k a  Y 0 
i s  r ead  i n  h e r e )  

Y 0 

f o r  each J of t h e  JMAX s p e c i e s ,  t h e  fo l lowing  da t a :  

5E14.8,12 ( C H A R ( I , J ) ,  The c o n s t a n t s  mj /mot  n . /no ,  
1 ~ 1 ~ 5 )  , L ( J )  q j /qo,  T ~ j / T ~ o r  'lj/ $ L~ and 

R f o r  t h i s  ~ p e c i e s ~ r e s p e c t i v e l y  

i f  NTYPE > 3 

i f  1 < NTYPE < 3 

i f  NTYPE i s  odd 
2 

E14.8 G R A D ( 4 , J )  G j  ao/Sj 

i f  NVZERO 0 

t h e n ,  i n  INPUT i f  NNYQUS # 0 

E14.8 FRQNYQ 1m(o/So) f o r  "Nyquist"  p l o t  



a  synops is  of t h e  r e l e v a n t  parameters  i s  p r i n t e d .  

The s p e c i f i c a t i o n  of t h e  case  t o  be cons idered  con- 

s t i t u t e s  t h e  f i r s t  subcase  f o r  t h e  M I C R O l  and MICRO3 

packages. The remaining subcases  f o r  a l l  programs a r e  

s p e c i f i e d  by c a r d s  fo l lowing  t h e  block of d a t a  d e l i n e a t e d  

i n  Table  C-1 .  For M I C R O l  and MICRO3 each subcase h a s  t h e  

form of a key parameter  NDIFF i n  I 5  format  on one c a r d  

followed by t h e  new p i e c e s  of d a t a  i n  3314.8 format on a  

succeeding ca rd .  The key parameter p r e s c r i b e s  t h e  n a t u r e  

of t h e  new d a t a .  For NDIFF equa l  t o  1, 2 ,  3 ,  4 t h e  new 

p i e c e  o r  p i e c e s  of d a t a  a r e  presumed t o  be:  kzao; 

( ( G R A D ( I , J ) ,  I = 1 , 3 ) ,  GRAD(5,J), J= l ,  J M A X ) ;  FRQNYQ; F. 

The symbols used h e r e  a r e  de f ined  i n  Table  C - 1  excep t  f o r  

F which i s  de f ined  by 

i n  which t h e  s u b s c r i p t s  1, 2 r e f e r  r e s p e c t i v e l y  t o  t h e  

f i r s t  and second s p e c i e s  i n  t h e  i n p u t  d a t a  t o  INPUT o r  

SINPUT. The reason  f o r  a l lowing f o r  t h i s  l a s t  p o s s i b i l i t y  

i s  t h a t ,  as  we can s e e  from (6 .1 .10) ,  f o r  va lues  of F 

ranging from ze ro  t q  about  n ( t h e  harmonic number of t h e  

r e l e v a n t  mode) it g i v e s  k  a  t h e  a p p r o p r i a t e  magnitude f o r  z 0 

t h e  marg ina l ly  s t a b l e  modes. For MICRO3 only  va lues  of 

NDIFF of 1 and 4 a r e  al lowed. The subcase  s p e c i f i c a t i o n s  

f o r  MICRO2 and MICRO4 w i l l  be  d i scus sed  below. 

The p r i n t e d  ou tpu t  from t h e  programs i s  g e n e r a l l y  

s e l f - exp lana to ry .  A l l  f r equenc ie s  and wave-vector components 



l i s t e d  i n  t h e  ou tpu t  a r e  i n  u n i t s  o f a  and a, respec-  
0 

t i v e l y .  For ca ses  i n  which k  i s  ze ro  (no magnetic Y 

f i e l d  i n f l u e n c e )  a. E koo. That  ou tpu t  which r e q u i r e s  

some c l a r i f i c a t i o n  i s  d i scussed  below a long  w i t h  t h e  

program from which it emanates. 

The accuracy of t h e  computer r e s u l t s  was ensured 

by t h e  fo l lowing  procedure .  F i r s t ,  where p r a c t i c a b l e ,  

t h e  numerical  r e s u l t s  from each of t h e  programs com- 

pu t ing  Besse l  f u n c t i o n s ,  t h e  plasma d i s p e r s i o n  f u n c t i o n  

e t c .  were compared wi th  t h e  r e s p e c t i v e  t a b l e s  of t h e s e  - 
f u n c t i o n s .  Then, hand c a l c u l a t i o n s  of some p a r t i c u l a r  

s o l u t i o n s  of t h e  d i s p e r s i o n  r e l a t i o n  were compared wi th  

t h e  numerical  r e s u l t s .  Real-k temporal  growth r a t e s  found 

by t h e  Cauchy i n t e g r a l  method were compared wi th  an 

approximate formula f o r  t h e  temporal  growth r a t e s  of d r i f t  

i n s t a b i l i t i e s  g iven by K r a l l  and Rosenbluth ( C . 2 )  and wi th  - 
t h e  loss-cone i n s t a b i l i t y  numerical  c a l c u l a t i o n s  c a r r i e d  

o u t  by McCune and F r i e d  (C.3) .  F i n a l l y ,  ou r  numerical  - 
r e s u l t s  were compared wi th  some of t h e  t h r e s h o l d  and 

t r a n s i t i o n  d e n s i t y  r e s u l t s  f o r  loss-cone and temperature-  

an i so t ropy  i n s t a b i l i t i e s  g iven  by Beasley (c.4) and Beasley 

and Cordey ( C , 5 ) .  The programs were "debugged" u n t i l  a11  

of t h e s e  checks y i e l d e d  s a t i s f a c t o r y  agreement. 

The speed of a l l  b u t  t h e  marginal  s t a b i l i t y  ca l cu l a -  

t i o n s  i s  c r i t i c a l l y  dependent upon t h e  t ime r equ i r ed  t o  

c a l c u l a t e  t h e  d i s p e r s i o n  func t ion  H ( w , k )  and i t s  de r iva -  

t i v e s .  It t h e r e f o r e  behooves us t o  c a l c u l a t e  t h i s  f u n c t i o n  

i n  i t s  m o s t  r a p i d l y  convergent  form. cons ide r ing  t h e  form 



of H (w,k) g iven  by (3 .4 .3)  and t h e  asympto t ic  forms o f  

t h e  plasma d i s p e r s i o n  func t ion  moments ( s e e  Appendix B ) ,  

we observe t h a t  f o r  off - resonance harmonics,  t h e  cyclo-  

t r o n  harmonic expansion converges on ly  a s  l / w n  a s  

wn +- (wn i s  de f ined  a f t e r  ( 3 . 4 . 3 ) ) .  This  r a t h e r  s l o w  

convergence can ,  however, be  improved upon. To do s o  

w e  f i r s t  n o t e  t h a t  f o r  nonzero wn we can w r i t e  

Then, p u t t i n g  t h e s e  forms i n t o  ( 3 . 4 . 3 ) ,  r e w r i t i n g  t h e  

s e p a r a t e  l / w n  terms a s  

i n  which 

w e  f i n d  t h a t  (by us ing  t h e  a d d i t i o n  theorems given by 

(A.24)-(A.26))  we can perform t h e  summations over  n on 

t h e  l/nwc terms and u l t i m a t e l y  t h a t  H(w,k) can be w r i t t e n  



+ Z~ (Wn) (n-m) 
(6 a IDR 1 

(k,a,) wn (kyao) 2 3 o n-mj 

szl (w I R R 4 - 1  

2 (k za,) wn ") [-(Ejao)Cn-mj+(6L j a,) (R+~)c;-~~] 



With r e s p e c t  t o  t h i s  p a r t i c u l a r  form of H(w,k) , it i s  of 

i n t e r e s t  t o  no te  t h a t  t h e  terms enc losed  i n  t h e  f i r s t  se t  

of l a r g e  b r a c k e t s  a r e  t h e  on ly  ones which remain i n  t h e  

l i m i t  t h a t  goes t o  zero.  I n  ( C 2 )  we see t h a t  wh i l e  

t h e  s imple  a l g e b r a i c  sum enc losed  i n  t h e  f i r s t  s e t  of 

l a r g e  b r a c k e t s  converges only  a s  l / w n ,  because of i t s  

a l g e b r a i c  s i m p l i c i t y  it can be r a p i d l y  summed. The o t h e r  

more complicated p a r t  of H(w,k) enc losed  i n  t h e  second 
2 

set  of  l a r g e  b r a c k e t s  converges a s  l / w n ,  - i . e .  more r a p i d l y  

t han  be fo re .  

I n  numerical  computations of t h e  d i s p e r s i o n  f u n c t i o n ,  

w e  have found t h a t  f o r  t h e  s t a n d a r d  loss-cone c a s e  con- 

s i d e r e d  i n  t h i s  work (see Sec t ion  5 . 2 ) ,  t h e  form g iven  by 

( C . 4 )  g e n e r a l l y  converges a t  l e a s t  t h r e e  t i m e s  f a s t e r  t han  

t h a t  g iven by ( 3 . 4 . 3 ) .  F u r t h e r  r educ t ions  i n  t h e  t i m e  

r e q u i r e d  t o  e v a l u a t e  t h e  d i s p e r s i o n  func t ion  may be r e a l i -  

z a b l e  by employing methods d i scussed  by Diamant (C .6) .  - 

For t h e  IBM 360/65 computer which has  m u l t i p l y ,  add and 

a c c e s s  t imes  of roughly 5 ,2  and 0.75 r s e c ,  w e  have found 

t h a t  about  0 . 1  second i s  r equ i r ed  t o  e v a l u a t e  t h e  d i s p e r -  

s i o n  f u n c t i o n  f o r  t h e  s t anda rd  loss-cone case  w i th  moderate 

k  a i .  Approximately 5 minutes of computer t ime was 
Y 

r e q u i r e d  t o  produce t h e  r e s u l t s  shown i n  F igs .  4.8, 5 - 9  

and Table  5.1. 

A t  t h e  end of  t h i s  appendix we d i s p l a y  a  FORTRAN 

l i s t i n g  of t h e  computer programs developed i n  t h i s  work. 

Within t h e  l i s t i n g  of each i n d i v i d u a l  program t h e r e  a r e  

COMMENT s t a t emen t s  which d e s c r i b e  most of t h e  program's 

impor tan t  o b j e c t i v e s ,  f e a t u r e s  and l i m i t a t i o n s .  I n  t h e  



439 

fo l lowing  paragraphs  we d i s c u s s  some o t h e r  f e a t u r e s  of 

t h e  programs which a r e  n o t  covered i n  t h e  COMMENTS. The 

o r d e r  i n  which w e  d i s c u s s  t h e  programs i s ,  f o r  t h e  most p a r t ,  

i n  t h e  o r d e r  of  t h e i r  appearance i n  t h e  FORTW l i s t i n g ,  

The main program M I C R O l  i s  t h e  c o n t r o l  program f o r  t h e  

f i r s t  package of  programs. The o r d e r  and format o f  i n p u t  

d a t a  o t h e r  than  t h a t  a l r eady  exp la ined  i s  e a s i l y  a s c e r t a i n e d  

from t h e  FORTRAN l i s t i n g  of  M I C R O l .  The key parameters  

NGROW, NNYQUS,  NPPLOT, N E X T R l  which a r e  used t h e r e  should  

each be nonzero r e s p e c t i v e l y  i f  r ea l -k  temporal  growth rates 

by t h e  Cauchy i n t e g r a l  method, d a t a  f o r  a Nyquist  p l o t ,  d a t a  

f o r  a P(w/Ro) p l o t ,  o r  a l l  r o o t s  found by t h e  Cauchy i n t e g r a l  

method ( i . e .  t h o s e  having n e g a t i v e  a s  w e l l  a s  p o s i t i v e  

imaginary p a r t s )  a r e  d e s i r e d .  I f  it i s  d e s i r e d  t o  bypass  

any one of t h e s e  procedures ,  then  t h e  corresponding para-  

meter  should  be  set  t o  zero .  The key parameter  KMAX g i v e s  

t h e  number (up t o  a maximum of 20) of va lues  of X ( d e n s i t y )  

f o r  which t h e  temporal  growth r a t e s  a r e  t o  be  found by t h e  

Cauchy i n t e g r a l  method ( s e e  Sec t ion  4 . 3 ) .  The key para-  

meters  NPRINT and FRACT a r e  d i scus sed  i n  t h e  comments i n  

t h e  FORTRAN l i s t i n g  of  LINE. The parameter  ERROR i s  t o  b e  

g iven  a s  t h e  minimum accuracy t o  which t h e  rea l -k  temporal  

growth r a t e s  and Nyquist  p l o t  d a t a  a r e  t o  be  determined.  

The accuracy of t h e  temporal  growth r a t e s  ob ta ined  by t h e  

Cauchy i n t e g r a l  method i s  u s u a l l y  much b e t t e r  than  ERROR 

( s e e  below) and f o r  r ea sonab le  economy i n  computer t ime i t  

i s  recommended t h a t  ERROR n o t  be  s p e c i f i e d  as less than  l o m 2  

when NGROW i s  nonzero. I n  subprograms I N P U T  and SINPUT, i f  

t h e  i n p u t  d a t a  does n o t  s a t i s f y  t h e  charge n e u t r a l i t y  condi-  



t i o n s  given by ( 2 . 3  ; 2) and (2.3.3) , - a n '  a p p r b p r i a t e  e r r o r  

message i s  g r ih t ed . ' and  program execut ion  i s  te rmina ted .  

The subprogram SETUP supe rv i se s  t h e  c a l c u l a t i o n s  of 

t h e  C and D f u n c t i o n s  of a l l  o r d e r s  and i s  c a l l e d  on ly  

once f o r  each c a s e  which i s  cons idered .  The e v a l u a t i o n s  

of t h e  C and D f u n c t i o n s  i n  subprogram CDCOMP a r e  c a r r i e d  

o u t  by t h e  formulas g iven  i n  ~ p p e n d i x  A. For arguments 

x  l e s s  t han  0 . 1 ,  t h e  BESSEL subprogram computes t h e  

func t ions  J n ( x )  and I,(x) by e v a l u a t i n g  t h e  r e s p e c t i v e  

s e r i e s  expansions  of t h e s e  func t ions .  For l a r g e r  arguments 

t h e  Besse l  f u n c t i o n s  of a l l  o r d e r s  a r e  computed by a  ve ry  

a c c u r a t e  and e f f i c i e n t  r ecu r s ion  r e l a t i o n  method which has  

been sugges ted  by Stegun and Abromowitz ((2.7). S ince  t h e  - 
DIMENSION s t a t emen t  i n  BESSEL only  a l lows  f o r  Besse l  func- 

t i o n s  up t o  o r d e r  4 0 0 ,  t h e  maximum argument which can be 

accomodated by t h i s  subprogram i s  l i m i t e d  t o  something 

l e s s  t han  400  by t h e  f a c t  t h a t  i n  t h e  r e c u r s i o n  r e l a t i o n  

method w e  must s t o r e  t h e  Besse l  f u n c t i o n s  of a l l  o r d e r s  

up t o  a t  l e a s t  t h e  p o i n t  where t h e  o r d e r  exceeds t h e  argu-  

ment. For R = 1, t h i s  l i m i t a t i o n  imposes t h e  requirement  

t h a t  k a .  be  l e s s  t han  about 2 8 . 2  s i n c e  t h e  argument o f  
Y 1 

t h e  I,(x) Besse l  f u n c t i o n s  i s  ( k y a i )  2 / 2  (see Appendix A )  . 
1f  it i s  d e s i r e d  t o  compute t h e  Besse l  func t ions  f o r  even 

l a r g e r  arguments, w e  would sugges t  t h a t  t hey  be computed 

from t h e i r  asympto t ic  expansions.  

I n  subprogram FIND, t h e  zeros  of P ( u )  f o r  nonzero k 
Z 

a r e  found by e v a l u a t i n g  P ( u )  a t  d i s c r e t e  p o i n t s  whose 

s e p a r a t i o n  corresponds t o  a  change of 1 / 2  i n  t h e  e f f e c t i v e  



wave phase speed wn (see Sec t ion  3.4) f o r  t h e  f i r s t  

s p e c i e s  s p e c i f i e d  i n  t h e  i n p u t  d a t a .  For kZ=O t h e  s t e p  

s i z e  i s  taken a s  1/20th of t h e  cyc lo t ron  f requency of t h e  

r e f e r e n c e  s p e c i e s ,  For any two succes s ive  p o i n t s  f o r  

which P  (u)  has  oppos i t e  s i g n s ,  thereby  i n d i c a t i n g  t h a t  a  

ze ro  of P (u )  l ies between them, we i t e r a t e  f o r  t h e  e x a c t  

p o s i t i o n  of t h e  ze ro  by a  Regula F a l s i  method ((2.8) - by 

c a l l i n g  subprogram ROOT. The p r i n t e d  o u t p u t  of FIND 

i n c l u d e s  t h e  r e s u l t s  of t h e  marg ina l  s t a b i l i t y  c a l c u l a t i o n s  

and t h e  d a t a  f o r  a  P  (w/ao) p l o t ,  i f  d e s i r e d .  I n  - t h i s  out-  

2 2 
p u t ,  u . i s  measured i n  u n i t s  of ./ao, LAMBDA i s  h z f i o / w p o f  

2 
H i s  (ka,) /2  t i m e s  t h e  H (w,k) de f ined  i n  (3.4,3) and P  (u) 

- 2 
f o r  nonzero kZ i s  - 2 n  'I2/ ( (ka,) Ikz.ao 1 ) t i m e s  t h e  P (u )  

2 
de f ined  by  (4.2.3) , and f o r  kZ = O i s  - 2 /  (ka,) t i m e s  . the  

P  ( u )  de f ined  by (4.2.13) . The l a t t e r  no rma l i za t ions  f o r  

P ( u )  a l s o  r e p r e s e n t  t h e  forms i n  which they  a r e  computed 

i n  subprogram P. 

The subprogram DISPF computes t h e  d i s p e r s i o n  func t ion  

H ( a r k )  by t h e  formula given i n  ( C A )  when t h e  magnitude o f  

t h e  s m a l l e s t  wn f o r  a  g iven s p e c i e s  i s  g r e a t e r  t han  1 / 4  

and o therwise  r e v e r t s  t o  e v a l u a t i n g  t h i s  f u n c t i o n  a s  g iven  

by (3 .4 ,3)  t o  avoid round-off e r r o r s  i n  t h e  r e s u l t  when 

lwn l  i s  very s m a l l .  I n  bo th  t h e  P  and DISPF subprograms, 

f o r  each s p e c i e s  of plasma p a r t i c l e s ,  t h e  s e r i e s  of cyclo- 

t r o n  harmonic terms i s  summed beginning from t h e  term which 

has  t h e  s m a l l e s t  va lue  of wn and hence i s  presumably t h e  

l a r g e s t  i n  magnitude. The plasma d i s p e r s i o n  func t ion  nioments 



Zm (wn)  ( o r  t h e i r  c o u n t e r p a r t s  zm+l (wn) /wn de f ined  by t h e  

expansions  given by (C .  2 )  and ( C .  3) ) and t h e  d e r i v a t i v e s  
2 2 2 

a / a  ( k Z a o ) ,  a / a  (kzao) , a / a  ( w / n o )  and a / a  ( w / n o )  a (kzao)  of 

them f o r  t h e  n t h  harmonic a r e  computed by subprogram 

MOMENT and s t o r e d  i n  t h e  complex a r r a y  l abe l ed  ZMOM i n  

t h e  form ZMOM (m,Zin(wn) and i t s  d e r i v a t i v e s  i n  t h e  o r d e r  

l i s t ed  above) . 
The e v a l u a t i o n  of t h e  plasma d i s p e r s i o n  f u n c t i o n  (C.9) 

and i t s  f i r s t  t h r e e  d e r i v a t i v e s  f o r  subprogram MOMENT i s  

c a r r i e d  o u t  i n  subprogram ZETA by t h e  most e f f i e i c n t  and 

a c c u r a t e  means p o s s i b l e .  For complex arguments which have 

magnitudes l a r g e r  than  4 ,  t h e  t h i r d  d e r i v a t i v e  of t h e  

plasma d i s p e r s i o n  func t ion  i s  computed from i t s  asympto t ic  

expansion (see Appendix B ) .  We e v a l u a t e  t h e  t h i r d  de r iva -  

t i v e  d i r e c t l y  i n  t h e  asymptot ic  r eg ion  s i n c e ,  i f  we 

e v a l u a t e d  it from r e c u r s i o n  r e l a t i o n s  r e l a t i n g  it t o  t h e  

plasma d i s p e r s i o n  func t ion  i t s e l f ,  t h e r e  would be  sub- 

s t a n t i a l  round-off e r r o r s .  For s m a l l e r  arguments f o r  which 

t h e  magnitude of t h e  imaginary p a r t  exceeds u n i t y ,  we 

e v a l u a t e  t h e  plasma d i s p e r s i o n  func t ion  by t h e  cont inued  

f r a c t i o n  method F i n a l l y ,  f o r  a l l  remaining arguments 

we e v a l u a t e  t h e  plasma d i s p e r s i o n  func t ion  by i t s  power 

s e r i e s  expansion ( s e e  Appendix B )  u s ing  double p r e c i s i o n  

(15 p l a c e )  a r i t h m e t i c ,  The remaining d e r i v a t i v e s  of t h e  

plasma d i s p e r s i o n  func t ion  a r e  computed by us ing  r e c u r s i o n  

r e l a t i o n s  de r ived  from i t s  d i f f e r e n t i a l  equa t ion ,  



Subprogram GROWTH i s  t h e  c o n t r o l  program f o r  t h e  

computation of  r e a l - k  temporal  growth r a t e s  by t h e  Cauchy 

i n t e g r a l  method ( s e e  Sec t ion  4 . 3 ) .  I n  t h e  p r i n t e d  out-  

p u t  of t h i s  program, w r e f e r s  t o  t h e  frequency of t h e  

u n s t a b l e  mode measured i n  u n i t s  of a,, ER i s  t h e  va lue  

of I , o (C)  -1 which g ives  an i n d i c a t i o n  of t h e  u n c e r t a i n t y  

i n  t h e  r e s u l t s  ( s e e  Sec t ion  4 . 3 ) ,  and D i s  t h e  r e s i d u a l  

e r r o r  when t h e  a p p r o p r i a t e  r o o t  i s  s u b s t i t u t e d  i n t o  t h e  

d i s p e r s i o n  r e l a t i o n .  The b a s i c  b u i l d i n g  block of t h e  

Cauchy i n t e g r a l  c a l c u l a t i o n s  i s  subprogram LINE which 

computes t h e  l i n e  i n t e g r a l s ,  f ou r  of which make up I b ( C )  

a s  de f ined  by ( 4.3.3) , by Bode's f o u r t h  o r d e r  i n t e g r a t i o n  

r u l e  ( C .  10) . I f  t h e  est imatedl  e r r o r  i n  t h e  i n t e g r a l  ove r  

any f i n i t e  i n t e r v a l  i s  l a r g e r  t han  t h e  accuracy p r e s c r i b e d  

by ERROR o r  t h e  change i n  t h e  phase of  t h e  complex i n t e -  

grand between any two p o i n t s  i n  t h e  i n t e r v a l  be ing  i n t e -  

g r a t e d  i s  g r e a t e r  than  ~ / 2 ,  then  t h e  i n t e g r a t i o n  over  t h a t  

i n t e r v a l  i s  redone wi th  a  reduced spac ing  of p o i n t s .  I n  

t h i s  way, t h e  accuracy of t h e  r e s u l t s  i s  ensured t o  be  a t  

l e a s t  a s  good a s  t h a t  p r e s c r i b e d  by ERROR, 

Subprogram NYQUIS computes and p r i n t s  o u t  t h e  d a t a  

f o r  a  Nyquis t  p l o t  of t h e  d i s p e r s i o n  r e l a t i o n .  I n  t h e  

p r i n t e d  o u t p u t ,  H and DHDW a r e  (ka,) L / 2  t i m e s  t h e  d i s p e r -  

s i o n  f u n c t i o n  de f ined  i n  (3 .4 .3)  and i t s  d e r i v a t i v e  w i th  

r e s p e c t  t o  w / Q o ,  r e s p e c t i v e l y .  Each block of d a t a  i n  t h e  

p r i n t - o u t  i s  f o r  f r equenc ie s  e q u a l l y  spaced between two 

harmonics of t h e  cyc lo t ron  frequency of t h e  reference species, 



The main program MICRO2 i s  t h e  c o n t r o l  program f o r  

t h e  package o f  programs which employ i n t e r a t i u e  complex 

r o o t  fo l lowing  techniques  t o  f i n d  t h e  compllex w and kZ 

r o o t s  of t h e  d i s p e r s i o n  r e l a t i o n  and t h e  s a d d l e  p o i n t s  

of w ( k Z )  (i. - e .  t h e  a b s o l u t e  i n s t a b i l i t y  modes--see 

S e c t i o n s  5.1,  5.2) . The i n p u t  parameters  ACCUR and 

ERROR a r e  t o  be  g iven  a s  t h e  accuracy d e s i r e d , r e s p e c -  

t i v e l y , o f  t h e  i t e r a t e d  r e s u l t s  and of t h e  d i s p e r s i o n  func- 

t i o n  when used i n  t h e  c a l c u l a t i o n s .  Recommended va lues  
- 5  

f o r  t h e s e  parameters  a r e  and 1 0  r e s p e c t i v e l y .  The 

o r d e r  and meaning of  t h e  remaining imput d a t a  f o r  t h i s  

program i s  e a s i l y  a s c e r t a i n e d  from t h e  FORTRAN l i s t i n g s  

of t h i s  program and FOLLOW. The l a t t e r  l i s t i n g  e x p l a i n s  

i n  d e t a i l  t h e  d a t a  t o  be  given f o r  each of t h e  subcases  

t o  be considered.  

Subprogram FOLLOW s u p e r v i s e s  t h e  complex r o o t  

fo l lowing  i t e r a t i o n s  and p r i n t s  o u t  t h e  r e s u l t s .  I n  t h e  

p r i n t e d  o u t p u t ,  t h e  column l a b e l e d  NUMBER OF ITERATIONS 

g i v e s  a  lower l i m i t  on t h e  number of i t e r a t i o n s  which w e r e  

r e q u i r e d  t o  f i n d  t h e  r e s p e c t i v e  r o o t .  I f  t h i s  number i s  

c o n s i s t e n t l y  l a r g e r  t han  about 5 i n  any given se t  of c a l -  

c u l a t i o n s ,  it may be adv i sab le  t o  i n c r e a s e  t h e  va lue  o f  

t h e  i n p u t  parameter  NSTEPS. I n  g e n e r a l ,  i f  t h e  i t e r a t i o n  

f o r  any given complex r o o t  converges t o o  s lowly o r  n o t  

a t  a l l ,  t h e  program au toma t i ca l ly  c u t s  t h e  s t e p  s i z e  and 

a t t empt s  t h e  i t e r a t i o n  aga in .  This  i n t e r v a l  c u t t i n g  proce- 

dure  is c a r r i e d  o u t  u n t i l  t h e  i n t e r v a l  i s  n o t  n r m e r i c a l l y  



s i g n i f i c a n t  i n  comparison w i t h  t h e  parameter be ing  changed, 

I n  t h e  p r i n t e d  o u t p u t ,  t h e  p o i n t s  l abe l ed  by MAX and MAXI- 

MUM i n d i c a t e  t h e  p o i n t s  f o r  which max ( I m  ( w / R o )  ) , 

max (- Im(kZ) ) o r  t h e  a b s o l u t e  i n s t a b i l i t y  modes occur  (i - . e .  

where I m  [ H  ( w , K  ( w )  ) 1 = 0 )  , depending on t h e  t ype  of ca lcu-  

l a t i o n  being performed. The l o c a t i o n  of t h e s e  p o i n t s  a r e  

i t e r a t e d  t o  t h e  accuracy p r e s c r i b e d  by t h e  i n p u t  parameter  

ACCUR. 

C e r t a i n  e r r o r  messages which i n d i c a t e  numerical  

d i f f i c u l t i e s  a r e  o c c a s i o n a l l y  w r i t t e n  by subprograms 

FOLLOW and FUNCT. The coding of t h e  parameter  IERROR which 

i s  p r i n t e d  i n  some of t h e s e  e r r o r  messages i s  d i scussed  

i n  t h e  FORTRAN l i s t i n g  of subprogram LOCATE. The e r r o r  

messages occur  most o f t e n  a t  t h e  end of a l i s t  of d a t a  and 

i n d i c a t e  t h a t  t h e  complex r o o t  which i s  be ing  fol lowed has  

migra ted  i n t o  t h e  "divergence"  r eg ion  of t h e  complex k Z  

p l ane  (see Sec t ion  3.4) . I f  t h e  e r r o r  messages occur  b e f o r e  

any r e s u l t s  a r e  p r i n t e d ,  it i s  l i k e l y  t h a t  t h e  i n i t i a l  guess  

f o r  t h e  l o c a t i o n  of t h e  r o o t  i s  n o t  s u f f i c i e n t l y  a c c u r a t e  

and it i s  a good i d e a  t o  c a r e f u l l y  examine t h e  i n p u t  d a t a .  

The i t e r a t i o n s  t o  f i n d  t h e  complex r o o t s  a r e  c a r r i e d  o u t  

i n  subprogram LOCATE which uses  t h e  s imple  Newton-Raphson 

formula f o r  complex v a r i a b l e s  ( C .  8)  , 

Main program MICRO3 i s  an abb rev ia t ed  v e r s i o n  of 

MICRQ1. The i n p u t  d a t a  r e q u i r e d  f o r  t h i s  program i s  e a s i l y  

a s c e r t a i n e d  from t h e  FORTRAN l i s t i n g  of MICRO3 and our  

p rev ious  remarks about MICRO1,  I f :  e x c l u s i v e  of MICR02, 



only  marg ina l  s t a b i l i t y  c a l c u l a t i o n s  a r e  t o  be  performed, 

then  it i s  more advantageous t o  use  MICRO3 than  M I C R O 1  

s i n c e  t h e  former i s  much s h o r t e r  and hence r e q u i r e s  less 

computer l oad ing  t i m e .  

Main program MICRO4 i s  t h e  c o n t r o l  program f o r  a  

v e r s i o n  of t h e  marg ina l  s t a b i l i t y  a n a l y s i s  which i s  

s u i t a b l e  f o r  t h e  M .  I .T.  Compatible Time-Sharing System 

( C . ) .  The l a t t e r  system i s  commonly r e f e r r e d  t o  by t h e  

acronym CTSS. The key d i f f e r e n c e s  between normal "ba tch"  

p roces s ing  and CTSS a r e  t h a t  t h e  l a t t e r  a f f o r d s  some 

degree  of o p e r a t o r  i n t e r v e n t i o n  from a  remote console  and 

g i v e s  r e s u l t s  " i n s t a n t l y . "  MICRO4 t a k e s  advantage of t h e s e  

f e a t u r e s  by a l lowing t h e  u s e r  t o  supply c e r t a i n  key p a r t s  

of t h e  i n p u t  d a t a  from t h e  consa le .  We should a l s o  n o t e  

t h a t  t h e  p r e s e n t  CTSS system has  no p rov i s ion  f o r  complex 

a r i t h m e t i c  i n  i ts  FORTRAN proces so r ,  a  l i m i t a t i o n  which 

n e c e s s i t a t e s  some changes i n  adapt ing  t h e  subprograms which 

we use  on "ba tch"  process ing  t o  CTSS. 

P r i o r  t o  execu t ion  of MICRO4 it i s  necessary  t o  p re -  

p a r e  a  psuedo-tape ( C . 1 1 )  which c o n t a i n s  t h e  m a j o r i t y  of 

t h e  i n p u t  d a t a .  The psuedo-tape must be  l a b e l e d  .TAPE. 5 

and must c o n t a i n  a l l  of  t h e  d a t a  desc r ibed  i n  Table C . l  

excep t  f o r  t h e  va lues  of kyao and kZ,ao, f o r  each case  of 

i n t e r e s t .  The d a t a  f o r  each of  t h e  c a s e s  t o  be  cons idered  

i s  p laced  s e q u e n t i a l l y  on .TAPE. 5 w i th  no i n t e r v e n i n g  

d a t a .  Upon execu t ion  of MICR04, t h e  progrzn r e q u e s t s  t h a t  

t h e  u s e r  t ype  i n  k  a, ( i n  format E 14.8) t o  begin t h e  f i r s t  
Y 

case .  A f t e r  t h i s  r e q u e s t  has  been s a t i s f i e d  t h e  program 



r e q u e s t s  t h a t  t h e  u s e r  t ype  i n  guesses  f o r  u /Qo  and kZao 

( i n  format 2E 14.8)  . This  r e q u e s t  i n i t i a t e s  t h e  cons idera -  

t i o n  of t h e  f i r s t  subcase .  When t h e  r e q u e s t  has  been 

s a t i s f i e d ,  t h e  program sea rches  f o r  ze ros  of P(w/Qo) eva l -  

ua ted  wi th  k and kZ  a s  p rev ious ly  s u p p l i e d  and f o r  f r e -  
Y 

quenc ies  nea r  t h e  guess  given f o r  w j Q o ,  To f i n d  t h e  

zeros  f o r  .>onzero k Z ,  t h e  program t akes  s t e p s  i n  t h e  f r e -  

quency such t h a t  t h e  s m a l l e s t  Wn of t h e  f i r s t  s p e c i e s  i n  

t h e  case  be ing  cons idered  changes by 1 / 4 .  For kZ=O t h e  

s t e p  s i z e  i s  taken t o  be 1/20th of t h e  c y c l o t r o n  frequency 

of t h e  r e f e r e n c e  s p e c i e s .  The program changes t h e  f r e -  

quency by t h e s e  s t e p  s i z e s  i n  t h e  d i r e c t i o n  of dec reas ing  

t h e  magnitude of P ( ~ / Q ~ )  u n t i l  a change i n  t h e  s i g n  of 

P (w/a0) occurs .  When a change of s i g n  i s  d e t e c t e d ,  t h e  

ROOT subprogram which uses  a Regula F a l s i  method (C.8) is  - 
c a l l e d  upon t o  i t e r a t e  t h e  frequency f o r  which t h e  ze ro  

of  P ( w / Q o )  o ccu r s ,  t o  an accuracy of 3x10-I A f t e r  f i nd -  

i n g  t h e  frequency f o r  which P ( w / Q o )  v an i shes ,  t h e  program 

checks t h e  s u f f i c i e n c y  cond i t i on  f o r  i n s t a b i l i t y  ( s e e  

Sec t ion  4 . 2 )  and p r i n t s  t h e  r e l e v a n t  r e s u l t s  on t h e  con- 

s o l e .  I f  no change of  s i g n  i n  P (h /Qo)  i s  d e t e c t e d  w i t h i n  

30 s t e p s ,  o r  P ( w / Q o )  becomes l e s s  t h a t  t h e  s m a l l e s t  number 

- 3 8  
on t h e  computer ( r ~  1 0  ) , a p p r o p r i a t e  e r r o r  messages a r e  

wk i t t en  on t h e  conso le .  

A f t e r  completion of any given subcase ,  whether o r  n o t  

an answer was ob ta ined ,  t h e  program aga in  r e q u e s t s  guesses  

f o r  w / Q o  and kZao ,  I f  t h e s e  da ta  are s u p p l i e d ,  t h e  same 



va lue  of k  a  and t h u s  t h e  same c a s e  remain under cons idera -  
Y 0 

t i o n .  I f  it i s  d e s i r e d  t o  beg in  a  new case ,  t h e  f requency 

guess  should be  g iven  a s  zero.  Then, t h e  program advances 

t o  t h e  n e x t  case  on .TAPE. 5 and r e q u e s t s  a new va lue  of  

kyao * I f  it is  d e s i r e d  t o  t e rmina t e  t h e  execut ion  of 

MICR04, t h e  frequency guess  should  be  given a s  l.E+30. A 

synops i s  of  t h e  parameters  c h a r a c t e r i z i n g  t h e  ca ses  which 

have been cons idered  i s  w r i t t e n  on .TAPE. 6 and may be  

p r i n t e d  by t h e  u sua l  procedures  ( C . 1 1 ) .  

The l i s t i n g s  of t h e  subprograms SINPUT, SETUP, CDCOMP, 

BESSEL, P and ROOT i n  t h e  FORTRAN l i s t i n g  immediately 

fo l lowing  MICRO4 a r e  t h e  CTSS v e r s i o n s  of t h e s e  programs. 

They d i f f e r  from t h e  "ba tch"  v e r s i o n s  of t h e  same programs 

l i s t e d  e a r l i e r  mainly i n  t h a t  they  have p rov i s ions  t o  

r e c e i v e  some d a t a  from and t o  p r i n t  some key e r r o r  messages 

on a  remote console .  The subprogram DISP i n  t h e  FORTRAN 

l i s t i n g  fo l lowing  MICRO4 i s  a  s p e c i a l  ve r s ion  of t h e  sub- 

progrlams DISP, DISPF which computes t h e  r e a l  and imaginary 

p a r t s  of t h e  d i s p e r s i o n  func t ion  H(w,k) f o r  r e a l  w ,  kZ .  

This  s p e c i a l  v e r s i o n  i s  necessary  s i n c e ,  a s  we have 

p rev ious ly  no ted ,  CTSS has  no d i r e c t  p rov i s ion  f o r  complex 

a r i t h m e t i c .  S i m i l a r l y  , t h e  v e r s i o n  of MOMENT appear ing 

a f t e r  MICRO4 i n  t h e  FORTRAN l i s t i n g  i s  a  s p e c i a l  abb rev ia t ed  

v e r s i o n  of subprogram MOMENT f o r  CTSS. I n  t h i s  v e r s i o n ,  

t h e  f u n c t i o n s  Z m ( w n )  a r e  s t o r e d  i n  t h e  r e a l  ma t r ix  ZMOM i n  

t h e  form ZMOM ( m , i )  where i = 1 , 2  f o r  t h e  r e a l  and imaginary 



p a r t s  r e s p e c t i v e l y .  The subprogram ZETA which i s  used 

f o r  t h e  CTSS package w a s  s u p p l i e d  by t h e  R.L.E. Computing 

Group a t  M - I . T .  and has  e s s e n t i a l l y  t h e  same f e a t u r e s  a s  

t h e  ZETA subprogram d i scussed  e a r l i e r .  Copies of t h i s  

program and d e t a i l s  concerning i t s  usage a r e  a v a i l a b l e  by 

w r i t i n g :  App l i ca t ion  Group, Computation Cente r ,  M.I.T., 

Cambridge, Mass. 02139. 
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FORTRAN L i s t i n g  o f  Computer Programs 

C MICRO1 
C MA1 N PROGRAM 1 
C CONTRCL PROGRAM FOR S T A B I L I T Y  AND TEMPORAL GROWTH RATE COMPUTATIONS 
C 

COMMON C C A P K , H A T R P , D H A T R P I C A P K ~ C O N S T ~ G R A D ~ C ~ D ~ G R A V ~ R O O T P  
COMMON A L O W , E X P M A X ~ F R A C T ~ U M A X ~ E X T R A ~ P E X T R A Z ~ E X T R A ~  
COMMON J M A X , L ~ N T Y P E I J P O S , J N E G ~ K M A X ~ M M A X ~ N E X T R ~ ~ N E X T R ~ ~ N E X T R ~  
COMMON N E X T R ~ , N E X T R ~ P N E X T R ~ , N E X T R ~  
DIMENSION C O N S T ( ~ ~ ~ ) , G R A D ( ~ ~ ~ ) B L ( ~ ) ~ C A P K ( ~ ) P C C A P K ( ~ ~  
DIMENSION C ( 2 9 4 0 0 e 3 ) 9 D ( 2 , 4 0 0 9 3 ) 9 G R A V ( 4 0 0 , 3 )  
DIMENSION R 0 0 T P ( 1 0 0 ~ 2 ) ~ H A T R P ( 1 0 0 e 2 ) ~ D H A T R P ~ 1 0 0 , 2 )  
COMPLEX CCAPKoHATRPgDHATRP 
DIMENSION C H A R ( 5 9 3 )  

1 FORMAT(1415)  
2 FORMAT(5E14e89 

MMAX = 3 
NMAX=400 
A L O W z l r E - 6 5  
EXPMAX=15Oe 
R E A D ( 5 g l ) N C A S E S  
DO 4 0 0  MCASE=lgNCASES 
READ( 5 9 1 I N S U B S  
R E A D ( ~ , ~ ) N G R O W ~ N N Y Q U S ~ N P P L O T ~ K M A X P N P R I N T ~ N E X T R ~  
KMAX=I ABS( KMAX ) 
I F ( K M A X e G T e Z O ) K M A X ~ 2 0  
IF (KMAXeEQ.0)KMAXt lO  
READ(5,2)ERROR,FRACT 
ERROR= A 6 5  ( ERROR 
E R R O R ~ A M A X l ( E R R O R 9 l e E - 0 5 1  
FRACT=AMAXl(FRACT91eE-O6/ERROR) 
DO 3 0 0  NSUB=l,NSUBS 
CALL INPUT(NCASE9NSUB,RGOOFgCHAR,NDIFF~NNYQUS~FRQNYQ) 
IF(NGOOFoNE.01GO TO 4 5 0  
IF (NOIFFoEQ.3)GO TO 2 0 0  
I F ( N S U B e E Q e 1 ) C A L L  SETUP(NMAX9CHAR) 
UMAX=ABS(CONST( 1 9  1)  /CONST( 3,f)) 
CALL F I N D (  NPPLOT) 
IF(NGROWeNEoOoANDoJPOS+JNEG.GTe2)CALL GROWTH(NPRINT9ERROR) 

2 0 0  I F ( N N Y Q U S e N E o 0 ) C A L L  NYQUIS(FRQNYQ9ERROR) 
3 0 0  CONTINUE 
4 0 0  CONTINUE 
4 5 0  RETURN 

END 

SUBROUTINE I N P U T ( H C A ~ E ~ N S U B ~ N G O O F ~ C H A R B N D ~ F F ~ N N Y Q U S ~ F R Q ~ Y Q )  
C 
C T H I S  SUBPROGRAM READS THE MAJORITY OF THE INPUT DATA FOR EACH CASE 
C TO BE RUN AND PRINTS A SUMMARY OF THE RELEVAMT PARAMETERS FOR THE 
C CASE BEING CONSIDERED. 
C 

COMMON C C A P K ~ H A T R P P D W A T R P ~ C A P K ~ C O N S T ~ G R A D ~ C ~ O ~ G R A V ~ R O O T P  



COMMON A L O W ~ E X P M A X P F R A C T ~ U M A X ~ E X T R A ~ $ E X T R A ~ , E X T R A ~  
COMMON J M A X , L ~ N T Y P E ~ J P O S ~ J N E G , K M A X ~ M M A X ~ N E X T R ~ ~ N E X T R ~ B N E X T R ~  
COMMON NEXTR4 9NEXTRS 9NEXTR6 9UEXTR7 
DIMENSION C O N S T ( ~ ~ ~ ~ ~ G R A D ( ~ , ~ ) ~ L ( ~ ~ ~ C A P K ( ~ ~ P C C A P K ( ~ ~  
DIMENSION C ( 2 9 4 0 0 , 3 t 9 D t 2 , 4 0 0 9 3 ) 9 G R A V ~ 4 0 0 ~ 3 )  
CIWENSION R Q O T P ( 1 0 0 9 2 ) 9 H A T R P ~ 1 0 0 , 2 ) ~ D H A T R P ( 1 0 0 ~ 2 )  
COMPLEX CCAPK9HATRPtDWATRP 
DIMENSION C H A R ( 5 9 3 t  

1 F O R M A T ( S I 5 )  
2 F O R M A T ( 5 E 1 4 e 8 v I 2 )  
3 FORMAT(lH1,1OX4HCASE91399H9 SURCASE913/1HO) 
4 FORMAT(lH0,6X45HREFERENCE LARMOR RADIUS T I M E S  THE WAVE VECTOR/lHO, 

1 9 X 3 H K - Y 9  1 6 X 3 H K - Z , l ? X 1 H K / 1 H 0 ~ 3 (  1PE17. f  1 2 X ) l l H O j  
9 FORMAT(BOX23HREFERENCE LARMOR RADIUSIlX7HSPECIESv16X29HRATIO TO RE 

lFERENCE SPECIES OF,22X33HDIVIDED BY THE GRADIENT LENGTH OF94X7HGRA 
2VITY95X7HCURRENT/2X6HNUMBER95X4HMASS97X7HDENSITY$5X6HCHARGE~6X6HTE 
~ M P - Z , ~ X ~ ~ H T E M P - V P E R P @ ~ ~ X ~ H L ~ ~ X ~ H D E N S I T Y ~ ~ X ~ ~ H T € M P ~ * P E R P ' ~ ~ X ~ H T E M P -  
~ Z V ~ X ~ ( ~ X ~ H P A R A M E T E R ) / ~ H  ) 

10 FORMAT(2XI393XlP5E12039I49lP5E12.3) 
11 FORMAT(lHo,26HCHARGE NEUTRALITY V IOLATED)  
12 FORMAT(lHO,32HDENSITY GRADIENTS DO NOT BALANCE) 

NGOOF-0 
DERRORzl  oE-04 
WRITE(693)NCASE9NSUB 
I F ( N S U B o E Q c 1 ) G O  TO 90 

T H I S  SECTION READS I N  THE DESIRED GHANGES TO THE CASE PRESENTLY 
B E I N G  CONSIDEREDc 

R E A D ( 5 9 1 ) N D I F F  
IF (NDIFF.LT.%.ANDBNDIFF( IGTBO~GO TO 50  
NGOOF=3 
RETURN 

5 0  GO TO ( 6 0 9 7 0 * 8 0 9 6 0 ) , N D I F F  
60 R E A D ( 5 $ 2 ) C A P K ( 2 )  

I F ( N D I F F e L T e 4 ) S O  TO 9 1  
C A P K ( ~ ) = C A P K ( ~ ) * S Q R T ( C H A R ( ~ ~ ~ ) + C ~ A R ( ~ ~ ~ ) / ( C H A R ( ~ B ~ ~ * C H A R ( ~ B ~ ) ) ) * C A  

l P K ( 1 )  
GO TO 9 1  

70 DO 75 3=19JMAX 
IF(NTYPEeGTe39REAO(592l(CRAD( I 9 J ) 9 1 = 1 9 3 )  
I F ( N T Y P E ~ G T ~ ~ ~ A N D ~ N T Y P E c L E ~ ~ ~ R E A D ( ~ $ ~ ~ G R A D ( ~ ~ J )  
I F ( N V Z E R O ~ N E I O ) R E A D ( ~ ~ ~ ) G R A D ( ~ ~ J )  

75 CONTINUE 
G 3  TO 1 1 0  

80 I F ( N N Y Q U S e E Q e O ) N C 8 0 F n l  
READ(592)FRQNYQ 
RETURN 

f H f S  SECTION READS I N  THE NORMAL INPUT DATA TO D E F I N E  THE CASE 
TO BE CONSIDERED. 

90 READ! 5 9  1) J M A X ? N ? V P E B N V I E R O  
READ(5,2)(CAPK(I)eI=P,2) 

91  CAPKi3S=SQRTiCAPKili*CAPKCIi+CAPSCi2i*CAPK~2ij 
WRITE(6~4)(CAPK(l)$1~1931 



I F ( C A P K ( 3 ) o N E ~ O o O ) G O  TO 92 
NGOOF'JZ 
RETURN 

92 DO 93 1 1 2 9 3  
93 C C A P K ( I ) = C A P K ( I )  

I F (  NSUBeGT.1 IRETURN 
N D I F F = O  
DO 1 0 8  J n l e J M A X  
DO 99 I a l 9 5  

99 GRAD( 19 J ) r O e O  
READ(5~21(CHAR(f~J)91=195)9L(JI 
I F ( N T Y P E ~ G T ~ ~ ) R E A D ( ~ ~ ~ ) ( C R A D ( I , J ) ~ I J ~ ~ ~ )  
I F ( N T Y P E e G T . l e A N D . N T Y P E e L E 1 3 ) R E A D 1 5 0 2 ) G R A D ( l ~ J l  
IF(NTYPE-2*(NTYPE/2)eNEoO)READ(592)GRAD(4gJ) 
I F ( N V Z E R O B N E ~ O ) R E A D ( ~ ~ ~ ) G R A D I ~ ~ J ~  

1 0 0  CONTINUE 
IF(NNYQUSeNEoQ)READ(5,2)FRQNYQ 

1 1 0  W R I T E ( 6 9 9 1  
W R I T E ( ~ , ~ ~ ) ( J ~ ( C H A R ( I ~ J ~ ~ P ~ ~ ~ ~ ~ ~ L ( J ) ~ ~ G R A D ~ ~ ~ J ~ ~ I ~ ~ ~ ~ ~ ~ J ~ ~ ~ J M A X ~  
SUM-0 r 0 
DO 1 2 0  J= l , JMAX 

1 2 0  SUM=SUM+CHAR(2cJ)*CHAR(3,J)  
I F ( A B S ( S U M ) o L T e D E R R O R ) G O  TO 130 
NGOOFn l  
W R I T E ( 6 s l l )  

1 3 0  I F ( N T Y P E o L T e 1 ) G O  TO 1 5 0  
SUM=OcO 
DO 1 4 0  J n l 9 J M A X  
S U M = S U M + C H A R ( ~ ~ J ) + C H A R ( ~ * J ) * ( - G R A D ( ~ ~ J ) + F L O A T ( L ( J ) + ~ ) * G R A D ( ~ ~ J ) + O O  

15*CRA0(39J)+2eO*GRAD(4~J~*FLOAT(l/(L(J)+l))) 
1 4 0  G R A D ( ~ ~ J ) = G R A D ( ~ ~ J ) * C H A R ( ~ ~ J ) + C H A R ( ~ ~ J ) / ~ C H A R ~ ~ ~ J ) * C H A R ( ~ ~ J ~ )  

IF(ABS(SUM)eLTeDERROR)CO TO 150  
NGOOF=l  
W R I T E ( 6 9 1 2 )  

1 5 0  RETURN 
END 

SUBROUTINE SETUP(NMAXgCHAR) 
C 
C T H I S  SUBPROGRAM S E T S  UP THE RELEVANT MATRICES OF THE C AND D 
C C O E F F I C I E N T S  AS WELL AS THE S I M I L A R  G R A V I T Y  C O E F F I C I E N T S  I F  
C NECESSARY e 

e 
D I M E N S I O N  C O N S T ( 4 9 3 ) 9 G R A D ( 5 9 3 )  9 L ( 3 )  9 C A P K t 3 )  9 C C A P K t 3 )  
D I M E N S I O N  C ( 2 9 4 0 0 9 3 ) 9 0 ( 2 9 4 0 0 , 3 ) 9 G R A V ( 4 0 0 9 3 )  
D I M E N S I O N  ROOTP(100t2)vHATRP(10092)9DHATRP(100~2) 
COMMON CCAPK9HATRP9DHATRPsCAPKsCONSTgCRAD9CsD9GRAV9ROOTP 
COMMON A L O W ~ E X P M A X ~ F R A C T ~ U M A X O E X T R A P P E X T R A ~ ~ E X T R A ~  
COMMON JMAX9LvNTYPEvJPOSvJNEG9KMAX9MMAXgNEXTRlgNEXTR2~NEXTR3 
COMMON NEXTR49NEXTR59NEXTR69NEXTR7  
COMPLEX CCAPKvHATRPvDHATRP 
D I M E N S I O N  CAI400~2irOAi48692i~EXi4OOi~iiiARi5~3i 
DO 10 J e 1 9  JMAX 
H O L D = S Q R T ( C H A R ( l v J t / C H A R ~ 4 9 J ) )  



C O N S T ( ~ ~ J ) ~ C M A R ~ ~ ~ J ~ * H O I , D ~ C F I A R ( ~ ~ J ~  
C O N S T ( ~ ~ J I = C H A R ( ~ ~ J ) / C H A R ~ S ~ J ~  
C O N S T ( 3 e J ) = H O L D  

10 C O N S T ~ S ~  J l=CHAR126J l * !CHARC 3+21**2! /CHAR449J!  
I TGRAD= .I 
I F ( N T Y P E ~ G T I ~ I I T G R A W  
DO 2 0  J s l s  JMAX 
X = O I ~ + ( ( C A P K ( I ) / C H A R ~ ~ ~ J ) ~ * * ~ ~ * C H A R ( ~ ~ J ) * C H A R ( ~ ~ J )  
MsNMAX 
C A L L  C D C O M P ( X B L [ J I ~ M P C A ~ D A P A L O W ~ I T G R A D ~  
DO 20  I n l 9 I T G R A D  
DO 2 0  K = l c N M A X  
C (  I r K e J ) = C A ( K , I l  

20 D (  I a K e J ) = D A ( K e I )  
I F ( N T Y P E - ~ * ( N T Y P E / % ~ ~ E Q Q ~ ~ G O  TO 4 0  
DO 3 0  J z l r J M A X  
X=CAPK( l ) * G R A D t 4 c r J )  
K=NMAX 
C A L L  B E S S E L ~ X P K ~ E X ~ - % ~ O ~ A L O W )  
DO 30 In19NMAX 

30 G R A V ( I e J ) z E X ( % l  
40 RETURN 

END 

SUBROUTINE CBCOMP(XPL~N,C,D,ALOWPITGRAD) 

T H I S  SUBROUTINE COMPUTES THE CONSTANTS C ( N a L 9 J )  AND D(N,L,J) WHICH 
A R I S E  I N  A  C Y L I N D R I C A L L Y  CUT-OUT V "PEP' D I S T R I B U T I O N  FUNCTION, 

t O e l s 2 c 3  ARE TREATED NORMALLY 
(.Lt GREATER THAN 3 I S  CONSIDERED TO BE I N F I N I T E  AND THUS THE V 'PERPq 

D I S T R I B U T I O N  FUNCTION I S  A DELTA FUNCTION. 
( N '  I S  TO BE GIVEN AS THE DIMENSION OF THE F I R S T  SUBSCRIPT OF C AND D 

AND I S  RETURNED AS THE HIGHEST P O S I T I O N  WHICH CONTAINS A  NON-ZERO 
RESULT. 

Q I T G R P D '  e 1 9  ONLY THE C AND D  FUNCTIONS FOR L ARE COMPUTED 
' ITGRAD" 2 9  THE C  AMD D FUNCTIONS FOR BOTH L AND L + 1  ARE COMPUTED 

(FOR @ I T G R A D #  t 29 X'  = 3  I S  CONSIDERED TO BE I N F I N I T E ) .  

D IMENSION C ( 4 0 0 c 2 ) , 0 ( 4 0 0 , 2 ) , A R R A Y ~ 4 0 0 ) e P Q ( 4 9 2 )  
DO 1 0  M = ~ P N  
DO 1 0  J = l * I T G R A D  
C(M9 J ) = O e O  

10 D ( M e J ) = O c O  
I F ( L e G T e 3 1 G B  fQ 308 
I F ( L B G T I ~ ~ A N D ~ % T C R A D O C T B ~ ~ G O  TO 3 8 0  

NORMAL CALCULATION FOR L g 0 9 1 9 2 9 3  

C A L L  BESSELt  XeNpARRAYs % a  9ALOM) 
J=L+ f 
GO TO ( l O O r b 2 0 r 1 4 0 9 1 6 0 1 s J  
P Q ( ~ , ~ ! P L ~ O  
P Q ( 2 e l l ~ O . 0  
P Q ( 3 , l ) ~ l e O  





2 4 0  CONTINUE 
RETURN 

: DELTA FUNCTION DISTWKBUTION FOR L GREATER THAN 3 - 
3 0 0  HOLDnSQRT ( 2e*X ) 

CALL BESSEL(  HObDeN 9 ARRAY 9 - 1  B VALOW 
J=HOLD 
C ( l $ l f = A R R A Y ( 1 ) * * 2  
D (  l s l I = - N O L D + A R R A Y (  l ) + A R R A Y ( 2 )  
I F ( % T G R A D Q E Q ~ ~ ) G O  TO 3 0 1 8  
C ( l 9 2 ) = C ( l e l l  
D ( l , 2 ) s D ( l v l )  

3010 M=2 
I F ( X e E Q e O e O l G 0  TO 4 0 0  
C L O W = ~ O Q * S Q R T ( A & O W ) / H O L O  

3 0 1  IF(ABS(ARRAY6M))cGTeCLOW)GO TO 3 0 2  
TWO? HmOoO 
KF(M.GTeJ)GO TO 4 0 0  
GO TO 303  

3 0 2  TWOTH=AWRAYIMl**2 
3 0 3  C ( V 9  l I x T W O T H  

O(M91)=0.5+HOLD*ARRAY(M)*(ARRAY(M-l)-ARRAY(M+l)) 
I F (  ITGRADeEQe1)CO TO 3 0 4  
C ( M t 2 ) = T W O T H  
D ( M s t ) = B l M s 1 1  

3 0 4  Mnlul-4-1 
GO TO 3 0 1  

400 NnM- I  
RETURN 
END 

SUBROUTINE B E s s E L ( x I N ~ A R R A Y ~ S I G N A V A L O W )  

T H I S  SUBROUTINE COMPUTES ALL  ORDERS OF THE BESSEL FUNCTIONS J ( M 9 X )  
OR I ( M 9 X )  FOR A G I V E N  ARGUMENT Xe 

USE "SIGNA( = + l e  FOR I ( M e X 1  AND 
' S I G N A "  - 11. FOR J ( M 9 X ) c  

' A R R A Y U S  THE VECTOR OF LENGTH " 1  I N  WHICH THE RESULTS ARE TO BE 
PLACED. WN" MUST BE G I V E N  AND SHOULD BE THE MAXIMUM DIMENSION 
OF ' A R R A Y # @  

AFTER EXECUTION QF T H I S  SUBPROGRAM9 'No I S  THE INDEX O F  THE L A S T  
ELEMENT O F  ( A R R A Y W H I C H  CONTAINS A NON-ZERO RESULTe THE M-TH 
ELEMENT OF Q A R R A Y V O N T A I N S  J ( M - 1 9 x 1  OR I ( M - 1 9 x 1  DEPENDING ON THE 
S I G N  OF SIGNAe 

ALOW I S  TO BE G I V E N  AS THE SMALLEST NUMBER POSSIBLE ON THE COMPUTER. 

DIMENSION ARRAY (400) 
NMAX-400 
BR EAK-0 e 1 
SEiji \ iT~1e0 
I F ( X e L T e O e 0 )  S ICNTs-S IGNT 
X = A B S ( X )  
DO 99 I s I p N  



99 A R R A Y ( I ) = O e O  
99 IF(Xe6T*10e*EXP(Oe5*ALOG(ALOW~))GO TO 101 

ARRAY( 1 ) c l e O  
Ws1 
RETURN 

1 0 1  IF fXeGEeBREAKO GO TO 20Q 
C 
C S E R I E S  METHOD - USED FOR X SMALLER THAN 011 
e 

CLOW=lOs+ALOWIX 
E X P X s l e O  

I F ( S I G N A ~ L T ~ O ~ O ) E X P X E E X P ~ X ~  
I=l 
FMULT=X+X+SIGNA/4eO 
E ~ l a 0  
GO TO 1 0 3  

1 0 2  E = E + t X / 2 e ) / F L O A T (  f e l l  
1 0 3  SUMs leO 

ANPLUS= P 
AN- -1s  
TERM=SUM 

104 SUMEXSUM 
TERM=TERM*FMUL?/(ANPLUS*AN4 
SUMaSUM+TERM 
ANPLUS=ANPLUS+loO 
Ar\a=AN+le 0 
IF(5UME-SUMeNEeOeO) GO TO 104 
ARRAY(I )=E*SUM/EXPX 
I n I 4 1  
I F ( I ~ L E ~ N ~ A N D I E ~ G T ~ C L O W ) C O  TO 1 0 2  
N - 1 - 1  
GO TO 205  

150 W R I T E ( 6 9 1 5 1 ) X  
1 5 1  FORMAT(50H ARGUMENT G I V E N  TO BESSEL I S  TOO LARGE, ARGUMENT ~ 1 P E 1 5 e  

1-71 
CALL EX I T  

C 
C  RECURSION RELATION METHOD - USED FOR X LARGER THAN 0.1 
e 

2 0 0  E = 2 r  7 1 8 2 8 1 8 3  
CLOW=ALOG( 1eE+O8*ALOW 1 +X 
I =x 
I F ( S I G N A e L T e O e O ) I ~ 2 * 1  

201 I = a + i  
AN=E 
I F [ ( A ~ + O ~ ~ ~ * ~ L ~ G ~ E * X ~ ~ ~ ~ * A N ~ ~ B G ? ( I C L O W ( I A N O B I ~ L T N ~ G O  TO 201 
I F (  1eGTeNMAX)GO TO 1 5 0  
N= I 
A R R A Y ( I ) ~ A L O W + 1 e E + O B  
DO 202 I=2,N 
J=N-. I+ l  

2 0 2  A R R A Y ( J ) a A R R A Y ( J + 2 ) * S I G N A + 2 e O * F L O A T ( J ) + A R R A Y ~ J + l ) / X  
SUM= ARRAY 1 1 ) 
J = l  
I F ~ S I G N A ~ L T Q S ~ O ~ J P ~  
JCOW- J+ b 



DO 203 I=JLBW,NsJ 
203 S U M ~ S U M + 2 q O * A R R A Y ( I I  

DO 204 I = 1 9 N  
2 0 4  ARRAY ( I $ =ARRAY % 1 /SUM 
2 0 5  I F ( S I G R T e G T e 0 e O f R E f U R N  

DO 206 I = 2 r N $ 2  
206 A R R A Y t I I x - A R R A Y a I )  

RETURN 
END 

SUBROUT l NE F I N D  t NPPLOT 1 
C 
C T H I S  SUBPROGRAM F I N D S  THE L E R O t S  OF P ( U )  AND HENCE THE C O N D I T I O N S  
C UNDER WHICH THE D I S P E R S I O N  R E L A T I O N  HAS A  V A N I S H I N G  I M A G I N A R Y  PART. 
C WPPPOTT" a 0  FOR NO L I S T I N G  OF VALUES OF P ( U )  AS THEY ARE COMPUTED 
C ONPPLBT" 1 FOR R  L I S T I N G  OF THESE VALUES, 
C 

COMMON C C A P K ~ H A T R P ~ D H A T R P P C A P K ~ C O N S T ~ G R A D ~ C Q D Q G R A V ~ R O O T P  
COMMON A L O W ~ E X P M A X Q F R A C T ~ U M A X , E X T R A ~ ~ E X T R A ~ ~ E X T R A ~  
COMMON J M A X ~ L ~ N T Y P E Q J P O S , J N E G ~ K M A X ~ M M A X ~ N E X T R ~ + N E X T R ~ ~ N E X T R ~  
COMMON NEXTR4 ,NEXTRS,NEXTR6 ,NEXTR7  
D I M E N S I O N  C O N S T ~ ~ ~ ~ ) , G R A O ( ~ P ~ ) ~ L ( ~ ~ ~ C A P K ( ~ ) ~ C C A P # ( ~ ~  
D I M E N S I O N  C I 2 ~ 4 0 0 e 3 ) , D ( 2 9 4 0 0 , 3 ) , C R A V ( 4 0 0 ~ 3 )  
D I M E N S I O N  ROBTP(l0092~,tiATRP~l0092)9DHATRP(100r2) 
COMPLEX C C A P K ~ H A T R P Q D H A T R P  
D I M E N S I O N  8 ( 1 0 0 c Z ) , U M A T ( 5 ) s P M A T ( 5 )  
EXTERNAL P 

1 FORMAT~L+O/1H0/5(9XlHUe9X4HP(U)93X)/1H 1 
2 FBRMAT(S(1PE14e7rlPE12.3)) 
3 FORMAT(1l-i 1 
4 FORMATf€H0 /1W0/5X27HSOLUTIOMS UZERO OF P ( U )  Or2X19Ht SCALE OF UP 

l E R O  I S p X P E 1 0 e 3 , 2 H  1 )  
5 FORMAT(%HO927X%4HPOSITIVE UZERO) 
6 F O R M A T ( 1 W O e 2 9 X 1 4 H N E G A T I V E  UZERO) 
7 FORMAT(1HOcSHINDEXe6XSHUZERO~9X6HREAL H95X6HIMAG H e 3 X 9 H R E A L  DHDW92 

1 X 9 H I M A 6  DHDWs9X9HFREQUENCYc9X6nLAMBDA91OX]b0HRECIPROCALe6X4HSQRT/lH 
2 ) 

8 F O R M A T ( L X I ~ ~ ~ X $ P E P O ~ ~ Q ~ X ~ P ~ E ~ ~ C ~ ~ ~ X O P ~ E ~ ~ O ~ )  
9 FORMAP(IW+9IO$XPP2E13r3) 

CERRBR=3r€ -06  
€RROR=l.F-OP 
I F ( N P P L Q I a N L s O ~ W R P T E t 6 e f . l  
H O L D ~ l e S + A B S ~ C A P K ( l ) ~ + 1 o O  
NMPX=HOLD 
IF(CAPK(1)eEBeQoO)NMAXrB 
DUMIN-CAPK(2)1(2eO+eONST('3@1)1 
P F ( C A P K ( Z ) e N E s O e 0 9 G O  TO 70 
N = 4 0  
GO 10 80 

70 N=ABS(UMAX/DUMIR)  
N=F\i+i 

80 D U M I N P U M A X / F L O A T ~  N t  
NNEGml 

90 J=l 



K = - 1  
100 En3. 

K = K +  3. 
U = F L O A T (  # I  +UMAX 
I F ( N N E G e E Q e 2 ) U s - U  
I F ( ~ A P K ( ~ ) ~ E Q I O ~ O ~ A N D O K ~ F I E B O ~ G O  TO 1 5 0  
HOLB=P ( U  ) 
S I C N H e S I G N ( 1 e O ~ H O L D I  
I F ( H O L D e E Q e 0 e O ) S I G N H E O I O  

1 5 0  I F ( N P P L 0 T e E Q e O ) G O  TO 2 0 0  
M - 1  
UMPT ( 1 )  =U/UMAX 
PMAT ( 1) =HOLD 

2 0 0  U=U+DUMIN 
I F ( C A P K ( ~ ) ~ E Q ~ O ~ O O A N D ~ I ~ E Q O N ~ G O  TO 2 1 0  
T R Y = P ( U )  
S I G N T ~ S I G N ( 1 r O e T R Y I  
I F ( f R Y e E Q e O e O ) S I G N f = O e O  

2 1 0  I=l+l 
I F ( N P P L O T e E Q 6 O ) G O  TO 2 5 0  
I F ( M e L T e 5 ) G O  TO 2 2 0  
W R I T E ( 6 , 2 1 ( U M A T ( M ) * P M A T ( M ) * M = l * 5 )  
M=0 

2 2 0  M=FA+l 
U M A f ( M ) = U / U M A X  
P M A T ( M ) = T R Y  

2 5 0  I F ( C A P K ( 2 ) e N E e O e O ) G O  TO 2 5 5  
I F (  I s G T e N e O R *  ( I eEQe2eANDrKoNEoO)  )GO TO 3 0 0  

2 5 5  HOLO=SIGN'T*SIGNH 
I F ( H O L D ~ G T e O e O e O R e ( S I G N T e E Q e O ~ O ~ A N D e S I G N H e E Q O e O G 0  TO 300 
I F ( H O L B a L T e O e 0 ) G O  T O  2 6 0  
HOLD=U+DUM I N 
I F ( $ I G N H e E Q e O ~ O ) H O L D ~ U ~ 2 e O * D U M I N  
I F ( P ( H O L D 1 e E Q o O e O ) G O  TO 3 0 0  

2 6 0  HOLD-U 
R O O ~ P ( J ~ N N E G ) ~ R O O T ~ P ~ U ~ D U M I N ~ H O L D ~ O e O ~ D E R R O R ~  
C A L L  DISP(CMPLX(ROOTP(J~NNEG)*O~O)*HATRPIJ,NNEG)~DHATRP(J~NNEG)*ER 

1 R O R )  
J=Jcl  

3 0 0  HOLD=tRY 
S I G N H = S I G N T  
I F ( 1 e L E e N ) G O  TO 2 0 0  
I F ( N P P L 0 T a E Q e O ) G O  TO 3 3 0  
W R ~ T E ( 6 ~ 2 ) ( U M A T ( f ) ~ P M A T ( I ~ o I ~ l ~ M )  
I F ( M + E Q e 5 1 W R I T E ( 6 9 3 )  

3 3 0  I F ( K e b E e N M A X ) G O  TO 100 
I F ( N N E G a N E c 2 ) G O  TO 3 5 0  
JNEG- J-1 
GO 7.0 5 0 0  

3 5 0  JPOSzJ -1  
ISYMoO 
I F ( N T Y P E e N E c 0 ) G O  TO 3 9 0  
DO 380 J o l t J M A X  
I F ' " I 3 A " ' C -  J),?!E@QIQ)GO f Q  390 

\UI\CIV\ J V  

3 8 0  CONTINUE 
GO TO 4 0 8  



3190 NNEG=2 
ISYM=1 
DUMINz-DUMhN 
GO TO 90 

400 JNEG=JPOS 
DO 40% J=%+JPOS 
ROOTP(J,28=-RQOTPtJea) 
D H A ~ R P ( J ~ ~ ) ~ C M P L X ( - R E A L ~ D H A T R P ( J ~ ~ ~ ~ ~ A I M A G ( D H A T R P ~ J ~ ~ ) ) ~  

401 H A T R P ( J 9 2 ) = C O N J G ( H A T R P ( J * l I t  
500 WRITE(694)UMAX 

IF(JP0SeEQrO)GO TO 520 
DO 510 J=%cJPBS 

510 A(JpP)tROOTP(J,l9/UMAX 
520 IF( JNECsEQoQ)CO TO 540 

DO 538 JsPaJNEC 
5 3 0  A (  Jp2)sROOTP( J929 /UMAX 
540 I=]l 

HOLD=Oe5*CAPK(3)+CAPK(3) 
IF(JP0SeEQeQ)GO TO 620 
WRITE16sSl 
JH%CH=JPBS 
GO '$8 5 9 0  

560 I F ( J N E G ~ E Q ~ 0 ~ 0 R o I S Y M o E Q e O ~ R E T U R N  
NRXTE(6961 
JHTGWzJNEG 

570 WRITE(4s7) 
DO 610 Ja*lvJHIGH 
U=REALfHATRPtJaI))/HOLD 
WRITE~~~B)JBA(J~I)~HATRP(J,I),DHATRP(J,%)VA(J~I)*U 
IF(U)6%09580r590 

580 SICVTP%~O/ALOW 
GO TO 600 

590 SIGNT=PeO/U 
600 SICNH=SQRTISEtNT) 

WWITE[699)SIGNTrSICNH 
610 COh'TINUE 
6.20 I-T+% 

I F t I c G T a 2 B R E T U R N  
GO TO 5 6 0  
END 

FUNCTION PfU) 
C 
C T H I S  SUBPROGRAM COMPUTES THE VALUE OF THE I M A G I N A R Y  P A R T  OF T H E  
C DISPERSION FUNCTION H(Wa#) WHICH I S  CALLED P ( U )  HERE0 
6 

DIMENSION C O M S P ( ~ ~ % ) ~ G R A D ( ~ ~ ~ ) , L ( ~ ) , C A P K ( ~ ) ~ € € A P K ( ~ ~  
DIMENSION C f 2 9 4 0 0 ~ 3 1 r D ( 2 9 4 0 0 9 3 ) 9 G R A V 4 4 0 0 ~ 3 ~  
DIMENSION R O O T P ( ~ ~ ~ ~ ~ ) ~ H A T R P ( I ~ ~ , ~ ) V D H A T R P ~ ~ O O ~ ~ )  
COMMON S C A P K , H A T R P ~ D W A T R P ~ C A P K ~ C ~ N S T F G R A ~ ~ C P D ~ G R A V ~ R Q O T P  
COMMON A ~ O W I E X P M A X , F R A C T $ U ~ ~ ~ A X ~ E X T R A E , ~ E X T R A ~ ~ E X T R A ~  
COMMON J M A X ~ L ~ M ~ Y P E ~ J P O S ~ J N E C ~ K M A X ~ M M A X ~ N E X T R ~ V N E X T R ~ ~ N E X T R ~  
COMMON N E X I R 4 9 N E X T R 5 $ N E X T R 6 s N E X f R 7  
COMPLEX CCAPK9HATRP9BXAPRP 



NMAX=400 
NOGRAVzNTYPE-2+ ( N T Y P E / 2  
S%ALE=ALOW+CONST( 4 9  1) 
I F  ( SCALEeEQeOeO) SCALEaALOW 
I F ( C A P K ( 2 I e E Q a O e O ) S C A L E ~ f e O  
THEMPN=ALOW/SCALE 
P - 0 0 0  
I F ( U ~ N E ~ O O O ~ O R ~ N T Y P E ~ N E ~ O ) G O  TO 80 
DO 7 0  J = 1 9  JMAX 
I F ( C R A D ( 5 e J ) e N E e O a O ) C O  TO 80 

10 CONTINUE 
RETURN 

80 DO 4 0 0  J z 1 9 J M A X  
H O L D = C A P K ( ~ ) * G R A D ( ~ , J ) + C O N S T ( ~ ~ J ) * ( U - C A P K ( ~ ) * G R A D ~ ~ ~ J ) ) / C O N S T ( ~ ~ J )  
S I C N T = O e 5  
IF(WOLDeLTeOoO)$IGNT=-SIGNf 
N=HOLD+SIGNT 
I F ( C A P K ( l ) s E Q a O e O ) N = O  
N P O S = l  
NNEGa-1 
NMOD=O 
H O L D = H O L D * C O N S T ( ~ P J I  

90 S=HOLD-FLOAT(N+NMODI*CONST(l ,J)  
I F (  IABS(N+NMOD)eGEeNMAX)GO TO 165 
SSQ=S*S 
I F ( C A P K ( 2 ) s N E a O . O ) G O  TO 97 
I F ( S S Q e N E e O e 8 0 G O  TO 94 
FMULValeE-OB/ALOW 
GO PO 9 5  

94 FMULTzEe /SSQ 
9 5  SSQzOs5  

GO TO 9 8  
97 S S Q = S S Q / ( C A Q K ( 2 ) + C A P K ( 2 ) )  

IF (sSQ*G 'TQEXPMAX)GO TO 1 6 5  
FMULT=EXP(-SSQ) 

9 8  G b l U L T s l 0 0  
Mt'ilOD=O 
I F ( N 0 G R A V s E Q c O ) G O  TO 1 1 0  
VPOS - 1 
MNEG=-1 

1 0 0  K=%ABS(MMOD)+h  
S I G N T = a * O  
IF6MMODsGEeOIGO TO 105 
IF(MMOD-~+(MMOD/Z)~NEOO)SIGNTP-SIGN~ 

1 0 5  G M U b T = G R A V ( K $ J ) * S I G N T  
PF(ABS%GMULTlrLTcALOW)GO TO 1 5 5  

110 K=N+NMBD-MMOD 
A = F k O A T ( K t  
IF(CAPK(T)bNEeOeO)A=A/eAPK(l) 
K = l A B S (  K ) + 1  
e l=$  
I F ( C A P K ( ~ ) O E Q ~ O ~ O ) C ~ ~ O I O  
D ~ = C O N S T ( ~ S J ) * C O N S T ( ~ ~ J ) * ( F L O A T ( N + N M O D ) ~ C A P K ( ~ ) * G R A D ( ~ ~ J ) )  
TERMaQa O 
I F ( N T Y P E D L T Q ~ ) G O  TO 1 3 0  
TEMPl=-GRAD!1,31 



P F ( N f Y P E e L T e 4 ) G O  TO 1 2 0  
TEMP l = T E M P l + S S Q * G R A D W )  
T E R M = G R A B ( ~ ~ J ) * F L O A T ( L ( J ) + ~ ) * ( C ( ~ , K , J ) * ( A * C ~ - ~ ~ ~ * C A P K ( ~ ) / C O N S T ~ ~ V J  

~ ) ) + A + D ~ * D ( ~ ~ K , J ) ) - A * C ~ * G R A D ( ~ ~ J ~ * C ~ ~ V K ~ J )  
120 C l n C l + (  l r O + A * T E M P 1 ) - 8 e 5 * C A P K (  1 ) *TEMP1 /CONST  ( 1 9 J )  

D l = D 1 + (  % a O + A * T E M P l )  
130 T E R M = G M U L T * C O N S T ( ~ V J ) + ( T E R M + C ~ * C ( ~ ~ K # J ) + D ~ @ D ( ~ ~ K V J )  

T E R M = T E R M + ( F M U L T / S C A L E )  
I F ( A B S ( T E R M l r L T r T H E M 1 N ) T E R M - O . O  
I F ( ( P + T E R M ) - P I E Q ~ O ~ O ) G O  TO 163 
P=P+TERM 
I F ( N O G R A V e E Q e O I G 0  TO 1 8 0  

149 I F ( M M O D l 1 5 1 c 1 5 0 ~ 1 5 2  
150 MMOD=1 

GO TO 100 
1 5 1  I F ( Y P O S e E Q * O ) G O  TO 1 5 3  

MMOD=-MMOD+MPOS 
GO TO 100 

1 5 2  I F ( M N E G I E Q ~ O ) G O  TO 1 5 4  
MMODz-MMOD 
GO TO 109 

1 5 3  MMOD=MMOD+MNEG 
GO TO 100 

154 MMOD=MMOD+MPOS 
GO T O  100 

1 5 5  I F ( M M O D ) 1 6 1 9 1 5 9 9 1 6 0  
159 I F ( C A P K ( 2 ) ) 1 6 5 9 1 4 9 e l 6 5  
160 MPOS=O 

GO TO 162 
161 MNEG=O 
1 6 2  I F ( M P O S * E Q I O ~ A N D ~ M N E G ~ E Q ~ O I G O  TO 1 8 0  

GO TO 149 
1 6 3  I F ( N O G R A V e N E s 0 ) G O  TO 1 5 5  
1 6 5  I F ( N M O D ) 1 7 0 , 3 0 0 9 1 6 9  
169 NPOS=O 

GO TO 173. 
170 NMEG=O 
171 IF(NPOS~EQsOeANDeNNEGoEQa0)GO TO 400 
180 I F ( N M O D 3 1 8 2 9 1 8 1 + 1 8 3  
181  N M O D = l  

GO T O  90  
1 8 2  I F ( N P O S a E Q e O l G 0  TO 1 8 4  

NMOD=-NMOD+NPOS 
GO TO 9 0  

1 8 3  I F l N N E G e E Q a O B G O  TO 189 
NMOD=-NMOD 
GO TO 9 0  

1 8 4  NMOD=NMOB+NNEG 
GO PO 90 

1 8 5  NMOD=NMOB+NPOS 
GO TO 90 

300 I F ~ C A P K ( 2 ) e E Q r O e O I G O  TO 1 8 0  
400 C O N T I N U E  

PPP+LSCALE 
REWURN 
E N D  



FUNCTION R O O T ( D U M M Y , R F B , R F C ~ R F A E ~ R F R E )  
C 
C T H I S  SUBPROGRAM COMPUTES A ROOT OF A G I V E N  FUNCTIONo 
C DUMMY I S  THE NAME OF THE SUBPROGRAM WHICH REPRESENTS THE FUNCo 
C R F 8  I S  THE LOWER L I M I T  OF THE RANGE I N  WHICH THE ROOT I S  TO BE 
C FOUNDo 
C RFC I S  THE UPPER L I M I T  OF THE SAME RANGE6 
C RFAE I S  THE ABSOLUTE ACCURACY TO BE ITERATED TO@ 
C RFRE I S  THE R E L A T I V E  ACCURACY TO BE ITERATED TOO 
C 

JRFSz1 
RFFB=DUMMY(RFB) 
S IGNBESIGN(  l r O 9 R F F B )  
I F ( R F F B o E Q e O o O ) S I G N B 2 0 . 0  
RFFC=DUMMY(RFCI 
STGNC=SIGN( leOoRFFC)  
I F ( R F F C B E Q ~ O ~ O ) S I G N C ~ O O O  
IF(SIGNB*SIGNC~LEOO.O)GO TO 9 1 2 2  

9 1 0 2  WRIPE(692001RFB9RFC 
2 0 0  F Q W M A T ( l X 7 6 H L I M I T S  GIVEN TO ROOT FUNCTION GENERATE FUNCTIONAL VALU 

1ES WITH THE SAME S I G N S P ~ ~ H ~ L I M I T S  AREelPEl007~4X3HANDeEl8o7~ 
R O O T ~ O e O  
RETURN 

9 1 2 2  RFAtRFC 
RFFAsRFFC 
SIGNA=SIGNC 

9 1 2 3  I F ( A B S ( R F F B 1 - A B S ( R F F A ) ) 9 1 3 1 ~ 9 1 3 1 e 9 1 3 0  
9 1 3 0  RFC=RFB 

RFBzRFA 
RFPaRFC 
RFFC=RFFB 
SIGNC=SIGNB 
RFFBzRFFA 
S l G N B r S I G N A  
RFFAzRFFC 
S%GNA=SIGNC 

9 1 3 1  RFD=Oe5*(RFB-RFA) 
RFf=RFAE+RFRE+ABS(RFB) 
P F ( R F F 8 1 9 b 5 6 e 9 1 3 5 e 9 1 5 6  

9 1 3 5  ROOV=f?FB 
RETURN 

9 1 5 6  I F ( I R F K ) 9 1 3 7 e 9 1 5 7 , 9 1 3 7  
9 1 5 7  I R F K = 3  
9 1 3 8  RFV=RFD 

GO TO 9 1 4 0  
9 1 3 7  IF(RF&B-RFFC)91399913899139 
9 1 3 9  RFV=(RFB-RFC)*RFFB/(RFFB-RFFC) 
9 1 4 0  % F ( A B S (  R F D ) - R F T ) 9 1 4 3 0 9 1 4 3 9 9 b 4 4  
9 1 4 3  JRFS22 

GO T O  9 1 4 7  
9 1 4 4  IF(ABS(RFVt-RFT)91499914799147 
9 1 4 7  IF((RFD-RFV)*~F~)914899152~9152 
9148  RFXaRFB-RFD 



GO TO 9 1 5 3  
9 1 4 9  I F ( R F D 1 9 1 5 1 9 9 1 5 0 9 9 1 5 0  
9190 RFVzRFT 

' GO 1 0 9 1 5 2  
9 1 5 1  RFVJ-RFT 
9 1 5 2  RFXtRFB-RFV 
9 1 5 3  GO TO ( 9 1 0 1 9 9 1 0 0 )  9JRFS 
9 1 0 0  ROOT=RFX 

RETURN 
9101 RFCaRFB 

RFBsRFX 
RFFC=RFFB 
S IGNCxSIGNB 
RFFB=DUMMY(RFX) 
S I G N B ~ S I G N ( 1 e O s R F F B )  
I F ( R F F B ~ E Q I O ~ O I S I G N R ~ O ~ O  
IF(SIGNA+§IGNB)9158~913199159 

9 1 5 8  I R F K n I R F K - 1  
GO T O  9 1 2 3  

9 1 5 9  I R F K = %  
GO TO 9 1 2 2  
END 

SUBROUTINE DISP(WcH,HW,ERROR) 
C 
C T H I S  SUBPROGRAM I S  A  DUMMY SUBPROGRAM WHICH SETS UP THE D I S P E R S I O N  
C FUNCTION AND I T S  D E R I V A T I V E  WITH RESPECT TO FREQUENCY BY C A L L I N G  
C SUBPROGRAM D I S P F s  
C THE ARGUMENTS ARE THE SAME AS THOSE S P E C I F I E D  FOR D I S P F  WITH QDERRORt 
C THERE AND @ERROR' HERE BEING THE SAME ARGUMENTS. 
C 

COMMON C C A P K 9 H A T R P ~ D H A T R P , C A P K ~ C O N S T ~ G R A D 9 C 9 D , G R A V ~ R O O T P  
COMMON A L O W , E X P M A X , F R A C T ~ U M A X , E X T R A ~ $ E X T R A ~ ~ E X T R A ~  
COMMON JMAX,L ,NTYP€ ,JPOS,JNEG,KMAX9MMAX9NEXTRl ,NEXTR2~NEXTR3  
COMMON N E X T R ~ , N E X T R S ~ M € X T R ~ V N E X T R ~  
DIMENSION CONST(49319GRAD(5 ,3 )  9 L ( 3 ) , C A P K ( 3 )  * C C A P K ( 3 )  
DIMENSION C ( ~ ~ ~ O O ~ ~ ) ~ D ( ~ ~ ~ O O , ~ ) P G R A V I ~ O O ~ ~ )  
DIPENSION R 0 8 T P ( 1 0 0 ~ 2 ) ~ H A T R P ( 1 0 0 , 2 ) , D H A T R P ( 1 0 0 , 2 )  
COMPLEX CCAPKBHATRP~DHATRP 
COMPLEX W ~ H , H K ~ H K K B H W  9HWK 
CALL D ~ S P F ( W B H ~ H K ~ H K K ~ H W ~ H W K ~ E R R O R , ~ )  
H O L D P O I S + C A P K ( ~ ) + C A P K ( ~ )  
H=tJ*HOLD 
HW=HW*HOLD 
RETURN 
END 

SUBROUTINE BI$PF(W~HPHKIHKK,HW,HWK,DERROR~INDEX) 
C 
C T H I S  suBPRoGRAM COMPUTES THE D i S F E R S I O N  FUNCiiON AND I T S  DERIVATZVES. 
C @ W @ I S  TO BE G I V E N  AS THE DESIRED COMPLEX FREQUENCY ARGUMENT 
C @ H @  I S  THE COMPLEX VALUE OF THE DISPERSION FUNCTION 



( H K V S  THE COMPLEX K-Z D E R I V A T I V E  OF THE D I S P E R S I O N  F U N C T I O N  
( H K K '  I S  THE COMPLEX SECOND D E R I V A T I V E  OF THE D I S P E R S I O N  F U N C T I O N  

W I T H  RESPECT TO K-Z 
@HW"S THE D E R I V A T I V E  OF THE D I S P E R S I O N  FUNCTION W I T H  RESPECT TO THE 

FREQUENCY 
'HWKQ I S  THE D E R I V A T I V E  OF @ H K '  W I T H  RESPECT TO THE FREQUENCY4 
'DERROR' I S  TO BE G I V E N  AS THE ACCURACY TO WHICH THE D I S P E R S I O N  

FUNCTION AND THE D E S I R E D  D E R I V A T I V E S  ARE TO BE COMPUTEDO 
@ I N E E X V S  TO BE G I V E N  AS THE NUMBER OF Q U A N T I T I E S  I N  THE SEQUENCE 

' H ' 9  ( H K 8 9  @ H K K ( o  H W t 9  1HWKt WHICH ARE TO BE COMPUTED. 

D I M E N S I O N  C O N S T ( ~ ~ ~ ) , G R A D ( ~ , ~ ) ~ L ( ~ ) , C A P K ( ~ ) ~ C C A P K I ~ )  
D I P E N S I O N  C ( 2 s 4 0 0 9 3 ) 9 0 ( 2 , 4 0 0 , 3 ) 9 G R A V ~ 4 0 0 9 3 )  
D I M E N S I O N  R O O T P ( ~ O O ~ ~ ) ~ H A T R P ( ~ ~ ~ , ~ ) ~ D H A T R P ( ~ ~ O ~  
COMMON C C A P K , H A T R P ~ D H A T R P , C A P K ~ C O N S T ~ G R A D ~ C ~ D ~ G R A V ~ R O O T P  
COMMON A L O W ~ E X P M A X , F R A C T I U M A X , E X T R A ~ , E X T R A ~ ~ E X T R A ~  
COMMON J M A X , L B N T Y P E , J P O S , J N E G ~ K M A X ~ M M A X ~ N E X T R ~ ~ N E X T R ~ ~ N E X T R ~  
COVYON NEXTR4rNEXTR5 9NEXTR69NEXTR7 
COMPLEX CCAPKsHATRP9DHATRP 
D I M E N S I O N  Z M O M ( 4 9 5 )  
COMPLEX ZMOM 
COMMON ALAMB9ZMOM 
D I M E N S I O N  H F ( 5 ) 9 H F H O L D ( 5 )  
COMPLEX W ~ H O L D ~ T E R M , Z , H ~ H K ~ H K K ~ H W K ~ H W ~ H F H O L D ~ ~ C K H O & D ~ D ~  
T H E M A G ( Z ) = A B S ( R E A L ( Z ) ) + A B S ( A I M A G ( Z ) )  
NMAX=400 
NOGRAVtNTYPE-2* (NTYPE/2 )  
ITYPE=NTYPE-2  
DO 1 0  I = Z , I N D E X  

1 0  H F (  I ) = O e O  
CKHOLD=CCAPK( 2  1 
TCKHOL=THEMAG(CKHOLD) 
KZERO=II 
I F ( T H E M A G ( C K H O L D ) ~ E Q B O ( I O ) K Z E R O = O  
DO 400 J = l 9  JMAX 
I T  I M E = l  
IZERO=O 

" DO 2 0  I = l , I N D E X  
2 0  HFHOLD( I ) = H F  ( I 1 

C l = D (  1 s 1 9 J I  
I F ( L (  J) e E Q . O ~ C l ~ C 1 - 1 . 0  
I F ( N O G R A V e E Q e 0 ) G O  TO 7 2  
C l = C l * G R A V (  1 9 J )  
N = l  

7 1  NzP-4-2 
A a Z r O * G R A V ( N , J ) * D ( 1 9 N e J )  
CL=C1+A 
IF(ABS(A)sGTeDERRBR*ABS(Cl))GO TO 71  

72 HF(l)=HF(l)+C1*CONST(29J)*CONST(49J) 
H O L D = C A P K ( l ) * G R A D ( 4 v J ) + C O N S T ( 3 ~ J ) * ( W - C K H O L D * G R A D ~ 5 v J ) ) / C O N S T ( l 9 J )  
C l = R E A L ( H O L D I  
SIGMT=Oe 5 
IF(CleLTeOsO)SIGNT=-SIGNT 
N = C l + S % G N T  
I F ( C A P K ( l ) e E Q a O e O ) N = O  
H O C D = H O L D * C O N S T ( l r J )  



80 IF(ITIMEeGTs1IGO TO 8 1  
, CCAPK t 2 1 =OoO 
GO TO 82 

8 1 CCAPK ( 2 1 =CKHOLD 
82 NPOS=1 

NNEGa-1 
NMOD=O 

90 Z=HOLD-FLOAT1N+NMOD)*CONST(19J )  
IF( IABS(N+NMQD~~GEINMAXIGO TO 165 
I F ( I T I M E ~ G T ~ ~ ~ O R ~ P W E M A G ~ Z ) B G T ~ O B ~ ~ * T C K H O L Q R K Z E R O E Q O G Q  TO 99 
IZERO=l 
DO 91 Iz1,hNDEX 

91 HF(II=HFHOLD(I) 
GO 70 30Q 

99 CALL M O M E N T ~ ~ T Y P E B Z P J ~ I T I M E , I M D E X , I T E R O )  
GMULTaIeO 
MMOD=O 
IF(NOGRAVaEQ.0)CO TO 110 
MPOS=1 
MNEGz-1 

100 K=IABS(MMOD)+l 
SIGNT=I*O 
IF(MMODsGEe0)GO TO 105 
I F ( M M O D ~ ~ * ( M M O D / ~ ) ~ N E O O ) S I G N T = - S ~ G N T  

105 GMUbT=SIGNT+GRAV(KsJ) 
I F ( A B S ( G M U L T ) . L T c A L O W ) C O  TO 155 

110 K=N+NMOD-MMOD 
AXFLOAT ( K 1 
IF(CAPK( lteNEeOcO)A=A/CAPK( 1) 
K=I4BS( K)+I 
THOtD=O, %*CAPKf P /CONST( 18 J) 
IERWOR=O 
DO 145 I=L,INDEX 
TERM=FLOAT(N+NMOD) 
IF(ITIMEoEQe2lGO TO 115 
I F ( I ~ N E ~ P ~ A N D ~ I ~ N E . ~ B A N D ~ G R A D ( ~ ~ J ~ ~ E Q . O . O O  T O  145 
IF(REAL(TERM)sEQeOeO)GO TO 115 
l F ( I ~ E Q ~ 1 ) T E W M ~ H O L D / C O N S T ( l ~ J )  

115 D 1 = C O N S T ( % , J ) * C O N S T ( 2 9 J ) * ( T E R M - C A P K ( l ) * G R A D ( 4 9 J ) )  
TERMeOa 5 
TEMPzle0 * 

IF(MTYPEabTs2)GO TO 130 
IF(NTYPEaLle4)GO TO 120 
T E R M = G R A D ( ~ ~ J ) * F L O A T ( L ( J ) + ~ ) * Z M O M ( ~ $ I ) * ( A * D ~ * D ( ~ ~ K ~ J ) - T H O L D * C ( ~ ~ K ~  

1J))+GWAD(39J)*ZMQMt39I)*(A*Dl*D(l*K~J)-THOLD*C(l9KeJ)) 
I F ( T T I M E ~ N E ~ ~ ~ T E R M ~ T E R M + G R A D ( ~ , J ) * F L O A T ( L ( J ) + ~ ) * C ( ~ ~ K ~ J ) * A * Z M O M ( ~ ~  

~ I ~ + G R A U ( ~ , J ) + C ( ~ ~ K P J ~ * A * ( Z M O M ( ~ ~ I ) - Z M O M ( ~ ~ I ) )  
120 TEMPzleO-A*GRAD(l~J) 

TERM=TERM+GRADfl~J)*VHOLD*C(lpK9J)*ZMOM(l91) 
130 I F [ I T I M E ~ N E ~ I ) T E R M ~ T E R M + c ( ~ ~ K ~ J ) * Z M O M ( ~ ~ I ~ * T E M P  

T E R M ~ G M U L T * C B N S ~ ( ~ ~ J ~ * ~ T ~ R M + D ( I ~ K ~ J ) * D ~ * ~ E ~ P * Z ~ O M ~ ~ ~ I ~ ~  
140 HF(I)=HF(%)-TERM 

I F ( A B S ( R & A L ( P E R M ~ ) ~ L E ~ D E R R O R * A B S ( R E A L ( H F ( I ) ) ) ~ A N D ~ A B S ( A I M A G ( T E R M ) )  
L e l E e D E R R Q R * A B S i A I M A G ~ H F r ' i l ~ ~ ~ G O  TO 145 
IERWORaE 

145 CONTINUE 



I F ( I E R R O R e E Q e O l G 0  TO 1 6 3  
I F ( N O G B A V e E Q e 0 ) G O  TO 1 8 0  

1 4 9  I F ( Y M O D ) 1 5 1 , 1 5 0 ~ 1 5 2  
1 5 0  MMODal 

GO TO 1 0 0  
1 5 1  I F ( M P 0 S e E Q e O ) G O  TO 1 5 3  

MMODs-MMOD+MPOS 
GO TO 100 

1 5 2  IF (MNEGsEQaO)GO TO 1 5 4  
MMOD=-MMOD 
GO TO 1 0 0  

1 5 3  MMOD=MMOD+MNEG 
GO TO 1 0 0  

1 5 4  MMOD=MMOD+MPOS 
GO TO 1 0 0  

1 5 5  I F ( M M O D ) 1 6 1 e 1 6 5 , 1 6 0  
1 6 0  MPOS=O 

GO TO 1 6 2  
161 MNEG-0 
1 6 2  IF(MPOS.EQeOeANDoMNEGeEQeO)CO TO 1 8 0  

GO TO 149 
1 6 3  I F ( N O G R A V ~ N E B O ) G O  TO 1 5 5  
1 6 5  I F ( N M O D ) 1 7 0 r 1 6 6 e 1 6 9  
166 I F ( N ) 3 0 0 ~ 1 8 0 ~ 3 0 0  
169 NPOS=O 

GO TO 1 7 1  
170 NNEG=O 
1 7 1  I F ( N P O S ~ E Q . O ~ A N D ~ N N E G ~ E Q ~ O ) G O  TO 3 0 0  
1 8 0  I F ( N M O D 1 1 8 2 e 1 8 1 e 1 8 3  
1 8 1  RMOD=l  

GO TO 9 0  
1 8 2  I F ( N P O S e E Q o O I G 0  TO 1 8 4  

h!MOD=-NMOD+NPOS 
GO TO 9 0  

1 8 3  IF(NNEG.EQ.O)GO TO 1 8 5  
NMOD=-NMOD 
GO TO 9 0  

1 8 4  NMOD=NMOD+NNEG 
GO TO 9 0  

1 8 5  NMOD=NMOD+NPOS 
GO TO 9 0  

3 0 0  I T I Y E = I T I M E + l  
I F ( I T I M E e G T e 2 ) G O  TO 4 0 0  
I F ( K 1 E R O e N E e O ) G O  TO 8 0  

4 0 0  CONTINUE 
DO 4 1 0  I = 1 9 I N D E X  

4 1 0  H F ( I ) = 2 e O * H F (  I) 
HOLD=leO/(CCAPK(3)*CCAPK(3)) 
H=HF ( 1 )*HOLD 
I F [  1NDEX.EQol)RETURN 
HK=(WF(2)-2eO*CCAPK(2)*H)*HOLD 
I F ( P N D E X e E Q e 2 ) R E T U R N  
HKKP(HF(~)-~.O*CCAPK(~)*HK~~.O*H~*HOLD 
I F (  INDEXeEQe31RETURN 
HW=HF ( 4  ) *HOLD 
I F (  I N D E X a E Q r 4  )RETURN 



H w K ~ ( H F ( ~ ~ - ~ ~ Q * C C A P K ( ~ ~ * H W ) * H O L D  
RETURN 
END 

SUBROUTINE M B M E N T ( I T Y P E e Z s J r I P I M E ~ I N D E X ~ I Z E R 0 )  
L 

C T H I S  SUBPROGRAM COMPUTES THE MOMENTS OF THE PLASMA D I S P E R S I O N  
c FUNCTION AND THEIR DERIVATIVES A S  REQUIRED BY SUBPROGRAM DISPF. 
L 
C 

COMMON CCAP#,HATUP9DWATRP9CAPK9CONSTpGRAD9C$D9GRAVpRQOTP 
COMMON A L O W ~ E X P M A X , F R A C T ~ U M A X Q E X T R A ~ ~ E X T U A Z ~ E X T R A ~  
COMMON J M A X , L ~ N T Y P E ~ J P O S , J N E G ~ K M A X P M M A X ~ N E X T R ~ ~ N E X T U ~ ~ N E X T R ~  
COVYON N E X T R 4 % N E X f R 5 9 N E X T R 6 9 N E X T R f  
D I M E N S I O N  CONST(4,3)9GRA0(5,3)9L(3)9CAPK(3)9CCAPK(3) 
D I M E N S I O N  C ( 2 ~ 4 0 O t 3 ) ~ D ( 2 9 4 0 0 9 3 ) 9 G R A V ( 4 0 0 $ 3 )  
D I M E N S I O N  R O O T P ~ 1 0 0 9 2 ~ ~ H A T U P ( 1 0 0 9 2 ) ~ D H A T R P ~ 1 0 0 ~ 2 )  
COMPLEX CCAPKsHATRP9DHATRP 
D I M E N S I O N  ZMOM(495) 
COMPLEX ZMOM 
CONMON ALAMB, IMOM 
COMPLEX ~ ~ Z E T ~ D Z E T A P D D Z E T A ~ D D D Z E T ~ T E M P ~ W ~ Z H O L D  
I F ( I T f M E e G T e 1 ) G O  TO 200 

T H I S  S E C T I O N  COMPUTES THE RELEVANT Q U A N T I T I E S  FOR THE K-Z EQUALS 
ZERO CASE OR THE F I R S T  PART OF THE MORE R A P I D L Y  SUMMED FORM OF THE 
D I S P E R S I O N  FUNCTION@ 

I F ~ A B S ~ R E A L ~ Z ~ ~ ~ A B S ~ A I M A G ( I ~ ~ ~ N E ( I O ~ O ~ G O  TO 110 
TEMP~CMPLX(leE-0Bel*E-O8)/ALOW 
DO 100 I n l b I N D E X  

100 ZMOM( 1 9  I )=TEMP 
GO PO 124 

110 ZMOM( 1, l)~-leO/Z 
T E M P = C O N S T ( 3 , J ) / ( Z * Z )  
GO TO ( f24,123gl22g1219120) * I N D E X  

120 I F ( G R A ~ ( ~ ~ J ) ~ N E B O ~ O ) Z M O M ( ~ , ~ ) = ~ ~ O * C O N S T ( ~ ~ J ) * G R A D ( ~ ~ J ) * T E M P / Z  
121 ZMOMt 1 9 4 ) z T E M P  
122 I F ( G R A D ( ~ ~ J ) ~ N E ~ O ~ ~ ) Z M O M I ~ ~ ~ ) ~ - ~ ~ O * C O N S T ( ~ ~ J ) * ( G R A D ~ ~ ~ J ) * * ~ ) * T E M P /  

1 z 
123 IF(GRAD(5,JSeNErOsO)IMOM(162)a-GRAD(59J)*TEMP 
124 I F ( I T Y P E i b E o 1 ) R E T U R N  

DO 130 I = l , I N D E X  
130 k M O M (  39 % )TOBS*ZMOM( 1,IB 

RETURN 
200 ZHOLD=Z 

Z=ZPCCAPK(  2 
C A L L  ZETA(Z ,ZET ,DZETA%DDZETAtDDDZET9EXPMAX)  
T E M P = ~ Z H O L D + G R A B ~ % ~ J P * C O N S T ~ ~ ~ J ) * C C A P K ( ~ ) ) / ~ C C A P K ~ ~ ~ * C C A P K ( ~ ~ ~  
IF(IEEWOINE.O)GO TO 300 

T H I S  S E C T I O N  CGMPUTES THE RELEVANT Q U A N T I T I E S  FOR THE SECOND PART 
OF THE D I S P E R S I O N  FUNCTION I N  I T S  R A P i D i Y  CONvERGiNC FORMI 



I F ( K e G T e l e A M D e I T Y P E e L E ~ 1 ) G O  TO 250 
IF( KIEQIZ.) WzaOsS*DtEVA 
I F ( K ~ G T ~ ~ ) W = - O ~ ~ ~ ~ * ~ ~ B O * D P E T A + D D D D Z E T )  
ZMOM( K, 1 )=W/ZHOLD 
ZMQMIK+loll=W 
IF( 1NDEXaEQel)GO TO 250 
IF(KeEQel)W=OeS*DDZEVA 
IF(KrGTsl~W=-O~25*Z*DDDZET 
W=TEMP*W 
ZMOM( K g  2 )=W/kHOLD 
I F ( G R A D ( ~ ~ J ) ~ N E ~ O ~ O ) Z M O M ( K , ~ ) ~ Z M O M ~ K ~ ~ ) + G R A D ~ ~ ~ J ) * C O N S T ( ~ ~ J ) * ~ M O M  

lK,l)/ZHOLD 
ZMQM( K+lo.?)=W 
IF(INDEXeEQe2)GO TO 250 
WP-~~O*W/CCAPK( 2) 
IF(KeEQel)W=W-Oe5*TEMP*TEMP*DDDZET 
I F ( K ~ G T ~ ~ ) W = W - O ~ ~ ~ * T E M P * T E M P * ( ( ~ ~ O * Z * Z - ~ ~ O ) * D D D Z E T + ~ ~ O * Z * D D Z E T A )  
ZMOMI K 9  3 )=W/ZHOLD 
IF(GRAD(%,J)oNE~OoO)ZMOM(K93)=ZMOM(K~3)+GRAD(5~J)*CONST(39J)*2eO* 

~ G R A D ( ~ ~ J ) * C O N S T ( ~ , J ) + Z M O M ( Y ~ ~ ) + Z M O M ( K + ~ ~ ~ ) ) / ( Z H O L D * Z H O L D )  
ZMOM(K+l,S)=W 
IF( INDEXcEQe3)GO TO 250 
IF( KeEQs 1)W=-Os5*DDZETA 
I F ( K e G T e l ) W = O o Z % * Z * D D D Z E T  
W=CONST( 39 J)*W/CCAPK( 2) 
ZMOM(K,4)~(W-COMST(3~J)*ZMOM(K9l))/ZHOLD 
ZMCY(K+l,4)=W 
IF(INDEXaEQe4)GO TO 250 
IF(KeEQel)W=-W+0~%*CONST(39J)*TEMF*DDDZET 
IF(KeGTe1)W~-W+CONST(3,J)+TEMP*Os25*((2eO*Z*Z-leO)*DDDZET+6eO*Z*G 

1ZETA) 
W=W/CCAPK( 2 1 
Z M O M ( K P ~ ) = ( W - C O N S T ( ~ ~ J ) * Z M O M ( K + ~ ~ ~ ) / Z H O L D ) / Z H O L D  
IF(GRAD(S,J)eNEeOeO)ZMOM(K,5)nZMOM(K,4)+GRAD(5,J)*CONST(39J)*(ZMC 

1 ( K + 1 ~ 4 ) - 2 e 0 * Z ~ O M ( K ~ 1 ) f F C ~ N S T ( ~ ~ J ~ ~ / ~ Z H o L ~ * ~ H ~ ~ ~ )  
ZMOM( K+lcS)=W 

250 CONTINUE 
RETURN 

C 
C THIS SECTION COMPUTES THE RELEVANT QUANTITIES FOR THE NORMAL FORM OF 
C THE DISPERSION FUNCTIONe 



l C A P K ( 2 )  1 
Z M O M ( 2 9 S ) ~ O e 5 * C O M S T ( 3 ~ J ) * ( T E i v l P * D D D Z E T c D D Z E T A / C C A P K ( Z ) I / C C A P K ( Z )  

3 5 0  I F ( I T Y P E s L E e 1 E R E T U R N  
EMOM(39L)~0e95*(2e0*ZET+DDZETA~\CCAPKi21 
ZMOM( 49  1 1 ~ - 0 e  %25* (6eO*DZETA+DDDZETI  
I F ( I N D E X e E Q e I I G 0  TO 400 
Z M O M ( ~ ~ ~ ) = - ( ~ ~ ~ ~ * T E M P * ( ~ ~ O * D Z E T A + D D D D Z E T ) + Z M O M ( ~ ~ ~ ) ) / C C A P K ( ~ )  
ZMOM( 49 2 I~ -Oe25*TEMP*Z*DDDZET 
I F ( I N D E X e E Q e 2 I G O  TO 4 0 0  
ZMOM(3$3)~-(TEMP*TEMP*O.5*(2wO*DDZETA+Z*DDDZET)+2~O*ZMOM(3~2)/cCAP 

1 K ( 2 ) + 2 e 0 * Z M O M ( 3 9 2 )  ) / C C A P K ( 2 )  
ZMOM(493)=-~TEMP*TEMP*Oe25*((2eO*Z*Z-leO)*DDDZET+6eO*Z*DDZETA)+2mO 

l * Z M O M ( 4 $ 2 ) / C C A P K ( 2 ) )  
I F ( I N D E X e E Q a 3 f G O  PO 4 0 0  
Z M O M ( ~ ~ ~ ) P C Q N S T ( ~ ~ J ) * O . ~ ~ * ( ~ . ~ * D Z E T A + D D D Z E T ) / ( C C A P K ( ~ ) * C C A P K ( ~ )  1 
ZMOM(4~4l=CONST(3aJ)*0e25*Z*DDDZET/CCAPK(2~ 
I F ( I N D E X I E Q ~ ~ ) G O  TO 4 0 0  
ZMOM(3r5~~(CONST(3~J~*TEMP*O~5*(2~O*DDZETA+Z*DDDZET)-2mO*ZMOM(3~4) 

l ) / ( C C A P K ( 2 ) * C C A P K ( 2 ) )  
Z M O M ~ ~ P ~ ~ ~ ( C B N S T ~ ~ ~ J ~ * T E M P * O ~ ~ ~ * ~ ~ ~ ~ ~ * Z * Z ~ ~ ~ O ~ * D D D Z E T + ~ ~ O * Z * D D Z E T A  

1 I - Z M O M ( 4 p 4 )  ) / C C A P K [ 2 )  
400 RETURN 

END 

SUFROUTINE Z E T A ( Z ~ Z E T A O Z ~ D Z E T A Z , D D Z E T A , D D D D Z E T B E X P M A X )  

T H I S  SUBPROGRAM COMPUTES THE PLASMA D I S P E R S I O N  FUNCTION AND I T S  
F I R S T  THREE D E R I V A T I V E S  FOR A COMPLEX ARGUMENT Z e  

f Z "  G I V E N  ARGUMENT (COMPLEX) 
' Z E T A 0 2 8  PLASMA D I S P E R S I O N  FUNCTION (COMPLEX)  
'DZETAZ"  D E R I V A T I V E  O F  THE PLASMA D I S P E R S I O N  FUNCTION (COMPLEX)  
QDZETAt  P SECOND D E R I V A T I V E  OF THE PLASMA D I S P E R S I O N  F U N C T I O N  
tDDDZET@= T H I R D  D E R I V A T I V E  OF THE PLASMA D I S P E R S I O N  F U N C T I O N  

COMPLEX Z , Z E T A O Z 9 B k E T A Z 9 T E R M 9 F M U L T e T E R M E , A N l , B N 1 $ Z S Q U A R ~ H O L D ~  
~ T E M P ~ $ T E M P ~ $ D D Z E T A ~ D D D L E T  

DOLfSLE P R E C I S I O N  R E A L M U , I M A G M U ~ R E A L S U ~ I M A G S U $ R E A L T E , I M A G T E ~ R E A L S E $  
/ I M A G S E  

ERROR- lc  E-06 
ZSQUAR=Z*Z 
X=REALt  Z  9 
Y = A I M A G ( Z )  
FN=REALIZSQUAR)  
I F ( Y e G T e Q e O j G 0  TO 99 
I F ( A B S ( F N ) ~ L T ~ E X P M A X ~ A N D Q A B S ( A I M A G ~ Z S Q U A R L T E Q ~ G O  TO 98 
I F ( F N e G T e O a O ) G O  T O  9 7  

1 FORMAT(76H ARGUMENT Z OF SUBROUTINE ZETA HAS TOO LARGE A N E G A T I V E  
/ I M A G I N A R Y  P A R T 9  Z = 9 1 P E 1 4 e 7 9 3 H  + ~ 1 P E 1 4 e 3 9 2 H  I) 

W R % T E f 6 e % )  Z 
97 HOLD=(OeQeOeO)  

GO T O  99 
9 8  W O L B ~ ~ O e Q ~ 9 e 7 f 2 4 5 4 ~ * C E X P t - Z S Q c I A R )  
99 ! F ( X * X + Y * Y e G T e l 6 e Q ) G O  TO 200 

I F ( A B S ( Y ) e G % s l c O ) G O  TO 3 0 0  



C 
C POWER S E R I E S  METHOD - DOUBLE P R E C I S I O N  
C 

REALTEn-2c  O*X 
IMACTE=-ZmO+Y 
REALMU=Oo5* (1MAGTE* IMAGTE-REALTESREALTE)  
IMPGMU=-IMAGTEUREALTE 
REALSUzREALTE 
IMAGSU= I MAGTE 
I F ( X ~ E Q e O e O o A N D o Y o E Q o O ~ 0 ) G O  TO 1 0 3  
FNx3.0 

100 REPLSE=REALTE 
IMAGSE=IMAGTE 
REALTE=(REALSE*REALMU-IMAGSE*IMAGMU)/FN 
IMAGTE=(REALSE*IMAGMU+IMAGSE*REALMU)/FN 
REALSE=REALSU 
I MAGSEJ I MAGSU 
REALSU=REALSU+REALTE 
IMAGSU=IMAGSU+IMAGTE 
FN=FN+2e 0 
I F ( ~ N G L ( R E A L S E ) - S N G L ( R E A L S U ) ~ N E ~ O ~ O ~ O R ~ S N G L ( I M A G S E ) ~ S N G L ( I M A G S U ) ~ N  

1EeOeO)GO TO 1 0 0  
1 0 3  XzREALSU 

FN=IMAGSU 
IF(YeGTeOmO)HOLD~(OeOtle??2454)*CEXP(~ZSQUAR~ 
ZETAOZ=CMPLX ( X t FN )+HOLD 
GO TO 4 0 1  

C 
C ASYMPTOTIC S E R I E S  METHOD - COMPUTE T H I R D  D E R I V A T I V E  
C 

2 0 0  FNz5.O 
DDDZET=6eO 
TERM=DDDZET 
FMULTmOe 5/2SQUAR 

2 0 1  TERME=TERM 
TERM=TERM+FMULT*FN+(FN- l .O) / (FN-3oO)  
ZETAOZ=TERM/TERME 
I F ( A B S ( R E A L ( Z E T A O Z ) ) + A B S ( A I M A G ( Z E T A O Z ) ) ~ G T ~ O G O  TO 2 5 0  
ZETAOZtDDDZET 
DDDZET=DDDZET+TERM 
FN=FN+Ze 0 
I F ( R E A L ( Z E T A O Z ) e N E m R E A L ~ D D D Z E T ) e O R e A I M A G ( Z E T A O Z ) e N E e A I M A G ( D D D Z E T ) )  

. 1GO TO 2 0 1  
2 5 0  DDDZET-DDDZET / (ZSQUAR*ZSQUAR 1 

I F ( Y e G T e O e 0 ) G O  TO 2 6 0  
FN=1eO 
J F ( Y o L T e O o O ) F N = 2 e O  
DDDZET=DDDZET-4.O*FN*HOLD*Z*(2eO*ZSQUAR-3eO) 

260 D D Z E T A ~ - ( ~ ~ O + ( Z S Q U A R - O ~ ~ ) ~ D D D Z E T ) / ( E * ( ~ O O * ~ S Q U A R - ~ . O ) )  
DZETAZ=(  2.0-Z+DDZETA) / ( 2 r O * Z S Q U A R - 1 0 0 )  
ZET40Z~~(leO+Oe5*B%ETAZ)/Z 
RETURN 

C 
& CONTINUED F R A C T I O N  METHOD 
C 
C ( T E R M E s A ( N - I I *  T E R M P A ! N ) ~  D Z E T A Z = B ( N - 1 ) s  F M U L T = S ( N ) )  
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l U E S T E D  ~ e 1 P E B o l v l H ) / l H  1 
2 F O R M A T ( l X 9 6 7 H N O  ZERO QF IMAG H W I T H  N E G A T I V E  REAL H CAN BE FOUND N  

1EAR THE O R I G I N )  
3  FORMATCLX46HPART OF THE FOLLOWING SET OF DATA I S  I N C O R R € C T ~ ~ X ~ H ( N E  

1RROR = , I  5 , I H )  ) 
4 ~ 0 ~ ~ ~ ~ ~ 1 ~ 1 3 ~ 4 ~ 1 ~ 3 ~ 1 2 e 3 ~ 6 ~ 1 ~ 2 E 1 2 e 3 ~ 3 ~ 2 ~ 3 ~ ~ l P 2 E l 0 e l ~ ~ 4 X ~ ~ ~  
5 FORMAT t 1HO l 
6 F O R M A T ( ~ H ~ ~ ~ H I N D E X ~ ~ X ~ H K S Q L ~ Q , ~ X ~ H L A M B D A ~ ~ X ~ O H R E C I P R O C A L ~ ~ ~ X ~ ~ ~ ~ ~ ~  
1 W96X6HIMAG W o l l X S H R E A L  ER93XSHIMAG E R 9 6 x 6 H R E A L  0 9 4 X 6 H I M A G  D94X6HN 

, 2 I N  C /1HO)  
7 FORMAT( 1 H 1 )  
8  FORMAT(1H 1 

D E R R O R = A M A X ~ ( ~ ~ ~ ~ * E R R O R B ~ ~ E - O ~ )  
W R I T E ( 6 9 1 ) E R R O R  
W R I T E ( 6 9 6 )  
I COUNT=6 
NSET=KMAX 
A N O R M = O e 5 * C A P K ( 3 ) + C A P K ( 3 )  
I SYM=O 
I F ( N T Y P E e N E o O l G 0  TO 1 3 0  
DO 1 2 5  J= l , JMAX 
I F ( G R A D ( 5 , J ) r N E e O e O ) G O  TO 1 3 0  

125 CONTINUE 
I N E G = l  
IF(REALIHATRPOltl)?eGToOeO~INEGrO 
I S Y M = l  
GO TO 1 7 0  

1 3 0  I F (  JNEGeEQe0)GO TO 1 4 0  
lNEG=O 
GO TO 170 

140 I F (  JP0SeEQeO)GO TO 150 
IF(REAL(HATRP11~1)).LTeOeO)GO TO 160 

1 5 0  W R I T E ( 6 9 2 )  
RETURN 

160 I N E G = l  
170 DO 3 1 0  J S I G N a l 9 2  

I F ( J S I G N e E Q e 2 ) G O  TO 1 8 0  
MAX= JPOS 
JSTARTa 1 NEG+ l  
GO TO 1 9 0  

1 8 0  J S T A R T a 2 - I  NEG 
I F ( I S Y M e N E e O I G 0  TO 3 1 0  
MAX= JNEG 

190 I F ( M A X e L E e J S T A R T ) G O  TO 310 
DO 3 0 0  J s J S T A R T ~ M A X ~ Z  
IF(REAL(HATRP(J9JSIGN)IeLErOeO)GO TO 3 0 0  
T K L M A X = R E A L ( H A T R Q ( J 9 J S I G N I )  
D I V I S = R E A L ( H A T R P ( J + l , J S I G N ) )  
AKMAXzNSET 
I F ( D I V I S o L E e 0 o O ) G O  TO 2 0 0  
AKMAXrAKMAX+leO 
T K L M A X a T K L M A X - D I V I S  

2 0 0  DO 2 1 0  I s l v N S E T  
S E T (  1 1 =TKLMAX*FLOAT ( 1 1  IAKMAX 
IF(DIVISeGTeOeO)SEP(I)~SET~I)+DIVIS 
OTHER( I!=SET! I ! /ANORM 



210 N,UMRER( % 9-0 
CALL I M T E G ( J ~ J S I G N P S E T ~ N S E T ~ R E S U L T ~ E R R O R ~ N P R I N T ~ N E R R O R ~ N U M B E R ~  
IF(NERRORoEQe0)GO TO 280 
WRITEC6e3INERRBR 
ICOUNT=%CQUNT+l 

280 IF(NEXTW1eEQe0)CO TO 290 
INDEXSO 
DO 285 IsleNSET 
IF(UUMBER(I)BNE~~BGO YO 285 
INDEXXI 
ICOUNT= ICOUNTal 

285 CONTINUE 
IF(INDEXeEQa0)tO TO 290 
WRITE(698) 
ICOUNT= ICOUNT+l 

290 ICOUNT- ICOUNT42+NSET 
IF(IC0UNTcLEobO)GB TO 295 
ICOUNTP~~NSET 
WRTTE(6,7) 
WRITE(B96) 

295 DO 299 INDEX~IPNSET 
I =NSET+I-INDEX 
IF(NEWROReEQeOfG0 TO 296 
PHlIaOrO 
GO TO 287 

294 CALL BISP(RESOLT(Is2)*PHI9DPHIDZ9DERROR) 
PHfzSET6 1 )-PHI 

297 R E s U L T ~ I ~ ~ ) = ( R E S U L T ( % , ~ ) - ~ ~ O ) / U M A X  
RESULT( I92)=RE§ULT(I92)/UMAX 
IF(OTHER( 1 )eNEaOeO)GO TO 298 
DIVIS=PeO/ALOW 
GO TO 299 

298 DIVIS=leO/OTHER( I )  
299 W R I T E ~ ~ ~ ~ ~ I N D E X B S E T ( I ) ~ O T H E R ( I ) ~ D I V I S P R E S U L T ~ I ~ ~ ~ ~ R E S U L T ~ I ~ ~ ~ ~ ~ H I ~  

1 NUMBER ( 1 1 
k'RfTE((is51 

300 CONTINUE 
310 CONTINUE 

PEPURN 
END 

SUBROUTINE INTEG(J9JSIGN9SET~NSET9RESULT9ERROR~NPRINT9NERROReNUMBE 
IF?) 

C 
C THIS SUBPROGRAM COMPUTES THE REAL-K GROWTH RATES FOR DENSITIES 
C EXCFWBING THE THRESHOLD DENSITY AT FIXED K-Z BY THE CAUCHY 
C INTEGRAL NETHOBe 
C THE INTEGRAL OVER THE CONTOUR OF INTEREST ( A  RECTANGLE) IS SPLIT 
C UP INTO FOUR LINE INTEGRALS AND THESE ARE COMPUTED BY SUBPROGRAM 
C LINE* 
C 

COMMON C C A P K ~ H A T W P ~ D H A T R P , C A P K ~ C , O N S T P G R A D B C ~ D P G R A V * R O O T P  
COMMON A L @ W $ E X P M A X I F R A C T , U M A X ? ~ E > ! T R A ~ I I E > ! T R A ~ ? ~ E X T R A ~  
COMMON J M A X ~ L ~ N P Y P E ~ J P O S ~ J N E ~ P K M A X ~ M M A X ~ N E X T R ~ ~ N E X T R ~ ~ N E X T R ~  



COMMON N E X T W ~ ~ N E X T ~ ~ ~ N E X T R ~ B N E X T R ?  
D I M E N S I O N  C Q N S Y ( ~ ~ ~ ) ~ G R A D ( ~ , ~ ~ , L ( ~ ~ ~ C A P K ( ~ I ~ C C A P K ( ~ ~  
DIMENSION C ( 2 ~ 4 0 0 9 3 ) ~ D ~ 2 ~ 4 0 0 9 ' 3 ) ~ G R A V ( 4 ~ 0 ~ 3 9  
D I M E N S I O N  R Q ~ T P ( ~ ~ ~ P ~ ) ~ M B T R P ( % ~ ~ , ~ ) , D H A ~ R P ( ~ ~ ~ ~ ~ ~  
COMPLEX CCAPKs WATRP 9DHATWP 
D I M E N S I O N  R L I N E ( ~ ~ ~ ~ ~ ~ ~ ~ I H O ~ D ( ~ O ) ~ F H O L D ( ~ O ) ~ R H O L D ( Z O ~ ~ ) ~ ~ C H A N ~ ( ~ ~ ~  
D I M E N S I O N  I S ~ A ~ ~ ~ ~ ~ ~ ~ F S T A W T ~ ~ ~ ) ~ R E S U L T ~ ~ O P ~ ) ~ S E T ( ~ O ) ~ I J U M P ( ~ O )  
D I M E N S I O N  FJUMP(20) * N U M B E R /  201 
COVPLEX R L I N E ~ ~ P M I B Z ~ P W E ~ G ~ Q ~ D ~ ~ W O P I [ ~ F S T A R T P Z U P P E R ~ Z L O W E R ~ R E S U L T  
COMPLEX FHOLOeRHOhD9FJUMP 
EXTERNAL D I S P  
TWOPI=CMPLX(0eO~1e/6a2826851 
D E R R O R = A M A X L ( ~ ~ ~ ~ * E R R O W B ~ ~ ~ E - O B )  
DO 9 0  f S E T = 1 9 N S E T  
DO 90 M=l,MMAX 
R H C L D ( I S E T P M ) = O ~ O  
DO 9 0  I = l e 4  

90 R L I N E ( I S E T B I ~ M ~ ~ O B O  
SIGNA=P -1. I**( JS IGN-P9  
I F ( C A P K ( 2 ) a E Q s O e O I G O  TO 95 
CALL  PHASE(DWATRP(JsJSPGNB¶IPHASE90~ 
I F ( J S I G N B E Q B ~ ~ I P H A S E = : " ~ - ~ P P I A S E  
C A L L  PHASE(DWATRQPJ+%9JSPGN)9NgO9 
N=-N 
I F (  J S I G N e E Q e 2 ) N ~ 7 ~ M  
I F ( 1 P H A S E e G V e N ) I P H A S E a N  
N ~ O ~ ~ + ~ ~ % * A B S ( ( W B O T P ~ J ~ J S I G N ~ ~ R O O T P ~ J + ~ ~ J S ~ G N ~ ~ / U M ~ X ~  
AN=N 
WIOTH=ABS(CAPK121/CONST(4911 1 
SPACE=WIDTW/2e 
Z L O W E R = C M P L X ( R O O T P ( J ~ J S I G N ) ~ m S P A C E )  
Z U P P E R = C M P L X ( R O B T P ( J + ~ P J S I G N ~ ~ - S P A ~ E )  
DZIMAG=ABS(ROOTP(  J + 1 9 J S I G N )  l+SPACE 
I F ( I P H A S E e E Q e 7 ) G O  TO 2 0 0  
I F ( I P H A S E e L T e 4 ) G O  T O  1 0 0  
I F ( A ~ S ( R O O T P ( J ~ J S I G M ? ? - S P A C E O L T Q W I D T H W M A X N - ~ ~ G O  TO 100 
I F ( A B ~ ( R O O T P ~ J + l c J S I G N ~ - R O O T P I J ~ J S I G N ) 1 + W T H G T e l o O O  TO 100 
ZLOWER=ZLOWER-SPACE*SIGNA 
ZUPPER=ZUPPER+SPACE*SIGNA 
GO T O  2 0 0  

95 S P A C E = A B S t R O O T P t J o J S I G M ) !  
N=SPACE/UMAX+%a 
AN =N 
I F ( S P A C E c E Q e Q e O I A N ~ O e 5  
SPACE=OeO5 
ZLOWER=UMAX*CMPBXtIAN-1~0+SPACE~*SICMA$SPACE~ 
ZUPPER=UMAX*CMPLX((AN-SPACEl*SIGNAgSPACE) 
C Z l  MAG=UMAX*( AN+OeS+SPACE 1 
GO TO 2 0 0  

1 0 0  HOLD=(AN=1.)*UMAX+WIDTH 
H O L D = A M I N ~ ( H O L D Q ( A N - O ~ ~ ) * U M A > O  
ZLOWER=CMPbX(SIGN(HOLe>9SIGNAt  @-SPACE)  
HOLD=ABS[ROOTPtJ+%rJSIGNj)+sPACE 
H O L D ~ A M I N ~ ( H O L ~ B ( A N + O Q ~ ) * U M A X )  
LUPPER=CMPtX{ S f  GN !MOtDcSICNA! :-SPACE! 

200  DZREAL=REAL(ZUQPEWl-WEAL(ZL0WER) 



KSET-NSET 
I L E F T z 1  

2 0 5  CALL  D Y % P [ Z L O W E R * P # P ~ D P H I D Z ~ ~ E R R ~ W )  
DO 2 1 0  I S E T = l , K S E T  
GHOLB=PH%-SET ( I SET I 
C A L L  PHASE(GHOLDPISTART(ISET)~O) 
I H O L D (  I S E f  ) = I S T A R T (  I S E f )  
ICHANG( I S E T l = I H O L D (  P S E T )  
F S T A R T i  PSET =DPHIDZ/GHOLD 
FHOLD(  I S E T  ) = F S T A R T  l I S E T  ) 
DO 2 1 0  M=l,MMAX 

2 1 0  RESULT(  1SETeM)mOeO 
I S E G = 1  
S I G N T ~ ~ Q Q  

220 C A L L  L I N E ~ D H S P P Z U P P E R ~ Z L O W E R ~ S E T , K S E T ~ E R R O R ~ R E S W L T ~ N P R I N T ~ N E R R O R ~ I  
~ S T A R T ~ F S T A R T P F R A C T ~ M M A X )  

I F ( N E R R O R e N E c 0 ) G O  PO ( 3 5 0 * 4 5 0 9 5 5 0 9 6 5 0 1 9 I S E G  
I = S I G N A  
M=SIGNT 
DO 2 2 5  I S E T = % $ K S E T  
ITPY=ISTART(ISETl-IHOLD(ISET) 
IF(I*M*lTRYcbTeOcANDeIABS(ITRY).GTe4)N€RROR~~NSET+l~ISET)*lOOO+2OO 

l * I S E G + I  TRY 
2 2 5  CONTINUE 

IF(NERROR.NEQO)CO TO ( 3 5 0 , 4 5 0 9 5 5 0 9 6 6 0 ) , I S E G  
I F 1  ISEGeEQe4)GO TO 7 0 0  

2 4 0  DO 2 6 0  I S E T = l , K § E T  
I H C L D ( I S E T ) = I S T A R T (  I S E T )  
FHOLD(  I S E T ) = F S T A R T (  I S E T )  
DO 250 N = l + M M A X  
RLINE(%sET~Is~GPM)=RESULT(ISET~M)-RHOLD(ISET9M) 

2 5 0  RHOLD( I S E T * M ) = R E S U L T (  ISET,M) 
2 6 0  COb'T I NUE 

I SEG= ISEG+I 
GO TO ( 4 0 0 * 4 0 0 o 5 0 0 9 6 0 O ) ~ I S E G  

3 5 0  I F ( C A P K 4  2 )  eNEeOo0)REVURN 
4 0 0  ZLOWERnZUPPER 

ZUPPER=ZLOWER+CMPLX(OQOPDZIMAG) 
I F ( I L E F T s E Q e 1 ) G O  TO 2 2 0  
DO 4 1 0  I S E T = % v K S E T  
ISTRRT(ISETl=IJUMP(ISET)+IHOLD(ISET~ 
FSTART4 I S E T I = F J U M P (  ISET) 
DO 41Q M'1,MMAX 

4 1 0  R E S U L T ( % S E T ~ M ) = R E S U L T ~ I S E T P M ) + R L I M E ( I S E T ~ ~ ~ M ~  
GO TO 240 

4 5 0  RETURN 
5 0 0  ZLOWER=ZUPPER 

ZuPPER=ZLOWER-BPREAL 
GO "r 2220 

5 5 0  RETURN 
6 0 0  ZLOWERsZUQPER-CMPbX(OcO*DZIMAG1 

S I G N T z d l r O  
DO 6 1 0  I S E T = % , K S E T  
GHOLDzPHI -SET(  % S E T  f 
IHOLD(ISEI)=ICHWNC(ISEf) 
I C H A N C i  I S E T i = i S ~ A R T { I s E T j - i ~ ~ A ~ G i i ~ E ~ j  



I S T A R T (  YSET)= IHOLD(  I S E T I  
FSTARTf  ISET)=DPHIDZ/CWOLD 
F H O L D ( I S E T ) = F S T A R T (  I S E T )  
DO 6 1 0  M=l+MMAX 

6 1 0  RESULT(  PSETeMIn-RESULT( PSET9M5 
GO TO 2 2 0  

6 5 0  RETURN 
6 6 0  I L E F T e 2  

EUPPER=ZLOWER 
DZREAL=UMAX*SIGNA 
ZLOWER=ZLOWER-DZREAL 
IF(REAL(ZLOWER)*SIGNAOLT~OOO~GO TO 700 
KSET=NERROR/ 1 0 0 0  
DO 6 7 0  I S E T = l e K S E T  
IJuMP(ISET)~ISTART(ISET)-IHOLD(1SET) 
FJUMP(ISET)=FSTART(ISET) 
DO 6 7 0  Mzl9MMAX 

6 7 0  R L I N E (  ISET949M)nRESUCT(  ISET9M)+RHOLD( I S E T # M )  
GO TO 2 0 5  

7 0 0  DO 7 5 0  I S E T = l r N S E f  
ITRY=ICHANG(I~ET)+IHOLD(ISET)-ISTART(ISET1 
NUMBER( I S E T ) = (  I A B S (  I T R Y l + 4 ) / 1 6  
DO 7 0 5  M=l$MMAX 

7 0 5  RESULT(ISETPM)=RESULT(ISETQM)*TWOPI 
I F ( 1 T R Y e G E e O ) G O  TO 7 2 0  
DO 7 1 0  M=19MMAX 

7 1 0  RESULT(ISETrM)=-RESULT(ISET9M) 
7 2 0  I F (  I A B S (  1 T R Y ) - 1 6 e L E e l ) G O  TO 7 5 0  

IF(IABS(ITRY)-32eGTel)GO TO 7 4 0  
RESULT(ISET91l~RESULT(ISET$1)-2e 
G H O L D = C S Q R T ( ~ ~ * R E S U L T ( I S E T , ~ ) - R E S U L T ( I S E T ~ ~ ) * U E S U L T ( I S E T ~ ~ I I  
ZUPPER=OeS*(RESULT(ISET92)+GHOLD) 
ZLOWER=Oe5*(RESULT(ISET,2)-GHOLD) 
IF(AIMAG(ZLOWER)rGT.OoO)GO TO 7 3 0  
IF(AIMAG(ZUPPER)eGTe0eO)GO TO 7 2 9  
I F ( A B S ( R E A L ( Z L O W E R ) ) ~ G T ~ A B S ( R E A L ( Z U P P E R ) ) G O  TO 7 3 0  

729 RESULT(  I S E T ~ ~ ) = R E S U L T ( I S E T ~ ~ ) * ( R E S U L T ( I S E T ~ ~ ) ~ ~ ~ * Z L O W E R * R E S U L T ( I S  
1 T 9  2 )  ) / (  ZUPPER-ZLOWER 1 

RESULT( I S E T 9 2 ) s Z U P P E R  
GHOLD=ZLOWER 
GO TO 7 3 5  

7 3 0  RESULT(ISET~~)=RESULT(ISET$~)*(~O*ZUPPER*RESULT(ISET~~)-RESULT(~SE 
1 T  93 1 / (  ZUPPER-ZLOWER) 

RESULT( I S E T J ~ ) = Z L O W E R  
GHCLD=ZUPPER 

7 3 5  RESULT(ISET,l)=RESULT(%gSET#f)+1e 
IF (NEXTR1oEQeO)GO TO . 7 5 0  
HOLD=O.O 
P H I ~ ( R E S U L T ~ I S E % ~ ~ ! - ~ O O ~ / U M A X  
GHOLD=GHOLD/UMAX 
I T R Y = N S E T + l - I S E T  
W R I T E ( ~ ~ ~ ~ ~ ) I T R Y ~ S E T ( I S E T ) B H O ~ D ~ G H O L D , P H I  

7 3 6  
GO TO 7 5 0  

7 4 0  fF(NERROReNEa0)GO TO 7 5 0  
NFRROR=(NSET+l-fSET)*lO00+1TRY 



750 CONTINUE 
RETURN 
END 

SUBROUTINE tINE(DUMMYpZUPPERpZLOWERpSET9NSET9RELERR9CROOT9NPRINT$N 
l E R W O R 9 H S T A R T ~ F S T A U T 9 F R A C T 9 M M A X l  

T H I S  SUBPROGRAM COMPUTES THE L I N E  INTEGRAL ( I N  THE COMPLEX P L A N E )  
OF A FUNCTION S P E C I F I E D  BY @DUMMY"ETWEEN THE COMPLEX COORDINATES 
tZLBWER8 AND f'ZUPPER8 TO AN ACCURACY S P E C I F I E D  BY ORELERR', 

THE SUBPROGRAM @DUMMY9 MUST HAVE THE FORM DUMMY(ZPPHI~DPHIDZ~ERROR) 
WHERE Z I S  THE ARGUMENT S U P P L I E D  BY L I N E 9  P H I  I S  THE F U N C T I O N  OF 
INTEREST9  D P H I D Z  I T S  D E R I V A T I V E  AND ERROR I S  THE ACCURACY WHICH 
T H I S  SUBPROGRAM REQUIRES OF P H I 9  D P H I D Z e  
THE L I N E  I N T E G R A L  COMPUTED HERE I S  THAT OF THE F U N C T I O N  

( Z * * M ) * D P H I D % / [ P H I - S E W )  
I N  WHICH M RANGES FROM 0 TO t M M A X f - 1  AND THE INDEX I OF ' S E T @  
RANGES FROM 1 TO 'NSET @ e 

THE COMPUTED RESULTS ARE STORED I N  f i C R O O T @ X N  THE FORM CROOTt1,M)e 
* N P R I N T s  t 0 FOR NO P R I N T I N G  OF INTERMEDIATE RESULTS OR ERROR 

MESSAGESe 
9NPRINTq 1 OR GREATER FOR P R I N T I N G  OF THE ERROR MESSAGES. 
( N P R I N T I  = 2 OR GREATER THAN 3 FOR A P R I N T I N G  OF A SHORT SUMMARY 

OF I N T E R M E D I A T E  WESULTSe 
* N P R I N T "  3 OR GREATER FOR A P R I N T I N G  OF D E T A I L E D  I N T E R M E D I A T E  

RESULTSo 
UPON COMPLETION OF T H I S  CALCULATION 
(NERROR" OpCOMPUTATION WAS COMPLETED SUCCESSFULLY. 
(NERRORI  = l p I N  AT LEAST ONE L I N E  SEGMENT THE PHASE CHANGE OF THE 

INTEGRAND WAS GREATER THAN P I / 2 e 0  AND HENCE THE RESULTS MAY BE 
I NCORRECTe 

WERRORt  = 29THE ACCURACY C R I T E R I O N  COULD NOT BE MET I N  A T  L E A S T  
ONE L I N E  SEGMENT AND HENCE THE RESULTS MAY B E  INCORRECT. 

(NERRORt 394s VNERROR' ~ 1 9 2  C O N D I T I O N S  OCCURED AT L E A S T  10 T I M E S  
AND THE CALCULATION WAS TERMINATED PREMATURELY AND HENCE THE 
RESULTS ARE MOST L I K E L Y  INCORRECTe 

"START@ AND V F T A R T Q R E  RESPECTIVELY THE PHASE AND VALUE OF THE 
INTEGRAND W I T H  M = 0 AND MUST BE S U P P L I E D  TO T H I S  SUBPROGRAM AS 
S T A R T I N G  VALUES FOR A L L  1 9  THAT I S  FOR A L L  VALUES OF S E T ( I ) e  

VFRACTt I P S  TO BE G I V E N  AS THE M I N I M U M  FRACTION I N T O  WHICH THE 
I N T E R V A L  (ZLOWER9EUPPER) MAY D I V I D E D  I N  ATTEMPTING TO S A T I S F Y  THE 
D E S I R E D  ACCURACY G I V E N  BY ' R E L E R R t e  

@MMAX9 I S  THE MAXIMUM NUMBER OF VALUES OF M ( S E E  l N f E G R A N B  ABOVE1 
S T A R T I N G  FROM ZERO WHICH ARE TO BE COMPUTED. 

D I M E N S I O N  C R O Q T ! ~ ~ ~ ~ ~ B S E T ~ ~ O ~ ~ T P H A S E ~ ~ Q ( P ~ ) ~ F ~ ~ O B ~ Q ~ ~ ~ I S T A R T ( ~ O )  
D I M E N S I O N  F S T A R T ( Z O 1  
COMPLEX C R O O T P P H I I D P H I D Z ~ H T R Y ~ H M I N B H P G H O L D P A H O L D ( P F ~ F S T A R T ~ Z U P P E R ( P  

~ZLOWERPZHOLD,Z  
T H E M A ~ ( Z ) = A B S ~ W E A L ( Z ~ ~ + A I J S ( A I M A G ( L ) ~  
T E W R C R = A M A X ~ ~ O ~ O L * R E L E R R P ~ C E - O ~ ~  
ONEOERz1 e/RELEWR 
1 GOO&=O 
MSWORTaO 



NLONG=O 
IF(NPRINTaEQsOlG0 TO 98 
I F ( N P R E N T ~ E Q B ~ ~ O R ~ N P R I B ~ ~ T B G T ~ ~ ~ N S H O R T ~ ~  
IF(NPRINfoGEe3)NLONGnl 

90 NERRORxO 
1 3 ~ 0  
1 5 ~ 0  
DO 1490 IPET=%9NSET 
IPHASE(ISETP~)=ISTARTIISET) 
F( ISET9 191)=FSTART ( IgETf  
DO 100 Ms2eMMAX 

100 F ( I s E T ~ ~ ~ M ~ ~ F ( I S E T ~ ~ D ~ L ~ ~ ~ ~ * Z L O W E R  
ZHOLD=ZLBWEW 
HTRY=0.25*(ZUPPER-ZHOLB) 
ITESSl=l 
HMIN=FRACT*RELEWW*IZUPPER-ZHOLD9 

200 I F ( T H E M A G ( H T R Y ) ~ L T ~ T W E M A E ; ~ H M I N I I H T R Y ~ H M I N  
)i=HTRY 
ITESTZ=O 
GHOLD=ZUPPER-ZHOLD 
I F ( ~ H E M A G ( ~ ~ ~ * H ) ~ L T ~ T H E M A G ( G H O L D ~ O O R Q I T E S T ~ ~ E Q ~ ~ G O  TO 220 
H=OIZ~*(ZUQPER-EHOLDI 
ITESTlz1 

220 Z=ZHOLD 
D E R R O R ~ A M A X ~ ( T E R R O R P ~ O E - O ~ )  
DO 260 1 ~ 2 9 5  
Z=Z+H 
I F ( I a E Q e 3 e A N D e I 3 e N E a O ) G O  TO 2 5 5  
IF(IeNEe5)GO TO 248 
IF(ITESTleGTeO)Z*ZUPPER 
IF(I5eNEeO)GO TO 255 

240 CALL DUMMY(Z~PHIPBPH%DZ~DERROR) 
GHOLD=Z*DPHIDZ 
DO 250 ISET=lcNSEf 
AHOCD=PHI-SET(ISEV1 
IF(THEMAG(AHOLD)BNEBO~O)GO TO 245 
NERROR=32000+ISET 
C R O O T ( I S E T ~ 1 ~ ~ 0 ~ 6  
CROOT(ISET,2)=I 
IF(MMAXetTe3)GO TO 244 
DO 243 M=39MMAX 

243 CROOT(ISET$M)=Z*CROOT( ISET#M-1) 
2 4 4  RETURN 
245 CALL P H A s E ( A H O L D ~ I P H A S E ~ I S E T ~ I ~ ~ I P H A S E ( I S E T P I ~ ~ ~ ~  

F( ISET9I pl)=DPHIDZ/AHOLD 
F ( I S E T ~ I B ~ ) ~ G H O L D / A H ~ ~ B  
IF(MMAXeLTe3)GO SO 250 
DO 249 M=39MMAX 

249 F ( I S E T ~ I p M ) ~ F ( I S E T ~ I 9 M - l ) * L  
250 CONTINUE 

GO TO 26Q 
2 5 5  DO 256 ISET=I,NSEP 

CALL SPHASE(%PHASE(ISET9419IPWASEiISET9P-Ij) 
256 CONTINUE 
260 CONTINUE 

1 3 ~ 0  



I5=0 
I JUMPSO 
ACCURzOa 0 
DO 270 %SET=B9N$ET 
DO 261 M=%,MMAX 

261 F ( I S E T ~ ~ ~ M ) ~ ~ ~ ~ ~ * ( F ( ~ S E T ~ ~ ~ M ~ + F ( ~ S E T ~ ~ ~ M ~ ) + ~ ~ ~ * ~ F ~ ~ S E T ~ ~ ~ M ) + F ~ I S E T  
1 9 4 c M ? ) + 2 4 e * F ( I S E T t 3 9 M ) ) / 4 5 ~  
IF( NLONGaEQ*O)CO TO 264 

262 FORMAT1 IXP~WZWOLB =sPP2E14.792H f 95X3HH =91P2Elbe792H I9SX6HISEf 
1915) 

263 F O R M A T ( ~ ( ~ ~ ~ X $ % P E ~ ~ ~ ) ~ ~ H I ~ I ~ O ~ X ) )  
' w R I T E ( ~ ~ ~ ~ ~ ) z H o L o ~ H ~ I s E T  
W R I T E ( 6 9 2 6 3 f ( F ( I S E f , E , 2 ) ~ I P H A S E ( I S E T ~ I 1 ~ 1 = ~ 9 5 ~  

264 G H O L D = ( ~ ~ * [ F ~ ~ S E T ~ ~ P ~ ) + F ( I S E T ~ ~ ~ ~ ) ) + ~ . + F ~ I S E T ~ ~ ~ ~ ) ) ~ ~ ~ - F ( I S E T ~ ~ ~ ~ )  
AHOLD=F( ISET9492l**RELERR 
ERROR%-Or0 
IF(REAL(AHOLD)~NE~OOO)ERROR~=ABS(REBL(GHOLD)/REAL(AHQLD)) 
ERROR2-0 *8 
IF(AIMAG(AWOLD)~NEeOoO)ERROR2~ABS(AIMAG(GHOLD~/AIMAG(AHOLD)) 
E R R O R = A M A X ~ ( E R R O R P B E R R O R ~ )  
IF(ERR0ReGTeONEOER)GO TO 265 
GHOLD=H*F( ISET94d21 
AHOLD=( GHOLD+CROQf ( I SE T 9 2 1 1 *RELERR 
ERROR I=O a 0  
I F ( R E A L ( A H O L D ~ Q N E ~ O ~ O ~ E R R O R ~ = A ~ S ( R E A L ( G H O L D ) / R E A L ( A H Q L D ~ )  
ERROR2=0aO 
I F ( A % M A G ( A H O L D ) e N E a O e O ~ E R R O R 2 ~ A B S ( A i M A G ~ G H O L D ~ / A I M A G ~ A H O L D ) )  
E R R O R = A M I N ~ ( E R R O R ~ A M A X E ( E R R O R ~ P E R R O W ~ ) ~  

265 I F ( E R R O R e G T e A C C U R I A C C U R = E R R O R  
C3 270 1 ~ 2 9 5  
ITRY=IABS(IPHASE(ISEV91)-IPHASE( ISET9I-1)) 
I F ( I T R Y o G T e I J U M P ) I J U M P ~ I T R Y  

270 CONTINUE 
IF(NSHORT~EQQO)GO TO 275 
W R I T & ~ G P ~ ~ ~ ) Z H O L B ~ H ~ H M I N ~ A C C U R ~ I J U M P  

271 FORMAT( 1X7HZHOLD ~9 lP2E13r592H I 93X3HH a 9  lP2E10.29 2H 1 $3X6HHMIN 
llP2E10e2r2H E97X7HACCUR =slPElOe293X7WIJUMP ~ 9 1 3 )  

275 I F ( A C C U W * L T ~ ~ ~ ~ ~ A N D ~ I J U M P ~ L T ~ ~ ) I T E S T ~ Q I ~  
IF(lTEST2aME.09GO TO 330 
HTRY=6@5*H 
TERRBR=Oe5*TEWROR 
15=5 
I3=2 
IF(ACCURoLEe2OeO)CO TO 285 
I3=0 
HTRY=Oe%*HTRY ' 
TERROR=Oa%*TEWROR 

285 IF(ITEST1sEBe09G0 TO 298 
I F I T H E M A G P H S ~ L E ~ T ~ E M A C ~ M M I N ~ D G O  TO 310 
I TEST 1 = O  

290 I F [ T H E M A G ~ K T R Y ~ e L T e T H E M A G ~ H M I N ~ i G O  TO 300 
H=HTRY 
I=%5-13 
DO 295 BSET=PgNSET 
IF(I3rEQeOBGO 40 2 9 2  
DO 291 M o l b M M A X  



2 9 1  F ( I S E T 9 5 9 M ) = F ( % S E T s 3 B M )  
I D H A S E ( I S E T ~ ~ ) - I P H A S E ~ I S E T B ~ )  

292 C3 293 Mal9MMAX 
293 F ( I S E T ~ I ~ M ) = F ( I S E T B ~ ~ M ~  
295 IPHASEt  I S E B b %  ) = % P H A S E (  I S E T g 2 )  

GO TO 2 2 0  
3 0 0  IF(THEMAG(HOoEQrTHEMAG4HMIN))GO TO 310 

1 3 = 0  
1 5 x 0  
H=HY I N 
GO TO 2 2 0  

3 1 0  I F ( N P R I N T ~ N E ~ O ? W W I T E ~ ~ P ~ ~ O ~ H ~ Z H O L D ~ A C C U R ~ I J U M P  
3 2 0  FORMAT( lX53HINTECRATION ROUTINE CANNOT G I V E  DESIRED ACCURACY, H = v  

l l P Z E l 6 ~ 7 ~ 1 7 H  I I S  TOO SMALLe/3XZlHPROBLEM OCCURS AT Z = t l P Z E 1 6 0 7 ~  
22H 1 9 2 6 H  WHERE THE ERROR R A T I O  IS9 lPE16 .7e2X27HAND MAXIMUM PHASE 
3CHANGE I S 9 1 3 1  

I F (  I JUMPeGEe4)NERRBR=1 
IF(ACCUReGTelrO)NEWROR02 
IGOOF= IGOOF+l  
I F ( I G O O F a L T e 1 0 ) G O  TO 3 3 5  
NERROR=NERROR+2 
RETURN 

3 3 0  IF(ITESTleMEeOeOReACCUReGEt)Oe1eOR~IJUMPeGTolGO TO 335 
HTRY=ZeO*H 
TERROR=2oO*TERRBR 
IF (ACCURoGEe5eE-03%GO TO 335  
HTRY=ZrO*HTRY 
TERROR=ZeO*TERROR 

335 DO 3 4 0  ISET= l ,NSET 
IPHASE(ISET~~)=IPHASE(ISETB~) 
DO 3 4 0  Mz l rMMAX 
CROOT( I S E T 9 M ) = C R 0 6 f  ( I S E T ~ L M ) + W F (  I [SE?#4eM) 

3 4 0  F (  I S E T P ~ ~ M ) = F (  IPETe5%M) 
ZHOLD=Z 
I F ( I T E S T 1 e E Q e O ) C O  T O  200  
DO 350 I S E T z l e N S E T  

' I S T A R T (  I S E T ) z % P H A S E (  I S E T g 5 9  
3 5 0  FSTART( I S E T ) e F (  E S E T * 5 p , P I  

RETURN 
END 

SUBROUTINE P H A S E ( Z 6 I N E W e I O L D )  
C 
C T H I S  SUBPROGRAM COMPUTES THE PHASE OF A COMPLEX VARIABLE ' 2 8  I N  
C SIXTEENTHS OF Z e O * P % e  I T  I S  CALLED P R I N C I P A L L Y  BY L INE.  
C "NEW' I S  THE PWASE FOUND* 
C ' I O L D '  I S  THE PHASE O F  A NEARBY COMPEX VALUE TO CEVE THE RELEVANT 
C NUMBER OF 2 e O * P I @ S  T O  WHICH THE NEW PHASE SHOULD BE REFERENCED. 
c 

COMPLEX Z 
X=REAL (Z 
Y = P I M A G ( Z I  
I QUAD=O 
I F ! Y ~ L T ~ O I O !  IQUADm3 



C 
C T H I S  ENTRY ALLOWS FOR CHANGING REFERENCING OF THE NUMBER OF 2eO*PI'S 
C WHEN THE R E L A T I V E  PHASE OF THE COMPLEX V A R I A B L E  I S  ALREADY KNOWN. 
C 

ENTRY SPHASE(  PNEWPIOLD)  
ICHANG=O 
I F (  I N E W e L T e O )  ICHANG=-1  
INEW=INEW-lB*(TCHANG+~INEW/16~1 

150 ' I Q U A D = I O L D / b 6  
I F ( I 0 L D e L E e O ) I Q U A D ~ I Q U A D ~ l  
I N E W = I N E W + l 6 * I Q U A D  
I CHANGn 1 

2 0 0  IF(IABSII0LD-INEW)rbEe8)RETURM 
I F ( % C H A N G s L T e Q ) C O  TO 250  
INEW=INEW+16 
ICHANG=ISHANG-2 
GO PO 2 0 0  

2 5 0  INEW=%NEW-32 
RETURN 
END 

SUBROUTINE NYQUISlFRQNYQ9ERROR 1 
C .  

. C T H I S  SUBPROGRAM COMPUTES THE DATA FOR A N Y Q U I S T  PLOT OF THE 
C D I  SPERSION FUNCTION. 
C 'FRQNVQ" THE IMAGINARY PART OF THE FREQUENCY AT WHICH THE N Y Q U I S T  
C PLOT IS TO BE COMPUTED. 
C "ERROR' = THE ACCURACY TO WHICH THE D I S P E R S I O N  FUNCTION I S  TO BE 
C COMPUTED* 
C 

COMMON C C A P K * W A T R P ~ D H A T W P ~ C A P K B C O N S T P G R A D ~ C ~ D ~ G R A V ~ U O O T P  
COMMON A L O W B E X P M A X , F R A C T ~ U M A X ~ E X T R A ~ , E X ~ R A ~ , E X T R A ~  
COMMON J M A X , L ~ N T Y P E P J P O S ~ J P ~ E G ~ K M A X ~ M M A X B N E X T W ~ ~ N E X T R ~ B N E X T R ~  
COMMON N E X V R 4 i N E X T R S e N E X T R 6 M T R 7  
D I M E N S I O N  C O N S T ( ~ ~ ~ ) P G R A D ( ~ ~ ~ ) , L ( ~ ) ~ C A P K ( ~ ~ P C C A P K ( ~ ~  
D I M E N S I O N  C ( Z e 4 8 0 ~ % ) ~ D ( 2 , 4 0 0 9 3 ) 9 G R A V ~ 4 0 0 t 3 )  
D I M E N S I O N  R O O T P ~ ~ O 0 ~ 2 ~ ~ t i A T R P ( l 0 0 ~ 2 ) ~ D H A T R P ( l 0 0 ~ 2 ~  
COMPLEX CCAQKBWATRP~DHATRP 
G I P E N S I B N  W ( 3 1 , D H ( 3 )  
COMPLEX H ~ D H P U  

1 FOWMAT(%Hbs5X11HMYQUIST  PLOT D A T A , l X 9 H l I M A G  W ~91PEI5~7~IHl/lH8/3( 



1 5 X G W R E A L  H 9 5 X 6 W I M A G  Ha4X7HREAL DW,3X?H%MAG D H , ~ x I % % X )  
2 F O R M A ~ ( ~ ( ~ X ? I P ~ E ~ ~ ~ ~ B ~ P ~ E ~ O B ~ ~ ~  
3 F O R M A T (  1H ) 

I B l A X = 3  
W R % T E & 6 % b t F R Q N Y Q  
A M A X e R O O T P ( J P 0 5 , l )  
~ F ~ ~ R O O T P ( ~ N E C ~ ~ ) ~ ~ T ~ ~ A M A X B A M A ~ ~ A B S ( R O O T P ( J N E G V ~ ~ !  
F!MAX= AMWX /UMAX+3 0 0 
I F ( G A P K ( 2 ) e N E e O o O f C O  TO SO 
L M A X z 2 0  
GO T O  8 0  

48 B U M ~ N = C A Q K ( ~ ) ~ ( ~ ~ O * C O N S ~  4 3 ~ l ) f  
LMAX=AB§fUMAX/DUMfN9+1cO 

8 0  DUMEN=UMAX/FLOAT(LMAX) 
DO 200 J S I G N z 1 9 2  
I F ~ J ~ I G M I N E I ~ ~ G O  TO 9 0  
EF(NTYPEINE.O)GO TO 85 
DO 8 4  I = l , J M A X  
TF(GRADt5r I ) r N E e Q e O ) G O  PO 85  

8 4  CONTINUE 
RETURPJ 

85 DUMTN=-DUMIN 
90 DO 190 N = l * N M A X  

% = a  
K -  a 
AMAXSFLOAT (N-1)  
TF'i JS IGNcEQo12  )AMAX=-AMAX 
U=UMMX*CMPLX( A M A X  P F R Q M Y Q I  

180 CALL DISP(U*H(I)9DH(I)+EWROR) 
K = K + 1  I 

1.1.1.8-1 
U=:II-bDUM1 N 
L F ( 1 e L E e I M A X l C O  TO 120 
W R H T E ( B 9 2 ) ( W ( l ) e D H ( I ~ ~ f ~ f ~ I M A X )  
1 3 1  

120 F F i K a b E a L M A X I G O  TO 100 
1 - 1 - 1  
I F ( $ ~ N E e O ) W R I T E ~ 6 t 2 ) 0 . I ~ J ~ ~ D W ( J ) e J ~ 1 ~ I )  
I F $ % a E B c O ) W R I f E 1 6 9 3 )  

190 CONTINUE 
206 CONTINUE 

R E T U R N  
END 

C MICRO2 
C M A I N  PROGRAM 2 
C CONTROL PROGRAM FOR COMPUTING GROWTH RATES AND THE ABSOLUTE 
6 INSTABILITY D E N S I T Y  THRESHOLD 
c 

COMMON C C A P K ~ H A T R P ~ D H A T R P ~ C A P K ? C O N S T ~ G R A D ~ C B D ~ G R A V ~ R O Q ~ P  
COMMON A L O W ~ E X P M A X ~ F R A C T ~ U M A X ~ E X T R A ~ , E X T R A ~ , E X V R A ~  
COMM6N J M A X , L , N ? Y P E : J P O S : J N E G : K M A X ? M M A X ~ F ! E X T ~ ! L ~ N E X ~ ~ ~ B ~ E X T R ~  
COMMON NEXTR49NEXTR59NEXTR69NEXTR7  
D I M E N S I O N  C O N s T 1 4 % 3 ) , G R A D ( 5 , 3 )  p i ( 3 f  g C A P K i 3 i  9 C C A P K i 3 1  



D I M E N S I O N  ~ ( 2 ~ 4 0 0 9 3 ) , ~ ( 2 , 4 0 0 t 3 ) ~ G ~ A V ~ 4 0 0 ~ 3 ~  
D I M E N S I O N  R O 0 ~ P ( 1 0 0 9 2 )  ~ H A T R P (  1 0 0 9 2 )  PDHATRP(  10092)  
COMPLEX CCAPKpHATRP,DHATRP 
D I M E N S I O N  Z M O M ( 4 t 5 )  
COMMON A L A M B ~ Z M B M I W ~ I T Y P E ~ A C C U R ~ E R R ~ R  
COMPLEX ZMOM9W 
D I P E N S I O N  C H A R ( 5 p 3 )  
COMPLEX ZSTART I 

1 F O R M A T ( 1 4 1 5 )  
2 FORMAT(5E14 .8 )  
3 F o R M A T ( I H ~ , ~ O X ~ H C A S E , ~ ~ , ~ H ~  S U B C A S E I I ~ / ~ H O )  

NMPY=400  
ALOWs1. E -65  
EXPMAXr 150.  
READ(  5 ~ 1  INCASES 
DO 400 NCASEe1,NCASFS 
READ(  59  1 ) N S U B S  
READ(5,2)ACCURqERROR 
ACCUR=ABS ( ACCUR 
ERROR=ABS(ERROR) 
A C C U R ~ A M A X ~ ( A C C U R P ~ * E - 0 6 )  
ERROR=AMAXl(ERROR,5.€-08) 
C A L L  SINPUT(NCASE,NGOOFeCHAR) 
I F ( N G 0 O F e N E e O ) R E T U R N  
C A L L  SETUP(NMAXsCHAR) 
DO 300 NSUB-19NSUBS 
WRTTE(6 ,3 )NCASEtNSUR 
READ(Srl)ITYPE,NSfEPS,IPR 
NSTEPS= I A B S (  N S T E P S I  
IF(NSTEPS.EQ.0) N S T E P S ~ ' 1 0  
R E A D ( 5 9 2 ) A L A M B 9 X S T A R T 9 X S T O P 9 Z S T A R T  
IF(ITYPEoLT.5.ANDsITYPEeGTeO)CALL F O L L O W ( X ~ T A R T I X S ~ O P B N S ~ E P S ~ ~ S ~ A R  

1 T e I P R )  
3 0 0  CONTINUE 
4 0 0  CONTINUE 

RETURN 
END 

SUBROUTINE SINPUTfNCASE9NGOOFeCHAR) 
L 

C T H I S  SUBPROGRAM READS MOST OF THE.RELEVANT I N P U T  DATA FOR A G I V E N  
C CASE. I T  1 5  AN ABBREVIATED VERSION OF SUBPROGRAM I N P U T  I N  THAT 
C K-Z I S  NOT I N P U T T E D  BY T H I S  SURPROGRAMa T H I S  SUBPROGRAM ALSO 
C P R I h l T S  A SUMMARY OF THE RELEVANT I N P U T  PARAMETERSI 
C 

D I M E N S I O N  C O N S T ( ~ , ~ ) , G R A D ( ~ ~ ~ ) ~ L ( ~ ) ~ C A P K ( ~ ) ~ C C A P K ~ ~ )  
D I M E N S I O N  C ( 2 s 4 0 0 r 3 ) 9 D ( 2 ~ 4 0 0 9 3 ) 9 G R A V ( 4 0 0 9 3 )  
D I M E N S I O N  R O O T P ( 1 0 0 , 2 ) 9 H A T R P ( 1 0 0 9 2 ~ ~ D H A T R P ( 1 0 0 9 2 1  
COPYON C C A P K ~ H A T R P ~ D H A T R P ~ C A P K ~ C O N S T P G W A B P C P D ~ G R A V ~ R ~ ~ T P  
COMMON A L O W ~ E X P M A X I F R A C T ~ U M A X ~ E X T R A ~ ~ E X T R A ~ ~ E X T R A ~  
COMMON J M A X ~ L , N T Y P E ~ J P O S ~ J N E C , K M A X I M M A X ~ N E X T R ~ ~ N E X T R ~ ~ N E X T R ~  
COMMON N E X T R ~ ~ N E X T R ~ ~ N E X T R ~ P M E X T R ?  
COMPLEX CCAPKeHATRP9DHATRP 
DIMENSION C H A R ( 5 8 3 )  



1 FORMAT(5151 
2 FORMAT( 5E14.89 f  2) 
3 FORMAT(lHl,lOX4HCASEII3/lHO) 
4 F O R M A T ( l H 0 ~ 4 5 H R E F E R E N C E  LARMOR R A D I U S  T IMES THE WAVE v E C T O R / ~ H Q ~ Z ~  
lX3HK-Y/1HB,lQX%PE%3*6/PHQ) 

9 FORMATt80X23HREFERENCE LARMOR R A D I u s / ~ x ~ H s P E C I E S ~ ~ ~ X ~ ~ H R A T ~ O  TO RE 
lFERENCE SPECIES OF,72X33HDIVIDED BY THE GRADIENT LENGTH OFe4x7WGRA 
~ V I T Y , ~ X ~ H C U R R E N T / ~ X ~ H N U M B E R , S X ~ H M A $ S Q ~ X ~ H D E N S I T Y ~ ~ X ~ H C H A R G E ~ ~ X ~ H T E  
~ M P - Z , ~ X ~ ~ H T E M P - ~ P E R P ~ , ~ X ~ H L , ~ X ~ H D E N S I T Y ~ ~ X ~ ~ H T E M P ~ ~ P E R P ~ ~ ~ X ~ H T E M P ~  
4 Z , 2 X 2 ( 3 X 9 H P A R A M E T E R ) / l H  1 

1 0  FORMAT(2XI393XlP5E12e3~14~lP5E12.3) 
11 FOFMAT(lH0926HCHARGE NEUTRALITY V I O L A T E D I  
1 2  FORMAT( lH0932HDENSITY GRADIENTS DO NOT BALANCE) 

NGOOF=O 
DERROR=leE-04 
W R I T E ( 6 9 3 ) N C A S E  

90 R E A D ( 5 , 1 ) J M A X , N T Y P E , N V Z E R O  
R E A 0 ( 5 9 2 ) C A P K ( I )  
W R I T E ( 6 6 4 ) C A P K (  1) 
N D I F F s O  
DO 1 0 0  JmleJMAX 
DO 99 1 ~ 1 9 5  

99 GRAD( IPJ I=O.O 
R E P 9 ( 5 , 2 ) ( C H A R ( I e J ) v Y : t 1 * 5 ) 9 L ( J )  
IF(NTYPEeGTe3)REA0(5*2)(GRAD(I9J)~I*1~3) 
I F ( N T Y P E ~ G T * ~ ~ A N D ~ N T Y P E ~ L F : ( I ~ ~ R E A D ( ~ ~ ~ ) G R A D ( ~ ~ J I  
IF(NTYPE-2*(NTYPE/2)eNEeO)UEAD(5~2)CRAD(4eJ) 
IF(NVZEROeNEeO)READ(592)GRAD(5*J) 

100 CONTINUE 
1 1 0  W R I T E ( 6 9 9 )  

W R I T E ( 6 ~ 1 0 ) ( J ~ ( C H A R ( I , J ~ , f t l ~ 5 ) ~ L ~ J ) ~ ( G R A D ~ I ~ J ~ ~ I ~ l ~ 5 ~ ~ J ~ l e J ~ A X ~  
SUM-0.0 
DO 1 2 0  J=1,  JMAX 

1 2 0  SUM=SUM+CHAR(29J)*CHAR(3,J)  
I F ( A B S ( S U M ) r L T e D E R R O R ) G O  TO 1 3 0  
NGOOF- 1 
W R I T E ( 6 r  11) 

1 3 0  I F ( N T Y P E e L T r 1 ) G O  TO 1 5 0  
SUM=OeO 
DO 1 4 0  Jn l  , JMAX 
SUM=SUM+CHAR(ZrJ)+CHAR(3,J)*(-GRAD(l,J)+FLOAT(L(J)+l)*GRAD(2+J)+Oe 

~ ~ * G R A D ( ~ ~ J ~ + ~ ( I O * G R A D ( ~ , J ) * F L O A T ( ~ / ( L ( J ) + ~ ) ~ )  
1 4 0  G R A D ( 4 , J ) = G R A D ( 4 e J ) * C H A R ( 5 f i J l * C H A R ( l 9 J ) / ( C H A R ( 3 + J ) * C H A R ( 3 e J ) )  

IF(ABS(SUM)eLToDERROR)GO TO 150 
NGOOFt 1 
W R I T E ( 6 9 1 2 )  

150 RETURN 
END 

SUBROUTINE F O L L O W ( X S T A R T , X S T O P ~ N S T E P S 9 Z e I P l  
C 
C T H I S  SUBPROGRAM @FOLLOWS' SOLUTIONS OF THE D I S P E R S I O N  RELATION OR 
C I T S  K-Z CER!VA?!VEe 
e r w P E  = 1 MEANS FOLLOW COMPLEX K FOR REAL OMEGA 



(ALONG THE SOLUTION OF THE D I S P E R S I O N  RELATION)  
I T Y P E  = 2 MEANS FOLLOW COMPLEX OMEGA FOR REAL K 

(ALONG THE SOLUTION OF THE D I S P E R S I O N  RELATION)  
I T Y P E  = 3 MEANS FOLLOW COMPLEX'K FOR REAL OMEGA 

(ALONG THE SOLUTION OF THE D E R I V A T I V E  OF THE D I S P E R S I O N  FUNCTION 
SET TO ZERO) 

I T Y P E  = 4 MEANS FOLLOW COMPLEX K AND LAMBDA FOR CHANGING IMAGINARY 
OMEGA (ALONG SIMULTANEOUS SOLUTIONS OF THE DISPERSION RELATION 
AND I T S  D E R I V A T I V E )  

FOR I T Y P E  1 9 2 9 3  QXSTART*  I S  THE STARTING VALUE OF REAL FREQUENCY, 
K - Z t  OR FREQUENCY RESPECTIVELY. 

"STOP' I S  THE CORRESPONDING F I N A L  VALUE TO WHICH T H I S  ROUTINE I S  
TO @FOLLOW' THE ROOT OF THE DISPERSION RELATION OR I T S  DERIVATIVE.  

FOR I T Y P E  = 49 OXSTART*,'XSTOPP I S  THE COMPLEX STARTING VALUE OF THE 
FREQUENCY. 

'NSTEPS' I S  THE MINIMUM NUMBER OF STEPS WHICH T H I S  SUBPROGRAM I S  
TO TAKE I N  PROCEEDING FROM 'XSTART'  TO 'XSTOP'c  

' 2 '  I S  TO BE GIVEN A5 THE COMPLEX STARTING P O I N T  FOR THE 
COMPLEMENTARY VARIABLE TO THAT S P E C I F I E D  BY f iXSTART@, 'XSTOPtc 

' I P t  = 0 MEANS P R I N T  ONLY THE MAXIMUM OF THE ROOT B E I N G  FOLLOWED 
' I P f  = 1 MEANS P R I N T  THE ROOT AS FOUND AT EACH STEP BETWEEN OXSTART8 

AND ' XSTOP'c 
LAMBDA AS TRANSFERRED TO T H I S  SUBPROGRAM THROUGH COMMON DENOTES THE 

APPROPRIATE DENSITY AT WHICH THE 'FOLLOW' I S  TO BE DONE FOR 
I T Y P E  = 1 v 2 a  LAMBDA I S  NOT USED FOR I T Y P E  = 3. FOR I T Y P E  P 4 
LAMBDA S P E C I F I E S  THE TOTAL INTERVAL OF TEMPORAL GROWTH RATES OVER 
WHICH THE ABSOLUTE I N S T A B I L I T Y  ROOTS ARE TO BE COMPUTED. 

COMMON C C A P K ~ H A T R P V D H A T R P Q C A P K ~ C O N S T P G R A D P C ~ D ~ G R A V ~ R O O T P  
COMMON A L O W , E X P M A X P F R A C T ~ U M A X ~ E X T R A ~ ~ E X T R A ~ ~ E X T R A ~  
COPMON J M A X ~ L , N T Y P E ~ J P O S ~ J N E G ~ K M A X ~ M M A X ~ N E X T R ~ ~ N E X T R ~ ~ N E X T R ~  
COMMON N E X T R ~ , N E X T R S , N E X T R ~ V N E X T R ~  
DIMENSION C O N S T ( ~ ~ ~ ) ~ G R A D ( ~ ~ ~ ~ , L ( ~ ) ~ C A P K ~ ~ ) ~ C C A P K ~ ~ ~  
DIMENSION C ( 2 v 4 0 0 ~ 3 ~ ~ 0 ( 2 ~ 4 0 0 r 3 ) ~ G R A V C ~ 4 0 0 ~ 4 3 )  
D IMENSION R O O T P ~ ~ ~ ~ ~ ~ ) ~ H A T R P ( ~ ~ ~ P ~ ~ ~ D H A T R P I ~ Q ~ ~ ~ )  
COPoLEX CCAPKvHATRP9DHATRP 
DIMENSION ZMOM(495)  
COMPLEX W9ZMOM 
COMMON A L A M B P Z M O M , W ~ I T Y P E , A C C U R ~ E R R O R ~ B X M I N  
COMPLEX H9HK9HKK,tiWtHWK 
COMPLEX Z,ZHOLD~hZERO9CKlvCK2~WHOLD 
EXTERNAL RESULT 

1 FORMAT(19X17HCOMPLEX FREQUENCYt20X19HCOMPLEX WAVE VECTOReP1X9HNUMB 
1ER OF)  

2 FORMAT(lSX19HCOMPLEX WAVE VECTOR,20XE7HCOMPLEX FREQUENCYtl2XSWNUMB 
1ER O F )  

3 FORMAT(1W+9hQ6X19HDISPERSION FUNCTION) 
4 FORMAT(1X5HINDEX92(?1X4HREAL913X4HIMAG~6X)~3X1OHITERATIONS~ 
5 F O R M A T ( ~ H + ~ ~ O % X ~ W R E A L B ~ ~ X ~ H I M A ~ )  
6 FORMAT( 1H 1 
8 F O R M A T ( P H O ~ 2 X 6 3 W T R A J E C T O R Y  OF THE SOLUTION OF THE D I S P E R S I O N  RELAT 

l I O N  (LAMBDA n , l P E l 3 c 6 $ 1 H ) )  
9 F O R M A T ( 1 H Q 9 2 X f l H T R A J E C T O R Y  OF THE SOLUTION OF THE D E R I V A T I V E  OF TW 

1 E  D I S P E R S l O N  FUNCTION1 
10 F O R M A T ( 6 X B H i I f Y P E  = e I Z e 2 2 H ,  REQUESTED ACCURACY a t i P E B r i r l H i i l H O )  
1 1  



1 2  FORMAT(lX44HNEWTON ITERATION DOES NOT CONVERGE ( IERROR =,12,6H), X 
1 x , lPE13e692X7HAND Z  ~ , l P 2 € 1 4 r 6 ? 2 W  I) 

13 F O R Y A T ( l H + , 9 b X l P 2 E 1 7 r 6 )  
1 4  FORMAT( lX39HDDX I S  TOO SMALL, PROBLEM OCCURS AT X  r , l P E 1 3 e 6 ~ 1 2 H t  W 

l I T H  DDX = p l P E P 3 e 6 , l X 7 H A N D  Z = , 1 P 2 € 1 4 r 6 )  
1 5  FORMAT( lX7HMAXIMUM,2( 1P2E17.6,4Xl 92X15e4X3HMAXI 
16 F O R M A T ( l X 6 4 H I T E R A T I O N  TO F I N D  ZERO OF IMAGINARY H DOES NOT CONVERC 

1 E 9  I T R Y 4  = 9 I 3 8  
IMPY=O 
I T E N D = l O  
I T E N D 3 = 3 + I T E N D  
I F ( I T Y P E ~ L T ~ ~ ) W R I T E ( ~ V ~ ) A L A M B  
I F (  I T Y P E e G T e 2 ) W R I T E ( 6 , 9 )  
W R I T E ( 6 9 1 0 )  ITYPE,ACCUR 
I F (  I T Y P E e E Q e 2 ) W R I T E ( 6 t Z )  
I F ( I T Y P E o N E o 2 ) W R I T E ( b ~ l )  
IF(ITYPEeGTe2lWRIfE(6~3) 
W R I T E ( 6 9 4 )  
I F ( I T Y P E e G T c Z ) W R I f E ( 6 r 5 )  
W R I T E ( 6 9 6 )  

110 X=XSTART 
I F ( I T Y P E e E Q e 4 ) X ~ X S T O P  
XHOCD=X 
ZHOLD=Z 
I STEP=O 
ICUT=O 
D X = ( X S T O P - X S T A R T ) / F L O A T ( N S T E P S )  
I F ( I T Y P E e N E e 4 ) G O  TO 190 
DX=ALAMB/FLOAT(NSTEPS) 
W=CMPLX(XSTARTvXSTOP) 

1 9 0  DDX=DX 
DDXL=OeO ' 

GO TO 3 0 0  
2 0 0  I F ( I T Y P E o L T e 4 ) G O  TO 2 1 0  

I T R Y 4 = 1  
I F ( I T R Y e G T e l ) I T ~ I T + ( I T R Y ~ l ) * I T E N D  
I T = I T + I T H O L D  
I T R Y = l  
ITHOLDzO 
HWKnW 
WHOLD=W 
CKl=CCAPK[  2 )  
CKZ=CCAPK( 31 
Y=REAL(W)  
D Y M I N = R E A L ( C C A P K ( ~ ) ) / ( ~ O O * C O N S T ( ~ ~ ~ ~ ~  
DY=DYMIN 
IMAX-0  
GO TO 2263 

2 1 0  I F (  ISTEPeGTeO)TESTL=TEST 
DDX2L=DDXL 
DDXLzDDX 
I F ( I T Y P E e E Q e 3 ) G O  TO 2 2 0  
TEST=AIMAG(Z)  
I F ( I T Y P E ~ E Q ~ ~ ) T E S T P - T E S T  
GO TO 230 

2 2 0  CALL D I S P F ( W ~ H ~ H K ~ H K K , H W ~ H W K I ) E R R O R , ~ )  



T E S T = A I M A G (  HI 
I F ( I T Y P E e E Q e 4 1 G O  TO 2 5 0  

2 3 0  I F (  1 S T E P e E Q e O ) C O  10 250 
I F ( ! T Y P E e E Q e 3 l C O  TQ 29?  
I F (  I M A X e E Q * l ) G O  TO 2 5 0  
I F ( T E S T e G T e T E S T L e O R e T E S T e L E e O e 0 ) G O  TO 2 5 0  
C K l = C C A P K (  2 )  
C Y 2 = C C A P K ( 3 )  
WHQLD=W 
I M A X = l  
A=X 
P n X - D D X L  
D X M I N = A B S ( A + B ) * A C C U R / 2 d  
ZERO=FUNCT(  83 
I F ( Z E R O e E Q e O e O I G 0  TO 2 3 4  
I F ( Z E R O ~ G T ~ O ~ O ) G O  TO 2 3 6  
I F ( D D X 2 L o E Q o O o O 9 G O  TO 2 4 9  
A z A - D D X L  
B=B-DDX2L  
GO TO 2 3 6  

2 3 4  ZEPC)=B 
GO TO 2 3 7  

2 3 5  I F ( T E S T * T E S T L e G T e O e O ) G O  TO 2 5 0  
A=X 
B=X-DDXL 
C K l = C C A P K (  2 )  
CKZ=CCAPK(  3 )  
WHOLDaW 

2 3 6  ZERO=ROOT( FUNCT 9A,B9OeO9ACCUR) 
I F ( Z E R 0 e E Q e O e O ) G O  TO 249  

2 3 7  GO TO ( 2 4 1 9 2 4 2 9 2 4 1 9 2 4 1 ) 9 1 T Y P E  
2 4 1  W = C M P L X ( Z E R O , A I M A G ( W ) )  

ZZERO=CCAPK(  2  1 
GO T O  2 4 3  

2 4 2  C C A P K ( Z ) = Z E R O  
CCAPK(~)=SQRT(ZERO*ZERO+CAPK(~)"CAPK(~)) 
ZZERO=W 

2 4 3  C A L L  L O C & T E ( R E S U L T ~ Z Z E R O ~ A C C U R ~ I T E N D ~ I E R R O R ~ E R R O R ~ ~ T N )  
I F ( I E R R 0 R e E Q e O ) G O  TO 2 4 4  
IF(IERROR.EQo2.0ReITYPEoLTe4)GO TO 2 4 3 5  
I F (  1 M A X e E Q e l ) G O  TO 2 4 3 5  
Y=Y-DY 
D Y = D Y / l e 9 9 9 9 5  
Y=Y+DY 

> .  

I T H O L D =  I T H O L D + I T N  
ZZERO=Z 
ZERO=Y 
W x C M P L X ( Z E R O 9 A I M A G ( W ) )  
IF(ABSfDY)eGTe5eE-O6*ABS(Y))GO TO 2 4 3  
W R I T E ( 6 9 1 4 ) Y * D Y p Z  

2 4 3 5  k ' R I T E ( 6 9 1 2 ) I E R R O R ~ Z E R O 9 Z Z E R O  
RETURN 

2 4 4  I F ( I T Y P E I L T ~ ~ ~ O R ~ I M A X ~ E Q ~ ~ ) G O  T O  2 4 7  
Z = Z Z E R O  
HWK=W 
II=!TN 



T E S T L = T E S T  
C A L L  D I S P F ( W ~ H , H K , H K K ~ H W $ H W K ~ E R R O R ~ ~ )  
T E S T = A I M A G ( H )  
T T R Y 4 = I T R Y 4 + 1  

(mvc* r - *  L L L ) L  TESTLeG'Ts:lsO)GO TO 245  
I MAX = 1 
A  = Y  
B=Y-DY 
GO T O  2 3 6  

245 IF(ABS(TEST)~LT~ABS(TESTL)IGO 7 0  250 
I F ( I T R Y 4 e G T e 2 ) G O  T O  2 4 6  
WpWHOLD 
C C A P K ( 2 9 = C K l  
CCAPK ( 3 1 = C K 2  
Y=Y-DY 
DY =-DY 
GO T O  2 5 0  

2 4 6  W R I T E ( 6 t l 6 )  I T R Y 4  
R E T U R N  

247 I F ( I T Y P E e G T e 2 ) C A L L  D I s P F ( w , H K ~ H , H K K ~ H w ~ H w K ~ E R R O R , ~ )  
HW=ZERO 
I F ( I T Y P E e E Q e 4 ) H W = W  
W R I T E ( 6 $ 1 5 ) H W t Z Z E R O , I T N  
XF(ITYPE.GTe2)WRITE(6913)HK 

2 4 9  I F ( I T Y P E e E Q e 4 9 G O  TO 2 5 0  
C C A P K ( 2 ) t C K l  
C C A P K ( 3 ) = C K 2  
W-WHOLD 

250 I F ( 1 P o E Q e O ) G O  TO 260 
IF(ITRY.GTel)IT=IT+(ITRY-l)*ITEND 
I T = I T + I T H O L D  
HW=X 
I F ( I T Y P E e E Q e 4 ) H W ' H W K  
WRITE(6,11) ISTEP,HW,Z, IT  
IF(ITYPEeGTe2)WRITE(6,13)H 

260 IF(ITYPEeLTe4eOReIMAXeEQel)GO T O  280 
I F ( I T N + I T H O L D . L E . ~ ~ A N D ~ A R S ( D Y ) ~ L T ~ A ~ S ( D Y M I N ~ ) D Y = ~ ~ ~ * D Y  
I T H O L D = O  
Y=Y+DY 
Z E R O - Y  
I F ( I T R Y 4 e L T e I T E N D 3 ) G O  TQ 237 
GO T O  2 4 6  

280 Z H O L D = Z  
I F ( I C U T e E Q e 0 ) G O  TO 2 9 0  
I F ( I T ~ L E ~ ~ ~ A N D ~ I T R Y Q E Q ~ ~ ~ A N D O A B S ( ( X H O ~ - X ) / D D X ) ~ ~ T ~ ~ ~ O ) D D ~ ~ ~ ~ O * ~ ~ ~  
X=X+DDX 
IF((XH0LD-XI+DDXoGTeOeO)GO TO 300 
DDX=DDX+XHOLD-X 
X = X H O L D  
I C U T  =O 
GO T O  3 0 0  

2 9 0  X=X+DX 
D D X s D X  
I S T E P = I S T E P + l  
IF(1STEPeGTeNSTEPS)RETURh 
! F : I T Y P Z e L T e 4 ) G G  TO 295 



I F ( R E A L ( H K ) . L E e O . O ) R E T U R N  
WRI"TE(6 ,6 t  
IF(ISTEPIEQ~NSTEPSIXPXSTOP 
XHOLD=X 
I THOLD=O 
I T R Y s l  
GO TO ( 3 3 0 ~ 3 2 0 ~ 3 3 0 , 3 4 0 l ~ I T Y P E  
C C A P K ( 2 ) = X  
C C A P K ( ~ ) = S Q R T ( X * X + C A P K ( ~ ) * C A P I ( ( ~ )  
GO TO 4 0 0  
W=X 
GO TO 4 0 0  
W=CMPLX(REAL(W) 9 x 1  
C A L L  L O C A T E ( R E S U L T , Z ~ A C C U R V I T E N D ~ I E R R O R P E R R O R ~ I T )  
IF ( IERROR.EQoO)GO TO 2 0 0  
I F ( I E R R O R e E Q e 1 ) G O  TO 4 2 0  
I F ( I E R R O R e N E e 2 ) G O  TO 410 
W R I T E ( 6 9 1 2 ) I E R R O R v X P Z  
RETURN 
I C U T - 1  
I F ( 1 S T E P e E Q o O ) G O  TO 401  
X=X-DDX 
D D X = D D X / l o 9 5  
X=X+DDX 
ZaZHOLD 
I T H O L D = I T H O L D + f T  
I F ( A B S ( D D X I * G T e 5 r E ~ O 6 * A B S t X ) ' r G O  TO 3 0 5  
W R I T E ( ~ , ~ ~ ) X P D O X , Z  
RETURN 
i T R Y = I T R Y + l  
I F ( I T R Y s G T e 3 1 G O  TO 401 
GO TO 400 
END 

SUBROUTINE LOCATE(FUNCT9Z9EPS,ITEND9IERROR~ERROR,IT) 

T H I S  SUBROUTINE LOCATES THE ZERO OF A F U N C T I O N  WHOSE VALUE AND 
D E R I V A T I V E  ARE COMPUTED I N  THE SUBROUTINE FUNCT BY THE NEWTON 
I T E R A T I O N  METHODo 

~ F U N C T ~  IS TO BE GIVEN A S  THE NAME OF THE SUBPROGRAM REPRESENTING THE 
FUNCTION WHOSE ZERO I S  DESIRED. T H I S  SUBPROGRAM MUST BE OF THE 
FORM F U N C T ~ Z I F ~ D F D Z ~ E R R O R )  I N  WHICH Z,F,DFDZ ARE A L L  COMPLEX 
Q U A N T I T I E S  AND ERROR I S  THE ACCURACY T O  WHICH THE FUNCTION AND I T S  
D E R I V A T I V E  ARE TO BE COMPUTEDo 

' 2 " s  TO BE G I V E N  AS AN I N I T I A L  GUESS FOR THE ROOT* 
' E P S ' I S  THE R E L A T I V E  ACCURACY TO WHICH THE ROOT I S  TO BE DETERMINED*  
"TEND' IS TO BE G I V E N  AS THE MAXIMUM NUMBER OF I T E R A T I O N S  ALLOWED 

TO F I N D  THE ROOTI 
ON COMPLETION OF THE CALCULATION 
e IERRORt  = 0 MEANS THAT THE ROOT WAS SUCCESSFULLY FOUND 
(IERRORO r 1 MEANS THAT THE I T E R A T I O N  D I D  MOT CONVERGE TO THE 

D E S I R E D  ACCURACY WITHIN ? I T E N D :  STEPS 
e I E R R B R *  = 2 MEANS THAT THE D E R I V A T I V E  OF THE FUNCTION V A N I S H E D  

AT SOME P O I N T  AND HENCE THAT THE I T E R A T I O N  CANNOT PROCEED FURTHER 



C Q I E R R O R g  = 3 MEANS THAT THREE SUCCESSIVE CORRECTIONS TO THE PRESENT 
C GUESS WERE LARGER THAN THE PRECEDING ONES AND HENCE THAT THE 
C I T E R A T I O N  D IVERGES FOR T H I S  CASE 
C @ I E R R O R ?  = 4 MEANS THAT THE MAGNITUDE OF THE CORRECTION TO THE 
C GUESS I S  LARGER THAN THE MAGNITUDE OF THE GUESS AND HENCE THAT THE 
C I T E R A T I O N  I S  PRESUMABLY D I V E R G I N G  
C ' IERROR" 5 MEANS THAT THE IMAGINARY PART OF Z  I S  LARGER I N  
C MAGNITUDE THAN THE R E A L  PART AND HENCE THAT THE ROOT APPEARS 
C TO BE I N  THE REGION I N  WHICH THE D I S P E R S I O N  FUNCTJON I S  I N F I N I T E *  
C (ERROR8 I S  THE ACCURACY G I V E N  TO 'FUNCT '  I N D I C A T I N G  THE ACCURACY TO 
C WHICH THE FUNCTION AND I T S  D E R I V A T I V E  ARE TO BE COMPUTED 
C ( I T '  I S  RETURNED AS THE NUMBER OF I T E R A T I O N S  REQUIRED TO LOCATE THE 
C ZEROe 
C 

COMPLEX Z P F , D F P D Z ~ D D Z  
T H E M A G ( Z ) = A B S ( R E A L ( Z ) ) + A B S ( A I M A 4 ( Z ) )  
IERROR=O 
I F ( I T E N D o L E o O ) I T E N D = l O  
I D I V E R = O  
I T = l  

100 C A L L  FUNCT(E9F9DFeERROR1 
110 I F ( T H E M A G ( F ) r E Q e O r O ) R E T U R N  

I F ( T H E M A G ( D F ) o N E o O ~ O ) C O  TO 1 5 0  
c 
C D E R I V A T I V E  OF THE FUNCTION VANISHES 
C 

I E R R O R z 2  
RETURN 

1 5 0  D Z = F / D F  
IF(ITeEQaloORoTHEMAG(DZ)oLTeTHEMAG(DDZ))GO TO 160 
I D I V E R = I D I V E R + l  
I F (  I D I V E R * L T Q ~ ) G O  TO 160 

C 
C I T E R A T I O N  I S  D I V E R G I N G  
C 

1 5 5  IERROR=3 
RETURN 

1 5 6  IERRORn4  
RETURN 

1 5 7  IERROR=5 
RETURN 

160 IF(THEMAG(DZ)rGTrTHEMAG(Z)~GO TO 156 
ZmZ-DZ 
I F ( A B s ( A I M A G ( Z ) ) O G T ~ A B S ( R E A L ( Z ) ) ) G O  TO 1 5 7  
I F ( T H E M A G ( Z ) o G T o E P S ) G O  TO 2 0 0  

C 
C Z I S  NEARLY ZERO - TRY ZERO AS A  SOLUTION 
C 

DDZ=OoO 
C A L L  FUNCT(DDZ9FcDF9ERROR) 
I F ( T H E M A G ( F ) s N E e O e O ) G O  TO 200 
Z = O r O  
RETURN 

200 IF(THEMAG(DZi~CfrEPS*fHEMAGiZiPCO TO 210 
I ERROR=?O 
RETURN . 



2 1 0  DDZkDZ 
I T = I T + 1  
I F (  IT .LEoITEND)GO TO 100 

I T E R A T I O N  DOES NOT CONVERGE I N  I T E N D  STEPS 

I E R R O R = l  
RETURN 
END 

SUBROUTINE RESULT(ZIF~DFPDERROR) 

T H I S  SUBPROGRAM I S  A  DUMMY SUBPROGRAM SETTING UP THE FUNCTION AND 
I T S  D E R I V A T I V E  FOR THE PARTICULAR TYPE OF I T E R A T I O N  B E I N G  PERFORMED 
AS S P E C I F I E D  BY I T Y P E  FOR SUBPROGRAM LOCATEe 

COMMON C C A P K P H A T R P , D H A T R P , C A P K ~ C O N S ? ~ G R A D ~ C ~ D P G R A V P R O O T P  
COMMON A L O W ~ E X P M A X P F R A C T , U M A X ~ E X T R A ~ P E X T R A Z , E X I R A ~  
COMMON J M A X ~ L , N T Y P E , J P O S ~ J N E G ~ K M A X ~ M M A X + N E X T R ~ ~ N E X T R ~ ~ N E X T R ~  
COMMON NEXTR49NEXTR5 9NEXTR69NEXTR7 
DIMENSION C O N S T ( ~ , ~ ) ~ G R A D ( ~ ~ ~ ) ~ L ( ~ ) ~ C A P K ( ~ ) S C C A P K ( ~ )  
DIMENSION C(29400,3)rD(2~40093)~GRAV(400,3) 
D I P E N S I O N  R O O T P ( ~ ~ ~ ~ ~ ) ~ H A T R P ~ ~ ~ ~ P ~ ~ ~ D H A T R P ~ ~ ~ ~ , ~ )  
COMPLEX CCAPK,HATRP,DHATRP 
COMMON ALAMB,ZMOMPZCOM~ITYPE 
DIMENSION ZMOM(495)  
COMPLEX ZMOMeZCOM 
COPPLEX Z P F ~ D F ~ H P H K ~ H K K ~ H W P H W K  
I F ( I T Y P E Q N E . Z ) G O  TO 1 3 0  

120 INDEXm4 
hCOM=Z 
GO TO 2 0 0  

1 3 0  INDEX=3 
131  C C A P # ( 2 ) = Z  

CCAPK( 3 )sCSQRT (Z*Z+CAPKt  1 ) *CAPK(  1 )  ) 
2 0 0  CALL DISPF(ZCOM~HPHK~HKK~HWPHWKPDERRORBINDEX) 

IF ( ITYPEeGT.21GO TO 3 3 0  
FaH- ALAMB 
GO TO ( 3 1 0 ~ 3 2 0 )  9 I T Y P E  

3 1 0  DF=HK 
RETURN 

3 2 0  DF=HW 
RETURN 

330 DF=HKK 
F=HK 
RETURN 
END 

FUNCTION FUNCT(X1 

T H I S  SUBPROGRAM COMPUTES THE RELEVANT Q u A N T I f i E S  FOR DETERMiN iNG 
THE MAXIMUM I N  SUBPROGRAM FOLLOW. FOR I T Y P E  a 1 THE NEGATIVE OF 



THE IMAGINARY PART OF K-Z  I S  COMPUTED FOR THE REAL FREQUENCY 
S P E C I F I E D  BY ' X ' e  FOR I T Y P E  = 2 THE IMAGINARY PART O F  THE FREQUENCY 
I S  C3MPUTED FOR THE REAL K-Z S P E C I F I E D  BY V X t r  FOR I T Y P E 1 3 9 4  THE 
I M A G I N A R Y  PART OF THE D I S P E R S I O N  FUNCTION I S  EVALUATED ALONG THE 
SOLUTIQN OF THE EQUATION W I T H  THE D E R I V A T I V E  OF THE D I S P E R S I O N  
FUNCTION SET EQUAL TO ZERO W I T H  ' X t  S P E C I F Y I N G  THE REAL PART O F  THE 
FREQUENCY ON THE TRAJECTORYe 

COMMON C C A P K , H A T R P , D H A T R P ~ C A P K ~ C O N S T ~ G R A D ~ C ~ D ~ G R A V ~ R O O T P  
COMMON A L O W ~ E X P M A X , F R A C T ~ U M A X , E X T R A ~ , E X T R A ~ ~ E X T R A ~  
COMMON J M A X ~ L , N T Y P E , J P O S ~ J N E G ~ K M A X ~ M M A X ~ N E X T R ~ + N E X T R ~ + N E X T R ~  
COMMON N E X T R 4 9 N E X T R 5 9 N E X T R 6 9 N E X T R 7  
D I M E N S I O N  C O N S T ( 4 9 3 ) r G R A D ( 5 9 3 ) , L ( 3 ) , C A P K ( 3 ) * C C A P K ( 3 )  
D I M E N S I O N  C(2,400r3)9D(2,400~3)~GRA~(400,3) 
D I M E N S I O N  R 0 0 T P ( 1 0 0 ~ 2 ) ~ H A T R P ( 1 0 0 ~ 2 ~ ~ D H A T R P ( 1 0 0 ~ 2 )  
COMPLEX CCAPK,HATRP9DHATRP 
COMMON A L A M B , z M O M ~ Z C O M , I T Y P E ~ A C C U R ~ E R R O R ~ D X M I N  
D I M E N S I O N  Z M O M ( 4 9 5 )  
COMPLEX ZMOMeZCOM 
COMPLEX Z,H,HK,HKK,HW,HWK,F,DF 
EXTERNAL RESULT 

1 FORMAT( lX44HNEWTON I T E R A T I O N  DOES NOT CONVERGE ( I E R R O R  = ,12 ,6H) ,  X 
1 = , l P E 1 3 0 6 )  

I T E N D - 1 0  
FUNCTzOe 0  
I T R Y - 1  
I F (  I T Y P E e E Q e 2 ) G O  TO 1 2 0  
Z C O M = C M P L X ( X $ A I M A G ( Z C O M ) )  
Z = C C A P K ( 2 )  
GO TO 2 0 0  

1 2 0  ZzZCOM 
C C A P K ( 2 ) = X  
C C A P K ( 3 ) = S Q R T ( X + X + C A P K ( J , ) * C A P K ( l ) )  

2 0 0  C A L L  L O C A T E ( R E S U L T e Z , A C C U R , I T E N D t I E R R O R ~ E R R O R ~ I T )  
IF (1ERROReEQeO)GO TO 3 0 0  
I F ( I E R R O R o E Q e 1 ) G O  TO 2 2 0  
I F ( I E R R O R e E Q . 2 )  GO TO 2 1 0  

2 1 0  WRITE(6 ,1 ) IERROR,X  
RETURN 

2 2 0  I T R Y = I T R Y + l  
I F ( I T R Y e G T o 3 ) G O  TO 210 
GO TO 2 0 0  

3 0 0  I F ( I T Y P E e G T e 2 ) G O  TO 400 
I T R Y = l  
SIGNA-1.0 

3 0 1  Y=X-DXMIN*S IGNA/4eO 
GO TO ( 3 1 0 6 3 2 0 )  e I f Y P E  

3 1 0  C C A P K ( 2 ) = Z  
CCAPK(3)=CSQRT(Z*Z+CAPK(l)*CAPK(l)) 
ZCOM=Y 
GO TO 3 5 0  

3 2 0  CCAPK ( 2  1 n Y  
C C A P K ( 3 ) = S Q R T ( Y * Y + C A P K ( l ) * C A P K ( l ) )  
ZCOMeZ 

350 C A L L  RESULTIZeFcDF:ERRORf  
FUNCT=FUNCT+SIGNA+AIMAG(F/DF)  



I T R Y = I T R Y + l  
S  IGNA=-S IGNA 
I F ( I T R Y s E Q e 2 ) G O  TO 3 0 1  
FUMCTg2aO+FUNCT/DXMIN 
IF(ITYPEaEQsl)FUNCT=mFUNCf 
RETURN 

400 C C A P K ( Z ) = Z  
CCAPK(3)=CSQRT(Z*Z+CAPK(l)*CAPK(l)I 
C A L L  D I S P F ( Z C O M ~ H , H K ~ H K K , H W ~ H W ~ H W K ~ E R R O R ~ ~ )  
FUNCT=AIMAG(H)  
RETURN 
END 

MI[ CR03  
M A I N  PROGRAM 3 

CONTROL PROGRAM FOR MARGINAL S T A B I L I T Y  A N A L Y S I S  
T H I S  PROGRAM AND I T S  ASSOCIATED SUBPROGRAMS ARE AN ABBREVIATED FORM 

OF M I C R O 1  WHICH O M I T  THE CAUCHY INTEGRAL METHOD GROWTH RATE 
A N A L Y S I S  AND THE P O S S I B I L I T Y  OF O B T A I N I N G  NYQUIST  PLOTS OF THE 
D I S P E R S I O N  FUNCTIONe 

COMMON C C A P K , H A T R P ~ D H A T R P , C A P K ~ C O N S T ~ G R A D ~ C ~ D ~ G R A V ~ R O O T P  
COMMON A L O W , E X P M A X , F R A C T 9 U M A X 9 E X T R A l t E X T R A 2 9 E X T R A 3  
COMMON J M A X ~ L ~ N T Y P E ~ J P O S , J N E G , K M A X ~ M M A X O N E X T R ~ ~ N E X T R ~ V N E X T R ~  
COMMON N E X T R ~ ~ N E X T R ~ V N E X T R ~ ~ N E X T R ?  
D I M E N S I O N  C O N S T ( ~ ~ ~ ) ~ G R A D ~ ~ ~ ~ ) ~ L ( ~ ) ~ C A P K ( ~ ) ~ C C A P K ( ~ )  
D I M E N S I O N  C ( 2 9 4 0 0 9 3 1 t D ( 2 9 4 0 0 9 3 ~ ~ G R A V f 4 0 0 ~ 3 )  
D I M E N S I O N  R O O T P ( ~ ~ ~ ~ ~ ) ~ H A T R P ( ~ O O ~ ~ ~ P D H A T R P ~ ~ O O ~ ~ )  
COMPLEX CCAPKIHATRP~DHATRP 
D I M E N S I O N  C H A R ( 5 9 3 )  

1 F O R M A T ( 1 4 1 5 )  
2 FORMAT( 5E14 .8 )  
3  FORMAT(1H 9 7 H N D I F F  = 9 1 2 r l X 2 7 H N O T  ALLOWED I N  T H I S  PROGRAM) 

NNYQUSEO 
NMAX-400 
A L O W J ~ ~ E - 6 5  
EXPMAX=lSOe 
R E A D ( 5 9 1 ) N C A S E S  
DO 4 0 0  NCASE-1,NCASES 
REPO( 5, 1 ) N S U B S  
R E A D ( 5 9 1 ) N P P L O T  
DO 3 0 0  NSUB=l,NSUBS 
C A L L  INPUT(NCASE,NSUBINGOOF~CHAR~NDIFFBNNYQUS~FRQNYQ) 
I F ( N G O O F e N E e 0 ) C O  TO 4 5 0  
IF(NDIFFaEQe2rOReNDIFFoEQa3)GO TO 5 0 0  
I F ( N S U B e E Q e 1 ) C A L L  SETUP(NMAX9CHAR) 
UMPY=ABS(CONST(lsf9/CONST(391)) 
C A L L  F I N D ( N P P L 0 T )  

3 0 0  CONTINUE 
4 0 0  CONTINUE 
4 5 0  RETURN 
560 W R I T E ( b 9 3 ) N B I F F  

RETURN 
END 



C M I  C R 0 4  
' C  MA1 N PROGRAM 4 

C T I M E - S H A R I N G  CONTROL PROGRAM FOR M A R G I N A L  S T A B I L I T Y  A N A L Y S I S  
C 

D I M E N S I O N  C O N S T ( ~ , ~ ) , G R A D ( ~ , ~ ) ~ L ( ~ ) ~ C A P K ( ~ ) P C C A P K ( ~ )  
D I M E N S I O N  C ( 2 , 4 0 0 , 3 ) o D ( 2 9 4 0 0 9 3 ) 9 G R A V ( 4 0 0 9 3 )  
D I M E N S I O N  R O O ~ P ( ~ ~ ~ ~ ~ ) ~ H A T R P ~ ~ ~ ~ ~ ~ ) , D H A T R P ( ~ ~ ~ ~ ~ )  
COMMON C C A P K , H A T R P , D H A T R P , C A P K ~ C O N S T # G R A D ~ C ~ D ~ G R A V * R ~ ~ T ~  
COMMON A L O W ~ E X P M A X ~ F R A C T , U M A X ~ E X T R A ~ + E X T R A ~ , E X T R A ~  
COMMON J M A X , L ~ N T Y P E V J P O S , J N E G , K M A X P M M A X , N E X T R ~ Q N E X T R ~ ~ N E X T R ~  
COMMON NEXTR49NEXTRSrNEXTR6,NEXTRf  
D I M E N S I O N  C H A R 4 5 9 3 1  

1 F O R M A T ( l X 3 1 H T Y P E  I N  FREQUENCYt  K-Z ( 2 E 1 4 0 8 3 )  
2 F O R M A T ( 2 E 1 4 e B )  
3 F O R M A T ( l X 6 1 H U N D E R F L O W  OCCURS I N  THE  E V A L U A T I O N  OF  P ( U ) 9  TRY ANOTHE 

1 R  G U E S S / / )  
4 F O R M A T ( / l X S H F O R  K-Z = , l P E 1 4 0 7 , 8 H ,  FREQ = , l P E 1 4 0 7 , 1 3 H  AND LAMBDA = 

1 9 l P E 1 4 0 7 t 9 H  ( R E C I P  = r l P E 1 4 0 7 , 1 H )  / / / I  
5 F O R Y A T ( l X 5 O H Z E R O  OF  P ( U )  CANNOT B E  FOUND NEAR GUESS9 T R Y  A G A I N / / )  
6 FORMAT(  / / / / I )  
7 FORMAT(  / / / )  

N M A X = 4 0 0  
A L O W = l r E - 3 6  
E X P Y A X = 7 5 0  
ERROR830 E - 0 7  
N C A S E = l  

5 0  P R I N T  6 
C A L L  SINPUT(NCASE,NGOOF9CHAR) 
N C A S E = N C A S E + l  
I F ( N G O O F e N E e 0 ) C A L L  E X I T  
P R I N T  7  
C A L L  SETUP ( NMAX ,CHAR 
UMAX=ABS(CONST(l,l)/CONST(3,1) 

100 P R I N T  1 
R E A D  Z,FREQ,CAPK( 2 
I F ( F R E Q e E Q e O e 0 ) G O  TO 5 0  
I F ( F R E Q e G T o l e E + 2 9 ) C 4 L L  E X I T  
CAPK(3)=SQRT(CAPK(l)*cAPK(l)+CAPK(2)*CAPK(Z)) 
X s F R E Q  
D X = C A P K ( Z )  / ( 4 r O * C O N S T (  3 9 1 1  
I F ( C A P K ( ~ ) ~ E Q O O O O ) D X = U M A X / ~ O ~  
I T R Y = 1  
T E S T L = P (  X 9 
S I G N L E S I G N (  l c O 9 T E S T L )  
I F ( T E S T L e E Q e O e 0 ) S I G N L r O . O  
GO TO 2 1 0  

2 0 0  T E S T L n T E S T  
S l G N L = S I G N T  

210 X=X+DX 
T E S T = P (  X )  
S I C N ? ~ S I G N ( ~ ~ O I T E S T )  
IFiTESieEQ.OoOiSiGNT50,0 
I T R Y = I T R Y + l  



H O L D z S I  GNT*S I G N L  
I F ( H O L D e G T e 0 e O ) G O  TO 2 5 0  
I F ( H O L D e L T e 0 c O ) G O  TO 3 0 0  
I F ( P ( X + D X I e N E e O e O ) G O  TO 3 0 0  
P R I N T  3 
GO T O  1 0 0  

2 5 0  I F (  I T R Y e G T a 3 0 ) G O  T O  400 
I F ( A B s ( T E s T ) ~ L T ~ A B S ( T E S T L ) ) G O  T O  2 0 0  
P F ( I T R Y e G T e 2 ) G O  T O  400 
X= X-DX 
DX=-OX 
GO T O  2 0 0  

3 0 0  A=X 
B=X-DX 
x C R I T ~ R O O T ( P ~ A ~ B ~ O O O ~ E R R O R )  
C C A P K ( 2 ) = C A P K ( 2 )  
C C A P K ( 3 ) = C A P K ( 3 )  
C A L L  D I S P ( X C R I T e A o B 9 E R R O R )  
I F ( A s L E ~ O e O ) R E C 1 P = 1 e o / A L O W  
I F ( A e G T e O e O ) R E C I P ~ l . O / A  
P R I N T  4 , C A P K ( 2 ) 9 X C R I T 9 A e R E C I P  
GO P O  100  

400 P R I N T  5 
GO T O  BOO 
END 

S U B R O U T I N E  SINPUT(NCASE,NGOOF9CHAR) 
C 
C SUBPROGRAM S I N P U T  FOR T I M E - S H A R I N G  S Y S T E M  
C 

D I M E N S I O N  C O N S T ( 4 9 3 ) 9 G R A 0 ( 5 9 3 )  9 L ( 3 )  9 C A P K ( 3 )  q C C A P K ( 3 1  
D I P E N S I O N  C ( 2 9 4 0 0 9 3 ) 9 D ( 2 r 4 0 0 9 3 ) ~ G R A V ( 4 0 0 9 3 )  
D I M E N S I O N  R O O T P ( 1 0 0 9 2 )  ~ H A T R P ( 1 0 0 9 2 ) 9 D H A T R P ( 1 0 0 9 2 )  
COMMON C C A P K 9 H A T R P , D H A T R P 9 C A P K 9 C O N S T 9 G R A D 9 C ~ O ~ G R A V 9 R O O T P  
COMMON A L O W P E X P M A X ~ F R A C T ~ U M A X ~ E X T R A ~ ~ E X T R A ~ ~ E X T R A ~  
COMMON J M A X 9 L 9 N T Y P E 9 J P O S 9 J N E G 9 K M A X 9 M M A X t N E X T R 1 9 N E X T R 2 9 N E X T R 3  
COVYON N E X T R 4 $ N E X T R 5 9 N E X T R 6 9 N E X T R 7  
D I M E N S I O N  C H A R ( 5 9 3 )  

1 F O R M A T ( 5 1 5 )  
2  F O R M A T ( 5 E 1 4 . 8 9  1 2 )  
3 F O R M A T ( l H 1 9 l O X 4 H C A S E ~ T 3 / / ~  
4  F O R M A T ( / 9 1 X 4 5 H R E F E R E N C E  LARMOR R A D I U S  T I M E S  THE WAVE V E C T O R / / 9 2 1  

l X 3 H K - Y / / 9 1 6 X B P E 1 3 e 6 / / )  
9 F O R M A T ( 8 0 X 2 3 H R E F E R E N C E  LARMOR RADIUS/lXSHSPECIES916X29HWATIO TO R E  

I F E R E N C E  S P E C I E S  O F 9 2 2 X 3 3 H D I V I D E D  BY T H E  G R A D I E N T  L E N G T H  O F , 4 X T H G R A  
2VITY,5X7HCURRENT/2X6HNUMBER,5X4HMASS97X7HDENSITY95X6HCHARGE~6X6HTE 
3 M P - ~ ~ 4 X 1 l H T E M P - ~ P E R P ~ ~ 2 X 1 H L ~ 4 X 7 H D E M S I T Y ~ 3 X l l H T E M P ~ ~ P E R P t ~ 3 X 4 H T E M P -  
4 2 9 2 X 2 ( 3 X 9 H P A R A M E T E R ) / l H  

10 F O R M A T ( Z X I 3 9 3 X 1 P 5 E 1 2 e 3 9 I 4 9 1 P 5 E 1 2 e 3 )  
11 F O R M A T ( / * l X 2 6 H C H A R G E  N E U T R A L I T Y  V I O L A T E D )  
f 2  F O R M A T (  / c  l X 3 2 W D E N S I  T Y  G R A D I E N T S  DO NOT B A L A N C E )  
f 3 F O R M A T (  1 X l l H T Y P E  I N  K - Y  1 

NGOOFsO 
D E R R O R = I : E - 0 4  



W R I T E ( 6 9 3 ) N C A S E  
90 R E A D ( 5 9 1 ) J M A X 9 N T Y P E 9 N V E E R O  

P R I N T  1 3  
READ 2 9 C A P K ( l I  
W R I T E ( 6 9 4 ) C A P K (  1) 
N D I  FF=O 
DO 1 0 0  J = 1 9 J M A X  
DO 99 1 - 1 9 5  

9 9  GRAD( I 9JS=O.O 
READ(592)(CHAR(IgJ)91=195)9L(J) 
IF(NTYPEeGTe3)READ(592)(GRAD(I9J)91=193) 
I F ( V T Y P E e G T e l e A N D . N T Y P E I L E . 3 ) R E A D ( 5 , 2 ) G R A D ( l 9 J )  
I F ( N T Y P E - 2 * ( N T Y P E / 2 ) e N E e O ) R E A D ( 5 9 2 ) G R A D ( 4 e J )  
I F ( N V Z E R O c N E c O ) R E A D ( 5 , 2 ) G R A D ( 5 9 J )  

1 0 0  CONTINUE 
110 W R I T E ( 6 9 9 )  

W R I T E ( 6 9 1 0 ) ( J p ( C H A R ( I ~ J ) ~ I = l , 5 ) ~ L ( J ) , ( G R A O ( I 9 J ) 9 1 = 1 9 5 ) ~ J ~ l 9 J M A X )  
SUM=OeO 
DO 1 2 0  J = 1 9  JMAX 

1 2 0  SUM=SUM+CHAR(29J) *CHAR(39J)  
I F ( A B S ( S U M ) . L T e D E R R O R ) G O  TO 1 3 0  
NGOOF=l  
P R I N T  11 

1 3 0  I F ( N T Y P E e L T . 1  )GO TO 1 5 0  
SUMnO.0 
DO 1 4 0  J-1 9 JMAX 
SUM=SUM+CHAR(29J)*CHAR(39J)*(-GRAD(leJ)+FLOATtL(J)+l~*GRAD(ZeJ~+O~ 

15*GRAD(39J)+2rO*GRAD(49J)*FLOAT(l/(L(J1+1))j 
1 4 0  G R A D ( 4 9 J ) = G R A D ( 4 9 J ) * C H A R ( 1 , J ) / ( C H A R ( 3 9 J ) * C H A R ( 3 e J ) )  

IF(ABS(SUM)~LTIDERROR)GO TO 1 5 0  
NGOOF* l  
P R I N T  1 2  

1 5 0  RETURN 
END 

SUBROUTINE SETUP(NMAX9CHAR) 
C 
C SUBPROGRAM SETUP FOR TIME-SHARING SYSTEM 

D I M E N S I O N  C O N S T ( ~ ~ ~ ) ~ G R A D ( ~ , ~ ) , L ( ~ ) ~ C A P K ( ~ ) ~ C C A P K ( ~ )  
D I M E N S I O N  C ( 2 9 4 0 0 9 3 ) 9 0 ( 2 9 4 0 0 9 3 ) ( 1 G R A V ( 4 0 0 9 3 )  
D I M E N S I O N  R O O T P 1 1 0 0 ~ 2 ) ~ H A T R P ~ 1 0 0 ~ 2 ~ ~ D H A T R P ( 1 0 0 ~ 2 )  
COMMON C C A P K 9 H A T R P t D H A T R P 9 C A P K ~ C O N 5 T g G R A D 9 C ~ D ~ G R A V 9 R O O T P  
COPMON A L O W , E X P M A X ~ F R A C T ~ U M A X ~ E X T R A ~ ~ E X T R A Z V E ~ T R A ~  
COMMON J M A X ~ L ~ N T Y P E ~ J P O S ~ J N E G ~ K M A X P M M A X D N E X T R ~ ~ N E X T R Z ~ N E X T R ~  
COMMON N E X T R 4 9 N E X T R 5 9 N E X T R 6 9 N E X T R 7  
D I M E N S I O N  C A ( 4 0 0 s 2 ) s D A ( 4 0 0 9 2 ) e E X ( 4 0 0 ) 6 C H A R ( 5 p 3 )  
DO 10 Jx19JMAX 
H O L D = S Q R T ( C W A R ( P , J ) / C H A R ( 4 9 J ) )  
CONST(19J)=CHAR(39J)*HOLD/CHAR(l,J) 
C O N S T ( 2 9 J ) = C H A R ( 4 9 J ) / C H A R ( 5 9 J )  
C O N S T ( 3 9 J ) = X O L D  

1 0  C O N S T ( 4 , J ) = C H A R ( Z s J ) + ( C H A R ( 3 9 J ) * * 2 ) / C H A R ( 4 9 J )  
I T G R A D s l  



IF (NTYPErGP.3) ITGRAD=2 
DO 2 0  JS leJMAX 
X=Oa5*( (CAPK(  ~)/CHAR(~,J))++~)+CHAR(~~J)*CHAR( 1,J) 
MaNMAX 
CALL C D C O M P P X ~ L C J ~ ~ M ~ C A ~ D A ~ A L O W D I T G R A D !  
DO 2 0  I z 1 9 I T G R A D  
DO 2 0  Kz1,NMAX 
C ( I ~ K ~ J ) = C A ( K D I )  

20 D( 1 9 K e J ) r D A ( K e I )  
I F ( N T Y P E - ~ * ( N T Y P E / ~ ) Q E Q ~ O ) C O  TO 4 0  
DO 3 0  Jz19JMAX 
X=CAPK( 1 )*GRAD( 4, J )  
K=NMAX 
CALL B E S S E L ( X e K , E X , - l r 0 , A L O W )  
PO 3 0  I s l e N M A X  

30 G R A Y ( f o J ) = E X ( I l  
40  RETURN 

END 

SUBROUTINE CDCOMP(X,L~NIC,D,ALOW~ITGRAD) 
C 
C SUBPRC5RAM CDCOMP FOR TIME-SHARING SYSTEM 
C 
C T H I S  SUBROUTINE COMPUTES THE CONSTANTS C(N,L,J)  AND D(N,L,J) WHICH 
C AR ISE  I N  A CYLINDRICALLY CUT-OUT Y 'PERPI  D I S T R I B U T I O N  FUNCTIONe 
C " 9  t 0 9 1 9 2 9 3  ARE TREATED NORMALLY 
C " @  GREATER THAN 3 I S  CONSIDERED TO BE I N F I N I T E  AND THUS THE V 'PERF" 
C D ISTRIBUT ION FUNCTION I S  A DELTA FUNCTION. 
C W @  I S  TO BE GIVEN AS THE DIMENSION OF THE F I R S T  SUBSCRIPT OF C AND D 
C AND I S  RETURNED AS THE HIGHEST POSIT ION WHICH CONTAINS A NON-ZERO 
C RESUbTe 
C @ITGRAD '  = 1 9  ONLY THE C AND D FUNCTIONS FOR L ARE COMPUTED 
C eITGRAD- 29 THE C AND D FUNCTIONS FOR BOTH L AND L + l  ARE COMPUTED 
C (FOR @ITGRADq = 29 g L @  E 3 I S  CONSIDERED TO BE I N F I N I T E I r  
C 

DIMENSION C(400e29,D(400e2),ARRAY(4OO)~PQ(492) 
DO 1 0  F1=19N 
DO 1 0  J = l , I T G R A D  
C(  M, J )=OeO 

10 D(M,J)=OaO 
I F ( L e G T e 3 ) G O  TO 3 0 0  
I F ( L e G T * 2 e A N D e I T G R A D e G T e l ) G O  TO 3 0 0  

C 
C NORMAL CALCULATION FOR L = 6 r f , 2 a 3  
6 

CALL BESSEL(XeN9ARRAYg l r  VALOW) 
J=L+a 
GO TO ( 1 0 0 9 1 2 0 t 1 4 0 e 1 6 0 1 e J  

PO0 F Q ( P 9 P l = P e O  
P Q ( 2 9 % ) = 0 a O  
P Q ( 3 1 1 ) = 1 a O  
P Q ( 4 e l l = O e O  
I F ( E T t i R A D e E Q e l i C 0  T O  200 
J=2 
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C D E L T A  F U N C T I O N  D I S T R I B U T I O N  FOR L GREATER THAM 3 
C 

3 0 0  H O L D = S Q R T ( 2 . * X )  
C A L L  B E S S E L ( H O L D ~ N ~ A W W A Y Q - ~ O  9 A L O W l  
J z H O L D  
C (  1 9 1 ) = A R R A Y ( 1 ) * * 2  
D (  1 9 1 )  = -HOLD*ARRAY ( 1) *ARRAY ( 2 )  
I F ( I T G R A D e E Q . 1 ) G O  T O  3010 
C ( 3 , 2 ) = C ( l , l )  
D ( 1 * 2 ) = D ( 1 9 1 )  

3010 M = 2  
I F ( X o E Q e 0 e O ) G O  TO 400 
C L O W = I O . * S Q R T ( A L O W )  / H O L D  

3 0 1  IF(ABS(ARRAY(M))cGToCLOW)GO TO 302 
TWOTH=O.O 
I F ( M e G T e J 1 G O  TO 400 
GO T O  3 0 3  

3 0 2  T W O T H = A R R A Y ( M ) * + Z  
3 0 3  C ( M , l ) = T W O T H  

D ( M , ~ ) = O I ~ * H O L D * A R R A Y ( M I * ( A R R A Y ( M - ~ ) - A R R A Y ( M + ~ ) )  
I F ( I T G R A D . E Q o 1 ) G O  TO 304 
C (  M 9 2  ) = T W O T H  
D ( M s 2 ) = D ( M * 1 )  

304 M=P9+1 
GO T O  3 0 1  

400 N=M-1  
R E T U R N  
E N D  

S U B R O U T I N E  BESSEL(X*N9ARRAYtSIGNAeALOW) 

SUBPROGRAM B E 5 S E L  FOR T I M E - S H A R I N G  S Y S T E M  

T H I S  S U B R O U T I N E  COMPUTES A L L  ORDERS O F  T H E  B E S S E L  F U N C T I O N S  J ( M , X )  
OR I ( M 9 X )  FOR A G I V E N  ARGUMENT X a  

U S E  ' S I G N A '  = + 11. FOR I ( M 9 X )  AND 
" I G N A -  - 1. FOR J ( M * X ) e  

( A R R A Y U S  T H E  VECTOR O F  L E N G T H  ' N '  I N  W H I C H  T H E  R E S U L T S  ARE TO B E  
P L A C E D *  W '  M U S T  B E  G I V E N  AND S H O U L D  B E  T H E  M A X I M U M  D I M E N S I O N  
O F  ' A U R A Y v e  

A F T E R  E X E C U T I O N  O F  T H I S  S U B R O U T I N E 9  t N @  I S  T H E  I N D E X  O F  T H E  L A S T  
E L E M E N T  O F  ' A R R A Y '  W H I C H  C O N T A I N S  A NON-ZERO R E S U L T .  T H E  M-TH 
E L E M E N T  O F  ' A R R A Y '  C O N T A I N S  J ( M - l r X )  OR I ( M n 1 9 X 1  D E P E N D I N G  O N  T H E  
S I G N  OF S I G N A .  

ALOW I S  T O  B E  G I V E N  A S  T H E  S M A L L E S T  NUMBER P O S S I B L E  ON T H E  CBMPUfERo 

D I M E N S I O N  A R R A Y ( 4 0 0 )  
N M A X = 4 0 0  
BREAKSO*  1 
S I G N T z l r  O 
I F ( X e L T s O e 0 )  S I G N T = - S I G N T  
X = A R S ( X )  

.DO 99 I = b 9 N  
9 4  A R R A Y i I i = G o G  



97 I F ( X e G T e l O . * E X P ( O e S * A L 4 ) G ( A L Q W )  ) ) G O  TO 101 
A R R A Y ( 1 ) s l e O  
N = l  
R E T U R N  

101 I F ( X e G E e 0 R E A K i  GO T O  2 0 0  
C 
C S E R I E S  METHOD - U S E D  FOR X S M A L L E R  T H A N  0.1 
C 

CLOW= l O o * A L O W / X  
E X P X = l e O  

I F ( S I G N A ~ L T I O I O ) E X P X ~ E X P B > O  
I =l 
F M U L T = X * X * S I G N A / 4  eO 
E = 1 , 0  
GO T O  1 0 3  

1 0 2  E = E * ( X / 2 e ) / F L O A T ( I - 1 )  
103 SUM-1.0 

A N P L U S =  I 
AN-1. 
TERM=SUM 

104 SUPE=SUM 
TERM=TERM*FMULT/(ANPLUSaAN) 
SUM=SUM+TE RM 
A N P L U S = A N P L U S + l r O  
A N = A N + l  e 0 
I F ( S U M E - S U M e N E e O e O )  GO TO 1 0 4  
A R R A Y ( I ) = E * S U M / E X P X  
I = I + 1  
IF(IeLEeNeANDeEeGTrCLOW1GO TO 1 0 2  
N = I - 1  
GO T O  2 0 5  

1 5 0  W R I T E ( 6 9 1 5 1 ) X  
1 5 1  F Q R M A T ( 5 O H  ARGUMENT G I V E N  TO B E S S E L  I S  TOO L A R G E 9  ARGUMENT = 1 P E 1 5 0  

17) 
C A L L  E X I T  

C  
C  R E C U R S I O N  R E L A T I O N  METHOD - U S E D  FOR X L A R G E R  T H A N  0.1 
C 

2 0 0  E ~ 2 r  7 1 8 2 8 1 8 3  
C L O w = A L O G ( l e E + 0 8 * A L O W ) c X  
I = X  
I F ( S I G N A e L T c O . 0 )  I 9 2 * I  ' 

2 0 1  I=I+l 
AN-  I 
I F ( ( A N + O e 5 ) * ~ ~ O ~ ~ E * ~ / ( 2 s + A N ) ) ~ G T ~ C L O W ~ A N D ~ L T N 1 0  T O  2 0 1  
I F (  1 e C T e N M A X ) C B  T O  150 
N =  I 
A R P A Y ( I ) = A L O W * l a E + O B  
DO 2 0 2  I = 2 e N  
J = N - I + l  

2 0 2  C R R A Y  ( J )  = A R R A Y i  J + ~ ~ * S I G N A C ~ O ~ * F L O A T (  J ) * A R R A Y ( J + l )  / X  
SUM=ARRAY ( 1) 
J = l  
I F I S I G N A e L T e O a O )  J82 
J i c i d =  J+ I. 
DO 203 I = J L O W , N 9 J  



2 0 3  S U M = S U M + Z e O * A R R A Y ( I )  
DO 204 l s l 9 N  

2 0 4  A R R A Y ( I ) = A R R A Y ( I ) / S U M  
205 I F ( S I G N T . G T a O a O ! R E T U R N  

DO 2 0 6  I e 2 9 N 9 2  
206 A R R A Y ( I ) = - A R R A Y ( 1 )  

R E T U R N  
E N D  

F U N C T I O N  P ( U )  

SUBPROGRAM P ( U )  F O R  T I M E - S H A R I N G  SYSTEM 

D I M E N S I O N  C O N S T ( ~ ~ ~ ) ~ G R A O ~ ~ ~ ~ ) ~ L ( ~ I ~ C A P K ( ~ ) ~ C C A P K ( ~ )  
D I M E N S I O N  C ( 2 9 4 0 0 9 3 ) 9 0 ( 2 9 4 0 9 9 3 ) 9 G R A V ( 4 0 0 9 3 )  
D I M E N S I O N  R O O T P ( 1 0 0 9 2 ) 9 H A T R P t 1 0 0 , 2 ) ~ D H A T R P ( 1 0 0 , 2 )  
COMMON C C A P K ~ H A T R P ~ D H A T K P , C A P K ~ C O N S T ~ G R A D ~ C ~ D ~ G R A V ~ R O O T P  
COMMON A L O W ~ E X P M A X , F R A C T , U M A X ~ E X T R A ~ , E X T R A ~ ~ E X T R A ~  
C3PMON J M A X 9 L 9 N T Y P E 9 J P O S 9 J N E G 9 K M A X 9 M M A X g N E X T R 1 9 N E X T R 2 9 N E X T R 3  
COMMON N E X T R 4 9 N E X T R 5 9 N E X T R 6 , N E X T R 7  
N M A X = 4 0 0  
b !OGRAV=NTYPE-2 * (NTYPE/21  
P-0.0  
IF(UsNEeO.OeOReNTYPEeNEeO)GO TO 8 0  
DO 70 J z l s J M A X  
I F ( G R A D I 5 9 J ) r N E s O e O ) G O  TO 8 0  

70  C O N T I N U E  
R E T U R N  

8 0  DO 4 0 0  J r l s J M A X  
H O L D = C A P K ( ~ ) * G R A D ( ~ , J ) + C O N S T ( ~ ~ J ) * ( U - C A P K ( ~ ) * G R A D ( ~ ~ J ) ) / C O N S T ( ~ ~ J )  
S I G Y T = O e  5 
I F ( H O L D s L T a O e 0 1 S I G N T ~ ~ S I G N T  
N = H O L D + S I G N T  
I F ( C A P K ( 1 I e E Q e O e O ) N = O  
N P O S = 1  
NNEG=-1  
NMOD=O 
H O L D = H O L D * C O N S T ( l ~ J )  

90 S=HOLD-FLOAT(N+NMOD)*CONST(19J )  
IF(IABS(N+NMODlrGEeNMAX)GO TO 165 
S S Q = S * S  
I F ( C A P K ( 2 ) e N E e O * O ) G O  TO 97 
I F ( S S Q e N E e O e O 9 G O  TO 94 
F M U L T = I e E - O 8 / A L O W  
GO T O  95  

94 F M U L T = l e  /SSQ 
9 5  SSQ=O.5 

GO T O  98 
97 S S Q ~ S S Q / ( G A P K ( Z ) + C A P K ( 2 ) )  

I F ( S S Q e G T e E X P M A X ) G O  T O  165 
F M U L T = E X P ! - S S Q )  

9 8  G M U L T = i e O  
MMBD=O 
I F ( N 0 G R A V e E Q a O ) C O  TO 110 



MPCS = 1 
MNEG=-1 

100 K = I A B S (  M M 0 0 ) + 1  
S I G N T = l e O  
I F ( M M O D e G E e O I G 0  TO 1 0 5  
I F ( Y M O D - ~ * ( M M O D / ~ ) ~ N E O O ) S I G N T ~ - ~ O O  

1 0 5  G M U L T = G R A V ( K , J ) * S I G N T  
IF(ABS(GMULT)eLToALOW)GO TO 1 5 5  

110 K=N+NMOD-MMOD 
A = F L O A T (  K) 
IF(CAPK(l)eNEeOaO)A=A/CAPK(l) 
K = I A B S (  K ) + l  
C 11s 
IF(CAPK(2)eEQeO~O)Cl=OeO 
D ~ = C O N S T ( ~ ~ J ) * C O N S T ( ~ ~ J ) * ( F L O A T ( N + N M O D ) - C A P K ( ~ ) * G R A D ( ~ ~ J ) )  
TERM=OeO 
I F ( N T Y P E e L T e 2 1 G O  TO 1 3 0  
TEMPI= -GRAD(  1 r J) 
I F ( N T Y P E a L T e 4 ) G O  TO 1 2 0  
TEMP l=TEMP l+SSQ*GRAD(  3 ,J) 
T E R M = G R A D ( ~ ~ J ) * F L O A T ( L ( ~ ~ ~ ) + ~ ) * ( C ( ~ , K , J ) * ( A * C ~ - O ~ ~ * C A P K ( ~ ) / ~ O N S T ( ~ ~ J  

~ ) ) + A * D ~ * D ( ~ , K ~ J ) ) - A * C ~ * G R A D ( ~ ~ J ) * C ~ I ~ K O J )  
1 2 0  Cl=Cl*(leO+A*TEMP1)-Oe5*CAPK(1)*TEMP1/CONST~l~J~ 

D l = D l * (  l e O + A * T E M P l )  
1 3 0  T E R M = F M U L T * G M U L T * C O N S T ~ ~ ~ J ~ * ~ T E R M + C ~ * C ( ~ ~ K ~ J ~ + O ~ * D ~ ~ ~ K ~ ~ ~ ~  

I F (  ( P + T E R M ) - P o E Q e O e 0 ) G O  TO 1 6 3  
P=P+TERM 
IF (NOGRAV.EQ,~ A )  GO ,L-O 180 

1 4 9  I F ( M M O D ) 1 5 1 , 1 5 0 , 1 5 2  
1 5 0  M M O D = l  

GO TO 1 0 0  
1 5 1  I F 1 M P O S e E Q e O ) G O  TO 1 5 3  

KMOD=-MMOD+MPOS 
GO TO 100 

1 5 2  I F ( M N E G e E Q e 0 ) G O  TO 1 5 4  
KMOD=-MMOD 
GO TO 1 0 0  

1 5 3  MMOD-MMODcMNEG 
GO TO 1 0 0  

1 5 4  MMOD=MMOD+MPOS 
GO TO 1 0 0  

1 5 5  I F ( M M O D ) 1 6 1 9 1 5 9 , 1 6 0  
1 5 9  I F ( C A P K ( 2 ) ) 1 6 5 , 1 4 9 , 1 6 5  
160 MPOS=O 

GO T O  1 6 2  
161 MNEG=O 
1 6 2  IF (MPOSeEQeOeANDeMNEGe.EQeO)GO TO 1 8 0  

GO T O  149 
163 1 F I N O G R A V e N E e O ) G O  TO 1 5 5  
1 6 5  I F ( N M O D ) 1 7 0 9 3 0 0 9 1 6 9  
169 NPCS=O 

GO TO 171 
170 NNEG=O 
171 I F ( N P O S ~ E Q ~ O ~ A N D ~ N N E G B E Q ~ O ) G O  TO 400 
1 8 0  I F ( N M O D ) 1 8 2 ~ 1 8 1 ~ 1 8 3  
1 8 1  N M O D = l  



GO TO 9 0  
$ 8 2  IF (NPOS*EQ.O)GO TO 1 8 4  

NMOD=-NMOD+NPOS 
GO TO 9 0  

183 IF(NNEG.EQ.OIG0 YO 18% 
I\;M@D=-NMOD 
GO TO 9 0  

1 8 4  NMOD=NMOD+NNEG 
GO TO 9 0  

1 8 5  NMOD= NMOD+NPOS 
GO TO 9 0  

3 0 0  I F ( C A P K ( 2 ) r E Q e O e O ) G O  TO 1 8 0  
4 0 0  CONTINUE 

RETURN 
END 

FUNCTION ROOT(DUMMY,RFBvRFCvRFAE,RFRE)  
C  
C SUBPROGRAM ROOT FOR TIME-SHARING SYSTEM 
C  
C T H I S  SUBPROGRAM COMPUTES A  ROOT OF A  G I V E N  FUNCTION. 
C  DUMMY I S  THE NAME OF THE SUBPROGRAM WHICH REPRESENTS THE FUNC. 
C  RFB I S  THE LOWER L I M I T  OF THE RANGE I N  WHICH THE ROOT I S  TO B E  
C FOUND. 
C RFC I S  THE UPPER L I M I T  OF THE SAME RANGE. 
C RFAE I S .  THE ABSOLUTE ACCURACY TO BE ITERATED TO. 
C  RFRE I S  THE R E L A T I V E  ACCURACY TO BE ITERATED TO. 
C  

J R F S = l  
RFFB=DUMMY(RFB)  
S I G N B = S I G N ( 1 o O , R F F B )  
IF(RFFBeEQo0eO)SIGNBzOIO 
RFFC=DUMMY(RFC) 
S I G N C = S I G N ( l e 0 9 R F F C )  
IF(RFFC.EQ.O*O)SIGNCJOIO 
IF(SIGNB+SIGNCeLEeO.O)GO TO 9 1 2 2  

9 1 0 2  WRITE(Gq2OO)RFB,RFC 
200 F O R M A T ( l X 7 6 H L I M I T S  G I V E N  TO ROOT FUNCTION GENERATE FUNCTIONAL VALU 

1 E S  W I T H  THE SAME S I G N S I ~ ~ H ~ L I M I T S  A R E 9 1 P E 1 8 e 7 ~ 4 X 3 H A N D 9 E 1 8 . 7 )  
ROOTz0 0 0  
RETURN 

9 1 2 2  RFA=RFC 
RFFA=RFFC 
S I G N A t S l G N C  

9 1 2 3  IF(ABS(RFFB)~ABS(RFFA))9131~913199130 
9 1 3 0  PFC=RFB 

RFB=RFA 
RFA-RFC 
RFFC=RFFB 
S ICYC=S IGNB 
RFFB=RFFA 
S I G N B = S I G N A  
RFFAzRFFC 
S IGNA=SIGNC 



9 1 3 1  RFD=O.S*(RFB-RFA) 
RFT=RFAE+RFRE*ABS(RFB) 
I F ( R F F B ) 9 1 5 6 9 9 1 3 5 9 9 1 5 6  

9 1 3 5  ROOT=RFB 
RETURN 

9 1 5 6  I F ( I R F K ) 9 1 3 7 , 9 1 5 7 9 9 1 3 7  
9 1 5 7  I R F K = 3  
9 1 3 8  RFV=RFD 

GO TO 9 1 4 0  
9 1 3 7  IF(RFFB-RFFC)9139,9138,9139 
9 1 3 9  RFV=(RFB-RFC)*RFFB/(RFFB-=RFFC) 
9 1 4 0  lF(ABS(RF0)-RFT)914399143,3144 
9 1 4 3  JRFS=2 

GO TO 9 1 4 7  
9 1 4 4  IF(ABS(RFV1-RFT)914999147*9147 
9 1 4 7  IF((RFD-RFV)*RFV)9148~915299152 
9 1 4 8  RFX=RFB-RFD 

G 3  TO 9 1 5 3  
9 1 4 9  I F ( R F D ) 9 1 5 1 , 9 1 5 0 r 9 1 5 0  
9 1 5 0  RFV-RFT 

GO TO 9 1 5 2  
9 1 5 1  RFV*-RFT 
9 1 5 2  RFX=RFB-RFV 
9 1 5 3  GO TO ( 9 1 0 1 9 9 1 0 0 )  ,JRFS 
9100 ROOT=RFX 

RETURN 
9 1 0 1  RFCrRFB 

RFB=RFX 
RFFC=RFFB 
SIGYC=SIGNB 
RFFB=DUMMY(RFX) 
S I G N B = S I G N ( ~ . O I R F F B )  
IF(RFFB.EQ.OOO)SIGNB=OI,O 
IF(SIGNA*SIGNB)9158~913I~9159 

9 1 5 8  I R F K = I R F K - 1  
GO TO 9 1 2 3  

9 1 5 9  I R F K = 2  
GO TO 9 1 2 2  
END 

SUBROUTINE DISP(W9HR,t1I,DERROR) 
C 
C SUBPROGRAM D I S P  (AND D I S P F )  FOR TIME-SHARING SYSTEM 
C 

D IMENSION C O N S T ( ~ ~ ~ ) , G R A D ( ~ ~ ~ ) + L ( ~ ) ~ C A P K ( ~ ) ~ C C A P K ~ ~ )  
DIMENSION C ( 2 ~ 4 0 0 ~ 3 ) ~ 0 ( 2 ~ 4 0 0 9 3 ) ~ G R A V ( 4 0 0 9 3 )  
DIMENSION R O O T P ( ~ ~ ~ ~ ~ ) ~ H A T R P ( ~ ~ ~ I ~ ) , D H A T R P ~ ~ O O I ~ )  
COMMON C C A P K , H A T R P , D H A T R P , C A P K ~ C O N S T P G R A D ~ C ~ D ~ G R A V ~ R O O T P  
COMMON A L O W P E X P M A X ~ F R A C T ~ U M A X ~ E X T R A ~ ~ E X T R A ~ ~ E X T R A ~  
COMMON JMAX,L ,NTYPE9JPOS9JNEG,KMAX,MMAX,NEXTRl ,NEXTR29N€XTR3  
COMMON NEXTR4,NEXTR5rNEXTR6qNEXTR7 
D IMENSION ZMOM(495)  
COMMON ALAMB, LMOM 
DIMENSION H F ( 5 ) 9 H F H O L 0 ( 5 )  



NMAX-400 
NOGRAV=NTYPE-2* ( N f  YPE/2 1 
I TYoE=NTYPE-2 
INDEXa2 
DO 10 I=l,INDEX 

10 HF( 1)~Oeo 
CKHOLD=CCAPK( 2 
KZEROul 
I F ( C K H O L D * E Q ~ O Q O ) K Z E R O ~ ~  
DO 400 J919JMAX 
ITIME=l 
IZEROeO 
DO 20 I=19INDEX 

20  HFHOLD( I )=HF( I )  
Cl=D( 1919J) 
IF(L(J)eEQ.OICl=Cl-1.0 
IF(N0GRAVeEQeO)GO TO 72 
Cl=Cl*GRAV( l Q J) 
N=l 

71 N=N+2 
A = 2 r O * G R A V ( N 9 J ) + D ( 1 9 N 9 J )  
Cl=Cl+A 
I F ( A B s ( A ) ~ G T ~ D E R R O R * A B S ~ C ~ )  )GO TO 71 

72 HF(l)=HF(l)+Cl*CONST(2,J)*CONST(4,J) 
H O L D = C A P K ( ~ ) * G R A D ( ~ ~ J ) + C O N S T ( ~ ~ J I * ( W - C K H O L D * ~ R A D ( ~ ~ J ) ~ / C ~ N S T ( ~ ~ J )  
Cl=HOLD 
SIGNTo0.5 
IF(C1.LTaO.O)SIGNT~-SICNT 
N=Cl+SIGNT 
IF(CAPK(l).EQoOeO)N=O 
HOLD=HOLD*CONST(LQJ) 

8 0  IF(ITIMEeGTe1)GO TO 81 
CCAPK(2)tO.O 
GO TO 82 

81 CCAPK(2)-CKHOLD 
82 NPOSzl 

NNEG=-1 
NMOD=O 

90 Z = H O L D - T L O A T ( N + N M O D l * C O N S T ( l r J )  
IF( IABS(N+NMOD) rGEaNMAX)GO TO 165 
I F ( I T I M E ~ G T ~ l . O R e A B S ( Z ) e G T r 0 . 2 5 * A B S ~ C K H O L D O R K Z E R O E Q O G O  TO 99 
IZF90=l 
DO 91 I=lrINDEX 

91 WF(I)=HFHOLDII) 
GO TO 3 0 0  

99 CALL M O M E N T ~ I T Y P E 9 L 9 J 9 I T I M E ~ I N D E X ~ I Z E W O ~  
GMULT-lo0 
MMCDsO 
IF(N0GRAVeEQeO)GO TO 110 
MPOS=l 
MNEG=-1 

100 K=IABS(MMOD)+l 
SIGNT=leO 
IFIMMODeGEeQIGO TO 105 
~ F ~ M M O D - ~ * ~ M M G D ~ ~ ~ ~ ~ . J E ~ O ~ S I G ~ . ~ T = - S ~ G ~ ~ T  

105 GMULT=S IGNT*GRAV( K v  J )  



I F (  A B S ( G M u L T )  e L T e A L 0 W ) G O  TO 1 5 5  
110 K=N+NMOD-MMOD 

A = F L O A T ( K )  
IF(CAPK(l).NEeOeO)A=A/CAPK(l) 
K = I A B S (  K ) + 1  
THOLDzOe 5 *CAPK(  1) /CONST(  1 9 J )  

I ERROR-0 
DO 1 4 5  I = l t I N D E X  
TERY=FLOAT(N+NMOD)  
I F ( I T I M E e E Q e 2 ) G O  TO 1 1 5  
I F ( I ~ N E ~ ~ ~ A N D ~ I ~ N E ~ ~ ( I A N D ~ G R A D ( ~ ~ J ~ ( I E Q ~ O ~ O G O  TO 1 4 5  
I F ( T E R M e E Q e O e 0 ) G O  TO 1 1 5  
I F ( I ~ E Q ~ ~ ) T E R M E H O L D / C O N S T ( ~ ~ J )  

1 1 5  D ~ = C O N S T ( ~ P J ) * C O N S T ( ~ , J ) + ( T E R M - C A P K ( ~ ) * G R A D ( ~ ~ J ) ~  
TEPY=OeO 
TEMPI 1. Q 
I F ( N T Y P E e L T e 2 ) G O  TO 1 3 0  
I F ( N T Y P E e L T e 4 ) G O  TO 1 2 0  
T E R M = G R A D ( ~ ~ J ) * F L O A T ( L ( J ) + ~ ) * Z M O M ( ~ ~ I ) * ( A * D ~ * D ( ~ ~ K ~ J ) ~ T H O L D * C ( ~ ~ K ~  

~ J ) ) + G R A D ( ~ ~ J ) * Z M O M ( ~ ~ I ) * ( A * D ~ * D ( ~ ~ K ~ J ) - T H O L D * C ( ~ ~ K ~ J ~ )  
I F ( I T I M E ~ N E ~ ~ ) T E R M = T E R M + G R A D ( ~ ~ J ) * F L O A T ( L ( J ) + ~ ) * C ( ~ ~ K ~ J ) * A * Z M O M ( ~ ~  

lI)+GRAD(39J)*C(lrK~J)*A*(ZMOM(49I)-ZMOM(2eI)) 
1 2 0  T E M P = l .  OeA*GRAD ( 1 9  J )  

T E R M = T E R M + G R A D ( I , J ) * T H O L D * C ( ~ ~ K ~ J ) * Z M O M ( ~ ~ I )  
1 3 0  I F ( I T I M E ~ N E ~ ~ ) T E R M = T E R M + c ( ~ ~ K ~ J ) * Z M O M ( ~ ~ I ) * T E M P  

T E R M = G M U L T * C O N S T ( ~ ~ J ) * ( T E R M + D ( ~ ~ K ~ J ) * D ~ + T E M P * Z M O M ( ~ ~ I ) )  
140 HF(I)=HF(I)-TERM 

IF(ABS(TERM)~LEIDERROR*ABS(HF(I)))GO TO 145 
I E R R O R = l  

1 4 5  C O N T I N U E  
I F ( I E R R O R e E Q e 0 ) G O  TO 1 6 3  
I F ( N O G R A V ~ E Q ~ O ) G O  TO 1 8 0  

149 I F ( M M O D ) 1 5 1 e 1 5 0 s 1 5 2  
1 5 0  MMOD= l  

GO TO 100 
1 5 1  I F ( M P O S e E Q a O l G 0  TO 1 5 3  

MMOD=-MMOD+MPOS 
GO TO 1 0 0  

1 5 2  I F ( M N E G e E Q a O l G 0  TO 154 
MMOD=-MMOD 
GO T O  1 0 0  

1 5 3  KMOD=MMOD+MNEG 
GO TO 1 0 0  

1 5 4  MMOD=MMOD+MPOS 
GO TO 100 

1 5 5  I F ( M M O D 9 1 6 1 9 f 6 5 9 S 6 8  
160 MPOS=O 

GO TO 1 6 2  
161 MNEG=O 
1 6 2  IF(MPOSeEQe0eANDeMNEGeEQeO)GO TO 1 8 0  

GO TO 149 
1 6 3  I F ( N O G R A V e N E e 0 ) G O  TO 1 5 5  
1 6 5  I F ( N M O D ) 1 7 0 9 1 6 6 9 1 6 9  
1 6 6  I F ( Y ) 3 0 0 ~ 1 8 0 ~ 3 0 0  
169 NPOS=O 

GO T O  191 



1 7 0  NNEG-0 
1 7 1  I F ( N P O S ~ E Q ~ O I A N D ~ N N E G ~ E Q O O ) G O  TO 300 
1 8 0  I F ( N M O D ) 1 8 2 v  1 8 1 ~ 1 8 3  
1 8 1  NMOD=l  

GO T O  9 0  
1 8 2  I F ( N P 0 S e E Q e O ) G O  TO 184 

NMOD=-NMOD+NPOS 
GO TO 9 0  

1 8 3  I F ( N N E G e E Q e 0 ) C O  TO 1 8 5  
NMOD=-NMOD 
GO TO 9 0  

1 8 4  NMOD=NMOD+NNEG 
GO TO 9 0  

1 8 5  NMOD=NMOD+NPOS 
G 3  TO 9 0  

3 0 0  I T  I M E = I  T I M E + l  
I F ( I T I M E e G T e 2 ) G O  TO 4 0 0  
I F ( K Z E R 0 e N E e O ) G O  TO 8 0  

4 0 0  CONTINUE 
DO 4 1 0  I = l r I N D E X  

4 1 0  H F ( I ) = 2 e O * H F (  I )  
HOCD=leO/(CCAPK(3)*CCAPK(3)) 
HR=HOLD*HF ( 1 )  
H  I =HOLD*HF( 2  
RETURN 
END 

SUBROUTINE M O M E N T ( I T Y P E P Z ~ J ~ I T I M E V I N D E X ~ I Z E R O )  
C 
C SUBPROGRAM MOMENT FOR TIME-SHARING SYSTEM 
C 

D I M E N S I O N  C O N S T ( ~ ~ ~ ) , G R A D ( ~ ~ ~ ) , L ( ~ ) ~ C A P K ( ~ ) , C C A P K ( ~ )  
D I M E N S I O N  C ( 2 , 4 0 0 c 3 ) 9 0 ( 2 9 4 0 0 9 3 ) 9 G R A V ( 4 0 0 , 3 )  
D I M E N S I O N  ROOTP ( 1 0 0 ~ 2 )  ,HATUP( 100 9 2 )  9DHATRP( 1 0 0  
COMMON C C A P K ~ H A T R P ~ D H A T R P I C A P K ~ C O N S T ~ G R A O ~ C ~ D ~ G R A V ~ R O O T P  
COMMON A L O W ~ E X P M A X ~ F R A C T ~ U M A X ~ E X T R A Z , E X T R A ~  
COMMON J M A X , L ~ N T Y P E , J P O S ~ J N E G ~ K M A X ~ M M A X + N E X T R ~ , N E X T R ~ V N E X T R ~  
COMMON N E x T R ~ ~ N E X T R ~ , N E X T U ~ , N E X T R ~  
D I M E N S I O N  ZMOM(4951  
COMMON AbAM6,ZMOM 
I F ( I T I M E e G T e 1 ) G O  TO 2 0 0  
I F ( t . N E I O ~ O ) G O  TO 1 1 0  
TEMP=l.E-O8/ALOW 
DO 1 0 0  I ~ ~ P I N Q E X  

1 0 0  Z M O M ( l r I ) = T E M P  
GO TO 124  

1 1 0  ZMOM( 1, I ) = - 1 e O I . Z  
ZMOM( 1 9 2 ) = 0 1 0  

1 2 4  I F ( I T Y P E . L E e l ) R E T U R N  
DO 1 3 0  P t l v I N D E X  

1 3 0  Z V O M ( 3 9 1 ) = O o 5 * Z M O M ( 1 , 1 )  
RETURN 

2 0 0  ZEOLD=Z 
Z=Z /CCAPK(  2 )  



CALL ZETA(Z9OoO9ZR9ZI tDZR9DZI I 
IF(IZEROeNEe0)GO TO 300 
Zt?OM( 29 1)~-005*0ZR 
ZMOM( 29 2)~-0.5wDZI 
Z M O M ( 1 , 1 ) = Z M O M ( Z 9 1 ) / Z H O k D  
Z M G M ( 1 9 2 ) = Z M O M ( 2 9 2 ) / Z H O L D  
IF(ITYPEeLEe1)RETURN 
ZMOM(491)=0.5*(1.0-Z*Z*DZR) 
ZMOM(492)=-0eS*Z*Z*DZ I 
ZMOM(39l)=ZMOM(491)//WOLD 
Z M O M ( 3 , 2 ) = Z M O M ( 4 9 2 ) / Z H O L D  
RETURN 

300 ZMOM(lsl)=ZR/CCAPK(2) 
ZMOM( 192)=ZI/CCAPK( 2) 
ZMOM( 29 1 )=-Oe5*DZR 
ZMOM( 2,2)=-0o5*DZI 
IF(ITYPEeLEo1)RETURN 
ZMOM( 3,1)zZ*ZMOM( 291)/CCAPK(2) 
Z M O M ( ~ ~ ~ ) Z Z * Z M O M ( ~ ~ ~ ) / C C A P K ( ~ )  
ZMOM(491)=005*(le0~Z*Z*D2R) 
ZMOM( 49 2)~-Oe5*Z*Z+DZ I 
RETURN 
END 




