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ABSTRACT 

The double-scream i n t e r a c t i o n  i n  a s o l i d - s t a t e  plasma i s  

aw.1yze.d f o r  a l a y e r e d  s t r u c t u r e  where t h e  two charge-ca r ry ing  streams 

a:e in a d j a c e n t  l a y e r s ,  w i t h  t h e  s t r e a m  i n  one l a y e r  assi~med t o  be  

s t a t i o n s ~ y ,  The t heo ry  h a s  been developed ass iming  t h a t  no e x t e r n a l  

m s g a e t i c  f i e l d  is a p p l i e d ,  

StarC2ag f r ~ m  an i d e a l i z e d  model, t h e  e i f e c t s  o f  f i n i t e  tem- 

p e r a t u r e ,  p a r  %icLe  c o l l i  s i o n s  , Cransverse  ac ~ r e l o c i  t ies ,  and matearial  

l a s s e s  a r e  c o n s i d e r e d ,  Each problem i s  f i r s t  i n v e s t i g a t e d  s e p a r a t e l y  

and t h e n  t h e  e E f e c t  of combining t h e s e  pa ramete rs  i s  d i s c u s s e d .  

Ana ly s i s  of t h e  i d e a l i z e d  one-dimensional model w i t h  a s i n g l e  

drSkc veLoc5kp f o r  all c a r r i e n s  p r e d i c t s  h i g h  g a i n  f o r  a f requency  o f  

E GHz c c  18 bw I n  wavelength ,  f o r  csmmercia l ly  a v a i l a b l e  semiconduc tors ,  

The e f f e c t s  of 2 i n i t e  t empera tvze ,  par"c1e c o l l i s i o n s ,  and t r a n s v e r s e  

ac 1 i e h ~ ~ 5 t i e s  change the r e s u l t s  o f  the  i d e a l i z e d  model d r a s t i c a l l y ,  

T h e  v e l - o c i t y  sprezd i n t r o d u c e d  by ahe randomizing e f f e c t s  o f  tempesa- 

cuTe xeduces t h e  ga in  below useful l e v e l s  f o r  t e m p e r a t u r e s  above abou t  

35 K I n  gema.nium, T h i s  limits operakaon of p r a c t i c a l  d e v i c e s  t c  v e r y  

IQW temperat1~;ces. P a r t i c l e  c o l l i s i o n s  add s e v e r e  damping a r  f r e q u e n c i e s  

bebow a b o u t  308 GMz i n  most semiconduc tors ,  e , g , ,  gemanium and indium 

s~l:-tmonFde- Txansverse  ac v e l o c i t i e s  r e d u c e  t h e  g a i n  below u s e f u l  l e v e l s  

u n l e s s  t h e  c a ~ d u c t i v i t y  h a s  a l a r g e  a n i s o t r o p y .  T r a n s v e r s e  t o  l o n g i t u -  

d ~ n a ~ c c n d u c ? i a f t p  r a t i o s  of a t  Least l :100  a r e  r e q u i r e d  t o  o b t a i n  g a i n  

v a l u e s  compava,ble tc t h e  one-dimensional model, The t o t a l  e f f e c t  of tem- 



p e r a t u r e ,  c o l l i s i o n s ,  and t r ansve r se  a c  v e l o c i t i e s  is  t o  impose such 

s t r i n g e n t  requirements  on rhe m a t e r i a l s  and ope ra t ing  condi t ions  t h a t  

i t  is reasonable  t o  conclude t h a t  space-charge i n t e r a c t i o n s  i n  s o l i d s  

w i ~ h o u t  an e x t e r n a l  magnetic f i e l d  a r e  n o t  l i k e l y  t o  r e s u l t  i n  p r a c t i c a l  

devices  

Gain may not  be p o s s i b l e  i n  t h e  submi l l imeter  o r  s h o r t e r  wave- 

leng%h region even wi th  a  s t r o n g  d c  magnetic f i e l d ,  I f  t h e  e f f e c t  of 

t he  magnetic f i e l d  is oc ly  t o  cause a  conduct iv i ty  an iso t ropy ,  i , e . ,  

11 - kocuaing" a s  i n  e l e c t r o n  beam d e s ~ i c e s ,  then  p r a c t i c a l  devices  cannot 

be b u i l t ,  The f i e l d s  requi red  become very l a r g e  (-100 kG) and can only 

be produced i n  a well-equipped l abo ra to ry .  

F i n a l l y ,  a d d i t i o n a l  problems a r e  t o  be expected wi th  energy 

coupling from t h e  sample and m a t e r i a l  f a b r i c a t i o n .  The space-charge 

wa7:elength becomes s o  s h o r t  a t  t h e  submi l l imeter  wavelengths t h a t  

techniques a r e  p r e s e n t l y  no t  a v a i l a b l e  t o  manufacture e f f i c i e n t  ou tpu t  

c o r ~ p l e r s ,  The s e z y  smal l  space-charge wavelength s i m i l a r l y  r e q u i r e s  

T-ery uniform surfaces f o r  t h e  layered s t r u c t u r e ,  and f a b r i c a t i o n  

problems a6e s i g n i f  %can to  

In  conclus ion ,  i t  appeass t h a t  t he  i n i t i a l l y  promising r e s u l t  

Fc" high-fseqveney s o l i d - s t a t e  devices  based on spa-ce-charge i n t e r -  

a c t i o n s ,  a.nd i n  p a r t i c u l a r  t h e  double-stream i n t e r a c t i o n ,  i s  f a l l a c i o u s ,  

A more d e t a i l e d  i n ~ e s t i g a t i o n  has shown t h a t  t h e  i d e a l i z e d  one-dimen- 

snonal  madel is  no t  a v a l i d  approach t o  t he  a n a l y s i s  of space-charge 

i n t e a a c t i a n s  i n  s s l i d s ,  
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The purpose  of t h i s  p r o j e c t  i S  t h e  i n v e s t i g a t i 3 n  of g a i n  

mechanisms i n  s o l i d - s t a t e  materials f o r  g e n e r a t i n g  cohereac  r a d i a t i o n  

i n  t h e  u l t r a v i o b e t  and X-ray r e g i o n s ,  

Th is  r e p o r t  summarizes t h e  c o n c l u s i o n s  reached d u r i n g  a  major 

phase  s f  t h i s  s t u d y ,  The i n i t i a l  p r o p o s a l  on space-charge i n t e r a c t i o n s  

i n  s o l i d s  a.t u l t r a v i o l e t  and X-yay f r e q u e n c i e s  was made cn t h e  basis  

o f  a s i m p l i f i e d  plasma. mgdeb, A more thasough a n a l y s i s  i n d i c a s e d  Chat 

s e z i o u s  d i f f i c u l t i e s  were  t o  b e  expec ted  due t o  boiznd e k e c t r \ m  absozp- 

t i o n  and t h e  many p o s s i b i e  energy levels i n  t h e  s o l i d  a t  Che h i g h e r  

f r e q u e n c i e s ,  It was t h e n  proposed t h a r  :he i n t e r a c t i o n  b e  i t a ~ 7 e a ~ i g a t e d  

i n  t h e  i n f ~ a r e d  where e l e c t r o n  e f f e c t s  a r e  n o t  imparrz.wt F h ~ s  would 

s e r v e  t o  v e r i f y  t h e  b a s i c  i n t e r a c t i o n  mechanism which could %hen b e  

s t u d i e d  i n  more d e t a i l  a t  t h e  h i g h e r  f r e q u e n c a e s *  F u r t h e r  s t u d y  o f  

t h e  proposed i n t e r a c t i o n  showed, however, t h a t  even i n  t h i s  maze faxi-or- 

a b l e  f requency r a n g e ,  a good unders tand tng  of space-chgsge %nte -ac%ions  

i n  s o l i d s  was n o t  r e a d i l y  ob ta - inab le -  Et was fo12nd t h a t  t h e r e  i s  a n  

incomple te  u n d e r s t a n d i n g  of space-charge waves %TI s01Lds even a.t micro- 

wa--e f-ceqvencies;  f3r example, t h e r e  h a s  been ns; r , o n c I ~ ~ s i v e  expe?rsmentsl  

7 ~ e r F f i c a t i o n  of space-charge i n t e r a c t i o n s  i n  s c l i d s  a t  any f requency ,  

Pos these r e a s o n s ,  i t  was dec ided  t h a t  a thozaugh a n a l y s i s  o f  t h e  double-  

stzea.m in te ra .cz ion  was f i r s t  n e c e s s a z p  i n  t h e  mLcrowave and anfrazed 

f r e q u e n c i e s ,  T h i  s r e p o r t  summa+izes t h e  r e s u i t s  o? t h i s  s t u d y ,  S i n c e  

i t  a l s o  marks t h e  complet ion of a  m a ~ o r  phase  of t h e  p r o j e c t ,  s l i g h r  



r e p e t i t i o n  of p rev ious ly  d iscussed  t o p i c s  has  been permit ted f o r  t h e  

sake sf completeness,  

Space-charge i n t e r a c t i o n s  i n  s o l i d s  have received cons ide rab le  

a t t e n t i o n  over t h e  p a s t  several  y e a r s ,  and many proposals  have appeared 

i n  t h e  l i t e r a t u r e  f o r  devices  t h a t  a r e  e s s e n t i a l l y  analogues of t h e  

more f a m i l i a r  electron-beam i ~ t e r a c t i o n s ,  Most of t h e s e  devices  have 

been proposed f o r  u se  i n  t he  microwave reg ion ,  However, a s  mentioned 

paeviously,  very  few csnc lus ive  experimental  r e s u l t s  have been obta ined ,  

A t  p r e sen t ,  ehere  i s  cons iderable  unce r t a in ty  a s  t o  t h e  o r i g i n  of de- 

t e c t e d  o s c i l l a t i o n s  fzom s o l i d - s t a t e  m a t e r i a l s ,  Since t h e  u l t i m a t e  

success  sf an u l t r a v i o l e t  o r  X-ray i n ~ e r a c t i o n  depends on t h e  success-  

f u l  v e r i f i c a t i o n  of a  space-charge i n t e r a c t i o n  i n  a  s o l i d ,  t h e  more 

gene ra l  approach is  w e l l  j u s t i f i e d ,  

It w i l l ,  t h e r e f o r e ,  be t h e  purpose s f  t h i s  r e p o r t  t o  i n v e s t i -  

g a t e  t h e  f e a s i b i l i t y  of r e a l i z i n g  p r a c t i c a l  devices  from space-charge 

i n t e r a c t i o n s  i n  s o l i d - s t a t e  plasmas, and t o  t r y  t o  i n c r e a s e  t h e  under- 

s t and ing  s f  t h e s e  i n t e s a r t i s n s ,  To f a c i l i t a t e  t h e  a n a l y s i s ,  a  pa r t i cu -  

l a r  con f igu ra t ion  w i l l  be  s e l e c t e d  which g ives  good r e s u l t s  w i th  t h e  

i d e a l i z e d  model and which can be experimental ly  cons t ruc ted .  The 

a n a l y s i s  w i l l  be  c a r r i e d  out  fcr t h e  double-srream i n t e r a c t i o n  i n  a  

l aye red  structure where t h e  two streams a r e  i n  t h e  ad jacent  l a y e r s .  

This  ~ o n f i g u r a ~ i o n  p e ~ m i t s  more f l e x i b i l i t y  t h sn  the  hole-e lec t ron  

plasma i n  a s i n g l e  m a t e r i a l ,  I n  a d d i t i o n ,  t h e  e f f e c t  of l a y e r  th iek-  

ness  on each s t ream can be s tud ied ,  The theory w i l l  be  developed 

assuming t h z t  so e w t e m a l  magentic f i e l d  i s  app l i ed ,  Large magnetic 



f i e l d s  r e q u i r e  bulky electromagnets  which l i m i t  t he  u s e f u l  a p p l i c a t i o n  

of any proposed device"  The a n a l y s i s  has  been confined t o  a frequency 

range extending from microwaves up t o  t he  i n f r a r e d ,  because t h e  space- 

charge i n t e r a c t i o n  appears  p a r t i c u l a x l y  w e l l  s u i t e d  fox these  frequen- 

c i e s ,  and m a t e r i a l  p r o p e r t i e s  a r e  a v a i l a b l e  f o r  u se  i n  making numerical  

c a l c u l a t i a n s *  

A thorough a n a l y s i s  of a. s o l i d - s t a t e  plasma is  q u i t e  complicated 

because s e v e r a l  d i f f e r e n k  efferzts must be included i n  addicaan t o  t h e  

b a s i c  i n t e r a c t i o n  mechanism: the  temperature 0% t h e  particles adds a 

v e l o c i t y  d i s t r i b u t i o n  t o  t h e  d r i f t i n g  or  s t a t i o n a r y  c a r r i e r s  which tends  

t o  randomize t h e  v e l o c i t y  and decrease  t h e  ga in ,  p a r t i c l e  c o l l i s i o n s  

wi th  t h e  l a t t i c e  and between t h e  p a r t i c l e s  add l o s s  and must be  con- 

s i d e r e d ,  and t h e  c a r z i e r s  i n  t he  s o l i d  a r e  contained by t h e  boundaxies 

of t h e  m a t e r i a l  bu t  a r e  o therwise  a b l e  t o  move i n  d i r e c t i o n s  t r a n s v e r s e  

t o  t h e  d e s i r e d  d r i f t ,  One p o s s i b l e  method of a t t a c k i n g  the  problem 

would be  t o  t r y  t o  inc lude  a l l  e f f e c t s  a t  t he  beginning of t h e  a n a l y s i s  

and a r r i v e  a t  some very  gene ra l  and very  complicated equat ions ,  This  

method has  t he  advantage o f  being a b l e  t o  "explain" a l l  e f f e c t s  from 

one d e r i v a t i o n *  The disadvantage i s  tha,t t h e  f i n a l  r e s u l t  i s  u s u a l l y  

so  complex t h a t  i t  d e f i e s  i n t e r p r e t a t i o n ,  Because one purpose of t h i s  

work i s  t o  t zy  to add tc t he  understanding of space-charge i n t e r a c t i o n s ,  

a more a p p l i c a b l e  method has been s e l e c t e d ,  The problems of tempera- 

t u r e ,  p a r t i c l e  c o l k i s i s n s ,  and t r a n s v e r s e  v e l o c i t i e s  w i l l  be  considered 

s e p a r a t e l y  and t h e  combined r e s u l t s  w i l l  be  d i scas sed  a f t e r  t h e  e f f e c t s  

sf  each have been undexstsod, This  approach makes i t  p o s s i b l e  t o  sepa- 



r a t e l y  i n v e s t i g a t e  t h e o r e t i c a l  methods f o r  a n a l y z i n g  t h e s e  d i f f i c u l t  

problems, It is a l s o  easier t o  compare t h e  r e s u l t s  t o  t h e  work of 

a t h e r  a u t h o r s ,  s i n c e  v e r y  o f t e n  a n a l y s e s  axe  p r e s e n t e d  which comple te ly  

i g n o r e  one o r  more of t h e s e  e f f e c t s .  

The g e n e r a l  approach of t h i s  paper  w i l l  b e  t o  develop t h e  

i d e a l i z e d  model and t h e n  t o  show how t h e  added p h y s i c a l  p r o p e r t i e s  o f  a 

semiconduct ing s c l i d  a f f e c t  s h e  proposed i n t e r a c t i o n  mechanism, F i r s t ,  

in Cha.ptez 11, some g e n e r a l  p r o p e r t i e s  of semiconductors  w i l l  b e  d i a -  

cussed  which f f t  t h e  proposed plasma model, Exper imenta l  r e s u l t s  sf 

s t h e r  a u t h o r s  w i l l  be  mentioned which t end  t o  v e r i f y  t h e  plasma n a t u r e  

3f a semiconduct ing s o l i d o  Then, i n  Chapters  111 and IV t h e  space- 

charge  i n ~ e r a x t i o n  mechanisms a r e  d e s c r i b e d  which l e a d  t o  t h e  conf igura -  

t i o n  tc b e  a n a l y z e d ,  The l a y e r e d  s t r u c t u r e  is  t h e n  d i s c u s s e d  and re- 

s c l "  aar ppresen~ed f s ~  an  i d e a l i z e d  model which assumes a uniform d r i f t  

. ; -e lcci ty  f o r  a l l  of t h e  c a r r i e r s ,  

Chaptens V and WL d i s c u s s  t h e  e f f e c t s  o f  t e m p e r a t u r e ,  p a r t i c l e  

z c l k l s i c w s ,  2nd srar ievesse  v e l s c i t a e s ,  Th i s  is t h e  p a r t l s u l a r l y  s i g n i -  

t i c a n t  por t ion  of t h i s  paper  because  i t  is h e r e  t h a t  t h e  c o n c l u s i o n  is 

ceacbed t h a t  space-charge i n t e r a c t i o n s  w i t h o u t  a n  e x t e r n a l  magnet ic  

f x e l d  a r e  n o t  l i k e l y  CQ r e s u l t  i n  p r a c t i c a l  d e v i c e s ,  

Chapter  7121 c c n s i d e r s  t h e  m D r e  p r a c t i c a l  problem s f  how t3 

c s l ~ p i e  the energy o u ~  o f  the sample i f  a space-charge in te rac rs ion  can 

be  f ~ u n d ,  Material p r o p e r t i e s  and f a b r i c a s i o n  methods are discussed i n  

Chaprezs VIII and IX and some 9f t h e  problems t o  b e  expec ted  i n  e x p e r i -  

wenSral work are deec-ribed 



Although much of t h e  a n a l y s i s  h a s  been done f o r  a p a r t i c u l a r  

c o n f i g u r a t i o n  o f  two l a y e r s ,  it shou ld  b e  emphasized t h a t  t h i s  does  

n o t  r e s t r i c t  a l l  o f  t h e  t o p i c s  d i s c u s s e d  t o  t h i s  p a r t i c u l a r  problem, 

The d i s c u s s i o n s  p r e s e n t e d  on t empera tu re  e f f e c t s ,  t r a n s v e r s e  v e l o c i -  

t i e s ,  energy c o u p l i n g ,  and m a t e r i a l  p r o p e r t i e s  have v e r y  b road  a p p l i -  

c a b i l i t y  t o  t h e  a n a l y s i s  o f  space-charge waves i n  s o l i d s .  The approx i -  

mate  computer methods developed f o r  s o l v i n g  problems w i t h  a. f i n i t e  

v e l o c i t y  d i s t r i b u t i o n  due t o  t empera tu re  shou ld  prove u s e f u l  i n  any 

a n a l y s i s  i n v o l v i n g  d r i f t i n g  c a r r i e r s  and space charge ,  The d i s c u s s i o n  

o f  l o s s e s  due t o  t r a n s v e r s e  ac v e l o c i t i e s  would app ly  t o  any space- 

charge  i n t e r a c t i o n .  The f o c u s i n g  e f f e c t  of a d@ magnetic. f i e l d  is  

a l s o  b r i e f l y  ment ioned.  The coup l ing  of energy  o u t  of t h e  sample h a s  

been c o n s i d e r e d  assuming t h a t  space-charge bun.ching i s  p r e s e n t ,  N o  

p a r t i c u l a r  sample c o n f i g u r a t i o n  i s  needed f o r  t h i s  d i s c u s s i o n .  F i n a l l y ,  

m a t e r i a l  p r o p e r t i e s  a r e  d e s c r i b e d  which f i t  a g e n e r a l  p lasma b e h a v i o r  

t h a t  would b e  o f  i n t e r e s t  f o r  a l l  space-charge  interaction.^. 



1 -  INTRODUCTION TO SOLID STATE PLASMAS 

A s  d i s c u s s e d  i n  t h e  i n t r o d u c t o r y  c h a p t e r ,  t h e  a n a l y s i s  t o  be  

used i n  t h i s  paper  assumes a plasma model f o r  a  semiconduct ing s o l l d ,  

The purpose  of t h a s  c h a p t e r  as  t o  d a s c u s s ,  and h o p e f u l l y  t o  j u s t i f y ,  

t h i s  assumption F i r s r ,  some v e r y  g e n e r a l  p r o p e r t i e s  of g a s ,  s e m i -  

c o n d u c t o r ,  and m e t a l  plasmas w l l l  b e  compared and some of t h e  b a s i c  

e x p e r i m e n t a l  r e s u l t s  w i l l  be s t a t e d  which i l l u s t r a t e  t h e  plasma proper -  

t i e s  of t h e s e  r n a t e r r a l ~ ~  Then i n  t h e  f o l l o w i n g  s e c t x o n s ,  a  b r l e f  re- 

view of t h e  p e r t i n e n t  semicsnductor  t h e o r y  w i l l  be  grven w i t h  emphasis 

on t h e  p a r t i c u l a r  p r o p e r t i e s  n e c e s s a r y  t o  t h e  a n a l y s l s  of g a l n  mechan- 

i s m s .  

The u s u a l  adea of a plasma is a  c o l l e c t i o n  of e l e c t r o n s  and 

positively charged i o n s  I n  t h e  form s f  a h o t  g a s .  However, many e f f e c t s  

i n  s o l i d s ,  b o t h  m e t a l s  and semiconduc tors ,  can a l s o  b e  described i n  

terms of a plasma* Tab le  J g i v e s  a comparison s f  some of t h e  p e r t i n e n t  

p r o p e r t i e s  of t h e  d a f f e r c n t  k l n d s  of plasmas.  

The p r f n r l p a l  d i f f e r e n c e s  between gaseous ,  semiconduc tor ,  and 

m e t a l  plasmas a re  a s  f o l l o w s :  

1 ,  I n  t h e  gaseous  plasma t h e  d e n s l t x e s  a r e  low and t h e  k i n e t i c  

t empera tu res  a re  h i g h ,  s o  t h a t  a  Boltzmann distribution law 

R. Bowers and M. 6 ,  S t e e l e ,  "plasma E f r e c t s  i n  S o l i d s , "  Prslceedznge 
IEEE, Vol.  5 2 ,  October  1964 ,  p  1106. 
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w i l l  g ive  a good d e s c r i p t i o n  of t h e  p a r t i c l e  d i s t r i b u t i o n s .  

2, In a semiconductor,  t h e  e l e c t r o n s  and ions  a r e  rep laced  by 

e l e c t r o n s  and ho le s  moving through t h e  s t a t i o n a r y  l a t t i c e .  

The masses of t he  p a r t i c l e s  a r e  now t h e  e f f e c t i v e  masses, 

which t a k e  i n t o  account t h e  e f f e c t  of t h e  c r y s t a l  l a t t i c e  

on t h e  p a r t i c l e  motion, The p a r t i c l e  d e n s i t i e s  a r e  h ighe r  

and t h e  temperatures  a r e  lower s o  t h a t  o f t e n  Femi-Dirac 

s t a t i s t i c s  need t o  be used, 

3 ,  baetals have even h igher  p a r t i c l e  d e n s i t i e s  and he re  aga in  

t h e  k i n e t i c  temperatures  a r e  very  h igh ,  

Since t h e  plasma d e s c r i p t i o n  of a semiconductor w i l l  b e  of par- 

t i c u l a r  i n t e r e s t  i n  t h e  fol lowing chap te r s ,  we w i l l  now t ake  a very  

b r i e f  look a t  some of t h e  experimental ly  observed e f f e c t s  which substan-  

t i a t e  t h e  plasma model, 

Among t h e  f i r s t  of t h e  plasma-type e f f e c t s  t o  be  observed was 

t h e  p r s p a g a t i ~ n  sf he l i con  waves. These waves correspond t o  t h e  more 

f a m i l i a r  w h i s t l e r  waves in t h e  ionosphere and have t h e  c h a r a c t e r i s t i c  

h e l i c a l  motion of t h e  e l e c t r i c  f i e l d  vec to r  as t h e  wave propagates ,  A. 

Libshaber  and R. Yei lex2 demonstrated t h e i r  propagat ion a t  10 GHz i n  

indium antimonide. Fur ther  work has  s i n c e  been done on t h e i r  observa- 

A ,  Libchaber and R, Yei lex,  "Wave Propagat ion i n  a Gyromagnetic S o l i d  
Conductor: Helicon Waves, " Physical Reuiez~ , Vol , 1 2 7 ,  August 1962, 
pp, 774-77'6. 



t i o n s  a t  d i f f e r e n t  f requencies  and a l s o  wi th  s tanding  he l i con  waves. 

Another plasma pllenomenon which has  been observed and s t u d i e d  

i n  s o l i d s  i s  t h e  propagat ion of Alfven waves. G.  A. wi l l iams3 observed 

t h e  propagat ion of Alfven waves i n  bismuth us ing  an i n t e r f e r e n c e  tech-  

nique. 

Fur ther  v e r i f i c a t i o n  of t h e  plasma n a t u r e  of semiconductors is  

t h e  w e l l  known "pinch e f f e c t , "  The pinch e f f e c t  has  been s t u d i e d  i n  

gases  a s  a way t o  con ta in  h igh  temperature plasmas. The e f f e c t  has  a l s o  

been observed i n  semiconductors,  Se l f  pinching occurs  when t h e  magnetic 

p re s su re  exceeds t h e  k i n e t i c  p re s su re ,  I n  indium antimonide a t  room 

tempera tures ,  t h e  c r i t i c a l  cu r r en t  i s  about one ampere. Experimental ly ,  

t h e  magnetic pinch can be seen e i t h e r  by d e s t r u c t i v e  t e s t i n g ,  where t h e  

c u r r e n t  becomes so  h igh  t h a t  i t  l o c a l l y  me]-ts t h e  sample,4 o r  by micro- 

wave r e f l e c t i o n  o f f  of s e l e c t  p o r t i o n s  of t h e  m a t e r i a l .  

This  has  been b u t  a b r i e f  survey and t h e r e  a r e  o t h e r  types  of 

e f f e c t s  such a s  s p i n  waves ana cyc lo t ron  wave resonances,  b u t  t h e  r e s u l t s  

mentioned should be s u f f i c i e n t  t o  show t h e  v a l i d i t y  of t h e  plasma model. 

2.3. P r o p e r t i e s  of Semiconductors 

With t h e  b a s i c  i d e a s  a s  b r i e f l y  o u t l i n e d  above, a more d e t a i l e d  

d e s c r i p t i o n  of t h e  semiconductor p r o p e r t i e s  i s  i n  order .  The i n t e n t i o n  

G.  A. W i l l i a m s ,  BuZZetin of t h e  American PhysicaZ Soc ie ty ,  Vol, 7 ,  
1962, p. 409, 

4 B. Ancker-Johnscn and J. E ,  Drummond, "Thermal Pinching i n  Electron-Hole 
Plasma," PhysicaZ Review, Vol. 131, September 1963, pp. 1961-1965. 



h e r e  i s  no t  t o  g i v e  a n  a l l - i n c l u s i v e  d i s c u s s i o n ,  b u t  r a t h e r  t o  e l u c i d a t e  

some of t h e  more i m p o r t a n t  concep t s  t h a t  ta b e  used i n  a plasma de- 

s c r i p t i o n  o f  a semiconduct ing s o l i d ,  

The b a s i c  p r i n c i p l e s  u n d e r l y i n g  t h e  p h y s i c s  o f  semiconduct ing 

m a t e r i a l s  have been ach ieved  through t h e  concep t  o f  energy  bands .  Two 

fundamental ly  d i f f e r e n t  approaches  may b e  used,  b o t h  of which l e a d  t o  

t h e  energy band p i c t u r e  of a s o l i d ,  The f i r s t  approach is  known as 

t h e  free-atom o r  t i g h t  b i n d i n g  o f  e l e c t r ~ n s ,  and t h e  second i s  t h e  f r e e -  

e l e c t r o n  o r  l o o s e  b i n d i n g  method. The f aee-el.ect;con approach is  t h e  

more a p p r o p r i a t e  t o  t h e  plasma model i n t e r p r e t a t i o n  and,  t h e r e f o r e ,  w i l l  

b e  used i n  t h e  f o l l o w i n g  d i s c u s s i o n ,  

The Drude-Lorentz Free -Elec t ron  Model< Even b e f o r e  t h e  energy- 

band t h e o r y  was deve loped ,  t h e  b a s i c  i d e a s  of t h e  f r e e - e l e c t r o n  model 

were  f i r s t  embodied i n  what is  now known as t h e  Drude-Lorentz t h e o r y ,  

f i r s t  proposed f o r  metals. Although t h e  Dwude-Lorentz t h e o r y  does n o t  

r e q u i r e  t h e  energy band concep t ,  much of i t s  r e s u l t s  are s t i l l  v a l i d  

and t h e  energy band model can b e  thought  o f  a s  an  e x t e n s i o n  t o  d e s c r i b e  

a d d i t i o n a l  phenomena. For  t h i s  r e a s o n ,  i t  i s  wor thwhi le  ts t a k e  a look 

a t  t h e  p r e d i c t i o n s  o f  t h i s  t h e o r y ,  

I n  t h e  Drude-Lorentz plasma model, t h e  i o n s  are c o n s i d e r e d  xm- 

mobi le ,  and t h e  e l e c t r o n s  are cons idered  t o  b e  e i t h e r  f r e e  o r  bound t o  

an  e q u i l i b r i u m  p o s i t i o n  by a Hooke's la.w t y p e  r e s t o r i n g  f o r c e .  From t h i s  

model, which i s  r e a l l y  t h e  combinat ion of t h e  Drude f r e e - e l e c t r o n  model 



af metals  and t h e  Lorentz model of an i n ~ u l a t o r , ~  a d i e l e c t r i c  cons t an t  

can be obtained which descz ibes  t h e  c h a r a c t e r i s t i c s  of wave propagat ion 

ix s o l i d s  f o r  a  wide frequency range. 

Par t he  bound e l e c t r o n s ,  t h e  d i e l e c t r i c  cons t an t  i s  

where w i s  che "spr ing  cons tan t"  frequency, and w i s  t h e  plasma f r e -  
8 P  

quensy defined as 

Fait: tho r ~ e e  e l e c t r o n s ,  t h e  d i e l e c t r i c  cons tan t  is  

In  3 d n s u l a r ~ r  where e s s e n t i a l l y  no f r e e  e l e c t r o n s  a r e  p r e s e n t ,  

tzb 1s  1 s r d .  In a meta l  a t  low f r equenc ie s ,  t h e  p o l a r i z a t i o n  i s  neg l i -  

gible acd E is used, For i n t e m e d i a t e  s i t u a t i o n s  the  sum of E and e b 

Tbls simple appxoach i s  s u r p r i s i n g l y  a c c u r a t e  f o r  a wide range 

61, Ehse2reich, "The Op t i ca l  P r o p e r t i e s  of Metals ," IEEE Spectmun, 
Wcl, 2 ,  Match 1965, ppo 162-170, 



of m a t e r i a l s  and f requencies .  For example, H. ~ h r e n r e i c h ~  d i scusses  

t h e  o p t i c a l  p r o p e r t i e s  of meta ls  based on t h i s  model. He f i n d s  good 

c o r r e l a t i o n  between theory and experiment.  

Although t h e  Drude-Lorentz theory s u c c e s s f u l l y  expla ined  many 

of t h e  p r ~ p e r t i e s  of meta ls ,  i t  d i d  n o t  agree  wi th  experimental  evi-  

dence i n  t he  p r e d i c t i o n  of a c o n t r i b u t i o n  t o  t h e  molar h e a t  capac i ty  

of a meta l  by t h e  f r e e  e l ec t rons .  The p red ic t ed  3R/2 con t r ibu t ion  

could n o t  b e  v e r i f i e d .  This  conclusion was inhe ren t  i n  t h e  theory and 

was due t o  t h e  u s e  of Maxwell-Boltzmann s t a t i s t i c s ,  

This  problem wi th  t h e  Drude-Loxentz theory w a s  subsequent ly re- 

so lved  by t h e  discovery of t h e  P a u l i  exc lus ion  p r i n c i p l e  and t h e  app l i -  

c a t i o n  of  Femi-Dirac  quantum s t a t i s t i c s  t o  t h e  s o l i d  as pos tu l a t ed  by 

Sommerfeld. Femi-Dirac  s t a t i s t i c s  a r e  now t h e  accepted method f o r  

gene ra l  t rea tment  of temperature e f f e c t s  i n  a semiconductor o r  metal. 

However, i n  many cases  i t  i s  s t i l l  p o s s i b l e  t o  make a good approxima- 

t i o n  and use the  Maxwell-Boltzmann r e s u l t s .  These cases  w i l l  be  d i s -  

cussed i n  d e t a i l  i n  Chapter V, 

Energy Band Theory. The Drude-Lorentz plasma model and t h e  

l a t e r  a d d i t i o n  of Fermi-Dims s t a t i s t i c s  has  given a f a i r l y  complete 

p i c t u r e  of t h e  p r o p e r t i e s  of s o l i d s ,  It would seem at  t h i s  p o i n t  t h a t  

t he  energy-band concept mentioned a t  t h e  beginning of Sec t ion  2 . 3  is  

n o t  needed, However, t h e r e  is  one very  important proper ty  of m a t e r i a l s  



t h a t  t h e  S o m e r f e l d  theory s t i l l  could n o t  expla in .  Why do some atoms 

combine t o  form i n s u l a t o r s  and o t h e r s  end up being very  good conductors? 

This  i s  a  t e r r i b l y  important  ques t ion  because t~ a l a r g e  e x t e n t  i t  de- 

termines whether o r  n o t  we have a  plasma t o  work wi th .  

A mod i f i ca t ion  of t h e  Drude-Lorentz and Sommerfeld t h e o r i e s  i s  

necessary  because i n  a c r y s t a l  l a t t i c e  t h e  e l e c t r o n  s e e s  t h e  p e r i o d i c  

p o t e n t i a l  of t h e  l a t t i c e  i n  a d d i t i o n  t o  any e x t e r n a l  f i e l d .  The per io-  

d i c i t y  of t h i s  g ~ t e n t i a l  modif ies  t h e  p o s s i b l e  s t a t e s  t h a t  an e l e c t r o n  

may occupy, s o  t h a t  c e r t a i n  energy r eg ions  a r e  now forbidden.  The e l ec -  

t r o n s  i n  t he  s o l i d  w i l l  be  Sound i n  t h e  permi t ted  r eg ions  o r  energy 

bands, as they a r e  u sua l ly  named. 

The s o l i d  may have some of t h e  energy bands w i t h  t h e i r  s t a t e s  

f i l l e d  and wi th  a l a r g e  band gap t o  t h e  next  h igher  s t a t e s ,  This  w i l l  

r e s u l t  i n  an i n s u l a t o r ,  s i n c e  t h e  e l e c t r o n s  a r e  e s s e n t i a l l y  bound t o  

t h e i r  p o s i t i o n s  and ene rg i e s ,  However, i f  t h e  forbidden energy gap i s  

small o r  a  band i s  only p a r t l y  f i l l e d ,  a semiconductor o r  a  conductor 

w i l l  r e s u l t ,  A q u a n t i t a t i v e  d e s c r i p t i o n  of t h i s  process  w i l l  b e  pre-  

s en ted  i n  t h e  nex t  s e c t i o n ,  

2,4 .  Tmporkant Plasma P r o p e r t i e s  of Semiconductors 

The important  p r o p e r t i e s  which are needed i n  a plasma model and 

which a r e  determined as a consequence of t he  band theory a r e  t h e  c a r r i e r  

concent ra t ion ,  e f f e c t i v e  mass, and mobi l i ty .  

C a r r i e r  Concentrat ion i n  a Semiconductor. For any plasma e f f e c t s  



t o  occur ,  t h e r e  must be  a concent ra t ion  of mobile charged p a r t i c l e s  

w i th in  t h e  semiconductor. Furthermore, i t  i s  u s u a l l y  necessary t o  

know t h i s  concent ra t ion  wi th  a reasonable  degree of accuracy. The 

t o t a l  number of mobile c a r r i e r s  i n  t h e  conduction band ( t h e  energy 

band t h a t  r e s u l t s  i n  t h e  normally observed e l e c t r o n  conduction) i s  

determined by t h e  number of a v a i l a b l e  s t a t e s  i n  t h e  conduction band 

and t h e i r  p r o b a b i l i t y  of  occupation. A s i m i l a r  s i t u a t i o n  holds  f o r  

t h e  h o l e  concent ra t ion  i n  t h e  valence band ( t h e  energy band where a l l  

e l e c t r o n s  a r e  found i n  t h e  0°K o r  unexci ted s t a t e ) .  

Using Fermi-Dirac s t a t i s t i c s  and assuming s p h e r i c a l  energy 

bands, t h e  t o t a l  number of e l e c t r o n s  pe r  u n i t  volume i n  t h e  conduction 

band is  given by7 

where E i s  t h e  lowest  energy of t h e  conduction band, and Ef i s  t h e  
c 

Pearani energy, 

I n  order  t o  eva lua t e  t h e  i n t e g r a l  of Eq.  1, t h e  approximation 

i s  usua l ly  made t h a t  

I +  exp (E-Ei)I  I ~ T  exp k~ 

Q 6 .  K i t t e l ,  I n t r o d u c t i o n  t o  S o l i d  State Phys i c s ,  New York, John Wiley 
h Sons, 1966 ,  p, 304. 



The s i m p l i f i c a t i o n  i s  j u s t i f i e d  provided t h a t  E - Ef 2 216T, o r  depend- 

ing  on t h e  d e s i r e d  accuracy of t h e  r e s u l t s ,  What t h i s  s i m p l i f i c a t i o n  

means is t h a t  w e  a r e  going t o  use  Maxwell-Boltzmann s t a t i s t i c s .  Physi- 

c a l l y ,  i t  means t h a t  t h e r e  a r e  many u n f i l l e d  s t a t e s  a t  t h e  usua l  tempera- 

t u r e s  sf i n t e r e s t  and t h e  P a u l i  exc lus ion  p r i n c i p l e  does not  have a s ig -  

nbficank e f f e c t  on t h e  occupat ion p r o b a b i l i t i e s ,  This ,  i n c i d e n t a l l y ,  i s  

one reason why t h e  Drude-Lorenta model g ives  an accu ra t e  d e s c r i p t i o n  of 

many phenomena, 

With t h e  approximation of Eq ,  2 ,  t h e  i n t e g r a l  can be  eva lua t ed ,  

and t h e  r e s u l t  i s  

- E 
n  = e  exp ( E f  kT c) 

then  

can b e  thought of  a s  t he  e f f e c t i v e  d e n s i t y  of s t a t e s  i n  t h e  conduction 

band, 

The h o l e  concent ra t ion  can be der ived  s i m i l a r l y  i f  we recognize  

t h a t  t h e  p r o b a b i l i t y  of a  ho le  occupying a  s t a t e  i s  t h e  same a s  an e l ee -  



t r o n  n o t  being i n  t h a t  l e v e l .  

g(E) = 1 - f (E) 

Then w r i t i n g  an equat ion  s i m i l a r  t o  Eq. 1 and i n t e g r a t i n g  we 

g e t  

where t h e  l i m i t s  of i n t e g r a t i o n  a r e  now -w t o  E t h e  top of t h e  va lence  v ' 
band 

i s  t h e  equ iva l en t  d e n s i t y  of s t a t e s  i n  t h e  valence band. 

For i n t r i n s i c  m a t e r i a l s ,  t h e  c a r r i e r s  a r e  thermally genera ted  

s o  t h a t  n = p. Then combining Eqs. 3 ,  4 ,  5 ,  and 6 

n = ,,,/2 exp (2) 
where E = E - E i . e . ,  t h e  band gap. 

g c v ' 
The e f f e c t i v e  masses m and % a r e  u sua l ly  determined from e 

cyc lo t ron  resonance experiments ,  s o  t h a t  f o r  a known va lue  of E we 
g ' 

can c a l c u l a t e  t h e  c a r r i e r  concent ra t ion  a s  a func t ion  of temperature.  

For an e x t r i n s i c  m a t e r i a l ,  impuri ty  atoms can i n c r e a s e  t h e  



concent ra t ion  of e i t h e r  h o l e s  o r  e l e c t r o n s ,  However, t h e  product 

np = BeBh exp ( - E ~ ! ~ T )  

i s  cons tan t  a t  any given temperature,  so  t h a t  i f  we have an excess  of  

e l e c t r o n s ,  t h e  ho le s  a r e  correspondingly decreased i n  number, 

One o t h e r  important  d i f f e r e n c e  occurs  i n  doped m a t e r i a l s .  Im- 

p u r i t y  doping d r a s t i c a l l y  a f f e c t s  t h e  c a r r i e r  concent ra t ion ,  A s  more 

and more s t a t e s  a r e  made a v a i l a b l e  by t h e  impuri ty  atoms, t h e  Permi 

l e v e l  moves c l o s e r  t o  e i t h e r  t h e  conduction band ( f o r  n-type) o r  t h e  

va lence  b a d  ( f o r  p-type) m a t e r i a l s .  This  means t h a t  t h e  energy d i f f e r -  

ence (E - E ~ )  g e t s  smal le r  and, t h e r e f o r e ,  c l o s e r  t o  kT. For m a t e r i a l s  

of even medium doping concent ra t ions ,  t h e  F e m i  l e v e l  i s  s u f f i c i e n t l y  

c l ~ s e  t o  E t h a t  t h e r e  is  l i t t l e  change i n  t h e  c a r r i e r  concen t r a t ion  wi th  

temperature,  s i n c e  a l l  t h e  impuri ty  s t a t e s  a r e  exc i t ed .  I f  t h e  doping 

i s  made even s t r o n g e r ,  t h e  P e m i  l e v e l  f i n a l l y  ends up i n s i d e  t h e  band 

and we g e t  what i s  known as degenerate  doping, when t h e  c a r r i e r  concen- 

t r a t i o n  i s  e s s e n t i a l l y  independent of temperature f o r  a l l  temperatures  

and t h e  m a t e r i a l  resembles a meta l ,  

E f f e c t i v e  Mass. I f  w e  assume t h a t  t h e  con t r ibu t ion  of t h e  l a t -  

t i c e  i s  to modify some e x t e r n a l  f o r c e  t h a t  is  appl ied  t o  t h e  e l e c t r o n ,  

then  i t  is  p o s s i b l e  t o  d e r i v e  a gene ra l  r e l a t i o n  which r e s u l t s  i n  t h e  

e f f e c t i v e  mass, 

For a frequency v and a wavelength h ,  t h e  group v e l o c i t y  v f o r  



an e l e c t r o n  wave packet i s  given by 

Using E - hv and p u t t i n g  k = 21~11,  we have 

and 

I f  this a c c e l e r a t i o n  i s  due t o  a f o r c e  F, then  t h e  work done 

on an e l e c t r o n  i n  time 6t i s  



which means t h a t  

28 
616 = F 6 t  

and 

S u b s t i t u t i n g  Eqo 10 i n t o  Eq. 9 g ives  

o r  f i n a l l y  

Comparing Eq, ll t o  t h e  usua l  f o r c e  equat ion  

2k w e  can w r i t e  a mass t e r n  m 

where t h e  a s t e r i s k  on "m" i s  used t o  denote a  p o s s i b l e  d i f f e r e n c e  from 



the  f r e e  ekec t ron  theory .  The important  p o i n t  of t h i s  dev ia t ion  i s  

t h a t  once we know t h e  r e l a t i o n s h i p  of E versus  k i n  any m a t e r i a l ,  then  

the  e f f e c t  o f  e x t e r n a l  f o r c e s  can be determined, 

I n  a  s o l i d ,  t h e  E ve r sus  k  curves a r e  i n  gene ra l  d i f f e r e n t  i n  

d i f f e r e n t  c r y s t a l  d i r e c t i o n s  and a l s o  may have s e v e r a l  energy l e v e l s  

s epa ra t ed  by  forbidden r eg ions ,  This  beads t o  an e f f e c t i v e  mass t e n s o r  

f o r  any given c r y s t a l .  I n  p r a c t i c e ,  one usua l ly  r e f e r s  t o  t h e  l i t e r a -  

t u r e  t o  g e t  a numerical va lue  f ~ r  t h e  e f f e c t i v e  mass of  a  m a t e r i a l  w i t h  

t h e  p a r t i c u l a r  c rys t a log raph lc  o r i e n t a t i o n  s p e c i f i e d ,  

The mob i l i t y  is  def ined  a s  

and r e l a t e s  t h e  ve.lscity of t h e  c a r r i e r s  t~ t h e  app l i ed  e x t e r n a l  e l ec -  

t l - i c  f i e l d ,  This  is  another  important  q u a n t i t y ,  because i n t e r a c t i o n s  

involv ing  d r i f t e d  c a r r i e r s  a r e  s t rong ly  dependent on t h e  c a r r i e r  veloc-  

 by, Phys ica l ly ,  t h e  mob i l i t y  i s  determined by t h e  e f f e c t i v e  mass and 

bxf the  c o l l i s i o n  $ a w i n g .  A s  t h e  c a r r i e r s  a r e  acce l e ra t ed  by t h e  f i e l d ,  

i l~c: lz  v e l o c i t y  i n c r e a s e s  u n t i l  they c o l l i d e  wi th  a  l a t t i c e  p o i n t .  Then 

t h e  process  i s  repea ted .  A s t eady- s t a t e  condi t ion  i s  reached where an  

average d r i f t  v e l o c i t y  can b e  de f ined ,  Because t h e  process  i s  essen- 

i i ; i L l y  s a ' ! l i a i ~ n  dominated and the  e f f e c t i v e  mass term has a l r eady  been 

dis.uss~d, i u r t h e r  d i scuss ion  w i d 1  be postponed u n t i l  c o l l i s i o n s  a r e  

a n b i d e x ~ d  i n  detail i n  Chapter V. 



III. SPACE-CHARGE WAVES AND GAIN MECHANISMS 

I n  Chapter 11, t h e  plasma p r o p e r t i e s  of s o l i d - s t a t e  m a t e r i a l s  

were d iscussed ,  Experimental v e r i f i c a t i o n  of some of t h e s e  p r o p e r t i e s  

l e a d s  t o  t h e  reasonable  assumption t h a t  o t h e r  plasma e f f e c t s  may e x i s t .  

I n  p a r t i c u l a r ,  i t  may be  p o s s i b l e  t o  d iscover  s o l i d - s t a t e  analogues t o  

electron-beam i n t e r a c t i o n s  such a s  t h e  double-stream ampl i f i e r  o r  t h e  

traveling-wave tube. I n  t h i s  chapter ,  we would l i k e  t o  cons ider  in  more 

d e t a i l  what types of i n s t a b i l i t i e s  o r  ga in  mechanisms may be  p o s s i b l e ,  

what o the r  au tho r s  have a l ready  analyzed,  and what experiments have been 

performed t o  v e r i f y  t h e  t h e o r e t i c a l  p red ic t ions .  A d e t a i l e d  a n a l y s i s  of  

a  s imple model w i l l  then  be  made t o  i l l u s t r a t e  t h e  fundamental i d e a s  of  

how t h e  ga in  a r i s e s  and what cond i t i ons  a r e  necessary  t o  have ampl i f ica-  

t i o n ,  

3,1. Growth Mechanisms and I n s t a b i l i t i e s  i n  E lec t ron  Beams 

H i s t o r i c a l l y ,  t h e  f i r s t  succes s fu l  p r a c t i c a l  a p p l i c a t i o n  of 

gaseous plasma waves was i n  t h e  k l y s t r o n ,  The k l y s t r o n  ope ra t e s  w i t h  

a  d r i f t i n g  e l e c t r o n  s t ream where an en t r ance  r eg ion  s e r v e s  t o  v e l o c i t y  

modulate t h e  beam; t h e  beam i s  then  d r i f t e d  u n t i l  t h e  v e l o c i t y  modula- 

t i o n  becomes c u r r e n t  modulation o r  space-charge bunching. Some of t h e  

dc  energy i n  t h e  beam i s  thus  converted t o  a c  and can be taken as use- 

f u l  power ou tpu t ,  

Other p o s s i b l e  ga in  mechanisms were subsequent ly found and have 

s i n c e  been i n v e s t i g a t e d  i n  g r e a t  d e t a i l ,  The most well-known and prac- 

t i c a l  r e s u l t  of a l l  t h i s  e f f o r t  has  been t h e  traveling-wave tube. This  



i s  now a  u s e f u l  microwave a m p l i f i e r  i n  a frequency r eg ion  where con- 

v e n t i o n a l  e l e c t r o n  tubes cannot be b u i l t ,  Two o the r  beam-type i n t e r -  

a c t i o n s  which were developed i n  d e t a i l  a r e  t he  double-stream a m p l i f i e r  

and t h e  admit tance w a l l  ampl i f i e r .  However, they were never  put  t o  

p r a c t i c a l  u se  because a  method was needed t o  couple energy i n t o  and 

out  of t h e  beams. The b e s t  a v a i l a b l e  method was a  h e l i x  which s u f f i -  

c i e n t l y  slowed t h e  propagat ion i n  a  conductor t o  synchronize t o  t h e  

slower beam v e l o c i t y ,  The traveling-wave tube uses  a  h e l i x  t o  produce 

coupling t o  t h e  beam over t h e  e n t i r e  i n t e r a c t i o n  length .  Therefore,  

i f  a h e l i x  is  needed anyway, why no t  j u s t  make a  traveling-wave tube? 

Another problem wi th  t h e  double-stream ampl i f i e r  i s  t h e  d i f f i c u l t y  of 

in te rmixing  two e l e c t r o n  s t reams of s l i g h t l y  d i f f e r e n t  v e l o c i t i e s .  

Although p r a c t i c a l  u se  was n o t  made of c a l l  t h e  p o s s i b l e  pro- 

posed electron-beam i n t e r a c t i o n s ,  t h e  ideas  were w e l l  developed, under- 

s tood ,  and v e r i f i e d  by u s e f u l  devices .  A s  s o l i d - s t a t e  m a t e r i a l s  became 

f u r t h e r  developed and t h e i r  plasma p r o p e r t i e s  b e t t e r  understood, i t  w a s  

n a t u r a l  t o  i n v e s t i g a t e  t h e  p o s s i b i l i t i e s  s f  space-charge e f f e c t s  i n  

s o l i d s ,  

3,2. T h e o r e t i c a l  P r s p s s a l s  f o r  Sol id-Sta te  Space-Charge I n t e r a c t i o n s  

The f i r s t  d e f i n i t i v e  work i n  t h i s  a r e a  was done by D. Pines ,  2 

6 -  KO B i r d s a l l  and J, R. Whinnery, "Waves i n  an Elec t ron  Stream w i t h  
General Admit t anse  Walls," Jou.maZ of A p p l i e d  Physics, Vol. 24, 
March 1953, pp. 314-323. 

D o  Pines ,  "Coherent Exc i t a t i on  of Plasma O s c i l l a t i o n s  i n  Sol ids ,"  
IRE W d n s f f c t ~ o ~ ~ s  on lifTT9Vol. 9 ,  January 1961, pp, 89-92. 



and D ,  P ines  and J. R, S c h r i e f f e r ,  They analyzed t h e  double-stream 

i n t e r a c t i o n  a s  i t  would apply t o  a  semiconductor w i th  ho le s  and e l e c -  

t r o n s  comprising t h e  two streams,  Thei r  a n a l y s i s  was based on t h e  

Boltzmann equat ion  wi th  a  Mamel l i an  d i s t r i b u t i o n  func t ion  t o  i n c l u d e  

temperature e f f e c t s ,  C o l l i s i o n  e f f e c t s  were included by a l i n e a r  ap- 

proximation, I n  a plasma c o n s i s t i n g  of h o l e s  and e l e c t r o n s ,  t h e  d i f -  

f e r e n c e  between t h e  h o l e  and e l e c t r o n  e f f e c t i v e  masses is  impor tan t  as 

w e l l  as t h e  d i f f e r e n t  e f f e c t i v e  temperatures .  For a  p r a c t i c a l  example 

they considered indium antfmanfde and concluded t h a t  ga in  would be pos- 

s i b l e  a t  very low temperatures  (-20°K) f o r  e l e c t r i c  f i e l d s  of about  100 

Vvral and s t e e l e k  extended t h e  two-stream a n a l y s i s  t o  i n c l u d e  

l o n g i t u d i n a l  magnetic f i e l d s .  Thei r  a n a l y s i s  was done t o  i nc lude  bo th  

t r a n s v e r s e  and l o n g i t u d i n a l  e f f e c t s  i n s t e a d  of t h e  one-dimensional 

a n a l y s i s  o f  Pines  and Schr i e f f  e r  , They concluded t h a t  i n s t a b i l i t i e s  

i n  t h e  millimeter-wave reg ion  appear poss ib l e ,  

Recent ly,  two o t h e r  a r t i c l e s  have appeared i n  t h e  l i t e r a t u r e  

which a r e  ~f p a r t i c u l a r  i n t e r e s t ,  These a r t i c l e s  cons ider  layered  

s t r u c t u r e s  such a s  w i l l  be  t h e  main t o p i c  of t h i s  r e p o r t .  B. B. 

D ,  P ines  and J o  R e  Schrief  f e r ,  "Col lec t ive  Behavior i n  Sol id-Sta te  
Plasmas," Physical Review, Vol. 124, December 1961, pp. 1387-1400, 

bB B, Vural and M, C, S t e e l e ,  "Poss ib le  Two-Stream I n s t a b i l i t i e s  of 
D r i f t e d  Electron-Bole Plasmas i n  Longitudinal  Magnetic F i e l d s , "  
Physical Review, Vol. 139, J u l y  1965, pp, A300-A304. 

P ines  and S c h r i e f f e r ,  Zoc. cit. 



Robinson and Go A ,  swartz6 des-ived a d i spe r s ion  equat ion  fox a configu- 

r a t i o n  of a l t e r n a t e  t h i n  l a y e r s  of p-type and n-type m a t e r i a l ,  They 

found t h a t ,  us ing  an  a n a l y s i s  s i m i l a r  t o  t h a t  used by Pines  and Schr ie f -  

f e r ,  they could r e l a x  some s f  t h e  condi t ions  t o  correspond t o  a more 

phys i ca l ly  r e a l i z a b l e  s i t u a t i o n .  I n  p a r t i c u l a r ,  t h e  cond i t i on  on up+ r+, 

where w i s  t h e  ho le  plasma frequency and a t h e  ho le  r e l a x a t i o n  t i m e ,  
P* 4- 

could be re laxed  by about an o rde r  of magnitude from -10 t o  -1. However, 

they concluded t h a t  i t  would s t i l l  be necessary t~ have T+ T - , w h e r e  

T and T a r e  h o l e  and e l e c t r o n  temperatures ,  This  i s  a very  d i f f i c u l t  + - 
condi t ion  t o  s a t i s f y  exper imenta l ly ,  and would probably r e q u i r e  some 

s p e c i a l  thermal c o n t a c t s  t o  t h e  g-type l a y e r s ,  

A s i n g l e  la.yes o f  a t h i n  seaiconductor  i n  a magnetic f i e l d  h a s  

been analyzed by B, B, Robinson and B, Vura lOS  They found t h a t  t h e  e f -  

f e c t  of a t r a n s v e r s e  magnetic f i e l d  on a t h i c k  semiconductor was t h e  

same a s  j u s t  having a s i n g l e  i n f i n i t e l y  t h i n  l a y e r  i n  a magnetic f i e l d .  

Some o t h e r  a s p e c t s  of t h e  double-stream problem have been 

analyzed,  Par  exazaple, K a i  Pong ~ e e ~  considered t h e  e f f e c t s  of higher-  

o rde r  modes i n  bounded and,'sr %nhsmogeneous plasmas, 

B,  B, Robinson and 6 ,  A ,  Swartz,  "Two-Stream I n s t a b i l i t y  i n  Semicon- 
duc to r  Plasmas ," Journal of' A p p Z t ~ d  Physics, Vol. 3 8 ,  May 1967, 
ppo 2461-2465c 

B, B, Robinson and €3, Vural,  'ID~~bLe-StlgeanI I n t e r a c t i o n  i n  a Thin 
Senzieonductsr Layer," RCA Rez9iezd, V s l ,  29, June 1968, pp. 270-280. 

ti K O  F, Lee, "Higher-0-cder Modes of t h e  Two-Stream I n s t a b i l i t y  i n  
Bounded and/or Inhomogeneous Plasmas," J o u r n a l  o f  A p p l i e d  Physics, 
VoL, 3 8 ,  A p r i l  1 9 6 7 ,  pp, 2172-2178, 



A second m a j o ~  a r e a  of i n ~ ~ e s t i g a t i o n  has  been t o  propose t r a v e l -  

ing-wave tube analogues f o r  a  s o l i d - s t a t e  plssma, This  i s  a n a t u r a l  

oirtgrowth of t h e  cons iderable  success  t h a t  tva?reling-wave tubes have 

bad a s  beam d e v i s e s ,  Unfortunately,  t h e  problem beeames much more d i f -  

f i c u l t  i n  a s o l i d ,  f o r  two Yeasons: 

1, Temperature induced r ~ n d s m  velsrxi=li%es have much more o f  

a d i s t u r b i n g  e f f e c t  on t h e  ga in ,  

2, Go%lis ians  w i th  t h e  l a t t i c e  and between t h e  p a r t i c l e s  act 

as a damping mechanism, once agam ~ e d u c f n g  t h e  g a i n ?  

The e f f e c t s  of t emperamre  w i l l  b e  d iscussed  f u r t h e r  i n  t h i s  

chaptee and a l s o  i n  Chapter V ,  bu t  jus t  t o  have an i d e a  s f  how s i g n i f i -  

ant t h e  problems aye,  i t  as i n t e ~ e s o i n g  t o  cons ider  a very  crude ana l -  

ogy t o  e l e c t r a n  beams, In an e l e c t r o n  beam, t h e  e l e c t r o n s  a r e  emi t t ed  

??m a cathode s u r f a c e  a t  a temperature of about 1000"K, then acce l e r -  

3 4 
aeed to anergses on t h e  o rde r  s f  10 t o  10 e l e c t r o n  volts, f o r  t y p i c a l  

beam tubes 

FOP a  one-dlmensicnal model, t h e  tempecature e f f e c t  can be ap- 

proximated a s  

where 7 -  i s  some average thermal ~ ~ e l s l i i t y ,  This  i s  a k ine t i c  energy 

t e q  s o  c hat i t  can j u s t  as w e l l  be  w ~ ~ t t e n  %n t e r n s  of e l e c t r o n  v o 1 t s 0  
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4 

It i s  apparent  from E q .  14 t h a t  t h e  f i n a l  e l e c t r o n  beam veloc- 

i t y  i s  very  much g r e a t e r  than t h e  randomizing e f f e c t  of temperature.  

I n  a s o l i d - s t a t e  plasma, t h e  h ighes t  d r i f t  v e l o c i t i e s  observed a r e  only 

about two times l a r g e r  than  t h e  v thermal v e l o c i t y  term. I f  t h i s  were 
t 

t h e  case  wi th  e l e c t r o n  beams, i t  would mean t h a t  a t  b e s t  we could use 

a c c e l e r a t i n g  vo l t ages  of about 112 v o l t  i n s t e a d  of 1000 v o l t s .  Useful  

beams would be  n e a r l y  impossible  t o  produce under t h e s e  circumstances.  

The s o l i d ,  of course ,  does have well-defined boundaries  s o  t h a t  focus- 

i ng  of t h e  beam is no t  necessary ,  b u t  t h e  randomizing e f f e c t  of t h e  

k i n e t i c  temperature term w i l l  cause seve re  damping of any i n t e r a c t i o n  

which depends on well-defined beam v e l o c i t i e s ,  as a l l  of t h e  space-charge 

i n t e r a c t i o n s  do. 

I n  s p i t e  of t h e s e  apparent  d i f f i c u l t i e s ,  s o l i d - s t a t e  t r ave l ing -  

wave a m p l i f i e r s  have been proposed by s e v e r a l  au thors .  L. Solymar and 

E. A. ~ s h ~  have perhaps made t h e  b e s t  a n a l y s i s  t o  d a t e  and concluded 

t h a t  t h e  problem i s  indeed a d i f f i c u l t  one. I n  a d d i t i o n  t o  t h e  tempera- 

t u r e  damping d iscussed  above, t h e r e  a r e  major problems wi th  t h e  t rans-  

v e r s e  l o s s e s  i n  a semiconductor and t h e  l a r g e  d i f f e r e n c e  i n  n a t u r a l  prop- 

L ,  Solynar  and E, A. Ash, "Some Traveling-Wave I n t e r a c t i o n s  i n  Semi- 
conductors:  Theory and Design Considerat ions,"  In t e rna t ionaZ  
J o m a Z  of EZectronics ,  Vol. 20, February 1966, pp. 127-148. 



5ga~cr;n T . e i _ - : ~ f l e s  between t h e  c l re l j / r  and thz  beam? The h i g h e s t  

- 3 
a t t a h s b l e  d r i f t  v e L s c f t f e s  i n  semic3nductors  a r e  abou t  LO t, where 

c .s t F e  speed of l l g h s .  Thxs mearis r h a t  ~ h e  s l~w-wave  s t r ~ c k u r e  h a s  

- -  n l ~ w  "he wave propagating cn  a t  by a b o ~ ~ t  c h ~ s  f a c e o r ,  T h i s  r e s u l t s  

an very Lzrge ohmi?- losses and prcbsbiy requeres supexconductors  or 

sime s l n i ~ l a :  rechnxqne,  The t r a n s v e r s e  135566 can poss5b ly  b e  ?xer= 

come by hav ing  a n  a n i s o t r o p a c  c o n d u c t ~ v ~ t y  t e n s o r ,  This w i l l  be  d i s -  

cus3ed rn derall 2-n Chapter tE, 

C r b ~ f  essenr~all~ n r s ~ l a ?  anaiyse- hdve  been ~ ~ e s e n t e d ,  e ,  g ,  , 

M, S t m ~ ,  I' and M, E r t e n b e r g  and , . Nadan '' The c o n c ~ u s n o a s  a r e  s i m i l a i  

:n h Y 1  _ h ? s e  =&se6 The gain per cenizlmeses res aP-w;$a v e r y  h i g h  when 

- - *  - T A : ~  - 3 ~ s e i ,  *ernperzruLe, 3fid C O L ~ I ~ I O ~  e f f e c r ~  zre xgncred,  Whet a 

~ - i : z z ~ ~  m ~ d e L  1~ -:ntxdeied, -he ~esults 3 * 5  n: l onge r  a s  encouzaglng,  

a: CZ:E m:ghc K E - . ~  expecf trom rhe beam sr-alsgy dsscussed  above,  

Tbe :?*e:accisns analyzed by rhe a~thars < i r e d  above by  no 

means exhacz t  the  a v a i l a b l e  I ~ t e s a t u r e ,  An a t t e m p t  h a s  been made t o  

lir:ek - d ; - s - # , ~ c  znby thcie r e f e ~ e n - e s  ~ ~ h ~ c h  a i e  v e r y  c l o s e l y  connecied 

K _ + k  :he c-pl-s tc he p r e s e n t e d  I n   has r e p e r s -  

The w e a l t h  o r  proposed i n t e r a c t i e n s  and thoroughness  of  the 

M- 5urn1, "Tra7reling-Wave A m p P ~ f ~ c a ~ n o n  by D r x f t i n g  C a r r z e r s  En Semi- 
r - ,nduetors ,"  A p p l w d  P h g ~ i c . 6  Le - i ; t e~s ,  VcL, 9 ,  September 1966, 
pp ,  254-253, 

k c  Eccenberg and 3- Madan, "Gain i n  S o l i d - S t a t e  TraveLsng-Wave 
~ m p l ~ f ~ ? r ~  , I 1  /FEE  P ~ ~ / _ ~ ~ ~ ~ L Y I C J S ,  VLI- 56,  A p ~ i l  1968,  p p o  741-742, 



a n a l y s e s  shou ld  p o i n t  t o  a cor responding  amount of e x p e r i m e n t a l  obseava- 

t i o n ,  A su rvey  o f  t h e  l i t e r a t u r e  shows t h a t  t h i s  i s  n o t  t h e  c a s e .  A 

c o n s i d e r a b l e  amount of e f f o r t  h a s  been p u t  i n t o  t h i s  a r e a ,  b u t  conclu- 

s i v e  r e s u l t s  have been meager. 

By f a r  t h e  g r e a t e s t  amount of e x p e r i m e n t a l  work h a s  been done 

on indium an t imonide ,  Lar rabee  and Hisinbothem12 f i r s t  observed micro- 

wave emiss ion  a t  h i g h  f i e l d s  from InSb. S i n c e  t h e  p u b l i c a t i o n  o f  t h a t  

~ e s u l t ,  man.y ewperimentexs have t r i e d  v a r i o u s  combinat ions  o f  e l e c t r i c  

and magnet ic  f i e l d s  and szmpte dimensions ,  Both bow-frequency o u t p u t  

i n  t h e  megaher tz  range  and broadband microwave emiss ion  can b e  found 

f far a wide v a r i e t y  of e x p e r i m e n t a l  c o n d i t i o n s ,  Betsy  ~ n c k e r - ~ o f i n s o n l  

h s s  summarized t h e s e  r e s u l t s  and h a s  proposed a t h e o r y  t o  e x p l a i n  some 

oF the e x p e s i ~ e n t a l  obse -wat ione ,  The i n s t a b i l i t y  i s  n o t  i d e n t i f i e d ,  

b u t  t h e  e f f e c t  0 %  t h e  magnet ic  f i e l d  i s  p o s t u l a t e d  as b e i n g  secondary t o  

t h e  e l e c t r i c  f i e l d ,  The main e f f e c t  of t h e  magne t ic  f i e l d  i s  t o  concen- 

t r a t e  t h e  plasma and p u t  i t  n e a r  t h e  r a d i a t i n g  s u r f a c e ,  I f  t h e  appro- 

p r i a t e  s u r f a c e  c o n d i t i o n s  a r e  m e t  w i t h o u t  a magne t ic  f i e l d ,  t h e  micro- 

wave emiss ion  i s  observed i n  t h i s  c a s e  a l s o .  A measurement of t h e  plasma 

d e n s i t i e s  i n s i d e  GnSb shou ld  de te rmine  t h e  v a l i d i t y  of t h i s  t h e o r y .  At 

c h i s  t i m e ,  i t  does  appear  t h a t  t h e  e x p e r i m e n t a l  d a t a  f i t  t h i s  k i n d  of a n  

" RR, B. Lalrrabee 2nd W, A ,  Hicinbsthem, "Observat ion of Microwave Emis- 
s i o n  from InSb ," Sympos.lwn on Plasma Effects in Solids , P a r i s ,  1964; 
Bunsd, p u b l i s h e r ,  1965- 

:' B ,  Ancker-Jshtason, "Microwave Emission f rom Nonequi l ibr ium Plasmas i n  
InSb S u b - j e ~ t  t o  Magnetic F i e l d s , "  Journal of Appl ied  Physics, Vol. 
39, June  1968, g p ,  3365-3378, 



explana t ion ,  i n  which case  t h e  i n s t a b i l i t i e s  may be s i m i l a r  t o  t hose  

encountered i n  gas plasmas a t  h igh  plasma d e n s i t i e s  and h igh  f i e l d s .  

A d i f f e r e n t  approach t o  t h e  microwave emission from InSb h a s  

been taken by G. A. Swartz and B. B.  Robinson. l 4  They have assumed 

the  double-stream model wi th  a t r a n s v e r s e  magnetic f i e l d  t o  con ta in  t h e  

i n t e r a c t i o n  n e a r  t h e  su r f ace .  By c u t t i n g  narrow s l o t s  i n  t h e  samples 

of widths on t h e  o r d e r  of t he  space-charge wavelength, they have been 

ab le  t o  o b t a i n  coherent  emission a t  reasonably well-defined frequen- 

c i e s  . 
Yet ano the r  explana t ion  of t h e  microwave genera t ion  has been 

advanced by M. C ,  S t e e l e .  l 5  This  paper proposed t h a t  t h e  r a d i a t i o n  i s  

due t o  photoconductive mixing of ampl i f ied  spontaneous r a d i a t i o n .  The 

condi t ions  f o r  t h i s  type of ampl i f i ca t ion  a r e  s a t i s f i e d  when t h e - e l e c -  

tron-hole d e n s i t y  produces t h e  popula t ion  inve r s ion  r equ i r ed  f o r  ampli- 

f i c a t i o n  of t h e  band-gap r a d i a t i o n ,  

Observat ion of microwave r a d i a t i o n  from m a t e r i a l s  o t h e r  t han  

InSb has no t  been succes s fu l ,  One of t h e  few repor t ed  r e s u l t s  of any 

kind of o s c i l l a t i o n s  i n  germanium i s  by H. Heinrich and D. K. Fe r ry .  l 6  

l 4  6 ,  A ,  Swartz and B. B ,  Robinson, Coherent Microwave I n s t a b i l i t i e s  i n  
a Thin Layer Sol id-Sta te  Plasma, P r ince ton ,  New J e r s e y ,  RCA Labora- 
t o r i e s ,  1968, 

M o  C o  S t e e l e ,  "Microwave Generation from Photoconductive Mixing of 
Amplified Spontaneous Radiat ion,"  RCA Review, Vol. 27, June 1966, 
pp* 263-271. 

l 6  H,  Heinrich and D, K. Ferry ,  "Mot C a r r i e r  Current O s c i l l a t i o n s  i n  
n-Type Germanium," Applied Physics  L e t t e r s ,  Vol. 11, August 1967, 
pp. 126-128. 



These o s c i l l a t i o n s  are i n  t h e  megahertz range and a t  very  h igh  e l e c t r i c  

f i e l d s ,  s u f f i c i e n t  t o  produce cu r ren t  s a t u r a t i o n .  

It should by now be  apparent  t h a t  a conclus ive  r e s u l t  has  n o t  

been obta ined  t o  da t e .  The experimental  observa t ions  n e i t h e r  prove no r  

disprove the  space-charge model, Double-stream i n t e r a c t i o n  does g ive  a  

s u i t a b l e  explana t ion  f o r  t h e  r e s u l t s  of Swartz and Robinson. However, 

t h e  o the r  proposed t h e o r i e s  seem t o  f i t  a s  we l l .  Subsequent chap te r s  of 

t h i s  t h e s i s  w i l l  b r i n g  out  some of t h e  many problems wi th  space-charge 

i n t e r a c t i o n s  which would cause t h e  s e r i o u s  experimental  d i f f i c u l t i e s  en- 

countered at t h i s  l abo ra to ry  and, apparent ly ,  elsewhere. 

a 0 4 ,  In t roductory  Discussion of t h e  Double-Stream I n t e r a c t i o n  

From the  t h e o r i e s  and experiments summarized i n  Sec t ions  3.2 and 

3.3, i t  should be  apparent  t h a t  a  complete o r  even adequate  explana t ion  

has  y e t  t o  be found, S i g n i f i c a n t  con t r ibu t ions  can be  made i n  both  t h e  

t h e o r e t i c a l  and experimental  a r eas .  

As an i n t r o d u c t i o n  t o  a  q u a n t i t a t i v e  a n a l y s i s ,  a  s imp l i f i ed  model 

w i l l  now be considered which inc ludes  some of t h e  c h a r a c t e r i s t i c s  of a  

s o l i d - s t a t e  plasma. We w i l l  show how the  gain i s  p red ic t ed  and then d i s -  

cuss  t he  necessary requirements on the  d i spe r s ion  r e l a t i o n  t o  v e r i f y  a 

time and space i n s t a b i l i t y ,  

Since we have ' i nd i sa t ed  t h a t  t h e  plasma. model may be a good rep- 

resenta t ion .  of t h e  a c t u a l  s o l i d ,  an a n a l y s i s  based on t h e  hydrodynamic 

equat ion  f o r  a plasma w i l l  be  t he  b a s i s  of t h e  subsequent d i scuss ion .  

The hydrodynamic equa.tion i s  only an approximate approach. For accu ra t e  



aeaults, the Baltzmann transpoxt equation should be used instead, This 

more complicated analysis will be caasidered in Chap:er V, 

The effects s f  thermal -r~elocities and dc drift vel~cities are 

very important in solid-state plasmas* To include these effects, we 

start with the momentum transfer equation f 3 x  Ihe "ith" component of a, 

multistream pla.sma, which may be written 2 s  - " 

The symbols in this equation have the usual meanxng, i, e - , - t e l ~ z -  

ity, P = pressure. zile/ = t o t a l  charge, m = mass, and v = collision 
C 

f:equensly. Since we have no applied B-fieEd,  E q ,  15 can be written 

i n  a simpler form* 

To fa,(-ilfcate rhe ; r & l y s f s ,  we now assume a txme and space 

"(WE - Bz)  -ariat~on in t h e  z-dixectisn 02 the ~:.sual pesiodf c form, e" 

Then, wi th  the smal..l-signal asa~~mptican, b,e,, a. vel,or_%riee muck, 

smaller tha.n dc, 



Theref o r e ,  

However, w e  can w r i t e  t he  pzessure  term as 

where n = 2 and n = p + p .  Naw, i f  w e  d e f i n e  a thermal  ve loc i ty  
o i o 

as i n  Sec t ion  3 . 2  

then 

-- - ~ ( U C  - B Z )  
ir ;; has  ~ k i c -  sa-~i; p e r i o d i c  va.rii:lou e 

and o t ~  f ~ ~ c e  equa t ion  becomes 



1 A further simplification can be made if we neglect the - term. This 
T 

is the collision relaxation term, and neglecting it will mean device 

I 
operation at frequencies w >> -, The effect of this term on the gain 

T 

will be considered in detail in Chapter V. 

The determinantal equation for the infinite double-stream case 

now can be derived as follows: 

+= -F 

Setting V x M = 0 implies that there are no transverse variations 

But 

J = p v + v p  
0 0 

W for small ac variations, Then, if we define Be = 7, 
0 

Using this expression for v in the force equation, 

Mow assuming the same periodicicy for "9"; i,e,, 



-7 +' 
The expzession f o r  the  E - t i e l 2  xn te-ms of J then becomes 

men t h i s  result 1 s  s u b s s ~ ~ u ~ e d  xn Eq, 59, we arrive at the following 

result $after a few a lgebranc  manip~~laizlons) : 

where 

The S T - b s c r s p t s  reler z c  che carrxers as % a.nd 2 and t he  zeros denote 

d r quan:ztaes w%e.:e chev appea: befsre  ocher subscz ip t s  , 



It is not particularly easy to see from this equation that there 

is a possibility of getting complex values for w or 8 ,  which would indi- 

cate possible growth in space, time, or both, The simplest possible re- 

sult that still satisfies the requirements of a double-stream interaction 

is to look at the zero temperature ease, Then vtl = v = 0, and Eq. 21 
t 2 

becomes 

It is not absolutely necessary that both streams have a drift 

velocity, so assume that as a special case v = 0, This now results 
01 

in a second-order equation in 6 which is easy to solve, 

which simplifies ts 

If  w , w in Eq, 24, then 8 has an imaginary term. One wave 

will grow sgacially and the other will decay. 

The more general case where temperature effects are included 



i s  c o n s i d e r a b l y  h a r d e r  t o  s o l v e ,  As can be  s e e n  from Eq. 21,  a f o u r t h -  

o r d e r  e q u a t i o n  r e s u l t s  i n  w o r  @. The s i m p l e s t  method f o r  o b t a i n i n g  

s o l u t i o n s  i s  t o  program t h e  f o u r t h - o r d e r  e q u a t i o n  on a computer.  These 

r e s u l t s  w i l l  be  ana lyzed  i n  d e t a i l  i n  Chapter V ,  

Another method, which i s  sometimes u s e f u l  t o  s e e  i f  complex 

v a l u e s  of @ a r e  p o s s i b l e ,  i s  t o  w r i t e  che d i s p e r s i o n  r e l a t i o n  i n  a form 

t h a t  can be ana lyzed  by roos - lacus  t e c h n i q u e s ,  Any e q u a t i o n ,  such  as 

E q -  2 1 ,  which can be  r e w s i t c e n  as a v a t x s  of f a c t o r e d  polynomials  and 

equa ted  t o  one,  i s  i d e a l  f o r  a roo t - locus  a n a l y s i s ,  The p o l e s  and z e r o s  

of t h e  e q u a t i o n  a r e  p l o t s e d  I n  t h e  complex @-plane and t h e  s t a n d a r d  r u l e s  

f o r  p o s i t i v e  o r  n e g a t i v e  feedbask  can t h e n  b e  a p p l l e d  t o  f i n d  t h e  re- 

g i o n s  of complex @, ~f  any e x a s t ,  Equat ion 2 1  cou ld  b e  ana lyzed  by t h i s  

t e c h n i q u e  a l s o .  However, t h e  f a c t o r s  are r e a s o n a b l y  compl ica ted  and 

many c a s e s  would need t o  b e  c o n s i d e r e d  f o r  a u s e f u l  a n a l y s i s .  The in -  

f i n i t e  plasma i s  n o t  of s u f f i c F e n t  imporsance t o  t h i s  r e p o r t  t o  p e r m i t  

c h i s  c o n s i d e r a t i o n *  

3 - 5 ,  C l a s s i f i c a t i o n  a n d / o r  V e r x f i c a t i o n  of I n s t a b i l i t i e s  

I n  E q ,  2 4 ,  we found that @ h a s  complex v a l u e s  f o r  c e r t a i n  v a l u e s  

of w p  T h i s  i m p l i e s  t h a t  a s p a c i a l  growth o r  decay e x i s t s  f o r  a wave 

p r o p a g s t i n g ,  a s  g i v e n  by t h e  r e a l  p a r t  of 6 ,  P.  A. ~ t u r r o c k l ~  h a s  shown 

t h a t  t h i s  i s  n o t  s u f f i c i e n t  To de te rmine  whether  a m p l i f i c a t i o n  is  pres -  

P I  A. S t u r r a c k ,  "Kinematies of Erewing Waves , I t  PhysicaZ Review, Vol,  
1 1 2 ,  December 1958, pp,  L h 8 S = i 5 0 3 ,  



e n t ,  Addit ional  requirements  must be s a t i s f i e d .  Before t h e s e  r equ i r e -  

ments can be s t a t e d ,  an understanding of t h e  d i f f e r e n t  p o s s i b l e  r e s u l t s  

is  necessary.  S tur rock  c l a s s i f i e d  waves a s  e i t h e r  growing o r  evanescent  

where these  t e r n s  have t h e  usua l  i n t u i t i v e  meaning. The growing waves 

can be  c l a s s i f i e d  f u r t h e r  i n t o  convect ive o r  nonconvective i n s t a b i l i t i e s .  

A convect ive i n s t a b i l i t y  i s  one where t h e  wave grows b u t  propagates  away 

from the  o r i g i n  so  t h a t  t he  o r i g i n  may eventua l ly  r e t u r n  t o  i t s  undis- 

tu rbed  s t a t e ,  A nsnconveet ive i n s t a b i l i t y ,  on t h e  o t h e r  hand, grows i n  

amplitude and e x t e n t  b u t  always inc ludes  t h e  point, of o r i g i n ,  S tu r rocka9  

w a s  a b l e  LO make t h e  fa l lowing  gene ra l  s ta tements :  " I f  w i s  r e a l  f o r  a l l  

r e a l  k ,  then any complex k ,  f o r  r e a l  w, denotes  an evanescent wave. Con- 

v e r s e l y ,  i f  k i s  r e a l  f o r  a l l  rea l  u, then any complex w ,  f o r  r e a l  k ,  de- 

no te s  nsnconvective i n s t a b i l i t y , "  ~ t u r r o c k b  k corresponds t o  ou r  6. 

From t h i s  s ta tement  we can s e e  t h a t  even though complex e x i s t s ,  

i t  does not  n e c e s s a r i l y  determine a growing wave i n  both space and time. 

I f ,  however, we can f i n d  complex w f o r  r e a l  6 i n  a d d i t i o n  t o  complex 6 

f o r  r e a l  w ,  then  a t  l e a s t  t h e r e  is  a p o s s i b i l i t y  of f i nd ing  growing o r  

amgli fy ing  waves 

Considev E q ,  2 3  once more: 



and 

2 
I f  we s imp l i fy  f u r t h e r  and assume t h a t  w >> w 2 ,  then  

PI 

Complex w w i l l  e x i s t  f o r  r e a l  8 ,  and growing waves are a poss i -  

b i l i t y ,  Unfor tuna te ly ,  t h i s  does no t  guarantee  a convect ive i n s t a b i l i t y .  

The gene ra l  r u l e s  a r e  only f o r  t h e  evanescent waves and nonconvective 

i n s t a b i l i t i e s .  S tur rock  d i scusses  t h e  case  of a  double-stream a m p l i f i e r  

and concludes t h a t  when the  s t ream v e l o c i t i e s  a r e  i n  t h e  same d i r e c t i o n ,  

two of t h e  waves c a r r i e d  by t h e  s t reams r ep resen t  a  convect ive i n s t a -  

b i l i t y *  wh2n t h e  s t reams a r e  i n  oppos i t e  d i r e c t i o n s  a nonconvective in-  

s t a b i l i t y  r e s u l t s ,  s o  t h a t  complex w and r e a l  6 must be  used f o r  t h e  

a n a l y s i s ,  Therefore ,  by knowing t h e  phys i ca l  process  involved,  S tur rock  

is  a b l e  t o  i d e n t i f y  t h e  type of i n s t a b i l i t y  occurr ing .  This  i s  a l l  we 

need t o  know f o r  t h e  present  work, s i n c e  a l l  t h e  cases  t o  be considered 

f i t  w e l l  i n t o  t h i s  framework, It i s  i n t e r e s t i n g  t o  n o t e ,  however, t h a t  

given a d i s p e r s i o n  r e l a t i o n  wi th  more than  two waves and of unknown 

o r i g i n ,  i n  some cases  we would no t  be a b l e  t o  completely determine t h e  

type  o f  i n s t a b i l i t y  o r  whether growing waves r e a l l y  d id  e x i s t .  



R,  N ,  sudanZD h a s  ini-es--tiga+-ed rches prcblem f u r t h e r  and h a s  

been able to arrxve at a ser a4 ccadar iong  whleh a r e  h e l p t u l  i n  reeolu- 

ing g ~ c b l e a s  cf  the Type juqt rnen*:loned, These c s n d f s i o n s  can be s imply  

stated, ~ s f n g  t h e  ~ r . t z t r 2 ~  -5 r h i s  r e p o r t ,  as follows: 

Far a 2copaga:ng w z . ~ e  thas can be w r i t t e n  as 

where 

ca~sality s~ be sati~fied- CavsaZfty  means t h a t  t h e r e  i s  

an x i t b ~ ?  d ~ s ~ c t b a n c e  3t z = 0, and t h e  ~bserved e f f e c t s  

aE2 d ~ e  c5  Gh~~'dist~rb&c~e, 

b A "-, 2,Lr-7 (2 - -Cr?bl l? l  7_q 9 6 C e ~ e d  If 

fs3;c s n y  va lue  cf o on the ?e?i a x i s ,  i f  c r i t e r i o n  a is  

also s a c i s f l e d ,  

c d+->i 66 rtlr st \,;?n,sh ior some iraiaes u f  L 0 i f  a nonconvec- 
f 

20 R, N ,  ~ ~ d ~ ~ ,  ' ' ~ ~ ~ ~ , ~ % ~ j - , ~ g , ~ $ ~ ~ ~ ~  c$ I ~ ~ T F $ J  , -, 7 it" f aes f rom t h e i r  D i s p e r s i o n  
ReL.3 t i o n s  ," Pkyekas ~f b"$u<I.d!, VoZ,  8, October 3-965, pp 3-899-1904, 



L e t  u s  now a p p l y  t h e s e  r u l e s  t o  t h e  s i m p l e  r e s u l t  o f  Eq.  23 

t h e n  Re (jf3) ++"  s-o t h a t  b o t h  s i g n s  of Eq .  26 s a t i s f y  c o n d i t i o n  a .  

I If wi = 0 ,  and w : w, t h e n  R e  {j (j gi) i 0 ,  and by c o n d i t i o n  b ,  a  
PI 

convec t ive  i n s t a b i l i t y  e x i s t s  f o r  w ,- w, F i n a l l y ,  c a l c u l a t e  do/dB 
P l 

Then dw/d@ is  z e r o  o n l y  when w = + o  
PI" 

Bash of t h e s e  v a l u e s  are e n  t h e  real a x i s ,  s o  t h e r e  i s  no p o s s i b i l i t y  

of nonconvect ive  i n s t a b i l i t y .  

3 . 6 ,  S u m a r y  ek Chapter  III 

This  c h a p t e r  h a s  i n t r o d u c e d  t h e  fundamental  i d e a s  of space- 

zharge i n t e r a c t i o n s  and h a s  p r e s e n t e d  some of t h e  p o s s i b l e  explana- 

t i o n s  f o r  t h e  e x p e r i m e n t a l  o b s e r v a t i o n s .  The s h o r t  r ev iew of what h a s  

been accsmplished i n  t h i s  f i e l d  shou ld  s e r v e  as a v e r y  p e r s u a s i v e  argu-  

ment that f u r t h e r  i n v e s t i g a t i o n  is  n e c e s s a r y ,  



An i d e a l i z e d  problem has been d i scussed  i n  d e t a i l  t o  i l l u s t r a t e  

t he  b a s i c  i n t e r a c t i o n  mechanism. A s e t  of r u l e s  for determining i n s t a -  

b i l i t i e s  from t h e i r  d i spe r s ion  r e l a t i o n s  has been presented ,  and a p p l i e d  

t o  t h e  i d e a l i z e d  model, 



I V .  ANALYSIS OF PERIODIC LAYERED STRUCTURE 

The one-dimensional double-s t ream a n a l y s i s  c o n s i d e r e d  i n  Chap- 

ter I11 p r o v i d e s  u n d e r s t a n d i n g  because  o f  i t s  s i m p l i c i t y ,  b u t  i t  i s  n o t  

a p h y s i c a l l y  r e a l i z a b l e  s i t u a t i o n .  The two e l e c t r o n  s t r e a m s  of  d i f f e r -  

e n t  d r i f t  v e l o c i t i e s  were  assumed t o  b e  p e r f e c t l y  i n t e r m i x e d ,  and a one- 

d imens iona l  model was used which presumed i n f i n i t e  t r a n s v e r s e  geometry ,  

Th is  c h a p t e r  w i l l  c o n s i d e r  some of t h e  more p r a c t i c a l  c a s e s .  

F i r s t ,  t h e  i n f i n i t e  p e r i o d i c  a r r a y  of d r i f t i n g  plasma l a y e r s  w i l l  b e  

a n a l y z e d c  This  a v o i d s  t h e  problem o f  i n t e r m i x i n g  t h e  s t r e a m s  b u t  s t i l l  

r e q u i r e s  i n f i n i t e  geomersy. An i n f i n i t e  a r r a y  i s  u s e f u l  fc r  

mathemat ica l  convenience t o  i l l u s t r a t e  t h e  t r a n s i t i o n  t o  t h e  more com- 

p l i c a t e d  f i n i t e  s t r u c t u r e s .  Then we w i l l  c o n s i d e r  two p h y s i c a l l y  real- 

i z a b l e  c o n f i g u r a t i o n s  (with v t  = 0 ,  vc = 0), a n a l y z e  some numer ica l  

r e s u l t s ,  and compare t h e s e  t o  t h e  s i m p l e  i d e a l i z e d  model o f  Chapter  111. 

4 , 1 ,  Ana lys i s  of a n  I n f i n i t e  P e r i o d i c  Array o f  D r i f t i n g  Plasma L a y e r s  

Consider  a n  i n f i n i t e  a r r a y  of e l e c t r o n  streams o r  d r i f t i n g  

plasmas as shown i n  F i g ,  1. We w i l l  assume t h a t  t h e  e l e c t r o n s  have 

F ig .  1. I n f i n i t e  a r r a y  o f  plasmas d r i f t i n g  i n  t h e  z - d i r e c t i o n .  



d c  and as v e l ~ c i t i e s  o n l y  i n  t h e  z d i r e c t i o n ,  t h a t  a l l  q u a n r i t i e e  v a r y  

as e  ' - "' and t h a t  ehe u s u a l  s m a l l - s i g n a l  approx imat ions  h o l d .  

We can b e g i n  ou- d i s c u s s i o n  very  g e n e r a l l y  by s t a r t i n g  w i t h  t h e  

coupled-wave e q u a t i o n  f o r  t h e  v e c c o r  p o t e n t i a l  and t h e n  u s i n g  t h e  u s u a l  

L s r e n t z  c o n d i t i o n  as f o l l o w s :  

t h e n  

- 2- + d 2x 
- V  A ;.. '$ST - Uc - 

2 a t -  

For velscitkes in the z d i r e c t i o n  on ly  and s m a l l - s i g n a l  propaga- 

Qur  - @ z )  
rQsn af e' : h a s  a l z e a d y  been d e r i v e d  i n  Chapter  I11 as 

> -+ 
Since J and E have a components o n l y ,  t h e  v e c t o r  p o t e n t i a l  A 

will l ikewise have on ly  a z component. 



-f 
But t h e  E f i e l d  can be w r i t t e n  as 

-) Bz I f  we l e t  A have t h e  pe:riodic s a r i a t i o n  e  , t h e n  
Z 

But 



Thzs then g i v e s  u s  t h e  f i n a l  wave e q u a t i o n  f o r  t h e  v e c t o r  p o t e n t i a l  A 
z 

Eqaa,:<or 34 can be p u t  i n t o  a wore conven ien t  form by d e f i n i n g  

- -7 u 8 9 e  = - b e  szbs : fap t s  defzne t h e  s c t e m  ? o r  which t h e  wa,ve e q u a t i o n  i s  

w - " - -  s t ream Ns, L ,  t h e  e q u a t i o n  reduces  t o  

A5sr~m:ng t h a t  t h e r s  is ac v a r i a t i o n  i n  t h e  y d i r e c t i o n ,  t h e  

b>un&,-y ~ondrrxons on t h e  e l e c t r i c  and magne t ic  f i e l d s  r e q u i r e  t h a t  

A- and 3A-idw b s  c a c ~ i n ~ a u s  at t h e  boundazies  between t h e  streams. 
C - 

3- 
Macchz~g shs vec-31 p o t e n t i a l  A and i t s  d e r i v a t i v e  a t  t h e  boundary 

assrimes thax F, and  p h a ~ e  che same v a l u e s  i n  b o t h  m a t e r i a l s .  A more 

genepal condisisr w i l l  b e  c o n s i d e r e d  s h o r t l y ,  It  may be  n o t e d  t h a t  

-+ 
zhe bcundary c a n d d ~ l o n s  ara L d e n t i c a l  f o r  t h e  E f i e l d  and t h a t  t h e  



+ 
same equat ion  r e s u l t s  i k  an ana lysas  i s  made i n  terms of  he E f i e l d s .  

For no y  v a r i a t i o n ,  t h e  wave equarion w i l l  have s o l u t i o n s  of 

ohe form 

where A and B a r e  cons t an t s  whish w i l l  have t o  be  eva lua ted .  , 

We can now w r i t e  t h e  scLut i sna  i n  two a d j a c e n t  l a y e r s  as 

Let  t h i s  boundasy be  a t  x = 0; then w e  must match t h e  s o l u t i o n s  

m o o  r h l y  . 
A + B = C + D  

TIA - TIB - T26: - T2B 

Since t h e  a l t e r n a t e  l a y e r s  extend t o  i n f i n i t y ,  a p e r i o d i c i t y  

cond i t i on  must b e  inc luded ,  Th i s  may be  done i n  t h e  fo l lowing  way 



In c:de- to have rt,anze,a s s l u r i o n s  ks;c A ,  B, C, and D t he  determinant 

o: c ~ ~ f L i c ~ - n ~ ~ s  15 se: w u a %  to zero,  

If the dslrejr-rninznt f e expanded by minors and simplbf i e d  , the  r e s u i t i n g  





= 2 cos  (2qa) - 2 

where,  as i n  t h e  p-ceviaus c h a p t e r ,  we have assumed t h a t  v = 0, T h i s  
0 1 

e q u a t i o n  shows the  coup l ing  between t h e  p l a n e  waves, r e p r e s e n t e d  b y  

2 82 - k and t h e  space-charge waves,  r e p r e s e n t e d  by t h e  t e rms  i n v o l v i n g  

w and w 
P2" 

The i n f i n i t e  number of v a l u e s  cos (2qa)  can have r e p r e -  
PI 

s e n t s  harmonics due t~ t h e  i n f i n i t e ,  p e r i o d i c  n a t u r e  o f  t h e  e l e c t r o n  

st  reams 

The e a s i e s t  c a s e  t o  c o n s i d e r  i s  c s s ( 2 q a )  = 1. Then, i n  a d d i -  

t i o n  t o  t h e  p l a n e  waves B = 2 k ,  t h e s e  are space-charge waves g i v e n  by 

t h e  s s d u r f o n  of  

Since t h i s  is  t h e  same e q u a t i o n  as t h a t  o b t a i n e d  i n  Chapter  I11 f o r  

t h e  i n f i n i t e  double  s t r e a m s  i f  w and o a r e  r e p l a c e d  by w 2 / 2  a n d  
P 1 P 2 PI 



2 
w J 2 ,  w e  cam comt~lude t h a t  t h e r e  is a growang wave present  i n  t h i s  

P 2 

p e r i o d i c  array hav ing  t h e  same g a i n  :actor as %he growing wave i n  t h e  

g r e v i ~ u s  c a s e ,  o n l y  a t  a lower f requency ,  

4 , 2 ,  D i s p e r s i o n  Rekarfons  f o r  P i n i s e  Layered S t r u c t u r e s  

Since r h s  p w p o s e  cf c h i s  regarc  i s  co i n v e s t i g a t e  t h e  p o s s i b l e  

space-chzrgs i n t e r a c t i o n s  thar -su&d r e s u l t  i n  u s e f u l  d e v i c e s ,  we would 

ncw klke so c a n s ~ d e r  twa c -onf igura t ions  whish cstiLd b e  r e a l i z e d  i n  t h e  

Eaboratszy. Two finite Hayeas of a semiconduct ing material can b e  

p ' a ~ e d  i n  inci rnare  c x r & , c t  i f  the surLaces are p o l i s h e d .  If one of t h e  

Layers must b e  very t h i n ,   en vacuum d e p o a i ~ i o n  t e c h n i q u e s  cou ld  b e  

used ,  U n l e s s  special l:onditaons were s a ~ x s f i e d ,  vacuum c o a t i n g  would 

rssu;'., X P  ~ r : ~ r y ~ l y 6 ~ o - ? - ~ ~ Z 1 . e  Itsacex i a l  o f  3sw m o b i l i t y ,  T h i s  would f i t  

well b n t c  an zfidLysX5 whbch c o n s i d e r s  one of t h e  streams as s t a t i o n a r y .  

The rv3 p c s s s b b l i t x e s  vhach will be consideced are: 

I, Two a d j ~ c , ? n r  plasma l a y e ~ s  w i t h  r n e c a l l i c  o u t e r  b o u n d a r i e s ,  

zs  f.r Fxg* 2? 

2, Twr, u ~ ~ & z E . T I . " ;  plemt* ~ i a y e r s  w i t h  L z e e  s p a c e  ar: t h e  o u t e r  

bc ndaries, as :-n Fzg, 3, 

The c-,nif>guqarrsn w:-th n ~ a t a l l i c  bcundar ies  15 u s e f u l  because  o f  t h e  

snrnple-r eqi,az;.cns char.. result, The eonf ig r i r a~ ion  which does  n o t  have 

r h i s  "est l~5.~. t i2n,  =IB fh17 s':lns~' hand ,  i s  easier to  b u i l d .  I n  any c a s e ,  

b , t h  p r a s s a b i l - ~ r l e s  3 l23~Ld  be c z n s l d e ~ e d  and t h e  results compared. 

Ad2acenr: P l & s r a  Layers  wick M e t a l l i c  Oute r  Boundar ies ,  F i g u r e  2 



X = pa Metallic be~~adary 

x = -b Metallic boundary 

Fig- 2 ,  Adjacear  semicond~lclr ing layers with perfectly 
conduct~ng o u t e r  hovrdsr$esn 

i L 1 u s ~ z z t e s  the cocE~gura , t i on  $ 2 -  which we wa19 ncw derive the das- 

persrcm relation, In S e c t i c n  &,I we d e r i v e d  the general wave equation 

;3r a plasma wi:h propagation in the z direction, 

where, kn the Z ~ S G  temperaruy~ case 

F s r  the 7v:;nite ?ayered s t x ~ z E u r e  o f  Section 4"1, we matched ampli- 

i~5Cre5 a ~ d  da_:~vats_~.~res ~ C K O S S  the  b ~ ) u n d a r y ~  A more general treatment: 

7. -* 
is t 3  DZ* :h l o s g ~ t ~ ~ d r n a l  E and B fields across the boundary, 



Zn serrns of A _ ,  ?he  ~ L S C ~ T ~ C  and magnetbc £Leads are given by 
I 

asscmrng no vacfathcn in y o  

The s s l ~ a r i o n s  f.3:- A tailared ,for boundary conditions in Re- 
2 

gLQn6 1 s a d  2 E  " , S p P " C f i ~ e b y p  aiC? 

2nd 9 and H are 
7 -7 



These express ions  s a t i s f y  t h e  boundary condi t ions  a t  x = +a and 

x = -b r e spec t ive ly .  

The boundary condi t ions  a t  x = 0 a r e  t h a t  E and H a r e  con- 
z Y 

t inuous"  Therefore ,  

") 2 B, s i n h  (.,a) = '*: 2 B2 s i n h  (T2b) 
k. k, 

T B cosh ( ~ ~ a  ) = - T2 B2 cosh (T2b) I I 

The de terminanta l  equat ion obta ined  by combining t h e s e  two equat ions  

is 

2 
- ") tanh (TI.) = - 

Equation 1 7  is  t h e  gene ra l  d i spe r s ion  r e l a t i o n  which w i l l  

dete~mine.  t h e  reg ions  where g a i n  e x i s t s  and what m a t e r i a l  p r o p e r t i e s  

a r e  acquired. Before looking a t  t h i s  equat ion  i n  more d e t a i l ,  how- 

eve r ,  Let us  d e r i v e  a  s i m i l a r  express ion  f o r  t h e  case  without  m e t a l l i c  

boundaries ,  a s  i l l u s t r a t e d  i n  F ig ,  3. 

Adjacent Plasma Layers wi th  Free Space a t  t h e  Outer Boundaries. 

Csnsides t h e  case  of two f i n i t e  l a y e r s  i n  f r e e  space o r  on an i n s u l a t i n g  



T? = f r e e  s p a c e  o r  i n s u l a t i n g  b a s e  I - 
F i g ,  3 -  Two f i n i t e  s o l i d - s t a t e  plasma l a y e r s  i n  f r e e  s p a c e .  

base as shown i n  F i g "  3 ,  The g e n e r a l  form of t h e  s o l u t i o n s  w i l l  b e  

g w e n  as 

Us;ng E q s ?  44 and 4 6 ,  we can w r i t e  t h e  E and H f i e l d s  as fo l lows :  
a, Y 



We now match boundary cond i t i ons  on E and H a t  x = 0 ,  x = a,  and  
z Y 

x - -b t o  g e t  t he  s i x  e q u a t i o n s  f o l l o w i n g ,  

A t  x = 0, 



Foklowing t h e  same procedure a s  i n  t h e  p r e v i o u s  s u b s e c t i o n ,  w e  can now 

w r i t e  Eqs, 50 as a  d e t e r m i n a n t  of c o e f f i c i e n t s  and e q u a t e  t o  z e r o .  

F i r s t ,  s i m p l i f y  t h e  n o t a t i o n  by d e f i n i n g  



Then the determinant of coefficients is given as 

When this determinant is expanded and simplified, we arrive at the 

dispersion relation for the configuration of Fig. 3. 



Equat ion 52 f o r  f r e e  s p a c e  a t  t h e  o u t e r  boundary i s  e q u i v a l e n t  t o  

Eq, 4 7  f o r  t h e  m e t a l l i c  boundary,  It i s  now e a s y  t o  s e e  why t h e  

m e t a l  boundar ies  were i n c l u d e d  as a way t o  s i m p l i f y  t h e  d i s p e r s i o n  

r e l a t i o n ,  

Other  c o n f i g u r a t i o n s  o f  t h r e e  o r  f o u r  l a y e r s  cou ld  s i m i l a r l y  

be  ana lyzed ,  However, t h e  two-layer  s t r u c t u r e  i n c l u d e s  a l l  o f  t h e  

s i g n i f i c a n t  c h a r a c t e r i s t i c s  s o  t h e r e  would b e  no p a r t i c u l a r  purpose  

i n  look ing  a t  t h e  e v e r  more complicated e x p r e s s i o n s .  

4 .3"  P r o p e r t i e s  of t h e  t a n h  ( z )  and t a n h  (2) / ( z )  Func t ions  

Both Eqs. 47  and 52 c o n t a i n  t a n h ( z 1  f u n c t i o n s  i n  v a r i o u s  com- 

b i n a t i o n s .  I n  t h i s  s e c t i o n ,  w e  w i l l  c o n s i d e r  a s i m p l i f i e d  form of  

Eq- 47  and show what conditr ions a r e  r e q u i r e d  o f  t h e  t a n h ( z ) / z  f u n c t i o n ,  

and consequen t ly  o f  t h e  semiconduct ing m a t e r i a l s ,  t o  r e s u l t  i n  complex 

!3 o r  w. 

Once a g a i n ,  we make some approx imat ions  t o  make t h e  a n a l y d s  

more manageable,  I f  Kegion 2 i s  assumed t o  be a t h i c k  l a y e r ,  t h e n  



2 2 
I n  a d d i t i o n ,  we assume t h a t  k2 = k2 and t h a t  b2 >> k The assumption 

1 1" 

t h a t  f32 i s  l a r g e  i s  known as t h e  slow-wave approximation. It means t h a t  

t he  beam i s  much slower than  t h e  speed of l i g h t  i n  t h e  m a t e r i a l  and t h a t  

t he  space-charge waves a r e  propagat ing a t  n e a r  t h e  beam v e l o c i t y .  C a l -  

c u l a t i o n s  done on a  d i g i t a l  computer, which w i l l  be d iscussed  i n  t h e  

next  s e c t i o n ,  show t h a t  t hese  approximations g ive  q u i t e  9 c c u r a t e  r e s u l t s .  

With t h e s e  app~ox ima t ions ,  we now r e w r i t e  Eq. 47 a s  

The important  ~ b s e r v a t i o n  t o  make from Eq. 53 i s  t h a t  i n  o rde r  t o  

have s o l u t i o n s ,  tanh w i l l  have t o  be  t h e  nega t ive  of 

1/(T2a). 
The key t o  t h e  problem is  t o  f i n d  reg ions  of t a n h ( z ) / z  where 

s i g n  changes a r e  poss ib l e .  With t h i s  i n  mind, t h e  t anh (z ) / z  f u n c t i o n  

was p l o t t e d  on t h e  computer wi th  t h e  r e s u l t s  a s  shown i n  Fig.  4.  Only 

t h e  f i r s t  quadrant  needs t o  be p l o t t e d  because t h e  magnitudes and s i g n s  

of t h e  tanh(zS/z  func t ion  a r e  r e l a t e d  a s  fo l lows:  

tanh ( 2 2 )  
= x i =  j y  +z 

3; 
where z means t h e  complex conjugate  of a ,  



F i g u r e  4 shows t h a t  t h e r e  are p e r i o d i c  r e g i o n s  o f  s i g n  changes i n  

~ e ( t a n h ( z ) / z )  f o r  v a l u e s  o f  Re(z)  less t h a n  Im(z) .  Th i s  is  a n  impor- 

t a n t  o b s e r v a t i o n  because  

and i n  t h e  slow-wave approximat ion 

where B = Br + j Bi .  

Reasonable  g a i n  v a l u e s  are on t h e  o r d e r  o f  1 p e r c e n t  t o  1 0  

p e r c e n t  p e r  wave leng th ,  s o  t h a t  Bi shou ld  b e  c o n s i d e r a b l y  smaller t h a n  

Then i f  w w Z ,  i t  would n e v e r  b e  p o s s i b l e  t o  g e t  t h e  n e c e s s a r y  
PI - 

s i g n  changes ,  and growing wave s o l u t i o n s  would n o t  e x i s t .  I n  Chap te r  

111, we concluded t h a t  w 61 would g i v e  g a i n  i n  t h e  i n f i n i t e  p lasma.  
PI 

T h i s  t u r n s  o u t  t o  b e  e x a c t l y  t h e  c o n d i t i o n  t h a t  must b e  s a t i s f i e d  i n  

L L 
t h i s  c a s e  a l s o .  I f ,  f o r  example, u > a  u  t h e n  

PI 

and 



Shaded areas indieate regions of 

9 
negol ive  v a l u e s  for Re(tanhlz)/z 
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Figo 4 ,  Numerical p l o t  of t h e  tanh(z) /z  func t ion ,  
where z = x =k j y ,  



Define A  such t h a t  

From Fig.  4 and Eq. 55,  w e  can now see t h a t  s o l u t i o n s  w i l l  be  p o s s i b l e  

i n  t h e  ranges of 

W 27r _E1 - n 3 5 
a = 7 -t n ,  - IT +  IT, - 77 +  IT, e t c .  

A w  2 2 

o r  s o l v i n g  Eq. 56 f o r  "a" ( t h e  t h i cknes s  of Region 1 )  

One immediate obse rva t ion  t h a t  can b e  made from Eq. 57 is  t h a t  

as o g e t s  l a r g e r ,  "a" w i l l  have t o  be  correspondingly smaller t o  re- 
PI 

s u l t  i n  ga in .  Furthermore, a l l  t h e  d i s p e r s i o n  r e l a t i o n s  w i l l  now have 

t~ be i n v e s t i g a t e d  f o r  t h e  th ickness  "a" b e f o r e  ga in  vs .  frequency can 

b e  p l o t t e d .  

The type  of a n a l y s i s  t h a t  has  been p re sen t ed  i n  t h i s  s e c t i o n  

r e s u l t s  only i n  some very  broad conclusions as t o  t h e  requirements  nec- 

essary t o  g e t  growing waves. However, t h e  more s p e c i f i c  computer re- 

s u l t s  a r e  a l s o  more d i f f i c u l t  t o  o b t a i n  and n o t  n e a r l y  as easy t o  i n t e r -  

p r e t .  

4 , 4  Computer I n v e s t i g a t i o n  of t h e  Metal Boundary Configurat ion 

Equation 47 was programmed, without  making any approximations,  



on a d i g i t a l  computer, and r e s u l t s  have been obtained f o r  both complex 

6 as a func t ion  of t h e  th ickness  a ,  and w v s ,  B f o r  a p a r t i c u l a r  t h i ck -  

nes s ,  TQ make t h e  problem manageable, only "a" was v a r i e d  and "b" w a s  

taken t o  be a l a r g e  va lue  as proposed i n  Sec t ion  4 , 3 .  Figure  5 shows 

the  r e s u l t s  of B v s ,  a .  The shaded a r e a s  i n d i c a t e  t h e  previous ly  pre- 

d i c t e d  gain reg ions .  A s  can be seen ,  Re(f3) always P i e s  w i t h i n  t h e s e  

a r eas .  The numerical  va lues  chosen a r e  

The choice of t h e s e  va lues  may seem r a t h e r  a r b i t r a r y  a t  t h i s  t ime, b u t  

they a r e  based on reasonable  semiconductor p r o p e r t i e s  t h a t  w i l l  b e  d i s -  

cussed i n  d e t a i l  i n  subsequent c h a p t e ~ s .  The prime cons ide ra t ion  h e r e  

is  t o  s e e  what r e l a t i v e  e f f e c t  each f a c t o r  has on t h e  o v e r a l l  d i spe r -  

s i s n  r e l a t i o n ,  

Throughout t h i s  r e p o r t  w-f3 diagrams w i l l  be used a s  t h e  ind ica -  

t o r e  of what e f f e c t s  temperature,  c o l l i s i o n s ,  e t e ,  have on t h e  ga in .  

The genera l  method would be  t o  always show the  e n t i r e  w-f3 p lane  f o r  t he  

i n t e r a c t i o n ,  However, s i n c e  we a r e  i n t e r e s t e d  i n  f requencies  g r e a t e r  

than  zero and Fn t h e  condi t ions  t h a t  r e s u l t  i n  ga in ,  i t  i s  appropr i a t e  

t o  cons ider  only a  po r t ion  of t h e  f i r s t  quadrant ,  To c l a r i f y , t h i s  s t a t e -  

ment, a gene ra l  a-8 diagram f o r  t h e  double-scream i n t e r a c t i o n  is  i l l u s -  





t r a t e d  i n  P i g ,  6 ,  I f  t h e  two piasmas are taken s e p a r a t e l y ,  we g e t  

p lasma waves of f r e q u e n c i e s  183 and k w  "propaga t ing"  a t  t h e  d r i f t  
pa + P2 

v e B ~ c i t y  ( s h a m  by t h e  d o t t e d  l i n e s  i n  P i g ,  61,  When t h e  screams are 

i n t e r m i x e d ,  t h e  waves are a l l  c s u p l e d  t o g e t h e r ;  and w h i l e  w e  ~ t f l a  g e t  

f o u r  p r o p a g a t i n g  waves,  t h e y  are q u i t e  d i f f e r e n t  f rom t h e  i n d i v i d u a %  

plasmar,waves, The Fast waves o f  s t seams  I and 2 coup le  to produce  a n  

evanescent; wa-:e as do t h e  slow Wave8 of streams 1 and 2 ,  For  o 1 0, 

t h e  s 1 . o ~  wave sf t h e  f a s t  beam ccuplea to t h e  f a s t  wave of t h e  slow 

beam i n  such  a way t h a t  conplex f3 ~ e s u L t s ,  T h i s  is  t h e  p o r t i o n  of t h e  

diagram where We661 ITS. a is  e s s e n t i a l l y  a  s t r a i g h t  l i n e ,  Equa t ion  2 4 ,  

f o r  w w, g i v e s  t h e  mathemat ica l  e x p r e s s i o n  ( f o r  t h e  i n f i n i t e  c a s e )  
PI 

f o r  t h i s  p o r t i a n  o f  t h e  curve, Because t h i s  is  t h e  r e g i o n  where t h e  

s i g n i f i c a n t  g s j n  is found ,  i t  w i l l  be t h e  r e g i o n  c h a t  i s  p l o t t e d  i n  all 

t h e  compucer work, The curves  w i l l  always b e  p l s t e e d  from t h e  o r i g i n  

a t  w = 8, l3 - O and t e r m i n a t e d  when Xm(B) s h ~ w s  t h a t  s i g n i f i c a n t  g a i n  

ns l o n g e r  e x i s t s o  

F i g u r e  7 compares t h e  csmputeK r e s u l t s  f o r  t h e  two-layer s t r u e -  

c u r e  w i t h  wetab b e m d a x i e s  f s  t h e  x n f i n i t e  c a s e  sf S e c t i o n  3 , 4 ,  The 

g e n e r a l  p r o p a g a t i o n  and ga%n c h a r a c t e z % e t % c s  axe obv ious ly  s f m i b a r ,  The 

g a i n  f o r  t h e  l a y e r e d  s C r ~ c t ~ r e  t e r w f n a t e s  s o o n e r  due t o  t h e  a d d i t i o n a l  

e f f e c t  s f  t h e  t h i c k n e s s  "aF"  

In Sec t ion  3 0 5 ,  we d f ~ ~ ~ 6 6 e d  t h e  n e c e s s a r y  requ i rements  t o  show 

t h a t  a growing w w e .  e x i s t s ,  F i g u r e  7 shows t h a t  t h e  b a s i c  i n t e r a c t i o n  

is s t i l l  t h e  same, However, i t  i s  i n t e r e s t i n g  t o  v e r i f y  t h i s  by r e p e a t -  

i n g  t h e  c a I c u l a 5 i e n s  f o r  eompIex w and real 1'3 i n s t e a d  s f  comp%ex @ and 



F i g ,  6 ,  General (LI-6 diag:cam r ' ~ -  tiA: d o u b l e - s ~ e e a a  
i n t e r a c t i o n  s ~ i t h  s tredns Liz t h e  same dLresr ion .  





r e a l  w. S i n c e  t h e r e  i s  no p a r t i c u l a r  d i f f i c u l t y  an b d e n t i f y i n g  t h e  

i n t e r a c t i n g  waves f o r  t h i s  c a s e ,  s o l u t i o n s  w i t h  Im(d) < 0 w i l l  p rove  

t h e  e x i s t e n c e  o f  a c o n v e c t i v e  i n s t a b i l i t y ,  F i g u r e s  8 and 9 show t h e  

r e s u l t s  f o r  t h e  m e t a l  boundary c o n f i g u r a t i o n  s o l v e d  i n  terms of complex 

w -  F i g u r e  8 shows a few of  t h e  g a i n  r e g i o n s  as a f u n c t i o n  o f  t h e  t h i c k -  

n e s s  "a" and F i g .  9 i s  t h e  w-@ diagram t h a t  compares t o  F i g .  7' f o r  com- 

p l e x  B and r e a l  w. There  shou ld  b e  no f u r t h e r  q u e s t i o n s  r e g a r d i n g  t h e  

v a l i d i t y  of t h e  b a s i c  i n t e r a c t i o n  mechanism f o r  e i t h e r  t h e  i n f i n i t e  

plasma o r  d i s c r e t e  f i n i t e  Layered s t e u c t u x e s ,  

4.5.  Computer R e s u l t s  f o r  a Layered S t r u c t u r e  w i t h  
Free  Space a t  t h e  Oute r  Boundaries 

The r e s u l t s  f o r  t h i s  c o n f i g u r a t i o n  a r e  o b t a i n e d  by s o l v i n g  E q ,  

52 on t h e  d i g i t a l  computer. F i g u r e s  1 0  and P I  g i v e  t h e  r e s u l t s  f o r  

complex B and r e a l  w t h a t  cor respond  t o  F i g s ,  5 and 7 f o r  t h e  m e t a l  

boundary c o n f i g u r a t i o n .  The b a s i c  s i m i l a r i t y  of t h e  r e s u l t s  is  t o  b e  

expec ted  and i s  o b v i o u s l y  v e r i f i e d -  Once a g a i n ,  we g e t  r e g i o n s  o f  

g a i n  f o r  Re@) as a  f u n c t i o n  of t h e  t h i c k n e s s  "a," The r e g i o n s  o f  g a i n  

a r e  e x a c t l y  where t h e  " fo rb idden  r e g i o n s "  were  f o r  t h e  metal boundary 

e a s e ,  P h y s i c a l l y ,  t h i s  can be  i n t e r p r e t e d  as an i n t e r f e r e n c e  e f f e c t ,  

s imilar t o  a t h i n  d i e l e c t r i c  f i l m  i n  o p t i c s "  In  t h a t  c a s e ,  we a l s o  g e t  

a l t e r n a t e  bands of X/4 f o r  r e f l e c t i o n  and. a b s o r p t i o n ,  and t h e  bands a r e  

determined by t h e  r e f l e c t i o n  p r o p e r t i e s  of t h e  material beh ind  t h e  f i l m ,  

A somewhat a r b i t r a r y  c h o i c e  was i n i t i a l l y  made f o r  w s i n c e  
~2 ' 

i ts  e f f e c t  on t h e  i n t e r a c t i o n  i s  a  l i t t l e  h a r d e r  t o  p r e d i c t ,  F i g u r e  1 2  

shows t h a t  t h e  c h o i c e  of w i s  n o t  criticab as l o n g  a s  i t  i s  s u f f f -  
p2 
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c i e n t l y  l a r g e .  I f  w > o, t h e n  t h e  g a i n  w i l l  be n e a r  t h e  optimum 
~2  - 

v a l u e .  

4 .6 .  Summary of Chapter  I V  

T h i s  c h a p t e r  p r e s e n t e d  a d e t a i l e d  a n a l y s i s  o f  l a y e r e d  s t r u c -  

t u r e s  where t h e  plasma streams a r e  n o t  in te rmixed  b u t  f l o w  i n  a d j a c e n t  

materials. To i n v e s t i g a t e  t h e  b a s i c  i n t e r a c t i o n  mechanism, t e m p e r a t u r e  

e f f e c t s  and p a r t i c l e  c o l l i s i o n s  were n e g l e c t e d ,  and space-charge bunch- 

i n g  was assumed t o  b e  i n  t h e  d i r e c t i o n  of t h e  d c  d r i f t ,  The d i s p e r s i o n  

r e l a t i o n s  were d e r i v e d  f o r  a c o n f i g u r a t i o n  w i t h  m e t a l l i c  o u t e r  bounda- 

ries and a c o n f i g u r a t i o n  w i t h  f r e e  s p a c e  a t  t h e  o u t e r  b o u n d a r i e s .  Use- 

f u l  g a i n  r e g i o n s  were found i n  b o t h  c a s e s  and t h e  r e s u l t s  were  p r e s e n t e d  

i n  t e rms  o f  w-B diagrams .  The b a s i c  i n t e r a c t i o n  mechanism h a s  now been  

v e r i f i e d  and n u m e r i c a l  r e s u l t s  o b t a i n e d  f o r  a p r a c t i c a l  c a s e .  The n e x t  

c h a p t e r  w i l l  c o n s i d e r  t h e  l i m i t a t i o n s  o f  t h e  p r e s e n t  model and what 

changes  a r e  n e c e s s a r y  t o  a r r i v e  a t  a  t h e o r y  t h a t  i s  s u i t a b l e  f o r  pre-  

d i c t i n g  e x p e r i m e n t a l  r e s u l t s .  



V .  THE EFFECTS OF TEMPERATURE AND PARTICLE COLLISIONS 

The p r e v i o u s  c h a p t e r s  c o n c e n t r a t e d  on showing t h a t  t h e  space-  

charge  i n t e r a c t i o n  a p p e a r s  v e r y  promising i n  a  s o l i d  under some i d e a l -  

i z e d  (bu t  u n a c h i e v a b l e )  c o n d i t i o n s .  With t h i s  c h a p t e r  we b e g i n  t h e  d i s -  

c u s s i o n  of how t o  t h e o r e t i c a l l y  a n a l y z e  s o l i d - s t a t e  p lasmas t h q t  would 

b e  found i n  t h e  l a b o r a t o r y .  I n  any type  of p lasma,  i t  i s  u s u a l l y  im- 

p o r t a n t  t o  i n c l u d e  t h e  randomizing e f f e c t s  o f  t empera tu re  and p a r t i c l e  

c o l l i s i o n s .  I n  s o l i d s ,  we s h a l l  s e e  t h a t  t h i s  t u r n s  o u t  t o  be  a p a r t i -  

c u l a r l y  s e r i o u s  problem, 

A s  i s  u s u a l l y  t h e  c a s e ,  more a c c u r a t e  models a l s o  become more 

compl ica ted ,  and a v a r i e t y  o f  approximate  t e c h n i q u e s  become p o s s i b l e  

and n e c e s s a r y .  T h i s  c a s e  i s  no e x c e p t i o n ,  The t h e o r y  f o r  n o n e q u i l i b -  

r ium tempera tu re  and c o l l i s i o n  e f f e c t s  i n  s o l i d s  is  n o t  well  developed.  

Even i f  t h e  t h e o r y  were a v a i l a b l e ,  i t  would i n  a l l  p r o b a b i l i t y  be  hope- 

l e s s l y  d i f f i c u l t  t o  u s e ,  

I n  t h e  f o l l o w i n g  s e c t i o n s ,  t h e  t h e r m a l  and c o l l i s i o n  e f f e c t s  

w i l l  be  cons idered  i n  some d e t a i l .  S e v e r a l  approximate  t e c h n i q u e s  have 

been i n v e s t i g a t e d  and w i l l  b e  compared, A s i m p l e  computer t e c h n i q u e  f o r  

o b t a i n i n g  r e a s o n a b l y  good r e s u l t s  w i l l  b e  d i s c u s s e d .  A s imple  m ~ d e l  f o r  

p a r t i c l e  c o l l i s i o n s  w i l l  t h e n  b e  ana lyzed  and b o t h  t h e  the rmal  and c o l -  

l i s i o n  e f f e c t s  w i l l  be  i n c l u d e d  i n  a p h y s i c a l l y  r e a l i z a b l e  model, 

5 .1 .  Analyzing Temperature K i n e t i c s  

Two t e c h n i q u e s  a r e  s t a n d a r d  i n  plasma p h y s i c s  f o r  i n c l u d i n g  

t h e r m a l  e f f e c t s .  The Boltzmann e q u a t i o n  i s  used f o r  a l l  problems where 



t h e  s l o p e  of t h e  v e l o c i t y  d i s t r i b u t i o n  i s  i m p o r t a n t ,  When approx imate  

r e s u l t s  are d e s i r e d ,  however, o f t e n  t h e  hydrodynamic e q u a t i o n  i s  used 

t o  i n c l u d e  t e m p e r a t u r e  e f f e c t s ,  T h i s  e q u a t i o n  was u t i l i z e d  i n  t h e  d e r i v a -  

t i o n  p r e s e n t e d  i n  Chapter  I11 (Eqs,  15 t o  21) .  I n  t h i s  r e p o r t ,  we w i l l  

u s e  a  somewhat d i f f e r e n t  t e c h n i q u e ,  i n  a d d i t i o n  t o  t h e  hydrodynamic 

model, which i s  p a r t i c u l a r l y  s u i t a b l e  f o r  a n a l y s i s  o f  s t reaming  c h a r g e  

c a r r i e r s .  T h i s  t e c h n i q u e  assumes a  s u p e r p o s i t i o n  of v e l o c i t y  s t r e a m s  

which i n  t h e  h i m i t  can be  t a k e n  a s  an  i n t e g r a l  o v e r  a d i s t r i b u t i o n  func-  

t i o n ,  

F i r s t ,  l e t  u s  d e r i v e  t h e  new d i s p e r s i o n  r e l a t i o n  u s i n g  t h e  s u p e r -  

p o s i t i o n  t e c h n i q u e  and then  compare t h i s  t o  t h e  B ~ l t z m a n n  e q u a t i o n  re- 

s u l t  and t h e  hydrodynamic model, We w i l l  b e g i n  by c o n s i d e r i n g  a s u p e r -  

p o s i t i o n  of a n  i n f i n i t e  number o f  e l e c t r o n  streams having v e l o c i t i e s  

cor responding  t o  some v e l o c i t y  d i s t r i b u t i o n  f ( v ) .  

I f ,  f o r  one of t h e  e l e c t r o n  streams, w e  l e t  v  b e  t h e  v e l o c i t y  
0 i 

i n c l u d i n g  t h e  thexmal v e l o c i t y  and v  be  t h e  a c  s m a l l  s i g n a l  v e l o c i t y  i 

and assume t h e r e  a r e  v e l o c i t i e s  i n  t h e  a d i r e c t i o n  o n l y ,  

By u s i n g  t h e  p r e v i o u s l y  assumed p e r i o d i c  t i m e  v a r i a t i o n  and 

t h e  c o n t i n u i t y  e q u a t i o n  f o r  p and J ,  

C ,  C, Johnson,  F;eZd axd Wave EZectrodynamics,  New York, McGraw-Hill, 
1965,  p .  379,  



And, from t h e  f o r c e  e q u a t i o n  

T h e r e f o r e ,  

The t o t a l  c u r r e n t  d e n s i t y  w i l l  be a s r l p e r p o s i t i o n  o f  these cur- 

r e n t s ,  

' o i  
D e f i n e  t h e  p a r t i c l e  d e n s i t y  as n  = - and t h e n  

o i  e  



I n  t h e  l i m i t ,  J can b e  expressed  a s  an i n t e g r a l  

2 00 
jwn e 

J = - 0 

m 

Using t h e  p r e v i o u s  d e f i n i t i o n  of t h e  plasma f r e q u e n c y ,  

Th is  is  now i n  a  form t h a t  can b e  used i n  t h e  wave e q u a t i o n  

f o r  t h e  v e c t o r  p o t e n t i a l ,  as d e r i v e d  i n  S e c t i o n  4 . 1 .  



But ,  

so t ha t  

This  can now be written in ehe iamilia~ form of E q ,  34 

Then we have 5 new d e f i n i c ~ s q  t a s  she T ' S  given by 

T h i s  expre?s?aa to" i s  v a l i d  t o r  any one-dimensional distri- 

$ u r z , . x  ? u n r _ t i ~ r ,  irhar- w e  wr;h to usen  165 ~~sefa~lness is limited only by 



t he  d i f f i c u l t i e s  u sua l ly  encountered i n  eva lua t ing  t h e  i n t e g r a l ,  

Now, a s  promised e a r l i e r ,  l e t  us compare t h i s  r e s u l t  t o  a  der iva-  

t i o n  from t h e  Boltzmann equat ion ,  Neglecting c o l l i s i o n  e f f e c t s  and assum- 

ing  a  one-dimensional a n a l y s i s ,  t h e  Boltzmann equat ion  i s  given a s 2  

Assume t h a t  f  can be w r i t t e n  a s  an equ i l i b r ium term p l u s  a smal l  

pe r tu rba t ion  due t o  t h e  i n t e r a c t i o n ,  

f  = n  f  (v) f f  ( v , z , ~ )  
0 0 1 

The f (v) term i n  Eq. 69 has been normalized t o  correspond t o  t h e  f (v) 
0 0 

of Eq, 63. Then, neg lec t ing  second-order t e r n s ,  t h e  Boltzmann equat ion  

becomes 

Equation 70 can be s i m p l i f i e d  f u r t h e r  i f  f i s  assumed t o  have 
1 

j (ut - Bz) 
t h e  u sua l  p lane  wave dependence e  

M. A.  Uman, I ~ ~ t ~ o d u c t z o r l  &.a PZasma Physics, New York, McGraw-Hill, 
1964, p. 34"  



and 

The charge  d e n s i t y  p i s  d e f i n e d  i n  terms of f as 
l 

Sintze f h a s  been w r i r t e a  i n  t e r m s  o f  t h e  E f i e l d ,  w e  can 
1 

w r i t e  p t h e  same way 

and f o r  one dimension 

o r  s imply 

S u b s t i t u ~ f n g  f o r  f from E q ,  7 1  and u s i n g  t h e  p r e v i o u s  d e f i n i -  
2. 

t i o n  f o r  plasma f requency  g i v e s  
P 



Equat ion 72 i s  t h e  one-dimenslonab d i s p e r s i o n  r e l a t i o n  f a r  a n  

i n f i n i t e  plasma d e r i v e d  f rom t h e  Boltamann e q u a r l o n  approach,  The eom- 

p a ~ a b l e  e q u a t i o n  by t h e  s u p e r p c s i t i o n  t e c h n i q u e  is  obbainsd by s e t r i n g  

2 
V = O i n  Eq. 6y0 Then i t  f o l l o w s  shas T = 0 and 

T 

00 

I l - w  
P O j  ( w -  6 ~ ~ ) ~  - 05 

The i n t e g r a l s  of Eqs- 72 2nd 73 ~ o n t a i n  a. denaminator t e r m  

which can b e  e q u a l  t o  z e e s  f o r  w and 6 real? If  t h e  e q u a l i t y  o c c u r s  

( P 0, then t h e  i n t e g r a l s  do n o t  e x i s t .  T h i s  i n  a r e g i o n  where f a 

d n r f i z u l t y  can be  avs fded  s imply by s p e c i f y i n g  c h a t  6 w i l l  always b e  

l c a ~ p l e x  f o r  a c c e p t a b l e  s o l u t a o n s -  F h y s r c a l l y ,  t h i s  means t h a t  t h e r e  

will b e  e i t h e r  g a i n  o r  l o s s  f o r  a31 c a s e s  of i n t e r e s t .  A l l  t h e  sub- 

saquen t  numes ica l  c a l c u 2 a ~ i o n s  will b e  done f o r  the  g a i n  r e g i o n ,  With 

t h i s  r e s t r i c C i o n ,  Eqo 73 can b e  shown t o  b e  %he same as Eq, 72 i f  w e  

i n t e g r a t e  Eq" 73 by padbs-  

To have a physbcally r e a l f a a b l - e  s i t u a t i o n ,  f (vo)  = o at -a 

;?a 4= whsch e l i m i n a t e s  the t lrst tern, Then, 



Comparing Eqs. 7 2 ,  7 3 ,  and 7 4  l e a d s  t o  t h e  obvious  concLusion 

t h a t  t h e  Boltzmann e q u a t i o n  appzoach and t h e  s u p e r p o s i t i o n  t e c h n i q u e  

g i v e  i d e n t i c a l  r e s u l t s  f o r  a n a l y s i s  of t h e  t empera tu re  problem. Be- 

c a u s e  t h e  s u p e r p o s i t i o n  t e c h n i q u e  i s  e a s i e r  t o  unders tand  i n  terms o f  

s t reaming  p a r t i c l e  i n t e r a c t i o n s ,  i t  w i l l  b e  used i n  a l l  subsequen t  d i s -  

c u s s i o n s  

The remaining problem now i s  t o  f i t  t h e  hydrodynamic model i n t o  

t h e  d . i s t r i b u t i o n  f u n c t i o n  approach,  The d e r i v a t i o n  i n  Chapter  I11 (Eqs. 

1 5  t o  21) of t h e  d i s p e r s i o n  r e l a t i o n  based  on t h e  hydrodynamic model w a s  

v e r y  s t r a i g h t f o r w a r d  and gave a n  a l g e b r a i c  e x p r e s s i o n  f o r  t h e  r e s u l t  

which,  a l t h o u g h  compl ica ted ,  i s  n o t  t o o  d i f f i c u l t  t o  s o l v e .  Once a g a i n ,  

t o  compare t h e  r e s u l t s ,  c o n s i d e r  t h e  one-dimensional d i s p e r s i o n  r e l a t i o n  

o f  a  s i n g l e  s t r e a m ,  For a s i n g l e  s t r e a m ,  Eq, 21  o f  Chapter I11 becomes 

In  t h e  z e r o  t empera tu re  c a s e  where v  = 0 and f(vo ) i s  a d e l t a  
t 

f u n c t i o n  an v Eqs- 75 and 73 g i v e  i d e n t i c a l  r e s u l t s ,  What t h e n  is  
0 ' 

t h e  r e a s o n  t h a t  t h e  hydrodynamic approach g i v e s  a  s imple  a l g e b r a i c  re- 

s u l t  w h i l e  t h e  Boltzmann e q u a t i o n  o r  a  s u p e r p o s i t i o n  t echn ique  r e s u l t s  

i n  a n  i n t e g r a l  e q u a t i o n ?  Is t h e r e  any way t o  r e l a t e  t h e  two r e s u l t s  

m a t h e m a t i c a l l y ?  The f i r s t  q u e s t i o n  can b e  answered s imply by recog-  

n i z i n g  t h a t  t h e  hydrodynamic e q u a t i o n  i s  t h e  r e s u l t  o f  a v e r a g i n g  t h e  

v e l o c i t y  d i s t r i b u t i o n  t o  o b t a i n  an e f f e c t i v e  the rmal  v e l o c i t y  v The 
t 



averag ing  i s  done w i t h o u t  r e g a r d  t o  any p o s s i b l e  i n t e r a c t i o n  between 

t h e  p a r t i c l e  s t r e a m s .  The d e r i v a t i o n  i s  based  on t h e  assumption t h a t  

some average  k i n e t i c  p r e s s u r e  can be  d e f i n e d  f o r  t h e  sys tem of t h e r -  

mal ly  e x c i t e d  p a r t i c l e s .  The n e t  e f f e c t  s f  u s i n g  t h i s  t h e o r y  i s  t h a t  

i n s t e a d  o f  hav ing  a s i n g l e  d r i f t  v e l o c i t y ,  t h e  t e m p e r a t u r e  s p r e a d s  t h e  

v e l o c i t y  over  a range  v  - v t o  v + v The hydrodynamic r e s u l t  can  
d  t 62 t o  

b e  mathemat ica l ly  o b t a i n e d  from t h e  d i s t r i b u t i o n  f u n c t i o n  i n t e g r a l  by  

assuming a r e c t a n g u l a r  d i s t r i b u t i o n  as i n  F i g n  1 3 a  of S e c t i o n  5.3. 

Normal iz ing f  (vo) SO t h a t  

and s i n c e  f v i s  assumed t o  b e  c o n s t a n t  o v e r  t h e  range  o f  i n t e g r a t i o n  
( 0 )  

which i s  t h e  same as t h e  hydrodynamic e q u a t i o n  r e s u l t ,  

It is  i n t e r e s t i n g  t o  n o t e  t h a t  i f  t h e  i n ~ e g r a l  of E q ,  76 i s  



done i n  terms of t h e  Boltzmann e q u a t i o n  i n t e g r a l  a s  i n  Eq- 7 2 ,  t h e n  we 

need t o  e v a l u a t e  3 f / a v  and f o r  a  r e c t a n g u l a r  d i s t r i b u t i o n  t h i s  j u s t  
o  

g i v e s  two de l t a .  f u n c t i o n s  a t  - v and v t v . The f i n a l  r e s u l t  i s  "a t d  t 

t h e  same as i n  E q ,  76 ,  The i n t e r e s t i n g  c o n c l u s i o n  i s  t h a t  t h e  slope of  

t h e  d i s t r i b u t i o n  f u n c t i o n  i s  v e r y  impor tan t  and w i l l  have t o  be c a r e -  

f u l l y  examined i n  subsequen t  workp One would e x p e c t ,  t h e r e f o r e ,  t h a t  

because  o f  t h e  above-s ta ted  r e a s o n s  t h e  d i s t r i b u t i o n  f u n c t i o n  model 

shou ld  b e  used f o r  b e s t  r e s u l t s -  I n  t h e  f o l l o w i n g  s e c t i o n s ,  b o t h  t h e  

hydrodynamic model and t h e  d i s t r i b u t i o n  func tbon  method w i l l  be  a p p l i e d  

t o  p r a c t i c a l  problems and compared i n  d e t a i l ,  

5 " 2 ,  S t a t i s t i c a l  Methods f o r  Semnconductors 

The d i s p e v s i o n  r e l a t i o n s  s f  S e c t i o n  5 * l  a r e  given i n  t e rms  of 

some v e l o c i t y  d i s t r i b u t i o n  t u n c t a o n  f  v  T h i s  d i s t r i b u t i o n  f u n c t i o n  
0 )  

must be  a good p h y s i c a l  r e p r e s e n t a t i o n  of t h e  p a r t i c l e  b e h a v i o r  w i t h i n  

t h e  semicondua tor ,  b u t  a l s o  i t  shou ld  b e  m a t h e m a t i c a l l y  manageable,  

N e i t h e r  0f t h e s e  requ?-eements i a  easy  t o  s a c i s f y ,  I n  o r d e r  t o  have  

space-charge n n t e r a e t i s n s  berween drifting c a r r i e r s ,  l a r g e  e l e c t r i c  

f i e l d s  musr be  a p p l i e d  t o  the semiconductor  t o  g e t  h i g h  d r i f t  v e l o c i t i e s .  

It is exper imenka l ly  found t h a t  a6  a c e r t a i n  p o i n t ,  v e l o c i t y  s a t u r a t i o n  

o c c u r s  s o  tbas there is  no l o n g e r  a l i n e a r  r e l a t i o n s h i p  between t h e  

E 2 l e l d  and v 
d r i f t  " QThzs w i l l  b e  d i s c u s s e d  f u r t h e r  i n  Chapter  V I I I , )  

The v e l o s i t y  d i s s ~ i b u t i o n  f ( v o )  w i l l  be  a f f e c t e d  by t h e  a p p l i e d  f i e l d .  

Fo-L- s m a l l  a p p l i e d  f i e l d s ,  much below v e l o c i t y  s a t u r a t i o n ,  t h e  d i s t r i b u -  

t i o n  f u n c t i o n  w i l l  b e  s h i f t e d  by v  
d r i f t  

s o  t h a t  i t  i s  symmet r ica l ly  

$ 



centered  about vdrift. However, a t  f i e l d s  near  t h e  s a t u r a t i o n  l e v e l ,  

a s y m e t r i c  d i s t r i b u t i o n  func t ion  i s  no longer  app ropr i a t e .  To d a t e  

t he re  h a s  n o t  been s u f f i c i e n t  experimental  work i n  t h i s  a r e a  t o  pe -mi t  

any d e f i n i t i v e  s ta tements .  Therefore ,  one of t h e  purposes of t h i s  chap- 

t e r  w i l l  b e  t o  i n v e s t i g a t e  s e v e r a l  p o s s i b l e  d i s t r i b u t i o n  func t ions  t o  

s e e  what p a r t i c u l a r  p r o p e r t i e s  a r e  most important and what approximate 

methods g ive  c o n s i s t e n t  r e s u l t s .  

For s e m i c o n d ~ ~ c t o s s ,  Fermi-Dirac s t a t i s t i c s  g ive  t h e  most com- 

p l e t e  d e s c r i p t i o n ,  The b a s i s  f o r  p o s t u l a t i n g  Fermi-Dirac s t a t i s t i c s  

and some fundamental r e s u l t s  wewe descr ibed  i n  Sec t ion  2.3. There i t  

was a l s o  suggested t h a t  f o r  many s i t u a t i o n s  Femi-Dirac s t a t i s t i c s  

could convenient ly  be replaced by a  Maxwell-Boltamann d e s c r i p t i o n ,  The 

Femi-Dirae  df s r r i b u t i o n  f u n c t i ~ n  i s given a s  

The e x p l i c i t  nomal%zat%on cons t an t s  of Eq, 7 7  have been included i n  

zhe f a c t o r  A, This  i s  s u f f i c i e n t  f ~ r  t h e  subsequent d i scuss ion .  

It was s t a t e d  i n  Sec t ion  2 , 3  that, rr! most cases  I E - E 1 ;: kT, 
f  

so chat  t he  r e s u l t  san be appzoxamated by a  Maxwell-Boltzmann d i s t r i b u -  

c i ~ n ?  Bt is  easy t o  s e e  t h a t  t h i s  i s  indeed t r u e  f o r  a l l  temperatures  

near o r  below room temperature and f o r  almost any doping l e v e l  normally 

e n z o u n t e ~ e d ,  The energy E i s  equal  t o  E  the  band gap, p lus  t h e  k i n e t i c  
8  

energy of t h e  p a r t i c l e s ,  Experimental ly ,  t h e  k i n e t i c  energy i s  never  

much Larger than kT, The F e m i  energy E  i s  usua l ly  near  t h e  middle of 
f 



the band gap,  The approx imat ion  t h a t  !E  - E (  >> kT w i l l  b e  a c c e p t -  
f 

a b l e  f o r  a l l  cases where I E -  - E j d. kT. E ,  wJLL approach E o n l y  
2 g I: g 

f o r  v e r y  h e a v i l y  doped materials" U s e  of such mareulaLs is n o t  anti- 

c i p a t e d ,  

Then, t a k i n g  I E~ - E i:+ kT, Eq.  77 becomes 

The f ( E )  o t  Eq 38 is -ib~;iaus4y p ropo-c t i sna l  to t h e  Maxwell- 

B~lczmann d i s t r i b u t i o n  func~ion which i s  given as3 

where 1; = d r i f t  ~ ~ e l o c i r y  a b s c c  whxch the  d;sr;r:bur,i~n is c e n t e r e d .  
d 

The on ly  3nfferen:es berween E q s ,  78 and 7 9  are c h a t  t h e  Fermi-Dirac 

dlstzlburson 1s act nxma.lized, whereas the Maxwell-Boltzmann r e s u l t  

HS g i v e n  s n  a form such that 

T .  Ho Strr-x, TPe Thez ry  ,-: F?,;:srna Wcl2es, New Yozk, McGraw-Hill, 1 9 6 2 ,  
p ?  1x7, 



and t h e  Maxwell-Boltzmann d a s t r i b u t i o n  h a s  been s h i f t e d  by v 
d 

Prom t h e  above d i s c u s s i o n ,  we can now conclude t h a t  a t  low d c  

e l e c t r i c  f i e l d s  a s h i f t e d  Maxwell-Bslczmann v e l o c i r y  d i s t r i b u t i o n  i s  an 

a c c u r a t e  r e p r e s e n t a t i o n  of t h e  t empera tu re  e f f e c t s  i n  a semiconductor  

under e x p e r i m e n t a l l y  expec ted  conda t ions ,  When s t r o n g  e l e c t r i c  f i e l d s  

a r e  a p p l i e d ,  however, t h e  d i s t r i b u t i o n  may no l o n g e r  b e  symmetr ical  

about  v a,nd some c o r r e c t i o n  may b e  n e c e s s a r y ,  d r i f t  

Appraximate Techniques  f o r  E v a l u a t i o n  of t h e  D i s t r i b u t i o n  Func t ion  

From t h e  above d i s c u s s i o n  a t  appears  t h a t  a l l  t h a t  remains  t o  be  

done i s  t o  r e p l a c e  i (v*) i n  Eq. 68  by t h e  Maxwell-Boltzmann d i s t r i b u t i o n  

f u n c r i o n ,  perform t h e  i n t e g z a c i a n ,  and a n a l y z e  t h e  answer.  U n f o r t u n a t e l y ,  

t h e  i n c e g e a l  of E q ,  68 w i t h  a Maxwell-Bolczmann d i s t r i b u t i o n  i n  p l a c e  of 

f (uo)  cannot  b e  e v a l u a t e d  e x p l i c i t l y .  A t  b e s t ,  i t  can b e  e x p r e s s e d  i n  

terms of ~ h e  complex e r r o r  f u n c t i o n  which h a s  been t a b u l a t e d  by B e  D o  

F r i e d  and S n  Do ~ o n t e , '  Th i s  i s  n o t  a  p a a t i c u l a r l y  s a t i s f y i n g  s i t u a t i o n ,  

2nd h a s  consequen t ly  been one reason  why o t h e r  approximate  t e c h n i q u e s  

have been i n v e s t i g a t e d ,  The need t o  unders tand  what e f f e c t  t h e  d i s t r i b u -  

r i o n  f u n c t i o n  h a s  on t h e  i n t e g r a t i o n  is  f u r t h e r  emphasized by t h e  uncer-  

ra . inty  s f  what s h a p e  i t  h a s  i n  an  a c t u a l  s o l i d ,  as d i s c u s s e d  i n  t h e  pre-  

v i o u s  s e c t i o n ,  I f  t h e  r e s u l t s  c r a t i c a l l y  depend on t h e  d i s t r i b u t i o n  

Evnct ion,  t h e n  accvEate  t h e o r e t i c a l  p r e d i c t i o n  of a p r a c t i c a l  r e s u l t  
I 

c a n n ~ t  b e  e x p e c t e d ,  I f ,  on t h e  o t h e r  hand,  t h e  d i s p e r s i o n  r e l a t i o n  i s  

B p  D o  F r i e d  and S, Do Conce, Thg  Plasma Dispemion Function, New York, 
Academic P r e s s ,  1961, 



not  p a r t i c u l a r l y  s e n s i t i v e  t o  t h e  shape of t h e  v e l o c i t y  d i s t r i b u t i o n ,  

then t h e o r e t i c a l  r e s u l t s  w i l l  be  va luab le  i n  p r e d i c t i n g  space-charge 

i n t e r a c t i o n s  i n  semiconductorse 

I n  t h e  course  of t h i s  work, many p o s s i b l e  d i s t r i b u t i o n  func- 

t i o n s  were considered t o  approximate t h e  Maxwell-Boltzmann d i s t r i b u t i o n .  

There a r e  b a s i c a l l y  two methods which were found t o  be usefu l :  

1. S t r a i g h t  l i n e  approximations, 

2 0  Algebraic  func t ions  involv ing  powers of v  and a temperature 

term, 

The s imp les t  f u n c t i o n s  which i l l u s t r a t e  t h e s e  two methods a r e  a t r i a n g l e -  

shape d i s t r i b u t i o n  and the  Lorentzian d i s t r i b u t i o n  func t ion  a s  g iven  by 

Eq. 81 

where b  is  t h e  e f f e c t i v e  temperature term. The Lorentzian and t r i a n g l e  

d i s t r i b u t i o n s  a r e  sketched i n  Fig. 13 ,  p a r t s  b  and c, Also shown f o r  

comparison is  t h e  hydrodynamic model (parc  a )  and she Maxwell-Boltzmann 

d i s t r i b u t i o n  ( p a r t  d )  , 

Other d i s t r i b u t i o n  func t ions  could a l s o  be  t r i e d .  For example, 

t h e  t r i a n g l e  d i s r r l b u t a o n  could probably be improved by t ak ing  a d d i t i o n a l  

s t r a i g h t  l i n e  segments near the peak of t h e  d i s t r i b u t i o n  and a l s o  adding 

a " t a i l "  a t  t h e  v e l o c i t i e s  f u r t h e r  from v The Lorentzian could be .im- d  ' 

proved by t a k i n g  h ighe r  powers i n  v such a s  Eq, 8 2 ,  



a, Model w i t h  a n  average  the rmal  v e l o c i t y  v  
from t h e  hydrodynamic e q u a t i o n ,  t '  

*. c 
b e  L o r e n t z i a n  the rmal  v e l o c i t y  d i s t r i b u t i o n .  

3 ,  f 

c. T r i a n g l e  d i s t r i b u t i o n .  
:i - 

i d .  Boltamann d i s t r i b u t i o n .  

F i g .  13.  A comparison of some p o s s i b l e  the rmal  
v e l o c i t y  d i s t r i b u t i o n  f u n c t i o n s .  

: 



o r  a l s o  

Both E q s .  82 znd 83 g i d e  g r a p h i c a l  r e s u l t s  t h a t  a r e  c l o s e r  t o  t h e  Max- 

well-BoLtzma.nn d i s t r i b i a t i o n ,  It was found,  however, t h a t  c h e s e  r e f i n e -  

ments  g r e a t l y  add LO t h e  s o m p l ~ x i ~ y  o f  e v a l u a t i n g  t h e  i n t e g r a l ,  and v e r y  

good r e s u l t s  can be o b ~ a i n e d  w i t h o u t  r e c o u r s e  KO such  f u n c t i o n s .  

I n  t h i s  r e p o r t ,  we w i l l  make a d e t a i l e d  a n a l y s i s  o f  t h e  f o u r  

c a s e s  i l l u s t r e t e d  i n  F ig .  13: t h e  hydrodynamic model, t h e  L o r e n t z i a n  

d i s t r i b u t i o n ,  t h e  t r i a n g l e  d i s t r i b u t i o n ,  and t h e  Maxwell-Boltzmann 

v e l o c i t y  d i s t r i b u t i o n .  The hydrodynamic model and t h e  Maxwell-Boltz- 

mann d i s t r i b u t i o n  w i l l  b e  used t 2  check t h e  o v e r a l l  r e s u l t s ,  t h e  hydro- 

dynamic model because  of f ~ s  s i m p l i c i t y  and h i s t o r i c a l  v a l u e ,  and t h e  

Maxwell-E~1tzma.m d i s t r i b u t i o n  as the  c l o s e s t  e s t i m a t e  of a c t u a l  material 

b e h a v i o r .  

A l l  t h e  proposed d i s t r i b u t i o n  f u n c t i o n s ,  e x c e p t  f o r  t h e  hydro- 

dynamic model, are used  i n  t h e  i n t e g r a l  a p p e a r i n g  i n  Eq.  68. It i s  con- 

v e n i e n t  t o  e v a l u a t e  and d i s c u s s  t h i s  i n t e g r a l  f o r  a l l  t h r e e  f u n c t i o n s  a t  

t h i s  p a i n t  b e t o r e  a n a l y z i n g  t h e  d i s p e r s i o n  r e l a t i o n s  f o r  p a r t i c u l a r  numer- 

i c a l  r e s u l s s ,  Since ~ h e  ~ i s t r a b u t i o n s  a r e  of somewhat d i f f e r e n t  s h a p e s ,  

i t  is  n e c e s s a r y  ro  d e c i d e  on a  ,omnon b a s i s  for comparison s o  t h a t  numer- 



fcah sohutions will g i v e  ma,asr.ingtui zes?;lee, P X T S E ~  we will normalize 

The Maxwell-Bolsamann d1sr:ibutxon can be normalized In eerms 

of physrcal p r c p e r k f e s  of  %he materials as previously gaven in E q ,  79. 

Using the MaxweL~-BaLtzmann distslbutisn as a reference, a 

ss~ewhat arbitrary c h ~ i c e  was made t o  e q u a t e  the peak values of the 

d b s t l f  5 h ~ t ~ a n s  a* xTd The z . ~ ~ m ~ , l ~ z e d  Lorentz ian  distribrrtf on xs shen 

2nd en terms OE the Ms.xwekl-Balczmann result of E q ,  79 



The i n t e g r a l  which must b e  evaluated f o r  t h e  L o r e n t z i a n  d i s t r f -  

b u t i o n  is  

S i n c e  w f B  may be  complex, t h e  a p p r o p r i a t e  method to u s e  1s  

c o n t s u s  i n t e g r a t i o n ,  

The y e s ~ d ~ ~ e s  are e v a l u a t e d  by u s i n g  w e l l  known theorems of 

complex z b g e b - ~ ~  Fhe f i n a l  r e s u l t  1s  

whr z e 



The s i g n i f i c a n t  o b s e r v a t i o n  t h a t  can b e  made from Eq.  85 i s  

t h a t  t h e  i n t e g r a l  h a s  r e s u l t e d  i n  a  reasonab ly  manageable a l g e b r a i c  

e x p r e s s i o n ,  I n  f a c t ,  t h e  r e s u l t  i s  n o t  s o  ve ry  d i f f e r e n t  from t h e  

hydrodynamic mod.eP of Eq.  76, Comparing t h e  L o r e n t z i a n  d i s t r i b u t i o n  t o  

t h e  Maxwell-Boltzmann d i s t r i b u t i o n  i n  F i g ,  1 3 ,  we s e e  t h a t  t h e  Lorent-  

z f a n  is  narrower  i n  t h e  r e g i o n  n e a r  v  and f o r  v a l u e s  o f  v 2s vd i t  
d  ' 

does  n o t  f a l l  o f f  n e a r l y  as r a p i d l y  a s  t h e  Mamell-Boltzmann d i s t r i b u -  

t i o n ,  Also ,  t h e  s l o p e  Q £  t h e  L o r e n t z i a n  d i s t r i b u t i o n  is s i g n i f i c a n t l y  

d i f f e r e n t  i n  t h e  r e g i o n  n e a r  v d  ' 

The t r i a n g l e  d i s t r i b u t i o n  is s k e t c h e d  i n  F i g .  1 3 c 0  Mathemati- 

c a l l y  i t  can be w r i t t e n  a s  

+ -$- (vd + b) f o r  t h e  r e g i o n  v t o  vd + b  
d  

i(uo)= O fcr -* - v - b  and vd + b  * a 
d 

E q u a ~ i a n s  86 and 8 7  have been w r i t t e n  assuming a v e l o c i t y  d i s -  

t r i b u r i ~ n  t h a t  i s  symmetr ical  about  v It would b e  v e r y  e a s y ,  however, d " 

t o  change t h e  s l o p e  s f  e i t h e r  s i d e  s f  t h e  t r i a n g l e  to c o n s i d e r  unsym- 

m e t r i c a l  d i s t r i b u t i o n s  such  a s  may b e  encountered a t  h i g h  e l e c t r i c  f i e l d s  

(see S e c t i c n  5 - 2 ) -  

Equa t ions  86 tind 87 can now b e  used i n  t h e  i n t e g r a l  o f  E q ,  6 8  



Vd ' [- $ vo + -$ (., +- b)] dvo 

4. f b 

Assuming t h a t  B %a complex, a s  d i s c u s s e d  i n  S e c t i o n  5,1, t h e  

i n t e g r a l s  a p p e a r i n g  on rhe r i g h t  s i d e  o f  Eq. 88 can  b e  e v a l u a t e d  e i t h e r  

from t a b l e s  o r  by s t r a i g h t f o r w a r d  i n t e g r a t i o n  



S u b s t i t u t i o n  o f  t h e  l i m i t s  i n d i c a t e d  i n  Eq, 89 and a l g e b r a i c  manipula- 

. . i 

t i o n  r e s u l t s  i n  a much s i m p l e r  . r e s u l t  f o r  t h e  i n t e g r a l  

Equa t ion  90 is  w r i t t e n  i n  terms o f  t h e  temperature-dependent  q u a n t i t y  

I I  I t  b  j u s t  as was done f o r  t h e  L o r e n t z i a n  d i s t r i b u t i o n ,  Using t h e  same 

n o r m a l i z a t i o n  p rocedure  i n  t h i s  case as was used f o r  t h e  L o r e n t z i a n  

d i s t r i b u t i o n  r e s u l t s  i n  

Comparing Eqs,  91 and 8 4 ,  w e  see t h a t  

b  = Trb 
t r i a n g l e  L o r e n t z  

The e v a l u a t i o n  of t h e  i n t e g r a l  h a s  r e s u l t e d  i n  an  e x p r e s s i o n  

which is i n  terms of  a  l o g  f u n c t i o n .  T h i s  r e s u l t s  i n  a  t r a n s c e n d e n t a l  

e q u a t i o n  when s u b s t i t u t e d  back  i n t o  t h e  d i s p e r s i o n  r e l a t i o n .  Because 

of t h i s ,  a n  a n a l y t i c  s o l u t i o n  would be  ex t remely  d i f f i c u l t  and may n o t  

even b e  p o s s i b l e ,  T h i s  c a s e  can b e s t  be  t r e a t e d  by computer t e c h n i q u e s  

and w i l l  b e  d i s c u s s e d  f u r t h e r  i n  S e c t i o n  5 , 4 .  

The Maxwell-Boltzmann d i s t r i b u t i o n  was g i v e n  i n  i t s  normal ized  

form i n  Eq, 79 



- 1 1 2  
(v0 ) = (&) exp ('-m'vikT - v J 2 )  

As mentioned i n  t h e  i n t r o d u c t o r y  paragraph  t o  t h i s  s e c t i o n ,  

t h i s  d i s t r i b u t i o n  cannot  be  i n t e g r a t e d  e x p l i c i t l y .  I n t e g r a l s  invo lv-  

i n g  t h i s  t y p e  o f  a t e r m  are u s u a l l y  manipula ted i n t o  a form t h a t  g i v e s  

them i n  terms of t h e  complex e r r o r  f u n c t i o n  o r  complex plasma d i s p e r -  

s i o n  f u n c t i o n ,  Then, e i t h e r  numer ica l  t a b l e s  a r e  used o r  approx imate  

computer methods are employed t o  e v a l u a t e  t h e  remaining i n t e g r a l s ,  How- 

ever, i f  numer ica l  i n t e g r a t i o n  h a s  t o  be  done on t h e  computer anyway, 

why n o t  j u s t  do i t  on t h e  i n t e g r a l  as i t  s t a n d s ?  There  i s  no p a r t i c u l a r  

advan tage  i n  c o n v e r t i n g  o v e r  t o  t h e  plasma d i s p e r s i o n  f u n c t i o n .  In  f a c t ,  

t h e  r e s u l t s  are h a r d e r  t o  e v a l u a t e  because  of t h e i r  complexi ty  and t h e  

consequent  d i f f i c u l t y  of e s t i m a t i n g  t h e  computer i n t e g r a t i o n  e r r o r s .  F o r  

t h e s e  r e a s o n s ,  d i r e c t  n u m e r i c a l  i n t e g r a t i o n  w a s  used.  The s p e c i f i c  method 

w i l l  b e  d i s c u s s e d  i n  S e c t i o n  5.4.  

F i g u r e  1 4  compares t h e  normal ized  L o s e n t z i a n ,  t r i a n g l e ,  and Max- 

well-Boltzmann d i s t r i b u t i o n  f u n c t i o n s  f o r  a p a r t i c u l a r  t e m p e r a t u r e .  It 

i s  i n t e r e s t i n g  t o  n o t e  how w e l l  t h e  s imple  t r i a n g l e  d i s t r i b u t i o n  matches  

t h e  Maxwell-Boltzmann d i s t r i b u t i o n  i n  b o t h  magni tude and s l o p e .  

With t h e  r e s u l t s  o f  t h i s  s e c t i o n ,  we a r e  now ready  t o  c o n s i d e r  

n u m e r i c a l  c a l c u l a t i o n s  and make a d e t a i l e d  i n v e s t i g a t i o n  o f  t h e  e f f e c t  

o f  t empera tu re .  

5.4.  Numerical  Comparison o f  t h e  D i s t r i b u t i o n  Func t ions  

I n  S e c t i o n s  5 . 2  and 5 , 3 ,  t h e  u s e f u l n e s s  of s e v e r a l  d i f f e r e n t  



1.0 
normalized wrlocit y 

Fig. 14, The Maxwell-Boltzmann, triangle, and Lorentzian 
distributions at a particular temperature. 



v e l o c i t y  d i s t r i b u t i o n  models was d i s c u s s e d  and t h e  i n t e g r a l s  were  e v a l u -  

a t e d  f o r  t h e  c a s e s  s f  i n t e r e s t "  A l l  t h e s e  c a s e s  have been i n v e s t i g a t e d  

on t h e  Univac 1108 d i g i t a l  computer,  Before  p r e s e n t i n g  t h e s e  r e s u l t s ,  

a few comments need t o  be  made concern ing  s p e c i f i c  numer ica l  v a l u e s  u s e d  

and t h e  general-  methods o f  programming, 

For  programming on a d i g i t a l  computer i t  was o f  c o u r s e  n e c e s s a r y  

t o  choose numer ica l  v a l u e s  f o r  a l l  p a r a m e t e r s ,  The c h o i c e  was made p a r t l y  

on a v a i l a b l e  d a t a ,  Indium a n t i m o n i d e ,  germanium, and s i l i c o n  a r e  t h e  

t h r e e  semiconduc tors  f o r  which r e a s o n a b l y  good d a t a  are c u r r e n t l y  a v a i l -  

a b l e ,  Any one o f  t h e s e  m a t e r i a l s  could  be  used .  

Most o f  t h e  e x p e r i m e n t a l  and t h e o r e t i c a l  work h a s  been done w i t h  

InSb. However, t h e r e  i s  n o t h i n g  un ique  abou t  InSb f o r  space-charge i n t e r -  

a c t i o n s .  The l a c k  o f  observed emiss ion  from o t h e r  m a t e r i a l s  may, i n  f a c t ,  

i n d i c a t e  t h a t  t h e  o s c i l l a t i o n s  i n  InSb a r e  be ing  g e n e r a t e d  by some o t h e r  

p i o c e s s ,  The t h e o r e t i c a l  i n v e s t i g a t i o n  o f  a d i f f e r e n t  m a t e r i a l  c a n ,  

t h e r e f o r e ,  add s i g n i f i c a n t l y  t o  t h e  u n d e r s t a n d i n g  o f  t h i s  problem, I f  

o s c i l P a t i o n s  are p r e d i c t e d  f o r  o t h e r  m a t e r i a l s  under  s i m i l a r  c o n d i t i o n s  

b u t  a r e  not observed  e x p e r i m e n t a l l y ,  t h e n  t h i s  shou ld  b e  a good i n d i c a -  

t i o n  o f  t h e  l a c k  of c o r r e l a t i o n  between exper iment  and t h e o r y ,  

Germancum w a s  chosen f o r  t h e  computer i n v e s t i g a t i o n  because  t h e r e  

i s  s u f f i c i e n t  n u m e r i c a l  i n f o r m a t i o n  a v a i l a b l e ,  and because  t h i n  l a y e r s  

are easier t o  make w i t h  gexmanium t h a n  w i t h  a compound semiconductor  s u c h  

as l e a d  s u l f i d e ,  The m a t e r i a l  p r o p e r t i e s  t h a t  need t o  b e  known f o r  t h e  

computer work a r e  t h e  plasma f r e q u e n c i e s ,  d r i f t  v e l o c i t i e s ,  d i e l e c t r i c  

c o n s t a n t s ,  and e l e c t r o n  t e m p e r a t u r e s .  D e t a i l e d  d i s c u s s i o n s  of t h e  mate- 



r i a l  p r o p e r t i e s  w i l l  be  l e f t  f o r  Chapter  V I I L ,  b u t  w e  do need t o  i n d i -  

c a t e  b r i e f l y  how t h e  v a r i o u s  pa ramete rs  were chosen.  The plasma f r e -  

q u e n c i e s  a r e  determined from commercia l ly  a v a i l a b l e  dop ing  concen t ra -  

t i o n s ,  The d r i f t  v e l o c i t y  o f  t h e  t h i n  l a y e r  (Region 1 )  was t a k e n  t o  be 

ze ro .  Layers  of t h e  n e c e s s a r y  t h i n n e s s  w i l l  p robab ly  have t o  b e  made 

by vacuum d e p o s i t i o n  and t h i s  u s u a l l y  r e s u l t s  i n  p o l y c r y s t a l l i n e  mate- 

r i a l  o f  v e r y  low m o b i l i t y ,  The d r i f t  v e l o c i t y  o f  t h e  o t h e r  r e g i o n  was 

determined from e x p e r i m e n t a l  d a t a  o f  -Do M ,  Chang and J, G.  ~ u c h - ~  The 

l a t t i c e  d i e l e c t r i c  c o n s t a n t  was assumed che same f o r  Region 1 and Region 

2 and was t a k e n  co b e  16 .0  ( s e e  Chapter  V I I I ) .  E l e c t r o n  t e m p e r a t u r e s  

w e r e  v a r i e d  i n  t h e  computer program s o  t h a t  no p rede te rmined  v a l u e  was 

n e c e s s a r y o  It was,  however, assumed t h a t  Region 1 and Region 2 were a t  

t h e  same temperasure"  Because Region 1 i s  v e r y  t h i n ,  t h i s  i s  a good 

assumption and g r e a t l y  r e d u c e s  t h e  number o f  c u r v e s  t h a t  have t o  be  

p l o t t e d ,  

The a c t u a l  methods sf programming t h e  v a r i o u s  d i s p e r s i o n  rela- 

t i o n s  v a r i e d  somewhat, depending on t h e  d i f f i c u l t y  o f  t h e  s o l u t i o n ,  

I 
Ah1 of t h e  s o l u t i o n s  were done f o r  t h e  f r e e  s p a c e  model d i s c u s s e d  i n  

S e c t i o n s  4 , 2  and 4 0 5 ,  u s i n g  t h e  d i s p e r s i o n  r e l a t i o n  o f  Eq, 52.  The 

o n l y  change was i n  T and T as g i v e n  i n  g e n e r a l  by Eq, 68. For t h e  
1 2 

hydrodynamic, L o r e n t z ,  and t r i a n g l e  d i s t r i b u t i o n s ,  Re(@)  and Im(@) were 

incremented and t h e  v a l u e s  then  t e s t e d  f o r  minimum e r r o r  i n  t h e  d e t e r -  

Q D ,  M o  Chang and J 0  6 .  Rush, "Measurements of t h e  V e l o c i t y  F i e l d  
C h a r a c t e r i s t i c  o f  E l e c t r o n s  i n  Germanium," AppZzkd  Physics Letters ,  
Vol.  1 2 ,  February  1968, pp,  111-112. 



minanta l  equat ion.  A s e a r c h  r o u t i n e  was developed which au toma t i ca l ly  

searched a given reg ion  of t h e  complex B-plane f o r  a r o o t .  It w a s  on ly  

necessary  t o  know t h e  gene ra l  a r e a  of t h e  B-plane where a s o l u t i o n  

e x i s t s  f o r  Re(B) and Im(B), The search  r o u t i n e  w a s  then  a b l e  t o  f i n d  

t h e  s o l u t i o n  t o  about 0 .01  percent  accuracy i n  t e n  t o  t h i r t y  t r i e s .  

The Maxwell-Boltzmann d i s t r i b u t i o n  w a s  t r e a t e d  s i m i l a r l y  w i t h  

one a d d i t i o n a l  s t e p  f o r  numerical  i n t e g r a t i o n ,  F i r s t ,  t h e  Maxwell- 

Boltzmann d i s t r i b u t i o n  func t ion  i t s e l f  was programmed so  t h a t  i t  could 

be i n t e g r a t e d  numerical ly .  Since i t  is  nomahized  t o  one, t h e  r e s u l t s  

w i l l  approach t h i s  v a l u e  f o r  a  proper  choice of increments  and l i m i t s .  

When accuracy of t h e  numerical  i n t e g r a t i o n  w a s  accep tab le ,  t h e  i n t eg ra -  

t i o n  r o u t i n e  w a s  i n s e r t e d  i n t o  t h e  program t o  e v a l u a t e  t h e  i n t e g r a l  of 

Eq. 68. Equation 68 f o r  t h e  Maxwell-Boltzmann d i s t r i b u t i o n  becomes 

The exponent ia l  numerator of t h e  i n t e g r a l  i n  Eq. 9 3  a s s u r e s  conver- 

gence f o r  Im(B) 0. I f  B i s  pure ly  r e a l  then  t h e  i n t e g r a l  does not  

converge. However, t h i s  i s  a  phys i ca l ly  u n l i k e l y  case ,  s i n c e  f o r  a l l  

c a ses  of i n t e r e s t  we w i l l  f i n d  l o s s  ox= ga in  and hence complex @. 

5.5 ,  Discussion of Computer Resu l t s  f o r  D i s t r i b u t i o n  Functions 

F igures  15  t o  23 g ive  t h e  r e s u l t s  obtained from t h e  computer 

i n v e s t i g a t i o n .  Much of t h e  information i s  se l f - ev iden t  from an examina- 



Fig. 15. Complex B as a function of "a" and 
temperature for the hydrodynamic model. 





Fig.. 1 7 .  Complex f3 as a function of "a" and temperature 
for the Lorentzfan distribution function, 



Pig, 18, Complex 6 as a function sf "a" and temperature 
for the triangular velocity distribution. 





Fig, 20, Complex B as a function of "a" and temperature 
for the Maxwell-Bohtzmann velocity distribution, 
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Fig, 22, Complex as a function of "a" and temperature 
for optimized parameters with the hydrodynamic 
(Vt) model and triangle distribution. 





t i o n  of t h e s e  f i g u r e s .  It w i l l  be  t h e  purpose  o f  t h i s  s e c t i o n  t o  de- 

s c r i b e  t h e  more i m p o r t a n t  r e s u l t s ,  

A l l  t h e  c a l c u l a t i o n s  have been made f o r  t h e  c o n f i g u r a t i o n  i l l u s -  

t r a t e d  i n  F i g ,  3  and w i t h  t h e  material p r o p e r t i e s  f o r  germanium as d i s -  

cussed  i n  S e c t i ~ n  5 , 4 ,  As was shown i n  Chapter  IV, t h e  g a i n  i s  c r i t i -  

c a l l y  dependent  on t h e  t h i c k n e s s  of Region 1, It i s  t h e r e f o r e  n e c e s s a r y  

t o  f i r s t  f i n d  t h e  p r o p a g a t i o n  c h a r a c t e r i s t i c s  as a f u n c t i o n  of t h i s  

t h i c k n e s s  "s"  b e f ~ r e  a n  w-B diagram can b e  made, For  t h e  f i g u r e s  where 

6 i s  p l o t t e d  as a  f u n c t i o n  of "a ,"  t h e  f requency o f  o p e r a t i o n  i s  chosen 

as 300 GHz. T h i s  c h o i c e  i s  based on t h e  a v a i l a b l e  plasma f r e q u e n c i e s  

f o r  germanium, b u t  a l s o  t h i s  i s  a  range  where new d e v i c e s  such  a s  o s c i l -  

l a t o r s  and a m p l i f i e r s  a r e  b a d l y  needed,  

I n  F i g s .  1 5  and 1 6 ,  t h e  r e s u l t s  a r e  g i v e n  f o r  t h e  hydrodynamic 

model,  The impor tan t  o b s e r v a t i o n  t o  make h e r e  i s  t h a t  t h e  g a i n  d r o p s  

v e r y  r a p i d l y  w i t h  i n c r e a s i n g  t e m p e r a t u r e .  A t  7aUK, g a i n  no Longer 

e x i s t s ,  The 002eK c u r v e s  a r e  g iven  f o r  comparison and are e s s e n t i a l l y  

t h e  same a s  t h o s e  found i n  F i g s ,  1 0  and 11 f o r  t h e  z e r o  t e m p e r a t u r e  

c a s e  (except  f o r  a s c a l e  f a c t o r  due t o  a  d i f f e r e n t  v  
d r i f t  ) " 

F i g u r e  17  g i v e s  t h e  r e s u l t s  f o r  t h e  L o r e n t z i a n  d i s t r i b u t i o n o  

The u n b e l i e v a b l y  low t e m p e r a t u r e  a t  which g a i n  d i s a p p e a r s  is  a r e s u l t  

t h a t  w a s  checked w i t h  a g r e a t  d e a l  o f  c a r e ,  A c a r e f u l  hand c a l c u l a t i o n  

of t h e  d i s p e r s i o n  r e l a t i o n ,  which w i l l  n o t  b e  g i v e n  h e r e ,  v e r i f i e s  t h e  

computer r e s u l t s .  T h i s  r e s u l t  i s  s o  bad t h a t  an w-6 diagram was n o t  

made. It is  f o ~ t u n a t e  t h a t  t h e  o t h e r  d i s t r i b u t i o n  f u n c t i o n s  do n o t  g i v e  

such  a h o p e l e s s  r e s u l t ,  

- Ill  - 



Figures  1 8  and 19 g i v e  t h e  r e s u l t s  f o r  t h e  t r i a n g l e  d i s t r i b u -  

t i o n .  Here aga in  t h e  important  p o i n t  t o  no t e  i s  t h a t  t h e  ga in  is  a 

s t r o n g  f u n c t i o n  of  temperature .  Although n o t  n e a r l y  a s  bad a s  t h e  

Lorentz ian  d i s t r i b u t i o n ,  t h e  ga in  drops r a p i d l y  f o r  temperatures  i n  t h e  

20°K range,  

F igures  20 and 21 g i v e  t h e  r e s u l t s  f o r  t h e  Maxwell-Boltzmann d i s -  

t r i b u t i o n .  This  i s  phys i ca l l y  t h e  d i s t r i b u t i o n  w e  would expect  i n  t h e  

s o l i d ,  s o  p a r t i c u l a r  emphasis i s  t o  be  placed on t h i s  r e s u l t .  The most 

s t r i k i n g  obse rva t ion  i s  made by comparing F i g s ,  1 8  t o  20 and F i g s ,  19 t o  

21.  It i s  ev iden t  t h a t  t h e  r e s u l t s  a r e  very s i m i l a r ,  Over most of t h e  

range f o r  both Breal and t h e r e  i s  agreement t o  w i t h i n  +20 
imaginary'  

pe rcen t ,  This  i s  a  very important  r e s u l t  because i t  i n d i c a t e s  t h a t  t h e  

t r i a n g l e  d i s t r i b u t i o n  is  a  very  good approximation t o  t h e  Maxwell-Boltz- 

mann r e s u l t .  The numerical i n t e g r a t i o n  t h a t  ha s  t o  be  done f o r  t h e  

Maxwell-Boltzmann d i s t r i b u t i o n  i s  time consuming, even on a  h igh  speed 

computer, There i s  a l s o  some l o s s  of  accuracy i n  t h e  numerical i n t e -  

g r a t i o n  when f3 becomes s m a l l ,  Then t h e  denominator term 
imaginary 

(w - f 3 ~ , ) ~  has  ve ry  l a r g e  f l u c t u a t i o n s  w i th  sha rp  peaks n e c e s s i t a t i n g  

many more increments  i n  t h e  i n t e g r a t i o n ,  This  f u r t h e r  adds t o  t h e  com- 

p u t e r  t ime requirements .  The t r i a n g l e  d i s t r i b u t i o n  avoids  t h e s e  problems 

and i s ,  t h e r e f o r e ,  a very  u s e f u l  approximate technique f o r  f i nd ing  grow- 

i n g  wave s o l u t i o n s ,  

Some g e n e r a l  s ta tements  can be  made about t h e  e f f e c t  of t h e  d i s -  

t r i b u t i o n  func t ion  shape by comparing t h e  r e s u l t s  o f  t he  Lorentz ian ,  

t r i a n g l e ,  Maxwell-Boltzmann, and hydrodynamic models: 



1, The s l o p e  of t h e  d i s t r i b u t i o n  func t ion  i s  very  important  

and should match t h e  experimental  model a s  c l o s e l y  as pos- 

s i b l e "  

The v e l o c i t i e s  t h a t  a r e  l a r g e  compared t o  vd,  i , e . ,  t h e  

" t a i l s "  of t h e  d i s t r i b u t i o n ,  a r e  no t  p a r t i c u l a r l y  impor tan t  

because they  a r e  s m a l l  i n  t h e  Maxwell-Boltzmann d i s t r f b u -  

t i o n ,  The approximate d i s t r i b u t i o n  func t ion ,  however, can- 

not  have l a r g e  "tails" a s  does t h e  Lorentz d i s t r i b u t i o n ,  

This  reduces she ga2n s e v e r e l y ,  

The b e s t  r e s u l t s  w i l l  be  obta ined  by s t r a i g h t - l i n e  approxi-  

mations,  Algebraic  equat ions  i n  powers of v  w i l l  no t  b e  
0 

s b l e  t o  match t h e  s lope  s i g n i f i c a n t l y  b e t t e r ,  and w i l l  

always ha.ve l a r g e r  va lues  f o r  v e l o c i t i e s  much g r e a t e r  t han  

v  
d ' 

Unsymmetric d i s t r i b u t i o n s ,  such as would be expected a t  l a r g e  

e l e c t r i c  f i e l d s  ( s ee  Sec t ion  5 , 2 ) ,  have n o t  been analyzed numer ica l ly ,  

There would be no experimental  b a s i s  f o r  such an a n a l y s i s .  Data a r e  

no t  a v a i l a b l e  on what shape t h e  d i s t r i b u t i o n  func t ion  should have. I f  

such da ta  do become a v a i l a b l e ,  then. t h e  s imp les t  method would b e  t o  t a k e  

t h e  t r i a n g l e  and make  he s l o p e s  d i f f e r e n t  f o r  t h e  two s i d e s ,  This  would 

be a very  easy modi f ica t ion  i n  t h e  equat ions  and would probably g ive  some 

very  inLerestnng resukts, 

The f i n a l  two f i g u r e s  (22 and 23) r e p r e s e n t  t he  t h e o r e t i c a l  ca l -  

c u l a t i o n s  based on an optimized model, The d r i f t  ve%ocicy,  tempera ture ,  

t h i ckness  of Region I ,  and plasma frequency have been ad jus t ed  t o  g i v e  



t h e  h ighes t  expected ga in  compatible with experimental ly  measured mate- 

x i a l  p r o p e r t i e s .  The d a t a  f o r  temperature and d r i f t  v e l o c i t y  were taken 

from D, M. Chang and J. G o  ~ u c h ,  The f i g u r e s  show t h e  r e s u l t s  a t  33OK 

f o r  both  t h e  hydrodynamic model and t h e  t r i a n g l e  d i s t r i b u t i o n .  I n  F ig .  

2 7 ,  t h e  t r i a n g l e  d i s t r i b u t i o n  i s  a l s o  shown f o r  1 O 0 K ,  assuming the  same 

d r i f t  v e l o c i t y  as f o r  3 3 ° K "  It i s  i n t e r e s t i n g  t o  no te  how w e l l  t h e  

hydrodynamic model a t  33°K compares t o  t h e  t r i a n g l e  d i s t r i b u t i o n  a t  10°K. 

Evident ly the  hydrodynamic model i s  too o p t i m i s t i c  i n  p red ic t ing  ga in  a t  

h igher  xemperatures,  

5 0 6 ,  The E f f e c t  of P a r t i c l e  Co l l i s ions  

The s u b j e c t  of charge-car r ie r  c o l l i s i o n s  i n  a semiconductor is  

a d i f f i c u l t  one t o  d i scuss  and i s  f i l l e d  wi th  a l l  k inds  of con jec tu re s  

and ~ ~ n c e r t a i n t i e s .  The b a s i c  i d e a  i s  very  s imple,  An e l e c t r i c  f i e l d  

is  app l i ed  t o  a semiconductor and a s teady  c u r r e n t  r e s u l t s .  The par-  

tncBe a c c e l e r a t i o n  i s  ev iden t ly  l imi t ed  by some process .  I f  p a r t i c l e  

c o l l i s i a n s  a r e  pos tu l a t ed  which cause t h e  p a r t i c l e s  p e r i o d i c a l l y  t o  

l o s e  e h e i r  momentum i n  t h e  d i r e c t i o n  of t h e  f i e l d ,  then  an average 

c o l l i s i o n  frequency i s  t h e  n a t u r a l  r e s u l t ,  P o s t u l a t i n g  such a c o l l i -  

s m n  hime T = l / v  , where i s  the c o l l i s i o n  frequency, t he  simple 
C C 

w-ceady-state f o r c e  equat ion  i s  

" b i d ,  



The c o n d u c t i v i t y  f o r  e l e c t r o n s  is  g i v e n  as 

where pe is t h e  m o b i l i t y  d e f i n e d  by 

Then 

and from E q o  9 4 ,  f o r  e l e c t r o n s  

* 
E x p e r i m e n t a l l y ,  w e  u sua l ly  know p ,  q ,  and m , s o  i t  is  more 

conven ien t  t o  w r i t e  

Equa t ion  95 can be  c a l c u l a t e d  f o r  a v a r i e t y  o f  materials, s i n c e  



Jc 
p and m can u s u a l l y  b e  found i n  t h e  l i t e r a t u r e .  

Jc 
For example,  c o n s i d e r  InSb a t  77OK where m - 0.013 m and 

e 
r )  

cmL ' e  
- 500,000 - For  t h i s  c a s e  v s e c  

V = 250 GHz 
e 

T h i s  i s  t h e  s i m p l e s t  p o s s i b l e  assumption,  b u t  i t  does  a c c u r a t e l y  

p r e d i c t  Ohm's law f o r  a s t e a d y - s t a t e  f i e l d .  The computer r e s u l t s  t o  b e  

p r e s e n t e d  i n  t h i s  s e c t i o n  were c a l c u l a t e d  on t h e  b a s i s  o f  t h i s  model. 

However, i t  cannot  b e  emphasized t o o  s t r o n g l y  t h a t  t h i s  i s  o n l y  a b r i e f  

i n t r o d u c t i o n  t o  t h i s  s u b j e c t .  The r e a s o n  why i t  i s  done a t  a l l  i s  t o  

i n d i c a t e  t h e  lower  f requency l i m i t  f o r  t h e  proposed d e v i c e .  C o l l i s i o n s  

w i l l  l i m i t  t h e  g a i n  i n  a s i m i l a r  way as t h e  t empera tu re  d i d  i n  S e c t i o n  

5.5, The p r e f e r r e d  o p e r a t i n g  range  w i l l  b e  a t  t h e  h i g h e r  f r e q u e n c i e s ,  

where c o l l i s i o n  e f f e c t s  do n o t  r educe  t h e  g a i n  below u s e f u l  l e v e l s .  

An a c c u r a t e  d e s c r i p t i o n  o f  t h e  c o l l i s i o n  problem is  r e a l l y  f o r -  

midable .  F i r s t ,  t h e r e  w i l l  c e r t a i n l y  b e  some f requency  d i s t r i b u t i o n  

f o r  t h e  c o b l i s i o n s ;  t h e  p a r t i c l e s  have a v e l o c i t y  d i s t r i b u t i o n  due t o  

t e m p e r a t u r e  and do n o t  t r a v e l  t h e  same d i s t a n c e  between s u c c e s s i v e  c o l -  

l i s i o n s ,  Second, i t  i s  a v e r y  d i f f i c u l t  problem t o  i d e n t i f y  t h e  t y p e s  

of e o l l i s i o n s ~  Are t h e y  e l a s t i c  o r  n o t ?  What is  t h e  e f f e c t i v e  c o l l i -  

s i o n  c r o s s  s e c t i o n ?  What f r a c t i o n  o f  t h e  c o l l i s i o n s  a r e  between t h e  

p a r t i c l e s  themselves  and what f r a c t i o n  between p a r t i c l e s  and t h e  l a t t i c e ?  

Does a doped semiconductor  behave t h e  same as an  i n t r i n s i c  m a t e r i a l  o r  a 

p e r f e c t  c r y s t a l ?  Some of  t h e s e  q u e s t i o n s  have been d i s c u s s e d  i n  t h e  



l i t e r a t u r e ,  and w i t h  a  very  complicated model could probably b e  inc luded  

i n  t h e  a n a l y s i s  of  t h e  double-stream i n t e r a c t i o n ,  It w a s  f e l t ,  however, 

t h a t  t h e  complexity of t h e  theory and t h e  u n c e r t a i n t y  o f  ob ta in ing  accu- 

r a t e  r e s u l t s  d i d  n o t  j u s t i f y  t h e  t ime and e f f o r t  r equ i r ed .  P h y s i c a l l y ,  

we expect  t h e  ga in  t o  decrease  a t  f r equenc ie s  where t h e  c o l l i s i o n s  become 

important ,  The. s imple theory should i n d i c a t e  t h e  reg ion  of t h e  frequency 

spectrum where t h i s  occurs .  

The simple a ,o l l i s ion  model has  been numerical ly  analyzed f o r  t h e  

hydrodynamic model and t h e  t r i a n g l e  v e l o c i t y  d i s t r i b u t i o n ,  It is  i n t e r -  

e s t i n g  t o  no te  t h a t  t he  c ~ l l i s i o n  t e r n  as der ived  above is s i m i l a r  t o  

t h e  hydrodynamic equat ion  f o r  thermal v e l o c i t i e s .  I n  both  cases ,  t h e  

e f f e c t  i s  represented  by a s imple average term. It i s ,  t h e r e f o r e ,  con- 

s i s t e n t  t o  use  t h e  s imple c o l l i s i o n  theory  i n  t h e  hydrodynamic equat ion .  

Before p re sen t ing  t h e  r e s u l t s  ob ta ined  from t h e  computer analy-  

sis,  i t  is  necessary  t o  show how t h e  c o l l i s i o n  frequency term modif ies  

t he  d i s p e r s i o n  r e l a t i o n s ,  This w i l l  be  done f o r  t h e  hydrodynamic model 

and f o r  she m i a n g l e  v e l o c i t y  d i s t r i b u t i o n .  

To modify t h e  hyd;codynamfc model and i t s  d i s p e r s i o n  r e l a t i o n ,  

s a n s i d e r  Eq, 18 i n  Sec t ion  3.4 

Then fol lowing t h e  d e r i v a t i a n  of  Sec t ion  3 , 4  b u t  without  omi t t ing  l / a  



For smal l  a c  v a r i a t i o n s  

Combining Eq. 18  and Eq. 96 with t h e  a c  c o n t i n u i t y  equat ion  

g ives  t h e  r e s u l t  of Eq. 97 f o r  t h e  cu r r en t  d e n s i t y  J 

This c u r r e n t  d e n s i t y  term can now be combined wi th  t h e  wave 

equat ion  der ived  i n  Sec t ion  4 .1  (Eq. 29) 

Following t h e  d e r i v a t i o n  given i n  Sec t ion  4 , 1 ,  i t  i s  easy t o  

see t h a t  t h e  new T2 f o r  t h e  hydrodynamic model w i l l  be  given a s  

The c o l l i s i o n  term i s  s i m i l a r l y  included i n  t h e  d i s t r i b u t i o n  

func t ion  theory by s t a r t i n g  wi th  Eq. 60 of Sec t ion  5 .1 ,  adding t h e  

c o l l i s i o n  term, and fol lowing t h e  d e r i v a t i o n  s t e p  by s t e p .  

The new f o r c e  equat ion i s  



then 

and 

Summing J a s  w a s  done i n  Sec t ion  5 ,1 ,  and conver t ing  t o  a n  i ' 
i n t e g r a l  g ives  

This  w i l l  fo l low through t h e  d e r i v a t i o n  e x a c t l y  t h e  same as 

2 t h e  i n t e g r a l  of Eqn 6 4 ,  and we w i l l  g e t  t h e  new express ion  f o r  T as 

2 
For t h e  hydrodynamic model, t h e  T term i s  i n  s u i t a b l e  form 

fox  use  i n  t h e  computer program, The d i s t r i b u t i o n  f u n c t i o n  model, 

however, must be eva lua ted  e x p l i c i t l y  f o r  a p a r t i c u l a r  case.  A s  



s t a t e d  previous ly ,  t h i s  w i l l  be done f o r  a  t r i a n g l e  d i s t r i b u t i o n .  To 

eva lua t e  t h e  i n t e g r a l  f o r  t h i s  ca se ,  we once aga in  use Eqs, 86 and 8 7  

f o r  f(vo). The method i s  t h e  same a s  t h a t  used i n  Sect ion 5 .3  immedi- 

a t e l y  fol lowing Eq. 86 and 87. The only d i f f e r e n c e  i s  t h a t ,  w i t h  t h e  

c o l l i s i o n  term inc luded ,  t h e  terms do not  combine ss n i c e l y  and t h e  

f i n a l  r e s u l t  is  more complicated, 

Le t t i ng  

and 

t h e  f i n a l  r e s u l t  i s  

Equation 102 can now be e a s i l y  combined wi th  Eq. 101 and t h e  r e s u l t  is 

then  s u i t a b l e  f o r  use  wi th  t h e  computer, 

Figures  24 through 28  g ive  t h e  r e s u l s s  ob ta ined  f o r  t h e  hydro- 

dynamic model and t h e  t r i a n g l e  v e l o c i t y  d i s t r i b u t i o n  func t ion .  The com- 



F i g .  2 4 ,  Complex f3 a s  a f u n c t i o n  o f  "a" and t h e  c o l l i s i o n  
f requency  v f o r  opt imized paramete rs  a t  O D K ,  



Fig. 25. Complex B as a function of "a" and "v" for optimized 
parameters with the hydrodynamic model at 33°K. 





m 0 gag, 2 7 b  Complex f3 as a func t ion .  of "a" and "v" f o r  
op t imized  paramete rs  w i t h  t h e  t r i a n g l e  
v e l o c i t y  d i s t r i b u t i o n  a t  10°K and 33°K. 





p u t e r  r e s u l t s  were o b t a i n e d  f o r  t h e  op t imized  f ree - space  n o d e l  t h a t  

was p r e v i o u s l y  ana lyzed  i n  S e c t i o n  5 , 5  ( F i g s ,  22 and 2 3 ) .  F i g u r e  2 4  

shows t h e  e f f e c t  o f  changing t h e  c o l l i s i o n  f requency b u t  k e e p i n g  t h e  

t empera tu re  a t  O°K. T h i s  shows t h e  e f f e c t  of on ly  t h e  c o l l i s i o n s .  

F i g u r e s  25  and 2 6  c o n s i d e r  t h e  same problem a t  23 'Kn F i g u r e  25  shows 

t h e  g a i n  and p r o p a g a t i o n  as a f u n c t i o n  o f  t h e  t h i c k n e s s  and F i g .  26  i s  

t h e  w-6 diagram. It shou ld  b e  n o t e d  t h a t  w i t h  b = 0 ,  t h e  c u r v e s  a r e  

e x a c t l y  t h o s e  of F i g s .  22 and 22, F i g u r e s  27  and 28 g i v e  t h e  c o r r e -  

sponding r e s u l t s  f o r  t h e  t r i a n g l e  v e l o c i t y  d i s t r i b u t i o n ,  F i g u r e  27 

shows t h e  r e s u l t s  f o r  b o t h  10°K and 33°K as a f u n c t i o n  o f  t h e  t h i c k n e s s  

11 a." F i g u r e  28 i s  t h e  cor responding  w-8 diagram" The i m p o r t a n t  r e s u l t s  

from t h e s e  f i g u r e s  a r e  as f o l l o w s :  

1, The g a i n  is  reduced l i n e a r l y  i n  b o t h  t h e  hydrodynamic 

model and t r i a n g l e  v e l o c i t y  d d s E r i b u t i o n  model as t h e  

c o l l i s i o n  f requency i s  i n c r e a s e d  

2.  I f  t h e  g a i n  i s  a l r e a d y  low when L i s  n o t  i n c l u d e d  i n  t h e  
C 

t h e o r y ,  t h e n  g a i n  w i l l  n o t  b e  p o s s i b l e  a t  a l l  u n l e s s  t h e  

o p e r a t i n g  f requency  is  s i g n i f i c a n t l y  above v . 
c 

3 .  C o l l i s i o n  f r e q u e n c i e s  f o r  semicondustoss  a r e  i n  t h e  200 

t o  300 GHz range  a t  7 T ° K ,  When t h e s e  v a l u e s  a r e  used i n  

t h e  g a i n  c a l c u l a t i o n s ,  i t  shows t h a r  d e v i c e  o p e r a t i o n  at 

o r  below t h e  c o l l i s i o n  f requency  i s  marg ina l .  

4.  The h i g h e s t  plasma f r e q u e n c i e s  p o s s i b l e  i n  semiconduc tors  

cor respond  t o  about  I 0  p i n  wave leng thA It a p p e a r s  pos- 

s i b l e  t h a t  r h e  l a t e x 2 i t a o n  could  be u s e f u l  i n  t h e  500 GHz 



t o  10  range,  where a t  present t h e r e  i s  a need f o r  gener- 

a t o r s  and a m p l i f i e r s ,  However, t h e  nex t  chap te r s  w i l l  show 

t h a t  o t h e r  e f f e c t s ,  such as t r a n s v e r s e  v e l o c i t i e s  and cou- 

p l i n g  of energy from t h e  sample, add s e r i o u s  problems t o  t h e  

p r a c t i c a l  r e a l i z a t i o n  of t h e s e  devices .  



V I ,  TRANSVERSE AC VELOCITIES 

I n  p r e v i o u s  c h a p t e r s ,  t h e  a n a l y s i s  w a s  developed assuming t h a t  

i t  i s  p o s s i b l e  t o  r e a l i z e  space-charge bunching i n  t h e  d i r e c t i o n  of t h e  

d r i f t i n g  s t r e a m  of c h a r g e s ,  T h i s  i s  a lmost  always p o s s i b l e  i n  e l e c t r o n  

beam d e v i c e s ,  a l t h o u g h  t h e  beam b o r d e r  may no l o n g e r  be  un i fo rm and may 

have a  r i p p l i n g  due t o  t h e  space-charge bunching-  The b o u n d a r i e s  o f  a  

semiconductor ,  however, a r e  f ixed.  and w e l l  d e f i n e d ,  s o  t h a t  i t  may n o t  

be  p o s s i b l e  t o  a p p l y  t h e  e l e c t r o n  beam r e s u l t s  d i r e c t l y ,  Most of t h e  

s o l i d - s t a t e  d e v i c e s  t h a t  have been proposed as ana logues  t o  t h e  f a m i l i a r  

e l e c t r o n  beam i n t e r a c t i o n s  have been analyzed w i t h o u t  c o n s i d e r a t i o n  of 

t h i s  problem. I n c l u d i n g  t r a n s v e r s e  v e l o c i t i e s  i n c r e a s e s  t h e  complex i ty  

o f  t h e  mathemat ics  t remendously ,  When t h e y  are n e g l e c t e d ,  i t  i s  u s u a l l y  

f o r  t h i s  r e a s o n  and n o t  because  t h e i r  e x i s t e n c e  i s  unknown. 

I n  t h i s  c h a p t e r ,  t h e  double-s t ream i n t e r a c t i o n  i n c l u d i n g  t r a n s -  

v e r s e  a c  v e l o c i t i e s  w i l l  b e  ana lyzed  f o r  a  s i m p l e  c a s e  o f  z e r o  tempera- 

t u r e  and no c o l l i s i o n s ,  The s i m p l i f i c a t i o n  t o  z e r o  t e m p e r a t u r e  and no 

c o l l i s i o n s  i s  made f o r  two r e a s o n s :  

1, The a n a l y s i s  i s  r a t h e r  complicated m a t h e m a t i c a l l y  and can  

be b e t t e r  i n t e r p r e t e d  i f  o t h e r  e f f e c t s  a r e  n o t  i n c l u d e d  t o  

confuse  t h e  r e s u l t ,  

2 ,  I n  most a n a l y s e s ,  t h e  problem i s  u s u a l l y  comple te ly  i g n o r e d ,  

s o  i t  i s  p a r t i c u l a r l y  i n t e r e s t i n g  t o  i l l u s t r a t e  j u s t  how 

impor tan t  t h i s  e f f e c t  i s  on t h e  i d e a l i z e d  g a i n  mechanism. 



6.1.  Der iva t ion  of t h e  Wave Equations 

For t h i s  a n a l y s i s ,  we w i l l  use t h e  f a m i l i a r  smal l - s igna l  assump- 

t i o n  t o  d e r i v e  t h e  wave equat ions .  Assuming t h e  usua l  e  j (wt - wave 

propagat ion,  Maxwell's c u r l  equat ions  become 

and t h e  f o r c e  equat ion  may be w r i t t e n  as 

+ -+ 
The (: + :) x %o and v x B terms have been neglec ted  i n  Eq. 105 because 

0 

-+ -f 
B = 0 ,  and v x B i s  a second-order term always neglec ted  i n  smal l - s igna l  

0 

ana lyses .  

The u s u a l  smal l - s igna l  c u r r e n t  den.sity and con t inu i ty  equat ions  

a r e  given by Eqs. 106 and 107 

These equat ions  can be separa ted  i n t o  t r a n s v e r s e  and l o n g i t u d i n a l  

-+ h 

p a r t s  i f  we assume a dc d r i f t  v e l o c i t y  i n  t h e  z d i r e c t i o n ,  v = v z ;  
0 0 

then  



The "t" and "z" s u b s c r i p t s  r e f e r  t o  t h e  t r a n s v e r s e  and l o n g i t u d i n a l  

components, r e s p e c t i v e l y ,  

A po in t  of i n t e r e s t  i n  Eqs. Ill and 1 1 2  i s  t h a t  n has  been 

* * 
w r i t t e n  a s  q t  and Q  . Q i s  usua l ly  def ined  a s  n = ~ / m  , where m 

Z 

i s  t h e  e f f e c t i v e  mass. There a r e  very  few known s o l i d s  t h a t  have a n  

* * i s o t r o p i c  m . m is  usua l ly  a s t rong  func t ion  of t h e  c r y s t a l  s t r u c -  

t u r e  and hence t h e  o r i e n t a t i o n  of t h e  sample, In gene ra l ,  we would 

JF ak JF 
have t o  w r i t e  m m and m and t h e  corresponding Q ' S .  This  makes 

x' y'  Z 

the problem very  e ~ r n p l i c a t e d ~  The b a s i c  r e s u l t s  can be obtained j u s t  

as w e l l  i f  we assume only one t r a n s v e r s e  va lue .  Then i t  i s  only nec- 

e s sa ry  t o  w r i t e  two s e t s  of equat ions  i n s t e a d  of t h r e e ,  

The p re fe r r ed  o r i e n t a t i o n  f o r  t h e  m a t e r i a l  i s  t o  have t h e  

largest  Q i n  t h e  d i r e c t i o n  of t h e  dc e l e c t r i c  f i e l d ,  When Q is  l a r g e ,  

t 
m i s  sma l l ,  and t h i s  g ives  t h e  h ighes t  conduc t iv i tyo  I n  t h e  fo l lowing  

a n a l y s i s ,  w i l l  be assumed t o  be t h e  "best"  v a l u e ,  Furthermore, we 
Q z  



w i l l  assume t h a t  q can be w r i t t e n  a s  
t 

- 
qt - anz  where 0 < a < 1 - - 

When a = 0 i n  Eq. 113, we g e t  j u s t  t h e  one-dimensional model 

of previous chap te r s ,  When a = 1, then  we have an i s o t r o p i c  m a t e r i a l .  

Now, combining Eqs. 108, 111, and 113 

S i m i l a r l y ,  combining Eqs, 109, 110, and 112 

The c u r l  equat ions  a r e  now separa ted  i n t o  t r a n s v e r s e  and 

l o n g i t u d i n a l  components. 



S u b s t i t u t i n g  Eq. 114 i n t o  118 

The plasma f requency  w i n  Eq, 120 h a s  t h e  u s u a l  d e f i n i t i o n  
P  

S u b s t i t u t i n g  Eq. 114 i n t o  Eq, 115 and t h e n  p u t t i n g  t h i s  r e s u l t  

i n t o  Eq. 119,  w e  g e t  

Equa t ions  116 ,  117 ,  120 and 122 form a  new s e t  of c u r l  equa- 

t i o n s  which no l o n g e r  c o n t a i n  an  e x p l i c i t  c u r r e n t  d e n s i t y  term.  These  

e q u a t i o n s  can now b e  s o l v e d  t o  o b t a i n  t h e  wave e q u a t i o n s  f o r  E  and 
z 

Hz 



Equations 116 and 120 can be simplified somewhat by observing 

that 

and simflar1y for V 
z 

x gt. Then, 
. - 

and 

4- 

Solv ing  Eq. 123 far Ht 

Takifig the vector crass product of Eq.  125 with 



But 

and 

Vector i d e n t i t i e s  such as Eqs. 127 and 128 w i l l  be  used 

~ h r o u g h o u t  t h i s  a n a l y s i s .  They have been der ived  by s imple  app l i ca -  

t u n  of t h e  g e n e r a l  d e f i n i t i o n s .  No p a r t i c u l a r  purpose would be 

se rved  by showing t h e s e  d e r i v a t i o n s  i n  d e t a i l ,  

Replacing t h e  app rop r i a t e  terms i n  Eq, 126 by those  of Eqs. 

1 2 7  and 1 2 8  

Equat ion 129  can now be used i n  E q ,  124 

-% 
By s imple  a l g e b r a i c  manipulat ion,  E q ,  130 can be  solved f o r  E 

t 



Now, p u t t i n g  Eq. 131 back i n t o  Eq, 117 

B u t ,  

and 

Then Eq,  132 reduces t o  Eq, 133 

Equation 133 i s  t h e  genera l  wave equat ion  f o r  H . It i s  i n t e r e s t i n g  
Z 

t o  n o t e  t h a t  f o r  wave propagat ion which s a t i s f i e s  t h i s  H equat ion  
Z 



can be thought of as an e f f e c t i v e  d i e l e c t r i c  cons t an t .  

The wave equat ion  f o r  Ez can be obtained i n  a similar manner 

by combining Eqs, 116, 120 and 122, From Eq, 122 and Eq, 125, which 

w a s  der ived  from Eq. 116, 

But 

whhch s i m p l i f i e s  Eq. 134 as fo l lows:  



S u b s t i t u t i n g  Eq. 131 f o r  st i n t o  Eq. 135 

Equation 136 can be s i m p l i f i e d  considerably by simple a l g e b r a i c  manipu- 

l a t i o n ,  The s i m p l i f i e d  r e s u l t  is  given by Eq, 137, which is  the  g e n e r a l  

wave equat ion  f o r  E . 
Z 



This wave equation can be written in the familiar form 

2 The T term is then defined as in Eq, 138 

when a = 0, we get 

which is just the result we derived in Section 4 , 2  for the one-dimen- 

sional model with no temperature or collision effects, 

With two wave equations for H and E Eqs. 133 asd 137, we 
Z & ' 

are now in a position to derive the dispersion relations. The one 



3 3 
a d d i t i o n a l  equaeion that i s  requi red  is  a r e l a t i o n  between E and Ht. 

Z 

This i s  needed t o  match t h e  boundary condi t ions  as was done i n  Chapter 

+ 
IV. I n  gene ra l ,  i t  would be necessary t o  know both Ht  and 5 For t h e  

t ' 

conf igura t ion  of Chapter I V ,  however, only H i s  requi red .  From Eq. 1 3 1  
t 

+- + 
Since we w i l l  r e q u i r e  only E and H t o  match boundary cond i t i ons ,  i t  

Z t 

i s  e n t i r e l y  accep tab le  t o  t he  s o l u t i o n  t o  assume t h a t  H = 0. This  
z 

corresponds ta TM modes i n  wave guide theory.  Another way t o  exp la in  

t h i s  i s  t o  no te  t h a t  we were a b l e  t o  w r i t e  s e p a r a t e  wave equat ions  f o r  

Ez and H z ,  Then E and H modes a r e  not  coupled and the  s o l u t i o n s  a r e  
Z Z 

e x p r e s s i b l e  i n  terms of TM o r  TE modesa 

Then assuming H = 0 
a, 

Equation 140 can now be s u b s t i t u t e d  i n t o  Eq. 125 t o  g e t  a  re- 

+ 
l a t i o n  between H and 2 . 

t 2 



But 

T h e r e f o r e ,  

With t h e  g e n e r a l  e q u a t i o n s  d e r i v e d  i n  t h i s  s e c t i o n ,  i t  is now 

p o s s i b l e  t o  a n a l y z e  many d i f f e r e n t  c o n f i g u r a t i o n s .  The ones  o f  p a r t i -  

cular  i n t e r e s t  w i l l  b e  c o n s i d e r e d  i n  t h e  f o l l o w i n g  s e c t i o n s .  

6,2. E f f e c t  o f  T r a n s v e r s e  V e l o c i t i e s  on t h e  Layered S t r u c t u r e  

The l i m i t i n g  c a s e  o f  m = 0 was shown ( i n  S e c t i o n  6 .1 )  t o  re- 

duce t h e  e q u a t i o n s  t o  t h e  one-dimensional a n a l y s i s  o f  Chapter  I V .  I n  

t h i s  s e c t i o n ,  we w i l l  c o n s i d e r  t h e  s i t u a t i o n  when 0 ; a 21, and app ly  

t h i s  c a s e  t o  t h e  l a y e r e d  s t r u c t u r e  w i t h  m e t a l  boundar ies  t h a t  was 

ana lyzed  i n  S e c t i o n  4 . 2 .  T h i s  is  mathemat ica l ly  t h e  s i m p l e s t  model 



and w i l l  be i l l u s t r a t i v e  of what can be expected i n  o t h e r  con f igu ra t ions .  

To begin ,  l e t  us  r e d e r i v e  the  d i s p e r s i o n  r e l a t i o n  w i t h  t r ans -  

v e r s e  v e l o c i t i e s  inc luded ,  The conf igu ra t ion  i s  t h a t  of F ig ,  2. For 

-? 
t h e  coo rd ina t e s  used i n  F ig ,  2 ,  Ht + H . With only an H component, 

Y Y 

Then Eq. 142 becomes 

Falbowing t h e  d e r i v a t i o n  of Sec t ion  4.2,  assume t h e  same f i e l d  depend- 

ence i n  Region 1 and Region 2. 

EZ1 = B s i n h  Tl(a - x) 1 

EZ2 = B2 s i n h  T2(b + x) 

Match t h e  E and H f i e l d s  a t  x = 0 
Z Y 



and 

cosh (Tla) 

For  s i m p l i c i t y ,  a h a s  been assumed t o  b e  t h e  same i n  Region 1 and 

Region 2 .  

Combining Eqs. 144 and 145 t o  e l i m i n a t e  B1 and B2 

t a n h  (Tla) 

t a n h  (T2b) 



This  i s  the  d i s p e r s i o n  r e l a t i o n  t h a t  must be so lved  i n  genera l  t o  get  

the  propagat ion c h a r a c t e r i s t i c s  a s  a func t ion  of a.  

To check t h e  r e s u l t ,  when a = 0 ,  Eq. 146 becomes 

tanh (Tla) tanh ( ~ ~ b )  
- k2 - k;) 

+l k 3 2  

where the  T ' s  a r e  now given by Eq, 139, A s  expected,  t h i s  r e s u l t  i s  

i d e n t i c a l  t o  t h e  one-dimensional a n a l y s i s  of Sec t ion  4 ,2  (Eq. 4 7 ) .  

The i n v e s t i g a t i o n  of Eq, 146 f o r  0 a < 1 w a s  done using t h e  

computer techniques descr ibed i n  Chapters IV and V. The r e s u l t s  of 

t h i s  i n v e s t i g a t i o n  a r e  summarized i n  F igs?  29 and 30. F i r s t ,  t h e  

propagat ion cons t an t  w a s  i nves t iga t ed  as a func t ion  of "a," t h e  th i ck -  

nes s  of Region 1. This  i s  necessary s o  t h a t  a va lue  of "a" may b e  

picked f o r  t h e  w-B diagram. A s  can be seen  from Fig .  29, t h e  peak o f  

the  ga in  curve s h i f t s  t o  smal le r  va lues  of "a" a s  ct is  increased .  The 

shiLr  becomes n o t i c e a b l e  a t  a ' . O l e  For l a r g e r  va lues  of a ,  t h e  va lue  

of "arf f o r  peak ga in  begins t o  s h i f t  very r a p i d l y  a s  a func t ion  of  a. 

The ga in  reg ions  become narrower and harder  t o  f i n d ,  This  e f f e c t  can 

be  i n t e r p r e t e d  by r e f e r r i n g  back t o  t h e  e f f e c t i v e  d i e l e c t r i c  cons t an t  

de r ived  from Eqo 133, It can be seen t h a t  a has  the  e f f e c t  of i nc reas -  

ing  w . In  Chapter IV, t h e  r e l a t i o n s h i p  of w t o  "a" w a s  d i s cussed  i n  
P P 

d e t a i l ,  and e x a c t l y  t h i s  type  of behavior  was observed. 

The w-B diagram i s  shown i n  Fig,  30, The th ickness  of Region 1 



Flg .  29. Complex 6 a s  a  f u n c t i o n  o f  "a" f o r  a n i s o t r o p i c  c o n d u c t i v i t y ,  
n e g l e c t i n g  t empera tu re  and p a r t i c l e  c o l l i s i o n  e f f e c t s .  
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has been ad jus t ed  f o r  each va lue  of a t o  be nea r  t h e  optimum va lue ,  

The important  obse rva t ion  t o  be made from Fig ,  30 is  t h a t ,  a s  i n  F i g o  

29 ,  a begins t o  have a n o t i c e a b l e  e f f e c t  f o r  a 2 -01 ,  Once t h e  e f f e c t  

becomes n o t i c e a b l e ,  f u r t h e r  i n c r e a s e s  of a a l t e r  t h e  r e s u l t s  d r a s t i -  

c a l l y ,  The frequency range over which g a i n  i s  p o s s i b l e  becomes very  

narrow a s  G i n c r e a s e s ,  I n  Eac t ,  a s  a g e t s  c l o s e r  t o  one, t h i s  range  

becomes s o  narrow t h a t  i t  cannot be  found by numerical  techniques ,  

Prom these computer r e s u l t s ,  i t  appears  t h a t  t h e  conduc t iv i ty  will have 

t o  have an an iso t ropy  ~f more than  LOO f o r  t h e  one-dimensional space- 

charge model t o  be a p p l i c a b l e ,  

men a = 1, a computer search  of t h e  w-f3 plane  does n o t  show 

any growing waves. The d i s p e r s i o n  r e l a t i o n  f o r  t h e  layered  structure 

(Eq ,  1461 can be solved i n  t h e  slow-wave approximation t o  check t h i s  

2 
r e s u l t .  I f  Che slow-wave approximation i s  made s o  t h a t  fi2 s> k , t hen  

E q ,  146 can be s i m p l i f i e d  consfderabbyi 

tanh (Tla) tanh  ( ~ ~ b )  

ki.2 

For t h e  slow-wave approximation, T and T 2 ,  a s  given i n  gene ra l  by 
1 

E q n  138, reduce t o  

Furthermore, w e  w i l l  make t h e  s imp l i fy ing  assumptions of Cha,pter IV 



t h a t  kl = k and v = 0, Then, E q ,  148 reduces  t o  Eq. 149.  
2 o l  

- t a n h  (Ba) - t a n h  (fib) 

Equatxon 149 can now be  i n v e s t i g a t e d  t o  s e e  i f  i n s t a b i l i t i e s  

are p o s s i b l e ,  T h i s  can be  done by Looking f o r  complex B o r  complex w. 

S i n c e  t h e  B's are a p a r t  of  t h e  t a n h  f u n c t i o n s ,  t h e y  a r e  d i f f i c u l t  t o  

f i n d ,  Equa t ion  149 ,  however, can b e  solved f o r  w w i t h o u t  d i f f i c u l t y .  

By S t u r r o c k ' s  c r i t e r i o n ,  a s  d i s c u s s e d  i n  S e c t i o n  3 , 5 ,  i t  is  p o s s i b l e  t o  

c o n s i d e r  complex w f o r  r e a l  f i -  I f  x t  can b e  shown t h a t  w is  r e a l  f o r  

a l l  real C ,  then l n s t a b ~ l i t i e s  a r e  n o t  p s s s f b l e ,  Equat ion 149 is s o l v e d  

5 - r  w by expanding a l l  t h e  terms and g roup ing  t h e  l i k e  powers of w i n  

rhe  usi:al manner, The r e s u l t  of c h i s  maniprlkatiorz i s  

2 
t a n h  ( @ a )  T w t a n h  (Bb) 

u P 3 
t a n h  (Bar t t a n h  (fib) 

2 
canh (Bb) u BIT 

+ PI 0 2  = (, 
t a n h  bBa> + t a n h  (Bb) 

Equat ion l 5 Q  h a s  t h e  g e n e r a l  form 



which can be rear ranged  a s  fo l lows  

Equation 151 is  i n  t h e  form of a p o s i t i v e  feedback equa t ion  f o r  which 

a roo t - locus  p l o t  can be  made, The l o c i  w i l l  depend on t h e  va lues  o f  

t h e  zero a t  c l b  and t h e  po l e  a t  a ,  The two p o s s i b i l i t i e s  a r e  i l l u s -  

t r a t e d  i n  F ig .  31, 

complex w-plane 

Fig.  31, The two p o s s i b l e  roo t - locus  p l o t s  of Eq, 151. 

It i s  ev iden t  from F i g ,  31 t h a t  i f  c /b  < a f o r  a l l  va lues  of 

real 6 ,  then  t h e r e  w i l l  be  no complex w and i n s t a b i l i t i e s  w i l l  n o t  b e  

p o s s i b l e .  The f a c t o r s  i n  Eq, 150 t h a t  correspond t o  a > c /b  a r e  g iven  

a s  



a 2 
tanh (Bb) w BvO2 

Bvo2 
ui  tanh (Ba) + w tanh (Bb) 

~2 PI 

which s i m p l i f i e s  t o  

h 

w tanh (Ba) 
0 -E- 1 
b 

w tanh (Bb) 
P l 

For r e a l  6 ,  t h e  i n e q u a l i t y  is s a t i s f i e d  and t h e r e  a r e  no complex solu-  

t i o n s  f o r  w, 

Methods f o r  Obtaining Aniso t ropic  Condu.ctivity 

Two p o s s i b l e  methods of ob ta in ing  t h e  necessary  a n i s o t r o p i c  

conduct iv i ty  a r e :  

1. The m a t e r i a l  i t s e l f  i s  a n i s o t r o p i c  wi th  one p re fe r r ed  

d i r e c t i o n  o f  c ~ n d u c t i o w ,  

2 .  A magnetic f i e l d  i s  used t o  "focus" t h e  beam i n  t h e  s o l i d  

as is  done i n  e l e c t r o n  beam devices .  

The prospec ts  f o r  f i nd ing  a semiconductor w i th  t h e  necessary  

an iso t ropy  a r e  n o t  promising. Indium antimonide and indium a r s e n i d e  

have n e a r l y  s p h e r i c a l  energy su r f aces  and consequently an almost i so -  

t r o p i c  conduct iv i ty .  Both germanium and s i l i c o n  have r a t i o s  of about 

2 t o  5 f o r  effecCive masses i n  t h e  l ong i fud ina l  and t r a n s v e r s e  d i r ec -  

t i o n s .  To s a t i s f y  t h e  t h e o r e t i c a l l y  ca lcu lafed  va lues  f o r  t he  aniso-  



t ropy ,  a m a t e r i a l  should have a r a t i o  of t r ansve r se  t o  l o n g i t u d i n a l  

conduct iv i ty  of .01 o r  smal le r .  This  would g ive  accep tab le  r e s u l t s  f o r  

t h e  ga in  a s  c a l c u l a t e d  i n  Sec t ion  6 .2 .  It i s  d i f f i c u l t  t o  imagine a  

semiconducting s o l i d  t h a t  would have a c r y s t a l  s t r u c t u r e  s u i t a b l e  f o r  

t h i s  l a r g e  conduc t iv i ty  an iso t ropy .  

The e f f e c t  of a magnetic f i e l d  on t h e  conduct iv i ty  can be de- 

r i ved  e a s i l y  by s t a r t i n g  wi th  the  f o r c e  equat ion  used i n  Chapter 111 

(Eq,  1 5 ) ,  Neglect ing t h e  temperature term, we have 

The cu r ren t  d e n s i t y  is  def ined  as 

where 7 i s  t h e  conduc t iv i ty  t enso r .  The a c  c u r r e n t  d e n s i t y  can a l s o  

be w r i t t e n  as 

-3- + 
J = nev 

The cu r ren t  d e n s i t y  due t o  t h e  dc d r i f t  w i l l  be  neg lec t ed  i n  t he  

p re sen t  a n a l y s i s .  The i n t e n t  of t h i s  t rea tment  i s  t o  show what kind 

of a n i s o t r o p i e s  can be  produced by a  magnetic f i e l d ;  t h e  a d d i t i o n  of 

dc d r i f t  v e l o c i t i e s  complicates t h e  a n a l y s i s  considerably.  

-+ j u t  
- I f  Eq.  152 i s  solved f o r  v ,  assuming an  e  dependence and 

--P 
B = B z ,  and s u b s t i t u t e d  i n t o  Eq. 154, t h e  conduct iv i ty  t enso r  fo l lows  

8 

ammediately. 



where 

Neglec t ing  rhe c o l l i s i o n  term i n  Eq.  155, t h e  c o n d u c t i v i t y  

t e n s o r  r e d u c e s  to 



L L - ub and If w i s  now made 3 10w,  then wb - oL - 
b .. 

It i s  ev iden t  from Eq, 157 t h a t  an e l e c t r i c  f i e l d  i n  t h e  z- 

'+ 
d i r e c t i o n ,  t he  same d i r e c t i o n  as B ,  w i l l  r e s u l t  i n  a c u r r e n t  d e n s i t y  

about 10 t imes l a r g e r  than from E  f i e l d s  i n  e i t h e r  t h e  x- o r  y-direc- 

t i ons  

For ope ra t ion  a t  300 GHz i n  germanium, which has  an average 

effective m a s s  s f  . 2 2  me, 

T h i s  f i e l d  i s  about t e n  t imes l a r g e r  than p r a c t i c a l  i n  most 

l abo ra to ry  s i t u a t i o n s .  E i t h e r  t h e  frequency of ope ra t ion  must be 

lowered o r  t h e  conduct iv i ty  an iso t ropy  cannot be  made a s  l a r g e .  



There appears  t o  be  a rough c o r r e l a t i o n  between t h i s  a s s e r t i o n  

and the  observed r e s u l t s  i n  InSb. Broadband emission from InSb has  

been observed i n  t he  8 t o  25 GHz r a n g e n '  The magnetic f i e l d s  r equ i r ed  

a r e  u sua l ly  about  2 kG at  the  lower threshold  f o r  emission,  I n  InSb, 

a magnetic f i e l d  s f  2 kG corresponds t o  w of b 

Then 

The va lue  of f is  about 20 t imes l a r g e r  than  t h e  emission 
b 

frequency, This  would g ive  an an iso t ropy  of about t he  necessary 

magnitude p red ic t ed  by t h e  r e s u l t s  shown i n  F ig .  30, It should b e  

no ted ,  however, t h a t  e sL l i s ions  were n e g l e c ~ e d  f o r  t h i s  c a l c u l a t i o n ,  

and i n  the  aceua l  m a t e r i a l  they w i l l  be  important .  It may even b e  

more meaningful t o  compare w t o  i n s t e a d  of t o  t h e  emission f r e -  
b c 

quency , 

Devices may be  p o s s i b l e  a t  lower f r equenc ie s ,  b u t  our main in -  

t e x e s t  i s  i n  t h e  h ighe r  frequency range and f o r  n s  dc magnetic f i e l d .  

The r e s u l t s  o f  Chapters I V  and V i nd ica t ed  t h a t  t h e  submil l imeter- to-  

B ,  Ancker-Johnson, "Microwave Emission from NonequiPibrium Plasmas 
i n  InSh Subjestr t o  Magnetic F i e l d s  ,I1 Jo2t-wal of A p p l i e d  Physics, 
V o l ,  39, June 1968, pp, 3365-3378. 



infrared region o f  the irequency spectrum is particularly suited for 

the semiconducting materials. Yet, the results of the transverse con- 

ductivity analysis indicate that operation in this region is not practi- 

c a l  We are forced to conclude that an adequate solution cannot be 

given at this time, 

Unless the transverse conductivity problem can be resolved, 

bulk space-charge interactions in the submillimeter-to-infraPed region 

o f  the frequency spectrum without very large dc magnetic fields do not 

appear possible, 



V I I ,  COUPLING ENERGY FROM SPACE-CHARGE WAVES 

A problem common t o  a l l  i n t e r a c t i o n s  involv ing  plasma waves i s  

how t o  couple  t h e  energy ou t  of t h e  e l e c t r o n  s t ream.  The d i f f i c u l t y  

i s  due t o  t h e  very  s h o r t  wavelength i n s i d e  t h e  m a t e r i a l  compared t o  t h e  

free-space wavelength. To i l l u s t r a t e  t h e  problem more s p e c i f i c a l l y ,  

cons ider  a  s imple  s i t u a t i o n  of a  m a t e r i a l  w i th  a  p l ana r  s u r f a c e  i n  t h e  

y-z p l ane  and an  ac c u r r e n t  d e n s i t y  J nea r  t h i s  s u r f a c e  i n  t h e  z-direc-  

t i o n .  This  w i l l  correspond t o  t h e  gene ra l  con f igu ra t i on  t h a t  h a s  been 

i n v e s t i g a t e d  throughout t h i s  r e p o r t ,  The c u r r e n t  d e n s i t y  J can be  

w r i t t e n  a s  

This  assumes t h e  u s u a l  p lane  wave propaga t ing  i n  t h e  z-direc- 

t i o n  and wi th  space-charge bunching i n  t h e  z -d i r ec t i on  only.  For t h e  

g e n e r a l  case ,  t h e  f i e l d s  and v e c t o r  p o t e n t i a l  a r e  r e l a t e d  t o  t h e  cur- 

r e n t  d e n s i t y  by Eqs, 159 t o  161, 



+ 
where R = 1: - :' I ; and ;' r e f e r s  t o  t h e  source  p o i n t ,  r t o  t h e  f i e l d  

p o i n t ,  

It i s  a p p r o p r i a t e  t o  assume t h a t  r '  *:c A, because t h e  wave- 

length  i n s i d e  t h e  material w i l l  be  on t h e  o rde r  of t h e  e l e c t r o n i c  wave- 

v 
l eng th  Ae = - A .  Th is  assumption w i l l  r e s t r i c t  t h e  r e s u l t s  t o  sma l l  

C 

samples. A more g e n e r a l  d i s cus s ion  would be  very  much more complicated,  

and even i n  t h a t  case  t h e  r e s u l t s  a r e  only of order-of-magnitude ascu- 

xacy, because t h e r e  i s  no method f o r  c a l c u l a t i n g  t h e  t o t a l  ac c u r r e n t  

i n  t h e  sample from t h e  smal l - s igna l  theory used i n  t h i s  r e p o r t .  

Furthermore, i t  is  a l s o  p o s s i b l e  t o  assume t h a t  r s> r '  s o  t h a t  

R - r, This  i s  simply t h e  f a r - f i e l d  approximation, This  approximation 

s i m p l i f i e s  the c a l c u l a t i o n s  cons iderab ly ,  It should p r e d i c t  a c c u r a t e  

~ e s u l t s  f o r  a l l  experiments  where wave guides  do n o t  enc lose  t h e  sample, 

lhenever  t he  experiments  a r e  performed i n s i d e  a wave guide ,  then t h e  

a n a l y s i s  should be  done f o r  t h e  p a r t i c u l a r  con f igu ra t i on  used. The 

p re sen t  a n a l y s i s  w i l l  b e  adequate f o r  making order-of-magnitude esti- 

mates of the  r a d i a t e d  energy,  

Fox t h e s e  two approximations,  Eqo 159 can be  w r i t t e n  i n  a con- 

s i d e r a b l y  s imp le r  form: 

The i n t e g r a l  of Eq. 162 can be  e a s i l y  eva lua ted  f o r  t h e  c u r r e n t  d e n s i t y  

of Eq, 158 



The i n t e g r a t i o n  over  t h e  x s  and .y' c o o r d i n a t e s  w i l l  j u s t  s e -  

s u l t  i n  some c o n s t a n t  area determined b y  t h e  s i z e  of t h e  c u r s e n t  c a r r y -  

i n g  r e g i o n .  L e t  t h i s  v a l u e  b e  denoted by S ' ,  

Then, 

It is immediate ly  obvious  from Eq, 1 6 3  t h a t  i f  t h e  l i m i t s  of 

t h e  i n t e g r a l  are a n  i n t e g e r  ra~lwber s f  space-charge wave leng ths ,  t h e n  
-+ 

t h e  i n t e g r a l  i s  equal, t o  z e r o ,  T h e r e f o r e ,  A w i l l  t a k e  i ts  v a l u e  o n l y  

from t h e  last f r a c t i o n  o f  a wavelength ,  

The t ime-averaged r a d i a t e d  power will b e  g i v e n  by t h e  real p a r t  

of t h e  complex Poynt ing  v e c t o r ,  

Equa t ion  163 can b e  combined w i t h  Eq, 162 t o  g e t  t h e  v e c t o r  p o t e n t i a l ,  

and t h e n  t h i s  r e s u l t  can b e  s u b s t i t u t e d  i n t o  Eqs ,  160 and 1 6 1  t o  w r i t e  

+ 
t h e  Poynt ing  v e c t o r  i n  terms of  t h e  v e c t o r  p o t e n t i a l  A,  I f  t h e  v e c t o r  

p o t e n t i a l  is  z e r o ,  we can immediately conclude t h a t  theve  w i l l  b e  no 

r a d i a t e d  power. Any c o n t r i b u t i o n  t o  r h e  t o t a l  r a d i a t e d  power w i l l  b e  



from t h e  f r a c t i o n a l  p o r t i o n  o f  a wavelength  n e a r  t h e  end o f  t h e  sample .  

This  is a ve ry  i n e f f i c i e n t  method of  coup l ing  and h a s  l e d  t o  o t h e r  pro-  

posed schemes f o r  g e t t i n g  t h e  energy o u t  of t h e  sample.  However, be- 

f o r e  d i s c u s s i n g  t h e  more complicated p r o p o s a l s  l e t  us d e r i v e  an approx- 

imate  e q u a t i o n  f o r  t h e  power r a d i a t e d  from a narrow s l o t ,  a s  shown i n  

F i g .  32. Th is  s h o u l d  g i v e  t h e  same r e s u l t  as assuming t h a t  t h e  r a d i a -  

-- Thin me t a l l f  c 
s u r f  ace 

\ Semiconductor . z 
b a s e ;  w 

p2 '  v02 

F i g .  32. Layered-semiconductor c o n f i g u r a t i o n  w i t h  a narrow s l o t .  

t i o n  c a n c e l s  everywhere e x c e p t  a t  t h e  l a s t  f r a c t i o n  o f  a wavelength .  I n  

F ig .  32 ,  t h e  a c  c u r r e n t  w i l l  b e  assumed t o  b e  n e a r  t h e  boundary between 

t h e  semiconduc tors ,  and t h e  m e t a l l i c  s u r f a c e  w i l l  e l i m i n a t e  r a d i a t i o n  

everywhere e x c e p t  i n  t h e  r e g i o n  o f  t h e  s l o t .  

To e v a l u a t e  t h e  i n t e g r a l  i n  E q .  1 6 2 ,  t h e  s i m p l e s t  c a s e  i s  t o  as- 

sume a s i n u s o i d a l  c u r r e n t  and t h e n  t o  assume t h a t  d ,  t h e  w i d t h  o f  t h e  gap,  



is owe ha l f  of a space-charge wavelength, Then, 

where I is the  as eurreng psaducdng 2he radiated power, Once again, 
1 

the time-averaged rsdiated power w i l l  be given by &he real part of 

the complex Psysb,~ing ~7ec%0rO 

Equation 164 for the vector potential ran now be subszieuted inEa Eqe,  

160 and 161, IEflen the resul t  3jf c h a t  substEtution is used Ego 165, 

the following expression f ~ r  %he Poynting veetar is ~ b c a i n e d ,  

,. 
w;-&, -e w is t h e  un$t 7~eciro- normal cs the r a d i a t i n g  surface,  

The total rwdiaced power is fssp1~~3, by fn'cegrating Eq,  3-66 over 

a very Large hem,ispher%cal susfare Yn o r d e r  Lo s a t i s f y  the f a r - f i e l d  

appr~xdmwti0n, and since 75&d%a~ti~n will be seen only fjrom sane side of 

the sanp2eo To do ?he integration, we must assume that the width of 

%be sample d ~ e s  n c h 2 2 e e c t  %be zedia'ed f i e l d s ,  This may o r  may not 

be a good assumpCdsn l o r  aSP cases, bu% should  be accurate in Che region 

where radiated power is higbes:, 



Equa t ion  167 f o r  t h e  t o t a l  r a d i a t e d  power h a s  been d e r i v e d  w i t h  

some v e r y  c r u d e  approx imat ions  and w i l l  p robab ly  n o t  g i v e  v e r y  a c c u r a t e  

r e s u l t s ,  However, t h i s  d ~ e s  n o t  el iminajze I ts  u s e f u l n e s s ,  The purpose  

sf t h i s  d i s c u s s i o n  i s  t o  g e t  some e s t i m a t e  o f  t h e  magni tude of t h e  power 

t h a t  caw h e  expec ted  for typical ope ra r ing  paramete rs  t h a t  hasre been  

s p e c i f i e d  th roughout  t h i s  r e p o r t ,  Equa t ion  167 s h o u l d  be  adequa te  f o r  

t h i  s purpose ,  

The most f a m i l i a r  s i k u a e i o n  so  which Eq, 167 can be  a p p l i e d  i s  

t h e  z s n f i g u s a t i o n  i n v e s t i g a t e d  i n  Chap te r s  I V  and V, where germanium 

was used as the semiconduc tor ,  A l l  t h e  n e c e s s a r y  d a t a  a r e  a l r e a d y  

a v a i l a b l e  f o r  t h i s  c a s e  and i t  i s  easy t o  do t h e  c a l c u l a t i o n s ,  The 

s i m i l a r i t y  between F ig ,  32 and P i g ,  2 f o r  t h e  c o n f i g u r a t i o n  w i t h  

m e t a B B E s  b o u n d a r i e s  is o b v i o u s c  The growing wave i s  s t i l l  assumed t o  

b e  p r e s e n t  at t h e  s u r f a c e  between t h e  two serniconduceors.  

To e v a l u a t e  Eq, 367, we need t o  have numer ica l  v a l u e s  f o r  L 1 

d ,  and X ,  1 i s  t h e  ae c u r r e n t  which c o n t r i b u t e s  t o  t h e  r a d i a t e d  power, 
l 

There  i s  no way chat we can g e t  an  e x a c t  v a l u e  f o r  I from smal l - s ignah  
1 

t h e o r y ,  I w i l l  b e  de te rmined  by t h e  l e n g t h  o f  t h e  g a i n  r e g i o n ,  t h e  k 

smoune of g a i n  p s s s i b % e ,  o r  t h e  n a t u r a l  saturation l e v e l  t h a t  is  en- 

coungered i n  a l l  a m p l i f i e r s o  An approximate  upper  l i m i t  can b e  set f o r  

I by betfcing the ac c u r r e n t  e q u a l  Che dc  c u r r e n t o  T h i s  would mean B 



t h a t  t h e r e  i s  100 percent  bunching i n  t he  s t ream, I n  a p r a c t i c a l  de- 

v i c e ,  t h e  bunching w i l l  probably be  l e s s  because of t h e  randomizing 

e f f e c t s  of temperature and c o l l i s i o n s o  To make t h e  c a l c u l a t i o n s ,  i t  

w i l l  be  convenient t o  d e r i v e  t h e  dc  cu r r en t  f o r  t h e  r a d i a t i n g  r eg ion  

and then assume some f r a c t i o n  o f  t h i s  va lue  as t h e  a c  cu r r en t .  

S i s  t h e  e f f e c t i v e  a r e a  of t h e  r a d i a t i n g  c u r r e n t  and w i l l  b e  

given by the  width of t h e  sample and a depth of about one e l e c t r o n i c  

waveLeng t h  i n t o  t h e  sample. 

The s l o r  width d was assumed t o  be one-half of an e l e c t r o n i c  

wavelength, 

whexe A is  the  f r e e  space wavelength determined by t h e  frequency se- 

l e c t e d  f o r  t h e  i n t e r a c t i o n ,  

I n  Chapter W ,  t h e  ope ra t ing  frequency was t y p i c a l l y  chosen 

around 300 GHz,  For  a plasma frequency i n  t h i s  range,  n - 3 x 10 15 

- 5 
cm f o r  germanium, To eva lua t e  S, we need t h e  sample width,  and 

t h i s  i s  t y p i c a l l y  two t o  t h r e e  milLimeters ,  The maximum d r i f t  v e l o c i t y  

5 
v v a r i e s  from I , O  t o  1,s x 10 s We will ohoose a va lue  of 1 .5  x 

5 
10 m / s .  



P u t t i n g  a l l  these  va lues  i n t o  E q .  167, we can now c a l c u l a t e  

t he  t o t a l  r a d i a t e d  power, 

Assuming a 50 percent  bunching of t h e  beam i n s t e a d  of 100 per- 

c e n t ,  we would g e t  P = .l ywat t s  and s o  on f o r  o t h e r  va lues  s f  beam 

bunching. 

This  c a l c u l a t i o n  can b e  done f o r  any frequency and f o r  o t h e r  

m a t e r i a l s .  For example, InSb can be  used i n  t he  f a r  i n f r a r e d  a t  about 

l o p ,  For t h i s  wavelength bhe power output  i s  about 600 pwatts  f o r  

50 pe rcen t  bunching. 

One may observe t h a t  as t h e  plasma frequency i n c r e a s e s ,  t h e  

a c  power output  a l s o  shows a correspanding inc rease .  For example, com- 

pare  t h e  300 GHz t o  t h e  boy c a l e u l a t f o n s ,  However, t h e  conduc t iv i ty  

ahso inc reases  and more d c  power i s  requi red  t o  o b t a i n  t h e  necessary 

e l e c t r i c  f i e l d s .  This problem w i l l  be  d iscussed  f u r t h e r  i n  Chapter IX. 

It i s  apparent  from these  c a l c u l a t i o n s  t h a t  even f o r  s t r o n g  

beam bunching, t h e  output  powers a r e  very  how. Power ou tpu t s  of a few 

m i c r ~ w a t t s  a r e  d i f f i c u l t  t o  d e t e c t  exper imenta l ly*  Devices wi th  t h e s e  



ou tpu t  l e v e l s  c e r t a i n l y  would no t  s e r v e  as u s e f u l  o s c i l l a t o r s  om m p l i -  

f i e r s .  

The observed microwave emission from InSb wi th  va r ious  sample 

con f igu ra t ions ,  u sua l ly  l a r g e  compared t o  3 has been a t  very low e ' 
power l e v e l s  -- on t h e  o rde r  of a few micrswat t s .  This  would agree  

w i t h  t h e  approximate r e s u l t s  ob ta ined  i n  t h i s  chapter .  

A few a t t empt s  have been made t o  improve t h e  coupling t o  o b t a i n  

inc reased  output  power, G o  A, Swartz and B ,  B, RobinsonL have c u t  very  

narrow s l o t s  i n t o  samples s f  InSb and obtained somewhat improved power 

output  and a l s o  coherent  emission,  R,  Do Laorabee and W. A. ~ i c i n b o t h e m ~  

have proposed a p e r i o d i c  laminar  a r r a y  t o  block out  a l t e r n a t e  half-wave- 

l e n g t h s  over the  e n t i r e  sample l eng th  and hence t o  r e a l i z e  much h ighe r  

powers. They d id  not  observe t h e  expected Inc rease  i n  power, and con- 

cluded t h a t  t h e  o s c i l l a t i o n s  may b e  due t o  o t h e r  than space-charge e f f e c t s .  

For a space-charge wave i n t e r a c t i o n ,  t h e  p e r i o d i c  s t r u c t u r e  as 

proposed by Larrabee and Hicinboehem should work very w e l l .  The problem 

i s  one of cons t ruc t ing  such a s t r u c t u r e ,  ks 300 GHz t h e  e l e c t r o n i c  wave- 

l eng th  i s  about one macron, The s l o t s  would have t o  be of about t h i s  

dimension, Even t h e  well-developed chin-f i l m .  vacuum depos i t i on  technol-  

ogy i s  only a b l e  t o  approach t h e s e  d ~ w e n s i o n s ~  Far e f f e c t i v e  coupling 

' G o  A. Swartz and B ,  B ,  Robinson, Czjherent M?,ca~owave Instabi3itiea 7:n 
a Thirz L q e r  S~2id- stat^ P l z e m ~ ,  Pr ince ton ,  New J e r s e y ,  RCA 
Labora to r i e s ,  l 9 6 a O  

R. D. Larrabee and W. A.  Hicinbothem, "A Laminar Blow-Wave Coupler and 
i ts  Appl ica t ion  to indium h t i rnon ide , "  LEFE T ~ a r z s a c t i o ~  on MTT, 
Vol. MTT-15, June 1967,  pp? 382-383, 



t h e r e  would have t o  be perhaps one hundred o r  more of t h e s e  s l o t s .  

Even i f  t h e  s l o t s  could be  made t o  t h e  r equ i r ed  dimensions, t h e  e n t i r e  

a r r a y  must have an accuracy t o  w i t h i n  h , / 4  For a s t r u c t u r e  of many 

s l o t s  t h i s  becomes a formidable undertaking.  

In  conclus ion ,  i t  appears  t h a t  even though t h e  ga in  may be  h igh  

i n s i d e  t h e  m a t e r i a l ,  t h e  energy cannot be e f f e c t i v e l y  coupled ou t  of  

t h e  sample wi th  t h e  techniques proposed i n  t h i s  chapter .  The dimensions 

of coupling s t r u c t u r e s  become so  smal l  a t  t h e  h igher  microwave frequen- 

c i e s  t h a t  w i th  p re sen t  technology they  cannot be  cons t ruc ted .  



V I I I .  MATERIAL PROPERTIES 

The accuracy of t h e  computer r e s u l t s  descr ibed  i n  Chapter V 

r e l i e s  heav i ly  on accu ra t e  va lues  f o r  t h e  v a r i o u s  m a t e r i a l  p r o p e r t i e s  

t h a t  need t o  be  inc luded ,  such a s  t h e  plasma frequency,  dc d r i f t  veloc-  

i t y ,  and e l e c t r o n  temperature.  I n  a d d i t i o n ,  any proposed experiments 

t o  v e r i f y  space-charge waves, o r  t o  i n v e s t i g a t e  ga in  mechanisms, should 

be performed on t h e  b a s i s  of a c c u r a t e  information on t h e  m a t e r i a l s  t h a t  

a r e  s e l e c t e d .  Therefore ,  t h e  purpose of t h i s  chapter  w i l l  be  t o  d i s c u s s  

and t a b u l a t e  some of t h e  important p r o p e r t i e s  of semiconducting s o l i d s  

which a r e  necessary  t o  a t h e o r e t i c a l  o r  experimental  i n v e s t i g a t i o n  of  

space-charge wave i n t e r a c t i o n s .  

I n  t h i s  c h a p t e r ,  w e  w i l l  f i r s t  b r i e f l y  d i s c u s s  t h e  gene ra l  re- 

quirements f o r  t h e  plasma frequency,  d r i f t  v e l o c i t y ,  e l e c t r o n  tempera- 

t u r e ,  and c o l l i s i o n  frequency. Numerical va lues  f o r  t h e s e  parameters  

were used i n  t h e  computer r e s u l t s  of  Chapter V. Then a b r i e f  discus-  

s i o n  w i l l  be presented  on absorpr ion  p r o p e r t i e s  and d i e l e c t r i c  cons t an t s  

of t h e  m a t e r i a l s .  This  problem has n o t  been included i n  t h e  a n a l y s i s  

t o  t h i s  p o i n t .  The a.ssumption has been made t h a t  t he  background l a t t i c e  

does n o t  a f f e c t  t h e  i n t e r a c t i o n  except  through c o l l i s i o n s  and tempera- 

t u r e ,  There a r e  o t h e r  mechanisms which sometimes cause h igh  l o s s e s  f o r  

a wave propagat ing  through a c r y s t a l  l a t t i c e ,  Although a d e t a i l e d  

knowledge of how t h e  absorp t ion  a r i s e s  i s  no t  necessary t o  t h e  p r e s e n t  

d i s c u s s i o n ,  t h e  abso rp t ion  of t h e  m a t e r i a l  should be known and compared 

t o  t h e  g a i n  ob ta inab le  from t h e  i n t e r a c t i o n  mechanism, The p e r m i t t i v i t y  



( ~ r  d i e l e c t r i c  cons t an t )  ha s  been assumed t o  be  independent of f r e -  

quency. The v a l i d i t y  of t h i s  assumption w i l l  be  d i s cus sed  b r i e f l y .  

A t a b l e  of t h e  important  m a t e r i a l  p r o p e r t i e s  summarizes t h e  

information d iscussed  i n  t h e  chapter .  

$ , l o  Plasma Frequencies  

The plasma frequency i s  def ined  a s  

It is determined by t h e  p e - m i t t i v i t y ,  e f f e c t i v e  mass, and 

charge d e n s i t y ,  The e f f e c t i v e  mass and p e r m i t t i v i t y  can be  assumed 

approximately c o n s t a n t ,  Then t h e  plasma frequency i s  p r o p o r t i o n a l  

t o  t h e  square  r o o t  of t h e  c a r r i e s  concen t r a t i on ,  The c a r r i e r  concen- 

t r a t i o n  is  determined by t h e  impuri ty  doping of  t h e  semiconducting 

m a t e r i a l  and can vary over many o rde r s  of magnitude, I n  InSb, f o r  

- 3 
example, n can be  v a r i e d  i n  a commercial p rocess  from 1.1 x 1013 cm 

1 8  -3 t o  2,28 x 10 c m  This  corresponds t o  plasma f r equenc i e s ,  w 
P ' 

from 4.0 x 10" t o  1 .88  x lo'' o r  from 6 h  GHz t o  a wavelength of 1 0 ~ .  

S i m i l a r l y ,  germanium can be v a r i e d  from about 30 GHP t o  about Soy, 

Other semiconductors have frequency ranges t h a t  are l a r g e r  o r  sma l l e r ,  

The va lues  f o r  t y p i c a l  m a t e r i a l s  are given i n  Table  I1 a t  t h e  conclu- 

s i o n  of t h i s  chap te r .  

The important  r e s u l t  is  t h a t   he plasma frequency w i l l  d e t e r -  



mine t h e  upper l i m i t  of t h e  ga in  r eg ion ,  In  Chapter V, we found t h a t  

ga in  w a s  no t  p o s s i b l e  a t  f r equenc ie s  h igher  than  &out w pl/2. From 

Table 11, we can then conclude t h a t  InSb w i l l  g ive  ga in  up t o  about 

20y i n  t h e  f a r  i n f r a r e d ,  Shor te r  wavelengths w i l l  no t  be  p o s s i b l e  w i t h  

t h i s  kind of an i n t e r a c t i o n ,  Most of t h e  o ther  m a t e r i a l s  w i l l  be lim- 

i t e d  t o  wavelengths longer  than about 1 0 0 ~  o r  3000 GHz i n  frequency. 

Other space-charge i n t e r a c t i o n s  may have a d i f f e r e n t  dependence on t h e  

plasma frequency, b u t  c l e a r l y  i t  i s  one of t h e  imporcant p r o p e r t i e s  of  

a plasma model, 

8,2. D r i f t  Veloc i ty  and E lec t ron  Temperature 

The d r i f t  v e l o c i t y  of t h e  c a r r i e r s  determines t h e  propagat ion 

of t h e  space-charge waves, The e l e c t r o n  temperasure adds a  v e l o c i t y  

spread which decreases  t h e  ga in ,  For low l o s s ,  t h e  d r i f t  v e l o c i t y  

should be  high compared t o  t h e  width ~f t h e  t h e ~ m a l  v e l o c i t y  spread.  

This  i s  a d i f f i c u l t  condi t ion  t o  meet experimental ly .  Applying high 

e l e c t r i c  f i e l d s  ts achieve t h e  high d r i f t  v e l o c i t i e s  a l s o  causes 

hea t ing  of t h e  e l e c t r o n s ,  thereby r a i s i n g  t h e i r  tempenature and thermal  

v e l o c i t y .  Furthermore, a t  h igh  e l e c t r i c  f i e l d s ,  t h e  simple l i n e a r  re- 

l a t i o n s h i p  of v e l o c i t y  v s ,  E f i e l d  is  no longer  v a l i d ,  Impact ion iza-  

tion and o t h e r  quantum e f f e c t s  come i n t o  play and e f f e c t i v e l y  l i m i t  t h e  

h ighes t  a t r a i n a b l e  v e l o c i t y ,  Before t h e  s a t u r a t i o n  reg ion  i s  reached,  

t h e r e  is a reg ion  o f  non l inea r  behavior  which should be avoided, i f  

p o s s i b l e ,  i n  an  experiment,  F igure  33 shows $he r e s u l t  f o r  v e l o c i t y  a s  a  



Electri c field (kV/cm) 

Fig. 33, Velocity field characteristic of elec~c~ns in germanium. 1 

function of electric field for Ge, As can be seen from Fig, 33, a 

7 
velocity of about 10 cm/s is possible in Ge at law temperatures. In 

7 
InSb, velocities of the order sf 5 w 10 ~ m / s  appezx to be 

M r  Gbisksman and W. A. Hisinbothem have calculated electron tempera- 

Euze aq a function of electric field for InSb, Ihea-6. results indicate 

that at a 77°K sample temperature the electron Eemperature is on the 

' Do Me Chang and J. Go Ruch, "Measurement of the Velocity Field 
Chasasteristic sf Electrons in Germanium," App52:~d  Physics LettePs, 
Vsl, 12, February 1968, p. 112, 

M, Gkicksman and W e  A. Hfcfnbothem, "Hot Electr~ns in Indium Anti- 
anonide ," Physical Reuien, Vo1, 129, Febraarp 1963, pp, 1572-1577. 



orde r  of 150°K a t  e d r i f t  v e l o c i t y  of about 5 x l o 7  cm/s, which corre-  

sponds t o  a f i e l d  of  about 200 vol t s / sm.  Addi t iona l  r e s u l t s  a r e  shown 

i n  Tabbe I1 a t  t he  end of t h e  chap te r ,  I n  performing an experiment,  

any observed output  can be optimized by changing t h e  dc  v o l t a g e  a c r o s s  

t he  sample, From t h e  d i scuss ion  above we can s e e  t h a t  t h e r e  w i l l  have 

t o  be a compromise between h ighes t  p o s s i b l e  d r i f t  v e l o c i t y  and a reason- 

ab ly  low e l e c t r o n  temperatuare, 

8,3, C o l l i s i o n  Frequencies 

As d i scussed  i n  Sec t ion  5"6, a rough e s t ima te  of c o l l i s i o n  

e f f e c t s  i s  p o s s i b l e  by assuming a s i n g l e  e f f e c t i v e  c o l l i s i o n  frequency,  

The computer i n v e s t i g a t i o n  showed a s i g n i f i c a n t  decrease  i n  t h e  ga in  

when t h e  coh l i s fon  frequency v became on the  order  of t h e  ope ra t ing  
C 

frequency,  I n  Table 11, t h e  c o l l i s i o n  f r equenc ie s ,  based on t h e  s imple 

model, have been ca l cu la t ed  f o r  some of t h e  m a t e r i a l s ,  Most of t h e  

c o l l i s i o n  f requencies  a r e  i n  t h e  150 t o  300 GHz range a t  77°K. This  

will l i m i t  t he  lower f requencies  f o r  which most space-charge i n t e r -  

a c t i o n s  may be used,  The c o l l i s i o n  frequency range i s  about t e n  t i m e s  

h ighe r  than t h e  usua l  microwave f r equenc ie s ,  I f  an i n t e r a c t i o n  i s  t o  

be inves t igaked  i n  t h e  LO ts 50 GHz frequency range,  then t h e  theory 

must be  d e ~ ~ e l o p e d  assuming t h a t  c o l l i s i o n s  w i l l  dominate t he  i n t e r -  

a c t i o n  mechanismo Some of t h e  work wi th  InSb has been done on t h e  b a s i s  

of Chis kind s f  an  assumption, cog., B o  B o  Robinson and G. A, Swar tza4  

k B o  B -  R ~ b i n s s n  and G n  A, Swartz,  "Two-Stxeam I n s t a b i l i t y  i n  Semicon- 
~ U C C O P   plasma,^, " PJ3upwa2 3f A p p l i e d  Pkys~;=.s,  Vol , 38, May 196 7 ,  
pp" 2461-24650 



8 , h ,  Absorpt ion C o e f f i c i e n t s  and P e r m f t t i v i t i e s  

The computer a n a l y s i s  o f  Chapter  V w a s  based on an e l e c t r o n  

st-ceam model- which i g n o r e d  t h e  l o s s e s  due t o  l a t c i c e  e x c i t a t i o n ,  Any 

l o s s e s  due t o  t h e  c r y s t a l  Z a e t i c e  w i l l  r educe  t h e  g a i n  c o e f f i c i e n t ,  

F o r t u n a t e l y  i n  t h e  microwave and r i n f  cared f r e q u e n c i e s ,  semiconduc- 

r q s e s  t o r s  haye comparat ive%y low I,,, 

F i g u r e s  34  t o  39 show t h e  e x p e r i m e n t a l  r e s u . l t s  o f  t h e  absorp-  

t i o n  of some t y p i c a l  m a t e r i a l s  as 'cund i n  t h e  l i t e r a t u r e ,  The g a i n  

- 1 
c o e f f i c i e n t s  o b t a i n e d  from t h e  compnter work of Chapter  V were l o 3  cm 

- 3  
sr 1a.rge.r" A  l o s s  c o e f f i c i e n t  a s f  100 cm would,  t h e r e f o r e ,  n o t  b e  

t roublesome.  T h i s  compares w e l l  w i t h  t h e  e x p e r i m e n t a l  r e s u l t s  shown i n  

r h e  f i g u r e s "  The o n l y  t roublesome f r e q u e n c i e s  are t h e  o c c a s i o n a l  l a t t i ce  

z b s o r p t i o n  peaks  as shown e x p l i c i t l y  ? o r  germanium i n  F i g ,  38, The InSb 

curves  s f  F i g ,  39 a l s o  show a h i g h - a b s o x p ~ i o n  r e g i o n  around 60 y o  These  

r e g i o n s  shou ld  b e  avoided i n  choosing t h e  o p e r a t i n g  f requencyc  Some o f  

t h e  more kmportaar r e g i o n s  have been no ted  i n  Tab le  11, 

Figure  31r g i v e s  t h e  trz,nsmission f o r  some common semiconduc tors  

zn t h e  i n f z a r e d ,  The s h a r p  d r o p  i n  t r a n s m i s s i o n  n e a r  l u i s  known as 

t h e  abso~:pt ion edge and is due t o  bound e l e c t r o n  e x c i t a t i o n "  The t r a n s -  

m i s s i o n  p ~ 3 p e r t i e s  sh-wn uscaXly  c o n t i n u e  down i n t 3  t h e  microwa.ve r e g i o n ,  

ex-epr f o z  t h e  o c c a s i o n a l  peaks  m e n t i m e d  above- F i g u r e  35 g i v e s  the 

qocresponding r e s u l t s  for t h e  111-'67 semir-ond~acting compou.ndsn F i g u r e  36 

g i ~ ~ e s  t h e  a b s o r p t i a n  on LnSb a s  a. f u n c t i o n  o f  t e m p e r a t u r e  f o r  a sample 

of a c a r r i e r  c o n c e n t r a t i o n  t h a t  cou ld  be used in t h e  f a r  i n f r a r e d  w i t h  

t h e  t y p e  of i n t e r a c t i o n  p r c p s s e d  i n  Chapter  I V -  The a b s o r p t i o n  c o e f f i -  



Material Thickness (mm) 

Ge 0.82 

Si 1.00 

S e 1.69 

Te 1.50 

5 10 15 2 0 

Wavelength ( v )  -------;r- 

Fig. 34. Transmission of Si, Ge, Se, and ~ e .  

G. K.  T. Conn and D. G. Avery, Infrarsd Methods, New York, Academic 
Press, 1960, p .  44. 



Wavelength ) .___;+ 

Fig. 35. Transmission of 111 - V compounds,6 

n-type sample 

(n = 1017 cm-3) 

Wavelength [cm --3- : -7 
Ff g. 36, Absorption coefficients for 1 n ~ b .  

C, Hilsum and A ,  C. Rose-Innes , Semiconducting III-V Compounds, New 
York, Pergamon Press, 1961, p ,  226, 

hW. Kaiser and H .  Y .  Fan, "Infrared Absorption in Indium Antimonide," 
Physical Review, Vob, 98, May 1955, p. 966-968. 



0 . 1  l I I 
2  

1 

3 
I 

4  
6 

5  
I 

6 7 8 

Wavelength (p) -----+- 

Fig .  3 7 .  I n f r a r e d  p r o p e r t i e s  of 1 n ~ b  . 8  
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Fig .  38. I n f r a r e d  a b s o r p t i o n  spectrum of germanium 
due t o  l a t t i c e  v i b r a t i o n s .  

C. Hilsum, op. eib., p.  228. 

T .  S. Moss, Optical Properties of Semi-Conductors, London, B u t t e i w o r t h  
S c i e n t i f i c  P u b l i c a t i o n s ,  1959,  p. 141.  



Wavelength (p) ---- - - 

Fig, 39, Transmission of InSb crystals of 0.21 mm 
and 0,35 mm thickness at -35'C, 25OC and 

Ysshinaga and R ,  A, Oetjen, "Optical Properties of Indium Anti- 
monide in the Region from 20 to 200 Microns," PhyaicaZ Review, 
Vol. 101, January 1956, pp, 526-531. 



c i e n t  would b e  low compared t o  t he  expected g a i n ,  provided o t h e r  con- 

d i t i o n s  could b e  met. F igure  37 i l l u s t r a t e s  t h e  e f f e c t  of c a r r i e r  

concent ra t ion  on t h e  absorp t ion  edge. An i n t e r e s t i n g  r e s u l t  h e r e  i s  

t h a t  t he  peak t ransmiss ion  i s  n o t  s i g n i f i c a n t l y  a f f e c t e d  by t h e  d i f f e r -  

e n t  c a r r i e r  concent ra t ions .  F igure  38 g ives  t h e  absorp t ion  of t h e  ger- 

manium l a t t i c e  exc luding  t h e  f r e e  e l e c t r o n  abso rp t ion .  Since t h e  e l ec -  

t r o n s  a r e  producing t h e  ga in ,  t h e i r  absorp t ion  is  n o t  important .  Only 

t h e  l o s s e s  due t o  t h e  l a t t i c e  w i l l  b e  de t r imen ta l .  Figure 39 shows 

the  t ransmiss ion  of InSb over  a  wide frequency range i n  the  f a r  i n f r a -  

r ed .  

The r e l a t i v e  d i e l e c t r i c  cons t an t ,  E, f o r  germanium w a s  taken 

as 16.0,  f o r  t h e  computer work of Chapter V ,  a t  a l l  f requencies .  The 

d i e l e c t r i c  cons tan t  i s  n o t  s t rong ly  frequency dependent i n  t h e  low 

abso rp t ion  reg ion  f o r  any of t h e  m a t e r i a l s  i n v e s t i g a t e d .  There i s  

usua l ly  only about  a 10  percent  change i n  t h e  d i e l e c t r i c  cons tan t  from 

i n f r a r e d  t o  micxowave f requencies .  The only  precaut ion  is  t o  avoid 

the  occas iona l  abso rp t ion  peaks due t o  l a t t i c e  e x c i t a t i o n .  Tempera- 

t u r e  w i l l  a l s o  a f f e c t  t h e  d i e l e c t r i c  cons t an t ,  b u t  h e r e  again t h e  

e f f e c t  i s  r a t h e r  s m a l l  and can probably be  neglec ted .  A s  an example, 

t h e  d i e l e c t r i c  cons t an t  of GaAs a t  70.2 GHz changes only by 1 .5  pe rcen t  

from 100°K t o  30O8K0 Re la t ive  d i e l e c t r i c  cons t an t s  f o r  t y p i c a l  mate- 

r i a l s  a r e  given i n  Table 11. 



TABLE I1 

PROPERTIES OF SOME USEFUL SEMICONDUCTORS 

c e n t r a t i o n s  f o r  

D i e l e c t r i c  Constants  
f o r  Severa l  P e r t i n e n t  

Frequenci e s  " 9 l 2  

Weaker bands 

GHz.  F ree  
c a r r i e r  d i s -  

= 5 . 5 ~ 1 0 ~  t o  3,2x1013 E = 13,7 a t  24 GHz.  

~a = 1 4 - 0  (probably i n  

E = 17.5 - 18"O f o r  1 
t o  4 ym, L i t t l e  t i o n  due t o  
change a t  longer  f r e e  c a r r i e r s  
wavelengths i n  i n f r a r e d .  

' G o  A, Hogarth, Mater"aZs Used i n  Semiconductor Devices , I n t e r s c i e n c e  
Publishers, New York, 1965, 

1 3  T ,  S - Moss, OpticaZ Propert.L"es cf Semiconductors, Butterworth S c i e n t i f i c  
F u b l i c a t i o n s ,  London, 1959" 



TABLE I1 - CONTINUED 

PROPERTIES OF SOME USEFUL SEMICONDUCTORS 

Drift velocities vs. E field Collision freque 
(near saturation) 

electron temp - 
230°K; E = 150 
v/cm, electron 
temp = 130°K 

f - 300 GHz at 79°K 

-- 

l 3  kio Glicksman and W e  A n  Hicinbothem, op,  P Z , ~ ,  

" DD. M, Ghang and 3, G o  Rush, op,  czt, 



IX. EXPERIMENTAL INVESTLGATION 

A l i m i t e d  e x p e r i m e n t a l  program was pursued d u r i n g  t h e  t h e o z e t i -  

c a l  i n v e s t i g a t i o n  d e s c r i b e d  i n  t h i s  repor!:, A b r i e f  d e s c r i p t i o n  w i l l  b e  

g i v e n  s f  some of t h e  t e c h n i q u e s  a v a i l a b l e  as an  a i d  t o  f u t u r e  work. It 

i s  p o s s i b l e  t h a t  t h e  the rmal  and tvanevense  v e l o c i t y  problems,  d e s c r i b e d  

i n  Chapters  W and V I , c a n  b e  overcome w i t h  a  d i f f e r e n t  c o n f i g u r a t i o n  and  

t h e  u s e  of a magne t ic  f i e l d ,  Ha t h a t  case, i t  would b e  d e s i r a b l e  t o  t r y  

e x p e r i m e n t a l l y  t o  verify t h e  i n t e r a c t i o n ,  The fobLowing s e c t i o n s  w i l l  

v e r y  b r i e f l y  d e s c r i b e  some of  t h e  problems t o  b e  expec ted  and what can  

b e  done t o  overcome some of  them, 

9-1. DC Energy and Heat D i s s i p a t i o n  

The f i r s t  expe-rimental  problem is  t h a t  of h e a t  d i s s i p a t i o n  and 

t h e  p r a c t i c a l i t y  of g e t t i n g  t h e  h i g h e r  d r i f t  v e l o c i t i e s ,  For example,  

assume  hat t h e  semiconductor  i s  germanium as i n  t h e  computer work of  

Chapter  V. For a d r i f c  v e l o c i t y  of a b o u t  I r o  1 . 5  x  l o 7  cm/s t h e  e l e c -  

t r i c  f i e l d  i s  about  700 v o l t s / c m o  The power d i s s i p a t e d  would be  

wheze a i s  t h e  c o n d a ~ a t n v i t y  and V a s  t h e  valunte o f  t h e  s o l i d ,  A t y p i c a l  

2 - 1 ~ a l u e  for t h e  c o n d u c t i v i t y  a wou1d be  10 ( Q  cm) The volume of  a t y p i -  

-3 3 caL t h i n  sample would be  about 10 cm - F u t t x n g  t h e s e  v a l u e s  i n t o  t h e  

above e q u a t i o n  g i v e s  a  power o f  5000 w a t t s !  T h i c k e r  samples w i l l  r e q u i r e  



c o r r e s p o n d i n g l y  g r e a t e r  amounts o f  power, Unless  a v e r y  e x o t i c  heat  

s i n k  i s  deve loped ,  t h e s e  power l e v e l s  w i l l  r e s t r i c t  o p e r a t i o n  t o  s h o r t  

p u l s e s  a t  a low d u t y  c y c l e .  Not o n l y  is  i t  i m p o r t a n t  t o  keep t h e  sample  

under test  from m e l t i n g ,  b u t  any s i g n i f i c a n t  t empera tu re  i n c r e a s e  w i l l  

r a i s e  t h e  t h e r m a l  v e l o c i t y  and reduce  any expec ted  a m p l i f i c a t i o n .  The 

samples i n  t h e  exper iments  t h a t  were performed i n  t h i s  l a b o r a t o r y  u s u a l l y  

had impedances o f  one t o  f i f t y  ohms, A t  t h e  h i g h e r  impedances, commer- 

c i a l  p u l s e  g e n e r a t o r s  are r e a d i l y  a v a i l a b l e  and no p a r t i c u l a r  problems 

are encounte red .  At t h e  Lower impedances o f  a  few ohms, a s u i t a b l e  com- 

m e r c i a l  u n i t  cou ld  n o t  be  feund. The r e q u i r e d  c u r r e n t s  and v o l t a g e s  

were  o b t a i n e d  i n  p u l s e s  o f  4 t o  5 v s e c  d u r a t i o n  by u s i n g  a lumped p a r a -  

mete r  d e l a y  l i n e  t r i g g e r e d  by a  v e r y  f a s t  r i s e  t ime  s i l i c o n  c o n t r o l l e d  

r e c t i f i e r . '  The d e s i g n  and c o n s t r u c t i o n  of t h i s  p u l s e r ,  i n  a d d i t i o n  t o  

t h e  u n i t s  a v a i l a b l e  commercially,  p e r m i t t e d  t h e  t e s t i n g  o f  a wide r a n g e  

o f  m a t e r i a l s  and sample dimensions .  

9 . 2 .  Sample P r e p a r a t i o n  

The t h e o r e t i c a l  work d i s c u s s e d  i n  t h e  p r e v i o u s  c h a p t e r s  assumed 

t h a t  samples  of t h e  r e q u i r e d  dimensions  and s u r f a c e  u n i f o r m i t y  cou ld  b e  

made i n  t h e  l a b o r a t o r y .  I n  t h i s  s e c t i o n ,  a few of t h e  p o s s i b l e  tech-  

n iques  and t h e i r  l i m i t a t i o n s  w i l l  b e  d i s c u s s e d .  

A.  S i l z a r s ,  C .  H. Durney, and R ,  W. Grow, " T h e o r e t i c a l  and Experi-  
m e n t a l  I n v e s t i g a t i o n  o f  S o l i d - S t a t e  Mechanisms f o r  Genera t ing  Co- 
hegen t  R a d i a t i o n  i n  t h e  U l t r a v i o l e t  and X-Ray Regions," T e c h n i c a l  
Report  UTEC MD 67-033, Microwave Device and P h y s i c a l  E l e c t r o n i c s  
L a b o r a t o r y ,  U n i v e r s i t y  of Utah,  S a l t  Lake C i t y ,  Utah,  J u n e  1967, 



The minimum th i ckness  of a semiconductor sample t h a t  can be 

made i n  t he  l abo ra to ry  i s  u s u a l l y  determined by t h e  mechanical s t r e n g t h  

requized t o  have a se l f - suppor t ing  s t r u c t u r e ,  For a p p l i c a t i o n  of con- 

t a c t s  and f o r  propagat ion measurements, i t  i s  u s u a l l y  necessary  t o  have 

samples of a t  l e a s t  a  few m i l l i m e t e r s  i n  width and l eng th .  Samples of 

t h i s  s i z e  can be  c u t  w i th  a wi re  saw using s i l i c o n  ca rb ide  a s  an abra- 

s i v e .  The th ickness  can be as d e s i r e d  down t o  about .005 inches .  These 

samples can then be  bonded t o  a  g l a s s  p l a t e  w i th  a the rmop las t i c  r e s i n  

and mechanically pol i shed  t o  produce a  more uniform s u r f a c e  and t o  

f u r t h e r  decrease  t h e  th i ckness .  I n  p r a c t i c e ,  i t  w a s  found t h a t  t he  l i m i t  

of mechanical po l i sh ing  i s  a  sample about .001 inches  i n  th ickness .  This  

can be accomplished by us ing  a  semiconductor grade diamond p a s t e  f o r  t h e  

f i n a l  p o l i s h .  These p a s t e s  a r e  a v a i l a b l e  wi th  a g r a i n  s i z e  as smal l  as 

162 t o  1 micron, A s u r f a c e  pol i shed  i n  t h i s  manner appears  sh iny  under 

a  microscope wi th  30 x magni f ica t ion ,  The g r a i n  s i z e  of t h e  po l i sh ing  

p a s t e  would i n d i c a t e  t h a t  t h e  s u r f a c e  nonuniformity i s  on t h e  order  of 

a micron wi th  some damage t o  t h e  c r y s t a l  s t r u c t u r e  extending somewhat 

deeper  i n t o  t h e  sample, 

Another method of p repa r ing  t h e  s u r f a c e s  is  t o  u se  a  chemical 

e t c h  subsequent t o  a  rough mechanical p o l i s h .  Many such s o l u t i o n s  a r e  

a v a i l a b l e  and have been t abu la t ed  i n  t h e  l i t e r a t u r e ,  e , g , ,  Biondi,  Tran- 

s i s t o ~  TechnoZogy , Vol . 111. Both germanium and i ndium antimonide can 

Fn J ,  Biondi,  T ~ a n s i s t o r  TechnoZogy, Vol, 111, Do Van Nostrand, I n c . ,  
P r ince ton ,  New J e r s e y ,  1958, pp. 117-151, 



be  pol i shed  using t h e  w e l l  known CP4 e t c h .  Using t h i s  e t c h  w i l l  a l s o  

reduce t h e  t h i cknes s  o f  t h e  samples,  The chemical e t ch ing  method h a s  

t h e  advantage t h a t  s u r f a c e  s t r a i n s  and f r a c t u r e s  a r e  n o t  i n t roduced .  

The disadvantage i s  t h a t  t h e  e t c h  does n o t  a c t  uniformly ove r  l a r g e  

a r e a s .  The sample, a f t e r  e t ch ing ,  appears  sh iny  bu t  w i th  some undula- 

t i o n s  o r  waviness.  This  would make i t  d i f f i c u l t  t o  g e t  i n t i m a t e  con- 

t a c t  between two samples i f  a  l aye red  s t r u c t u r e  i s  d e s i r e d ,  A micro- 

s cop ic  examination r e v e a l s  t h a t  t h e  e t ch ing  process  l eaves  a  s u r f a c e  

t h a t  ha s  smal l  " c r a t e r s "  of  about: 5 microns i n  diameter  covering t h e  

z n t i r e  e x t e n t  of t h e  sample. The chemical e t c h  i s  v e r y  s e n s i t i v e  t o  

t h e  prec lean ing  process  and i t  may be p o s s i b l e  r o  g e t  more uniform su r -  

f a c e s  w i th  s p e c i a l  p r ecau t ions  dur ing  t h e  c lean ing  ope ra t i ons .  

Although t h e s e  r e s u l t s  appear t o  be  ve ry  good when compared t o  

t h e  free-space wavelength, which is 1 mm a t  300 GHz,  we must remember t h a t  

-3 t h e  slow-wave space-charge i n t e r a c t i o n s  have wavelengths of -10 A .  

This  means t h a t  t h e  space-charge wavelength a t  300 GHz i s  only  about  1 

micron. This  i s  now of t h e  same order  as ehe s u r f a c e  nonuniformity,  

and l a r g e  l o s s e s  w i l l  r e s u l t  f o r  t h e  s u r f a c e  wave a t  t h e  boundary. Un- 

less cons ide rab l e  improvement can be  r e a l i z e d  i n  t h e  s u r f a c e  p r e p a r a t i o n ,  

s u c c e s s f u l  experimental  r e s u l t s  cannot be  expected,  

Vacuum d e p o s i t i o n  o f f e r s  y e t  another  promising method f o r  making 

t h i n  and uniform samples i n  t h e  l a b o r a t o r y ,  The only  drawback i s  t h a t  

the  samples produced a r e  u s u a l l y  of very low m o b i l i t y ,  The l aye red  

s t r u c t u r e  proposed i n  Chapter I V  could be  made exper imenta l ly  from a 

t h i c k  s u b s t r a t e  w i th  a very  good s u r f a c e  on which a  t h i n  l a y e r  of  low 



mobi l i t y  m a t e r i a l  has  been vacuum depos i ted .  

I n  conclus ion ,  i t  appears  t h a t  i f  a  space-charge i n t e r a c t i o n  i n  

the  300 GHz o r  higher  reg ion  i s  t o  be i n v e s t i g a t e d ,  then a very  c a r e f u l  

s tudy  should f i r s t  be made of t he  optimum s u r f a c e  condi t ions  t h a t  can be  

achieved experimental ly .  

9 , 3 ,  Ohmic Contacts  

The h igh  e l e c t r i c  f i e l d s  which a r e  needed f o r  t h e  h igh  d r i f t  

v e l o c i t i e s  r e q u i r e  good e l e c t r i c a l  con tac t s .  Low r e s i s t a n c e  ohmic con- 

t a c t s  can be  made t o  n-type germanium by a l loy ing  antimony-doped gold  

t o  t h e  con tac t  a r e a  and then  us ing  ord inary  t i n - l ead  s o l d e r  o r  a gold  

f i l l e t .  For very  smal l  con tac t  a r e a s  t h e  antimony-gold can be  vacuum 

depos i t ed  onto  t h e  germanium through a  mask which s h i e l d s  t h e  r e s t  of 

t h e  sample, Alloying of t h e  depos i ted  m a t e r i a l  i s  done by h e a t i n g  i n  a 

hydrogen atmosphere whi le  observing t h e  sample through a  low-power micro- 

scope,  A c h a r a c t e r i s t i c  co lo r  change occurs  when t h e  u t e c h t i c  tempera- 

t u r e  i s  reached,  Indium antimonide can be t r e a t e d  s i m i l a r l y  o r  it may 

a l s o  be  used wi th  a f l u x  and indium s o l d e r  t o  provide t h e  c o n t a c t s ,  

The con tac t s  were t e s t e d  i n  pulsed ope ra t ion  by p l o t t i n g  t h e  

current vs. v o l t a g e  curves ,  The r e s i s t a n c e s  measured corresponded t o  

chose ca l cu la t ed  from t h e  r e s i s t i v i t i e s  of t h e  samples,  i n d i c a t i n g  ve ry  

l o w  r e s i s t a n c e  c o n t a c t s ,  The cur ren t -vol tage  curves were approximately 

l i n e a r  so  t h a t  t he  con tac t s  were no t  r e c t i f y i n g .  Some n o n l i n e a r i t y  was 

observed a t  h igh  c u r r e n t s ,  b u t  t h i s  could e a s i l y  be explained by con- 

s i d e r i n g  t h e  hea t ing  of t h e  samples due t o  t hese  same l a r g e  c u r r e n t s ,  



A rise i n  tempera ture  w i l l  n a t u r a l l y  i n c r e a s e  t h e  c a r r i e r  concen t r a t i on  

and thereby  lower t h e  r e s i s t a n c e .  

The h i g h  v o l t a g e s  and c u r r e n t s  t h a t  were app l i ed  a l s o  se rved  a s  

a  test f o r  any d e f e c t s  i n  t h e  c o n t a c t  a r e a ,  Cracks o r  poor s o l d e r  j o i n t s  

r e s u l t e d  i n  a r c i n g  and even tua l  d e s t r u c t i o n  of t h e  sample, 

9 , 4 .  Detec to r s  and Sources 

The i n t e r a c t i o n  i n v e s t i g a t e d  i n  c h i s  paper i s  e s p e c i a l l y  i n t e r -  

e s t i n g  because i t  i s  s u i t a b l e  f o r  f r equenc i e s  from 300 GHz t o  t h e  f a r  

i n f r a r e d .  Th i s  i s  a  range where good sou rces  and d e t e c t o r s  are pres -  

e n t l y  l ack ing .  Unfor tuna te ly ,  t h e  l a c k  of sou rces  and d e t e c t o r s  makes 

exper imenta t ion  d i f f i c u l t ,  A t  t h e  microwave f r equenc i e s ,  wave guides  

and k l y s t r o n s  a r e  r e a d i l y  a v a i l a b l e  up t o  about 100 GHz, Then doubler  

c r y s t a l s  can be  used t o  r a i s e  t h e  frequency up t o  about 200 GHz,  Crys- 

t a b  d e t e c t o r s  a r e  a v a i l a b l e  f o r  f r equenc i e s  up t o  about 250 GHz. Beyond 

t h i s  t h e  d e t e c t i o n  and source  problem becomes very d i f f i c u l t ,  The wave- 

l eng th  becomes s o  s h o r t  t h a t  wave guides  m u s t  be  s o  smal l  t h a t  they can 

no l onge r  be e a s i l y  manufactured, A t  p resenc ,  150 t o  200 GHz seems t o  

be t h e  upper l i m i t  f o r  p r a c t i c a l  microwave experLments, This  f requency 

i s  about  a  f a c t o r  of two lower than would be  d e s i r a b l e  f o r  experiments  

on t h e  proposed space-charge i n t e r a c t i o n s n  I n  t h e  i n f r a r e d  r eg ion ,  use- 

f u l  dev ices  could pos s ib ly  be  b u i l t  down t o  f ree-space wavelengths o f  

about 10 microns,  Because very  s h o r t  dc pu l se s  a r e  r equ i r ed ,  t h e  de tec-  

t o r  i n  t h i s  wavelength reg ion  must have a  response time of about 1 ysec .  

The only d e t e c t o r s  which f u l f i l l  t h i s  c r i t e r i o n  awe t h e  doped germanium 



d e t e c t o r s .  Gold-doped germanium has  a u s e f u l  response from about 1 g 

t o  9 1-1. Copper-doped germanium w i l l  respond up t o  about 25 p ,  butr re- 

q u i r e s  l i q u i d  helium f o r  cool ing.  

A t  p r e sen t  t h e r e  appears  t o  be no a v a i l a b l e  method f o r  i n v e s t i -  

g a t i n g  t h e  frequency range where t h e  space-charge i n t e r a c t i o n s  have t h e  

b e s t  chance f o r  succes s .  If t h e  t h e w e t i c a l  r e s u l t s  were more encour- 

aging,  then i t  might be  worthwhile t o  t r y  an experiment nea r  t h e  low- 

frequency o r  high-frequency l i m i t s  of t h e  i n t e r a c t i o n .  Unfor tuna te ly ,  

t h i s  is  no t  t h e  ca se .  Fur ther  experimental  work is  n o t  warranted a t  

t h i s  t ime. 



X. S U U Y  AND CONCLUSIONS 

I n  t h e  prev ious  chap te r s ,  space-charge i n t e r a c t i o n s  i n  s o l i d -  

s t a t e  plasmas have been considered from s e v e r a l  d i f f e r e n t  v iewpoin ts .  

Some p a r t i c u l a r  ca se s  have been analyzed and q u a n t i t a t i v e  r e s u l t s  have  

been presen ted ,  L t  i s  now approp r i a t e  t o  summarize some of t h e  more 

important  r e s u l t s  and t o  draw some conclusions from c h i s  work. 

The double-stream i n t e r a c t i o n  wi th  one stream s t a t i o n a r y  w a s  

analyzed f o r  a c o n f i g u r a t i o n  where t h e  two s t reams a r e  i n  ad j acen t  

m a t e r i a l s ,  The a n a l y s i s  p r ed i c t ed  h igh  ga in  f o r  t h i s  con f igu ra t i on  

when temperature  and p a r t i c l e  c o l l i s i o n s  were n o t  inc luded ,  and on ly  

one dimension was considered.  P r o p e r t i e s  of semiconductors i n d i c a t e d  

t h a t  u s e f u l  dev i ce s  could be  made f o r  ope ra t i on  over  a  broad frequency 

9 
range. Frequencies  from 1. x 10 Hz t o  3  x 1013 Hz s a t i s f y  t h e  neces-  

s a r y  cond i t i ons  f o r  ga in  i n  t h e  i d e a l i z e d  model- For t h i s  configura-  

t i o n ,  t h e  material wi th  t h e  d r i f t i n g  s t ream could  be  taken of a r b i t r a r y  

t h i cknes s ,  The th i cknes s  of  t h e  s t a t i o n a r y  s t ream m a t e r i a l  w a s  t hen  

ad jus t ed  t o  op t imize  t h e  ga in .  Typica l  va lues  of ga in  a r e  about 10 

pe rcen t  p e r  space-charge wavelength. This  va lue  is  comparable t o  a 

s i m i l a r  a n a l y s f s  f o r  e l e c t r o n  beams, S ince  t h e  space-charge wavelength 

i n  a s o l i d  i s  about  of t h e  free-space wavelength, t h i s  r e s u l t s  i n  

very l a r g e  v a l u e s  of ga in  p e r  emn 

The i d e a l i z e d  model was then r econc i l ed  w i t h  t h e  phys i ca l  world 

by i nc lud ing  f i n i t e  temperatures  and p a r t i c l e  c o l l i s i o n s .  The tempera- 

t u r e  problem was i n v e s t i g a t e d  i n  d e t a i l  and several.  methods were com- 



pared,  The hydrodynamic model, Boltzmann t r a n s p o r t  equat ion ,  and ve loc-  

i t y  supe rpos i t i on  techniques were a l l  considered.  The hydrodynamic model, 

which assumes an averaged thermal  v e l o c i t y ,  was found t o  g ive  va lues  of 

ga in  t h a t  a r e  too  o p t i m i s t i c ,  The d i s t r i b u t i o n  func t ion  approach, i . e . ,  

v e l o c i t y  supe rpos i t i on ,  was i n v e s t i g a t e d  i n  some d e t a i l  because t h e  physi- 

c a l l y  expected d i s t r i b u t i o n  func t ion  of t h e  Maxwell-Boltzmann type cannot  

be i n t e g r a t e d  e x p l i c i t y o  Other  d i s t r i b u t i o n  func t ions  were t r i e d  t o  f i n d  

a  good approximate technique f o r  eva lua t ing  t h e  i n t e g r a l ,  The b e s t  re- 

s u l t s  were obtained from s t r a i g h t - l i n e  approximations which r e s u l t e d  i n  

a t r iangular-shaped d i s t r i b u t i o n  func t ion .  This d i s t r i b u t i o n  gave re- 

s u l t s  t o  w i t h i n  + 20 percent  of t h e  Maxwell-Boltzmann d i s t r i b u t i o n  func- 

t i o n  a s  numerical ly  i n t e g r a t e d  on a d i g i t a l  computer, The t r ia l  of o t h e r  

d i s t r i b u t i o n s  l e d  t o  t h e  conclusion t h a t  both t h e  width and t h e  s l o p e  of 

t he  d i s t r i b u t i o n  func t ion  chosen a r e  very  important ,  It  i s  f e l t  t h a t  

t h e  use  of a  t r iangular-shaped d i s t r i b u t i o n  provides a very good approxi-  

mate technique f ~ r  i n v e s t i g a t i n g  temperature e f f e c t s ,  

The numerical  a n a l y s i s  of a  germanium sample us ing  p h y s i c a l l y  

a t t a i n a b l e  v e l o c i t i e s  and plasma f requencies  showed a  sharp  drop i n  t h e  

gain as temperature was inc reased ,  even f o r  very low temperatures ,  Use- 

f u l  ga in  is  p o s s i b l e  only up t o  about 30' t o  3 5 ° K "  This  means t h a t  

l i q u i d  n i t r o g e n  temperatures w i l l  no t  be s u f f i c i e n t  f o r  a l a b o r a t o r y  ex- 

per iment ,  

A simple c o l l i s i o n  theo ry ,  assuming a s i n g l e  c o l l i s i o n  f requency ,  

was then  included t o  g e t  some i n d i c a t i o n  of t h e  lower frequency l i m i t  f o r  

useful  ga in ,  The computer r e s u l t s  show t h a t ,  f o r  t y p i c a l  va lues  of ga in  



c o e f f i c i e n t s ,  t h e  ope ra t ing  frequency must be above the  c o l l i s i o n  f r e -  

quency t o  avoid seve re  c o l l i s i o n  damping. C o l l i s i o n  f r equenc ie s  i n  

semiconductors a r e  i n  t he  200 t o  300 GHz range a t  7 7 O K .  This  w i l l  l i m i t  

ope ra t ion  t o  t he  submil l imeter  o r  s h o r t e r  wavelengths,  u n l e s s  s t r o n g  dc  

magnetic f i e l d s  a r e  appl ied .  I f  t he  c o l l i s i o n l e s s  ga in  i s  a l r eady  low, 

then ope ra t ion  w i l l  have t o  be  at even higher  f requencies .  

The o v e r a l l  e f f e c t  of temperature and p a r t i c l e  c o l l i s i o n s  i s  t o  

impose severe  r e s t r i c t i o n s  on t h e  ope ra t ing  condi t ions  f o r  t h e  proposed 

device .  The sample must be cooled t o  very low temperatures  and t h e  op- 

e r a t i n g  frequency must be i n  t h e  submi l l imeter  reg ion .  

Transverse a c  v e l o c i t i e s  add another  s e r i o u s  r e s t r i c t i o n  t o  t h e  

cons t ruc t ion  of a  p r a c t i c a l  device.  I n  e l e c t r o n  beams, t r a n s v e r s e  

v e l o c i t i e s  a r e  u s u a l l y  no t  considered because magnetic f i e l d s  a r e  used 

to con ta in  the  beam. A s o l i d ,  presumably, has wel l-defined boundar ies  

s o  t h a t  a magnetic f i e l d  is  n o t  needed t o  keep the  e l e c t r o n s  i n  t h e  

sample; however, i n s i d e  t h e  sample t h e  e l e c t r o n s  may move i n  a l l  d i r e c -  

t i o n s ,  Computer c a l c u l a t i o n s  showed t h a t  an a n i s o t r o p i c  conduc t iv i ty  

i s  necessary  f o r  u s e f u l  ga in  t o  r e s u l t  from t h e  double-stream i n t e r -  

a c t i o n .  Furthermore, t hese  c a l c u l a t i o n s  showed t h a t  t h e  an i so t ropy  

must b e  l a r g e .  For t h e  l aye red  conf igu ra t ion ,  a  r a t i o  of l o n g i t u d i n a l  

3 t o  t r a n s v e r s e  conduct iv i ty  a s  l a r g e  a s  10 begins t o  reduce t h e  g a i n  

a s  obta ined  from t h e  one-dimensional a n a l y s i s .  Longitudinal- to- t rans-  

verse conduc t iv i ty  r a t i o s  of l e s s  than 10 a r e  too low f o r  u s e f u l  g a i n .  

A magnetic f i e l d  can be  used t o  produce an an iso t ropy  a r t i f i c i a l l y ,  bu t  

t h e  f i e l d s  requi red  a r e  too l a r g e  a t  t h e  f requencies  of i n t e r e s t .  



I n  a d d i t i o n  t o  t h e  t h e o r e t i c a l l y  p r e d i c t e d  o b s t a c l e s ,  t h e r e  

a r e  some problems of a more p r a c t i c a l  na tu re .  Even i f  t h e  i n t e r a c t i o n  

works a s  in tended ,  t h e r e  is  s t i l l  t h e  problem of how t o  g e t  enough o f  

t h e  energy out  of t h e  sample t o  r e a l i z e  a u s e f u l  device.  The mismatch 

between the  space-charge wavelength and t h e  free-space wavelength i s  s o  

g r e a t  t h a t  only a s m a l l  f r a c t i o n  of t h e  t o t a l  d c  energy can be  converted 

t o  u s e f u l  ou tput .  Typica l  power l e v e l s  t h a t  can be  expected from narrow 

s l o t s ,  t h a t  a c t  l i k e  d i p o l e  an tennas ,  a r e  i n  t h e  microwatt range. 

P r e s e n t l y  a v a i l a b l e  semiconductors w i l l  s a t i s f y  t h e  t h e o r e t i c a l  

requirements f o r  plasma frequency, d r i f t  v e l o c i t y ,  e t c .  However, t h e  

space-charge wavelength i s  s o  s h o r t ,  about 1 micron f o r  an ope ra t ing  

frequency of 300 GHz, t h a t  very uniform and undamaged su r f aces  a r e  nec- 

e s sa ry  a t  t h e  boundary between t h e  two l a y e r s .  

Based on t h i s  s tudy ,  we conclude t h a t  space-charge i n t e r a c t i o n s  

i n  s o l i d s  wi thout  an appl ied  dc magnetic f i e l d  hold l i t t l e  promise f o r  

development i n t o  u s e f u l  devices  f o r  t he  fo l lowing  reasons:  

1. I d e a l i z e d  one-dimensional space-charge models which n e g l e c t  

temperature and c o l l i s i o n  e f f e c t s  always g ive  r e s u l t s  t h a t  

a r e  f a r  t oo  o p t i m i s t i c .  

2, The randomizing e f f e c t  of f i n i t e  temperature on t h e  p a r t i c l e  

v e l o c i t i e s  causes s eve re  damping of t h e  i n t e r a c t i o n  ga in .  

Any p r a c t i c a l  device  con f igu ra t ion  w i l l  probably r e q u i r e  

ope ra t ion  a t  temperatures  below 7 T 0 K ,  The layered  double- 

stream s t r u c t u r e  i nves t iga t ed  i n  t h i s  r e p o r t  must be oper- 

a t e d  a t  35°K o r  below f o r  u s e f u l  ga in  t o  r e s u l t ,  



3 .  P a r t i c l e  c o l l i s i o n s  f u r t h e r  add t o  t h e  damping of t h e  i d e a l -  

i z e d  ga in ,  Operat ion must be above 300 GHz i f  severe  eolBi- 

s i o n  damping i s  t o  be  avoided, A s t rong  d c  magnetic f i e l d  

may b e  used t o  reduce t h e  e f f e c t s  of c o l l i s i o n s  f o r  ope ra t ion  

a t  lower f requencies ,  

4 6  Transverse a c  v e l o c i t i e s  must be  included i n  any a n a l y s i s ,  

The i r  e f f e c t  i s  t o  e l i m i n a t e  u s e f u l  ga in  unless  a  s i z a b l e  

conduc t iv i ty  an iso t ropy  can be  r e a l i z e d ,  Ds magnetic f i e l d s  

f o r  producing t h i s  an iso t ropy  become i m p r a c t i c a l l y  l a r g e  f o r  

submi l l imeter  o r  s h o r t e r  wavelengths.  

5 ,  The space-charge wavelength is  s o  smal l  a t  t he  submi l l i -  

meter o r  shor tex 'wavelengths  t h a t  t h e r e  i s  p re sen t ly  no 

a v a i l a b l e  technology f o r  producing e f f i c i e n t  coupling s t rue -  

t u r e s  o r  semiconductors w i th  t h e  requi red  s u r f a c e  uni formi ty ,  

The r e s e a r c h  descr ibed i n  c h i s  r e p o r t  has  r e s u l t e d  i n  b e t t e r  

understanding of t h e  p o t e n t i a l  ~f  space-charge i n t e r a c t i o n s  i n  s a l f d s ,  

The more d e t a i l e d  cons ide ra t ion  of t h e  problem has shown t h a t  s imple 

models a r e  no t  adequate  f o r  making proposals  f o r  i n t e r a c t i o n  mechanismsa 

I n  p a r t i c u l a r ,  i t  i s  now reasonable t o  conclude t h a t  t he  p o s s i b i l i t y  of 

u l t r a v i o l e t  o r  X-ray devices  based on apace-charge i n t e r a c t i o n s  i s  no t  

very  promising. E~~ebb if t h e  b a s i c  d i f f i c u l t i e s  of temperature,  c o l l i -  

s i o n s ,  e t c . ,  can be overcome, a major problem a t  X-rays would be she  

coupling of energy from the  m a t e r i a l ,  The space-charge wavelength i s  

so  s h o r t  t h a t  coupl ing  s t r u c t u r e s  would have t o  approach t h e  dimension 

of the atomic spacing i n  t h e  m a t e r i a l ,  



Thus t h e  a n a l y s i s  of i n t e r a c t i o n s  of d r i f t i n g  charges i n  s o l i d s  

based on the  plasma model i n d i c a t e s  t h a t  these  i n t e r a c t i o n s ,  p a r t i c u l a r l y  

double-stream i n t e r a c t i o n s ,  w i l l  probably not  be  u s e f u l  a t  X-ray f r e -  

quencies"  Because of t h e  complexity of t h e  problem, however, we f e e l  

that a quantum mechanical a n a l y s i s  involving e l e c t r o n  waves should be  

wade t o  explore adequately t h e  p o s s i b i l i t y  of i n t e r a c t i o n  of d r i f t i n g  

charges i n  s o l i d s  a t  X-ray f r equenc ie sa  
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