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ABSTRACT

The hypersonic viscous layer at low Reynolds numbers with blowing
has been analyzed in the stagnation region of a blunt body, By application of
an integral method to the streamwise momentum, the normal momentum,
and the energy equations, results are obtained for various values of the
blowing rate and for various degrees of rarefaction of the flow. Significant
effects of blowing on the character of the flow are observed,
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- LIST OF SYMBOLS

Body nose radius

Skin-friction parameter, (BU/QT")L
Heat-transfer parameter, (ae/aT-‘)b
(80/0F),,

CEM/CEM)

Stanton number, ( I‘-%l[)b /[.ﬁ;U;(Hm“ HQ]

Transformed normal coordinate, eq. (7)

1]

u

Dimensionless stream function, eq. (9)
Parameter for shock standoff distance, eq. (7)
Total enthalpy, h + (W'+ v2)/2

Static enthalpy

Unity for axisymmetric flow and zero for planar flow

‘Thermal conductivity

Rarefaction parameter, € (};'U; a//b_tk)(-r*/—ro)
Integralys involving T é,nd e, Sec 2 3

Blowmg parameter, (ﬁ,l]],)/(f' U-

Pressure

Prandtl number

= K G—

Distance from the axis to the body surface
Tempe‘r'aitufe‘
Reference temperature, (Te +'T;,>/Z

= Hh/H,

Dimensionless streamwise velacity, bL/('U- Cod/:’)
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Velocities in the physical coordinate (Fig. 2)
Physical coordinates (Fig, 2)

= r/o

Defined in eq, (44b)

Angle (Fig. 2)

Specific heat ratio

Shock standoff distance

Density ratio across the shock

Enthalpy ratio, (H — Hb)/CHm'— 'Hb)
Viscosity

Dimensionless streamwise distance, 7¢/Q
Density

Stream function

VSubscripts
b Body surface
= Outer edge of the viscous shock layer
r Reference condition
G0 ' Free-stream condition =
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1, INTRODUCTION

The purpose of the present report is to describe an integral
method applied to the analysis of the effects of blowing on the viscous hyper-
sonic shock layer (low Reynolds numbers) in the stagnation region of an
Apollo-type entry body, This work represents the initial phase of a study
undertaken in order to obtain a description of the viscous flow field in the
entire forebody region,

A brief description of the physical characteristics of the hyper-
sonic low Reynolds number flow as well as a short review of previous
analyses will be given in this section, while the method of solution adopted
in the present analysis and the discussion of results will be included in
Sections 2 and 3, respectively,

One aspect of the low Reynolds number flow is that the thin
boundary-layer approximation is no longer applicable in analyzing the
flow around a blunt body at high altitudes. 14 For example, for an Apollo

body, under typical re-entry conditions, the thin?bnundary-layer assumption

breaks down at altitudes greater than about 250, 000 feet. At higher altitudes
the influence of the transport properties is now spi'ead across the shock
layer and even the shock wave itself may not be thin compared to the shock

_ standoff distance., Thus, a different type of flow will exist at these rarefied

conditions, Delineation of the various flow regimes has been proposedl in
terms of the degree of the rarefactmn of the flow at high altitudes, Figure 1
shows these regimes in terms of a ”rarefactmn“ parameter, K , introduced .
by Cheng. 2 For detailed discussion on these flow regimes, the reader is

referred to References 1, 3 and 5,

Many analyses of the low Reynolds number flow are available,
for example, References 1-3 and 6-16. All of these analyses used the
Navier-Stokes equations and, except for Refs. 3 and 16, are confined to
the stagnation region. In analyzing the stagnation region, solutions were
obtainedl' 8 by assuming constant denSity in the shock layer. The resﬁl‘tg

for heat transfer are in good agreement with those obtained by others (Refs.




2, 9). Huwever, much higher shock standoff distance was obtained under
constant-density assumption, 18 This agsumption was later removed, and
by assuming the shock layer to be very thin compared with the body radius,

reasonable results were obtained (Refs, 6, 9),

As the mean free path becomes large, intermolecular collisions
become less frequent and molecules arriving at the body surface are unable
to come into equilibrium with the surface, As a result, velocity and tem-
perature discontinuities may develop at the body surface. This is commonly
called the 'velocity slip'' and the 'temperature slip' at the wall., The effects
of these wall-slip phenomena have been analyzed by Liu (Ref, 15), He found
that these effects cause only a small change in the heat-transfer rate to the
body as well as in the shock standoff distance,

One aspect of the rarefaction of the viscous {lows at higher altitudes,
i.e.,, low values of Kz', is that the shock wave is no longer thin or discontinuous.
Ag a result, the usual Rankine-Hugoniot relationship is not quite applicable
and should be modified in order to account for the transport effects immedi-
ately behind the now-thickened shock wave. This has been analyzed and the
modified Rankine-Hugoniot relationships have been obtained by Probstein
and Kemp1 and by Cheng. 2 " i

The effects of mass injection in the stagnatior region of a blunt
body have been considered by Goldberg and Scala, 19 and Goldberg, 1 and
Chen; Aerosty and Mobley, 12 Their results demonstrate increasing shock
standoff distance and decreasing heat transfer with increasing injection
rates. However, these changes are not as great at higher altitudes. Thus,
for the ﬁarefied-flow case, larger ma‘as-injectiph‘/rates are necessary to
reduce the heat transfer coefficient by the same percentage as that for the
bouridary-layer flow case. No analyses are knuwn to exist which treat the
cases of very large masé-ihjection rates at locations away from: the stagnation

region.

The p?eaent formulation will now be briefly described. An axisym-
” metric flow over a blunt body with large blowing at the body surface is
considered, The flow will be in the incipient-merged-layer at the viscous-

2




layer regimes, Inthese regimes, the Navier-Stokes equations may be used,
and these equations are simplified by assuming a very thin shock layer com-~
pared with the body radius, In addition, the body is taken to be spherical so
that the radius of curvature (1) is a constant in the present analysis. The
streamwise velocity component at the body surface ( u’b) is assumed to be
zero, implying no-slip condition which is reasonable for a c:,old-vs,'atll3 case,
i.,e., Ty-» Q. However, it can be included as a non-zero guantity without
difficulty., For the presgent application of the cold-wall case, this is not

necessary and zero-slip velocity is assumed at the wall,

The equations thus simplified are similar in form to the conventional
boundary-layer equations with the important exceptions that the entire flow
field is now viscous, instead of a very thin layer near the wall and that the
normal pressure gradient may not be assumed negligible, The latter con-
ditior is associated with a non-negligible momentum change in the direction »
normal to the body surface,

The integral method was used in the present study because of the
obvious advantages of the method over the exact analysis (wl,iipé‘h requires
solution of the "two-point! boundary-value problem). These aillvantages are b
the ease of application and relatively small computatidnitime. ‘Results were
obtained in the stagnation region for various values of the blowing rate (N),
and of the '"rarefaction parameter! (Kz). Significant effects of mass injection
on heat transfer and shock standoff distance were obsarved, In what follows,
the method of analysis for the present problem is presented in detail.
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2, METHOD OF ANALYSIS

2.1 Differential Equations

The agsumptions taken in the present analysis are:

1) thin shock layer,
2) hypersonic flow,
3) non-reacting gas,
4) constant Prandtl number, and

5) constant radius of curvature, i.e.( = const,

Applying these assumptions, the Navier-Stokes fquations and other conserva-
» » 3 £ 3 ,
tions equations become” for the viscous shock layer

Continuity:

'é%((f“ra:)‘f‘ éj(fU“l"'})m @) (1)
Streamwise Momentum: |

PUEC T SIS = - 3£ + 35 35 (2)
Normal Momentum: |
o T 3y | (3)

Energy:
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where H )’) + (M 'Hf)/? ?- = const. and other terms are shown in
Figure 2. ‘




The boundary conditions are
at 3 =0; W = Q
= U, (x)

-
P = E(x) (6a)
H = t,(x)

at S:A; /u
= —_— €. =128
L U;o W/?J ‘,&.U;,M/B ‘aj)a
Pl = — LT an /8 i
P LT A B

| /% R
H = Hm —PfU.M/gaj(H‘*f‘ LL)

In the above boundary conditions the streamwise velocity component at the
body surface ut is assumed to be zero, implying no-slip condition which

is reasonable for a cold-wall case, i.e,, Tb"’ O . However, it can be
included as a non-zero quantity without difficulty., For the present application
of the cold-wall case, this is not necessary and zero-slip velocity is assumed 3
at the wall, It is also to be noted that the pressure distribution immediately

behind the shock is Newtonian, in keeping with the thin shock-layer assumption. f

Now we shall first transform the above differential equations from the
(x, y) coordinate to the (E/—F ) coordinate system and then apply the integral
method. : _ i | o i

Introduce | § = ——2:— 'F._. _.__j/o C/.Lj (7)




-

In addition, introduce the stream function ‘/ such tl}gt
oY : '
2 = — (4Tl pv
. (8)
2 At PU
S = CL+F) T PU
Put
1711 = (I+) LT, r(m—)@[ (9)
Then from eqs. (8) and (9) we obtain
TnZ oF
U = & 3F
where X = }"/a,. Putting U = U/(‘U;z-, we get
_ Lo o |
U =55 (10)
From eqgs. (8) and (9) we also obtain
v |
&L = (””&) £ f + 2 / (11)
Applying the transformation-eq. (7) to eq. (3) we get
BDf -
*ng = Jolk (12)
Also, , ,
af dax ‘*?’F[a "*“‘bta""g + _;.37:; E @)(’F) sy

: eqiation (2), (3) ancrl, (4) become, after transformatloga,
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Ko[CESFEDRL) -~ LS - 5‘52:# ]
L (14)

~ oz o ~KasSLEEE 4 (e Eh)

F-Mom:

2
= A -g-(gé—) (12)

Energy:
dt, of S A :
za%é—,-:—(f-e) +z(z~tb)(;-€,é§ %fg,‘; _ (l+a)<'-’q,)§§- £28

|-t a(éeae) +’R—! 22 2 (02 370) (15)

RGP oF) TR ieg 57 (C5F S
where
” |
KEGPQ::GJE‘%& @:___'H_‘Hb
" g Moot (16)
. H,
_tb — 4 = M

Ho;; J - -?:f/;‘

and the subscript | denotes a reference condition. In the present analysis

this condition will be taken> such that C =

The difference between the boundary-layer approximation and
the pre‘sent analysis should be noted. In the boundary-layer analysis, the
normal pressure gradient is negiigibly small and is neglected; this in turn
enables the second terin on the rright hand side of egq. (13) to be dropped. In.
the present analysis this is not permls sible and the term is retained, which
contains the (QF/GX ) term. This term may be expressed in the (§, ¥ )
coordinate system as follows. We know that

(&) = 3¢ )FS'S‘ F( b B )

3
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L 3
‘Theref F
heretore, :aa)i{) ,L 'F) <a )
@E _ 1 (2Yb8)e
g L (39/5F)g (17)

From eq, (7) we have Cay/()-}:_)g = L& a_/f
oS
Thus, eq. (17) becomes
=F
i X "3 f GQ ’b§ ( f )
- Equation (14) thus becomes, using eq. (19) and putting C = 1,
of & Lof af
_3 (20)
S KG ajo .,C
.@:ﬁ o0
“FgEsy 1RO )a? fo #) + o
Now the term 3’”/9? can be expressed in the (§ ) system as follows:
| i}( , From eq. (12) we have
R - 2p of |
oF — (9 ) (12)

Integratmg from F=FtoF=1,0, we get

19(‘?,‘7:) = B(s)— AGE L( £)dF | (21)

8 .
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The refore,

Substitution of eq. (22) in eq. (20) and use of 'U'G-:@-F/;F) yields, aiter some
rearrangements |

Colcdf v’ +26T3F ~ it £3L - =3 3F |
= -L'fﬁ?.g-@ + 2 KC-r-g-E’- fUJJF +2KG e §<G'_(Uz‘h:) (23)

(22)

+ Ke 2T’s G‘(——JF) + 'an

Before applying the integral method it is helpful to rearrange
some terms in the streamwise momentum equatmn (23) and the energy
equation (15) as follows:

Since

SE3F = 57(T5 «::§) - T (CT)

we get after some manipulations

G'D'ag- «f;gg = ):GU(I—-U'] +35¢( (I—U)g?J (24)

Also, using
O OER =%(e )@ofi

2f 26
and ang —557—’(9 )-

O5¢(5E)

We obtain

3?-:‘%% aagg'?'—' = T s£[cT(I- 9)] +a7:[(’"9)a§ ] (25)

9

7?5% = [f(l—@)_] ‘f'GU_(”' ) | . i (26)‘




Substitution of eq. (24) in eq. (23) and eqs, (25), (26) in eq. (]5) then
yields, respectively,

Streamwise Momentum:

KCJ’[CT T - “*c})ag GT (1-T) 25§§GU(/--U)}
+ 2553 0-U)} +(:+J)§§.i{7c(r~vj} 7
= Kz@z? Ef’_g_/"i qtzc-:d23 LUJF—{- #eﬁv’dz—*)]

+ 2KeU (fo IF) + 55=
Energy:

2 (1-1,)3%[3F (-0)] +z§r§b GU(1-0)~z(1-t )3T (1-0)]
—(:+;)<:~t,)§§- GU(1-0) + (1))(1-4)4F 3 [ (1-©)] 28)

— 1= 86 | R~ 2%2% o, aU
T R L

(27)

2,2 The Boundary Conditions

The boundary conditions in the physical coordinate system, i.e.,
x-y plane, will now be expressed in the transformed (ng) coordinate
system. From eq. (l1), specializing to the body surface, i.e., y = o
(F = 0), we obtain

8 . ‘.
= (4 Z3¢ (29)

where U= O at F = 0 is applied.

10




Putting N| = (§\, )/C&'U;) andgin‘tegrating eq. (29), we get

=f N(8)d
f(8) = S : (30)
ZH‘&
For the special case, i,e., the stagnation point, 8-> O, and eq. (30) yields
f(o)= — N (31)
b ) +

On the other hand, since the mass entering the shock layer from the free-
stream is r(TTr)&fo;U; , we have, by applying equation (9)at F = 1,

—f—; = T-:-_a—: = constant (32)
Also, from eq. (6), we obtain, at F = 1
Te = | — KGM,B SE). (33)
and @e:: | — "B K G"Mﬁ(‘*"":'

It may be seen from Fig, 2 that sm/e Ji—=% . 7Thus the Newtonian
pressure distribution 1" becomes

heg)= £ (1~ 2)
and _ 47*/“5 __ da (34)
RTE = 58
From the relationship GU = (2f/A7T2), we obtam, using eqs. (31) and (32)

\ , jz"r\ndﬁ
AF = £ = L
G.LU- F=f-f = Tyl 1% f (35)

The physical shock-layer thickness (the shock standoff distance) may be
obtained by applying eq. (18) at F = 1:

S = G f—j%fd;: e (36)

11
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Using the ideal gas relationship (eq. (5)), we have, for strong shock waves,

i, e., Mw very large

£ ‘ » -
== e[t + (-4)8] (37)
in the stagnation region)and eq, (36) becomes
; ' 4
% = e &[4+ ('--”tb)f@cf?:] =G M, (38)

2,3 Integral Equations

The streamwise momentum equation (27) is now integrated from
F=0toF=1, i.e., from the body surfuce to the edge of the shock layer,
Using eqs. (31), (32), (33) and (34), eq. (27) becomes

2 dz fﬁriudg
KG-Z;;: 7;;‘ + —-*-:5:.*, ~ (2+) M, C'r] 2&(63“(6M,)+ N K G-

= zkez“z (;+<‘:~jD’AF)AF + 2Ke ;—E(LUQF) dF

2

+2z2K'G sz’ f-—Sgﬂ F_U*QF-JF +f‘0‘ j——dF JF] (39)

8

+z’<1€rsﬁl§“[i 2f£—<f+= JF‘] A - zKGf@«)f_dF dF

| /
where M, = [T (1-T7)dF

Integration c":f the energy equation (25) from F= 0 to F'— 1l yields, after

”“some rearrangeme*ﬁ,s

3 ;’E?‘ ZZFAC .
[G(’“Q)Z M;] —-Z "‘D[N“LPKG B et (40)

12
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and
!
My = ju‘(la-e)dvf

Thus, we have derived two integral equations which involve the integrals

of T and © with respect to F for various values of the rarefaction parameter
(Kz). masgs-injection rate (N), and the Prandtl Number (Pr). Before pro-
ceeding downstream, the present formulation will be applied to the stagnation
region., This serves a two fold purpose; first, it serves as a check against

a previous analysis of Cheng‘z for a zero mass-injection case in the stagnation
region; secondly, it furnishes the initial conditions for equations (39) and (40),

Specializing to the stagnation region, i.e.,,Z-— 0, and g%,., 1,
eqs, (39) and (40) reduce to, after some manipulations,

KZG—[(ZAJ?)M,G- t2e MG — ',“‘('?"f,'f)’\" — A (41)
| i |
and {
2
B G

(HDGM, = N 4 w2

where a new term Mga_' is introduced by using eq. (37): ;

| I ,
Maa = jf*w‘ (-t)o ][+ Gf dF |- dF
o F

13
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2,4 Velocity and Energy Profiles

In order to solve the eqs, (4!) and (42), we now introduce profiles
for the streamwise velocity U and the total-enthalpy © in terms of the
characteristic parameters, Since there are two equations, two parameters
will be introduced, i,e., & and B, This implies that both U and © profiles
are one-parameter families, i.e,, 'CT%"U'(’F} G) and © = @(F-‘; B,G). It will be
seen from the results that these simple forms yield reasonable results even
in cases of very large mass-injection rates N and a wide range of the rare-
faction parameter K? , The reason niay be due to the use of reasonable
boundary conditions as well as the applicability of the integral method with
good accuracy to the favorable pressure gradient cases,

Streamwise Velocity Profiles:
| _ 2 3 .
Pt T = 0F + aF + F (43)

where the coefficients (L, 4, 03 are to be determined as follows.
The boundary conditions are:

0,

From eq. (33), we get, for the stagnation region : -

~ | | rom
'U; e KZG‘ (5—7&'6 (44a)

From eq. (35), specializing to the stagnation point

| | |
T 4dF — L1t M —_ ; | (44b)
i G\ F ) oG o

Applying eq, (27) to the wall {F = 0) at the stagnation point,

(g’r‘-v';% + 2et K& (:+va’<lr:) = KGMG—%B | (44c)
a] 7




Substitution of eq, (43) in eqgs., (44a) and (44b) yields
A 23 AL 2 3
=E (Ez’F"”EgF }’H'-é-; (EF - EF +&F ) (45)

‘ A
where E, — ‘_rkz@

; 3
E, = 2 (I+Fg) —3
Eamtzd(;—rﬁg)méﬁ
E, = 3(I+3s)

Es = 2(1+ &%)
The skin-friction parameter A= (aﬂ',éF)b may be determined from eq. (44c)
by applying eq. (45),

A =

| _
&, —j_:JE,. —4E,Eq
z E,

It is noted that two roots of A are involved in the prese,nt analysis, since

we take into account the normal morentum term (thei’U"HF‘ term in eq.
(44c)). By comparing the above equation with the case where thie centrifugal
effect is neglected, we conclude that the lower root is the correct value. Thus
we have ‘

A — "‘Eé"‘ﬂ/E:”‘ 45753‘

‘ ‘ (46)
2 &,
h . , 2 L2
“’eg _ e 26E, + KGN E
6 T 9 - 2et, KG 7 |
E, E, 2 B _Esy_ &
e, = E,("él""’ét‘f‘sef) +E+(% 3 ) 15
E = E,;z éiIE'Z

G*E’to"“ & +et5;<j“c-f'

15
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— E 2 , 2 E
By = B (F -§8) + &(F - )
2 2
0 5 3 7
2.
It is also to be noted that for given values of K. , €, N and '{'-’L , A can
be obtained from eq. (46) as a function of (3, a characteristic parameter

to be determined from the simultaneous snlution of the integral equations
(41) and (42).

Total- Enthalpy Profiles:

2 3 -4
Pt 6 = b,?: + bhF A+ L‘sF + b*?w

(47)

where the coefficients i)’., {02, ef‘c., are to be determined as follows., The

boundary conditions are as follows:

From eq, (33)

_ _ I ElS) |
S, = =g 57 (482)

Applying eq. (15) to the wall (F = 0) in the stagnation region, we have,
using eq. (31) for "Pb ;

<§S‘>b =rkeNER), (48b)

Equation (15), when specialized to F= 1 in the stagnation region, becomes,

using eq. (31) for “Fc :

20 ] a*e) | |
aF )g -+ Ff:-K:.LG' (a‘-’::ae - O (48c)

Solving eqs. (47), (48a), (48b)and (48c) simultaneously, we obtain

r Nu F=NF' B 2 QNN 2 o3 +

16




2
Ng = 3(1+g) + aN(i1+& +457)
3 N 4- G
N =2z(I+g +57) + - (1+& t3)
7\)(0--.. "‘f""%:"f' g):z.
Ny = 4("‘""‘%‘) @

Mt'z_.::‘ 3(‘%’%>

In equation (49), the parameter B is the unknown quantity to be determined
along with (> from the simultaneous solution of the integral equations (41)
and (42).

Based on the profiles from eqs. (45), (49) and (37), it is now pos-~
sible to calculate the terms included in the eqs. {4]) and (42). Specifically,
the '"momentum-defect thickness" M, is recast in terms of Mz y using

eq. (44b) |

and
‘

Z ) 2. U

M.L = 20“ dF = Ne + AN, + A N7 (506) |

‘ 22 v 2
where N = ef, K'G | N,=4LG+3N, , Ny= SN N,= 2+ 3N,

L= 240 (14NYH20G N U1 UAN) 4+ (1+8) GENIE

’ 105 C+f Y &&
—N = BUHGN + 144 (+N) +40 N3 (14N)+4Ut§) NN G- %
e o 210 (1+§) G , 1

17




N o 22. "f’ Ng,(l?) '*“2”3}
7 210
From eqs. (45) and (49) we get

|
X'D'(%@)AF = N, ANM ~ B (le + A Nue) (50c)
o

’ Ky 4- N
Nna*”:%‘i’(l"‘}- +:76L+C~l") ”Eﬁo("*G')

| ;
+ = Gl 1o teg + 2 (1+&)]

z
I

— 3N (| i 3. 2

Ncs"‘“ ﬁ(’*‘q t 1) 35,\1,0 (4 tz Q")
— QNN I oL QN /4 + ns I3

—/gjrﬁf.o( g t3q ~ q2)+ TN (z+tqt ZQ‘)

__ 19 N | 3 _ 2
N“’ |4Nno( +5& 5Q1)+3_Sh§_f\},o(l T2 2Q )

+ 2. ',dm (75 + 3,Q Q)+ %N,@s (15 +3q ~ Q")

From eq., (49), we also obtain at F = 1

— Nu-Ne B QNN | -
e“*‘—!\_—)—,;‘_’* —’\_’;(Nw+ - "MB_H\J?) (0d)

Therefore, substituting eq. (50c) for Mg » eq. (50d) for 66 , we can

express B in terms of Grand other parameters so that

_ N
B = N | (51)

where ¥
\

17_" ('+J>QG-N|0<M15+AM,6) + ’+Q Q N<I—Q)

Nie = (1)) QG No (N tAN) + 1+ = QN (14N
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We shall now rearrange the momentum-integral eq, (41) in a more
convenient form, Substitution of eqs. (37), (45) and (49) in the definition
of Ms,, yields

M3a‘: M ('-}-G‘M )"" ‘T(E",+AE‘12+AE‘13)

(52)
_(I-t)\& '
T B TAB + A5, 1B(Ey T AEs +AEL ]
and
|
M, = [re dF = 4+ Sk (5, +BE,)
3= )[4 +0-{)e]dF = o - 4 *

where the FE!s are included in the Appendix.

Summarizing, then we have derived two integral equations
involving two parameters (- and B , which will be obtained by simultaneous

solution of these equations, i.e., using eq, (46) in eq. (41).

Momentum:

2 . | I+ N (2+4
ZKG'Er,[(Z*J')M,G +2€M3£5— N ) —_E —-jE 4-E7E5 (54)

H—A—
Energy:
B = N, | (51)
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3, RESULTS AND DISCUSSION

Egs. (51) and (54) were solved for the unknown parameters G
and B for given values of the rarefaction parameter (Kz), mass-~injection
rate (N), density ratio across the shock (€ ), and the wall-temperature (tb)'
Because of the complicated way in which (G and I are related in the egs,
(51) and (54), the following method of solution was applied,

1, For given input values of Kz, € and .th , the equations are
functions of & , B , and N . Consider the N = 0 case, i.e.,

no mass injection. Start from a very low value of (G, example,

< = 0. 05.
2, For the assumed value of -, compute J3 from eq. (51).
3, Substitute both & and B in eq. (54) and see it the left-hand

side and the right-hand side of the equation are the same,

4, If not, assume a larger value of (-, and repeat steps 2 and 3,

until eq. (54) is satisfied.
5, Now put a new value of N in the egs. (51) and (54).

6, Start from the value of G obtained from step 4, i.e., S for the

lower mass-injection rate. Repeat steps 2, 3, and 4.

It is noted that step 6 is reasonable, since for greater mass-injection rates
the value of (& will be greater. This is due to the physical reasoning that
greater mass injection will bring about a thicker shock layer, whose thick-

ness is proportional to the value of &G-.

Results were obtained for 0, 01 < ,K‘2 < 500, 0SNKL.0 (100%
mass-injection rate), € = 0.1, = 0.75, ¥ = 0.05 (very cold wall), on
an IBM 360 digital computer. The computation time for a typicalﬂ case was

about 0006 min. The results are shown in Figures 3-9,
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Figure 3 gives the values of G obtained for various values of
blowing rates and rarafaction parameter in the stagnation region. The term
G is a measure of the shock standoff distance in the transformed plane,
Previous a11a1y51s for the no-blowing case gives, in the present notation,

(Z/K /[ }) + & =z - | ] . This result is also included in Fig. 3,

and comparison with the present analysis is seen to be reasonable,

The heat-transfer rate is a convenient parameter with which
comparison can be made between the results of the present formulation and
those of Cheng2 for the limiting condition of no mass injection. The heat-
transfer rate at various altitudes, i.e,, various values of Kz (where Kz =

(.&'U- oo (0. )( =

parameter, N(=

, has been calculated for several values of the mass-injection

fle
Joo Oey
are given in Figure 4. The heat-transfer rate is expressed in terms of

the Stanton Number, i.e., CH = ({g_%ﬁ)b /[ﬁ—U;(H‘co*“ Hb)] . It may be

seen from Figure 4 that, as the mass-injection rate increases for a given

), for N ranging from 0 to 1. 0 and the results

value of Kz, the heat-transfer rate to the body decreases, a result consistent

7,18 and for viscous

with other analyses performed for boundary-layer flows1
flows. 12 It is interesting to note that at lower altitudes, i.e., K2 large, the i
effect of mass injection on the reduction in the heat-transfer rate is greater,
while at higher altitudes this effect is smaller, In other words, a mass-
injection ratio of 50 per cent, i.e., N=0.5, brings about a sharp decrease
in the heat-transfer rate at large values of Kz, while causing only a small
reduction at small values of Kz, Thus a greater mass-injection rate is

required at higher altitudes than is required at lower altitudes in order

to reduce the heat-transfer coefficient by the same percentage. This :

result may stem from the relative ineffectiveness of the low-density fluid
existing at the higher altitudes to respond to mass injection at the body o i
surface. This is more clearly seen by taking the free-molecular limit, E|
i.e., K?T-——-r 0. Since there is no intermolecular collision in this regime, 4
the effect of mass injection on heat transfer from a cold wall is zero for
a unit thermal accommodation coefficient. The results shown in Figure 4

for various mass-injection rates confirm this trendj The curves all con-
.verging to the result corresponding to the zero mass-injection case, as the

free-molecular limit is approached (K —>» 0). Also included in Figure 4 is
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a result obtained by Cheng‘2 for the N= 0 case. The agreement of the
present result with that of Cheng for N= 0 is good. The minor discrepancy
that does exist is due to the different values of the Prandtl Number, and
inpart, the result of differences in the method of solution, It should be noted
that as K2 becomes very small, Cy approaches unity asymptotically, a
free-molecular result for unit thermal accommodation coefficient, Thus,
although the present analysis is restricted to cases where K2 - 1.0 (due

to the thin shock-layer assumption), the extrapolation to more rarefied

regimes yields quantitatively reasonable results,

Another interesting result is the influence of KZ and mass-
injection on the thickness of the viscous shock-layer, i,e., the shock
standoff distance. I'igure 5 shows the thickness A/CL at different
altitudes (Kz) for a special case of zero mass injection. For this case,

a previous analysis of Cheng‘2 is available, and comparison shows good
agreement. Also shown are the changes in -—%: due to mass injection for
various values of KZ. It is seen that the thickness increases with increased
mass injection rates, a result which is consistent with the results obtained
in References 12 and 19. This is a physically reasonable result since the
injected fluid adds mass to the flow which does not have a streamwise-
momentum component and thus must be accelerated by the viscous-layer
fluid. Thus, the streamwise-velocity component decreases at a given
distance from the body surface, signifying a reduction in the local mass

flux in the streamwise direction. Hence, in order to satisfy the requirement
of the mass conservation, the velocity component in the direction normal to
the body surface must increase with increased blowing, The net result is
that the effect of mass injection is now felt further away from the body, thus
increasing the region of the viscous influence, i.e., the viscous shock-layerﬁ

’

thickness, There are analyese:s1 2 treating mass injection in the stég_nation
region of a viscous layer, Direct quantitative compariéon with the pre-sent
results is not easy to make, because of the differences in the formulation and
the assumptions involved. It is noted, however, that the present results in
terms of heat transfer and the shock standoff distances are in qiialitative

‘agreement with the results obtained in previous analyses.
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The modified Rankine-Hugoniot relationship indicates that the
total-enthalpy ratio of the flow decreases across the shock wave due to the
transport effects, In addition, the velocity component tangential to the
shock wave (U) decreases across the shock wave, These results are shown
in Figures 6 and 7 for N = 0 case, Agreement with the results in previous
analysiez is excellent, The effects of mass injection on 6& and T, at
various altitudes are shown in Figures 8 and 9, and the results demonstrate

the pronounced effects of blowing on these values,

e S P
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4, CONCLUSIONS

The effects of blowing on the rarefied hypersonic shock layer
in the stagnation region of a blunt body have been analyzed by application
of an integral method. The results show significant effects of blowing on
the flow characteristics, especially in the reduction in heat transfer and
the increase in the shock standoff distances, However, these influences are
observed to diminish as the Reynolds number decreases, i.e,, increasing
rarefaction, Where appropriate, comparison has been made with other
analyses, and the present results are in reasonable agreement, demonstrating
the applicability of an integral method to the analysis of the effects of blowing
on the hypersonic viscous shock layer at low Reynolds numbers,
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Appendix A

DEFINITION OF FLOW INTEGRALS

The definitions for MB(L and M;, are given in the text as
eq. (52) and eq. (83), respectivaly, They are:

M:’d,, ot MB ( | MZG) - n. ( E” F A E,z - A E;s)

-t 3LG[~6.+AE¢Z+AE‘3+B<E +AEG +AEL)|  ®P
[
and |
{re g -t |
...i[_ltb-f(lmfk)@}d?:m 't'b+m,,N.: (&‘7 + B Eés) (53)
where
| 1
Eg-, — F(2‘+ Q)
3/, ., .8 28 QN 9 |, 36
E‘éa mE—S<’+Q+Q;) ""“5(' Q"'Q*)
E, E,E, , Ea
E, = =5 =7 t Fe
E — E(EZ E.,Eg J*EzEf. E:.Es"f‘E.gEf, E&E;
1z ) i5 + 2] 28
E. _EE =2 12EEs . E4Eg EX
E,5~~7-2{--._;5t+5430'L E.;/ t 52
EZ-
El4 — 250
N, E ) E.
Es = - E:,_(M’;Z 3 N:gs)
E ‘ 3
E. = E; ( N'ZJ ¢ + "“L“'M'—Iea)
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Figure 5 THE SHOCK STANDOFF DISTANCE FOR THE AXISYMMETRIC STAGNATION POINT FOR
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Figure 6 THEZ TOTAL-ENTHALPY FUNCTION IMMEDIATELY BEHIND THE SHOCK
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