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INTRODUCTION 

This  p rog res s  r e p o r t  p r e s e n t s  r e s u l t s  of  r e s e a r c h  c a r r i e d  

o u t  under Grant NGL 34-002-047 dur ing  t h e  p e r i o d  June l through 

September 30, 1969, 

During t h e  r e p o r t  p e r i o d  a  paper e n t i t l e d ,  "H-Guide w i t h  

A r t i f i c i a l  and Laminated D i e l e c t r i c  S l a b s , "  was p re sen ted  by 

t h e  P r i n c i p a l  I n v e s t i g a t o r  a t  t h e  1969 European Microwave Con- 

f e r ence ,  8-12 September, i n  London, England, A r e p o r t  on t h e  

conference was prepared and d i s k r i b u t e d  as a  s p e c i a l  i tem dur ing  

t h e  l a t t e r  p a r t  of September, The d i scuss ions  fo l lowing  t h e  

p r e s e n t a t i o n  of t h e  paper  ~ n d i c a t e d  cons ide rab le  i n t e r e s t  

i n  t h e  t o p i c  s i n c e  m i l l i m e t e r  waves a r e  cons idered  t h e  most 

promising frequency reg ion  f o r  an ex tens ion  of t h e  p r e s e n t  com- 

municat ions  f a c i l i t i e s  t ak ing  i n t o  c o n s i d e r a t i o n  t h e  l a r g e  

volume of in format ion  necessary  t o  be c a r r i e d  i n  t h e  nea r  f u t u r e .  

Recent. p rog res s  i n  t h e  development of new s o l i d  s t a t e  gene ra to r s  

( b u l k - e f f e c t  dev ices )  f o r  t h i s  frequency r eg ion  and of  low-loss 

m a t e r i a l s  make t h e  use  of  m i l l i m e t e r  waves very p r a c t i c a l ,  

H-guide and fence guide o f f e r  a t t r a c t i v e  s o l u t i o n s  of m i l l i -  

meter  wave c i r c u i t  problems and t ransmiss ion  problems, 

P r f o r  t o  t h e  conference,  v i s i t s  were made t o  t h e  Un ive r s i t y  

of  S h e f f i e l d  and a t  t h e  University College i n  London, A t  bo th  

u n i v e r s i t i e s  ex t ens ive  r e s e a r c h  and des ign  s t u d i e s  a r e  c a r r i e d  

o u t  i n  t h e  microwave and m i l l i m e t e r  wave r eg ion ,  A b r i e f  account  

of t h i s  r e sea rch  w i l l  be given a s  an Appendix t o  t h e  I n t r o d u c t i o n ,  

The work on the  e f f e c t s  o f  s u r f a c e  roughness on t h e  a t t e n u a t i o n  



of waveguides i s  o f  p a r t i c u l a r  i n t e r e s t  i n  connection wi th  o u r  

s t u d y e  These e f f e c t s  were e x t e n s i v e l y  i n v e s t i g a t e d  i n  S h e f f i e l d  

p r i m a r i l y  a t  90 GHz and they a r e  under i n v e s t i g a t i o n  i n  our  

l a b o r a t o r y  a t  35 GHz and above, I n  t h i s  frequency r eg ion  t h e  

e f f e c t s  a r e  more pronounced than  i n  t h e  former and any improve- 

ments correspond t o  a cons ide rab le  amount of sav ings  i n  t r a n s -  

m i t t e d  power o r  number of r e p e a t e r  s t a t i o n s ,  

The s t r u c t u r e s  under i n v e s t i g a t i o n  i n  our  l abo ra to ry  a r e  

( a )  t h e  fence guide,  (b )  t h e  H-guide wi th  laminated d i e l e c t r i c ,  

and ( c )  t h e  beam guide ,  O f  t h e s e  s t r u c t u r e s ,  ( a )  i s  p r i m a r i l y  

s u i t e d  f o r  t h e  des ign  of millimeter-wave c i r c u i t r y  and ( b )  and 

( c )  f o r  low-loss t r ansmis s ion ,  The fence guide i s  i n v e s t i g a t e d  

exper imenta l ly  and t h e o r e t i c a l l y  f o r  t h e  de te rmina t ion  of i t s  

c h a r a c t e r i s t i c s ,  f o r  t h e  d e r i v a t i o n  of des ign  parameters  and 

corresponding r e l a t i o n s h i p s ,  and wi th  regard  t o  i nco rpo ra t ion  

of components, 

N e w  t r a n s i t i o n s  between r e c t a n g u l a r  waveguides on one hand 

and fence  gu ides  and H-guides on t h e  o t h e r ,  were designed and 

manufactured s i n c e  t h e  o r i g i n a l  dev ices  were found t o  i n t roduce  

e x c e s s i v e l y  undesi red wave modes, The c h a r a c t e r i s t i c s  of t h e  

new t r a n s i t i o n s  ( f i e l d  d i s t r i b u t i o n  i n  f r o n t  of t h e  horn-type 

t r a n s i t i o n s )  were measured and found I n  agreement w i th  t h e  pre-  

d i c t i o n s .  P a r t  5 of  t h i s  r e p o r t  p r e s e n t s  t h e  r e s u l t s  of t h e  

measurements. A s e c t i o n  of  t h e  fence guide i n  combination wi th  

t h e  new t r a n s i t i o n s  i s  now under exper imental  i n v e s t i g a t i o n .  

The f i e l d  d i s t r i b u t i o n  i n s i d e  t h e  guide and i n  i t s  v i c i n i t y  a r e  
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measured by c a p a c i t i v e  and i n d u c t i v e  probes t o  v e r i f y  and t o  

complement t h e  r e s u l t s  of  t h e  t h e o r e t i c a l  s tudy  underway, 

The measurement of t h e  f i e l d  d i s t r i b u t i o n  tu rnes  o u t  t o  

be  a  r a t h e r  d e l i c a t e  problem a s  d i s t o r t i o n s  of t h e  measured 

f i e l d s  by t h e  prob ing  dev ices  have t o  be avoided. The probes  

must have r a t h e r  smal l  s i z e s  a t  35 GHz t o  achieve t h i s  goa l ,  

Measurements by t h e  use  of s p e c i a l l y  designed c a p a c i t i v e  and 

induc t ive  probes a r e  being made, 

The s tudy  o f  a  confocal  c i r c u l a r  r e f l e c t o r  guide was 

cont inued dur ing  t h e  r e p o r t  per iod .  This guide may be con- 

s i d e r e d  a s  an ove r s i zed ,  two-wall waveguide wi th  c h a r a c t e r i s -  

t i c s  s i m i l a r  t o  those  of t h e  H-guide. The confinement of  t h e  

f i e l d  i n  one c r o s s - s e c t i o n a l  d i r e c t i o n  i s  achieved by t h e  

curved form of  t h e  conducting s i d e  w a l l s ,  The s e c t i o n  of t h i s  

r e p o r t  on t h i s  guide d e a l s  p r imar i ly  wi th  t h e  c o n t r i b u t i o n  t o  

t h e  a t t e n u a t i o n  by r a d i a t i o n  from t h e  upper and lower opening. 

The power l o s s  i s  determined by cons ide r ing  t h e  openings o f  

t h e  guide a s  r a d i a t i n g  s u r f a c e s -  Re la t ionsh ips  a r e  de r ived  

which show t h e  c o n t r i b u t i o n s  t o  t h e  a t t e n u a t i o n  by w a l l  l o s s e s  

and r a d i a t i o n  i n  terms of  t h e  c r o s s - s e c t i o n a l  dimensions and 

of t h e  angle  under which t h e  waves a r e  i n j e c t e d  i n t o  t h e  gu ide ,  

An exper imental  p ro to type  of a  s h o r t  s e c t i o n  of such a  gu ide  

inc lud ing  end p l a t e s  t o  form a  r e sona to r  has  been manufactured 

and w i l l  be i n v e s t i g a t e d .  Re la t ionsh ips  f o r  t h e  computation of 

t h e  Q-value of t h e  r e s o n a t o r  under i n v e s t i g a t i o n  a r e  a l s o  shown 

i n  t h e  r e p o r t ,  
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P a r t  4 of t h i s  r e p o r t  d e a l s  wi th  t h e  e f f e c t s  of  s u r f a c e  

roughness on t h e  l o s s - c h a r a c t e r i s t i c s  of waveguides. These 

e f f e c t s  a r e  p a r t i c u l a r l y  impor tan t  i n  t h e  case  of  H-guides and 

beam waveguides s i n c e  t h e i r  s u r f a c e s  a r e  r e a d i l y  a c c e s s i b l e  t o  

s u r f a c e  t r ea tmen t .  Values o f  t h e  a t t e n u a t i o n  up t o  50% above 

t h e  t h e o r e t i c a l  va lues  were observed a t  m i l l i m e t e r  waves s o  

t h a t  p r e d i c t i o n  and improvement of t h e  a t t e n u a t i o n  i s  an impor- 

t a n t  problem i n  t h e  upper-frequency r eg ions .  

Methods f o r  t h e  c o r r e l a t i o n  and f o r  t h e  non-des t ruc t ive  

measurement of t h e  roughness w i l l  be developed, Simultaneously 

procedures  recommended f o r  t h e  improvement of t h e  s u r f a c e  r e -  

s i s t a n c e  w i l l  b e  t e s t e d .  The r e s u l t s  of r e sea rch  c a r r i e d  o u t  

a t  t h e  Un ive r s i t y  of S h e f f i e l d  i n d i c a t e  t h a t  cons ide rab le  i m -  

provements of t h e  l o s s  c h a r a c t e r i s t i c s  can be  achieved by e l e c t r o  

and chemical p o l i s h i n g ,  The work by Russian s c i e n t i s t s  s tudying  

t h e  i n f l u e n c e  o f  t h e  micro s t r u c t u r e  of  t h e  cu r r en t - ca r ry ing  

l a y e r s  l e d  t o  s i m i l a r  conc lus ions .  Resu l t s  of t h e i r  work were 

p re sen ted  i n  a b s t r a c t  form a t  t h e  European Microwave Conference. 

D r ,  Makato I t o h  p a r t i c i p a t e d  dur ing  t h e  f i r s t  p a r t  of  t h e  

summer i n  t h e  r e s e a r c h  o f  t h e  l a b o r a t o r y ,  He has r e c e n t l y  

developed methods o f  t h e  d e s c r i p t i o n  of e l ec t romagne t i c  f i e l d s  

by wave a n a l y t i c  f u n c t i o n s  and has de r ived  r e l a t i o n s h i p s  which 

can be a p p l i e d  f o r  t h e  s o l u t i o n  of boundary va lue  problems 

r e l a t e d  t o  guided waves. A s  a  f i r s t  p a r t ,  a l g e b r a i c  r e l a t i o n -  

s h i p s  f o r  a  commutative bicomplex number system were p re sen ted  

i n  t h e  preced ing  p rog res s  r e p o r t ,  The s tudy  i s  cont inued i n  
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t h e  p r e s e n t  r e p o r t  w i t h  a  comparison o f  t h e  c h a r a c t e r i s t i c s  

of a n a l y t i c  and w a v e - a n a l y t i c  f u n c t i o n s .  I n  a  t h i r d  p a r t  t o  

b e  i n c l u d e d  i n  a  l a t e r  r e p o r t ,  t h e  a p p l i c a t i o n  of b icomplex 

wave a n a l y t i c  f u n c t i o n s  t o  r e l a t i o n s h i p s  t y p i c a l  f o r  un i fo rm 

e lec t romagnet ic-wave t r a n s m i s s i o n  w i l l  be  d i s c u s s e d .  



PAPER PRESENTED AT THE 
EUROPEAN MICROWAVE CONFERENCE 

SEPTEMBER 8 - 12,  1969 
LONDON, ENGLAND 

H-GUIDES WITH ARTIFICIAL AND LAMINATED DIELECTRIC SLABS 

by F. J. T i sche r  

One o f  t h e  more s o p h i s t i c a t e d  non-conventional  waveguides 

wi th  a  cons ide rab le  p o t e n t i a l  f o r  a p p l i c a t i o n  a t  m i l l i m e t e r  

waves i s  t h e  H-guideo I n  t h i s  hybr id  waveguide, t h e  f i e l d s  

a r e  concent ra ted  i n  one t r a n s v e r s e  d i r e c t i o n  by surface-wave 

propagat ion a long a d i e l e c t r i c  s l a b  and a r e  conf ined i n  t h e  

o t h e r  d i r e c t i o n  by p a r a l l e l  conducting p lanes .  The c r o s s  

s e c t i o n  has  t h e  form of an H wi th  t h e  conducting s i d e  w a l l s  

forming i t s  v e r t i c a l  l e g s  and t h e  d i e l e c t r i c  s l a b  t h e  ho r i -  

z o n t a l  b a r ,  The guide has low conduction l o s s e s  s i m i l a r  t o  

t hose  of t h e  waveguide wi th  c i r c u l a r  c r o s s  s e c t i o n  f o r  TEIO 

waves. The major c o n t r i b u t i o n  t o  t h e  a t t e n u a t i o n  r e s u l t s  from 

d i e l e c t r i c  l o s s e s  i n  t h e  c e n t r a l  d i e l e c t r i c  ba r .  Using regu- 

l a r  d i e l e c t r i c s ,  t h e  a t t e n u a t i o n  c o n s t a n t  becomes r e l a t i v e l y  

high.  Measures t o  reduce t h e  d i e l e c t r i c  l o s s e s  such a s  by 

lamina t ion  of  t h e  d i e l e c t r i c  w e r e  proposed a l r eady  i n  e a r l y  

p u b l i c a t i o n s .  

A more r e c e n t  approach i s  based on t h e  use  of a r t i f i c i a l  

d i e l e c t r i c s .  Such d i e l e c t r i c s  c o n s i s t  o f  h igh ly  conducting 

m e t a l l i c  s t r u c t u r e s  w i th  dimensions smal l  i n  comparison wi th  

t h e  wavelength which have t h e  same e f f e c t  a s  a  s o l i d  d i e l e c t r i c .  

D r .  T i s c h e r  is  P ro fe s so r  a t  t h e  North Ca ro l ina  S t a t e  Un ive r s i t y ,  
Rale igh,  North Ca ro l ina ,  U.S,A, This  work was supported by t h e  
Nat iona l  Aeronaut ics  and Space Adminis t ra t ion .  
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Examples a r e  m e t a l l i c  s t r i p s ,  sphe re s ,  and c y l i n d e r s  embedded 

i n  a  low-loss,  low-permi t t iv i ty ,  foamed d i e l e c t r i c .  By u s ing  

such a  s t r u c t u r e ,  t h e  d i e l e c t r i c  l o s s e s  can be p r a c t i c a l l y  

e l imina t ed ,  The t o t a l  a t t e n u a t i o n  of t h e  gu ide  can then be 

k e p t  a t  a low l e v e l  by op t imiza t ion  of t h e  geometry, An example 

of  an H-guide wi th  a s t r i p  s t r u c t u r e  a s  a r t i f i c i a l  d i e l e c t r i c  

i s  shown i n  Fig .  l ,  The s t r i p s  conf ine  t h e  f i e l d s  t o  a  reg ion  

nea r  them a s  does t h e  s o l i d  d i e l e c t r i c  b a r  of t h e  convent iona l  

gu ide ,  

The f i e l d s  decrease  exponen t i a l l y  from t h e  c e n t e r  toward 

t h e  upper and lower openings.  Re la t ionsh ips  f o r  t h e  f i e l d  com- 

ponents  can be  found by w r i t i n g  gene ra l  exp res s ions  f o r  t h e  

f i e l d s  w i t h i n  and above t h e  s t r i p  s t r u c t u r e  and by matching 

t h e  ampli tudes a t  t h e  boundary between t h e  two reg ions .  The 

d i f f e r e n t  s e t s  of  exp res s ions  a r e  r equ i r ed  t o  be i d e n t i c a l  a t  

t h e  boundary! x = a ,  Only t h e  fundamental terms of  t h e  i n f i -  

n i t e  s e r i e s  c o n t r i b u t e  t o  t h e  b a s i c  H-guide f i e l d s  i f  t h e  d i s -  

t ances  between t h e  s t r i p s  a r e  much sma l l e r  than t h e  wavelength. 

The zero-order f i e l d  above t h e  s t r i p  s t r u c t u r e  i s  given by 

Ex = ( j akz / ax )  cos (k y )  exp(-axx) exp ( - j k z z )  
Y 

Hx = ( -  jkya/w ) s i n ( k  y )  exp (-axx) exp ( -  j kzz )  
Y 



where t h e  p ropaga t i on  c o n s t a n t s  a r e  r e l a t e d  by 

I t  i s  i n t e r e s t i n g  t o  n o t e  t h a t  t h e  component E van i shes ,  
Y 

whereas Hx van i shes  f o r  t h e  conven t iona l  H-guide. The a t t e n u a -  

t i o n  o f  t h e  gu ide  can then  b e  computed from t h e  power l o s s e s  

and t h e  power t r a n s m i t t e d  by u s i n g  t h e  f i e l d  e q u a t i o n s ,  The 

a t t e n u a t i o n  can be  s e p a r a t e d  i n t o  t h r e e  components, a  = aw$ans+as , 
where t h e  components a r e  r e s p e c t i v e l y  t h a t  due t o  l o s s e s  i n  t h e  

s i d e  w a l l s  above and w i t h i n  t h e  r eg ion  of t h e  s t r i p  s t r u c t u r e s ,  

and on t h e  s t r i p s  themselves ,  Numerical v a l u e s  of t h e  t o t a l  

a t t e n u a t i o n  e v a l u a t e d  a t  f r e q u e n c i e s  of  35 and 70 GHz a r e  shown 

g r a p h i c a l l y  i n  F i g s ,  2a and 2b. I t  i s  no ted  t h a t  f o r  a va lue  o f  

p  = ax/ko = . 2  which corresponds  t o  a  9 0 %  dec rea se  o f  t h e  f i e l d  

a t  a  d i s t a n c e  o f  x  = 21, t h e  a t t e n u a t i o n  i s  about  1/10 of t h a t  

of t h e  s t a n d a r d  r e c t a n g u l a r  waveguide, 

Lamination is  ano the r  approach by which t h e  l o s s  c h a r a c t e r -  

i s t i c s  can be  improved, Th is  was shown i n  s t u d i e s  o f  an H-guide 

w i t h  double  d i e l e c t r i c  s l a b s ,  S e v e r a l  a u t h o r s  " r e p o r t e d  

r e s u l t s ,  I n  more r e c e n t  s t u d i e s ,  s u b d i v i s i o n  o f  t h e  d i e l e c t r i c  

s l a b  i n t o  an a r b i t r a r y  number o f  d i e l e c t r i c  s t r i p s  s e p a r a t e d  by 

a i r  l a y e r s  was i n v e s t i g a t e d O 4  The s l a b  s t r u c t u r e  may be  con- 

s i d e r e d  as an a r t i f i c i a l  d i e l e c t r i c  w i t h  t h e  c h a r a c t e r i s t i c s  

d e s c r i b e d  by an e q u i v a l e n t  p e r m i t t i v i t y  and l o s s  t angen t .  An 

example of  such a  guide  i s  i l l u s t r a t e d  i n  F ig .  l b ,  
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The computa t ion  o f  t h e  f i e l d  d i s t r i b u t i o n  i n  such a  g u i d e  

can  b e  c o n s i d e r a b l y  s i m p l i f i e d  by c o n s i d e r i n g  t h e  f i e l d s  a s  

t h o s e  o f  superimposed p l a n e  s u r f a c e  waves r e f l e c t e d  between 

t h e  side w a l l s .  The computa t ion  can t h e n  b e  c a r r i e d  o u t  i n  

two p a r t s ,  one d e a l i n g  w i t h  p r o p a g a t i o n  a l o n g  an  i n f i n i t e l y  

wide l a m i n a t e d  s l a b  and t h e  o t h e r  d e a l i n g  w i t h  t h e  s u p e r p o s i -  

t i o n  of  t h e  p l a n e  s u r f a c e  waves. 

The f i n a l  r e s u l t s  a r e  sets o f  e q u a t i o n s  f o r  t h e  v a r i o u s  

r e g i o n s  o f  t h e  f o l l o w i n g  g e n e r a l  form: 

H Z  
= (k  /kg)  I U n c  ( x )  + jVns (x) I cos (k  y )  exp ( -  j k z z )  , Y Y 

H ("' = ( j k Z / k a )  [uric ( x )  + j v n s  ( x )  I s i n  (k  y )  exp  ( -  j k Z z )  , 
Y Y 

E Z  
= ( k g / w ~ o ~ r )  [uric (x) +-jVns ( X I  I s i n  (k y )  exp ( -  j k Z z )  , Y 

Ez ("' = ( - j k x k Z / u & o ~ r k g )  [vnc ( x )  - j uns  ( x )  I s i n  (k  Y y )  exp ( -  j k Z z )  . 
The f u n c t i o n s  c ( x )  and s ( x )  s t a n d  f o r  t r i g o n o m e t r i c  f u n c t i o n s  

w i t h i n  t h e  s t r i p s ,  h y p e r b o l i c  f u n c t i o n s  i n  t h e  a i r  l a y e r s ,  and 

e x p o n e n t i a l  f u n c t i o n s  above t h e  s l a b .  The c o n s t a n t s  Un and V n  

a r e  o b t a i n e d  from t h e  f i e l d  components a t  t h e  lower  boundary o f  

t h e  r e g i o n  under  c o n s i d e r a t i o n ,  

The e v a l u a t i o n  o f  t h e s e  e q u a t i o n s  and t h e  r e s u l t i n g  r e l a -  

t i o n s h i p s  a r e  p a r t i c u l a r l y  i n t e r e s t i n g  i n  t h e  c a s e  o f  t h i n  d i -  

e l e c t r i c  and a i r  l a y e r s ,  The f o l l o w i n g  r e l a t i o n s h i p s  a r e  o b t a i n e d  

f o r  t h e  e q u i v a l e n t  p e r m i t t i v i t y  and l o s s  t a n g e n t ,  

E r e q  E ~ ( ~ + P / E ~ ) / ( ~ + P )  ; t a n  6 eq  = t a n  6 / ( l + p e r )  



where cr  and t a n  6 a r e  t h e  cons t an t s  f o r  t h e  m a t e r i a l  of t h e  

s t r i p s  and p  = da/d, r e p r e s e n t s  an a i r - t o - d i e l e c t r i c  t h i c k n e s s  

r a t i o ,  I n v e s t i g a t i o n  of a v a i l a b l e  m a t e r i a l s  shows t h a t  lami- 

n a t i o n  l e a d s  t o  very low va lues  of  t h e  e q u i v a l e n t  l o s s  t angen t .  

Examples s f  approximate e q u i v a l e n t  parameters  f o r  a  few m a t e r i a l s  

a r e  shown i n  Table  1. I t  i s  expected t h a t  use  of laminated 

s l a b s  w i l l  r e s u l t  i n  cons ide rab le  improvements over  convent iona l  

r e c t a n g u l a r  waveguides. 
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Fig. 1  Hguide with a r t i f i c i a l  d i e l e c t r i c s  
( a )  With s t r i p  structure 
(b) With laminated d i e l e c t r i c  

Pig.  2  Attenuation o f  Hguide with s t r i p  structure 
with 0.0286 m s idewal l  spacing 

(a) 35 GHz I (b) 70 GHz 

Tabla 1 .  Laminated s l a b  parameters 
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V i s i t s  a t  t h e  above two u n i v e r s i t i e s  and d i s c u s s i o n s  

w i t h  p a r t i c i p a n t s  a t  t h e  confe rence  r e v e a l e d  c o n s i d e r a b l e  

a c t i v i t i e s  i n  t h e  a r e a  of  microwaves and m i l l i m e t e r  waves 

i n  i n d u s t r y ,  government l a b o r a t o r i e s ,  and a t  t h e  u n i v e r s i -  

t i e s ,  The E l e c t r i c a l  Engineer ing  Department o f  t h e  Univer- 

s i t y  of  She f f i ePd  i s  a  t y p i c a l  example where a t  p r e s e n t  

about  t h i r t y  r e s e a r c h  p r o j e c t s  a r e  underway, Examples o f  

some o f  t h e  t o p i c s  a r e  phase- locking o f  Gunn o s c i l l a t o r s ,  

e f f e c t s  of  geometry v a r i a t i o n s  on t h e  c h a r a c t e r i s t i c s  o f  

waveguides, a c t i v e  an tenna  a r r a y s ,  Gunn-effect  dev i ce s  i n  

f a s t  computers,  a m p l i f i c a t i o n  mode o f  t h e  Gunn e f f e c t ,  m i -  

crowave holography,  and e f f e c t s  o f  s u r f a c e  roughness on t h e  

a t t e n u a t i o n  of  waveguides,  

S%udies  of  a  double -s lab  H-guide and of  t h e  s u r f a c e  

roughness were o f  p a r t i c u l a r  i n t e r e s t  from a  viewpoint  o f  

t h e  work a t  ou r  l a b o r a t o r y ,  I t  was found i n  Shef f ieSd  t h a t  

t h e  a t t e n u a t i o n  of  t h e  H-guide can be  reduced by about  40% 

by subdividing t h e  c e n t r a l  s l a b  of  t h e  H-guide i n t o  two 

s t r i p s ,  Th i s  conf i rms t h e  r e s u l t s  of  s t u d i e s  c a r r i e d  o u t  by 

t h e  p r i n c i p a l  i n v e s t i g a t o r  i n  a  p r ev ious  s t u d y .  

The conc lus ions  drawn from t h e  s t u d y  of  t h e  s u r f a c e  

roughness seem t o  i n d i c a t e  t h a t  t h e  primary o r i g i n  o f  t h e  

i n c r e a s e  i n  a t t e n u a t i o n  o f  drawn waveguides a t  X-band and A- 

band (35 GHz) f r e q u e n c i e s  i s  t h e  s u r f a c e  roughness.  T h i s  
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c o n c l u s i o n  was drawn on t h e  b a s i s  o f  s t u d i e s  of  t h e  s u r f a c e  

by u s i n g  a  s c a n n i n g  e l e c t r o n  beam microscope.  The p i c t u r e s  

o b t a i n e d  by t h i s  i n s t r u m e n t ,  which h a s  an  e x t r a - o r d i n a r y  d e p t h  

o f  p e r c e p t i o n ,  i n d i c a t e  t h e  p r e s e n c e  o f  c a v i t y - t y p e  h o l e s  

which c o n s i d e r a b l y  a f f e c t  t h e  c u r r e n t  f low.  Computer programs 

f o r  t h e  d e t e r m i n a t i o n  o f  t h e  a t t e n u a t i o n  t a k i n g  i n t o  a c c o u n t  

such c a v i t y - t y p e  s u r f a c e  de fo rmat ions  i n d i c a t e d  i n c r e a s e s  o f  

t h e  a t t e n u a t i o n  by f a c t o r s  up t o  1 , 8 ,  P t  was concluded t h a t  

e l e c t r o - p h y s i c a l  s u r f a c e  e f f e c t s  p l a y  a  minor r o l e ,  

The s t u d i e s  a l s o  showed t h a t  improvements o f  t h e  a t t e n u -  

a t i o n  can be o b t a i n e d  by chemical  p o l i s h i n g  and e l e c t r o  p o l i s h i n g .  

The r a t i o s  o f  measured and t h e o r e t i c a l  a t t e n u a t i o n s  f o r  s u r f a c e s  

t r e a t e d  i n  t h i s  way were b e t t e r  t h a n  l o o %  i n  some c a s e s .  Whether 

t h i s  r e d u c t i o n  i s  t h e  r e s u l t  o f  changes o f  t h e  s u r f a c e  geometry 

o n l y  i s  d i f f i c u l t  t o  a s s e s ,  

Another s t u d y  d e a l s  w i t h  t h e  e f f e c t s  o f  geometry changes 

on t h e  c h a r a c t e r i s t i c s  o f  waveguides and components. I t  i s  

very  thorough ly  c a r r i e d  o u t  and a  g r e a t  v a r i e t y  o f  components 

such a s  impedance t r a n s f o r m e r s ,  d i r e c t i o n a l  c o u p l e r s ,  h y b r i d s ,  

t e r m i n a t i o n s ,  e t c . ,  a r e  under  i n v e s t i g a t i o n ,  

The use  of t h e  Gunn e f f e c t  i n  computers  d e s e r v e s  p a r t i c u -  

l a r  a t t e n t i o n  s i n c e  it opens t h e  way f o r  t h e  g e n e r a t i o n  o f  

u l t r a - s h o r t  p u l s e s  and t h u s  t h e  development  o f  u l t r a - f a s t  com- 

p u t e r s .  P u l s e  g e n e r a t o r s ,  g a t e s ,  and p u l s e  r e - g e n e r a t o r s  a r e  

under  development and s t u d y ,  The g e n e r a t i o n  o f  high-power 

p u l s e s  by s w i t c h i n g  t h e  c a v i t y  o f  a  c a v i t y - c o n t r o l l e d  Gunn o s c i l l a -  

t o r  is  a n o t h e r  nove l  i d e a  under i n v e s t i g a t i o n  w e l l  wor th  ment ion ing .  
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The Department of E l e c t r o n i c  and E l e c t r i c a l  Engineer ing 

of  t h e  Un ive r s i t y  Col lege,  London, has an ex t ens ive  r e sea rch  

program a l s o ,  Millimeter-wave gu ides ,  t r a n s i t i o n s  between 

d i f f e r e n t  types  of gu ides ,  d i e l e c t r i c - r o d  waveguides, t r a n s -  

miss ion by over-moded r e c t a n g u l a r  waveguides, long-d is tance  

t ransmiss ion  by c i r c u l a r  waveguides, measurement s e t u p s  f o r  

t h e  s tudy  of  d i e l e c t r i c s  a t  m i l l i m e t e r  waves a r e  among t h e  

t o p i c s  under i n v e s t i g a t i o n ,  

The o b j e c t i v e  of a  s tudy  of  t r a n s i t i o n s  between d i f f e r e n t  

types  of waveguides i s  t o  achieve complete power t r a n s f e r  by 

quas i -pe r iod ic  mode coupl ing.  Extremely wide-band performance 

was ob ta ined  i n  p re l imina ry  s t u d i e s .  Another p r o j e c t  d e a l s  

wi th  t h e  c h a r a c t e r i s t i c s  of  t ape red  d i e l e c t r i c  waveguides, 

The computations a r e  c a r r i e d  o u t  by p e r t u r b a t i o n  methods, The 

p o s s i b i l i t y  t o  t r a n s m i t  m i l l i m e t e r  wave energy wi th  low a t t e n -  

u a t i o n  f o r  wide frequency bands over  long d i s t a n c e s  i s  be ing  

s t u d i e d ,  Emphasis i s  p laced  on t h e  behavior  o f  a  d i e l e c t r i c -  

coa ted  c i r c u l a r  waveguide which i s  considered t o  be s u p e r i o r  

t o  t h e  r e g u l a r  c i r c u l a r  waveguide, A s p e c i a l  confoca l  s p h e r i -  

c a l  r e s o n a t o r  i s  be ing  used a t  1 0  GHz f o r  t h e  non-des t ruc t ive  

de te rmina t ion  of  t h e  c h a r a c t e r i s t i c s  of d i e l e c t r i c s  i n  t h e  

form o f  t h i n  s l a b s .  The method e l i m i n a t e s  t h e  machining o f  

t h e  m a t e r i a l  under i n v e s t i g a t i o n  i n t o  s p e c i f i c  shapes.  

I n  g e n e r a l ,  i t  should be mentioned t h a t  s t u d e n t s  and 

f a c u l t y  a r e  very e n t h u s i a s t i c  about t h e i r  work and t h e i r  accom- 

p l i shments ,  t h e  i n s t rumen ta t ion  i s  very good wi th  l a t e s t  equip- 

ment i n  u se ,  The work i s  f inanced  i n  p a r t  by s c h o l a r s h i p s ,  by 
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t h e  m i n i s t r y  of d e f e n s e ,  t h e  m i n i s t r y  o f  t e c h n o l o g y ,  and ,  t o  

a l a r g e r  p a r t  t h a n  i n  t h e  U n i t e d  S t a t e s ,  by i n d u s t r y .  



P a r t  2 

ON THE COMPUTATION OF THE ATTENUATION OF 
H-GUIDES AND FENCE GUIDES 

A b s t r a c t  

This  paper  d e a l s  wi th  a comparison of two methods f o r  

t h e  computation of t h e  a t t e n u a t i o n  of surface-waveguides,  

f o r  which t h e  H-guide and fence  gu ide  a r e  examples. Evalua- 

t i o n  of t r a n s m i t t e d  and d i s s i p a t e d  power f o r  f i e l d  d i s t r i b u -  

t i o n s  of t h e  l o s s - l e s s  guide i s  t h e  b a s i s  of  one method, use 

of t h e  c h a r a c t e r i s t i c  equa t ion  l eads  t o  t h e  o t h e r .  The con- 

d i t i o n s  under which bo th  methods g i v e  equa l  r e s u l t s  a r e  con- 

s i d e r e d  and formulated.  The problem becomes important  i n  

t h e  case  of t h e  fence  guide and i n  t h e  case  o f  t h e  H-guide 

w i t h  i nco rpo ra t ed  c i r c u i t  e lements  when Posses and energy 

sources  are no longer  n e g l i g i b l e ,  



ON THE COMPUTATION OF THE ATTENUATION O F  
H-GUIDES AND FENCE GUIDES 

In t roduc t ion  

Two methods a r e  commonly used f o r  de te rmina t ion  o f  t h e  

a t t e n u a t i o n  i n  waveguides. One of t hese  methods i s  based 

on t h e  f a m i l i a r  r e l a t i o n s h i p  

where a i s  t h e  a t t e n u a t i o n  cons t an t  and PL and PT a r e  power 

l o s s  and power t r a n s p o r t e d  p e r  u n i t  l eng th  of t h e  waveguide, 

r e s p e c t i v e l y .  The power c a l c u l a t i o n s  a r e  made on t h e  b a s i s  

of f i e l d  d i s t r i b u t i o n s  ob ta ined  under t h e  assumption of  zero 

l o s s e s  which i s  accep tab le  f o r  most p r a c t i c a l  waveguides. 

Thus, g iven t h e  f i e l d  components and t h e  geometry o f  t h e  wave- 

gu ide ,  t h e  a t t e n u a t i o n  can be e a s i l y  determined by computing 

t h e  power t r a n s p o r t e d  and power l o s t ,  The second method con- 

s is ts  of s o l v i n g  one o r  s e v e r a l  c h a r a c t e r i s t i c  equa t ions  

a s s o c i a t e d  w i t h  t h e  waveguide t o  o b t a i n  t h e  imaginary p a r t  of 

t h e  f i e l d  d i s t r i b u t i o n  c o n s t a n t  i n  t h e  d i r e c t i o n  of propagat ion 

which r e p r e s e n t s  t h e  a t t e n u a t i o n ,  

The ques t ion  a r i s e s  then whether o r  n o t  t h e  two methods 

g i v e  ag ree ing  r e s u l t s .  I t  i s  u s u a l l y  assumed t h a t  they do. 

A s tudy  of  t h e  a t t e n u a t i o n  i n  H-guides shows t h i s  n o t  t o  be 

t r u e  i n  gene ra l .  I n  t h e  fol lowing s e c t i o n s ,  exp res s ions  f o r  

t h e  a t t e n u a t i o n  a r e  de r ived  by bo th  methods and t h e  necessary  

cond i t i ons  determined f o r  t h e i r  agreement. The l o s s e s  i n  t h e  

d i e l e c t r i c  w i l l  be  cons idered  only which corresponds t o  condi- 

t i o n s  o f  an i n f i n i t e - w i d t h  H-guide. 



At t enua t i on  Computed by t h e  Power Method 

Here w e  s h a l l  c o n s i d e r  quasi-TM waves, S i n c e  t h e  w id th  

i s  i n f i n i t e ,  t h e  f i e l d  i n  t h e  y - d i r e c t i o n  is  c o n s t a n t ,  k  = 0. 
Y 

-l 

The f i e l d  components i n  t h e  r e g i o n  o u t s i d e  t h e  d i e l e c t r i c  areL 

-ax (x-d) - jkzz  
EZ = Eo e e I 

" l k z  -ax (x-d) - jkzz  - Ex - - Eo e I x 
ax 

- ] W E  o -ax(x-d)  - j k z z  
H = e I 

Y ax Eo !? I I 
I I 

I I 

I I 

and i n s i d e  t h e  d ie lec t r ic ,  ! I 

- j k z z  
A2 

EZ = El s i n  kxx e I 

Fig .  2 .1  Guide Geometry 

The t o t a l  t r a n s p o r t e d  power is t h e  sum of  t h e  powers t r a n s p o r t e d  

i n  t h e  d i e l e c t r i c  and a i r  r e g i o n s ;  see F i g ,  2 . 1 .  

The i n t e g r a l s  f o r  t h e  two r e g i o n s  become 

1 wekz s i n  2kxd 
PT=7y-----  E l2  ( d  + 1 W E o k ~  2 ) + z  a 3  Eo . 

kx  2kx X 

F i e l d  matching a t  t h e  boundary o f  d i e l e c t r i c  and a i r  y i e l d s  1 



The t o t a l  t r a n s p o r t e d  power i s  t h e n  g i v e n  by 

W E  k Z  El 
2  s i n  2kxd 2 

- 
P~ - 2  ( d  + [ --i. 

) + sin kxd 3 I 
0 

kx 2kx 'r a x 

S i n c e  t h e  l o s s e s  a r e  due t o  t h e  d ie lec t r ic  o n l y ,  t h e  power 

l o s s  p e r  u n i t  l e n g t h  becomes 

- 1 2 
- 2 El2 c o s  kxx dx + El2 s i n  kxx dx]  Ay Az , 

and, s i n c e  Ay = 1, Az = 1 , 

1 2 2 2 2 s i n  2kxd 
= 7 0  [ d ( k x  + k Z 2 )  + ( k Z  - kx 

2kx 
1 1  

X 

where 

The a t t e n u a t i o n  can now b e  o b t a i n e d  from a = PL/2PT a s  

1 2 s i n  2kxd 

2 I 
X 2kx 

1 2 
s i n  2kx d 

W &  k Z  El  [7 (d + 
2kx 

1 + 
kx  

Making u s e  o f  normal ized  c h a r a c t e r i s t i c  e q u a t i o n s  shown i n  t h e  

f o l l o w i n g  s e c t i o n  and of  t r i g o n o m e t r i c  i d e n t i t i e s  i n v o l v i n g  

s i n e  and t a n g e n t ,  t h e  above may be w r i t t e n  i n  t h e  form 

2 2  I 1 

p  qd ( l + t a n  qd ) + . ( p  t anqd  ) t a n q d  



At tenua t ion  Derived from t h e  
C h a r a c t e x i s t i c  Equations 

There a r e  t h r e e  c h a r a c t e r i s t i c  equa t ions  a s s o c i a t e d  wi th  

t h e  H-guide. Two o f  them r e s u l t  from e v a l u a t i o n  of t h e  wave 

equa t ions  i n  t h e  d i e l e c t r i c  and a i r  r eg ions ,  and t h e  t h i r d  i s  

a  consequence o f  f i e l d  matching a t  t h e  boundary, The equa- 

t i o n s  a r e  

kx t a n  kxd = cr ax 

For t h e  ca se  o f  an i n f i n i t e - w i d t h  guide,  t h e  f i e l d s  a r e  con- 

s t a n t  i n  t h e  y -d i r ec t ion  (k = 0). S u b s t i t u t i n g  t h i s  va lue  
Y 

i n  t h e  above equa t ions  and normalizing g i v e s  

I 

q  t a n  q  d  = Erp , 

and,  a f t e r  combining ( 2 )  and ( 3 )  , 

where 



I n  formula t ing  t h e  f i e l d  equa t ions  t h e  H-guide was assumed 

t o  have no l o s s e s .  Hence, t h e  f i e l d  and medium c o n s t a n t s  kx , 
k t kZ  t E r  were r e a l  numbers. I n  t h e  presence of  d i e l e c t r i c  

Y 
l o s s e s ,  however, t h e s e  cons t an t s  become complex. W e  w r i t e  

I t  i s  no ted  t h a t  

S ince  t h e  d i e l e c t r i c  l o s s e s  a r e  low ( E ~ "  <<  E I ) ,  t h e  r e s u l t a n t  r 

a t t e n u a t i o n  i s  assumed t o  be s m a l l  a l s o .  This  can be  expressed  

by t h e  fo l lowing  cond i t i on  f o r  t h e  normalized va lues  of t h e  

a t t e n u a t i o n  and phase c o n s t a n t s ,  

Using t h e  above two cond i t i ons  i n  t h e  complex c h a r a c t e r i s t i c  

equa t ions  and cons ide r ing  a  p r a c t i c a l  range of  o p e r a t i o n ,  f u r t h e r  

approximations can be in t roduced ,  

S u b s t i t u t i n g  t h e  complex cons t an t s  i n  Eq. ( 5 )  and us ing  t h e  

approximations,  we o b t a i n  



Expanding Eq. (2) y i e l d s  

t I 1  

~ e p l a c i n q  q  q  f romEq.  (7) and k z l / k o  f romEq .  ( 3 )  g i v e s  

kZM/k0  = - . ( 7 )  

1 I 

I n  o r d e r  t o  f i n d  p  i n  t e r m s  of  t h e  o t h e r  c o n s t a n t s ,  t h e  r e -  

maining c h a r a c t e r i s t i c  Eq. ( 4 )  must be used,  where 

I I  1 

Expanding t h i s  equa t ion  and us ing  t h e  approximation q  d <<  1 

enables  us t o  w r i t e  

! I  1 

cosh q  d  = 1 , 
1 1  I I 1  1 

s i n h  q  d  = q  d  D 

S l  I 

S ince  ( c r q ' /  r ' )  ( p  /p ) < <  1, w e  o b t a i n  

. . 
1 I I  t 1 1 1  

' p  i l + j  ( p  /p - E ~ " / E ~ ' )  I = (q + j q  ) ' r . 
cosq d  - j q  d s i n q  d  

This  can be r a t i o n a l i z e d  and s e p a r a t e d  i n t o  r e a l  and imaginary 

p a r t s ,  



Combining t h e  two equa t ions  y i e l d s  

The denominator of t h e  r ight-hand s i d e  may be s i m p l i f i e d  i f  

t h e  fol lowing approximation i s  in t roduced ,  

1 1 I 1 1 2  I 

q t a n q d  > > q  
2 "  d  ( l + t a n  q d )  . 

W e  f i n d  then 

1 I 
I I  1 1 1  1 

p  /p - E " / E ~ '  = r + q  d  t I .  ( 1 2 )  
q  t a n  q  d  

A t  t h e  end of t h i s  s e c t i o n  it i s  shown t h a t  Eq. (11) forms p a r t  

of t h e  cond i t i on  f o r  t h e  agreement of  t h e  power and t h e  charac- 
1 1  

t e r i s t i c s  method. A f t e r  s u b s t i t u t i n g  q  from Eq. ( 6 )  i n t o  
1 1 1  

~ q .  (12)  and s o l v i n g  f o r  p  p  , Eq. ( 7 )  y i e l d s  f o r  k z l  l/ko 

1 1  

kz  I c r l  l /cr  p  c r l q  d  ( l + t a n L q  d  ) -p  ( ~ ~ l - 2 ~  -2 ) t anq  d  
I----= Z ko 82  I I 

. 
2 "  I I 

p  q  d ( l + t a n  q d ) + (cr-1) t a n  q  d 

Comparison of  Eqs, (13) and (1) shows t h a t  t h e  two r e s u l t s  a r e  

i d e n t i c a l  except  f o r  t h e  second term i n  t h e  denominator, I n  

o r d e r  f o r  t h e s e  two terms t o  be equa l ,  t h e  complex c h a r a c t e r i s t i c  



I 

equation crp = q tan q d requires that 

I 1  

Erlp' = q1 tan q d 

and - 

which is equivalent to the second term in the denominator of 

Eq. (1). However, in order for Eq. (14) to be correct, the 

second terms of the numerator and denominator of Eq. (9) must 

be negligible compared to the first terms, respectively, i.e. 

1 1 1  112 1 

q tan q d >>  q d (1 + tan q I d ' )  

and 
1 1  1 " 2  

1 >>  (q d tanq d )  

These two conditions can be simplified and combined to give 

the following basic condition under which the two methods of 

computing the attenuation lead to practically identical results, 

I 1  1 1 1  1 q d << tanq d << 
d 

An Alternate Method of Using the 
Characteristic Equations 

In practice, E ~ '  , E r " , and d are known and the other 
quantities of the characteristic equation must be found in 

order to determine the attenuation, The two complex Eqs. (4) 

and (5) represent four equations and contain seven unknowns. 

Hence, known values of the above three constants should enable 

one to find a unique solution for the other four quantities. 

This approach requires solving a complex transcendental equa- 

tion, a rather difficult task. The only way to avoid solving 



a  t r anscenden ta l  equa t ion  i s  t o  assume t h a t  t h e  known f a c t o r s  
I I I 

a r e  q  , q , and d. Obviously from t h e  p r a c t i c a l  poiwe o f  
1 I I 

view q  and q  are no t  known a t  f i r s t .  However, once w e  have 

ob ta ined  t h e  s o l u t i o n  by choosing va lues  f o r  q ,  t h e  r e s u l t s  can 

be  arranged such t h a t  t h e  independent v a r i a b l e s  a r e  E,' 
I I 

"r I 

and d. 

Consider f i r s t  t h e  equa t ion  

I 1 1 I I I I 

E ~ P  = q t a n  q  d  ; ( E  - j r 1  (p  + j p  ) = A + j~ 

1 I I 

S ince  q  , q , and d  a r e  known, t h e  r ight-hand s i d e  of t h e  
1 I 

equa t ion  i s  a known complex number. S ince  ~ , " p  / E ~ ' P '  is 

smal l  compared t o  1, it can be neg lec t ed .  Equating real and 

imaginary p a r t s ,  w e  o b t a i n  

Combining Eqs. (16) and (6 )  g i v e s  t h e  cub ic  equa t ion  

which may be so lved  us ing  t h e  computer. For a  l o s sy  d i e l e c t r i c ,  
1 

r e a l  p o s i t i v e  va lues  of  p  a r e  t h e  only  accep tab le  s o l u t i o n s .  

By s u b s t i t u t i o n  of E ~ "  from Eq. (6 )  i n t o  Eq. ( 1 7 ) ,  a  r e l a t i o n  
1 1 1  

f o r  t h e  q u a n t i t y  p  p  i s  found 
1 1  1 1 1  

I I 1  A / A - 2 q q  / E r l  

P P  = 



which i n  t u r n  i s  s u b s t i t u t e d  i n t o  Eq. ( 7 )  t o  f i n d  t h e  a t t enua -  
I I I 

t i o n  i n  terms o f  E ~ '  
I I 

' 'r r q  , a n d q  * 

Figure  2.2 shows t h e  normalized a t t e n u a t i o n  ve r sus  nor-  

malized va lues  d/ho wi th  E ~ '  a s  parameter.  

Conclusions 

I n  o r d e r  f o r  t h e  a t t e n u a t i o n  de r ived  from power r e l a t i o n -  

s h i p s  t o  agree  wi th  t h a t  de r ived  from the  c h a r a c t e r i s t i c  equa- 

t i o n s ,  c e r t a i n  r e s t r i c t i o n s  apply.  These r e s t r i c t i o n s  may be 

expressed  by 

These c o n d i t i o n s  have t o  be s a t i s f i e d  i n  a d d i t i o n  t o  t hose  

which a s s u r e  accep tab le  approximations f o r  bo th  computation 

methods i n d i v i d u a l l y ,  namely, 

I I I 

and q  << q 

Comparison of  t h i s  i n e q u a l i t y  wi th  Eq. ( 2 2 )  of  Appendix I 

shows t h a t  it i s  t h e  more s t r i n g e n t  condi t ion .  

I t  i s  a l s o  assumed t h a t  d e r i v a t i o n  o f  t h e  a t t e n u a t i o n  

from t h e  c h a r a c t e r i s t i c  equa t ions  c o n s t i t u t e s  a  more r i go rous  

approach and hence g ives  a  more accu ra t e  r e s u l t ,  This  should 

be expected s i n c e  t h e  computation of  t r a n s m i t t e d  power and 

power l o s s  a r e  made from f i e l d  equa t ions  v a l i d  f o r  a  l o s s l e s s  

s t r u c t u r e .  While i n  s o l v i n g  f o r  a t t e n u a t i o n  from t h e  charac- 

t e r i s t i c  equa t ions  no assumption of ze ro- losses  i s  made. 



Appendix 1 
1 1  I 

Cons idera t ion  of a  vary ing  q  d  shows t h a t  c r l  o r  p  t ake  
I I 

n ega t ive  va lues  when q  d  approaches nn/2 f o r  n  = 1, 2 ,  3 

Such a  cond i t i on  would be u n r e a l i z a b l e  f o r  a L ~ s s y  s t r u c t u r e .  
I I 

To f i n d  t h e  l i m i t a t i o n  imposed on t h e  va lue  of q  d  as 
I t IT a  r e s u l t  of  t h e  r e a l i z a b i l i t y  cond i t i on ,  we w r i t e  g  d  = n~ 2 A$, 

where A$ <<   IT/^ 1 and s u b s t i t u t e  t h e s e  q u a n t i t i e s  i n  Eq. ( 8 ) .  

The number n  may be an odd o r  even i n t e g e r .  
I I 

For odd n ,  w e  i n t roduce  q  d  = nn/2 - A$ . W e  f i n d  

IT I I  I '?T 

s i n ( n T  - A$) + jq d  cos (n- 2 - A$) 

IT I 'IT 
cos (n- - A$) - jq ' d 1 s i n ( n y  - A $ )  

a 

2 

S ince  A$ <<  IT/^ s i n  A +  - A$ , and cos A$ - 1, expanding t h e  

preced ing  equa t ion  and us ing  t h e s e  approximations g i v e s  

1 

From Eq. (19) we conclude,  i . e .  s i n c e  E ' p  must be p o s i t i v e ,  r 
8 1 1 2  I I I 2  I I 

t h a t  q  Ad - q d  > O  o r A $ > q  d  /q e 

1 I IT S ince  t a n  q  d  = t a n  (nT - A$) = c o t  A$ = l/A$ , we f i n d  

t h a t  
1 

I 1  

t a n q d  < 
112 I 

q  d  

must be s a t i s f i e d .  



1  I 

For even n  we w r i t e  q  d  = nv/2 + A $  . S u b s t i t u t i n g  i t  

i n  Eq. ( 8 )  and expanding i n  a  s i m i l a r  manner a s  above, w e  ob- 

t a i n  

1 1 2  1  1 1 1  

R e a l i z a b i l i t y  r e q u i r e s  A $  > q  d  /q , and, s i n c e  t a n  g  d = 

v  tan(nT + A $ )  = t a n  A $  = A $  , w e  f i n d  t h e  requirement t h a t  

1  1 1  1 1  1  

Since  q  /q > 1 and q  /q < 1 , t h e  i n e q u a l i t i e s ,  Eq. ( 2 9 )  

and Eq. ( 2 1 )  may be combined t o  g ive  

a s  a  cond i t i on  f o r  r e a l i z a b l e  f i e l d s .  



Appendix I1 

A set of graphs for the attenuation obtained from the 

result of the power method (Eq. 1 ) is presented in Fig. 2.3. 

The applicability of these are subject to the condition 

1 1  1  I t  I 1  I 

q d << tan q d << l/q d 

~hus, if the above condition holds for any range of values of 

H-guide operation, the curves in Fig. 2.3 may be used. They 

were checked by comparison of several points with values ob- 

tained by the characteristic equations. The checked points 

are indicated by arrows. 

Furthermore, with a specified value for the field decrease, 
1  

given by p , the graphs in 2.3 may be used to determine the 
approximate value of the dielectric constant for which the 

attenuation is minimum. Using subsequently the curves in 

Figs. 2.2a and 2,2b, the thickness of the center slab can be 

found , 
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Fig. 2.2a Attenuation vs d/Ao with srl as parameter 



Fig. 2.2b P-",eonation vs.  d/ho with cr' as parameter 
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Part 3 

CONFOCAL REFLECTOR GUIDE FOR MILLIMETER WAVES 

Abstract 

A beam waveguide is an attractive structure for the 

transmission of millimeter-wave signals in communications. 

The present report continues the study of a parallel- 

reflector guide, where the millimeter wave energy is reflected 

between two cylindrical concave reflectors. The reflectors 

are spaced by their common radius of curvature. For the 

analysis of the beam reflector guide, a parallel-wall 

approach using Gaussian-Hermite functions is applied. The 

attenuation and loss characteristics of the guide, in particu- 

lar the contribution by radiation, and the Q-value of a 

shorted section are considered. 



CONFOCAL REFLECTOR G U I D E  FOR MILLIMETER WAVES 

I n t r o d u c t i o n  

The paper d e a l s  p r i m a r i l y  wi th  t h e  l o s s  c h a r a c t e r i s t i c s  

of  confoca l  r e f l e c t o r  guides  and r e s o n a t o r s ,  and it i s  an ex- 

t ens ion  o f  a  preceding r e p o r t  on t h i s  guide.  A major p a r t  i s  

concerned w i t h  t h e  c o n t r i b u t i o n  t o  t h e  a t t e n u a t i o n  by r a d i a t i o n  

wi th  t h e  computation based on cons ider ing  t h e  upper and lower 

openings a s  r a d i a t i n g  s u r f a c e s .  S ince  t h e  l o s s  c h a r a c t e r i s t i c s  

of such a gu ide  w i l l  be i n v e s t i g a t e d  exper imenta l ly  l a t e r  by 

t h e  use  of a  s h o r t e d  s e c t i o n  of t h e  gu ide  as a  r e s o n a t o r ,  t h e  

c h a r a c t e r i s t i c s  of such a  r e s o n a t o r  have been considered a l s o  

t o  permi t  comparison of t h e o r e t i c a l  and exper imental  d a t a .  

A s  a  f i r s t  s t e p  t h e  f i e l d  d i s t r i b u t i o n  and t h e  Q-value o f  

a  r e s o n a t o r  composed of confoca l  c i r c u l a r - c y l i n d r i c a l  r e f l e c t o r  

s u r f a c e s  a r e  computed. A s  a  check o f  t h e  c o r r e c t n e s s  of  t h e  

computed d a t a ,  t h e  r e s u l t s  a r e  compared wi th  t h o s e  ob ta ined  

f o r  a  r e c t a n g u l a r  c a v i t y ,  I t  i s  herewi th  assumed t h a t  f o r  i n -  

f i n i t e  r a d i u s  of cu rva tu re ,  t h e  confoca l  r e f l e c t o r  r e s o n a t o r  

becomes a r e c t a n g u l a r  c a v i t y .  

The t h i r d  p a r t  d e a l s  wi th  t h e  r a d i a t i o n  l o s s e s  of  t h e  open 

confocal  r e f l e c t o r  guide.  The Kirchhoff-Huygens' p r i n c i p l e  i s  

used f o r  t h e  de te rmina t ion  of t h e  f i e l d s  r e s u l t i n g  from rad ia -  

t i o n ,  From t h e s e  f i e l d s ,  i n  t u r n ,  t h e  Poyntings v e c t o r  and 

t h e  power l o s s e s  p e r  u n i t  of  l eng th  a r e  computed. The f i n a l  

r e s u l t  i s  t h e  a t t e n u a t i o n  due t o  r a d i a t i o n .  



35 

Confocal Resonator 

The field distribution and the Q-value are computed for 

TE modes. Assume that the distribution function along the x- 

axis is given by a Gaussian-Hermite function. 

The field in the resonator is then 

X 
2 

Ex = E exp(-- 
0 2 ) Hem(:) sink y sinkzz . 

2a Y 

Maxwell's equations in rectangular coordinates are 

Since 

we find 

1 aEx - kZ 1 2 
H = - - - - - - -  E exp (-fL2) He (5)  sink y coskzz I 

Y jwll az jko '1 0 2a m a Y 

where 



The f i e l d  components a r e  

X 
2 

Ex = Eoexp (-- -7)Hem(:)  s i n k  y s i n k z z  , 
2a Y 

k Z  Eo X 
2 

X 
H = -- - exp (-S)He (4 s i n k  y cosk  z , 

Y jko rl 2a m a Y z 

k  
X 

2 
X = -2 E exp ( -T)~em(g)  cosk y s i n k z z  . jkou o 2a  Y 

The lowest-order-mode i n  t h e  x - d i r e c t i o n  (m = 0) w i l l  b e  con- 

sidered. The energy  s t o r e d  i n  a  c o n f o c a l  r e s o n a t o r  i s  g i v e n  by 

X 2 2 exp(- -T)s in  k y s i n  kzzdzdxdy . 
o a Y 

W e  i n t r o d u c e  t h e  e r r o r  f u n c t i o n  

X 
2 

I = jAl2 exp  (-T) dx , 
a 

0 

se t  

and f o r  

The i n t e g r a l  I becomes 

D i e  F e h l e r f u n k t i o n  Q ( x 0 )  = 



and we w r i t e  u s ing  t h e  e r r o r  func t ion  (xo) , 

S u b s t i t u t i n g  I i n t o  PT we o b t a i n  

= E L ?  6 m(xo) I 2 2 
P~ 

s i n  k y s i n  kzz dydz . 
Y 

The r e s u l t  is  

The n e x t  t e r m  t o  be cons idered  r e p r e s e n t s  t h e  c u r r e n t  l o s s e s  i n  

t h e  w a l l s  PL . The conducting w a l l s  have a s u r f a c e  r e s i s t a n c e  

Rs . The l o s s e s  become 

dxdy 

-A/2 0 0 -A/2 

We s u b s t i t u t e  H Z  and H i n t o  PL and f i n d  
Y 

X 2 
P~ 

exp (--T) s i n  kzzdzdx + 
o a 



2 2 
Y Eo s jB jC k - 2 2 

+ T 2 n 2  exp cos k y s i n  kZz dzdy +. 4a Y 
0 0 ko 

2 2 
2 2 n 2  

exp (---Z)sin k y cos kZz dzdy . 
4a Y 

0 0 0 

Eva lua t ion  of t h e  i n t e g r a l s  g i v e s  

I f  t h e  pa th  o f  t h e  p l ane  waves makes an angle  6 with  t h e  normal 

t o  s i d e  w a l l ,  one can w r i t e  

W e  i n t roduce  5 i n  PL , PL2 , PL3 , 
1 

- - - -  2 

P ~ l  B 
) cos  5 . 

n 2  

S i m i l a r l y  PL and PL become 
2 3 



s i n c e  
2 koA cost; 

e ~ p ( - - ~ )  = exp( -  4B ) I 

4a 

S i m i l a r l y  w e  express  PT i n  terms of t h e  angle  6 , 

The Q-value o f  a  confoca l  r e sona to r  is  de f ined  by 

The c o n t r i b u t i o n s  by t h e  va r ious  w a l l s  a r e  

- "OPT - W P ~  - Q1 - - I Q 2 - -  
*OPT 

P and Q3 - - 
L1 P ~ 2  P ~ 3  

Subs ti t u t i n g  t h e  exp res s ions  found p rev ious ly ,  we f i n d  
9 

W o P ~  woct12 C - 
Q 2 - =  4Rs s i n  2 5 

I 

and 

The t o t a l  Q of t h e  confoca l  r e sona to r  i s  



Fig.  3 .1  Confocal  Resonator  F ig .  3 . 2  Rec tangula r -cav i ty  
r e s o n a t o r  

F ig .  3 . 3  F i e l d  i n t e n s i t y  a t  
obse rv ing  p o i n t  P 

Fig .  3 . 4  The gu ide  i n  a semi- 
c i r c u l a r  c y l i n d e r  



S u b s t i t u t i o n  o f  t h e  above r e s u l t s  g i v e s  

2 koA c o s t  
2 4Rscos 5 4Rssin 2 5 2Rsexp(-- 4B 1 - = 

Q 
+ + 

w o & r i 2  B worri2 c 
. 

&won 2 

Rectangular  Cavi ty  Resonator 

For comparison, t h e  Q-value i s  determined o f  a r e c t a n g u l a r  

c a v i t y  r e s o n a t o r  f o r  TE modes. The f i e l d s  a r e  g iven  by 

EX = Eo s i n k  y s i n k z z  , Y 

k Z  Eo H = -- - s i n k  y coskzz , 
Y jko '1 Y 

k E 
- - --Y 2 cosk y s i n k z z  . 

jko '1 Y 

The energy s t o r e d  i n  t h e  r e sona to r  wi th  dimension A, B ,  and C 

becomes 

& 2 
= g A B C E o  . 

The energy l o s s  i n  t h e  s i d e  w a l l s  i s  



I t  fol lows 

I f  we s u b s t i t u t e  

The energy l o s s  due t o  f r o n t  and back w a l l s  i s  

2 
- - 2 

P ~ 2  
RsEO A B s i n  6 . 
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Hence, 

The l o s s e s  due t o  t h e  t o p  and f l o o r  a r e  a s  fo l lows:  

2 2 
2 cos k y s i n  kZz + 

Y 

2 2 
k Z  Eo + - -  s i n  2 k y cos  2 kZz )  dzdy 

ko o2 
Y 



and 

The t o t a l  Q of  t h e  r e c t a n g u l a r  r e s o n a t o r  i s  given by 

- 
2 2 

- 4Rs (cos  5 +  s i n  5 +  1 )  
2 B C x 

W0E1? 

Confocal R e f l e c t o r  Guide 

The f i e l d  d i s t r i b u t i o n  i s  determined f o r  t h e  TE 

mode. W e  assume t h a t  Ex is  de f ined  by 

2 - j kzz  
X X 

Ex = E exp ( -7)~em(z)s ink Y e  
0 Y 

. 
2a 

I t  i s  p o s s i b l e  t o  s o l v e  f o r  H and H Z  i n  terms of Ex , 
Y 

Since E Z  = 0 . w e  f i n d  

where 

S i m i l a r l y ,  H Z  can be found from 



S i n c e  E = 0 and s u b s t i t u t i n g  Ex w e  o b t a i n  
Y 

X 
2 x - jkzz -k E exp(-7 He, (,) cosk y  e 

Y 0 Y 
= -jqHZ 

2a 

W e  c a l c u l a t e  n e x t  t h e  energy f lowing  i n t o  t h e  con foca l  r e f l e c t o r  

m = O  : * 
P~ (Ex H Y ) dydx , 

Prev ious ly  t h e  e r r o r  f u n c t i o n  was i n t roduced ,  

The above e q u a t i o n  can be  exp re s sed  by t h e  e r r o r  f u n c t i o n ,  

To o b t a i n  t h e  power l o s s  i n  t h e  s i d e  w a l l s ,  w e  i n t r o d u c e  t h e  

s u r f a c e  r e s i s t a n c e  Rs and f i n d  f o r  t h e  l o s s e s  

2 dzdx , 
-A/2 0 

S i m i l a r l y ,  t h e  power l o s s  on t h e  t o p  and bottom s u r f a c e s  i s  



L 

- - A2 RsEo exp (-7) 
202 4a 

The a t t e n u a t i o n  l o s s  o f  a confocal  r e f l e c t o r  gu ide  i s  con- 

s i d e r e d  nex t .  The c o n t r i b u t i o n  t o  t h e  a t t e n u a t i o n  a r i s i n g  

from s i d e w a l l  l o s s e s  is  

k Z  2 -  E B [I]  
2koo 0 

where C = u n i t  l eng th .  The p a r t  of t h e  a t t e n u a t i o n  due t o  

l o s s e s  i n  t h e  t o p  and bottom s u r f a c e s  becomes 

L 
RsEo A2 

2 exp (-T 

- - 4a 

I f  w e  set a  + The i n t e g r a l  [I] becomes, 
4a 



S u b s t i t u t i n g  t h e s e  va lues  i n t o  aT , w e  o b t a i n  t h e  corresponding 

p a r t  of t h e  a t t e n u a t i o n  of  t h e  r e c t a n g u l a r  waveguide, 

The t o t a l  a t t e n u a t i o n  of  t h e  confoca l  r e f l e c t o r  gu ide  i s  
- 2  

and t h e  t o t a l  a t t e n u a t i o n  f o r  a- ( r e c t a n g u l a r  gu ide )  becomes 

This r e s u l t  a g r e e s  w i th  t h e  equa t ion  ob ta ined  d i r e c t l y  f o r  

t h e  r e c t a n g u l a r  waveguideL and may be used a s  a  check o f  t h e  

c o r r e c t n e s s  o f  t h e  above equa t ion  f o r  t h e  confoca l  gu ide  c l o s e d  

on t o p  and bottom by conduct ing w a l l s .  

C a l c u l a t i o n  of t h e  Poynting Vectors  
Due t o  t h e  Second and Th i rd  Order F i e l d  D i s t r i b u t i o n s  

I n  t h e  Top and Bottom Sur faces  o f  t h e  
Confocal R e f l e c t o r  Guide 

I t  w a s  shown t h a t  t h e  f i e l d  d i s t r i b u t i o n s  i n  t h e  confoca l  

waveguide are g iven  by 

X 
2 - j k z z  - 

Ex - E~ exp (--T m a Y ) H e  (5) s i n k  y  e I 

2a 



k Z  X 
2  - j k z z  

H =-.1-- 

X E exp(-7) He,(--) s i n k  y  e 
Y korl 0 Y 

I 

2a 

k  
X 

2  - j k zz  
H Z  = 2 E exp (-) Hem (E) cosk y  e 2 Y jkorl 0 

. 
2a 

The x-component o f  t h e  Poynt ing v e c t o r  i s  d e f i n e d  by 

9( * 
S~ = E~ Hz 

- E H  
z  Y 

. 
S i n c e  t h e  above approximate e q u a t i o n s  have  no components E 

Y 
and E Z ,  f i r s t - o r d e r  p e r t u r b a t i o n  t e r m s  are computed from 

Maxwell 's  e q u a t i o n s .  W e  s t a r t  w i t h  Ex' 
H~ 

' . and H Z '  t o  

o b t a i n  Sx'  Assuming t h a t  H x '  = 0 , t h e  E  ' i s  o b t a i n e d  
Y 

from Maxwell 's  e q u a t i o n s  a s  

I 1 a H Z  E = - - -  
Y jwe ax t 

k  2  - j kzz  
X X = --Y- E (-1) exp (-5) cosk y  e wekorl 0 Y . 

a  2a 
- j k z z  

W e  o b t a i n  f o r  E ' = ( r e a l  t e r m )  e S i m i l a r l y ,  w e  compute 
Y 

E Z '  and f i n d  

k  
X X 

2  - j k z z  - ... - E ~ ( - ? )  exp (-7) s i n k  y  e 
jw€kon a  2a Y t 

- j k z z  
and w r i t e  E Z '  = ( imaginary  t e r m )  e S i n c e  t h e  o r i g i n a l  

e q u a t i o n s  f o r  H and H Z  can be w r i t t e n  i n  s i m i l a r  form a s  
Y 

- j k z z  
H = ( r e a l  t e r m )  e 

Y I 

- j k z z  
H Z  = ( imaginary  t e r m )  e I 
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one o b t a i n s  Sx8 = E ' ( r e a l ) .  H Z  ( imaginary) - E ~ '  ( imaginary) .  
Y 

H ( rea l ) .  This  shows t h a t  Sx l  i s  imaginary and i n d i c a t e s  a 
Y 

r e a c t i v e  power flow through t h e  t o p  and bottom s u r f a c e s .  I n  a 

second a t tempt  a second-order Poynt ing ' s  v e c t o r  i s  de r ived  

given by 

W e  f i n d  t h e  second-order f i e l d  q u a n t i t i e s  a s  

k k  
X X 

2 - jkzz  
- a E o ( - T )  2 2 exp(-+ cos  k y e Y I 

E a 2a 
- jkzz  

which can be w r i t t e n  a s  Hx" = ( r e a l  t e r m )  e S i m i l a r l y ,  

k Lk 
X 

2 - jkzz  
+ E~ (-T) x exp (-- X 2 )  C O S ~  y e 

Y 
+ 

a 2a 

hence 

- jkzz  
E ' I  = 

Y 
( r e a l  t e r m ) ,  e . 

S i m i l a r l y  one f i n d s  corresponding exp res s ions  f o r  H Z "  t E Z  I S  t 

and H " . which y i e l d  
Y - 



- jkzz  

H Z 1 '  = ( imaginary) e I 

- jkzz  

E Z '  ' = ( imaginary) e I 

and 
- jkzz  

H ' I  = ( r e a l )  e 
Y 

The second-order c o n t r i b u t i o n  Sx" becomes then  

* * 
= E ' ( r e a l ) .  H Z '  ' ( imaginary) - E Z '  ( imaginary)H ' ' ( r e a l )  , 

Y Y 

sx ' = imaginary = r e a c t i v e  . 
Thi s  r e s u l t  i n d i c a t e s  t h a t  under t h e  assumed approximations 

r a d i a t i o n  cannot  be cons idered  by determining t h e  Poynt ing ' s  

v e c t o r  i n  t h e  upper and lower openings.  Other  methods have 

t o  be used t o  f i n d  t h e  r a d i a t i o n  l o s s e s .  

Radia t ion  Losses of t h e  
Confocal R e f l e c t o r  Guide 

I n  t h i s  s e c t i o n  Kirchhoff-Huygen's p r i n c i p l e  w i l l  be 

app l i ed  f o r  t h e  computation of r a d i a t i o n  from t h e  open s u r f a c e s  

of  t h e  r e f l e c t o r  guide.  The equa t ions  f o r  t h e  approximate 

f i e l d  d i s t r i b u t i o n s  i n  t h e  guide a r e  t h e  same a s  a t  t h e  be- 

g inn ing  o f  t h e  preced ing  s e c t i o n .  The components o f  t h e  f i e l d  

ove r  t h e  a p e r t u r e  of  t h e  r e f l e c t o r  gu ide  a r e  



The component o f  t h e  f i e l d  a t  a s o u r c e  p o i n t  i s  hence  

'L 
k Z  X 

I 2 I - j kzz  
H = -  E e ~ p ( - ~ )  cosk y  e 

Y koll 0- 2a Y 

The r e t a r d e d  H e r t z  v e c t o r  can b e  w r i t t e n  as 

I 

S u b s t i t u t i o n  o f  H i n  IIe and f o r  x  = A T y i e l d s  
Y I I 

- j kzz  - j k o r  

k z  A 2  cosk  y  e e I 

- - 
'ez 4ajwa 1 -  , ken Eo exp ( -  -3 8a  r I as I 

S 

- j  (kzz  +kor 
- - Eokz exp (-- A l B 2  cosk y e I t  

I dy d ~  4ajko 8a - ~ / 2  -m r 

S i n c e  

w e  w r i t e  

where I I 

I I 

dy dz  e 

-B/2 
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I 

A s  a f i r s t  s t e p ,  w e  i n t e g r a t e  w i t h  r e s p e c t  t o  z . W e  i n t r o -  

duce a new v a r i a b l e ,  

I I 

z - z = p s i n h t  , 
and 

2 ' 2  2 2 
p 1 2 +  ( z -  z )  = p + p  2 s inh  t =  p12cosh t . 

I 

A f t e r  s u b s t i t u t i o n  i n t o  I , t h e  i n t e g r a l  becomes 

where 

I. = Iwexp[- jp '  {kocosht  + kzz + k Z p t  s i n h t ) ]  d t  , 

2 2 2 
W e  assume n e x t  t h a t  ko - kZ = kr . The i n t e g r a l  [ IO]  be- 

comes then  a Hankel func t ion  o f  zero o r d e r .  The r e s u l t  i s  

The asymptot ic  expansion of t h e  Hankel func t ion  f o r  l a r g e  argu- 

ment can be  used f o r  t h e  computation o f  t h e  r a d i a t i o n  l o s s e s ,  
1 'IT 

- j k z z j =  e - j  (krp - Lo - j ne  

I I 1 

We can make t h e  approximation p - p + y cos4 , p - p and f i n d  



Hence, nez becomes 

The i n t e g r a l  is 

- - 1 B 
2 2 2. [ (k  + krcos+)sin{-i. (ky - krcos+)  } + 

k - kr cos + Y 
Y 

Trans format ion  o f  t h e  r e s u l t  g i v e s  

- 2 
Bk - 

2 2 
krB 

[kys in  (9) c o s  (T COS@) - 
k~ 

- kr COS @ 

Bk krB - krcos  s i n  (T cos9)  1 

The f i e l d  component 

X 
2 - j k z z  

Ex = E exp  (-- 
0 

2 )  cosk y e 
Y I 

2a  

s a t i s f i e s  t h e  boundary c o n d i t i o n s  





We determine next  t h e  f a r - f i e l d s  from t h e  vec tor  p o t e n t i a l s  

according t o  

and 

s i n c e  

-+ 
1 a n +  -+ arr -+ 1 a ( P n + )  

-1 + a+IT P - - ] + a [ -  - V x I [ = a  [ - - -  
P P a +  a z a~ z  P a~ 

Since t h e  r a d i a t i o n  amplitude decreases  with p -'I2 , we may 

neg lec t  t h e  l a s t  term of E Z  and E . We use t h e  i d e n t i t y  + 

and t h e  r e l a t i o n s h i p s  

= T I  c o s ( ~ - $ )  = - II cos+ ; = s i n +  . 
mP my my m+ my 

S u b s t i t u t i n g  these  terms i n t o  E Z  and E , we ob ta in  + 

and 

Af te r  i n s e r t i n g  and IIez we ob ta in  f i n a l l y  
my 

1 cos [ (n-Z) ~ c o s 0  1 
1 A s i n + ]  

2 + --- (--+ 
ky"a s i n  + 



S i m i l a r l y ,  

I - j kzz  c ~ s [ ( n - ~ ) s c o s r j l  
e 2  cos 4 . 

s i n  4 

These equa t ions  can be w r i t t e n  as 

4 

Eokz A A2 - j kzz  E = -  
$ 3 (-2) exp (-- 2)  F ($4 cb f 

2ko k  II 2a 
Y 

8a 

where 

1 cos I (n-Z) ITCOS$] 

2 f 

s i n  $I 

1 cos [ (n-r) ncos@] 
Fcb(0)  = 2 cos  4 . 

s i n  @ 

For t h e  c a l c u l a t i o n  of t h e  r a d i a t i o n  l o s s  from t h e  waveguide, 

w e  e n c l o s e  t h e  gu ide  i n  a semi -c i r cu l a r  c y l i n d e r  of  r a d i u s  p 

and c a l c u l a t e  t h e  power f lowing o u t  t h e  c y l i n d e r ,  

where 



and 

1 
cos [ (n-I)  ncos$] 

2  I 

s i n  $ 

I 
cos  [ (n-z) rcos$]  

F$(O) = 2 cos $ . 
s i n  $ 

The i n t e g r a l s  of  FZ ( 4 )  and F ( 4 )  w i l l  be 9 

'Tr 'Tr 2 1 
(2 )  2 cos  [ ( n - ~ )  rcos$]  1 1 ~ ~ ( $ ) 1 ~ p d $ = /  [ky Ho (kyp) 1 4 pd$ + 

o o s i n  $ 

2 1 r cos  [ (n-Z.) ncosO1 

x I s in$pd$ + 
0 

s i n 4 $  

A aHo 2 
a~ s i n  $ x 

0 

2 1 cos i (n-T) ' T ~ C O S O I  
X 4 1 

s i n  $ 

'Tr 
2 1 r cos  [ (n-I)  ncos$l j l ~ ~ ( $ ) l ~ ~ d O  = 1 pd$ e 

o o s i n 4 $  

The average power t r a n s p o r t e d  a long t h e  gu ide  i s  



where 

[ I ]  = jbi2 X 

2 
exp (-T) dx . 

0 
a 

I f  w e  n e g l e c t  t h e  f i e l d  r e s u l t i n g  from E Z l  s i n c e  it i s  much 

sma l l e r  than t h a t  caused by H we w r i t e  a s  an approximation 
Y 1  

n 
2 1 

2 2 cos [ (n-Z) ncos$l I Ipz (0) l pd$ = IFky2 [Ho 4 * 

0 
s i n  $ 

0 

The asymptot ic  expansion of Ho ( 2 )  (k p )  f o r  a l a r g e  argument i s  
Y 

S u b s t i t u t i o n  i n t o  F Z ( $ )  g i v e s  

2 1 
2 2 cos [ (n-T) ncos$l 

4 ~ d $  I 
0 

s i n  $ 
0 

where 

2 1 n cos [ ncos$I 
[JI = d$ 

0 
s i n 4 $  

Hence, 



Since  t h e  r a d i a t e d  power i s  

t h e  a t t e n u a t i o n  due t o  r a d i a t i o n  from t h e  upper and lower opcn-i-ngs 

become 

a~ 

where 

and 

2 1 
n cos [ (n-Z) ncos@] 

4 d@ 
0 

s i n  4 

Graphical  e v a l u a t i o n  of t h e s e  r e s u l t s  i s  shown i n  t h e  fo l lov r inq  

diagrams of P igs .  3 .5  t o  3 . 7 .  
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Figo 3.5 Normalized a t t e n u a t i o n  c o n s t a n t  a (side wall). s 



F i g .  3,6 Attenua t ion  c o n s t a n t  aT , 

Funct ion U2 v s ,  5 and q . 
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Fig. 3.7 Integrals JL and J2 vs ,  n o  



P a r t  4 

STUDY OF THE EFFECTS OF SURFACE ROUGHNESS 

A b s t r a c t  

An o u t l i n e  of  a  s tudy  of t h e  e f f e c t s  o f  s u r f a c e  roughness 

on t h e  l o s s  c h a r a c t e r i s t i c s  of  waveguides, p a r t i c u l a r l y  t h e  

H-guide and t h e  beam waveguide, i s  p re sen ted ,  The problem i s  

very impor tan t  a t  m i l l i m e t e r  waves s i n c e  t h e  measured va lues  

of  t h e  a t t e n u a t i o n  a r e  u s u a l l y  twenty t o  f i f t y  p e r  c e n t  above 

t h e  va lues  p r e d i c t e d  t h e o r e t i c a l l y  a t  p r e s e n t ,  



STUDY OF THE EFFECTS OF SURFACE ROUGHNESS 

I n t r o d u c t i o n  

Q-value measurements on r e sonan t  s h o r t e d  s e c t i o n s  of  wave- 

guides  are used i n  t h i s  l a b o r a t o r y  t o  determine t h e  a t t e n u a t i o n  

of  non-conventional waveguides a t  m i l l i m e t e r  waves. I t  is 

known t h a t ,  i n  t h i s  frequency range,  measured Q-values u s u a l l y  

are between 60% and 80% o f  t h e  t h e o r e t i c a l  va lues .  A t  t h i s  

t i m e  t h e  sou rces  of  t h i s  d i sc repancy  are n o t  w e l l  understood.  

The w a l l  l o s s e s  are p r i m a r i l y  a func t ion  of  t h e  s u r f a c e  resis- 

t a n c e  and t h i s ,  i n  t u r n ,  o f  t h e  conductor p r o p e r t i e s .  A t  wave- 

l e n g t h s  l onge r  t han  a few cen t ime te r s ,  s u r f a c e  r e s i s t a n c e  is 

determined by t h e  bu lk  p r o p e r t i e s  o f  t h e  m e t a l ,  b u t  a t  wave- 

l e n g t h s  of t h e  o r d e r  of  one cen t ime te r  and below t h e  roughness 

of t h e  s u r f a c e  and perhaps  o t h e r  s u r f a c e  phenomena a f f e c t  t h e  

magnitude o f  t h e  s u r f a c e  r e s i s t a n c e .  A t  m i l l i m e t e r  wavelengths 

t h e  e f f e c t  of s u r f a c e  roughness becomes very  pronounced, 

The t e r m  wroughnessw w i l l  be used t o  d e s c r i b e  a s u r f a c e  

which has  i r r e g u l a r i t i e s  from a smooth, f l a t  p lane .  Methods t o  

measure t h i s  roughness e x i s t ,  d i r e c t  and o p t i c a l .  2 ' 3   his i n -  

v e s t i g a t i o n  of t h e  r e l a t i o n s h i p  of s u r f a c e  roughness and r e s i s -  

t a n c e  w i l l  use t h e  non-des t ruc t ive  technique of o p t i c a l l y  mea- 

s u r i n g  t h e  v a r i a t i o n s .  The purpose of t h i s  r e s e a r c h  i s  t o  pro- 

v ide  a model t o  c o r r e l a t e  s u r f a c e  roughness t o  s u r f a c e  r e s i s t a n c e  

f o r  t h e  p r e d i c t i o n s  of t h e  power l o s s e s  a t  m i l l i m e t e r  wavelengths 

and t o  f i n d  methods of t h e i r  r educ t ion .  



L i t e r a t u r e  Survey 

Abnormally low va lues  of  Q w e r e  r e p o r t e d  by s e v e r a l  inves-  

t i g a t o r s  i n  t h e  1940's  and 1950 ' s .  ~ o r ~ a n ~  r epo r t ed  t h a t  a t  

f r equenc ie s  above l0 ,000  MHz t h e  c a l c u l a t e d  Q's were much h i g h e r  

than measured exper imenta l ly .  Horner e t  a15 observed t h e  same 

a t  measurements on c a v i t y  r e s o n a t o r s  a t  f r equenc ie s  nea r  3,000 

MHz. However, Gevers r e p o r t e d  Q-value measurements a t  3,000 MHz 

which w e r e  98% of t h e  t h e o r e t i c a l  va lue  when us ing  a  p r e c i s i o n  

l a t h e  and diamond t o o l s  t o  g i v e  s u r f a c e  v a r i a t i o n s  of  o n l y  about  

microns. D r .  F. A.   ens on' i n v e s t i g a t e d  s u r f a c e  roughness 

e f f e c t s  on waveguide a t t e n u a t i o n .  A s  a r e s u l t  of t h e i r  work a t  

cen t ime te r  wavelengths,  D r .  Benson modif ied t h e  a t t e n u a t i o n  con- 

s t a n t  exp res s ion ,  de r ived  by S .  Kuhn,' t o  account fox  t h e  s u r f  ace  

v a r i a t i o n ,  

To determine t h e  s u r f a c e  v a r i a t i o n  two techniques  have been 

used, A s t y l u s - t y p e  ins t rument  r eco rds  t h e  up and down v e r t i c a l  

motion o f  a  s h a r p  need le  a s  it t r a v e l s  a long t h e  su r f ace .  A s  a  

second method, t h e  s u r f a c e  can be c u t  c r o s s - s e c t i o n a l l y  and t h e  

edge viewed under a  powerful microscope, But t h e  most r e c e n t  

technique of s tudy ing  s u r f a c e  roughness i s  based on l i g h t  r e f l e c -  

t a n c e  from t h e  rough s u r f a c e ,  D r .  H. E. Bennet t  and D r .  J, 0, 

Por teus  pub l i shed  a  number of papers  on r e l a t i o n s h i p s  of  s u r f a c e  

roughness and s p e c u l a r  r e f l e c t i o n  a t  n e a r  normal inc idence  i n  t h e  

e a r l y  1960 ' s .  The i r  work was based on e a r l i e r  p u b l i c a t i o n  of 

He Davies, "The Ref l ec t ion  of Elect romagnet ic  Waves from a  Rough 

Sur face ."  Davies '  express ion  f o r  s p e c u l a r  r e f l e c t i o n  was based 

on t h e  assumption of  a  p e r f e c t l y  conduct ing s u r f a c e  and t h a t  t h e  



r o o t  mean square  d e v i a t i o n  of  t h e  s u r f a c e  from t h e  mean s u r f a c e  

l e v e l  i s  smal l  compared w i t h  t h e  wavelength, Bennet t  and Por teus  

modified Daviess exp res s ion  by mul t i p ly ing  t h e  r e f l e c t a n c e  from 

rough, p e r f e c t l y  conduct ing s u r f a c e s  by t h e  r e f l e c t a n c e  of  a 

smooth s u r f a c e  of  t h e  a c t u a l  m a t e r i a l .  

D r .  K. E. Torrance and D r ,  E ,  M. Sparrow i n  r e c e n t  y e a r s  have 

s t u d i e d  r e f l e c t i o n s  from rough s u r f a c e s  when t h e  r o o t  mean square  

d e v i a t i o n  of  t h e  s u r f a c e  from t h e  mean s u r f a c e  l e v e l  i s  o f  t h e  

o r d e r  o f  o r  g r e a t e r  than  a wavelength. T h e i r  theory  i s  based on 

geomet r ica l  o p t i c s ,  

The l i t e r a t u r e  s e a r c h  cont inues  a t  t h i s  t imeo 

I n v e s t i g a t i o n  

A s  an i n i t i a l  s t e p  i n  t h e  i n v e s t i g a t i o n ,  it was impor tan t  

t o  determine t h e  f e a s i b i l i t y  of  measuring s u r f a c e  roughness. 

Seve ra l  r e c t a n g u l a r  b locks  of  copper were c u t  f o r  t h e  tes t  spec i -  

mens, Roughness was c r e a t e d  by g r ind ing  which l eaves  t h e  pre -  

pared  s u r f a c e  w i t h  p a r a l l e l  grooves w i th  random depth.  Each 

copper specimen was ground on a d i f f e r e n t  g rade  of a b r a s i v e  paper  

which r e s u l t s  i n  a d i f f e r e n c e  i n  maximum s u r f a c e  d e v i a t i o n s .  Each 

specimen was c u t  c r o s s - s e c t i o n a l l y ,  r e v e a l i n g  an edge view of t h e  

s u r f a c e ,  To f a c i l i t a t e  t h e  obse rva t ion ,  t h e  c u t  specimens a r e  

molded i n t o  a c y l i n d e r  o f  b a k e l i t  and t h e  exposed s u r f a c e  po l i shed ,  

The p o l i s h i n g  removes t h e  f o r e i g n  m a t e r i a l  and fragmented meta l  

caused by t h e  c u t t i n g  o p e r a t i o n ,  The amount o f  material removed 

was between 0,4 and 0,5 mm, Then t h e  s u r f a c e s  were viewed through 

a microscope, Bausch and Lomb, S e r i a l  Number SE 976, Metal lograph,  



The microscope has magni f ica t ion  powers ranging from 7 0  t o  2,P50 

t i m e s  t h e  a c t u a l  s i z e .  An eyepiece  wi th  a  movable c r o s s - h a i r  

was c a l i b r a t e d  wi th  a  p r e c i s i o n  incremented s t r ip . ,  A comparison 

between s u r f a c e s  was made by measuring displacement  between t h e  

h i g h e s t  and lowes t  p o i n t s  o f  t h e  s u r f a c e s  f o r  each of t h r e e  

grades  of  s u r f a c e  roughness,  The smoothest  s u r f a c e  v a r i a t i o n  

was lo 9 y , t h e  nex t  was 3,9 y , and t h e  roughest  was P3,8 y . These 

measurements covered a  s e c t i o n  of  s u r f a c e  approximately 500 1-1 i n  

l e n g t h ,  A record  of  t h e  roughes t  s u r f a c e  was made by photographing 

through t h e  microscope t h e  image o n t o  meta l lographic  p l a t e s ,  The 

image o f  t h e  s u r f a c e  was then  en l a rged  and p r i n t e d  on photographic  

paper ,  The p roces s  provided an approximate s u r f  ace  magnificakf on 

o f  250, From t h e  photographic  p r i n t ,  t h e  s u r f a c e  d e v i a t i o n s  were 

taken and were l 4 , 2  y compared t o  P3,8 y by d i r e c t  obse rva t ion .  

Attempts t o  improve t h e  obse rva t ions  o f  t h e  s u r f a c e  s t r u c t u r e  

by n i c k e l  p l a t i n g  gave very l i t t l e  d i s c e r n i b l e  improvement, 

F igu re s  4 0 P  and 4 0 2  show specrmens of blocks  of copper embedded 

i n  p l a s t i c  and b a k e l i t  and a copy of  t h e  photograph of  t h e  roughes t  

s u r f a c e  s t r u c t u r e ,  One p a r t  of  t h e  s c a l e  on I?ig, 4.2 r e p r e s e n t s  

25,4 p. 

Plan  o f  Work 

The i n v e s t i g a t i o n  w i l l  have s e v e r a l  p a r t s ,  One w i l l  d e a l  

w i th  t h e  de t e rmina t ion  s f  roughness o f  m e t a l l i c  s u r f a c e s  by m e a -  

s u r i n g  t h e  d i s t r i b u t i o n  o f  l i g h t  r e f l e c t a n c e  and t h e  technique  

w i l l  b e  v e r i f i e d  by microscopic  obse rva t ions ,  Measurements o f  

Q-values o f  tes t  c a v i t i e s  a t  m i l l i m e t e r  wavelengths w i l l  g i v e  



t h e  s u r f a c e  r e s i s t a n c e  of  t h e  eva lua t ed  s u r f a c e s  which then  

w i l l  be  related t o  t h e  measured s u r f a c e  roughness,  The w a l l  

roughness of  t h e  va r ious  c a v i t i e s  w i l l  be c r e a t e d  by us ing  

d i f f e r e n t  g r i t  s i z e s  o f  a b r a s i v e  m a t e r i a l .  A model w i l l  t hen  

be  developed o f  t h e  e l ec t romagne t i c  s u r f a c e  e f f e c t s  and re- 

l a t i o n s h i p s  w i l l  be  found between s u r f a c e  r e s i s t a n c e  and 

roughness,  The de r ived  r e l a t i o n s h i p s  and procedures  w i l l  t hen  

be used f o r  t h e  comparison o f  c a v i t i e s  w i th  s u r f a c e s  t r e a t e d  

i n  va r ious  ways t o  reduce t h e  s u r f a c e  r e s i s t a n c e ,  The r e s u l t s  

w i l l  be used f o r  t h e  p r e p a r a t i o n  o f  t h e  w a l l s  o f  waveguides 

w i th  reduced a t t e n u a t i o n ,  



References  

1 F, A, Benson, Waveguide A t t e n u a t i o n  and Its C o r r e l a t i o n  w i t h  

S u r f a c e  Roughness, IEE P r o c ,  P a r t  3,  lOf:12, p 0  85-90, 1952 

2  H ,  E. B e n n e t t  and J, 0. P o r t e u s ,  R e l a t i o n  Between S u r f a c e  

Roughness and S p e c u l a r  Ref l e c t a n c e  a t  Normal I n c i d e n c e ,  J, 

Opt. Soc, Am,, 5 l : 2 ,  p .  123-129, 1961 

3  K ,  E, Torrance  and E. M a  Sparrow, Theory o f  Of f -Specu la r  

R e f l e c t i o n  from Roughened S u r f a c e s ,  J. Opt ,  Soc,  Am, ,  57:9, 

p,  1 1 0 2 - l l l 4 ,  1967 

4 S o  Po  Morgan, E f f e c t  o f  S u r f a c e  Roughness on  Eddy C u r r e n t  

L o s s e s  a t  Microwave F r e q u e n c i e s ,  J ,  Appl,  Phys , ,  2 0 ,  p. 352, 

1949 

5 F, Horner ,  To A, T a y l o r ,  Re Dunsmuir, J, Lamb, and W,  J a c k s o n ,  

Resonance Methods o f  Dielectric Measurements a t  C e n t i m e t r e  

Wavelengths,  J o u r n a l  IEE, P a r t  3,  93, p ,  53, 1946 

6 S o  Kuhn, C a l c u l a t i o n  of  A t t e n u a t i o n  i n  Waveghides, J o u r n a l  

IEE, P a r t  3, 9 3 ,  p o  663-678, 1946 



Fig. 4 . 1  Specimens of  copper w a l l s  embedded i n  
p l a s t i c  and b a k e l i t e .  Po l i shed  c r o s s  
s e c t i o n s  f o r  t h r e e  grades  of  s u r f a c e  
roughness a r e  shown. F i g ,  4 .2  Microphotograph of c ros s -  

s e c t i o n a l  views f o r  maximum 
roughness. One p a r t  of  t h e  -.I 

s c a l e  on t o p  equa l s  25 .4  p m .  0 



P a r t  5 

FIELD DISTRIBUTIONS IN FRONT OF 
H-GUIDE HORN TRANSITIONS 

A b s t r a c t  

A newly designed horn-type t r a n s i t i o n  between r e c t a n g u l a r  

waveguides and fence guides  and coupl ing  p l a t e s  are desc r ibed ,  

The f i e l d  d i s t r i b u t i o n s  measured i n  f r o n t  o f  t h e  horn and t h e  

coupl ing e lements  are shown i n  diagram form, 



FIELD DISTRIBUTIONS I N  FRONT OF 
H-GUIDE HORN TRANSITIONS 

A t  t h e  exper imenta l  s tudy  of H-guides and fence gu ides ,  

s e v e r a l  types  o f  coupPing e lements  a r e  used a t  p r e s e n t  be- 

tween t h e s e  guides  and r e c t a n g u l a r  waveguides, These coupl ing  

e lements  r e p r e s e n t  s h o r t s  i f  s h o r t  s e c t i o n s  o f  t h e  above guides  

a r e  used a s  r e s o n a t o r s  and may s e r v e  as mode t r ans fo rmers  be- 

tween t h e  r e c t a n g u l a r  gu ides  and t h e  o t h e r  gu ides .  A s p e c i a l  

horn-type t r a n s i t ' i o n  w a s  des igned t o  be used f o r  t h e  mode 

conversion w i t h  minimum d i s c o n t i n u i t i e s  and h igh  e f f i c i e n c y .  

I t  c o n s i s t s  of a horn-type s t r u c t u r e  w i th  t h e  upper and lower 

s u r f a c e s  of t h e  r e c t a n g u l a r  waveguide f l a r i n g  up t o  form t h e  

horn,  I n  t h e  c e n t e r ,  a d i e l e c t r i c  s l a b  c o n c e n t r a t e s  t h e  f i e l d  

i n  i t s  v i c i n i t y  and gene ra t e s  a t  t h e  horn amperture a f i e l d  

d i s t r i b u t i o n  corresponding t o  t h a t  of t h e  H-guide o r  fence 

guide,  F igure  5 .1  shows a photograph o f  t h e  s t r u c t u r e ,  I f  t h e  

fence-guide s e c t i o n  i s  used as a r e s o n a t o r ,  a  one-dimensional,  

mul t i -ho le  couple r ,  shown on t h e  r ight-hand s i d e  of t h e  f i g u r e ,  

i s  i n s e r t e d  between t h e  horn and t h e  gu ide ,  

The f i e l d  d i s t r i b u t i o n  i n  f r o n t  of  t h e  horn was measured 

under va r ious  c o n d i t i o n s  t o  a s su re  proper  o p e r a t i o n  i f  used 

f o r  t h e  i n d i c a t e d  purposes ,  The fol lowing f i g u r e s  show ske t ches  

of t h e  cond i t i ons  under which t h e  measurements were made, 

F igure  5 . 2  shows a s i n g l e - h o l e  couple r  d i r e c t l y  a t t a c h e d  t o  a 

r e c t a n g u l a r  waveguide t o  be  used f o r  r e s o n a t o r s  c o n s i s t i n g  of  

s e c t i o n s  of fence gu ide  and H-guide, The f i e l d  d i s t r i b u t i o n  i n  

f r o n t  of  t h e  s ing le -horn  coup le r  a t  va r ious  d i s t a n c e s  i s  shown 



i n  diagram form i n  F ig ,  5 .6 .  Such a  couple r  gene ra t e s  an ex- 

c e s s i v e  number of undes i red  modes. Figure  5 , 3  i l l u s t r a t e s  t h e  

mul t i -ho le  couple r  which, i f  used i n  a  r e s o n a t o r ,  g e n e r a t e s  a  

f i e l d  d i s t r i b u t i o n  of  t h e  fundamental mode and suppres ses  un- 

d e s i r e d  modes. The f i e l d  d i s t r i b u t i o n  i n  f r o n t  of t h e  s t r u c -  

t u r e  i s  shown i n  F ig ,  5 , 7 ,  Figure  5,8 p r e s e n t s  t h e  f i e l d  

d i s t r i b u t i o n  i n  f r o n t  o f  t h e  horn wi thout  coupl ing  p l a t e s  which 

i s  uniform a s  p r e d i c t e d ,  I n  t h e  presence  o f  a  d i e l e c t r i c  s l a b  

t h e  f i e l d  d i s t r i b u t i o n  i s  c h a r a c t e r i z e d  by a  predominantly ex- 

p o n e n t i a l  dec rease  o f  t h e  f i e l d s  from t h e  c e n t e r  of t h e  horn 

t y p i c a l  o f  t h e  H-guide mode, Measured diagrams a r e  shown i n  

Fig.  5 .9 .  The geomet r ica l  c o n f i g u r a t i o n  of t h e  horn i s  i l l u s -  

t r a t e d  i n  Fig .  5 . 4 .  A double-s lab s t r u c t u r e  i s  shown i n  F ig ,  

5,5 and i t s  f i e l d  d i s t r i b u t i o n  shows a  f i e l d  decrease  from t h e  

c e n t e r  toward t h e  upper and lower w a l l s  s i m i l a r  t o  t h a t  of t h e  

s i n g l e - s l a b  horn.  The probe used f o r  t h e  f i e l d  measurements 

w i l l  be desc r ibed  i n  a  l a t e r  r e p o r t ,  Measurements f o r  t h e  

de te rmina t ion  of  t h e  d i s c o n t i n u i t i e s  in t roduced  by t h e  t r a n s i -  

t i o n  a r e  underway a t  p r e s e n t ,  



Fig .  5 1 Wave-mode transformer and coupling p l a t e s .  
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P a r t  6 

THE CHARACTERISTICS OF 
BICOMPLEX WAVE-ANALYTIC FUNCTIONS 

A b s t r a c t  

The p r e s e n t  p a r t  comple tes  t h e  d e s c r i p t i o n  o f  t h e  commu- 

t a t i v e  bicomplex number sys tem.  rt c o n t i n u e s  w i t h  a  c o n s i d e r a -  

t i o n  o f  bicomplex a n a l y t i c  and wave-ana ly t i c  f u n c t r o n s ,  The 

l a t t e r  a r e  d e r i v e d  from expanded Cauchy-Rfemann e q u a t i o n s .  

I t  i s  shown t h a t  t h e s e  f u n c t i o n s  s a t i s f y  under  c e r t a i n  condi-  

t i o n s  t h e  wave e q u a t i o n  ( ~ e P m h o P t z '  e q u a t i o n )  , 



5, Reflexion and Adjo.int Operator 

With re spec t  t o  a given b, c ,  opera tor  

we consider  t h e  following b o c o  opera tor :  

X This opera tor  C w i l l  be c a l l e d  the  " re f l ex ion  operator"  

of c. I n  p a r t i c u l a r ,  we have 

Accordingly, 



Obviously, w e  have 

T X X  = r, 

Next w e  d e f i n e  t h e  " a d j o i n t  o p e r a t o r "  o f  5 a s  follows: 

* D  X r = r,l - jr ,2 =[-r:: 
This  r e p r e s e n t s  t h e  a d j o i n t  m a t r i x  of  1 ,  

From t h e  above d e f i n i t i o n  w e  o b t a i n  

* X 
CS = + j 52) - j 52) 

X and s i n c e  T I  and C 2  a r e  bo th  d i agona l  m a t r i c e s ,  they a r e  cum- 

muta t ive ;  i , e , ,  

s o  t h a t  t h e  second term of Eqo ( 5 . 9 %  vanishes  and we g e t  



* 
Therefore,  t h e  product 55 r ep resen t s  t h e  determinant of < 

which we denote f o r  convenience 

+ x x i 2  d e t  < = C5 = C1 5 + 

From t h i s  r e l a t i o n  we know t h e  inverse  opera tor  z;-I of 5 is 

given by 

provided i2 = d e t  5 +" 0 
* 

I t  can e a s i l y  be seen t h a t  t h e  a d j o i n t  opera tor  z; has 

a l s o  t h e  following p roper t i e s  : 

9r 

(i + 5 
ill + F~~ = t r a c e  of < . 

and i f  C and 0 a r e  two b, c ,  ope ra to r s ,  then 

For 

Therefore 



8 3  

On the other hand 

Comparing Eq. (5.15) and Eq. (5.161, we get Eq,  (5.13) 



6 ,  B. C,  Ana ly t i c  (Holomorphic) Function 

L e t  w l ( Z l  , Z 2 )  and w 2 ( Z l  , Z ) be two complex f u n c t i o n s  2 

of  two complex v a r i a b l e s  Z and Z 2  . I f  bo th  wl and w2 a r e  3- 

a n a l y t i c  w i th  r e s p e c t  t o  Z l  and Z 2  i n  t h e  complex domains 

ol(Z1) and D 2 ( Z 2 )  r r e s p e c t i v e l y ,  and s a t i s f y  t h e  complex 

Cauchy-Riemann equa t ions :  

then t h e  bicomplex func t ion  w = wl + jw2 w i l l  be c a l l e d  a  b i -  

complex a n a l y t i c  o r  holomorphic func t ion  of t h e  s i n g l e  b . ~ .  

v a r i a b l e  Z = Z1 + jZ i n  t h e  b.c.  domain D = Dl x  D 2 2  " 

Making use  of t h e  n o t a t i o n s :  

and D a - 
a2 - 5 q  

t h e  above (6 ,  P) and (6,24 a r e  w r i t t e n  a s  

These two equa t ions  a r e  u n i f i e d  i n  t h e  fo l lowing  complex v e c t o r i a l  

equa t ion :  



This  can be w r i t t e n  simply a s  

where 

= a, + j a ,  

and by ( 1 . 1 4 )  

The above E q .  ( 6 . 5 )  i s  t h e  u n i f i e d  form o f  t h e  complex Cauchy- 

Riemann E q s .  ( 6 , l )  and ( 6 , 2 ) .  

I f  w e  change t h e  s i g n  o f  w2 i n  E q s .  (6.1) and ( 6 , 2 ) ,  we 

g e t  t h e  conjuga te  Cauchy-Riemann equa t ions :  

I a 2  w1 - a, W, = o 

These can be u n i f i e d  i n t o  

where 



The above Eq. (6.9) may be ob ta ined  d i r e c t l y  from Eq. (6.5) 

by simply changing t h e  s i g n  o f  j. 

Since  

* 
V V = ( a ,  - j a , )  ( a ,  + j a , )  = 

2 a, + 9 A (Laplacian)  

= a12 + a 2 2  A (two-dimensional Laplac ian)  

* 
w e  o b t a i n  from Eqs. (6.5) and (6 .9)  by o p e r a t i n g  V and V ,  

r e s p e c t i v e l y ,  from t h e  l e f t ,  

* 
which shows t h a t  bo th  w and w a r e  b .c . .harmonic  func t ions .  The 

converse i s  n o t  t r u e ,  i . e . ,  a b.c.  harmonic func t ion  u ( z )  does 

n o t  n e c e s a r i l y  s a t i s f y  Eqs. (6.5) o r  ( 6 . 9 ) .  However, w e  have 

t h e  fo l lowing  

Decomposition Theorem, Any b .c .  harmonic func t ion  u ( z )  

can b e  decomposed i n t o  a sum of  a b.c.  a n a l y t i c  func t ion  w ( z )  

'-b 
and i t s  conjuga te  func t ion  w ( z ) ,  

Proof.  Suppose a b.c. f unc t ion  u ( z )  = u l ( z )  + ju2 ( 2 )  

s a t i s f y  i n  a b. c. domain D = D x D2 t h e  two dimensional  1 

Laplace equa t ion :  

Au = 0 ( 6.93  ) 

Since  Au = nul + jAu2 = 0 , each of  t h e  component complex 

func t ions  ul ( z )  and u2 (2) should s a t i s f y  t h e  two-dimensional 

Laplace equa t ion ,  i . e , ,  

Aul = 0 and Au2 = 0 



But t h e s e  a r e  p r e c i s e l y  t h e  i n t e g r a b i l i t y  cond i t i ons ,  i .e . ,  

t h e  necessary  and s u f f i c i e n t  cond i t i ons  f o r  t h e  e x i s t e n c e  o f  

t h e  two o t h e r  complex f u n c t i o n s  v l ( z )  and v 2 ( z )  such t h a t  i n  

t h e  b.c. domain D =  Dl x D2 o f  Z = Z1 + j Z  2 t h e  Cauchy- 

Riemann equa t ions  hold:  

and 

< 
Therefore ,  t h e  b .c. func t ions  

w1 = u1 + jvl and w2 = v2 + ju2 ( 6.169 

a r e  b.c.  a n a l y t i c  i n  t h e  domain D = Dl x D2 , i . e . ,  they s a t i s f y  

Vwl = 0 and Ow2 = 0 

The b.c.  j -conjugate  func t ions  of wl and w2 are given by 

'L 'L 
w1 = u1 - jvl and w2 = v2 - ju2 ( 6.18) 

From Eqs. (5.16) and (5.18) w e  have 

Hence, 



where 

Thus, w e  have proved t h a t  any b.c. harmonic funct ion u can be 

decomposed i n t o  t h e  sum of a b.c.  a n a l y t i c  funct ion w and i t s  

'L 
conjugate funct ion  w. 



7. B. C. Wave-Analytic Funct ion 

Suppose two complex func t ions  wl(Z1 , 5) and w2(Z1 , Z 2 )  

o f  two complex v a r i a b l e s  Z1 and Z 2  s a t i s f y  i n s t e a d  of  Eqs. (6.1) 

and (6 .2)  t h e  fo l lowing  set  o f  p a r t i a l  d i f f e r e n t i a l  equa t ions :  

a w + a, w2 = s,, w, + s2, w2 l2 
These two equa t ions  can be p u t  t o g e t h e r  i n  a  s i n g l e  equa t ion :  

I f  w e  w r i t e  a s  be fo re  

where 

and 

and D - 
<2 - 



The above Eq.  (7 .3)  i s  w r i t t e n  simply a s  

I 

( V  - 5 )  8 7  -- O ( 7 . 8 )  

I 

A b. c. func t ion  w which s a t i s f i e d  E q s .  (7.8) o r  ( 7 . 8 )  a t  

every p o i n t  ZED w i l l  be c a l l e d  "b.c.  wave-analytic" i.n t h e  b. c. 

domain D = D x D2 . I n  p a r t i c u l a r ,  when < =  0, t h e  Eq .  (7 .8)  1 

reduces  t o  t h e  b. c .  Cauchy-Riemann Eq. (6 .5) .  

I n  t h e  fol lowing we s h a l l  assume Z; # 0 and t o  be  c o n s t a n t  

i n  t h e  domain D. 
* * 

I f  we o p e r a t e  t h e  a d j o i n t  o p e r a t o r  ( V  - < ) o f  ( V  - Z;) 

I 

on E q .  (7 .8)  , w e  o b t a i n  

Now 

From E q s ,  (6 .11)  and ( 5 . 8 ) ,  we have 

D 02 
= d e t  F = Z; 

and 



S i n c e  G1 and c2 are assumed t o  b e  c o n s t a n t ,  w e  have 

a i G j  = < . a .  ( i ,  j = 1, 2 )  . 
1 1  

Also by Eq. ( 5 . 3 )  

By making u s e  o f  t h e s e  r e l a t i o n s ,  w e  g e t  

= (511 + r2,) a, + ( r 2 ,  + 5,,) a ,  ( 7.14 ) 

T h e r e f o r e ,  Eq. (7 .9)  becomes 

O 2 Aw = { ( r l l  + c,,) a ,  + + r,,) a,} w + s = o ( 7.15 ) 

This  may be  w r i t t e n  a s  

+ + O 2 
AW - 2 ( r 1  a, + r, a,)  W +  r W =  o 

where 

+ Thus w e  see a l l  wave-ana ly t i c  f u n c t i o n s  f o r  which il and 5, + 
a r e  t h e  same, s a t i s f y  t h e  same second-order  p a r t i a l  d i f f e r e n t i a l  

I 

e q u a t i o n  (7,L5) 



I n  p a r t i c u l a r  i f  

( o r  Hernholtz' e q u a t i o n )  

i . e . ,  C = 

- 
C l l  -7 ( 7.17 ) 

.hC12 - 51 - 
t h e n  s ~ +  = c2+ = 0 and (7 .15)  becomes t h e  reduced  wave-equation 


