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CHAPTER ONE

Normalization and Frequency Transformation

1.1 Introduction, The intent of this handbook 1s to provide
the NASA engineer with a reference text in which he can
find design procedures applicable to many of hls filter design
problems, These design proczdures will serve as a back-
ground in the techniques of fllter design, a background
whicp will enable the englineer to solve many practilcal
filter problems, The design techniques presented in this
handbook are all standard, well documented techniques, A
bibliography is included at the end of each chapter so
that the reader may pursue the techniques included in the
chapter in greater detall if desired, The computer program,
NASAP;69, is an integral part of each design procedure,
NASAP-69 is utilized in the anaslysis of filters
which result from the applicétion of the various design
techniques, This ess;ntial step in each design procedure
insures that the final filter fulfills the original
specifications, as the filter specifications associated
with a design problem are checked against the final filter, .
NASAP-69 is used to obtain the transfer functions of a filtér.
The transfer function is found as a rational function of
a ratio of polynomials in terms of s, Thls can be done for

both passive and active filters, Other network functions,



such as input impedance can be found by use of NASAP-69,
Knowledge of the sensitivity of these transfer functions
and network functions to changes in filter element values
is also obtained by the use of NASAP-69, For example,

the sensitivity of a voltage ratio funcﬁ&on of a filter

to changes in element values could be displayed in the
form of a sensitivity coefficlient matrix, Thls sensitivity
‘coefficient matrix could be used by the designer to spot
elements of the filter which have partlcularly critical
values, The sensltivity coefficlent matrix is used by the
Missouri version of NASAP-69 to perform a worst-cese
analysls of the partiecular funétion under consideration,
The worst-case variation of the function 1s exhlibited in
the form of the maximum varlatlion in the Bode plot of the
- magnitude and phase of the function,

1,2 Normalization, The technlque of network normalization
1s a useful practlce which can be an invéluable tool when
designing fliters. Normalization is a powerful tool, as

a normalized filter can be used to represent many similar
filters, The element values of the normasllzed filter are
of econvenient size, a benefit which 15 best appreciated
when doing slide rule calculations involving the element
values of'the filter, Normalization of element values

will alsb minimize the possibility of exponent overilow
when using NASAP-69, The atteﬁuation and phase charécteris-

tics for s normalized filter can be found using the
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convenient element values, The attenuation and phase
characteristics of other filters based on the normalized
filter can be found by parforming simple transformations
upon the attenuatlion and phase characteristics of the
normalized filter,

There are two quantlities used in the process of
normalizing a network for steady-state analysis. These
two normalizing quantitlies are:s

1, wy, the normalization frequency,

2., By, the normalization impedance,
The normallization quantities are selected to yleld convenient
normalized element values in the resulting normalized
network, In many filter applications the normallzing
quantities have been selected so that a particularly
eritical frequency of the normalized filter is one radian
and the design resistance of the normalized filter is one
ohm; The filter designer must select sultable values
for the normalizing quantities when the process of normal-
ization is reversed in order to produce the desired filter,
By proper selection of wo, and R,, a normalized low-pass filter
may be transformed tq 2 low-pass filter, or even some
other type of fllter such as a band-pass filter, In
this section the process of filter normalization is
considered, In the next section a more general trans-
formation, by which the normalized low-pass fllter can be

transformed to high-pass, band-pass, band-eliminatlon and
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other filters, 1s discussed,

To normalize a given network first select values for

the normeiizing quantities w, and Ry, These quantitlies are

selected so that the element values appearing in the

normalized network are of convenient size, Then transform

all element values of the network to element values of the

normalized network by applying the following rules:

1.
2,
3.

k.

Replace each resistor R by its normalized value R/Re .
Replace each capacitor by its normalized value o Cho .,

Replace each inductance by its normallzed value
wOL/BG .

Replace the radian frequency @ by its normalized
value w/uwp .,

Table 1,1 is a summary of the above rules, The prime

quentities in table 1,1 denote unnormalized network

| | Network quantity in
Network Normalized terms of normalized

| | quantlty| quantity | quantity
{ Frequeney s’ = Jw’“-s =.Jw/w§ s = Wo S
Resistance R’ R=R/B R’ = RoR
‘Inductance | L L= wLl'/R| L' = ByL/mg
.Capacitance c’ C = wC'Ry ¢ = C/wo R
P IR SR A
impedance | X1/ | XL = sL XL = RoXL
Capacifive': ”' .. | -._ o
impedance . Xxc’ XC = 1€ XC’' = Ry XC
| Impedance | 2’ Z=2'/B | Z' = BoZ

Table 1,1 Network normalization summary
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parameters, the unprime quantities are the normalized
network parameters, The reverse process, transforming the
normalized network back to the unnormalized network is salso
indicated in the table,

The network shown in figure 1,1l-a will be used to
demonstrate the process of network normalization, After
the netuwork is normalized, the vocltage transfer functions
for the normalized network and for the orlglnal network are
compared, Then to complete the example, the normalized
network is transformed to a new network, The voltage
transfer function V2'/V1’ for the network of figure 1,l-g
i1s given by
T B;’fg]" i
yo' = _B2 4 1/Cl s
Vi’ _R2'/ci’s + R1

R2" 4+ 1/C1 s

= B2 /(31 4+ B2 )

2! (Jw) = 2/3
'¥%7 1+ 302210 e’

Thlis voltage ratio will be compared to a simllar transfer
function for the normalized network, |

In order to normalize the netwofk. a value for By, and
we must be selected, In this case Ry = 1x10° and wy = 500
will result in a normalized network with convenient
element values, Choosing Ry to be 1x10® eliminates the
10 factor in the eleme?t values Rl and R2, The value

seiected for w, forces the breakpoint radian frequency
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of the voltage transfer function to one radian, as can
be seen from the plot of the voltage transfer functicn for

the nornalized network figure 1l.,2-2, These values will

also force the normalized value of Cl to be of convenlient size,

L

{a)

’ 2a

[1-H

Figure 1.1 Exzample of network normelization, (a) Original
network, (b) Normalized network,
Using table 1,1 the values of the normalized network

elements are glven by

Rl = _B!._’ = '.'i.xlwgs = 10
By 1x10

R2 = B2’ = 2z10% = 20
Ro 1x10

C1 = woC1'Ry = (500)(3x10°°)(1x10°) = 1,5¢f,
The normalized network i1s shewn in figure 1,1-Db,
The voltage ratio for this network is given by

G{Jw) = ¥2 (jw)
V1



R2/(R1 + R2)
1+ j ERi RZ2 Cilw
Bi 4+ R2

I

2/3
T 3(2/3)(1,5)
2/3

1 4+ Jjw,

The magnitude and phase of the voltage transfer funetion
vz'/vi’ and V2/V1 for the network and normalized network are
shown in figures 1,2-8 and 1,2-b, Comparison of the response
curves for the network and the normaiized network shows .
that they are quite similar, In fact, the curves for the
network response can be obtained from the normalized
network response by "sliding" it a distence of w, = 500
to the right. |

Now we can use the normalized network to find a new
network with a similar frequency response, but with a
breakpoint of w = 2000 and with a C1’ egual to 2uf,

This frequency response can be obtalned by shiftlng‘the
frequency reéponse curve of the nocrmalized network to the
right (figure 1l.2-a) by a factor of 2000, The breakpoint
oY the new network frequency response curve is given by

7

w, = 2000w, = 2000,
This is the we to use to find the element values of the
new netvork when performing the reverse of the normaliza-
tion process as glven in the last column of table 1,1,
The value of By can be found by éensiderins that

Cl = woC1'Ry
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and that C1’ is specified to be 2uf, Thus

o= Ol = 1.5 =375,
W C1 (2x10% ) (2x10°°)
[6 ()
10 10° o' 10? 1a?
ode . . “ .
LOGo (w} —=
LOG.o {u') —
-0 db
[ 1]
-204db b — -—p
{a}
Latie
! 0™ 10° 1 102 103
0t —_— -
LOG g (u] —=
co"& LOGo (] —
I
.
: -
szosk

I’ (b}

Figure 1,2 Magnitude end phase of voltage transfer function
G(jw) for network (B) and normalized network (A)
shown in figure 1,1-a and 1,1-b, (a) Magnitude,
{(b) Phase,

Now using the relationship found in table 1,1, the physical

parameters of the new network are

R’ = R1R = (1)(375) = 3750
R2' = R2R, = (2)(375) = 7500
CL’ = Cl/weBs = 1,5/(2x10°%)(375)= 2,0uf,
For these values of R1’‘, R2’' and C1’ the voltage transfer

function G(Jjw) 1s given by
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G(w) = 1125
1 + J [281250] (2x10°? )@
1125
= 2/3

1 + }5x107%w,
The breakpoint for this functlon is given by

w! = 1 __ = 2000 radian/seec.
5x10™ %

as desired,

This example then has shown how a network 1s normal-
ized using table 1,1, The effect upon the voltage transfer
function V2’'/V1’ of the original network was to shift it

to the left by a factor of w, as shown in flgure 1,2,

1,3 Frequency transformation, In the example presented

in section 1,2, a low-pass filter was obtailned by transform-
ing a normalized low-pass fiiter to a new filter with the
desired frequency response and impedance levei. Similar
transformations can be used to obtain high-pass, band-
pass, multipleabandpass, and other types of filters from
a normalized low-pass filter, The normalized filter
typlcally has al ohm design resistance and a 1 radian cutoff
frequency; A step-by-step description of the following
four transformations will be glven:

1, Normalized low-pass to a low-pass filter,

2, Normalized low-pass t0 a high-pass filter,

3. Normelized low~-pass to a band-pass filter,

4, Normalized low-pass to a band-elimination,
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The first transformation has already been used in section
1.2, Transformation (1) is stated in two parts, an
impedance level shift and then a frequency transformation,
The impedance level change is the same for all four trans-
formations, For transformation (2) the impedance level
shift and frequency transformation are combined in one
step, In transformations (3) and (4) the impedence level

shift 1s omitted for simpliclty,

Normalized low-pass filter to low-pass fllter,

Description: This transformation converts a normalized
low~pass filter (1 ohm, 1 radian) to a low-pass filter
with a design resistance of Ry, ohms and e cutoff frequency of
w, rediens, This transformation is accomplished 1r two
steps, the first is an impedance level change, the second
is a shift of the “requency response of the normaiized
low=-pass fllter., This transformation is an application of
table 1.1, |
Transformation:
1, Shift of impedance level, from 1 ohm to Ry, ohms,
a, Substitute a resistance R R for ea fesistance R,
b, Substitute a capacitance C/3% for eaéh capacltance C,
¢c. Substitute an inductance By L for each 1nduct§nee L.
2. 8hift of cutoff frequency, from w = 1 radian to |
w = w, radlans, |
d. Substitute an inductance L/w, for each inductance L,

e, Substitute a capaclitance C/w, for each capacitance C,



Using this transformatlion a single normalized low-pass filter
provides & basis from which many low-pass filters can be

obtained,

Normalized low=pass filter to high-pass filter

Degeriptions This transformation converts a normalized
low-pass filter (1 ohm, 1 radian) to a high-pass filter
with a design registance of By ohms and a cutoff frequency
of w, radians, The impedance level change and the fre-
gurency transformation have been combined in thls transfor-
mation, The magnitude of the frequency response G(jw) forxr
the regulting highepass filter is described by
1, a region of passband for|wl > w, and
2, a reglon of stopband for |w < w,.
Transformation:
“a, Substitute 2 resistance B R for each resistance R,
b, Substitute for each inductance L a capacitance
1/Bs Lng
C. Substitute‘for each capacitance C an inductance

Bo fw, C,

Normelized low-pass filter to band-pass filter

Descriptions This transformaticn converts a normalized
low-pass filter (1 ohm, 1 radisn) to a band-pass filter
ﬁith a design resistance of 1 ohm and a_band-pass regibn
between the frequencies wy and ws, An impedance level

shift can be performed, if desired, in the same manner



as was done in the nornalized low-pass filter to low-pass
filter trensformetion, The magnitude of the fregquency re-
sponse (G(jw)i for the band-pass fllter is described by

1, a region of pags band for w; < w < w, and

LU|<UJ1
Wi > wo

2, a region of stop band for

In this transformation inductors are replaced by
IC series resonant circults and capacitors are reﬁlaced by
I.C tank circuits, The resonant frequency of these circuits
is denoted by w,. The bandwidth of the filter is denoted by
B and is found from

B Wy - 0y,
The resonant frequency v, of the series and parallel
resonant LC circuits 1s given by

Wy = oty Wz ,
Transformations

a, Substitute for each inductance L a series resonent

circuit with an inductance of L/B and capaci-

tance of B/Lsw2, The resonant frequeney of this

circult is
1 e = .UJ‘. = Ay Wa ,
J(L/B) (B/Lw?)

b, Substitute for each capacitance C a tank circuit
with an inductance of B/Ca2 and capacitance of C/B,
The resonant frequency of this circuit is

1 - = iy = Vm1w2 .
J{B/Cw? Y (C/B)




Normallzed low-pass filter to band-elimination filter

Description: This transformation converts a normalized
low-pass filter (1 ohm, 1 radian) to a band-pass filter
with a design resistance of 1 ohm and & band-elimination
region between the fregquencies w; and »w,, An lmpedance
level shift can be performed, if desired, in the same
manner as was done in the normalized low-pass filter to
low-pass filter transformation, The magnitude of the
frequency response lG(jw)lfor the band-elimination fllter
is descrihed by

1., a reglon of pass band for“w]< w,| and

W > ws

2 a reglon of stop band for w, < w < w,,

In this transformation inductors are replaced by LC
tank civecuits and capacitors are repleced by LC series
resonant circuits, The resonant fregquency of these cir-
cuits is denoted by w,, The band width of the filter is
denoted by B and is found from

B =ty = 27, | |
The resonant frequency w, of the series and parallel

resonant LC circuits is given by

We = Uiy Wa,

Transformation:
a. Substitute for each inductance L a tank circuilt
- with an inductance 1/BL and a cepacltance BL/w3 .

The resonant frequency of this eircuit is
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1 = W, = AiyWg
J(1/BL) (BL/w} ) .

b, Substitute for each capaclitance C a series resonant

circuit with an inductance 1/BC and a capacltance

of BC/w?, The resonance frequency of this circuit ls
A ; . )

J(i/50) (Be/a2)

Table i.2 is a summary of these transformations. The

W = AWy Wa,

impedance level shift is treated as a separate transformation
in table 1,2, Also included in table 1,2 is an example of
normalized low-pass fllter to band-pass filter for wi = U

and wp = 8, In this case B = 4 and w, = 432,

1,4 Generalized frequency transformation, The foregoing

frequency transformations are all specific exemples of a
general frequency transformation, If A(w) is the atten-
uation characteristic of a norﬁallzed IOWbpass'filter'wheré
A(w) has a passband for|w|< 1 and a stopband for|w| > 1,
the filter may be transformed to a new filter with atten-
uation characteristics A[X(w)] such that A[X(w)] has a
passband for [X(w)l < 1 and a stopband forlx(wﬂ >1, In
order to realize such a filter each L or C element of the
nornalized filter whose impedances are a function of w
must be modified so that their impedances are a function
of X(w)., For example, if the impedance function ZL = jwL
appears in the normalized filter, it must be replaced by
an impedance jX(w)L, The impedance ZC = 1/jwC must
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be replaced by an impedance 1/jX(w)C, For the transformation
to be realizable, it is sufficient that the quantities jX(w)L
and 1/jX(w)C are realizable reactances,

To transform a normalized low-pass filter with an
attenuation characteristic A{w) to A[X(w)], proceed as
follows: |

a2, Replace each inductlve reactance JwL by the reactance

JX(w)L,

b, Replace each capacitive reactance 1/jwC by the

reactance 1/3iX(w)C.

For an example, the low=-pass to band~.pass filter
transformation will be developed using the general trans-
formation., A general form for X{(w) from which realizaﬁle
filters will reéult is

X(w) = Hy (0?2 - w?)(0w? - o®)
(w3 = w¥)(w2 - w°

Where 0 5 w! < wi < m'n < wa [] [] [} [ []
In order to develop the band-pass filter transformation

found in table 1,2, let

X(w) = B (0° - wd)
w

The nature of the attenuation characteristic of the filter
that wlll be produced by the transformation can be ascer-
tained by remembering that it will have a reglon of
passband for.w éuch tnat |X(w) < 1 and.a stop band for w
such that |X(w)l > 1. For the X(w) that has been selected
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iX(0) =025 1

X(w, )l = 0 <« 1

X(=) =0 > 1,
Thus the attenuation characteristic of the new fllter
must have a reglon of stopband, & reglon of passband,
and then a region of stopband as w goes from 0 to oo,
This deseription of the attenuation characterlstics
fits that of a band-pass filter., In order to investigate
the new characteristics more fully the frequencies where
X{w) = $1 will now be considered.,

The cutoff frequenclies are the w's where X(w) = ':1.
Let w, designate the lower cutoff frequency end w, the
upper cutoff frequency. Then the following four equations

may be writtens

X(wl) = H lﬂ% - w?. = =1 (1,1)
Wy
X(ewy) = H o] = 6} = #1 (1.2)
Wy
X(wg) = H w3 - 02 = 41 (1.3)
2t
X{=ttg) = Huwj = w2 = =1 (1.4)
—wz

a.é X(m) = ¥1 for the cutoff freguencies, w; and wz, The

plus or minus sign is assigned by assuming that w, < w, < uy,
In these equations w, has been used in place of w; for
_convenience in notation in a later step. Now using

equation (1,1) and equation (1.4) we find that

0] - 0} = 0§ - w}
by Wa




which can be solved for w, as

Bp = Wy UWs, (1.5)

Now substituting eguation (1.5) into equation (1.1) we

find that

where B = wp; - w,,
Thus the general transformation X(w) to be used to transform
a normalized low-pass filter éo a band-pass filter is
given by

X{w) = - wg) (1.6)

a

The first step of the general transformation is to

1
B

il

E
b
EE‘E

replace the inductive reactance jwl by the reactance
J¥(w)L, Now consider a typical inductance L of the nor-

malized low-pass fllter, After the replacement is made

its reactarice is given by

Juw W e w |L = w,alJo + welL
B (w, ) ) B (e, —H)

| (0 Jw
Now replace jw by s to get

w2 L

L = sL %
B 88

which can be recoznized as an inductor L' = I/B and a

[
B

8 4+ W,
‘wl.' )

capacitor ¢’ = B/w2L in series, The resonant frequency of

the series circult is
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1
JE/BY (B/w3L)

The second step of the general transformatlon is to

i

replace the capacitive reactance 1/JuC by the reactance

1/3¥(w)C,

1 1
jwe [w - m,v: = JuC + w
B {w, M“] B juB .

Now replace Jjw by s to get

I .
sC + w3C
B sB

which is recognized as a tank circult with an inductance of
B/w?% C and a capacitance of C/B, The resonant frequency of

this tank circult is found fron
1 —
¥ (B/w2 C) (C/B)

Wp o

1.5 Exaemples Use of & frequency transformation, The
previous transformations can be very useful in fllter
design, For example, a band-pass filter may be deslgned
by the following method:
1. Transform the speciflcations of a desived filter
to specificatlons of & normalized low-pass fllter,
2. Using the specifications of the normalized 1ow-paés
filter, select an appropriate low-pass filter and
obtain element values for the selected filter,
'3, Transform the normalized low-pass filter to the

desired filter,



In this example, the first step of the above method is

illustrated, The specifications of a normalized low-pass
filter which will transform into & band-pass filter with
a desired fregnency response is found, The desired band-

pass attenuation characteristic is specified by table 1,3,

Freguency range Attenuvation in db
in hertz
0 - 3,350 50db
3,350 - 4,000 Unspecified
4,000 - 8,000 0 - 3db
8,000 - 8,150 Unspecified
8,130 -~ _L30db

Table 1,3 Specification of a band-pass filter

A X ] N
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Figure 1,3 Specification ¢f a band-pass filter

Figufe 1.3 is a graphical representation of these speei-
.fications for a band-pass filter, The attenuation curve
of the filter must not enter any pbrtion of the shaded
area of figure 1,3, These specifications for the desired

band-pass filter now are stated as spécifications for a

20



normalized low-pass network, This is accomplished by
application of the normalized low-pass fllter to band-

pass filter transformation in a reverse manner, To do this
the lower and upper cutoff frequencles of the bandupass
filter must be selected, By inspection of figure 1,3 it

is seen that selection of the upper cutoff frequency
presents the most critical choice to the designer since the
gap of unspecified attenuation in this region is more
narrow than that of the gap in the region of unspecified
attenuation near the lower frequency cutoff, Let the

upper cutoff frequency be in the middle of the narrow

gap

f, = 8000 + 8,150 = 8,075 hertz,
2

The lower cutoff frequency is selected, somewhat arbitrarily

to be
f, = 3,800 hertz
which results in a bandwidth B, in hertz, of
Bz f, = f; = 4,275 hertz,
The frequency transformation given by equation (1,6),
regstated here for convenience,

X(tﬂ) = __1_ LUE - l;'de:
B

will now be used to find the attenuation specifications of
the normalized low-pass filter from those of the band-pass

filter, The specifications of table 1,3 are constraints

upon the attenuation A[X(w]], the attenuation characteristics

T e RN
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of the band-pass filter, A radian frequency w of the band-
pass filter corresponds to a frequency X(u) of the normal-
jzed low-pass filter. Thus, the ranges of w, gliven in

table 1.3 can be directly transformed into rauges of the
normalized frequency for the normalized network by use

of equation (1,6), This will then give the attenuation speci-
fications for A(w), the attenuation characteristic of the

normalized network, For example, equation (1.6) can be

i
!
I
l
I
|

written as

Wy Ula
X(w) = w2 = Wy = = O
W(Wws = W) (wp = wy)

from which it can be seen that for w = 0, X{w) = - 5,

Also, for w = w, we find X(w) = 1 and for @ = w;, X(w) = =1,
For convenience in calculating the constraints upon A(w),
rewrite equation (1,6) as

X(2nf) = 4m? (f-1y1s)
YP T (fo-f, ) . (1.7)

Now using equation (1,7l the attenuation specifications for

the low-pass filter are found and recorded in table 1,4,

IRy

2 - -rr

Figure 1.4 Graphical‘reﬁreSentation of attenuation
specifications of table 1,4 - asymmetric.



Band-pass fiiter Attenuation specifi-|Low-pass filter
frequency, hertz cations in db frequency, radians
0 to 3,350 50 - 00 to =1,356
3,350 to 3,800 Unrestricted ~1,356 to -1,0
3,800 to 4,000 Jnrestricted =1,0 to =0,8588
4,000 to 8,000 0-3 -0,8588 to 0,974
8,000 to 8,075 Unrestricted 0,974 to 1,0
8,075 to 8,150 Unrestricted 1,0 %o 11,0254
8,150 to =© 30 1,0254 toco

Table 1,4 Asymmetric specifications

The attenuation characteristic of the normalized low-
pass filter A(w) must be symmetric with respect to w = 0,
Inspection of figure 1.4 shows that these specifications

are not symmetrical, This situetlion is remedled by

selecting,.from table 1.4, the most stringent specifications,

The most stringent specifications become apparent if figure

1,4 1s drawn on a plece of tracing paper, folded back upon
itself along the vertical axls, and viewed by holding a
light behind the paper., Such a set of specifications is
given in table 1,5,

Figure 1,5 is a graphicel representation of the

symmetric specifications given in table 1,5 for A(w), the

attenuation characteristic of the required normeslized low-

pass fillter, The next step in the deslgn process 1s to

obtain a normalized low-pass filter that meets these

23



attenuation specifications., This is done in later chapters

of this book,

Low-pass filter
frequency, radian

Attenuation specifications
in db

- O

~1,0254 to -0,974
-0.974 to 0.974

1,0254 to 1,356
1,356 to =

*1.00

-1,356 to -1,0254

0.974 to 1.02453

50 db

30 dv
Unrestricted
0 ~34db
Unrestricted
30 db

50 db

Cutoff frequency

Table 1,5 Symmetric specifications
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¢

Figuré 1.5 Graphical representation of attenuation
specifications of table 1,5 - symmetric.
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CHAPTER TWO

Analysis of Filters Using Flowgraph Techniques

2.1 Introduction, This chapter 1s presented to familiarize

the user of this handbook with the basic computer program
NASAP-69, which is primarily an analysis tool and i1f used with
some discretion, an aid in filter synthesis, At this point
the reader may ask, "Why use NASAP-697 Won't ECAP or
SCEFPTRE, for example, handle filter problems with ease?”
The answers to these and other questions should become
apparent to the reader as he progresses through this chapter,
Other computer programs do handle filters very well and
perhaps NASAP-69 is not the optimum filter program, 1f one
~ exlsts, but at this time NASAP-69 does offer substantial
.advantages in the frequency domain over other programs and
~therefore is helpful in the analysis and synthesis of filters,
What is NASAP-69? NASAP-69 stands for the 1969 version:
Network Analysis for Systems Applicetion Program, Specifieally,
it is a digltal computer program developed and maintalined by
the Electronics Research Center of NASA., NASAP-69 has been
developed for the circuit designer, offering him a number of
computational packages avallable as one'progrém. The program
and algorithms within are not merely silhouettes of existing
programs but are an alternate approach, as will become.

evident in this chapter.
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2.2 Signal Flowgraphs, A brief but detalled review of

linear graph theory is needed since NASAP-69 uses flowgraph
techniques and algorithms as the backbone of the program,

Claude Shannon discovered the topologlcal gain formula for
open flowgraphs during World War 1I, but his work was never
published.l' In 1952, Samuel Mason2 rediscovered the same
formula,

Coates in the late 50's developed a slightly different
variation of the Mason formula, W,W, Happ generalized the
Shannon formula to include flowgraphs and went on further
to develop flowgraph sensitivity algorithms,

Flowgraphs are perhaps test desecrlibed as a collection
of nodes and directed line segments called transmlttances
constructed to satisfy Kirchhoff's Voltage Law (KVL),
Kirchhoff's Current Law (KCL), and Voltage-Current (V-I)
relatlonships for a particular circuit under study,

Consider the following simple filter, Figure 2.1,

— o oYW N0 o—
L1 L2
o+ +
C)E ——c Vr 2R
O e 1al e

1
i

Figure 2,1, Simple LC filter. .

Writing the lLaplace transformed KVL, KCL, and V-I
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relationships results in:

E= I1(Lis + 1/Cs) 4+ I2(-1/Cs)

0 = I1(-1/Cs) + I2(1/Cs + R + L2s),

Figure 2.2 i1s the lason graph for the above system of
equations which may be rewritten as:

I1 = I2(1/Cs + R 4 L2s)/(1/Cs)

I2 = (E - I1(Lls + 1/Cs))/(-1/Cs)

Vr = RIZ.

Figure 2,2 Mason flowgraph of figure 2,1,
TT = Cs(Lis + 1/Cs), T2 = Cs(LZs + R 4 1/Cs)

The Mason flowgraph of figure 2,2 is termed an open flowgraph
and@ the relationship between E and Vr can be found by removing

the loop between nodes I1 and I2, as shown in flgure 2,3,

T3

O & ———©
(@)

{53]

Figure 2, 3. (a) Self loop at node 12, (b) Removal of node 12,
(Cs)a(Lls + 1/Cs)(L2s + R + 1/Cs), 4 = (-RCs)/{1-T3),
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The final gain then by Mason's method is:
R

Vr - . [ e e e e

E  L1L2Cs® + LICRs® + (Ll 4 L2)s + R .,

One can solve simple circuits such as this example
readlly, but a better method 1s needed, one that 1s more
adaptable to computer usage, Happ developed an algorithm
to close the flowgraph, thereby solving the flowgraph

3 The preceding

problem in terms of feedback loops.
example was presented and solved heuristically and now a
review of linear graph theory will be discussed prior to the

flowgraph algorithn,

2,3 Linear Graph Theory and Flowgraphs, It 1s assumed that
the reader is famlliar with linear graph theory, namely the
following termss nodes, edges, cut-sets, trees, and loops
of linear graphs, A junction of two or more eiements in a
circuit corresponds to a node of the linear graph, Each
element is represented by an edge between two nodes of the
graph and an oriented edge generally denotes the assumed current
directisn through the corresponding element, A tree 1s a
collection cf edges such that all nodes of the graph are
connected, yet ihere are no loops formed by the edges.

If one éelects the tree branches ﬁo be voltage elenents,

it then follows that every ecotree link voltage can be
expressed in terms of the voltages using KVL, Usually the

tree braench volfages are referred to as an independent set

of voltages from which eny voltage of the graph can be



calculated, The cotree links, on the other hand, form
an independent set of currents (if the cotree links are
considered to be current elements). NASAP-69 has an
algorithm which formulates the voltage equat.cas in terms
of the independent set of voltages and the current equations
in terms of the independent set of currents, Some versions
of NASAP have a routine which picks an acceptable tree
to form these equations, other versions require the designer
to pick a tree, and still other verslions find an optinum
tree (to be defined later),

Before a flowgraph can be constructed the voltage

current reiatlonships must be provided {or each element,
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A resistor, for example, would be either a voltage controlled

current element or a current controlled voltage element,

An element could also be a transconductance of a
dependent current source in a F.E.T. or perhaps the voltage
gain of an operational amplifier. In the first case
current would he dependent on another element;s-voitage
and in the latter cage the element would have a voltage to
voltage relation3hip.

Before proceeding to the flowgraph galn slgorithm,
it 1s necessary to define the baslc conecept of a flowgraph,
Each element of a circult is transformed into two nodes
in the flowgraph., A reéistor, R, for example, is represented
by a current node and a voltage node iﬁ the flowgraph.

Between the ncdes is a directed path. called a transmittance,
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The value of transmittance is R if the resistor is a voltage

element or 1/R if the resistor 1s a current element (i.e,, if

EEEE-R

P e et

the resistor 1s in the tree 1t is a current controlled
voltage source with a voltage of IR, or i1f the resistor

is in the cotree it is a voltage controlled current source
with a current‘of V/R)., The node at which the directed
path begins is called the origin node and the other node
is then the target node, If there are N elements in a
clrcuit the flowgraph then contailns N origin nodes and N
target nodes, By applying the concepts Just discussed 1%
is easy to show that: (1) the set of voltage origin nodes
of a flowgraph form an independent set of tree voltages,
and (2) the set of current origlin nodes of a flowgraph
similariy form an independent set of cotree currents, It
can be shown that KVL can be represented by directed paths
(with values of 41 or -1) from the voltage origin nodes to
the voltage target nodes, Note that for a passive tree
elenent a voliage is a target node for 1ts own current

node but that it becomes an origin node to the other

voltage nodes, KCL may be répresented in an analogous

fashion using current target and current origin nodes,

It 18 important to note that all transmittances leaving an

_origin node are directed away from the node, however, they

may carry a welght of minus one,
A directed locp 1s defined as a closed path consisting

of a sequence of transmittances taken in the direction of
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the arrow, No node may be traversed more than once for

each closed path., The value of the loop is the product of
the transmittances' weights of the directed loop, There

are three types of loops pertinent to the flowgrarh algorithm,
First, there are the first order loops defined shove as

slmple directed loops, Secondly, there are higher order

loops defined as node disjointed first order locps. Node

dis jointed loops have no nodes in common and their velue
1s the pircduct of the values of the first loops of which
they are composed, Third, and last,.is the zero order
loop defined to have & value of one, but with no flowgraph
rhysical significance,

As an example cf the terminology, consider again
figure 2,1, The flowgraph for this circuit 1s shown |
in figure 2,4, Nodes 1,2,3,4, and 5 correspond to elements
E, Li, C, 12, and R, respectively. The tree was selected
to be the elements E, C, and R, As a result, the independent
set of voltage nodes 3is nodes 1, 3, and 5 and the inde-

pendent set of current nodes is 2 and 4,

OHM'5 LAW

KGC.L.

Figureﬁz.lzf Flowgraph of figure 2,1,



The top row of nodes is consldered to te voltage nodes
and therefore the interconnections between the nodes must
satisfy KVL, Nodes 1,3, and 5 are the independent set
of voltage nodes and will be called the voltage origin
nodes, Nodes 2 and 4 are the dependent set of voltage
nodes and will be called the voltage target nodes, The
lower row of nodes of the flowgraph is the dual of the
upper row of nodes, that is, the lower nodes must satisfy
KCL, The reader should be able to verify thils concept
and the representation of KVI, and KCL in the flowgraph, It

should be clear that the voltage origin and target nodes of
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the top row become the current target and origin nodes of the

bottom row, respectively, The interconnections between the
upper and lower rows are Just a graphlical representation
of Ohm*s Law,
v figure 2,4 there are three first order loops, One
guch loop is from node 2 to node 3 and back to node 2,
This loop has a weight of -1/(L1Cs’), Another first order
loop would be from node % to node 5 and back to node 4 with
a welght of -R/LZs. The two loops Just mentioned have no
common element (i.,e,, no common node in the flowgraph) and
therefore they are called node disjointed loops of the
second order with & combined weight of R/(L1L2Cs® ),
Flowgraphs may be of two types: the open flowgraph and
the closed flowgraph, Consider once again a flowgraph and

impose gn additional constraint on the flowgraph., This
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constraint is a transmittance with a2 welght that 1s the
reciprocal of the ratio of the two nodes which 1t connects,
For example, if the transmittance denoted by P connects

two current nodes, say I, and I, such that I, = PI, then

we would say P is the value of the current gain between nodes
1 and j. This transmittance, as the example implles, is

the cause-effect relationship for which we are solving,

Generally this transmittance 1s called a "dummy" transmit-

tance and is denoted as P, Any flowgraph modified in this
menner is called a closed flowgraph and any flowgraph not
modified in this mammer is called an open flowgraph,

The solid lines of figure 2,4 obviously form the open
flowgraph of figure 2,1, If we wish to solve for an input-
output voltage gain, we would close the flowgraph in

figure 2.4 by connecting nede 1 to node 5 by the dashed line,
glso shown in fimgure 2.4, Figure 2.4 with P included is

now & closed flowgraph.

Flowgraphs as a rule have no common topological
structure., However, for non-sctive, ladder type filters the
general closed flowgraph appears in figure 2,5. The structure
of the flowgraph becomes mere involved as the circult

departs from the pure ladder network. In most cases dealing

"with filters the dunmy transmittance represents a voltage gain

since the attenuation and phase shift of the total response

are usually the prime objectives,
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Figure 2.5 {(a) Ladder filter, (b) General flowgraph,

Perhaps at this point one should note that the flowgraph
of figure 2,5 is not the only possible flowgraph, but is a
flowgraph which contains the minimum number of flowgraph

loops,

2.4 Topology Equation, NASAP-.69 is a topological progran

w:ich solves fbr the transfer function in terms of flowgrzph
166ps. We have already seen one topological solution
111ustratéd previously which was solved by Mason‘®s method,
Thls method however 1s not as adaptable to computer usage
as the topological algorithm used in NASAP-69,

The NASAP-69 topology algorithm was developed by Happ
as an extension of work done previously by Shannon, and
Mason, In recent years the topology equation has become
known slimply as H, where H 1s defined as; _

H= T (-1)'L(M). | | (2,1)

over all orders
L(N) is defined as the sum of the values of all the loops



with order N, L(0) is defined as the zeroth order loop
with a value always equal to one, The summation is from
zero to K where K is the highest order of flowgraph loops,
Note also that the sign depends on the order of the loop
so that in effect:

H= 1~ £ first order loops + & second order loops
%+ o 2 s o o o s » s+ + + 2 nth order loops,

Happ has shown that if the flowgraph 1ls closed, the
topology equatlion becomes singular and solvable for the
unknown dummy transmittance.5 That 1is, if H = 0, then we

can soive for P, the dummy transmittance, whose value is
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the transfer function between the two nodes which P connects,

H is composed to two types of loops, those that contain
the dumﬁy transmittance, P, and those that do not, Since

the value of P 1s included in the value of the loops wnich
contain P énd_no loops bontain any multiple powers of P, we
may writes

H = FH(P') + H(F) 2.2)
where PH(P') denotes those loops that contained P and H(P)
denotes those loops that do not contain P, Since H = 0, we
may solve for P:

P = -H(P)/H(P'), (2.3)

P is then the negative ratio of the loops which 4o not
contain P over the loops which did contéin P but are now
deprived of P, NASAP-69 finds 21l the loops of a flowgraph

end merely sorts the loops into two types and sums theilr
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values, thereby producing the transfer function,
Recall the example presented earlier, The loops and

their values are from the closed flowgraph of figure 2,4;

Nodes
Loop 1 123451 P(1/Lis)(1/Cs)(1/L2s)R
Loop 2 232 -(1/L1s)(1/Cs)
Loop 3 343 _(1/05)(1/1,23)
Loop 4 hgl -R(1/L2s)

Loop 5 232-454 (1/L1s)(1/cs)(-R)(1/L2s)
Solving for Vr/E:

Vr = 1 = -B/{L1L2Cs2 )
E P 1 + 1/(LiCs®) ¢+ 1/(L2Cs®) + R/L2s + R/(L1L2Cs?)
R

L1L2Cs® + L1CRs® + (L1 4+ L2)s + R,
Note at *this point that the zeroth order loop was included in
the denominetor and that the sign changes for some of the
terms. The results agree with the results found previously

by a type of Mason's method,

2,5 Sensitivity Analysis, Algorithms have also been

developed and incorporated into NASAP-69 which relate
various types of sensitivity coefficients to the topology
structure of the flowg»:ph., For the interzsted reader the
development of these algorithms is presented in various
papers but only a brief description of an algorithm will
be discussed here,6
If P 1s the transfer function and Q is an arbitrary
circuilt component parameter then the three types of sen-

sitivities may be writtem:
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P
Gq = Q/P, the large signel sensitivity,
Bg = dQ, the small slignal sensitivity,
ar
and Sg = d(log P} = dP - Q, the classical Bode sensitivity.

d(log Q) P dQ

In terms of loops Sg may be written:

P - —
S~ = E(Q,P - (Q,P
T 58 H(la)‘l

where H(Q,P’) are the loops devoid of Q, containing P, but
deprived of P, and H(Q,P) are the loops devoild of both P and Q,
The varlous versions of NASAP differ in their abllity
to deal with sensitivity functions, The standard program
allows only the sensitivity of the transfer funcﬁibn with
respect to one element, While the NASAP.MU version
calculates the sensitivity function for each element,
Af deslired. The NASAP-MU version also finds a worst case
-énalysis for both magnitude end phase by using a sensitivity
matrix.7 In addition, gradient and tolerance matrices of
the magnitude and phase are also calculated and printed out.8
The worst case énalysis, tolerance matrix, and gradient
matrices permit the NASAP.MU user to go beyond analysis and
initiate a design algorithm, Appendix D explains the
NASAP-MU version and its capabllity to design by analysis,

2,6 Capabilities of NASAP-69, NASAP-69 has both inherent

advantages and disadvantages and perhaps should be classified
as a special purpose program, Certainly the capablility to

solve for a transfer function, explicitly as a function
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of s, is one advantage, On the other hand, NASAP-69 can only
solve for one transfer function per problem, Further, if
more than one input is desired the program user must use
superposition to find the total response, Quite obviously,
the NASAP-69 progrem was not written to obtain the current
and voltages of every element of a circuit,

At the present time the available version of NASAP-69
handles only small signal linear circults, As a result
the models for transistors and other actlive devices, can
be accurate in only a certain frequency range, Filters are
generally linear (the eiception is active filters) and
usually the filter designer is interested in only an input-
output type of result, Coisequently NASAP-69 1s ideally
suited for fiiters. _

The NASAP-69 progrem will handle at a maximum, (b-1)
elements were b 1is défined as the word size of the particu-
lar machine being used. An IBM 360 for example, can handle
31 elements. This may seem like a severe restriction but
in actuality a more stringent limitation exists, namely, the
number of flowgraph loops. The maximum number of flowgraph
loops is limited to the core size of the machine belng
used, The number of flowgraph loops also determines to
a large degree the amount of computer time needed to solve a
problenm, Usually the computer time factor, along with 1oop'
storage, is the feasibility factor and not the maximum

number of elements,
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Since the number of feedback loops is dependent upon
the tree chosen it 1s very lmportant to choose an optimum
tree which generates a minimum number of loops, Some
versions of NASAP automatically select a tree while other
versions permit the user to select a tree, As a general
rule, if the user selects a tree it 1ls best to select a

star-like tree as compared to a linear tree.9

2,7 NASAP.69 Coding, The NASAP program has been a coopere-

tive effort on the part of several universitiees and conse-
quently there exists several versions of NASAP, each with
some.advantages over the others, A user's guide and
programmer’ s manual for NASAP-69 has been published which
describes in detaill the coding and running of NASAP-69

preblems.10

The NASAP-69 program presented in the manual
features fleld free input formats,

Essentlally the input encoding has two groups of cards,
one group to communicate the circuit information to the
computer and the other to instruct the computer in the output
request, These two groups of cards are located between
three control cards as shown in figure 2,6, Therefore,
1t can be seen that the major tasks confronting the NASAP-69
user are two-fold: (1) the transformation of the circuit
- dlagrem into a form that is acceptable to the computer
program, and (2) the formulation of the desired output

requests,



1, NASAP PROBLEM

2, Circult description cards:
Topology
Element identification
Numerical values
Dependencies

3, OUTPUT

4. Output requests cards:
Transfer function
Sensitivity
Frequency response
Translient

5. EXECUTE

Figure 2,6 NASAP-69 Input,

The circult information to be encoded must unlqguely
determine the circuit topology, the circult elements, and
the dependencies, Consequently, the nodes of the circuit
are numbered consecutively starting with the number 1, and
the elements are relabeled according to a letter-number
format, where each component label 1s uniquely determineéd

according to type, by one of the letter symbols;

R - resistor

L - inductor

C - capacitor

V -« voltage source
I - current source,

immediately followed by a number to further distinguish the

elements of the same type, After the nodes are numbered

each element must be assigned a current varlable direction, .

The directlions are somewhat arbitrary for passlive elements,
but care must be taken for actlve devices such as dependent

voltage sources,

41
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Figure 2.7 Current directions assigned and nodes numbered.

Recall the circult of figure 2;1. By numbering the nodes,
renaming the elements, and assigning current directions, the
circuit now appears as in flgure 2,7, The current direction
associated with either an independent or dependent voltage
source should be establlshed in the positive sense of the
voltage rise from minus to plus as illustrated in figure
2.7. In dealing with éither de@endent or 1ndépendent current
sources, the positive voltage sense is taken in the direction
of positive current flow as shown in figure 2,8, In addition,
figure 2.8 shows the current-voltage relationship for both

dependent and independent active devices and passive elements,

B
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Figure 2,8 Current and voltage assigned directions, (a) voltage
source, {b) Current source., (c) Passive element,
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The circuit should now be resdy for computer input,
Each element iuentifier will requlre omne data card divided
into five fields of information, The fields are in field free
forma® form but they must be kept in proper order. Start-
ing with the element ldentifier in the first fleld, the second
and third.fields contain, respectively, the numbers of
the origin node and the target node of the assigrned current
flow through the element, The fourth fied accepts the
numerical value of the circuit element if the element is
not a dependent source, If the element is a dependent
source 1t accepts the dependency parameter valuef The
fifth field position is employed only 1f a dependency
exists, which 1s indicated by writing either an I, for
current, or V, for voltage, followed by a letter-number
symbol of the slement upon which the dependency exlsts, The
general form of the circuit data i1s summarized as shown
below (the parentheses are for clarity only),
(identifier) (origin node)(target node) ynumerical\ (dependency)

d_epgidency |
value
Scale factors are allowed when specifying feslstor,

inductor, and capacitor values,

RESISTOR K 10°

¥ 10°

CAPACITOR F 1
| PF 10 *?

UF 1078
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INDUCTOR H 1
UH 10™°
MH ‘ 10-2

After the clrcult information cards are completed,
the output request cards are completed, The primary out-
put ls the transfer function and all other outputs are
related to 1t, A transfer function of the form

T = Oubput Variable = @
input Variable Q

can be specified by a user 1f the input quality Q 1is a
driving source variable and @ 1is any current or voltage
variable ¢ soclated with any passive device or sny dependant
active source, Nelther @, nor Q@ may be the voltage variable
of an independent voltage source or the current varlables
of an independent current source, & may however, be the
current veriable of an independent current source., The
pcles and zeros of the transfer funetion as well as the
funeticn ltself are automatically printed out in tabular form,
The card which requests a transfer function and the
sensitivity* of thls function to some element 1s of the
following format: (voltage or current output variables)
(element-number identifier) / (voltage or current input
variable) (element-number identifier) / (an optional sensi-
tivity elemeht-numﬁer identifier) wherz, again, the parentheses

are not included in the actual program, If sensitivity is

*NASAP-69 increases the component Specifiéd by 1% and cal-
culates the percentage increase or decrease of the transfer
function,



not desired the second slash and third fleld are simply
deleted,

Since the transfer function is a function of s, NASAP-69
can calculate, upon command, the necessary guantities to
produce a Bode diagram, NASAP-59 prints out the quantities:
Log,o (Frequency) w, w (Frequency), the magnitude of the
transfer function in decibel units, and the phase angle
in degrees, all in tabular form, It wlll also generate
two printer graphic plots, one of the magnitude, in declibels,
of the transfer function versus the Log,o (Frequency) w,

The other, a plot of the phése angle, in degrees, of the
transfer function versus Log,o (Frequency),

In the output request section of the NASAP-69 input
deck, a user may speclfy the range and incrementing frequency
values for a Bode plot, A card containing the word, FREQ,
followed by three numerical values: FREQ(log,o of the lower
bound frequency) (log,o of the upper bound frequency)

(logyo of the frequenecy increment) must be inserted after the
transfer function request card, where the parentheses are
not included, |

Another of the NASAP-69 options is the transient
response for an impulse excitation to the network, The
transient response output conslsts of three fdrmss
| (1) a convenient mathemaiicéi representation,

(2) a table of 100 equally spaced response values

computed from time, t = 0, to an upper bound
value specified Ly the user, and,

45
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(3) a printer output plot,

The user must provide an output request card with the
word TIME on it followed by a numeric that establishes.the
upper time limit of the time response,

If the impulse response of the network is desired, s«
card punched with the word TINE followed by a number should
be inserted after the Bode output request card, if one is
present, Otherwise, the impulse response reguest card should
follew the transfer function request card, The termination
card contains only the word EXECUTE,

Recalling the example presented previously in figures
2,1 and 2,8, the following is the NASAP-69 input decks
NASAP PROBLEN

4l 4 1 1,0

L1 1 2 1,04

L2 2 3 50MH

c1 2 3 ,6UF

R1 3 | L 1X -

OUTPUT

VR1/VVi/L1

TIME ,1

EXECUTE .
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CHAPTER THREE

Image Parameter Design

3.1 Introductlon, in thls chapter the desigr of fllters

by the use of image parameters is studied, The use of
image parameters for filter design was introduced by G,A,
Campbell, O0,J, Zobel and others in the 1920's, The
image parameter technlques are now being replaced by

modern network synthesls procedures,

3.2 Image parameters. The .. -terminal.palr, linear,

passive, reciprocal network shown in figure 3,1 can be
described by means of the open-circuit impedance matrix
[2]. For the indicated direction of terminal ecurrent,
12, the terminal voltages and currents are related by the

open=circuit impedance matrix as

El} = [Z;), Z;g" 11
E2 1221 Zaal =12 (3.1)
where the open-circuit impedance parameters are defined by
zy1 = El Ziz = El
I11I2 = O «I211I1 = O
221 = _E_g_ Zop = Eg .
11I2 =0 -I12/I1 = 0,

If all the elements of the network are assumed to be bi-
lateral, then the network is a reciprocal network and

Z12 = 221 » (3-2)

48
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11 12

£l NETWORK E2

Figure 3,1 A two-terminal-pair, linear, passive, reciprocal
network,

The network may also be described by a set of general
circuilt parameters in the form of the chain matrix when two,
two-terminal-palir networks are connected in cascade, An
important property of the chain matrix i1s that the resulting
network can bve described by a new chain matrix which is
obtaiﬁed from the product of the chain matrices of the
original two networks. The chaln matrix representation
of the network showm 1n.f1gure 3.1 is given by

Ell=[a B E2| |

11] [c D]_ 12J (3.3)

where the chain matrix parameters are defined by

A= jEL B = _J;
E2|Iz = 0 TZ[E2 = 0

C=11 D=1I1|
E2|12 = 0O 12|E2 = o0,

If the tevruinal current I2 of figure 3,1 1S:cdnstrained
to be zero, we find from equation (3.1) that



E2 = Zay il
or

E2 = 2Zn1

1|]I2 =0
and from equation (3,3) that
I1 = CE2

T
zz.‘ =1
I1iI2 = 0O c .

Thus we have

%‘12 =0 = = =“é' . (3.4)

Equation (3.3) can be used to find the terminal quantities,

0

E2 and I2, in térms of the terminal quantitiesg E1l and I1,
This relation is glven as

E2|= __ 1 [D -5 El]
I2] AD « BC |=C AJ Iy . {3, 5)

Now if the teirminal current I1 is constrained to be zero
we find from equation (3.1) that

El

Py = Z12
=X2{I1 =0

and from equation (3,5) that

El = A - BC
=I2{I1 =0 C
thus, we héve
El = 2Z12 = AD = BC
-I2|I1 = 0 -- c . (3,6)

From. equations (3,2), (3.,4), and (3,6) we see that
AD - BC = 1, (3,7)

50
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This result 18 a consequence of the reclprocal nature of
the network, and can be used to rewrite eguation (3.5) as
202 1
12 {<C A Iy , (3.8)

The chain matrix for a network formed by the cascade
connection of two networks can readily be found 1f the chain
matrix for each of the smaller networks is known, Figure
3.2 shows a two-port network which has been formed by the
cascade connection of two, two-port networks, By inspection

of figure 3.2 1t can be seen that
El = E1’ E2'= E1” E2" = E2

I1 = I1’ 12'= 117 12" = 12,

(%
Iy
-
n

I

|
-l — | —=-

!
¢

E2

=g
=
m
P

L
El[ €' N L2 g"

Figure 3,2 A two-port network formed from two, two=port
netwnrks connected in cascade, .
These relationships can npw be used to find the chain
matrix of the whole network from the chain matrices of the
two smaller networks,.

A8

Bl = E& B] Ez], E1'] = ;[A' _B'] B2’

I1 c D 12/ 11} ¢’ D] 12/} and
g1’ = [’ 8 E2"]

11" le* o1 11“) .
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Then, using the above relationships we find

E1’| = [a/ B:] E2')= |a’ B E1Y < [a' B'|[a" B E2*
It ¢’ D 12 ¢’ p’f 11° ¢’ o'l {¢" Db’ 12"

— —y

-

or

El] = Px’ B/| A B E2
11 ¢’ D’} ¢ D'} 12

s0 that the chain matrix for the composite network is given by

A B = a4’ Bl B
S BT e oole b

-

Thus the chain matrix of the new network is just the matrix
product of the two chaln matrices for the two networks that
were connected in cascade to form the new network. This
result can be generalized for the cascade connection of

n networks,

The image parameters for the two-port network can be
expressed in terms of the general parameters of the chaln
matrix, Let 211, Z1i2 denote the imege impedances of a
two-port network and y denote the propasation constant of the
network, Figure 3,3 shows a network terminated in its
image lmpedances, 2il and Zi2, Refering to Figure 3.3,

Pry—

(s 2 f—s—ty
il Ell NETWORK I | - AT
. S

PMlgure 3,3 Two-port network terminated in 1ts'1mage inpedances,
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the image impedances are defined as followss The inmage
impedance 212 is the lmpedance which, when connected to
terminals (2,2’) of the network, results in an input
impedence of Zil when louking into the terminals (1,1').
The image impedance Zil1 is the impedance which, when con-
nected to terminals (1,1’) of the network, results in en
input of 212 when looking inte the terminals (2,2°},

For a symmetric network Zil and Zi2 are equal.. In this
case Zi1 and | .2 will be denoted by Ze¢, If the ratio
of 2i1/212 is denoted by n° the propagation constent

1s defined by

BL = n exp - (3.9)
B ' L

when port 2 1s terminated in the image lmpedance 212,

The image 1mpedance can be found in terms of the
parameter of the chein matrix by considering the networi
and the terminaticn made to the network as shown in figure
3.4, For the termination of the network shown in figure 3,la,
using equation (3,3), wa can write

211 = Bl = AE2 4 BI2
Ii CE2 4 DI2

and then E2 = (212)I2 can he used to substitute for E2, so

that
Zi1l =

I 212 + D, (3,10)

-
P
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{b)

Figure 3,4 Terminated Network,

For the terminations and indicated current directions shown
in figure 3,5-b we can write

Z11 = Bl = AE2 4 BI2
-I1 -CE2 - DI2

by a second application of eguation (3.3). Since terminals
(1,1') are terminated in the thelr image impedance, the
‘impedance looking 1n€o terminals (2,2') is just Zi2, For
the indlcated direction of current 12 we can wurite

E2 = 212(-1I2) |
and then uﬁe this relationship to substitute for E2 1# the
previous eéuation to obtain

yAR! El = -AZi2 4+ B

-I1 CZi2 -« D , - (3.11)

Now equation (3,10) and (3,11) are equated to yiéld

AZ)2 ¢+ B = -AZi2 + B
CZi2 + D  C2i2 - D
AC(ZA2)°- ADZi2 4 BCZi2 - BD = ~AC(Z12)® 4 BCZi2 - ADZi2 + BD

or

Zi2 = JED/AC , | - (3.12)
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Similarly

Zii = JAB/CD |, (3,13)
and | _

n® = 231/712 = JEEJCD / JED/AC = A/D  (3,14)

The network and terminations as shown in figure 3, bea
can{ﬁow-be used to find an expression fof the piopagation
consfant Y in'terms of the parameters qf'the chain'matrig.
From equation (3,3) | H

El = A+ BI2 = A4+_B = A+ B/AC/ED

E2 E2 Z12
or . -
B} = J/D (JED + VEO) (3.15)
and :
Il = CE2 + D= CZ12 + D = G/ED/AC + D
I2 12 - o
or - . - S S
% = JD7E (JBD + JEC). » (3,16)

Comparison of equations (3,15), (3,16) and (3,9)_reveals
that exp Y_must be given by

exp Y = JAD + JBC - - (3.17)
Equation (3,?7 can be used to find an expression for exp—yuas.
€Xp Y expey = 1 = AD « BC = (/AD + 4EC) (/AD - JEC) | .
oT e '. = 'ﬁ._ .: | N ‘
expa¥~=dﬁ§ - Jﬁafzi : (3.18) | é
Exprgssions 1nvc}v1ng cosh vy and sinh vy are obtalned by use .%n
_—
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of equations (3;17) and (3,18) as

cosh Y = exp y ; exp -y = J/AD (3,19)
stmny-emy-emoy=vEB. (3,200

Equations (3,12), (3,14), (3.19) end (3.20) cen be
solved for the perameter A, B, C, and D of the chein matrix

in terms of the image parameters. The results are

A =n cosh vy = nZiZ sinh
C= 1 _sinh vy D= l_cosh y
nZ12. n e (3.21)

Substituting equation (3,21) iiito equation (3,3) ylelds
Ei} n cosh vy n Zi2 sinh vy EE
Il nZi2} sinh vy E%

njcosh v

=ln 0O cosh v - Z12 sinh v E2] ..
o e % ST = [ 1 P U N B
0 n 12214 glnh vy cosh y| 12

Which is the chain matrix repreSenta$1on of a network with

“imege impedsnces 711 and ‘z12 or the equivalent cascade
connection of a network consistins of a transformer with

- a turns ratio of n (note that n may be complex) and a net-
work with charaeteristic Impedanee Zc = Z12, This
equivelence 18 shown 1n figure 3.5. For-a symmetric network
the chain matrix becomes c |

‘cosh vy  Ze simh v|
1/Zc sinh vy | - eosh v|
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ZHl, ¥, 2i2

(a)

N
rad . —O
é 22, v, 2i2
é . ) .

(Y

Figure 3.5 Equivalent network ;or a two-port network
(a) network, (b) equivalent network,

If two such symmetric networks, one with a'pfhpagation |
constant ¥ vi, and the othéi with a propagatioﬁ Of'Yg, are
cascaded and both with an 1mage impedance of Zc, then. \
the chaln matrixz for the cascaded connection can be found byk
mformlng the' matrix product | L o ﬁ
. ,,gméc sinh v

oosh i Ze sinh ?] rcosh Ya |
l}/Zc sinh va cosh va

3/Zc'sinh Y, cosh v, J
fecosh (v, + Ya)
11/2c sinh=§Y1 + Yz2)

Ze sinh (Y, + Ya)

i

cosh (Y; + Ya) . -, i

‘\'\

The image gﬁ*ameters for a fiven network are readily

determined by use of the following parameter»a

Zsc, - the. Ampedance’ seen  then looking 1nwo port one

witk port two

Zoc, ~- the 1mpedance
with port two

Zseas == the lmpédance_
w;th-port one

shoru-clrcuited (Bz = 0)

seen when 1oek1ng inte port one
openucirculted (xz = 0)

seen when looking 1nto §ort two

short-circuited (El = 0

i

fa
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Zoce -= the 1mpedance seen when looking. 1nto port
two with port one open-circuited (Ii = 0),
These parametvers can be found in terms of A, B, C and D
as follows:
- B ZScé =
D
A

ZoCsr =

alt »lu

C

- From equétions (3,12), (3,13), (3.19) and (3,20) 1t |

follows that

Zi1 ; “2861 Z0Cy (3-23} :
242 = JZse; 206, (3.24) |
and . |

3 Zsc, [Zses  (3,25)
vy = tanh™! VZ6¢c; = tanh™! VZocy . '

Examples NABAP-69, chain perameters and image parametera
The network of figure 3.6 will be used as an exampie T e

\

parameters of a network using NASAF, The source shown =
_ _ ; 4
connected to the network 4a figure 3,6 1s used to determine\

the chain matrix parametér 4 wnich 1s defined by \\

A = E}l
E2{12 = 0 .,

The input table to find A; using NASAP-UMC, is given

-

by Table 3,1, The input information for the standard

version of NASAE&69 for the same problem would be much “
simpler.
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Figure 3.6 Network for calculation of chailn parameters
- and 1mage parameters. v

l.

A B CDEFPF G H K -

1 5 0 2 1 0 0 1 O 1,E0
2 51 2 2 0 0 0 O 1.E50
i1 31 3 3 1.0 0 O 1,E0
3 2 0 4 41 1 0 0 1,E0
3 41 5 5 1 0 0 0 1,5E0
b 5 0o 6 6 1 1 0 0 1,5E0

1

Table 3, Inpﬁt_déta for NASAP-UMC to find parameter A.

Using NASAP-UMC, the chain matrix parameters were found to be

A= 3,758 + 1 . B= 68 4 2
2.258° + 1 - 2,258%7 + 1
C = 1.;9; D= 3,755 4 1 ﬁf g
2,255 % 2,258° + 1 /.

Aﬂ

and the open and short circuit parameters were gﬁund to be

Zoe, = ZOéa = 2!25-93. * 1.9.
1.5 |

Zsc, = Zsc; = 685 + 25
| T 3.7EF + 1
Now using the chain matrix parameters and equations (3.12)

and (3.13). the Aimage 1mpedances 231 and 212 are found to be

,_~__,,.7=-'_‘ :

731 = ZA2 = ./us ¥1.393 .

i
2
n N
i
i W,
i . o
A - \\
W S
£ i
i ;
7 i

;:_i’é? %‘;‘ EN

A e R P B e e T T T
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This result can be verified by use of the open and short

circuit impedance and equations (3,23) and (3. 24),

3.3 m-derived low=-pasg filters, The image parameters can

be used to design m-derived low-pass filters, The syn-
thesls of an m-derived 1ow;peee filter is a simple process,
The tolerance requirement foﬂ the element values obtained
by this syntheses procedure 1: low, but the nunber of |
elements required to realize the fllter mey_beﬁmore,tha%
11, some other eyntheeis procedures had been used,
. The constant-K or prototype filter eeetions sﬂown in
figure 2,7 are basic to the synthesls procedure, The
impedances Z1 and Z2 are such that |

7122 = B, L (3,26)
'*TheﬁconatentwR;1ew%ermedﬁthe“deeign:reelstegeesandwxﬂﬁQQ@&L,, .

to one ohm for a network which has been normalized to one ohm,

A L_~J
2122+ a_??

c

Figure 3,7 CQnetentux fiiter section.. (a) T section,
: (b) n section,

The 1megeeparemetere fer the T and-ﬁ Brotetype sections



. are 0bta1:§ied by use of equations (3,23) and (3,25), For
the T section we have
Zoc = %21 + Z2

Zse = 4(21)° + 2122
Z1 + 7 o

and thus the 1m‘age impedance 18 glven by

23 = JZseZoc = (371 + 22) (£(21)° + 2122)
v (%21 + 22) .

Since 2122 = R" we have

1 =f + (TJ'

- or

ZA = 3\/1"-4; ‘@ - (3:27)

The " propagétion_ thatant vy can be found by spplication of
equation (3,21) | T

cosh y (1/n)A = A | |
where n 1s one, since the network 18 ‘symmetric. For the
T and v configuration A 1s found to ke glven by "

A= E2 = 1+ 21/272,
El|{I2=0

Thus, for both the T and the m filter sections we have.

cosh vy = 1 4+ 21
272 . - {(3.28)

which is equivalent to

=2simr=(\/'zlgj=“m"—‘a' (3.29)

For ‘the n prototype section the short circuit and open

circuit 1mpedances are gi‘ven by
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Zge = 27271 Zoc = 222(Z1 4 222)

Z1 + 222 Z1 4 422

and the image impedance is found from an application of

equation (3,23) to be

7\ = JZ86Zoc = /[2Z221 (222(21_ + 222 ):}
\Z1 4+ 222\ 7 21 & BZZ2

or '

B e T ——— —r—

7 = i+ (ZDS /U . © (3.30)
The propagazion constent y, in general, is a complex
numnber with‘a real part a and'an 1mas;naﬁy part j8, Thus
Y=o+ 38, | - (3,31)
For a symmetric_network terminated in its characteristic
impedance equation (3,9) becomes |

E%'; exp Y = exp (a+ﬁB) = exXp a exp JB | R

| = ©Xp a(cos 8 + 3 sin;B) = exp 1/8 .
Thus the megnitude of the ratia\. E1/E2 is determined by o
and the phasge angle of the ratio’is determined by 8.,
a:is the ettenuation: of the sedt;on in nepers, 8 1is thg
phase shift in radians.' The atténuation of'the network can
be expressed in db as follows )
Adb = 2010g;0 (|_.*,/E9|) = 201080 (| exp af)
= (20;0519 e)o = 8,686 dv, (3.32)
From equation (3,3%Z) it is clear _that 1 neper equals 8,686 ab,
Equation (3,31) and equatidn (3.28) can be'cbmbined to |
yleld |

cosh (o + J8) = 1 4+ 21
222
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and cosh'iuﬁisjﬁ)'ean be expanded as

cosh{a 4+ 8) = cosh a cosh 3B + sinh o sinh }5

A

= cosha cos B8 4+ J sinh o s8in 8,

1f the cosh y is real, 1,e, Z1/22 real, two cases may be

dé?ineds

' Case I
k Pagsbands a = 0, B # 0 -

1 +_§;J ' ¢3,3%a)
272 _

B = cog?

H‘where -1 < (1 + 721\ <+ 1
i 222

Case EI"
ﬂtopbanda a £ 0, 8

nm

for (1 + Z1) < =1 N
- 272

8= tn

@ = cosh"L 1 + Z1
P e (3,39m)

for (1 4 721y > 41
\ o 2Z2)

T
P e et

,:-.:;15:" - - T ]
a = cosh 'n +_ZLj
i 2zzl

¥
p

. g - -
‘The frequencies vhere a transition from bandpass to stopband

ie mede are the frequencies where

1421 =41
222



or where

Zzl = -1’
4z2

and

71 = 0, (3,33¢)
572

A low-pass filter section will now be studied using the

above results,

(B}

Fisure 3 8 LOWhpass prototype sections, {(a) T sections,
, {(b) m sections, : ’

The low-pass prototype fi;ter sectians of figure 3.8
are obtained.by letting 21 be ij eand 22 be 1/jwC, The
cnaracueristic Ampedance for the T low-pass prototype
‘“section is given by L

c = RW1 - w® /02 , " - (3,34)

While the characteristiq,impedance for the n low-pass

prdtptype'section is given by | .
Z¢ = R/Jl - ?/wﬁ | - (3,35)
where

o, = 2/yIC and R = 4ZiZ2 = JT/C,

b4

+
’F.:'
i
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The propagation constant for both the T and mw pro-

" totype sections are found from equation (3,28

cosh y = 1 4+ 21
: : 222

by use of the hyperbolic relation

sinh (%x) =\/cosﬁl -1
| 2

Y 1s.founduto be

%_3;7.) (3.36)

The radian frequency for the transition ffem a region of

y = 2sinh™* [Z1|= 2smh"
21\

=-231nhf1 ;jt_n/m° .

passband to a region of stopband ;s found Eo be

W = Wg

'by.applyiné,equation(B.BBgd . For the'pessbang region

=0 and | :
o B = cos-‘.l . ( 1 - 2{”3 /wg ) - 251n- 1(UJ/U-)¢ ) (3.37)
for Twf > w;. | |

EQuatidps(B.BZ)and(B.Bg)apply only when the protetype sections

| fo? figure(3.38Y5§e terminated in their characteristic

”;jfimpedahce As seen from eQuations(B 34 and (3.35) the cher-

S
"-;: -

i

acteristic impedance for these two prototype sections
ie not a rational function of frequency, hence, they are
not realizable with a finite number of elemente.

The lcw;pass filter 1ﬁdicated in figure 3 9 will be

used to demonstrate the effect cf t=rm1nating a low-pass

‘fllter 1n an 1mpedance other than its characteristic 1mpedanee.

s

b
\\.
hiA
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~

Figurer3.§ Tezminated low-pass filter,

Fbrﬁthis filter Z1 = jw, 22 = 1/j»w and hence w, = i
and R = 1, The characteristic impsdance is then
Zo - 141 s .
and the voltage ratio W%/Er is. siven by
E2 : exXp -v exp - exp,-J8 = exp -,

iNASAP-69 is a ebnvenieﬁt'ﬁéens'o?“cbt”iﬁiﬁg”the
voltage ratio |E2/EL ;when the” filter is terminated in a
resistive 1oad In thie case port two is terminated by

a one ohm resistive 1oad which 1s the value of the character-

L e

-?xistic impedance” at w = 0. Figure 3.10 is a plot oflEl/p21
*versus frequency for the 1mproper:term1nation of the network
and termination of the: network in its characteristic |
impedance, | The m-derived prototype section fo be dis-
cussed next 1is used to rednce the problems assoclated with

term;netionaand'1nsuff1cient'ettenuation.é

.‘::j S B
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Figure 3,10 Comparison of the voltage transfer function,
|E2/Ei,, (a) 2 = Ze, (b) 2(1,1') = O ohm,
Z(Z 9 “ - 1 ohm. .

2
| IO 2
) -mE
4m zl
21220 R
22
m
o o _ .
{e) tb)
B FL ks :
RETLY o— — — o
= L I; N I‘
T re JE ‘ .
[ =5k m — ¢
me R= & T2 T 2
o Ad)
-

Figure 3,11 m-derivnd filter sections., (a) m-dérived. T section,
(b) m-derived w section. . (¢) m-derived lew-pass
T section., (d) m-derived low-pass 7 section.
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The m-derived T section and n sectlion are shown 1in
.figures 3,11-2 and 3,11.b, These filter sections are
symmetric and their image impedance is denoted by Ze, the
characterlstic impedance, It will now be shown that
characteristic impedarices for the m—derived g and i
sections are the same as the characteristic 1mpedances for

the prototype T and m sections., For the T section we have

14 0| 21 + 22
Trm m

Zae = 2(21)° + B?
- 4o¢C

Zoc =

and Zc for the m-derived T filter section is then given by

= JZoeZsc =\/(Zoc.) 2(Z1)? +'Ba)= BR/1 + (Z21/8EY),
‘ Zoc |

Compexrison of this result with equation (3,.27) shows that

the characteristic impedance of the m-derived T section
énd the prl.é.tetype T gection are the seme, Thus , the me
derived T section and the prototype T section may be
cozmected in cascade to form more complex filters, For
the  section we have |

28¢ = Ll.mB?
- (1 + m®)Z1 + 472

Zoe = 22[ (1 + w? )21 + L4zZ2]
| L m(Z1 + BZ22)

and Zc for the m-derived v filter section is then glven by

S - R
= JZseZoe = /UK 22
Ses0e 7T 5 428 i+ /Luae . (3, 39)

Thus, the characteristic 1mpedance for the n-derived w

section 13 the same as that for the prototype m section, -

i



69

equation (3;30). The m-derived 7 section end the pro-
totype ™ section may be cascaded eince their characteristic
inpedance is the same, | |

The propagation cohstant vy for the m-derived T and
m section 1is the same, since the ratio is

E1 = A= (1 4 m)21 & U472
CE2{I2 = 0 1. mr )21 4+ 422

for both networks. Using equation (3.21) and half-angle
relation for a hyperbolic sine function, the propagation

constant for the T and m sections 1ls found to'be

Y - 28inh™?

. m(21/2R) ) -
JT7 1= W) B/ (3.50)

As v is a function of m, the attenuation characteristic of

the m-derived T and m sections is 1nf1uenced by the value of
m selected by the designer.“?

For the '"lcw-pass“c‘aee F = ij Z2 = 1/30C and. " = 1L/C,
The m-derivec=low-pass T and m sections are -shown in fisures
3.11-c and 3,11-4, respectively. ihe-characteristic
impedances are the same w8 those of the low-pass prctétype
T and © sections of figure 3.8, The propagation constant'fof
both the T and © m-derived sections is

Y = 28inh™!} im(w/w. ) '
. (JI 1 -nm )(w/mc )

where w;%= 2/JIC,

(3, 41)

The attenuatlcn and phase characteristics can be found
for the passband, |w|>3mc; end the stopband, #1> w,, by

using the hyperbolic relation
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sinh(%c + 3%8) = sinhiacosh}i8 + coshicsinhjds

sinhzacosif + jcoshiosini3,

Tor the passbands a = U. £ # 0, || <|u,

sinh (3vy) is imaginary, therefore

_% = 2sin" { Jm(w/w, ) )
WI = (1 - 22 ) (w/wl®

B = 23inh” ‘( m(w/w, ) )
W1l - (1 - mi)(w/me )a N

For the stopband: a # 0, |w| > w,

condition I, B = nr, n cdd

sinh(3y) is imagzinary, therefore
(1 - r®) (w/w, 2 < 1
|W$<W/J(1-m)=w,,

or

W, < jwl < wa

and ¢ is given by
= 2cosh™ ! _ m{w/w,)
Wornsamr Ty

condition II, 8 = nw even

sinh (2 v) 1s real, therefore
(1 - o) (w/e?) > 1

o< 0. /W (Tm") =

O Weo < |W] < o

and a 1s given by

| m(w/w°

@ = 2sinh? (
J(1 T )(w/w )

70
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The attenuation in db is given by

. _ ol < o,
2ecosh™? _____m(w/w ) w,'€|w|< Weal

Atten, = 8,686¢ Ji - (1 - 10?)(w/w,)® (3.42)
2ginh-? m{w/wg ) Wee <|w|<
t J - o®) (w/w, Pet .

The attenuation in db for several m:derived filter
gections as a function of the normalized frequency w/uw,
is plotted in figure 3,12, As can b2 seen from this figure
the attenuation of au m-derived-éeetion becomes infinite,
The freguency where this oceurs 1s Woe = W, /(T = m5), A
table of attenuation in db for various ‘values of m is
included at the end of this chapter, table 3.1, Table
3,1 and figure 3.12 may be used as a design aid'when
deslgning low-paes filters in the following manner

1, Specify the low-pass filter to be obtained ina -

menner similar to table 1,5, :
2, Use table 3,1 and figure 3.12 to select ap@ropriate =
filter sections to meet specifications of &pep one,
The specifications of table 1,5 will' be used toé
1llustrate the procedure, The formation of table ;.5118
the first step, Since the pass-bend attenuation is Oidb
'the 0-3 db requirement will be met in the reg*on xrom D to
+0 o7k radlan for any of the m—derived sections selected
The attenuation of 1, 0254 radians muet be 30 db, g0 a T
section with We = 1,04 is selected to produce the desired

il f:jf W L e
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attenuation, Similarly, to meet the 50 db attenuation at
1,356 radians, a T section with w, = 1,45 is chosen for the
filter, To insure that the attenuation remains sufficlently
high at.high frequencles, a prototype T section is also
included in the filter, The attenuation curve for the
network formed by the cascade of the three sectlons 1s

found by use of table 3,1, The total attenuatlion is Just
the sum of the attenuation of each section, Table 3,2

gives the attenuation for each section and the total

attenuation for normalized radiap frequency from 1 radian

to 8 radians, The attenuation calculation of table 3,2 assumes

that the filter is terminated in the characteristic im-
pedance of the section glven by equation (3.34), This

1s not a physically realizabié termination impedance, The
‘termination of m-derived filters will be discussed in the
next section, Then a filter for this éxamplé“ﬁiilbe o
terminated in the indlcated manner and then analyzed by
NAZAP-69 to determine if the specifications for the filter

have been net.,

3.4 Termination of m-derived filters, In the preceding
section the calculation of attenuation for the m-derived
flltefs was based on the assumption that the filter sections
were terminated 1& theif characteristic 1mpedancés,

Ze = BJ/1 - (p/w, )* for the T section and Ze = B//1 - (w/w, )

for the m section, It already has been pointed out that

IR
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Normelized M = 0.,2747 M = 0.7241 M = 1 Total

radian Woo = 1,04 W = 1,45 prototype attenuation

frequency
w/We dbh db db db
1,000 0.0 0.0 0.0 0
1,025 19.1 5.4 3.9 28,4
1,04 0 6.9 4,9 =0
1.66 20.5 8.6 6.0 35.1
1,10 13.8 11,4 7.7 32,9
1,14 11,3 13.9 9,1 34,3
1,18 10,0 16.3 10,3 36,6
1,22 9.1 18,7 11,3 39.1
1,26 8.5 21,2 12,3 42,0
1.30 8.0 24,1 13.1 Lg,2
1,35 7¢5 28.5 1h,1 50.1
1,40 7.2 35,4 15.1 57.7
1,50 6.7 36,8 16,7 60,2
1,75 6,1 24,1 20,1 50,3
2,00 5.7 21,0 22,9 Lg,6
,00 5.1 16,8 35,1 57.0
8.00 4,9 16,0 b48.,1 69,0

Table 3.2 Tabulated gttenuvetion of filter designed to meet
specificatlions of table 1,5, <

" this termination is not possible since both these impedances

are an irretional function of frequency, One possible means
of termination is to upproximate the characteristic
inpedance by a resistance R as indicated in figure 3,13,
_ The filter's input and output-ers both terminated in the
V'reslstance R. The effect of ghis'mismatch may be mini-
mized by eltering fhe éharacteristic impedance of the
filter section so that it is moie nearly approximated by
a constant resistance,

The filter sections found in figure 3,1lea and 3.1k4-b
are the m.derived half sections, Two 1déntica1 halfijl

sections may.be connected in cascade to form a full madérived
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Zg,r ,Z¢

{a)

2
e
2
—0
2
Fl‘ Ze, v ,2c R
- 1 2
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Figure 3,13 Terminated m-derived filter, (a) network,
(b) terminated network,

91

(?
on

{a}

Figure 3,14 m-derived half sections, (a) T m-derived half
section, (b) 1 m-derived half section,

gsection, For example, ﬁwo half T sections similar to the

section of figure 3,.14-2 may be casceded to form an m-derived

T section, The half sections are not symmetrical, Thus,

: their image impedances 7il and 212 are not the same, For

the T half section the open aund short circuit impedances
1ooking into terminal pair (1,1') are |

Zoc = Z1 + 422
2m

Z8¢ = mZ1
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end Zil is found to be
Zil = AIZOQZSO = Ji;g + 42122 = R/1 +‘ Z"{':’T&'ﬁa_.

Therefore, the image impedance 2Zil for the 7 m-derived

half section 1is thé same a8 the T m-derived section,
equation (3,27), The image impedance for the same section,
looking into the terminal peir (2,2"), will now be found,
The open and short circﬁit impedances are

Zoc = [ (1-m® )z: + 471227
2nzl

Zsc = le - m? )7 + 421727
2(Z1 + bzz)

and ZiZ2 1is

732 ._.\/~ 1 - n)PZ + b2122F = RL(1 - o ) (B /4E°)] (3,43)
u—vr%z"rﬁ—*. 3 T7172 T A ZEaEy .

‘The cpen and short circult impedance for the m m-derived

half section is found to be

soe = 222” S , o B
port 2 open m _
Zsc : | = 2uZi 52

port 2 short 2§ + BZizz

Zoc
port 1 open = 222(25 + 4Z21%Z2)
m (1 - m°)& + bz122]

Zsc

port 2 short = _______2mz222
" (1 - mQ)Z° + L4Z1Z2 .

The image impedances for the 7 m-derived half sectwn are then “
R

AL - (3.@-)

ZiZ RJ(J. + ZQLLPRQ) . -
14 (1 - d® )(Z?/"J'Hg . (3,45)

211 =




The image impedance Zil for the 1 m-derived half section is
the same ag the ™ m-derived section, equation (3.30),

As a result, the v m-derived haif section and the n
mgderived section may be connected in cascade, The pro-
pagéfion-constants of the half sections are just one half

that of a full secticn.

O _|-——0—— 0
zn R e v 2 X | e
2 2
N O-— - o [—Q

Figure 3,16 m-derived filter terminated in half sectlons,

 The image impedance Z12 for both the T end = m-derived

half sections involved the parameter m and were quite
different from:the characteristlce impedance for the T and

7 m-derived sectlons. By proper choice of m, the image -
impedance Zi2 for the half sections may be made more

nearly aﬁéenstant.as‘compared touthe characteristic
impedance of the fuil sections; Figure 3,15 shows the
maximum loss in dt for several values of m forra filter.
terminated in an m-derived khalf section. A value of m = 0,6
reduces the reflection loss over much of the bandpass region,
This suggests a method of terminating m-derived filters,

A‘Bectiqn of the filter which has an m near .6.1s'selected.

77
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This section is divided into two half sectlons which are
placed at the two ports of the filter, The half sections
are connected as shown in figure 3,16, The filter is then
to be terminated in the approximate image impedance for

the filter, B, The low-pass fllter specified in table 1,5
and table 3,2 will now be completed using half sections for
termination,

The filter that was designed to meet the specifications

- of table 1.5 consisted of 3 m-derived sections, m = 1,00,

me= 0,72461, and m = 0,2747, The section for m = 0,7241 may
be used to obtain the two half sections for termination,
:For this filter the T m-derived sectlions were chcsen,

e e ——— s e —_—— P, L T —

LE Ll [H]

R ) — o —TO0 ~ YO \——0

o]

La L2

0

[N] Ll

Y L2

I

Ci

It

Figure 3,17 'Féﬁr n-derived sections, (a) first section,
_ = 0,7241, (b) second section, m = 0,2747.

(c) third section, m = 1, 00 (a) fourth section,

m= 0,7241,

79
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The element values are found as follows:

For the
L1

L2

c1
For the
L1

L2

Cl
For the
L1

Cc2
For the
L1

L2
- c2

L and C

first section, m = 0,7241
nL = (0,7241)(2) = 0,7241 n

2 2

= (1 - m®)L = (1,5243) = ,uzaz = ,6569 h
2m L7241 .7241

=mC = (0,724)(2) = 00,7241 £,
j%_ 7 2)( ) 7
second section m = 00,2741

=_IIE_L= ‘0,22422;2! = 0.27’4’7 h

2 2

= (1 « ™)L = (1 « ,07 2) = 1,6828 n
Lm IE5E.1378§

= mC =‘ (0027""7)(2) = 05“’94 f-
third section, m = 1,00

=L =2=1,00h
2 2

=C=2,00°
fourth section, m = 0,7241

rr————

= mL = 0,7241 h
2

= (1 - o)L = ,6769 h
2m

P

5 _

have beeh selected so that w,

NASAP~69 may now be used to insure th

meets the specifications; see chapter

dcnae.,

+

7]

8

1, end B = 1,0 ohm,
the designed*filter

where this has been

80



81

veTie  Suted  batol 7ITLL SiTSL 04twl Ll wutZl o BLTGL L%to YU tb LYty la*% a1
ah tue Y tvd LYCUe 5941 82791 SbtH1 w9l YESCT O SO0°TT w9tL Wt 149 09°*y el 1
citer  eowTud  ustie Getdl syl 9¥tsl wUtHl 8T 9eTll Yoo VAT LLtY 0L*y 08T1°1
se'oe HYl*3¢ Lwvtdd Ol tbl  LS*LLD wU9T1  LutHl w1%el  OL*T1 2<*01 L9'b %09 18°% oLT "1
BN 9¢ e LG°%¢ oI1°*0Z He®*B8l 14°*91 ¢1°s1 09°€1 - BO®ZT %S°*01 <du®b el*L oY 0911
CL Le BU Ly cl"Ye <¥T1¢ Yrtol  usthli L5100 1%l 26°%21 ev*UL Ul'b el L0*°§ sl
ac i i LB*bd Bo*dd 94T UZ  Svtwl  H¥G°91  SL vl 20%tl Ge*ll 1&8°%¢6 LG L tZ*s 0L B |
JVTLE Letle Ustht w0TSE ol el 29Ctol H4YTLT kwtSL 098l 9L*Il kb Ce VA" 3 o%°*s Oel*1
Lu*He L3%08 4N BT*yd 91°%2 £1°Tc¢ 096l LE£°91 :0e°*%1 1¢°21 6c°ul Gl°*w 09°g 021°1
£c'ed  to'sd  Y9°HE wltte €2°LZ 91*€Z LU0 L®TLT HT1°ST Gl elGl 0G°B A - Tl ot1-°1
ol"ue vo"dd ¥iITHC inl L%t £1°9& 90 e8°BU  02°91 #Hi*el /te°T1 <do*g 60°9 0ec1*t
setul el®le wUtYe w0'BE  <u®dE  ¢%*BE  BETRZ wL6T EB9T  1Z°%1  1i°11 91°6 %29 560°1
nrfel vatul YitWe L% CL an Lyt le wU®sd w808 P5°LT wl*vwl bUTe¢l e%*6 ov*9 060" 1
enel  Lutol 99t Zc Lbt8Z  36%LE  I%tLE. w¢tLe <122 1461 witsl 29°*¢l 2L°6 BHG*Y9 $80°1
le®wit sw*dl el*le w98 Ly*le 4N L %0t Hited e¥%*61 05T LO®el SU01 8L4°9 080° 1
ool LY Ll 2ol 66°Ed  4Gp®ld Ub*Ye 91°%¢ 16°*5< 8I°07 wy*yl  S5°kl ¢%°0( (O0°*L SLO*1
cl®sl H¥w*91 UY*H1 w022 #w0°*SZ 9%°0¢ N1 B2 92%22 {(«*il ol*®l €801 wI°*L 0L0*1
Jr vt w9 %al ¥wtLl  betI¢ LTS U9tY<E ERTSE LWl tvT ot%d UCtHET Yo%l cJe*ll 29 °"L 990°1
vyl s2'%L LSl 888l entuc wltrd wlUbd 4N | 1e*Lld 40 wY*sl w811 %B%L 090°1
7etel  ewTEel eSSl WSTLAl 210l ¢¥%tld dT°s¢ 96°cte T1°te 6£5°2¢ Lo*91 %521 1¢°*B $50°1
HEte L Cdutel wEtHL U1 95°LL kw6l 9dtdé 1s°L! AN %9°6¢  1%*sl Ge°el 9»9°3 060°1
fe*1l 91°<1 GLeel S56°%T L1°91 49°L1 /(B el &£6°td 8B81°ée 6Si°Te Le°Cd 9e*%1 91°o 5%0°1
74 L ettt le®¢l %Ll 4% 1 091 08°Ll w&6*02 #9°6G(< divi le*ed £49°ST 64°6 o%0°1
yltt et ul te*IT  26°21  o¥%*el wvv*wl  c6*sit %09l %G°T¢ 0L"0e 09°'sd Lv*Ll 09°001 Ge0°1
cuu (%o 6ST0L Le*lT o0%21 J0*tl ol*%1 &y*Gl 1I#%#°y1 Te'td divi g0 99*11T 0e0°1
ETEREY L33 $¢%6 AT*01  g8L°06 «&*ll 0s*dl ¢Zu”el 9L°GT €C*ul L1°Lcd Se*ud sl°el 620°1
el L La*L 51%%s co®d e b SUTUl 80T eB°TIT qe*cl L9°s1 <Z2°L«¢ Ini 6%°91 0e0°1
Lty b * 9 Yo'y 0s%L ob°L 0%y It®e ¢H 6 €011 69°21 &86°41T o0°t¢ 90702 S10°1
70°%Y Lot G Jit s o9 O%*9 wiL*y 7¢%L vy *L AR el®6 99°*11 &%*s1t dN1 LI10°1
PN Yv e lo*e tC*w Yh oty ey U0y ve ®G 656 09*9 HY *L L3 H6E°ST S00°1

V9IWO
d9usty lJe7*0 e06%°0 c@~¢.o_0h@m.0 LLle®0 BSS9E°0 L1Ee 0 6%0e*0 L¥%LicTU @@mm.c TL61*0 %0%1°0 W
J1°1 yi°1 ¢T*1 uT*I SU*1 Ul LO0%1 01 g0 1 LIV | et .mc.ﬁ et U=V9IWO
s34 SSVd-MUTY UJALI430—w d3Z1TvwddN ¥V ¥04 90 NI NO1L24S #3d NUITLVIANILLV
1°€ 9TasL
.



82

uiLte bu T o <9ty wLtL ie L 0t 9 EA A LGS P ve*Yy ¢m.¢f ' AN S Gt 004 °09%
¢L”b GCt*o whty cL°L . tetl I6*9 L9°9 409 gv*s Up®n  6e*v Lutt 9% *Z 000 °*91

LG LiTo  untw  LLTL detL YLT9 (5°y %09  16*S %&°% g2y 6wt L¥*Z OG0B
ERTRde LE*s <us  GL®L  0Ov*L  se*9 £G*9 5079 €5°G6  GL°% ol°% 057€ 8%"< 0CO°L
b0 l®o 95" eBTL. L luTl 9%t9 $0°9 $5°G  letv 0ty 2§t e%°Z 000°9
Juo*o Léo  bS"H  w8"L - -7 EUTL  BS°9 609 LG*G  Bb*v L% €6t 08°¢ 006°S
70°0 bd® s AN sd "L 5L 0% L 19°G 219 ES°G (LS LYty WGog 06°*¢  000°S
GutLT tht. iete €6°L 29°L  QI*L  ¥9*9 419  Z9°G6  £0°G  YEtv  94T€ 257 005°Y

SUTLL Wwto uls L6l d4G°L  S1°L  69°9  UZ*9  99°G  90°¢  b¥°y  LGTE€ €572 0UO°Y
7 01 Su®o €4k 00°3 LWL t¢®L  LL®9  12°9  ¢L*s  ¢Zl°s w%tv  I9tE 96°¢ - 00s°¢
Gie Wb wZe8 8L Lt*L  H¥°9  HE®9  Z¥*G 126 1e°H  HOL  09*Z 0007t
su'ul  lusts Eltb k€8 UbTL  S%*r  196°9  §%*9  BBG 9l $s*H L€ £9°2  008°¢
L Ul Lutul wde  wwrts 108 SGtL SuUTL £5°9 956 ety 19°% 9rte 99TZ 009°¢
curul  uetol ewto  U9°8  Sl1"8  wyclL  &[°L  $9°9  90°S 1% b9°%  d8°E  0L"Z  00%°C
20011 iveul L9°o  udtd ks Ys'L  wECL  6L°9 619  w8°S oLy 16%t - 9L"¢  002°C
9911 we 0l 12°CT 0i"5 &3°8 21°d  w&*i  10°L 6€£*9 0L°S €6°%  20°v  4¥8*Z .  000°C
L1110 o501 2iTLl 926 LLs  De"®  SYTL  LUCL  G%°9 YLT6  §6°%  90°%  98°¢  096°1

toll Li°tlt =20l 1e®6 e °Y pc ¥ gL 51°L 26°9 28°G €U°®S o1*% 68° ¢ 006°1
ul®¢t w<*LT Le*Ul w95 oY ot*t t3 "L YL 65°9 SRR ! BO®S 1% - c6*¢ ose*1
s¢*cl vy il eb*UT  94°0 506 15°¢ 6L te® L 89S 96 °6 51°6 T 96°*¢Z 068°1
cutel  E9° LI te*ul  1L%o ol®o 79°%%s 08 KA LL*9 %09 TR S§¢*% 00 ¢ 0ss 1
s2% 1 o1l Lo 01 od'o 5€°%06 6Ly Jetd FR T & 68*G %1°*9 UE*s ce% Y0°t 00L°*1
sutel w11 #»i°11 G101l %5°%6 Jo ' ve'b 1L°L 10°L S¢°9 0%* g LETH Ot*c 069°1
vH"el  GH*ZT <¢%*1l w7etul Yl %e L1%6 75y 152~ 2 & 1%L He 9 16°¢ Hy*y 91°¢ 009°1
Lyt tu*dl G l1l 2901 c¢O°ul i%°6 L LY*E el L6*9 £E9°S HG*Y gg*e . 0sS°1
271 62l L1®¢l 946°01 %e°ul 69% AVES! le *8 el 1.9 6bL"G GL*Y Te*e oes* 1
auSt Yl wuTZl G tlLl 2131 4ut0l e e ©5°3 og*L LG9 PRSI SR TRk osy°1
lu*sl o499l LZ*ET To"IT  02*T1 E¥°01 tl°'o® v6*'B 118 0e° i ol*Y c0°*§ £ES°E 00%°1

LUTLE iuvtal b0"H1 6521 €611 411 2701 6¢°*5 06°8 6L B Y 52°*S 89°%¢ o0se°*1
SL'sl Sot9l  €¢®6l 26*¢l 992l 0811 16°ul 866  Z20°6 8o *L %89 t6°s 13- 3 16103 gl §
796l 9Ll Tg*sl o6l H0%€lL £1°<¢1 %e¢°11 BZ°0T1 LZ°6G 0c*y 0L L9°*§ L6Te o82°1
Jo*Uc¢ &3l 159yl w8°%1 8e'cl 1921 £9°11 Jd9°01 9%°6 Sh*8 tc*L LG B0 * ¥ 0921
JC%cé  L9*ol 9etll 1Z°sT LI*vl el1°tl got2l 10°1I1 06°6 tL*d Gv°*L c0*9 0% 0%2°1
ye'nve GL*0¢ % sl 2u*9l  89°*%l Gi®cl 29°¢21 &%°11 0€°01 [O7¢6 WLt L €29 ety 0cd*1

T T R e e M B e e ot ped gt peed et el Poveel el b (e



83

7'yl
Loyt
w7t
cutel
VE I
sl
a7l
vo” L
et i

L

*
—
~

2

cd
T
L T I L

—
[
-

<
w"
.

[+
-
.

.
L] -

—
T
.

.
+

<.

—

[}
N~ ST O OO0 TC

i

WL
s
.

Fdel U

J2°%1

va "9l
retal
vy "wl
He "9 1
Lo cl
by "l
to*21
YA
LAl
sL° L1
¢yt Jl
ce ol
¢ uJl
cl o
Iv*o
19
YL
7’
PRV,
| P
e
Yo
£y *
e

.

. e .
W Lo L~ o

e
o

e B 4
(5} -
*

AN A AL IR S L

8
e
»

£l°

wd®

URGL*L »G7L°0

59°% 1

9v"91
cetaul
SRR
YA RVAt
Y T |
v3*'¢el
ol el
cLt el
gi*c¢l
Yo' il
yatol
SRS R TN}
e Ul
cutul
o?*o
Ye®o
cuto
LG5
it b
el
VAR
v1°* L
1L.°9
WY
blL®s
A"

Os°1

g4k tid SSvd—MU0T U3A1d430-A4 UIZ1TTVWdUN V 304

1 RV
ba* 7l
He 9l
G951
SU%al
g9y
et
sl e
y9*cZl
¢cutZl
se L1
so* 11
cL ui
betul
yO0* Il
a9%o
vyt 'o
lo'y
26%¢
Jé 'y
Jgg* L
letL
rH*9
Lw"'3
Loty
e g
sy

ol

[ 7
e

Lvel* G

971

os*dl
lo*Ll
VI
LG9
[o*s1
5 °G1
vG 'yl
ol
Ll
os*2l
o1l
44" 11
Jé*il
HYu "01
2701
LL*ot1
vl o

7e b

o'ty

5% d

11"y

I3 L

ué*L

i 9

Ll *9

VAR
c0°*§
he*d
S “t
o7

(&

b9 *yd

Ji7°1

ig*vl
LGy
O A
Ll*%i
el
0G*¢é1
ic*<1
[T W
A |
20 i1
%501
Ul
dov o
e * 6
Lo 'h
Us*B
t0°%k
VAR
Gt L
uh*9
ab g
65¢°%
£ sy
EY ¢
6L *d

g1L9°0

se i

vy "¢
[£°1¢
L0
092°61
b "ol
g L1
So *9 1
vu *v i
¢dtsl
Le %1
cu®el
STV AR N |
93¢l
tc*cl
P11
st *11
To"Gi
9 RV
da "6
[6°6
c0%6
16 %%
g *{
et
78 °9
2e*9
£EG*G
LLtYy
B3 "t
Ll *¢

L%
Lerel
98 *1¢
cl*0¢
Y9 *i61
sy *B1l
59 L1
vl *91
18°61
e %1
th el
ve*el
50°¢gl
921
L1271
Lt
w11
9L°01
<01
5L %hH
L6
“i*g
us*8
gL
cO*L
e 'Y
L9°S
68 %

L6°€

Ll g

<HZ3*0

Fw N * —-

HE*9¢
Lr=%e
gE*ed
20°2¢
08°C2Z
69°0T
1Syl
2Ga* LT
16°91
£56°61
65yl
LUl
G el
o1*¢l
19°21
2121
/11
€E1°11
29° 01
0101
6% 6
206
1R A
Qv °l
g2t L
9G*G
€65°%9
Z0°g
gOy
LR*Z

%809 *0

9¢*1

A/ Ve
vetlic

Qe®Gg

tLted

9222
FARE O NA
L9°*61

ov*hLl]

v¢e®L1
L9l
1<°61
LRl
L1%%1
48 'l
tl1°el
Uv*ét
IR |
G811
ISTRR
CHL*Ul
e
te'o
Ll e
11%y
9% *)
L9
PACR
BT1°6
(é*y
GE "¢

tT64*0

VXA

g0 NI NGLELD3S

Yonh®ei
L1*Tt
bt b
G1*9¢
Ye*HE
66'de
Ul*1d
Lol
ehul
OE il
c*91
GH*G1
bo "1
Te°%1
Gl e i
vl*el
c9 el
SUtel
sv* 11
6901
ot *ul
90

L0t

vty

vl L

1G4

tdy

G¢°4

ety

Hii*e

HELG D

cc® i

aN|
L1°0%
L%t
50°%°0¢
(XA X
Lb°Hhe
(el
¢ * [ ¢
1661
Be*81
0L 1
.".‘H.m. onw.—
9261
¢1°61
Cs*hi
stel
Letel
LR |
e 3721
14#°11
Hd 01
£1°01
Lv7*6
Hi®d
90°*4g
0L
L9*9
9G5*4
14°%%
J1°%¢

be* 1

L€
09°6¢t
AN I
10*6¢€
L9 7t
cu*8dé
B *5¢
L9°¢é
oL*Ie
96°61
9¢*81
19°L1
L9l
91° 91
94 ° G
9L %1
36 %1
gy el
cL*é 1
VAU A |
911
39*01
66
12°¢
B4y g
b9t
LL*9
18°¢
OL*%
Ot °¢

60£6°0

Bi®1

d3d NGILWIWINGLLY

002 *
ue1®
081"
oLt”
091 *

0osl1*

oy l°
oel”®

0EéL”

BT

oer*

Q60 °*
(01770
S80°
ogu*

010"
590
090 °
550 °
050°
GHO*
0%0*
GE0*"
NIdoly
520°
020
S10*
010°
S00

1
T
I
.—”
1
1
1
1

1

1
1
1
T

w—“.
$40°1

1
1
1
1
.
1
1
1
1
1
1
1
1
1

VO3ING



84

el vl
se*vl  watil
dtel Ll
VERETR! o "ol
dv "ol oLl
oLl Jutul
cw ol #1381
il wt | TR

vl Yu'tol
e tul e "
Jutud Lin® ol
50" G b ol
YAPRN 'S va e
ivtcl2 wvé'l¢
lv ¢ Te®ce
A I Gutwi
ab *y udted
Leee w7t al
Jutue  wetdd
Ju'ie L7 L
AR S VR 't
7etbe LLtJdu
cw Uy 1o
B Gy * ot
4. ue RICHY
JL¢e 21 °¥L
27w [/
R AR S R SR
37%cd Yo ed
1yt ue Lotud
Jutol ool
1ol TRTAT
ol el vuw* L1
Lot v 71

Tooasaar o

l6°u1
90°*41
¢l 91l
ol *31
6l *91
LE*YI
L7991
19°91
Tg*9l
1Ll
9Ll
wotll
a3

1ol
cltol
gh*0Ll
1%°1<
571
265%¢2¢
[Z2%cd
La*wd
Gl*5¢
C X
o%*dé
t7* e
ol *9t
ERD

e ®GE
06 *8¢
LUt wd
o4 *dd
1°%1c¢
D5°%6l
G9°*d%

JO0°61
gl=gl
we "yl
Je*sl
o el
G
56461
49 *G1
I Gl
191
5891
4 °91
cetil
(WA
[7°gl
L7°61
td*61
52°0¢
¢l *02
{Jr 1<
YN 4
es*2ce
dag*ed
6<°%¢
9l id
a0t
ke *Se
4N 1
3L°CLE
vd *9d
Gy * %<
60*ed
bh*1¢
10*0<

gLt

L1717

Lt *+%1
Se*vi
Yh Tyl
gs % {
gg*v |
69 % i
wy * v 1
w061
E%°4 1
el "6l
091
9%* 91
au il
96 L1
eyl
19°81
vu ol
%6l
Lol
L5*0<
g 1lc
b¥*d<c
teted
59 °6¢
Uy *8c
Yl et
CaiNi

To*ée
69 8¢
uG*9¢
QG*ed
g6l

21°¢el

el

¥ye el

ey "l

Jdv g1
av el
eG el
c9*el
EZ A A |
Lte*el
e %1
e %1
ug el
91°61
992491
7S 1
L3*gT
5691
s L1
o0 B |
60 8l
19°g1
vltel
10°0<
be*ue
le*e

IRV ¥4

LE LR

s

10°¢cx
4N 1
£9°BE
Ll *ce
g8l
4e's¢

t2*21
V7R
sg*2l
68°21
Go*Z1
0l
g0*el
L1%el
Jr * el
Us°*e
eg el
cutyl
ilZ*hi
19°%1
£0°*91
661
c0°*9T1
SRAME R

8BS 91

o931
ce Ll
UB*L1
Ye*dl
G30°*61
L6611
50°1¢

Lg*ll

8 *%e
6% °8c¢c
€9 *8e
4Nt
08 *Le
el
e *Le

Le=z1
og*2l
0%w°21
R Il §
0621
66*21
1921
0L*21
datél
10°¢1
Ze°¢l
0s*¢l
yI°¢1
“0* %1
b+ %]
161
9€=G1
De*al
L3641
61*61

65°91

g45°91
0G*L1
Z1°81
6HE*E1
6861

12°12
60°€2

60°9¢
61%c¢

08°Lle

=D

16°G¢
1#*0¢

Ub*tll
to*1l
ro*11
a1l
r0*Z1
IR R
cl*¢l
T1¢*él
tetel
a2l
6Ll
o dl
81kl
lvtel
vb "L i
bhtyl
EG°H1
6% 1
61°61
VAN
(SRR |
LT*gl
cy*91
SRV
6E L1

9L%p

ge el
155 Il 4
06 *ed
A Al - A
te*le
To %t
4Nl
Lb* G

¢e 11

ve'll
ey 11
ivell
eG 11
L5111
¢9*11
et il
lu*Tt
i6°11
wl'tel
g%*c¢l
U9l
bl
9 el
ls®el
ob*ed
ol vl
eyl
63°%1
Le*e i
Ge sl
GL*G1
LZ*91
He *9 1
g1
G5t 1
1v°uce
ye*1d
42°6¢
L L
¢ 0t
Lo 4t
4Nl

T8*01
e 01
Zo*01
G681
0011
0°11
60°11

L1

LZ°11
AR
Lg 11
Ta*t11

0*el

“e¢*21
ov*21
11°¢1
s52°¢l
YHreel
Lyl
Te*el

~oult%l

16*%1
LuTH1
ye°G6l
28°G1
96°*91
et Ll
HG*°8 1
He"0¢
Dg°dce
e %<
Be*GZ

HHh*6¢

96 HE

L2°01
6l 0l
Le°0ol
0%°01
G401l
6% °01
£s*ol

09°01

60l
Y01
9011
011
Le*11
ta*i1l
cb°11
6e* 21
G Z1
12°¢1
021
21 el
te el
99°*¢1
bbb el
0%°%1
88" %1
Bv*41
¢*91
2 L1
19°81
L3°0¢
%8*1¢
te*ed
9e 4
BE " 8¢

000° 0%
000 %1
000°8
Q00 L
000°*9
006°¢
000*S
00 ¥
o000 %
009 "¢
000 °*¢
008 e
0o9*e
uQy ¢
Qoz*te
0Qo*e
066°T
006°1
068°1
oo8°*"1
0641
ogL* 1
0591
009°1
061
00s 1
ocn *1
0% "1
ose*1
Qo "1
gge 1l
G9e 1
0%Z*1
Dee*1



85

yaio

Ju v

Y

(S

L

3

{
w4
L

L

L

H¢ "

vi
)

el
-
 d

cwell
el 11
va® Ul
e2 01
CCTOdl
6Hd* o
EATIN G
ic*o
Yad'u
v E
ol ¥
s L
LYt L
Gyl
t A
Lyt
LL*Y
PR
LetY
LUty
cLty
ehth
c1°%
0l
Lty
SRV
cITE
71%%
94*
To®l

L9911
Let Ll
Q0°1L1
4l *31
£7°01
ul*ol
1 %h
uv*o
tC®b
%943
vetd
tu®d
cu L
U9 L
Le L
c1*L
og 9
79 'Y
sge* 9
[i*9
¢u®a
£G6* 5
1&*¢
L8y
fu*ty
cl*%
59 ¢
bl*e
Ul
vy *l

Ldqe*0 8Z7H "V

Us* ¢

Uo*t

ol A
de t 1l
gL
ST 11
18°01
2701
ul ol
el ®o
e ®5
Y6y
1¢°8
U ‘o
L0°Y
7d "L
19*L
Ie “L
lT°L
ay *
3% 9
Je * 9
969
o?*§
L *x
2uts
Sy Ty
ity
ol *x
5L
39 °¢
81

5916°0

a9°*¢é

uwld *el
{o el
751
91 ¢l
Litil
g i1
Lo*0I
580
101
19 %0

uc®o

o'l

TL°6

A A
e s
oL
Y3 *L
LE®L
FR
LL®Y
% *9
11°9
LS
e ° G
so ¥
G 'y
0 *h

16t ¢

Y8 * ¢
AV

58640

s6°l

Gy*el
tucel
1.°21
ce*2l
r6°11
611
iT°T11
8901
H5¢°01
vl
ig "6
GJ*H
188
568
528
cQ*8
w1l
4v*l
a1
789
€59
g1°*9
8 °*S
A Rl
cU*g
4%y
Ol °*%
$G*¢
b *e
H#0°*2

L9 ¢
Hétel
06° ¢’
06°21
Q1°21
g9°11
32°11
28*°0ul
LETOT
16°%6
£%%6
al*bL
Z6°%
99°§
6E" S
Z1*y
€8°L
VA
AN
26°9"
bG*Y
G2*9
886G
D6*G
804
¥y
1%y
B8G*¢
el a4
102

L

€068°0C €1%8°0

Ge "Il

GBI

le*el
AT O |
ci"el
L1
[P
Lv*11
V'Rl B
6601
£te*01
G001
Y4 o
Tg®o
5U°%0
I o1
14y
¢ 2%
Yo'l
VA
te i
10%L
g9 v
€y
96 °S
LS *S
51°S
LG Y
iy
L9t
90 °C¢
6L

Os*t

bl*wl
b el
letl
G621
FAIPA
e0°21
e9*11
5111
1L°01
¢Zul
L6
9e*6
61
ch'y
A RS
SE°b
S0%B
Gl
Yt i
¢1°L
L1*9
éH*9
20 %9
Gy °
cets
GL*y
5d*hy
89 °¢
Gt
<1<

L2 C

EYE

1641
GO 1
99°%c 1
cTER
blL*d1

c€°21

18°11
bE T
16°01
1v°01
bd 6

€96 .

G
06
6Ly
06°8
SRR
6L
158 L
cC" L
689
26°9
71°*9
7l Y
UE*S
ey ty
cE' Y
tlte
vi*¢
51°¢

68 %1
YHhoel
- |
v69°*¢l
80°el
19°21

Lel%Zi

¥9°* 11
2111
£€9°01
ol°01
ld*h
%G "6
g2 o
963
99°*y
9¢°* s
%0y
1L°L
le* ¢
10%L
79°%°9
529
384
O *g
6" Yy
be 'y
08°¢
01°¢
612

LE0E*0 9G64°0

0L*1

59°1

adi11d4 SSvd—MUT GIALJ3T-W AIZ1 IVgUN ¢ 434 90 NI NGE1D3S @3d NOTLVINILLY

e |

Ko 1 g

A A

pl
L

.

00¢ "1
061°1
061 ° 1
0LT*1
091 °1

06T *1

0%1°1
oel*l
D€ 1

ort-1
001"t

o601

oeo*1
L 660°1

08G°1
SLG°1
L0 X
69G°1
090°1
960 ° 1
0s0°1
S%0°1
0%0°1
se o1
0cu°*l
*PAVRE |
0¢0"1
s10°1
01o°1
G00°*1

VO3IN0

W

0-VI3nWUL




86

JUHE
cv b
JL*iv
Lt dn
du by
oLV
Ll*cs
divd
L0y
20 )
svu
s "t
Yo't
JiLed
ou*ve
e
catkl
Jr ' e
uv el
oL le
Ju i<
J=r*lc
Lu ol
Il*ei
|
SRV |
T+*41
7 461
o4l
¢l
Lltel
Jitel
i el
ULl

— e

Yy st
il ¢
GC°Hde
Ll "on
ustumw
1d%cw
LYYy
yiovy
ERTEN
£l al
La'ic
vE *ve
P S
ld®uxe
vt Ld
Yutuad
ITw*ve
gyi el
Li"ed
le*cd

Y3®tLe

coud
G1°uac¢
e “ol
bu*ygl
1oL
To*91
Gutal
Su*71
GL%c i
Oe*cli
co®cdl
PR A |

t
Tyl

A RS S
td ke
tL.1*6c
ru" bt
169
vl®lt
U bt
Yyl
vl Tuy
441
9Lty
23°%le
£STve
9¢ %1t
cL*HE
L4l
Ll*sé
Yythe
cl'td
yuh*ed
1¢e®ce
e 1d
£9°*G¢
Us*oel
a"dl
GU°b 1
YA VA |
VAR
oJ*6l
Loel
06°el
to*el
pe*éi
tOL°T1

e@*08 d<TLe Yyt
Vo'l Jv*L{ bb*d<c
Lg*le 20°8< 4t ed
LZ%2¢€ viéwd 14%°¢l
Bo*ltE el *8é 94 %
G  JFU°HS ho'teld
UE"we £8 vHe HLl*we
d% 4 dl%ur %4 °we
v tLe 12t 1le SU%ac
GL*THy <0t OCOu°*4l
4 LOL Y9y €% LL
R L BEEES RAVL B X A {14
L bt eb*Edb%  16°6<
AL twe  SLtln bl
{60t opd "9 ULt
ew*Le 76°0¢ 4AN1
d6°9¢ JL 62 Li'i%
ed*ad 15°8Z €L*0¥
oB*H¢ 9L *Ld  LLT9t
e0®%d  w2°9Z 1g°tk
dl*ed s1°%¢ ove®lt
Te*de LO*wZ 62782
P I no*dd Ewtid
2602 2Zb°*le o09°6<Z
65°61 ceu Q2 2L He
£9°31 wil®bl 09°2¢
e2*L1 l9*8l d6°0<
5L *91  LH*Ll i%Tol
6%*5T %291 96°L1
el we*hl Z2%°*91
e el vy *h] 6L°G1
ce®el Su*El #1°61
ol*21 Z2eel wv¥°*hl
el wl®*21 1v°¢
— | ]

Le®dd
L9 °*cd
18°¢¢
wo*ted
Hloed
h A
ua*ted
b
ivts e
el*uwd
B55°9¢
by *Le
0]t - 4
OB "L
L?*%y
P SR
4dN1
2e "9y
bod "ot
o *st
lo*le
gh"U¢
t'ed
G *g¢
69°%¢
cu*ed
I7*1c
vd "6l
2Z°B1
i3°91
cU*91
9e*61
AT
o'l

g unt?

kA: Il B4
eb*1¢
9e*eZ
0%°2¢
19°2¢

LL*2¢e

oL *Ze
GeEted
SL*Ee

GhehZ

vl *52
GG *92
el *l?
14°*6¢

1G9 tZe

vl 0¥y
VAT L
wZ m.,w.u.,,

By 6%

10 *6E
Lo *st
00*é¢e
£G°*6¢
Le*ié
Lr*Gge
190 Bl
To*12
52072
19°51
c6°91
Be 91
c9°sl
Ge*%1
el %1

[t et

¢l Uc

62°1¢
8g*12 Ubt0¢
89°1¢ 60°1¢
1R°12 1¢°12
1h*2c %" 12
91°22 %5°1¢
LE*¢e <L*12
<93¢ b6l
LO€2 Le°2C
€L°tZ §6°2C
68*HE eG4l
€962 QL%
L9792 €9°g¢
td®oe  uLLle
8k°0e  s2°02
L5 16 ¢k
6B *LE  Ow*4t
g5y 16°6€
- dwl G
BG He o dANL
60°8¢ G9°EYh
GD*HE 1Lt
€O0°1€ LU"EE
298¢ UG*0E
9€°92 LHv°Lle
GE %2 %E°6Z
0g*2Z 1¢°*ed
cL*te 0e*1e
00°6T 94%°61
gZ°L1 9Ll
8G6°91 ¢6°91
L8°ST 61°91
G1°ST  H4°4l
21 69°%1
St I

e T1*0¢
1¢*0¢
Lv*ue
5% 07
QL vue
o8 Al W
qu*1e
vetle
g9°1c
1¢%¢e
sl

sLEl .

19*¥%¢
cs 6L
Bl L
el
VAR
g*se
60°8B¢t
Ly°cy
N1
GGtk
T11*%¢%
cutle
6y
Ge*ye
La*%¢
te l¢
10°0¢
o081
ce L1
65 *91
BL"G1
bo* w1l

1561
bs*b1l
£EB%61
66T
600
12°0¢
LE 0L
Qg *0Z
2602

A

Te°¢éc
GH*Zé
T1 et 4
GG "y¢e
le®9¢
(.%o d
Ev*0¢
G0*dt
90 ve
cl*ie
GY*2y
4N 1
CY* 1%
Y0°4E
26°0¢
S A 4
G1°G6¢
28 *dd
19°0¢
19°¢1
S |
H6°91
L1%°91
Ge*61

e ]

-

98°*81
€o*8l
91°61
“Z°61
0% °* 6l
15° 61
99°*61
L8*61
91*0¢

L E9*0L

Zv*1e
16°1¢
ils*ce
16%¢d
76*%¢
v Le
9g*8¢e
£6°6¢
t0* 1t
LO0%eE
11°9¢
C9* 1Y
AN 1
ES*UY
16°¢g
sl*ed
94%°92
B ¢l
BY* 12
®2°61

9B i

ga°Lil
€991
9L°61

0Go*9t
000°8
060" L
0¢0*9
008" S
000°S
006"
000"y
308" €
000°¢
008°2
0u9 e
goaw ¢
peZz*e.
000*2
066°1
Q06°1
0s8*1
008°1
6L T,
0CL'?
0591
009°1
066°1
006 °1
0s¥%°1
o0y "1
oge"1
06e*1
082°1
09Z°*1
o%vZ*1
0cZ*1

e gl geo—



87

crtud Yotul wytUl gy*ul  oyul LETVT  ¢6*UT kUl S6'01 Le*01 wo"ll +u"11 o0°*1l1 OGZ°
Vet ue RN L+ ut 1901 <7 vl wStul  wtul w20l wotor (rtul LG ALtul 2401 061°1
718 ¢ (£.°01  &e’Gl  %€°01 Se*0l 9¢°01 Le 0l we"0l 0%°C1 ¥ Ul S%°C1 o%701 «4*01 0U81°1

batel w09l 4001 ¢0°*01 9001 40°01 80*L1 0L*01 TI°CT ¢1°0f 9l1*ul (2701 %2701 OLt1°1
Puobe WL O SL%L YL°b Li’o Lo 6L Uu®0 b %5 °0 Yy 'L 6°%6 76 b 091 °*1
ool w7y 4h o 9% %o L0 Ly *b B% %o LG *6 1876 £y 0 96°b TR 2 £? o 0os1°1
2 TR % AR SR Y10 1 o wl o 1%0 Ll o ul®o CGE*b ld* o 20 Lz 6 1e*6 O%1°*1
v tud ve'd Loy £8°%d do®d Lo *o Yo b Wy * 5 Ly*t by lo®t Yo*8  LL®® 011
7a9'be Y974 Luty g% '3 g%y 6%°8 3G ¥ 16°3 Z6*S 76°Y 94 b 64 °d 9y uetl =1
be'ce ULt Y cl*u ¢l®s L1y %178 P1°b 18 L1°s -3 Bl ! U b t<"8 9Z°8 o1t°*1
2euve vl L SV Wil 7 s YL 'L Lt BL*L 5L L 1e*l twtl GHL By * L ool °1
ol tud wato Gu L S L 1at L L L dG L tG°L a6l 19%°L . «9°L 9%, HO* L 560°1
¢ tud W te ER Je *L L Le L oe L Ll * L O%*L 1v*L vl 4wl e * L ueo°1
Wi tuwe wite Wi L si°L 1L G1°4 L1*L sl *L 61 et L cetl TSy Le*L s80°1
el®od  to®d 70 Y 756%9 L0 *9 Gb 9 960 Y L9 36 ° 9 be* 9 10°4L L0 L qu*L  080°1
SRR O L L9 L9 vl*9 © eiL*y YLy 5L°G LS Li*®9 Lty 16°Y gty L3231
evtbe  av i vty Us® Js 1S9 is*Yy ¢ hH £EG T2 49 vGt9 TR 19°9 0L0°1
Loted LAY W2t 9 EX A LY Le*9 XA SPAM 0g*9 ey 2e°9 7e "9 Le * 9 S90° 1
SRS tu® Luty Q%3 20"y U "9 vQ v V4V 5G9 Gutay =) %9 £0°9 219 Q90°1
LgtLd b4t LTS L ts LLTy vl Y BL®S LG JES tg°*9 Cu®SY Yty 94 s G650°1
lu®i¢c 0%'6 us*s JG S Us*s 16°5 i%°*s L% €4°G VAR 56°%Y LG5 BS°*S 0s0°1
VA NS RS (A A (A tl"S te® S %E's G2's 95 Ldts BZ2*S o 0e*9 s%0°1
iL°c¢ Lo <cu®®  2b"vw 6% we'v  MbthH  H0tw  G6TH  96°%  Lb6*W Be*H VUS 0%0°1
av ie Wity uv Y L9*% lo*k 1a*y 9% 29y 1 VA O Y YG*H guty . 5e0°1
it Yty ST AN LZ*h Le vy Le*y 8d"*Yy bl ™Y Yol 0E "y Ge Y cety £EC*y o1
as e wite o't Jou'c Jo*t Ub e lo e bt O e e 5%t HHTE G9H°¢e 5¢0°1
o tee  wwte by 57t 8% °¢ bk ¢ ot s e (6 °¢ 1s°¢c cu't LG L 75°% 9¢0°1
wnti¢ lu't cJ ¥ AVES AV A VRS I AV 0% "O*L YU e Ut 90t L0 ¢ 5106°1
svlic Yw*L Ly*¢ v Ly*®e Ly L7 ¥ * ¢ gh*e bt ¢ Lyt e vs*d 06 e OiG*1
wrtee wetl vi®d SR YA 5Ll aL*1 6L 1 GL*1 GL "1 9L L1 N 500°1
VO3InJ
Juubtl 4YboU ubob®D ¥HL5°0 drob®0 1eob®D 2206°0 1106°0 Lod6°0 1u¥b 0 UIEHL*L teldo®U BOLO®D W
ani U0l LOTUL U6%S Uu'b U4 b Uu*u LwG L oL Ut *Y Gty He*Y go*s U~-V9dnd

G331 114 $Sva-MJIT} UdATHHAUu~W U432V dUN ¥ Y04 d0 N1 NULLD3S ©¥3e NOTLVANILLY



88

Yt
Gu Ty
Letuy
T AR
e Te oy
sy v
ald oY
Stk
(R B
IV
au T
aubue
i "ie
AR
HATELYE &
FU b
o he
oY
eyt
WV T
(U S
R
tLtcx
de*ch
du'le
MR Y
2t le
¢t 'l
L Ur
oLl
Jutoud
JL e
Lo uce

A s o S L I e o e B

Y1ty
—.._-m..u
Hl%en
i
L7 a2y
Uatey
b7t LY
1¢° ot
m&r...wﬁ
Yl % we
vlfle

ve "d¢
Gbetie
1u*acd
v
A B
cuted
nm.m.
Ye
¢¢,-
ve*al
v "dl
o tLt
Tu*yl
VIV B
vi®al
le®wi
(VPR |
PR
ce®d1
Ju il
LU

226
STAR AT
L3°9G
ty 1%
.uCoC.,-w
Lu*hy
Ll'ewy
us® bt
e’ Ly
la" %
CR 83
wb b
Lo "<
Gutye
el ®u¢
Lieé
Qe
ulrtéd
T
SRR
et ud
{L%0l
yutol
Ge* bl
kL1
YTyl
L AORA |
LLtai
ety
el il
VRS I
Ge*
b il
be®id

oL*lg
TR I
vetyy
Lh*2s
we LY
46 v%
L9 <y
a0 0Y
Ly*lt
29 "he
L Te
Lu®U0L
Lu*gd
Go*Ad
gl ®*sd
i2°%cd
59 *cc
cel*cds
96* (¢
8L*02
LE*VT
el®ol
L0 ol
letdl
VAY VIR
La*97
yo*9l
ol*ul
vl
Byl
Ig°*<i
9¢ ¢l
vad 1
OD9°1(1

[%°0%
[ A
Lyt 1Y
24764
Lo uYy
o " 4w
G0%¢Y
Ly (7
89 %Lz
ol "%
Ly it
Jt "0t
79 *yd
Lo*Ld
| AT
R
TL¢l
91 °¢¢
a9 12
[NV B4
ot *ud
9l °ol
o6l
Jv gl
ER A |
oy "Y1
LU*9l
de st
Léwl
52 "€l
dod |
Le®et
Jo*ll
ly*1l

gy "o %
va®l5
LY *Yy
[e*oy
B tuh
P1*9%
2 A
TLTUY
Yo'l
RV 2
JL*Te
G¢ UL
vitdd
20%Le
e *ad
e "vd
Getee
le*de
Kyt ld
rutlce
vl
L6l
16l
evtyl
Ly TLl
L9l
U TYl
2¢°61

eyl

Gl
138 T |
gt ¢l
le* 11
ch* 11

bd *dY
5% °UG
4N
Z'us%
s luY
le*yhy
LOHw

g1

42 bt
ol *yvt
Byt Ttk
or "0t
AT
L1Le
e *ad
PR
lg*éé
Yt
u?*1¢
cU® 1L
LTl
et 'l
sT*ol
Yhtyl
gLt Ll
vb*yl
¢l 91
eyl
Uk *h i
gl el
Gd *¢ |l
U% el
eo*il
et 1l

1LY
L0 *6%
e *99
VAR
ty*19%
1137
wHHY
vl 1%
LG9 °dE
L% S
KA'REAR
4% "0¢
Lty
we*Le
Ly *G ¢
ontez
uh el
let2e
wi*12
$1*12
e *0d
L8861
uc ‘61
ot *81
L Lt

L6691

yi*9l
LE*G1
Le *H1
Ce*el
ig*2l1
vt el
&1 1
4% *11

¥

Ob *G4%  H8G*yYy
95°i% HE*GH
CUAR TR X

IN1 T 6519
Gy TRG 14 0%
YL®6y  Te*es
TLo*sYy Ly Ly
L% 2% bv*ey
Li*6¢ Sy°bE
EU*HE Ll *Yx
LZ°¢E B4 LE
GL*CE LUk
H1*LZ Se'ed
2yl B84t ld
9G4 694!
16°€2 ¢9°¢l
96°2¢  Yotel
O%*22 422
16°12 ve*12
212 bel2
402 99°0¢
£H°01 GuL°0C
G261 de*oi
$6*BL LYY
0g°*LT 4Ll
2041 LGl
51°GT €¢°91.
BL*cT  HETul
GE°H1  we'vl
Ce°€T 9erel
6821 c¢&¢l
bh*21 L%°*21
96*11  66°TT
Ly 1l 6%°I1
.1]!..1 e, [ aa—

ST *e¥

AT

el1*U%
LW th G
A1
GE LY
Lotoh
Bo*ve
OB *UY
FCoCﬁ
d&%¢e
e e
cutLe
Tu*le
Lutyu¢
Yl*¢d
nl®ed
19*%¢¢
10%d<
uvTlé

YL
Cebrue

U%*61
bl
eh il

et

6Z2 "9l
Ghegl
varBd Bt
v el
5621
us*eél
1 AV Al |
G111

LGt 1+
94°2%
L6 9Y

Yl by
AR
4N
gE*YS
be*lY
| WA A
BL*it
AR
Hi*lt
LOY6E
T1*8¢
11°9¢
2 Sl )
9g*e’d
Li*d<¢

31°2¢

%5°1<

wi*0¢

Ld*0c
tu*6l

HLvd1

0yl

TesLt

LETGI]
GGl
0G°%1
Gh°cl
10°¢l
$6°21
L0021
Lta*1t

b#* 6T
890y
L0 9y
16°S%

L6 bh

98 * %6
IN1
L1%¢2s
2GS 0y
Bl ot
0t "%He
1¥°2¢
06°0¢t
16°8¢
19 'Y
61 *we
09 °d
66°%2¢
Le*éc
eL*1e

Q0°1¢ -

LE°0T
9961
6 nl
%181
€e* Ll
L7991
56791
8G° 41
£S5 El
B0 €T
19°21
€121
29° 11

| ST Pt Py AN

060"0¢
000 *91
000" Y
GOCO#%
000 *9
anse* g -
000 *g
00 * %
QuB * ¥
J0S°E -
000°*¢
poB*¢
009 "¢’
A1 Bd

Doee

000°2
056 1
006° 1
058 °1
008°1
0sL "1
00L*1
059°1
0091
056 °1
00 * 1
osh "1
0% " 1
0%k 1
Q0L * 1
082 °1

092°1

0vZ*1
0zZ "t



t; . I L 4. . . ‘ ‘. ‘I Iﬁ _ i u

. 1"‘

e _.AE}- JI—— “ ',} ii i & .

89

BIBLIOGRAPHY

Bohn, E.V,, The Transform Anaiysis of Linear Systems,
Mass,.,, Addison-Wesley, 1963,

Radiotron Designer's Handbook, Radio Corporatlon of America,
Lth ed,, 1952,

Reed, M,B,, Electric Network Synthesis, N,Y,, Prentice-
Hall, 1955.

Reference Data for Radlo Engineers, International Telephone
and Telegraph Corporation, 4th ed., 1956,

Ceshu, S, and Balabanian, I,, Linear Network Anelysis, N.Y.,

John Wiley and Sons, 1964,

~ Storer, J.E., Passive Network Synthesis, N.Y,, McGraw-Hill,

1957.

Van Valkenburg, Modern Network Synthesis, N, Y., John Wiley
and Sons, 1935.

e g

4

"k
%
5




CHAPTER FOUR

Introduction to Modern Neuwork Synthesis Technigues

AT Al B B L= — ——

b,1 Introduqtidh. In the previous chapter the design of

filters by the use of imege parameters was outlined, These
lmage parasmeter design technlques have been replaced by
nodern network synthesis procedures, This chapter pre-
séents an introduction to the methods of network synthesis

which cen be used to realize a fllter,

4.2 Transfer functions, The response of a network at a

pcrt, due to the excitation of the network at some other
port, 1s related in a cause and effect manner by a trdﬁsfer

function, For examplie, the voltage appearing at the output

port (the effect) may be cgmpaiedqto.the.cnrrant.inJeﬁtedAatm.

the 1ﬁput port (the causaz) by means of an impedance
transﬁer.function. Such a transfer functlon would ha@e

a dimension of 1mpedanee;' Other transfer functlons_c@n
have ‘dimensions of admittance or can be-dimen81on1e35§as
are voltage ratio transfer functions. The transfer
functions that will be considered here.repfbsént the fetio
of Laplace transformed network voltages and currents,

A general form of this type of transfer function cen be
glven as a ratio of polynomials in s as

F( 8) = -B-(——)-:'r_’f i8]
Q(s)

e oS

gviva

s
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where H = &_
by .
I
e '___:ge fi'lr‘“—'" o
V N Vi Vi N v
1l —_—s el 1=
(@ by
-
N W

, |
Figure 4,1 Network used to define the transfer functions;
G21, Z21, Y21, G2g, Z2g, and Y2g,

The open-circuit impedance parameters for the two-

port network of figure 4,1-a are defined as

Zyr = Y1 - e = V1)
I1{I2=0 - I2iI1 =0
Zay = V2| Zez = V2|
. TilI2 =0 . I2111 = 0, (b4,1)

The short-circuit admittance parameters for the same

two-port network are defined as

T11 =.L‘L| | N1z = ;;l |
ViiVz = 0 V2ivi = 0
-¥21 =._I_gl | Yaz =;[_.2_|
ViiB2 = 0 V2|Vl « 0, (&.,2)

If, for the network shown in figure h.i-a, the voltgge
ratio transfer function G21 is defined to be

G21 = V2 L ' ' _
V1 | (b.b)

it ocan bg?fbung in terms of the open-circuit impedance

parametéfs and short-clircuit admittance parameters as

s
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G21 = V2 = 233 = «¥a2 .
Vi 2y, Y22 . (&.5)

For the same network, if we define the transfer impedance

Z21 to be

221 = V2
11 (4, 6)

and the transfer admlttance to be

Y21 = -I2 |
Vi (&4,7)

both Z21 and Y21 may be expressed in terms of the open-
circult impedance parameters as

221 = V2 = 20y = =Ya;
I1 by _ (4.8)

and

-Y?.-.l - 12 =. —Za; = Y21
vi Az (4,9)

where

211 L2
AZ = |Zay Zn2

For the network shown in figure b,1-b the voltege, im-

'.Yu -Ym|
and Ay =|~¥21 Ye2 | .

pedance, and admittance transz‘“_fnﬁction may be defined and
found as

G21 =

= Zay = _o-

V1 'AZ 4 23,ZL Y23 + YL (%.10)
= V2 '

(&,11)

2 = = _=F21 YL
Vl AZ + z“ZL Yaz + YL (k,12)

For the network shown in figure 4,1-c the voltage ratio

transfer funetion and admittance transfer function is
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23

given by
Gog = V2= _ 23, ZL
Ve (211 + 2g)(Ze2 4+ ZL) = Zay 212 (4 13)
and
Yog = 12 = Z21

Ve (Z1, + 28){223 + 2L) = 22,22 . (4 ,14)
The voltage ratio transfer function for the network of
figure 4,1-@ is the same as that for the network in figure
4,1-b, while the impedance transfer function Z2g 1is

228 = V2 = _ 22,287L o
Ig (231 + 28){(222 4 2L) = 232231 . (4.15)

It is possible to define end express a current ratio

transfer funcfion in terms of the open-clrcuit impedance

parameters and the short-circuit admlttance parameters,

In order to observe the properties of a transfer funection,

221 for the ladder network of figure 4,2-a and the voltage
ratio transfer functiosn for the constant resistance |

lattice network of figure 4,2-b have been found by the use

of NASAP-69, These two transfer functiocns will be used to

11llugtrate thé general properties of transfer functionsr

a8 listed in Appendix B,

()

Figure 4,2 (a) Ladder network, (b) Constant resisiance lattice
' network, o '

S T

R
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For the ladder network of figure 4,2-a the transfer

function Z21(s) is

z21(s) = P(s) = __ 5¢° _
Q(s) £ ¥ 3¢ 4+ ks + 2, (4,16)

Note that when s is real Z12(s) is real, This 1s a
general property of transfer functions of the form P(s)}/Q(s)
when the polynomlals P(s) and Q(s) have real coefficients,
Now Q(s) ecan be tested by means of a continued fraction
expansion (Appendix B) to determine if it is a Hurwitz
polynomial

m{s) = even part = 3s® + 2

n(g) = odd part = s + U4s

32 4+ 2 [&® + ks (s/3

 10s/3 F§§:7¥_§ (9s8/10
2 WGeT (108/6

L0s/3 .

8ince all threée quotient téfms are positive, Q(s) is Hur-

witz and hence, Z12(s) does not have any poles in the
right-half plane, A stable transfer function has no
poles in the right~half portion of the s plane, and this
1s the case when the denominator of the transfer function
is a Hu;wltz polynomial, The zeros of Z12(s) aré all
located at s - 0, i.e., Z12(s) has a third_order?zero
at the origin, Ladder networks consisting of positive
RBLC elements do not have any of their poles and 2zercs
located in the right-half s plane, |
The amplitude response,l%lz(wal, and the phase:
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response, Arg(Z12(jw)) can be found by separating Z12(s)
into its even and odd parts as
212(8) = 0 4+ 582 =1 (8) + n; (s)
(38 + 2) + (& + bs) m(s) + na(s) . (4.17)
Then Z12(jw) 1s |
Z12(jw) = =My (Jw) + ny (Jo
ms (Jw) 4+ ns (Juw (4,18)
from which the amplitude response may be found to be
lle(jw)l = f (0 4 25w%) _ =(m {;]_w_; + 03 (Jw 1‘
(2 = 3w2)® 4 (bo - 0* )2 Jfm2(Jw) + n3 (jw)
(4.19)

and the rhase response is

Arg(212(jw)) = 270° - arcten I}gNBEEH
T

= arctan |m (W) - arectan | ns (w)
| [mllw]f [me (3}5 . (’4'.29)

The voltage~ratio transfer function G2g for the

lattice network of Tigure 4,2-b is -

GZ():l....,él
gle)=2fe= | - (4.21)

The voltage-ratlo transfer fuhction of equation (4.2i) i1s an
example of a transfer function of a network with a zero in

the right-half s plane.

I, N 12

=a 2 Fo

V1 : M, 222,72 : ' va

Ce—] = 0
(a}

L2

R

Y1,Y22 Y2 Y2 vz

©

Figure 4,3 Two-port network with series impédance and shunt
admitiance added,
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The open-circuit impedance parameters for a network

can be found in terms of short-circuit admittance parameters

88
211 = Va2 212 =-Y12
Ay Ay
Z13 = Y21 Zp2 = Vi1
Ay Ly .

If ya2 and Ay, ¥, and Ay, and y12 and Ay have no common
factors, there willl be no cancellation between the
numerators end dencominators of z;; and 2z=2, and z,2.

Zy1, 222, and z1g‘w111 then have the same poles, Now
consider the network shown in figure 4,3-8, where it

is assumed that the open~-circuit parameters_z';;. z'22, and
2’y s, for the subnetwork,all have the same pbles. The

open~circuit impedance parameters for the entire network

..are given as . -

Zyy = 211 + 21

Zzz = 2 22 +22

Zye = 212 _”-
The poles of z, are the poles of z’yy and Z1 while the
poleé of z,» are the pnles of z'ss and 22, The poles of
2y 2 are‘the poles of z'y2., Thus 2, and‘zaa. for this
network, uan have poles which ere not poles of Zys. All
poles of 2z, are poles of 211{and Za1, but a pole of z,; or
zgg need not be a pole of 2):. |

Using figure_u.B-b it can be shown thaﬁ allrpoles

of y,2 are poles of y,; and y22, but & pole of y, oOr

it
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Y22 need not be a pole of y;2. A pole of a driving point
function which 1s not a pole of the transfer function is

called a "private pole", Private poles of & driving point
function may be realized as indicated in figure 4,3-a and

Ll'o B-bo

ﬁ.j Zerog of tranémission. A'transfer function relates the
reSponSe of a network at an output port, say port (2,2’') to
the excitation at an input port, say port (1,1’)., For
example, the transfer impedence function Z12(s) relates an
output voltage, V2, to an input current, Il1, Now if for some
finite input of current, there resuits an output of voltage,
there has been a tfansmission through.the network, If a

zero output results from a non-zero input of current at

some frequency, z;» is sald to have a zero of transmission

at that particular frequency.

A question of some 1mportance in the two-port syn#hesi
procedure to be shortly 1ntroduce¢.1s how the zeros of -
transmission are produced in & ladder network, We see from
inspection of the ladder network of figure b h-a that there
is only one bath through the network by which signais from
the input may reach the output., Thus a zero of transmission
can not result from the canqellation of sisnals arriving_by
mneans of multiple paths. Since there is but one path.ef

transmission, a zero ox transmission can only be caused by
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an open circuit or a short circult in this single trans-
mission path, A pcle in a serles arm may cause a break in the
path of transmission and result in a zero of transmlssion,

A zero in & shunt arm of the ladder could result in the

signal path being shorted out and therefore producing a:

zero of transmisgsion, Under certain circumstances the

effect of a pole in a series arm_éfﬁthe effect of a zero

in a shunt arm may be canoeliedlduf by the behavior of

the rest of the network. When thls happens the series pole

or shunt zero does not produce a zero of transmlssion,

Figure 4,4 {a) Ladder network with possible zero of trans-
mission when Zi =20, (b) Lattice network with
zZero when Za = Zb, balanced bridge,

Any zeros of transmission of a ladder network cor-
respond to poles of a{éeries~&rm or zeros of a shunt arm,
If the series and shunt arm of the ladder network are to bew
constructed from BLC elements the series poles and éhunt,
zeros will not appear in the right-half s plane. 'Thus-

a ladder network cdnsisting'of RLC eleméits must have its
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zero of transmission confined to the left-half of the s
plane and the jw axia, If the series and shunt arms of the
ladder network are to be constructed entirely of RC
elements the zeros of transmission wculd be restricted

to the negative real axis of the s plane, For a ladder
network consisting of 1.C elements only, the zeros of
transmission must occur on the 1magiﬁary axls in con-

jugate palrs,

4.4 Two-port synthesis by ladder development, Tne Cauer

ladder development that will now be discussed is a methrod
of synthesizing a twomﬁort network for which open-
circuit and short circuit parameters have been specified,
“The following combination of parameters'are possible:
-~¥12 and ¥, |
“=¥y12 and Yaa-
212 and 2z
2,2 and Zaa .
The method is to synthesize the specified driving point
funetion, using a ladder network, in such a menney as to
produce the zeros of transmission of the transfér function,
The method realizes the poles end zeros of the driving
- point and the transfer fuhbtion. The scale factor 6f the
transfefﬁfunction specified and the scale factor of the
transfer function of the network may not be the same’

bécause the synthesls prdﬁedure has no means of forcing the

two teo be equal,
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If the driving pvoint and transfer function specifi-
cations are glven in terms of the short-circuit admittance

parameters the specifications may take the form of

“Yie = 80 + 815 4 825% 4, . ot 8,15 4 8,5

q(s) ,
(4,227
and A
Jip = .'Cb + .bls + tbsa +e o o .L’i.'-..]_slvl + b: S!
qls)
or |
-Via = 8 + &8 + &Sﬁ-%-. o« o 25-15""' 4 o, s*
a(s) . (4,24)
and

Yaz = Co + C18 + CaS° 4. o .+ €,185"" 1 4 g8
als) .

- The coefficients a;, b, and ¢, are restricted teo be

such that either

8 20 , B

LR 1=0,1,2, . . (4,25)
. : 7

8 20 :

o, > 8 1=0,1,2, v 0 o C (4,26)

-This implies that the degree of the numerator polynomial

of the trensfer function can not exceed that of the ariving
point function, | . |
The specified driving point function must have‘all
the pﬁoPéfties of a driving roint functiomn, For éiample,
it muét be a ppéitive real function, The transfer function.

need not be positive real, and since some of the coefflclients

st
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a, may be zero without violation of the coefficient
condition, the transfer function can have multiple

zeros of transmission, Two such cases of multiple zeros of
transmission are of particular interest, 1In the first case
all the zeros of transmission are at infinity an& in the
second case all the zeros are at the origin, There

1ay be no missing coefficients in the denominator polynomial

~of the transfer functilon unleﬁs all even or odd ccefficlents

are missing as the denominator polynomial must be a Hurwitz
polynomial.' |

For a simple example of the method of synthesis

let us realize a two=port network speeified by

| K  _ e "(E;é?)ﬂi
The denominator of 23, and 2;, must have the same poleé.

The zerqgiyf transmission of zg,,are all st 1nf1n1ty; In
tﬁis_case-2;1 may be réalized by neans of a-continued
fraction expansion of 1/2,, and the zeros of the resulting
network will all be at infinity, For the.genefal case,

where all the zeros are not locsted at 1nf1n1ty~or the

origin, some effort is required to insure that the zeros of

| tranSM1ss10n are properly located, The contirued fraction

. ;ﬂ&'
A

S

-

N R s
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expansion of 1/z;, 1is

388 4+ 2 lsa§’ + E23/3(3/3 - . Y2(s)
+ £8/ 3 .
10s/3 Igzz + 2 ( 98/10 == 7Z3(s)
2 1108/3 (58/3 ===—Y4(s)
10s/2

The network represented by thls continued fraction

expansion is shown in figure 4,5, The short-circuit

9
eh
1o J__W— o2

-1
TB
TO- .

Figure 4.5 Ladder network for specification of equation (4,27),

admittance parameters for the network can be used to show that
the specifications have been met, Using NASAP-69 the short

circult admittance parameters are found to be

Ny = 35?,"-'}&
9s

Yeg = 1)

Yay =

‘Then Ay 1s found to be
Ay = 58 4+ 20

{1

N

e N et .
L 2 W R g e T TR AR
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and

211 = Ya2 = 158° 4+ 10 9 = 38° &+ 2,
o %' 98 58° + 20 & + &

212 = =Yy2 = 10 9 = ___2
%4 9s 38° + 20 o Y

NASAP-69 could have been employed to find z,, and 2z;»

directly.
For the specifizations given by equation (4,27)
the desired two-port network was reallized by forming the

continued fraction expansion of 1/2z,,, The network

 resulting from the continued fractlon expansion had 1its

zerés located at infinity, For a more general set of

specificatioﬁs. say

Zay = (&£ &+ 1

g{a + 1

2 &+ b4
)

2y = (82 ¢ 9)(s? + 25) ,_ |
T et *.isjff“,i:., o o {4,28)

simple expansion of the driving point functién will not
result in a network with a transfer function-which has
the desired zeros, A more compléi procedure of expanding the
driving point 1ﬁpedance must be employed in order to insure |
that the desired zeros are obtained in the final result,
The more complex expansion makes use ef two synthesis
procedures, The first is the shiftingzgf a zero by
partial removal of a pole and the second is complete
removal af é pole. _The'complete_removal of a pole is
discussed first, ,  .

Iqu is an LC driving point impedance functlion, it
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may have a pole at the origin, at infinity, or a conjugate
pair of poles on the imaginary axis., Tie pole in question
is removed from Z by splitting Z into two simpler net-
works, With impedance functions Zp and Zl1, The driving
point impedance function Zp now contains the removed pole,
Zp is in a form that can be recognized as a network con-
sisting of LC elements, The form of the funciion Zp and
the form of the resulting network depend on the location
of the pole to be removed, The driving point impedence
function Z1 1s found by subtracting the impedance function
Zp from Z, The forms of the impedance function Zp for
the thfee pole locations are given in table‘h.l.

The function

Z{(g) = EO + 158° 16s
SS? + 1882 : 58 + 2 (4.29)

has a factor of (& + 1/9) 1n i1ts denominator (Appendix B)
and hence has conjugate poles at s = +31/3, For complete
removal of this pole from Z{s), k must be one and 2K is
found as

2K = 1im (82 ¥ 1/9) $ 1582 .
2> -1/9 s (s° + 1 9) (458 + 18)

= Qgg’;mz__iiai’-_:_léﬁ =1/3 .,
58 + 18) I 1/3 |

The driving point 1mpedance function to be subtracted from
Z(s) to find Zi(s) is

Zp = Tl:ig__
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which is recognized as an LC tank circult where
C=1=3fd

angd .

To remove the péle at s = +j1/3 from the impedance
function Z(s) subtract Zp(s) from Z(s) to obtain Zi(s).

Z1(s) = __90s® + 15¢° 4 165 - _1/3s
Ls5s® 4 185 + 58 4 2 (87 + 1/9)

90s® 4+ 10s =
(s + 1/9)(45s + 18)

10s
53"’2 .

]

Examples of the removal of a pole at the origin and infinity
can be found in Appendix B.

The partial removal of a pole from & driving point
1mpedance function 1is accomplished in the Ssame manner,
except the constant k in table 4,1 is no longer taken to
ngone. kX is given some value between zero and one,
When this 1s done the poles of the function Z1(s) are the
same as those of the funection Z(s) as no cancellation between
the numerator and denominator occur in 21i(s), but the
zeros of Z1(s) are shifted to new locations, The amount the
zeros of Z1(s) are shifted depends on the value of k.
Figures 4,6, 4,?,"aﬁd 4.8 show the effect of the partial
removal of a pole at the origin, at infinity, and at

8 = +Ju,



Figure 4,6 Partial removal of a pole at the origin,
Zp = XKy, "a" denotes a zero of Z1.

Figure 4,7 Partial removal of & pole at infinity
Zp = kK.s8, "a* denotes a zero of Z1,

Figure 4,8 Partial removal of conjugate 1maginary poles at
8 = &, Zp: _RIL_E "a" denotes & zero of Z1,

+
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The following observations were made by M,E, Van Valkenburg

in his bock, Modern Network Synthesisi

(1) The partial removal of a pole shifts the zero toward
that pole, the amount of shift depending on the
value of k¥ and the proximity of a zero to that pole.

(2} In no case can a zero be shifted beyond an adjecent
pole, Typlilcally, the shift can be only a fraction
of that distance,

(3) The complete removal of a pole at the origin
shifts the adjacent zero to the origin, and the
complete removal of a finite pole shifts en adjacent
zero toward the position of the removed pole [the
other zero wvanishing with the pole to maintain
the equality of the number of zeros (including
those at zero and infinity) to the number of poles].

(4) The partial or complete removal of & pole at
the origin does not affect a zero at infinity, nor
does the partial or complete removal of & pole
at infinity affect a zero at the origin, |

(5) There are limits on the amount & given partial
pole removal can shift a glven zero, However, .
by using several steps of zero shifting (by
weakening of several poles or by successive -
weakening of poles of impedance and admit- |
tance), some zero can be moved to any location on the
imaginary axls of the s plane,

The techniques of zero shifting by partial pole removal
and pole removal may be used to obtain a two-port network
with the specifications of equation (4,28). The procedure
1s a repeated application of two steps, First a zero of
231 i1s shifted so that the new function has a zero that
corresponds to & zero of 'Z;»., Then the pole of the

reciprocal functiop Which_cqrresponds to the commoni zero 1is

_removed, As an exgmple og'this process_a_two-port network

corresponding to the specifieations of equation_(b.28) will
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be found, Equation (4,28) is repeated here for convenience,

Zyy = (8° + 9)(8® 4 25)
s(s” + 16)

Zay = (8 + 1)(s® + &)
s(s° + 16) . (4.28)

Step 1. Zero shifting operation. The first step of the

procedure is to shift a zero of 2z, so that the new

impedsa:ze function formed and 2z, have a common zero, see

figure 4,9, It was declded to shift the zero at s = )3 to
8 = J2 by the partial removal of the pole atwfhe origin,
The new driving point impedance function is

Z1(s) = 2,1 (8) - kKo
s

It 1s desired -tuv:force Z1(s) to zero at s = j2, or

211 (32) - KKy =0
2

Ko = z11032) = (=M 4 9) (b 4 25)
32 S Y (32Y (- 4+ 16)
KKy = %é

109

Now as a check, ko, may be found so that it can be detefminedﬁ

‘4f k is between zero and one.

Ko = 1im 82y, = (s? + )(8 | L = 225
8+ 0 | +16) =

k may now be found as

hence 0 < k < 1,
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The new driving point impedance can now be found as

Z1(8) = z,,(8) - 35 . __ . _series capacitor of
bs 4/35 £ ~ 0,1143 £
= (82 + 9)(s? + 25) - 35/4
s{s? + 16) 8
= g + 25 258 + 85
s(s® + 16) .

Now (s + 4) must be a factor of the numerator since the
object of the procedure was to force a zero of Zi(s) to
be located at s = j2, Thus the numerator cen be factored
by long division.
| | s? 4 21,25
s2 + 4) s4 + 23 .2582 4 85
003 o
21,255° + 85
21_.253a + 85

z21(s) = (&° + 4)(s® + 21,25)
s(s® + 16) .

At this point we see that z,)(s) consists of a 4/35 £
capacitor in series with Zi(s). Z21(s) has a zero at s ; 32}
this is also a zero of z»(s), | ‘
Step 2, Invert Zi to‘get X1,

Y1 = s(s® & 16) = 2AS 4 2Bs
(s + B)(s® & 21,25) (8% 4+ b) (&2 4+ 21,25) .

The resldues 2A and 2B are found as

| 24 = 1im

82+ 4\¥Y1 = (s® 4+ 16) \ = 12
82 . -4 S (s® + 21 25) 82 = =4 17.25

2B = 1im & + 21,2571 = |
%5 221,25 5 | = =21,25

Thus Y1
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or

(5.25/17.25)8 = Y1 - (12/17.25)s 3 o
T3 21, 25) *Ts’ZI‘%T“' (4,30)

Step 3. BRemove the zero at & = J2 of Z1 as a pole of Yi,

Y2(s) = Yi(s) - ¥p;

Now by comparison with equation (4,30) we see that

Ypy = (12/17.25)s
: isé + B

which 1s recognized as an LC series resonant circuit with
L= 17,25~ 1,438 h
12
C= 3 '~ 00,1730 f
17.25
as shown in figure u.lO.ﬁfThB admittance Y2(s) 1is

Y2(s) = (5,25)(17.25)s
25 21,250,

Step 4, Invert Y2(s) to get Z2. - o

z2(s) = (s° + 21.25)
(5.25/17. 25)8

Step 5. Shift_ZQro of 22 at s°* = -21.,25 'i‘:o:-sa = =1 té'

form a second zero in common with 2. (s), The new |

driving point impedance functlon with a zero at s® ;-1 is
Z23(s) = 22(s8) -~ kKo

- 2T

It is desired to force Z3(J1) to be zero, or
z2(3) = N

Kk = JZ2(3) =, (17.25)(20,25) ~ 66. 533? .
. (5. 25)



As & check Ko 48 found to be

L = lir 22(s) = (1 .25)(21,2
Ko-' s"i-l seete (5.25) 23)

and
k = kKo = (17.25)(20.25)  (5.25) = 20,25

Ko ~{5,25) (17. 25)(21 25) 21,25 ,

Thus k is between'o and one as required.

The new driving point 1mpedance Z3(s) can now be found as

23(8) = ' z2(8) - Q"_§g§7 -series capacitor
Co= __ 1
= 4 21,25 - 66, 5357 66,5357
(17.25 | = 0,01503

23(8) = Lg—J%*lL,,
(723" .

Thus Z2(s8) consists of a 0,01503 capacitor in series with

23(8). ZB(s) has a zero at s jl,~uhiehqis~alseqa,zgro )

‘_Of 312(8) L
Step 6. Invert Z3 to get Y3,
Y3(s) =

Step 7. Remove zerp at s = J1 of 23 as a pole of Y3,
3(s) =

Y3(s) 1is recogqiéed agran LC gseries resonant circuit with

L g'j 286 n
,” 'The cemplete netwevk is shown in figure b, 10—0.

ol

113

e BB st i




114

Fisure 4,10 (a) Ladder network with zerc shifting (A) and
zero producing (B) subnetworks indicated.
(b) Final ladder network,

“Thé Caﬁer;method'of two-port synthesls can also be
ﬁused to realize an RC ladder network when an RC driving
Eiﬁoint and transfér furicticn are specified, There are three
techniques which may be used to shift a zero of an RC
'function as given by M.,E, Van Valkenburg:

(1) The removal of a constant, kZ(=), from Z(s),

(2) The removal of a constant, kY(0), from ¥(s),
(3) The partial removal of a pole from Z(s) or Y(s), like

Z21(8) = Z(s) = KK
S + Py

where k; 1s the residue at the pole p,.
Consider for example the drlving point and transfer

admittance function specifications given by

Jin = S
EE

(%.31)

{8 4 B){E

Thelreqﬁiréd two-port network @an be realiééd.by the folipuing

A

AE TR LR

{n IR

RN S
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procedure: .
Step 1, 5hift zero of y,; at 8 = =1 to 8 = -2 by partial

removal of pole at 8 = -2,

Y1 = s® +Js+6 - kK, 8
(s+ B)(s + 8) s+ &

KK, = 8 - =1/3

Yi =8 4 7s + 6 - _1/38 -«—Tecognized as R and C
(s + l})(s +8) (s+ &) in series in & shunt _
arm, Rl = 3Q, C= 1/12 f,

T1=2g & 13s/2

I+ B)(s + '
Step 2, .Invert Yi to obtain 21,
21 = 3 |
Step 3. Removal of pole from Zi at 8 = -2.=
22 =3 {s % Wi(s & 8) = 36/ --a————rehognize as B and C o
2{s+ 2)(s+ 9/2 g 4 2, in parallel in series

c2 = 5/36

’Sfep L, Invert Z2 to obtain Y2,
Y2 = '

Step 5., Shift zero of Y2 at s = <9/2 to s = =3 by partial
removal of Y”(O) | Y

Y3= V2 - kY(O)

b it
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kY¥(0) = 2 1 s + 9/2 = 30
3'[8 52 ] 8 = 3 66
Y3 = + 9/2 - —~-———Tecognize as a resistor
2 5%/10 %%{ in a shunt arm
R2 = 66/30 0

Step 6, Invert ¥3'to obtain Z3,
Z3 = 33 (8 + 52/10)

7 (s + 3)
= P + 726/7 o__]
7 84+ 3

Z3 1s recognized as a 33/7 ohm resistor (R3) in series with
an RC tank circuit with RS = 726/210 Q and C = 70/726,
The Qomplete network 1is Shown'in flggre b,12, |

R4 RS -
WA g3
3 AN~
- é Ly
c2 C3
R CR2 -
c1 T
'mﬁ&;r — o2

i

Figure 4.12 Ladder network resulting from specifications
of equation .31, With Rl = 3 O, R2 = 2,2 Q,
R3 = 33/7 0, B4 = 18/5 0, RS = 726/210 Q,

ci = 1/12 f, C2 = §8/36" f. and C3 = 70/726 f,

'%,5 Two-port synthesis with one ohm termination, The Cater

ladder development of section 4,3 can be used in the

synthesis of two-pcrt LC ledder networks terminated in a
. one ohm résistance. ?when a transfer 1mpedahce 221 or
" transfer admittance Y21 is given as & specification, If the ot

network of figure i, l-b is taken to be an LC netwofk and 1r ;l

< S
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~ ‘the impedance ZL 1s one ohm, equation (4.11) becomes

212 = V2 =_25,
21 222 + 1 (4,32)

and equation (4,12) becomes

Y12 =12 = - | |
e O (4,33)

Equations (4,32) and (4.33) will provide e means of obtain-
ing a set of specifications z,, and Zzs Or ¥z, Or Yaz for
use with the Cauer ladder development synthesis when a

212 or Y12 is specified for a two-port network terminated

'in one ohm,

| A prqperty of 221 or Y21 that 15 used in obtaining the
desired specifirations from equations (4.32) or (4.33) is
that Z21 and Y21 aﬁvfbdd functions, For example, 1f the
transfer admittance Y2i is given by

Q(s)
end Q(s) is Hurwitz, and can be written as
o as) = n(s) + n(s). |
where P(s) 1s even or odd
m(s) 18 even
n(s) 1s odd
then Y21 may be writﬁen as

Y21 = P{s;'- __P(s) | | | .

Equation (4.34) can be made to comply to the form of

equation (4,33) by dividlng the numerator énd'denomxpatdra¥
by m(s) er ni(s), If P(s) is even divide by n(s) so that
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P(s)/n(s) is odd, Y21 would then be given as

-Y21 = P(s)/n(s) __odd
'EThi}nisi + 1 |even/odad + 1| .

Now using equation (4,33) we can identify

-¥21 = P(s)/n(s) odd
Yaz = m(s)/n(s) even/odd ,
S8ince the ratio of the even fo odd or odd to even parts
of a Hurwitz polynomial (property four, appendix B) can
be expanded by means of a continued fraction expunsion
with all positive quotient terhs,ryba can be reallzed as
an LC driving point admittance, If P(s) is odd, divide
by m{s) so that P(s)/m(s) is odd, Y21 would then be glven as
| [ odd ]
odd/even + 1] .

Once again equation (%.33) can be used to identify ¥.,

and ya2 as

 =%a1. = P(s8)/n(s) odd
and | |
Y22 = n{g)/m(s) | odd/even ,
As an example, let us realize the 3rd ordgr admlttahée
function - | .
Y21 = 1 | - (%:35)
| | —T+252+25+1 (233+1)+(s°+2s) |
as a twb port LC network terminated in a one ohnm resistanoe. :
Since P(s} is even, divid;a by n(a) = 5° 4 2s to obtain B
.1 _ : e
_ -2213- EE + EE ._._. -Ya o g i
N 1)  Yez + 1 o N ' o
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and then ldentify -y.y and y:» as

=Ya3 = _T____l
g + 28

Yoo = _28° 4+ 1
8 4+ 28) ,

At this point we have the spécifications required"
for the Cauer ladder development of an LC ladder network
Furthermore. we note tnat -va has all its zeros of trans-
mlsgsion at infinity and uhat a ladder with a structure
similar to that of the 1adder network of figure 4,13.a
would have all its zeroé of transmission at infinity,
Such a ladder network, consisting of inductances in the
series arms and capacitances in the shunt arms can be
obtained by the continued'f:action axpansion oféyhg: This
~etntinued fraction expansion is found from :

2= 1/Yaz =8 + 28 .

28 4+ 1
as
23‘+1|s’+28 (s/z . o 2
3372 lZS’ ¥ I ﬁs/?; Y
11 3872 © (38/2 ¢ —

Theléiements of the ladder network, sterting at port (23é')
are ;dentified es a series % henry 1ndgot6r; a shunt 4/3 |
| farad capaeitorwand a series 3/2 ﬁsnryqinducter; Figure
,14-a shows the network with the ona ohm termination

iﬂcluded.

I
B ¢ LA
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Figure 4,13 (e) Ladder network with all zeros of trange

migssion at infinity (low.pass)., (b) Ladder
. netu?rk with all zeros at the origin (high-
pasa ™ '

Figure #.14' (a) Twa port netwnrk with -I12 = ﬁi .
| (b) Two port network -112 S+26 $28 41
pexrt networ witn -Y12 = __ s
_ 1428428 +sf'

The spectfications of equatlon (b 35) for -!21 can.

-%lgbe twansfﬂrmed to

RN £ —

1 ¥ 28 & 2

by the lowmpaaa to high—paes transformatlon diacussed in

'Ghapter~0ng, In this case 8 was replaeed by 1/3. The
~ short-circuit admittances are then ldentified as

121
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=¥Ya1 =

8
(28 + 1)
=_& 4+ 28
ves 28" + 1 | ‘
The continued fraction expansion of Z = 1/y.2 1s glven by
28 + §° r1+28° (1/(28) —= Z, 2 f
2 (28 + &8 (4/(38)~— Y, 3/4 h
T B 138/2 (3/(28) <32, 2/3 ¢
35 /2 .

The highepass filter is shown in figure 4,1l4-b, The same -
results are obtailned Af the low-pass to high-pass trans-
'formati'an of table 1,2 is 'a-'ppf!.iead to f‘he low-pass net-
work of figure 4,1ik-a, '

" As a final example of this method of synthesis,

consider the transfer impedance specification

. (4.36)

‘The driving point end transfer function specification then

becones

38" + 2

7292:.98 4+ 43

77 3+ 2 . (4,37)
'I*he continued fraction expansion of 233 is

38 &+ 2 sE’ ll-s (s/3 — —2, 1/3 h
| + » 28/3 |
' 103/3 Issg + 2 (98/10<——-—Y, 9/10 g

2T 105/3—(58/3 —#—-—Z. 5/3 h
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The ladder network which corresponds to this continued
fraction expansion is shown in figure 4,15-a. As a check the
transfer function 221(s) can be found by NASAP-S9 to be

712 = 10/3 | -
s° + 38 + 10/3 . (4,38)

‘The trencfer impedance of equation (4,37) is not the

desired Z12 as specified by equation (4,38), What went . -

| wrohg? Loaking at the network shown in figure k., 15«8 we

note'that the zeros of thls network axe all at s equals
infinity, but the zeros of the open-e;rculc impedance 2z,»

given by equation (4,37) are at thw origin. This 1s the

,olue to what went wrong., When expandimg Z2n WE did not

make sure tha* the resulting network would have the proper :

zeros of transmlssion. The proper form of the 1adder

is that given 1n figure 4.13-'. In order ta expand zz»

coefficients of the numerator and denominator,

Y23 4+ 2=24 38
' +l¥—§ Ls 4+ &

hs + 33 2+ 38 (1/(23) e }T.'i'” Y, 2n
3“"5921/12 s 5 & 18/(5s) 2, 5/8 ¢
8 + - —&,
b3 ‘

55772 (5/(28) Y, 2/5
\::85 155342 (5/( s‘;) | /5_-h

| The network which cerresponds to this expansiou is shown 1n f' _f;

figure b.ls-h\ Fer thils network NASAP-69 found le tc be -
Z21 = |

& + 38 > 43 + 2

-t
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constant multiplier, There 1s no control over the scale

factor when using the Cauer ladder devielopment,

Figure 4,15 Ladder network for =pecificatlons of equation
" 4,37, (a) Incorrect network due to improper
‘expansion of 2. {b) correct network,

h,éf COnstant-neslstance and lattice networks. A constant-

ALy

resistance two-part network is a two-port netwerk for which

the 1nput 1mpedance of port (1,1’) is a constant-resistance

o RAf pert {2, 2 ) is terminated 1n R ohms and the input
flmpedance of port (2,2 B E is R ohms A purt (1 1’) is
' terminated in R ohms.. Im tbe terms of Chapter Three,

a constant-resistanue netwark has an image impedence of
R ohms. Constant-resistance networks can be cascaded.

and are readilyikerminatedlinnﬁheir characteristic

‘impedance R, nguxe h 16..a shows a'conéféht-resistﬁnoé

lattice while figure 4,16-b shows & constant-resistance
bridged T network, The condition for both networks to
be a eonstant-resistance network ia =

zazb=® . - (%.39)

The voltage ratio tr&nsfer function GZg for the eonstant

._.pm' N
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resistance lattlice 1is

Gig = V2 =1 (Zb = BR) = 1 (R = Za)
Ve 2 (Zv+R) 2 (R+ Za) (4,40)

whlle the voluége ratio transfer function G2g for the constant-

resistance bridge 1is

G2g = V2 = R = Zb
Bt R+ 22 Zb+ R , (&,41)

These two relationships can be used to reallize a desired
transfer function,
The lattice network can be used to synthesize a

network with the transfer function

V2 =1 (8 = 1
'3 ﬁ‘sTT}

by making the following ldentification with e&uation (%.%0)
2= s - ; :
~ end then using the constant-reslstance requirement
rezb - R o 1 , s
to find Za to bve
Za = 1/s. | )
Thus we see that Zb 19 ail hanry.iggnctor a@d Za is a
1 farad capacitor, The regu}%inggnegﬁork is shown in
figure (b,17-a).
As a sécqnd example_of the uée of the.lattice network -
to synthesize a given voltage transfer functiqn-coﬂsider

the voltage ratio transfer function G2g é1VEn by

Gip = V2= 8 =284 2= (8 +2) w28 25 o1

Ve & + 2842 (8 + 2) 428 2) + 1

Ny
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(b}
Figure 4,16 Constant- Figure 4,17 Constant-resis-
resistance networks, tance lattice networks,

(a) lattice., (b) bridge T,

Using equation (#.40) we can identify Zb as

Zb=g + 2=84+1
- 28 2 s

which 18 a % henry inductor in series with a 1 farad

‘capacitor, Now using the constant resistance requirement

gazb 1
we find
Za = 23 = 1

87 + 2 8/2 + 1/s
which 1s a % farad capacitor in parallel with a ! henry
inductor, The network is shown in figure 4,17-b,

As the final exemple of this section, the voltage

ratio transfer function

G23 = 8 41 = _ 1 o
s + 2841 14 [28/(s° + 1))

will be synthesiz d using the eonstant-regagﬁénce bridge
network of figure 4,16-b, Again, R is taken to be éﬁe ohm,
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Using equation (4.41) we can identify Za as

Za = __ 28 = 1
s? 4+ 1 (s/2) +‘(1/23)

which 13 a 2 farad capacitor in parallel with a 2 henry
inductor, From the constant-reslistance requirement we find F

Zb = +1 s+ _1
28 T2 2s

which is a 2 henry inductor in series with a 2 farad

capacitor, The network is shown in figure 4,18,

FLgure.ﬂ.iB .Bridge TuéénStantureéiétéhce néﬁﬁ6f§,'R = 1 ohm,
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CHAPTER FIVE

Butterworth, Chebyshev, and Bessel Filters

5.1 Intrcduction, The starting point of a filter design

Yproblém is usually a set of 1nﬁt1a1 specifications, The

initial electrical spéciflcatibns5are usually some restric-
tions to which an amplitude characteristic, a phase char-
acteristio or a time response must comply, In some instances
a combin&tion of the above characteristics may be specified
over certain regions of frequency., The first astep in the
éolution of a filter design problem by modern synthesis
techniques 1s to obtgin, from the inltiel electrical

speclfication, a suitable hetwork transferﬁfunction H(s).

The trensfer function H(s) can then be used as the starting

point of a synthesis procedure, several of which were
presented in Chapter Foux,

A convenient form of specificaticms is a tolerance
contour., An amplitude respense of a band-pass filter
'was specifled in Chapter One by;means of a tolerance
contour, For example; see figuié 1.3, The phase response
of a filter can also be describéd By a tolerance bontour.
Such a tolerance contour designates the.éeneral region 

where the amplitude or phase response curve of the desired

| filter should lle, Fbr example, the amplitude response

characteristic for the low-pass filter specified by Table 1.5
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must not enter the shaded areas of figure 1,4, Figure 5,1 is
a tolerance contour for a low-pass filter, The required

cutoff frequency of the passband region, the maximum

U S

Al

—_——

Tl Uk

Figure 5,1 Tclerahce contour for a low-pasg filter,

allowable deviation in attenuation, and the minimum
attenuation at a frequency in the stopband can readily

be obtained from the tolerance contour by inspeetion, The

- a transfer function H(s) that will have an amplitude

respbnse curve that lies in the permissible region of the

tolerance contour of a low-pass filter, »

5.2 Butterworth Approximation., The ideal normalized

emplitude rcsponse |H(jw)| and phase response arg[H(w)]

for a low=pass filter are shown 1h figure 5.2-a and b

respectively, The ideal low-pass amplitude reaponée-is’ | '%

approximated by the magnitude function

M(w) = o | o (5.1
o Jﬁf?$¥?w5) 5:1)
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where Xo denotes a dc gain constant and f(uw®) denotes a
polynomial, The magnitude function M(w) has all its zeros
of transmission at infinity as d44d the low-pass filter
network synthesized in Chapter Four. The polynomial
selected for f(w") debermines the significent properties of
the magnitude functidn M(ﬁ). If f(w®) 1s selected as

f(w?) = we ' (5,2)
the Butterworth (maximally flat) form of response results,

i

The magnitude function M(w) then becomes

M(Wl = h’!n ' (503) '

N1 4+ W .

Examinépion of equation (5,3) reveals

2, M(w) is monotonically decreasing wlth inereasing w,

3, for w=1, M 1s equal to Ko/v2, thus @ = 1 1s
the 3 db cutoff frequency, | -

iy
[
: ,
{a)
ArgHtjw) '
\/ i
A ¥
- w :
e o

Figure 5.2 Ideal low-pass response, (a) amplitude relponse.
(t) phase response,
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The magnitude function M(w) for several values of n is
»lotted in figure 5,3. These curves represent the amplitude
response of a Bﬁtterworth filter. The ideal low-pass
amplitude characteristic:is also included in figure 5.3 for
compérison with the Butterworth response, Inspection of
the figure shows that the passband decreases for large
n and that the slope of the attenuation curve in the transi-

tion reglon is steeper for larger n, Hence, the Butterworth

- response more neariy approximates that of an ideal amp-

litude response as n 1s increased,

The Butterworth resmonse 1s sometimes called the maxi-
mally flat response, The reason for this can be seen if
the normalized magnitude function |

1
M{w) = (1 4 v2)?

Figure 5,3 Sketch of smplitude response characteristies of
. a Butterworth low-pass filter for n = 1, 3, and 5,

is expanded by use of ?he binomial series

(1 +3° =1-nox+mms 1)F -0y 1)(? +2)X & ...
| 2T I
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where
x <1

as
Mow) = 1 = & & 3w o 5uB" 4 35688 4 . . . (5.5)
K 2 8 16 128

The first derivative of the magnitude function M(w)/K, is

then given by

M (@) = =2n02""1 & 120" - 3008t 4, . . (5.6)
X, 3 8 16 |

and is zero for w == 0, Similarily the next 2n-2 derivativey
are equal to zero for w = 0, Tﬁ&s the Butterworth response
has a'hgrb-slope at @ = 0, and ﬁgnca'the hame_maximally

flat response, p

Fer large values of w, w >> 1, the amplitude of a Butter-

worth'fuhctio11 is approximated by “ Y
S T : .
JOTB @n DT -
or | o
Mab ~ 20108, (1/u®) 5 -20nlog . w. (5.8)

Thus the Butterworth atteﬁuation function would have an
asymptotic slope of 20n db/octave in the stopband,
If a network is to be synthesized using a synthesis

procedure given in Chapter Four a network transfer functiﬁn"

| H(s) must be found that‘haszﬁfﬁ) as 1;s'ma§n;tude response,

?he emplitude fuﬁction M(w) and the transfer funetion H(jw)
are related by | o
M (w) = H(Jw)E(-Juw), . | | | (5.9)
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Let h(s®) be defined as
h(s?) = H{g)l(-8) (%,10)
then
¥ (w) = h(=®) = h(e?) = H(8}H(as) S50
‘where | :
£ n - and 8 = jw,
To £ind H(s) from h(s®) choose the poles of h{s') which
are in the left hand 8 plane &0 that H{s) 1a Buerwits, Por
example, let
Bw)=_1
1400
T
T, ‘_ (5.12)
. |

| (s + 28° + D8 & 1)&»@ » Qﬁ# Be s 1) . (5,10
Thus -H(s) 13 selected as

H(s) = _ A (5.1
R ey Fares s O ‘_

As 8 check we see that
M (w) = H(Jw)H( Jw)

(aw)%zuwmzmm TP eE) “2( 3o}l




= 1.
1 4+ u®
as desired,

Table 5.1 gives the factors of H(s) for a Butterworth.
amplitude function for n = 1 ton = 8, Table 5.2 gives H(s)
in the form . |

H(s) = ___ | " _ 1 :

B 8" < Brer 8 T4, . o+ 48 4+ 1 , (5,15)
The poles of H{s)H(-s) are located at s, = o + Juy 'f‘maere
. = coS(2k 4 n - 1) =s8in 2k -~ I\ |
| 2n n (2 (5.16)
W = 8in{2F 4+ n -1)w = cos {2k ~ 1|mw.

The parametric equation of a éircle with 1lts center at ti‘ie

origin in the s plane is given by
g =a cos 6
W= asind., L (5an)
Comparison of équations (5..16) end (5.17) shows that the

poles of H(s)H(-s) for the Butterworth response are located

at & unlt circle with its center at the origin,
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n

1| (s+1)

2| (sRP+4/28+1)

3| (P+s+s,(s+l)

L (2240.56536s84+1) (s8®+1.84776s+1)

5| (s+1)(s®4+0,61808+1)(s®+1,61808+1)

6| (82+0,51765+1) (P 44/28+1) (s°+1,93185+1)

7 (s+1)(sa+0;h4503+1)(83+1.2u653+1)(sa+1.8022s*1)

81 (s+0.38963+1)(s°+1,11108+1) (s“+1.663os+i) (s®+1,962294+1)
Table 5,1 H(s) for Butterworth Response

nl a s 8g 8 &s 8e 8y 8a_
il 1

S R

3 2 2 1

b| 2,613 3.k 2,613 1

5(3.236 5.236 5.236 3,236 1
6 |3.864  7.466 9,131 746k 3,864 1

7 [ b9k 10,103 14,606 14,606 10,103 b.hgk 1

8 |5.126 13,138 21'.;848 25,691 ‘21,848 13,138 5.126 1

Table 5.2 Coefficlents of H(s), note & = 1 for all n,
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"2
a8
oo
04
0.2
0.0

o
Figure 5,4 Sketch of the step response of a normalized
: Butterworth filter, for n= 3, 5, and 7,

A sketch of the response of a normalized Butterworth

3 low-pass filter for a unit step input 1s shown 1in figure 5.4,

Note that the rise time, overshoot, and settling time

‘1ncreases as n increases,

Examples Design of a normelized third order Butterworth
low=pass filter. Suppoée1phat a third order Butterworth
low-pass filter is desired, Furthermore, port (2,2’) of

the network is to bs terminated in a resistive load, and

the transfer function to be realized is -Y21. From Table

5.1, -Y21 is found to be

s® + 28° + 28+ 1,

The network is realized by the*proeesa given in ghawter
Four, see equation (4.,35), The resulting network is

shown in figure 4,1%-ay 'The‘frequeﬁcj and impedance

transformations of Chepter One can be used to transform the .
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network to a network with the desired cutoff frequency and
impedance level, NASAP-39 is used to check the resulting

filter to insure that i1t meets the desired specifications;u

5.3 The Chebyshev approximation. A second spproximation to

the ideal low=-pass response will result if we let .
f{w?) = €®C2 (w) (5.18)
where 0°< ¢ < 1 1s a real constant and C, is the nth-order

Chebyshev polynomial. The nth-order Chebyshev polynomial

is given by
| Cp (v) = cos(ncos ~tw) forjw|g 1
= cosh (n cosh™'w) jw|>1, (5,19)

Chebyshev polynomials can be generated by use of the
récursive formula |
Co (0) = 260G,y (0) = Cpog () o (5.20)
Tabié”5;3 gives tﬁe'Chebyshé#'pdiynom;%is fiom Cy ﬁd c;;.
The Chebyshev polynomials Cs throﬁgﬁ.cs are pldttéd
versus 1h figure 5.5. The odd order po1ynom1a1s are in the
right hand column while the even ordef polynomials are in
the left hand column, As can be seeﬁ:b§ egamination of
figure 5.5, the Chebyshev polynomial% have their Zzeros
for w between -1 and 1, The maximuq!value of a Ghebyshev
polynomlal within the interval -1 gjw < -1 is +1 while
' the minimum value is -1, Forjw| < %1 gnd|w|> 1 the value
of the magnitude of a Chebyshev poiynemial,lcn(wﬂ,

bécomes very large as W goes to oS, For n even, we note that



n Chebyshev Polynomial
0] 1

1]

2] 202 « 1

3 4us - Fuw

hi Bwt - 8w 4 1

5| 16w° - 200® 4+ 5w

6] 320° - UBw* 4 18w? - 1

7| 6wy - 11205 4 565° - 7w

Bf 128w® - 256uw® 4+ 160w* - 320° 4+ 1

9] 256u° - 576w + 43205 - 120w° 4+ 9w

10| 512w® - 12800° + 11200% - 40Ow* 4+ S508° - 1

Table 5.3 Chebyshev polynﬁﬁials for n =0 ton= 8,

'Figure 5.5 Sketch of Chebysﬁév pdl&homials Co throughcs
versus w,

139
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c, (0) = (-1)*/2 and C,(+1) = 1, For n odd, C,(0) = 0
and C, (1) = #1, |
The Chebyshev magnitude type of response is given by
M({w) = 1 :
J1 + €2C; (w) . (5.21)

The maximum value of M{(w) occurs at a value of w such that
C, (w) = 0, The minimum value of M(w) occurs at a value of
w such that|C, (w)]= 1 and 1s & function of ¢, The maximum
value of a Chebyshev magnltude function is unity while

the minimum value is 1/V1 + e, For n odd M(0) = 1/¥/1 + €°,
Since |C, (w)] = 1 for all n, M(1) = 1/41 + ¢, Figure 5.6

‘shows & typical Chebyshev magnitude response for both

even and odd n, The most distinguishing feature of the
Chebyshev magnitude response when compared with the
Butterworth magnitude response 1s the presence of the rippie

(the ripple-like variation between 1 and 1/41 + € in

iy et e e i —

o
E‘
l.

(a)

Figure 5.6 Sketch of g Typical Chebyshev magnitude response,
(a) n odd, (b) n even,

the Chebyshev magnitude response), The minimum value of- the

Chebyshev nmagnitude fesponse in the passband can be
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controlled by the cholce of ¢, 0 < ¢ <1, There is no

“such control of the minimum value of the Butterworth

response 1ln the passband,

The ripple width or the maximum deviation in the
magnitude function can be found from the tolerance contours
used to specify the low-~pass filter, The ripple width for

a Chebyshev magnitude response is gliven as .
e? for € << 1 (5.,22)

Hence the value of ¢® can be selected by knowledge of the
maximum deviation in the magnitude function‘as given by
a tolerance contour, For large values of w where w >> 1
and €C, (w) >> 1 the Chebyshev magnitude reéponse is apQ

pruximately equal to

(5.23)

The attenuation of a Chebyshev response function is given by

Adb = -20l0gyo M{w) .
~ 20log10€ + 201ogy0 C, (W), (5.24)

Now for large values of w, C,(w) can be approximated by the:
nth-order term of the nth-order Chebyshev polynomial |
resuiting in

Adb ~ 20logoc + 20logo (2°"w®) (5.25)
or

Adb ~ 2010g10¢ + 6(n=-1) + 20logiow . | (5.26)
The Chebyshev attenuation résponse functioﬁ.thhs has

e slope of approxirately 20n db/octave in the stopband,
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which 1s the same as the Butterworth attenuation function,
The poles of the Chebyshev magnitude response function
occur for

Cn (lU) = = J
—Em - (5-26-3)

where

C, (w) = ccs nw,

|

Now let w = u + jv and equation (5.26-a) becomes
C, (0) = cos nv = cos n{u + Jv)

=cosnucoshnv - jsinnusinhnv=2x%9J.,
¢ (5.27)

Equation (5.,27) is satisfied when

cos nu cosh nv = 0 (5,28-a)
and

sin nu sinh nv = * j/e, - (5,28-b)

Equation (5.28-a) implies that cos nu = 0 as cosh nv £ 0, thus

u= {1/n)(2k - 1)(n/2), k = 1,2,, . .2n, (5.29)
For these values of u, sin nu = £ 1, so that |

nv = sinh~! (1/¢), | (5.30)
Let "a" be a v such that equatibn (5,30) 1s satisfied then

a = (1/n) sinh~(1/¢). (5.31)

The positlion of the poles of the Chebyshev response are
then located at
s= )cos(u4 Jv) = j eos( (n/2n)(2k - 1) + ja). (5.3?)4
If sy, = op 4+ Jw, the pole locations are given by
o, =4 sinha sin({(2k - 1)(n/2n)} _
k=1,2,3,, . .2n | (5.33)

N ) ) =
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end
w, = cosh a cos((2k - 1)(m/2n)),
Equation (5.33) is the parametric equation of an

ellips., This willl be seen if both expressions are squared and

added to obtain

of/sinhala + wi/cosh® a = 1, (5.34)
If equations (5.33) are divided by cosh a they become
o, = tanh a sin((2k - 1)(mn/2n)) |
cosh &
k = 1,2.3,. . ozn (5035)
and _ .
w, = cof ({2k - 1)(m/2n)). . (5.35)
cosh 2

If equations (5.35) are compared with equations (5,16) for
the Butterworth ﬁole locations we find the imaginary part
of the Chebyshev pole s, divided by cosh a and the imeginary
part of the Butterworth pole are the same, The real part

;-_:“

factor of tanh a when compared to-the:real portion of the _. &
Butterworth pole. Thus the Chebyshev pole locations can
bé obtained from the Butterworth psle 1pcations. This
technique will be used in the following example,

‘Examples A transfer function H(s) with a Chebyshevuamplitude
characteristic is desired, The Chebyshev emplitude character-
istlec should have a maximum of 1 db ripple in the passband
and should have at least 20 db of attenuation at w = 2,

We know that |C, (1)l = 1 for any n, thus H(J1) = 1//T 4 &7
The relation can be used to find € as

2010g10 | B(J1)| = =1 = 201og1o1/VI + €
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‘.a‘
or
1og 01/t 4 € = =1
20
which means
! = 10-1’/20 = % —
Ji + €2 10¥°2°
Now by use of a slide rule's loglog scales we find
1

= i = ,891
J1 4 €2 1,122 .

‘Thus an € = ,508 will insure a 1 db ripple in the passband,

Now n, the order of the Chebyshev polynomial, must bte found,
Equation (5.25) can be used for this purpoéé, as Adb = 20
for w = 2, | |
20 ~ 201010 0.508 + 201ogo (2" 2")
l = =10g:0c 1.97 + (2°~1)log;02

(28-1) = 1,294 = L ,32
logyo02

n=5.132= 2,66
2

" The next largest integer is 3, therefore, n = 3. There are

desigh charts available for selected values of € from which

n, for a specified attenuation at a given frequency, can be

read directly, PFor example, see White Electromagnetics’

A Handbook on Electrical Fllters or Zuerev's Handbook. o

Filter Synthesis

The pole locations for ¢ = 0,508 and n = 3 can now be

- found using equations(s.jl), (5.35), and Table 5.1.

144
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g = (1/3) sinhf‘(l/.SOB)
= (1/3) sinn’ (1,97) = (1/3)(1,43)
= 0,477 )

tan a = tan(0,477) = O,L4hk,

Now the factors of the 3rd-order Butterworth response
function from Table 5,1 are (s + 1) and (s? + s + 1),
Thus the poles are located at |

Sy = -1,0, s2 = -0,5 4 J0.866, s3 = =0,5 - J0,.866,
The real and lmeginary part of the Chebyshev poles are then
found using equations (5,35).

Oy = O, tanh a

where o, and v, are the real and 1mgginary parts of the
kth Butterworth pole, H _
The Chebyshev poles are Just _
gy = -1 cosh(0.477) tannh(0,477)
= -0,496
o = 03 = (=0.5) cosh(0,477) tenh(0,477)
= =-0,248 _
wg = (0,866) cosh(0,477)
= 0,9666
Ws = {=0,866) cosh(0.477)
= «0,9666
where

cosh(0.477) ~ 1.116.
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The desired network transfer f:anction is

1

H ( S ) = l = i e e r b © e o e pmawenmbn e i g 1 e
{s4+0,496) (s40,208+ 33,294 (et , 20830, 90413,

Poles of a Chebyshev amplitudeé trégpunas Tunstien for
selected values of ¢ and n from 1 to 1f aré listed in

Table 11,9 of Weinberg's Networl Annlysis and Synthesis,

Example: The low-pass fllter specifled in Table 1,5 will row
béjacnsidered. The order n of ihe reguiréd Chebyahey
polynomial is desired, The comiplexity &f the weguired

filter is 1n&1cated by n, '-ii!iﬁ'i-ﬁl agtisation of n oy the
Butterworth case 1ndicates thaﬁ 8 Putterwarth filltar with the

required attenuation of 30 dE a% = ﬁ‘lﬂﬁﬁﬁﬁ would e S00

complex and require too many &léments, UEing the 3 4% rippls

requirement, find n for the Ehebyshey respoase Tungtluen,

thus determining the complexi®y

filter,
. __2‘010810 | H(j1 )I = =3 = 20l6E:s ggg}""’;{?
log;o i/«ll + € = -3,/20

which means
1 - 10 Y°
I+ =1, 2
€ = @—9“‘.-"-' .99? § _
A value for n may now be feund, In Shig exeRple, uUBIAZ.
equation (5.25) for this purpese will be zere diffieuls

than in the pr2vious examples, minsje-the atrenuabion i
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not specified for w = 2, but for w = 1.02&5. In this case
equation (%.25) becomes |

30 = 20l0g;01 + 201ogyo[ (2" ) (1,0245¢%)]

1.5 = .3(1'1—1) + logy01,0245",
Assume 10g,01.0245" << ,3(n-1), an assumption which would
tend to result in too large a value ¢f n, then

5
& .

Therefore a very conservative value of n would seem to be

n -1
n

n.= 7. Now a Chebyshev response function for € = ,9907
and n = 7 could be found and then the techniques of Chapter
Four could be used to syntheslze the required network., The
resulting low-pass filter can be checked by NASAP-69 to
see 1" 1t meets the given specifications. Rather than

taking thls approach fo‘realize the filter, a much simpler

method willmbe'empioyed."The slmpler approachlinvolves the

use of special tables introduced in Chapter 6, The filter
will be realized by use of these tables and then analyzed

'by NASAP-69, Since equation (5.25) was developed for

w > 1, and we have used it for w =~ 1.0'1t is anticipated
that analysis by NASAP-69 will show that the Chebyshev
filte. with € = ,997 and n = 7 does not meet the required

specifications,
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Sk  Be$$el_AQ2;9x1mgt19n. ‘Bessel polynomials are used to

approximate transfer functions with a linear phase response,
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Consider a system transfer function glven by
H(s) = kexp -sT . (5.36)
The frequency response of the system 1s given by _
H(jw) = kexp -juT (5.37)
where _ .
M(w) =|H(j0)l = &
and the phase response 1s _
p{w) = ArgH(jw) = -wT. (5.38)
Equation (5.,38) is a linear function of w, The response
of a system with the form of system transfer fwiction of
equation (5.36) is juét thé excitation delayed by some
time, T, The delay T is obtained by differentiating
the phase response,

Delay = =-dd(w) = T - . (5.39)
dw

The delay timé,gT,mis.sometimes calied thé énvelbpemdelay'*

or the group déiay.- A circult with such a delay camnot be
constructed by the ﬁse of diéerete-elements, however,

it can be approximated in the following manner, Let T = 1 sec,

and rewrite eguation (5.39) as

B(s) = 1
_ exp sT
= 1 o
.sInh s + cosh 8 , - (5,40)

Now we will approximate H(s). First divide the numerator and
denominator of (540) by sinh s to get

H(s) = 1/ sinh g | e
cosh s8/sinh s + 1 , - K {5.41)

S -
R
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The fractions cosh s and sinh s are expanded as

cosh s=1+35 +.8 +.8 +, ... ' (5.42)

2
21 ki 6!
and .
SInh s = S 4 5° 4+ 85 + 8 Fe¢ o o o (5.43)
3t 51 71

Equations (5,42) and (5,43) can be combined to compute
coth é = ¢cosh 8 4+ cosh s/sinh & in the form of a continued

fraction expansion as

coth s = 1 + i
s
3 ¥ 1
" 5 4+ 1
s )
L+ .
3 .
. (5.44)

The coths is approximaeted by truncating the continued
fraction expansion (2n - 1)/s term, For n = 3, coth s is
approximated by including terms 1/s through 5/s as

coth s = 1 4 1

s

n = cosh 8 ' g
n sinh 8 . | (5.45)

Note that this ls the ratio of an even function to an odd
function, Since all the quotients of equation (5,44) are
positive, m + n is a Hurwitz polynomial for m = 6s® + 15 and
nee +158. |

If m is identical with cosh s and n with sinh s,



[T 3 Feeieait

A,

Pt

a

[ |

ATTT——
) R

150

equation (5.40) becomes

H(s) = Xp (5.46)

m4n
where Ko 18 chosen so that H(0) = 1, For the m and n of

equation (5.45) we would have

H(s) . kaﬂn_____gg = Ko
15 4 153 4 68° + By (5.47)

where

H(O) = 1 = ko
‘ 15

which implles
kKo = 15
and |
Bs = 15 + 153 + 6s® 4+ & is the jrd-order Bessel i
polynomial, In general B, is of the form 7
_%I§f=lbﬁﬂhs+g--*mﬁa”__ _(5J£)
and is given by the répursion'formula . .
=(2n - 1) By 4 8% Byoa (5.49)
where =1and B, = s + 1 are used to st_ér-t the generation

of B,, Table 5,4 glves the coefficients Bf B, for n =0

ton =17, Table 5;5 sifes the roots of the Bessel funetions

forn=1%ton="17,

e
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n bo by b bs Dy B by b
0 1

1 1 1

2 3 3 1

3 15 15 6 1

4 105 105 Ls 10 1

5 U5 kLS 420 105 15 1

6 10,395 10,395 4,725 1,260 210 21 1
7} 135,235 135,135 62,370 17,325 3,150 378 28 1

Table 5.4 Coefficients of Bessel Polynomial

n| 1 _ 2

3

L'_

-1,0 =1,5:£30.866667 =2,32219+30

~2,89621430,867234

-1,83891+31,75438 -2,10379+32,65742

n}| 5 | 6 7
-3, 64674+ 30 -4, 2U836+40.86751 -4,97181430
-3.35196+ J1.74266  -3,73571+£32,6267  -4,75827+)1,73928
-2.32467+33,57102  -2,5159% 4, 49267  -4,07014%33,71718
o -2,68568+15.42069

Table 5,5 Roots of Bessel Pélynomials

Figure 5,7 compares the amplitude rééﬁéﬁSé_of e 3rd-

~order Bessel and a 3rd-order Butterworth filter, Figure

5.8 1s a comparison of theilr phase characteristics,
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o _, 95 0 ., 355

Figure 5,7 Comparison of emplitude response of a Bessel
and Butterworth filter, n = 3. (a) Bessel,
(ty Butterworth,

- 90

DEGREES

-135 4

L =120

Figure 5.8 Comparison of rhase response of a Bessel anc
Butterworth filter, n = 3. (a) Bessel,
(b) Butterworth,

5.5_ Concluding remarks, Both the Butterworth and Chebyshev

response functions.may be used to approximate the amplitude
response of 2 low=pass filter, There are many other p6881ble
response functions which also mey be used for this purpose,
One coﬁmonly used function results in a fllter with equal
riprle in both the pass and stopband, An example of such

a filter cah be found in Chapter Eight where 1t.1s analyZzed
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by use of NASAP-69,

The cholce of response function to be used 1s made by
considering the'characteristics of each type of fllter and
selecting the resmonse function that is most suited for the
task.. For example, the Chebyshev function may te selected
instead of the Butterworth function since the maximum
attenuation in the passband may be controlled by the choice
of ¢ for the Chebyshev function while there 1s no such
control over the passband attenuation with the Butterworth
filter, O©On the other hand the Butterworth response may be
seleéted over the éﬁeﬁyahev response function if phase

distortion is an important conelderation, The Bessgel

'response{function is useful when one wishes to approximate

a linear time delay function,
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CHAPTER SIX

Double Terminated Networks

6.1 Introduction, The synthesis techniques of Chapter

Four coupled with the approximations of a transfer function
of a low-pass fllter discussed in Chapter Five can be used
to realize low-pass filters whiczh are terminated in a resis-
tive load, 1In this chapter a synthesls technique that will
fealize a low-~pass fllter that is to be driven by an ideal
voltage source with a series resistance or an ideal current
source with a shunt resistance and terminated in a resistive
load is introduced, ' The low-pass filters resultlng from the
techniques of Chapter Four and from the methods of this
chapter can be transformed into other types of fllters”by
the use of the trensformations given in Chapter One. In the
final section of this chapter a table of element values for
Butterworth and Chebyshev low-pass filters ic presented,
This table simplifies the design of double terminated filters,
Simlilar tables for other forms of fllters appear in the
references listed at the end of this chapter. The program
used to generate the element values appears in Appendix D,
The Darlington synthesis pracerre is used to realize
networks which are to be driven and terminated as shown in
figure 6,1, The amplitude of the filter response can be

Gdnvenlehtly specified by either the voltage transfer furiction
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R 2
Vg.- N % R2
; L 2
(a)
1 &
gt Rl N R2
1 2
)
Figure 6,1 Double terminated Figure 6,2 Single-port
networks., network,

|V2/Vg| or the impedance transfer function |V2/Ig|., From

the specification of the magnitude of either the voltage or
impedance transfer function the magnitude scattering coef-
ficlents |s;; (Jw)|® and Js;» (jw)|® for the LC network are found,
Using s, (ju)I® , the driving point impedance Z, (s) is

found and then synthesized., The scattering parameter's.
representation of a two-port network will be reviewed before

the detalls of the Darlington procedure are presented,

6,2 Scattering parameters. The single-port network of figure
6.2 will be used to introduce the concepts lnvolved in the
scaﬁ£er1ng matrix representation of a network, Define the
voltage V, (incident voltage) and V, (reflected voltage) as

V, = % (V1 4 Ro,I1) - (6,1-a)

wf e

V, = % (V1 - B, I1) | (6.1-D)
where V1 and Il are the terminal voltage and current of the
gingle-port network and the network is characterized by the

driving point impedance Z1(s) = V1/I1, The parameter Ry, 1is
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an arbitrary, dimensionless, positive constant referred to
as the reference impedance factor. If equation (6,i-b)1is added
to 6,1-2), and then equation (6,1-b is subtracted from 6,1-a,) the

terminal voltage and current are found in terms of the incldent

: &.

and reflected voltage as
Vi=V, + Vg (6,2-2)
(6,2-b)

et

Ii =V, - Vg
Ros Boi

it is convenient to define two new parameters, the
incident parameter "aj and the reflected parameter “"bf' in
terms of the incident and reflected voltage. The parameters

"yt and "by are defined as

ey = 3 (V1/WBo: + +/Boy I1) | (6.3-2)
by = ¥ (Vi/VRy - vBor I1). (6,3-b)
 And by comparing equation (6.1 and (6.3) we see that |
| | v! ;Iaiﬂ/%l ST TR TR T
V., =b1/Roy .

Thus equation 6,2 expressing V1 and 11 in terms of V; and

V, can be rewritten

V1l = (a; + by) «/ﬁo?—z, ' (6.4-2)

Il = (__a:R; b, ) (6,4-1)
1 v L

The power consumed by terminals (1,1°) of the single-

port network is given by

P = RelV1I1%)

= Re [(31 + 51_) JRos (a1 - b }*:l
. | °1



= Re(ey8,% = Dy ¥ + a, % = & F *]

= (a1ay% = by ¥)

= (I8 (% - & 1?) [%,)
where the asterisk denotes the compler vor jugsts, If the
scattering parameter sy, 1s definad ag

S11 =_,'511 Qﬁig‘j
aj

equation (6,5 becomes
P= lal (1 - |514]?) ' 6,7}
Since the power consumed by the neIwoPx when 1% 18 ezsited

by a sinusoidal source is never nsiabive We 86& tha

on

ISy (Jw)| s 1.
The scattering parameter 2;, #an Bé e¥pFesded in CerEs

of V1 and I1 by use of equationz (&, s sud {f, b ge

where Z1 has been used to replase ths Fatle Vi/ii, Hote
here that if Z1 = Ry, then s, egusis zerg and frew Tthe

parameter b, must be equal to z&Fa,

Now consider the particulsar SiRElIS-part netyer¥ shewm

in figure 6,3, In this case the natwerk songises ef & single

resistance, R, the serles resistancs of the veltese sourss,

L3@
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vy Vi R

—_ (P

Figure 6,3 Single-port network with Z1 = R, the series
resistance of the voltage source,

This is the condition for which the maximum power will be

dissipated by the network, The maximum power available

from the source ls glven as

Poex = [%g|® 1 (6.9

é.nd must also be eqﬁé.l to
| Pmax = |a,° (1 - IS11] %) | (6,10)
by equation (6.?') Since Ro; Was an arbitrary positive constant
it can be choosen in a manner designed to simplify equation
é.10, 1If s,, is zero, equation (6,10 reduces to

" Pmax = jyf | (6.11)
and su is zero if Ro; = 21, or in this case Ry; = R the
series resistance of the source, Comparing equations 6.9 and
(6,11 we find that
| eal ® = [Vl® 1

2= 3. | | (6.12)
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Wow the network of figure 6,3 will be considered,
. Ri 1 2 » 12
Vg+ J1 N \72 R2
1 )
Figure 6,4 Two-port network to be characterized by the
scattering matrix [S],
Associated with terminal pair (1,1') is the arbitrary,
Likewise,

dimensionless, positive reference parameter, h,.
with terminal pair (2,2'),is associated the arbitrary reference
varemeter Roz. It is convenient, just as it was in the case

of the single-port network, to let By; equal the series

resistance, R1, assoclated with the véitagé source connected - -
to port 1, Similerly, Roz 1s taken %o be equal to R2, Then the
parameters a,, b, and e, By are defined in a manner similar
to the parameters a, and b for the single-port network, The

defining equations are

8, = 2(Vi/yR1 + JR1 I1) {6.23)
b = 3(Vi/J/EI - JR1 1I1) (6,14) B
82 = 3(V2//R2 + /RZ I2) (6,15)
b = %(V2//RZ - JRZ I2), - (6,16)

The incident and reflected parameters of port 1 andzz'a;e o i

related by the scattering matrix [e] in the folléwing 5



manner:

b: 511 Sy a] 8,
by ) Sa1 Saz | 8| , (6,17)

The coefficients of the secattering matrix for the two-port

network are given by

811 = _bll S12 = By

l-ag = 0 aa_ a1 - 0 (6.18)
821 = _t}_e_| Sap = Do |

31 ag - 0 aa a1 — 0.

We find from equation (6,15 that the condition a, = 0
implies that

v2//R2 = -JRZ 12
or that

V2 = R2

which i1s the case when port 2 is terminated'by a resiétaﬁéérnz;
The condition g, = 0 is satisfled when port 1 is terminated
by a resistance of Rl ohms., Now using equation (6,12) for &,,

and equations (6,13 and (6,14 to substitute for a, and b, we have

Sy, = 1V1/JR] - JRL I1°
"Vi/J/Ri + vRL I1jps = O

Vi/I1 - Rl
Vi/I1 + Rl ieg

n.
o

Z1 - Rl
Z1 + Rl (6.19)

where Z1 = V1/I1 with port'z_terminated in a resistance R2,
Similarly, we have

Szs = Z2 = R2 __— , (6:%0)
. ZZ-R

SN
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where 22 = V2/I2 with port 1 terminated in a resistance R1,

The forward transmission coefflclient s, is defined by

SQ'!.:E_
aylas = 0

where the condition a, = 0 1s satlsfied when port 2 1s
terminated in H2 ohms as the reference impedance is taken

to be R2 ohms, This situation is shown in figure 6,5,

f

QY e B2

Figure 6,5 Double terminated two-port network with R, = R1,
Rop = R2, and @, = O,
The current I1 flowing into terminels (1,1') is given by
T I1= ¥ o (6,21)

AR
énd the terninal voltage V1 is given as

V1= Vg + I1R1, (6,22)
Now equatioﬁ(éfél) and §.22 can be c:ai;ibined with equation
6.1, the equation which defines a, as follows:

ey = 3(VI/JRL + JEI I1) | |

= _1 -i-RlV ] -
Rl ¥ 2
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From equation (6.15), the equation which defines g, and the fact
that a = 0 we have

gs = 0 = 3(V2/JR2 + JR2 1I2)
or

JR2 12 = - V2
JR2

and using equation ©,.10 we find
by = (V2/JR2 - JR2 12)

= L(V2/VRZ + V2/VEE) = N2
i JRZ . (6.24)
Thus the forward transmission coefflclent s,, becomes
Szy = bg = 2V2 ﬁl _

Equation (6,25) relates the voltage transfer function G2g = V2/Vg

to i:he forward scattering coefficlent s, and 1&111 be used in

the Darlington synthesis procedure. If the ideal voltage

source and its series reeista.nce is replaced by 1ts Norton'
equivalent circuit, & network similar to figure 6,1-b

results where Ig = Vg/Rl and equation (6.25) for this sonfigura- .
tion becomes,

Say = 2V2 Ri = 2, 2 '
IzR1 JER 8. | (6.26)

Equation (6,26) relates the impedence transfer function Z2g = V2/Ig

and the forward scattering coefficient s,, and 1is used in the
Darlington synthesis procedure when the magnitude response
transfer impedance is specifled,

- Now that the scattering par‘“é;ineters" of a two-port riet'wor_k

~have been found, reistionships involving scattering parameters
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Sy; and sz» will be found by consldering the power flowlng
into and out of the ports of the network,
The total power delivered to the network is just
P=P, + P> (6.27)
where P, is the power delivered to port one and P, is the

power delivered to port two, The power delivared to port cene 1is

P1 = (a.;al* - blbl*) (6.28)
and P, 1is .
P, = (szas®™ - babp¥*) (6.29)

where equations (6,28) and 6.29) are found in a manner similar
to the derivation of equation 6,5, From equations (6,27,
©.28), and (6.29) we have
P=(ay84% - by ¥*) + (8p@¥* - Dalnt) |
= (a8 * + 8% - DD ¥ = Tay*) S0 (6.30)
_ since the total power delivered to all ports must be positive,

Equation (6.30) in matrix form is

P= o a] - % b] (6.31)
where
o = a* e
¥ = ¥ b*
al = g
i
b] = by
ba| .

Using bl = [8] a] and b* = a* [S*]t. equation (6, 31) becomes
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P=a% a] - a* [s#]°[s][a] (6.32-2)

where

~

[S*]t = [8),% Sa, %

Sy ¥ Sza¥|

and -

[8] = ER Sai

S12 Sa2 N
For a lossless netwc;rk the net power delivered to the network
is zeroy the net power delivered to port one must be equal to
the net power flowing from port two, In this case equation
(6.32) can be written as

P =% a] - g% [5+1°[s] o]

-a% ([1] - [s*](s]) a]l =0 (6,32-D)
where
(T7= (11

Equé.i:ién (6 . 3’2.-1::) | impi.ies-' t:hat "
[1] - [=+1%(s] = o
or _
[s*](s] = [1]  (6.32-c)
which becomes |
B11% S11 + Sa1® Say  S1a* 83 + So0* S2] (1 0
Lla* S11 + Sas¥szy 52 F 813 + Spa® Saa} - & 1J (6.33)
glg_en [S*][S] is multiplied out, Thus we have the followfing
mt . gquat lons:
‘-\”‘31‘1* S11 + S21* Sy = 1 (6,34)

S11% 813 + soa ¥ g2z = O | - (6.35)
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S12% S11 + S32% S52y = 0O | (6.36)
S12% S12 + Spa® Sp2 = 1 (6.37)
Since s, % 5§, = |sll|é equation (6,34 can be written as
|12 (Jw) |2 =1 = say (Gw)|2 . (6.38)

This equation is used to find |311(Jw)|'from Isa ] after

|sa1 (jw)|? has been determined. |[sa; (Jw){2 can be found by
using equation (6,25)if the voltage ratio G2g is specified, or
from equaticn (6,26) if the current ratio V2/Ig is specified,
182, (j0)}? can be specified in still another manner, by

use of a relationship between |sai(jm)]3 and the insertion
power loss, Thls relationsnip will befound after defining

insertion power loss,

(C)]

+
Vg LC

(0

Figure 6,6 Network uged to define insertion loss,
(2) Circuit without LC network, (b) Circuit
wlith LC network inserted,
The voltage V’'2 appearing across the load resistance

R2 of the circuit shown in figure 6,6-a is given by

Rl + R2 : '

For the ‘seme circuit the power dissipated in the load resistance
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is

P, =|___ Vg [® R2 (6,40)
lRl + RZ‘

while for the circuit shown in figure 6,6-b the power
dissipated by the load resistance RZ is

Py = |V2[?
R2 . (6,41)

The insertion.power ratio is defined as the ratio of P'2 to P2

Pa' = 2% =
Py

R2 2 tvgy2
Rl + R2 N . (6,42)

Now both sides of equation (6,25)are square and equation (6.42)
1g used to substitute for the ratio |Vg/V2|? in order that
|se1]|? may be found in terms of the lnsertion power ratio,

e?®, as

[s21|2 = 4R1 R2 o 2% |
(8L B2y (6.43)

6.3 Darlington's synthesis procedure, The basic steps in

the Darlington procedure are: |

7(1) Given any of the specifications |V2/Vg{?, V2/ig|®,
or e% use the appropriate relation (ééﬁation 6.29, 6,26,
or 6.42) and the desired values of Rl and R2 to find
|8121®. Before equation (6,25, and (6,2€) may be used for
this purpese they muét be rewritten as

521 (Jw)|2 = 4B1 U2

R2 (Vg (6.44)
I‘Sal.(.']w)‘a = _ 4 12_8 | :
RiR2 |Ig| . (6,45)

For a realizable network s,»(jw) 2 < 1,
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(2) Using equation 6.38) find ]sll(yuﬂg.

(3) Using |sy; (jw)[® = [s;1 (s) siy (=s)]ls = Ju find s, (s),

(k) Using sy; (s) and equation (6.19) find the driving point
impedance Z1(s) for the desired value of R1, ﬁquation
.19 can be rewritien as

Zl(S) = 1 - 511(5) .
1+ s11(s) (6.46)

for this purpose,

(5) Synthesize a network with a driving point impedance
Zi(s), The network may or may not be realizable as a
ladder network., A ladder realization ils possible if
all the zeros of s,, (s) are at the origin or at infinity.
.Then the desired network can be realized as a ladder net-
work, Thisis the case for the low-pass response approxie

mations discussed in Chapter Four,

-

Example: Synthesize a low-pass filter with a maximally flat

magnitude response where the ratio [V2(jw)/Vez(jw)l is to

be glven by
(6,47)

and it 1s desired that Bl = B2 = 1 ohm, To insure that the
function Z1(s), which is found in step 5, will be a positive
real function, the megnitude ¢f'1513(jw)ie must be less than
or equal to one. In this case the factor 4R1/R2 in equation
(6.44)13 equal to 4, Therefore, the specification must be

168
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3scaled to

2t A (6.148)

Using equation (6.44), |sy2(je)l® 1s then found es

2

IS12 (JwI® = ,f_l_TL_&J‘E (6.49)
completing step 1,
Then {8;; (jw)|? is found as

811 (jw)|? =1 - _ 1 = __uS

1 + ws 1 + wé, {(6,50)

8§11 {s) 8,1 (-s) is found by replacing w by s/j as

malsdmales) =y (6.51)

The poles of this function in the left hand portion of the s
plane can be found by using table 5,1, These poles are

associated with s,, (s) and s;; (s) is found as

(s® + s + 1)(s + 1) s3 4+ 28° + 28 4+ 1 o

where s, (s) has three zeros located at the origin, Now
using equation (6,46) Z1 is found as

Zi(s)= _2s® + 25 4+ 1
| 2s® 4 25 + 28+ 1, (6.53)

Az the zeros of s,1(s) are 211 at the origin, Y1 = 1/Z1 c¢an
be realized as a continued fraction expansion of equation

©6.53, as follows:

252 4+ 25 + 1 1258 + 252 4+ 2s + 10 s ' P
288 + 25® &+ s o o
s+ 1125 + 28 + 1 2s —z
- 2282 4 28

Il + 1 (s Y
s

| o 1 1 (1 «-R2
The resulting network is shown in figure 6,7, 1

Y
U]



Mo

Figure 6.7 Filter synthesized to =edt gpeaiiicstinn af
equation (6,47, -

6.4 Tabulated element values of Futtrrwarth and Chebrshey

low-pass filters, Explicit formulasz fofF the &l3#ant vALUGSE AF
low-pass filters with Butterworth sui Thaiirihey psapongs

have been found, Weinberg discusses s «&s of sush

formulas to find.the element valu E of loWevass Tiltars with
Butterworth and Chebyshev responss 4w Ria togk, Usdern lekwewk
Synthesis. The program found in Appendiz © upes thage expliels
formulas to generate table 6.1 and Ta¥ia £,7, Fabls £,1 amt
6.2 are asconvenient‘means of findisg ¥Tne 2lement valuss af

‘Butterworth and Chebyshev low-pass ¥#iitsrzs, The genspsl

configuration of a Butterworth fileur whish coprespends 5
table 6,1 is shown in figure 5,8, etz ihat ghere xes EwD
configurations shown. Caniiguratia@_ﬁ_ iE aﬂﬁﬂ if the depived |
Butterworth filter?is an odd ordey filEeyr {1 ﬁéﬁ% ﬁﬁm

configuration (b) is used if an eve;n sydeyr filtay iﬁ syan )

llis desired,

e



v b

1 ithfqrt_ aiaete |

B
! A

Configurations for low-Pass lLadder Networks

Rl Ll L3 LN-2, LN

_— _.__‘L
vi ca2 (o) TGN—l jnz
I T ' 1
(2)
RI LI L3 LN-3 _LN-I
vi cawq?ca Tn.g_ I QN}RZ
[
(b}

Resistance-terminated Butperworth filter,

'Resistance-terminated Chebyshev filter,

(a) N odd.

{a) N cdd,
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(b) N even.

(b) N even,

SR ETE  ee
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Figure 6,9 18 used in conjunction with table 6,1 when
the element wvalues of a Chebyshev filter are to be found,

The configuration of figure 6,8-a 15 used for n odd while

the configuration of figure 6.8-b is used for n even, The

table of element values for other types of filters may be
found in books by Skwirzynskl or Zverev as listed in the
bibliography for this chapter,

Example: Use table 6,1 to find the element values of a 7th
order Chebyshev filter where Rl = R2, The ripple in the-
passband is to be 3db or less, In this case the element

values are found in table 6,1 under the heading, Chebyshev

filter, ripple = 3db and Rl = R2, The element values are

glven as;
L1’ = 3,5185
c2' = 7722

L3’ = 4,6390
Cc4' = 0,8038
Ls' = 4,6390
cé’ = 0,7722
L7 = 3.5185 . Figure 6,10 Chebyshev filter,

ca T7Ce va SN

LI

iy

The filter is shown in figure 6,10,

In Chapter Five, using fhe approximate equation for the
attenuation of a Cheﬁyshev filter in thé=§topband, it was
determined that a 7th order chebyshéu'riltérwlth - rl#pla
of 3db in the passband should more than meet the specifications

given in table 1.5, It was sugpected, however, that the
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o ety

resuits gilven by equation 5,25 would be in error due to

the approximation used in obtaining equation(5,2%) NASAP=69

was used to compare the amplitude response of thé network to
that of the specifications, The amplitude résponse plotted
by NASAP-69 and the tolerance contour specified in table i}S
are shown in figure 6.11."As suspected, the amplitude
response curve of the network enters the forbidden reglions
of the tolerance contcur, The amplitude response cﬁrve
|Vg/V2| for the network has been shifted down 6db so that it
may be compared with the apecificatioanllvzlof table 1,5,
This 1s necessary since it 1s inconvenient to find |Vi/V2|

using NASAP;?Q'for the case of a double terminated network,

Figure 6,12 Fhase response for filter of figure €,10,

187
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CHAPTER SEVEN
Active Filters

7.1 Introduction, This chapter will briefly cover the grow=-

ing subject of active RC network synthesls which has recently
been stimulated by the growth of 1ntegrated circult technelngy.
Using active RC networks and the techhiques of this chapter,
filters with characteristics unattainable with passive elements
can be realized. For example, networks with thelr poles on
the Jjw axis are physically realizable with RC active networks,
while they are realizable in theory ohly with 1LC elements due
to loasag_aasoclated with physical inductances, The proplema
arislnglffom the use of lossy inductances ars avoided in the
syntheéig“procedures presented in this chapte? as the use of
inductors in the synthesis procedure is shunned, The elimina-

tion of inductors as network elemente also reduces any size

and weight problems aa'induotpra. espéclally at low frequencies,

are bulky ttems,;?

7.2 Active network alementa, Controlled sources, operational

r‘nmplifiora. nesauive resiitances, 1mpadance aonverters and

impedance invertera are all active alementa that may be used 1n
an RC symtheals pwoe@ddme. Four types of ideal ccﬂtrolled

gource models and.thegﬂ flowgrayﬁ representationa &re shown

in flsure 7 s The 1dea1 voltags controlled voltage aourceﬁi
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1s described by the following relations:
I1 o o vt
-
V2 u 0 Vel . (7.1)

| 2 yi 1
2 Vi I
o " : ] ] o— ol S ®
v [agd v (\L?gvn \
o— - . -
’ 2 12 ve o , e
(a) | 2 (b) va 12
LI 2 I vl
o— ‘ 2
0 ® LI q
N +
|
a ' rIi
% - 42 ) PR -
’ ORI 12 > 2

{dh

Figure 7.1 Four types of controlled source models,
(a) woltage controlled voltage source,
{(b) Voltage controlled current source,
(c) Current controlled current source,
(d) Current controlled voltage source,

Uslng equation (? 1) it can be seen that the voltage controlled

voltage source has 1nf1n1ta 1nput 1mpedance and zero output

impedance, Inspection of the flowgraph representation of the

. voltage controlled veoltage asource reveals that there exists

a transmission path from the terminal voltage V1 to the terminal
voltage V2, Note that there is no transmission from V2 or I2

to Vi or 12, thus the input port, port one, is isolsted from

- the output port. port 2. The power gain 1s infinite as the

1nput power 13 zera

The ldeal voltag&=controlléd ourrent source has the matrix

relation given by

1] o 6] vr o S . - | \
12| e of vz . T B (7.2)

i

,4-"1‘\\1, .
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The ideal voltage controlled current source has zero input
admittance and zero output admittance, The coupling from the
input port and output port is betweén V1 end 12, The input
port 1s isolated from the output port, The power gain is
infinite as the input power 1s.zero when the yoltage controlled
currant source 1is connected in a network, |
The ideal current controlled current source 1s deseribed

by .

4L d o
12l o o w2 o | (7.3)

and has zero input impedance and 1nf1n1te'butput impedance,

The forward current to current ratio is o, The input is.

isolated from the output and zéro input power is required,
The ideal current controlled voltagé source has the

following input output relations:

A A
val © r o 12, o - (7.4)

The ideal curreqt controlled volt':ag'e' ‘.Source has ZFATC? input
impedance and zerp output 1mpedance.

Models for nonideal conbrolled sources with their

. flowgraph represantations are shown in flgure 7.2, These '

:devices nave finite 1nput and outpus 1mpedances which results

in finite power gain when tne sources are 1ncorporated 1n nete

works, o - _ |
The-operationél-amplifier is a voitage controﬁled voltage

source which hasuihflnite gain, infinite input impedance, and -

e

i n il
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1 I R2 2 Vi G1 pa 1 1 V1 &1 I
+ + * + +
Vi g1 pvt o ve H oo (Y va g
- - R2 - ] ]
T 2 2 12 va T > va 92 12
(@) (b}
1 T 2 RV 11 R 2 noOm W
o O OB
+ RIb G, 4 + ar
2 $Jatt Qvo ¢ vi o Rl rI1 Ve
o o
LI 2 V2 12 T 2 I2 2 vz
(<) td}

Figure 7.2 Nonideal controlled sources, (a) voltage controlled
voltage source., (b) Voltage controlled current
source, (c¢c) Current controlled current source,

(d) Current controlleé voltage source,

- gero=-output impedance, Ideally the frequency range is from dc

to infinite frequency. The ideal operational emplifier model
is shown in figure 7,3-a and the symbol for the ideal
operatlonal amplifief 1s shown in figure 7.3-b, The output

T R
¢ XL o
{a)
m—-——-q\ e :
~ o2 . : e |
. [
gl /_O | | | :
d 3 |

(b) _ _ ) ' ’

Figure 7.3 Ideal operational amplifier, (s} Hodel of! 1desl f
“ operational amplifier, (b) symbol for ideal . £
operational amplifier. .
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voltage, V2, (reference figure 7.3-a) for the ideal operational
amplifier is a function of the 1nput voltages Vi and V1’
This relation 1s , ) |

= A(V1/ - V1) = ;AH (7,&)
where the galn A goes to infinity, A-»c, The outputfvoltage
Vo should tend to zero as V goes to zero, Indeed, the 1deal
operational amplifier has a "zero offset" (V2 is'zerc when V
is zero): o o o

Two basic negative feedfgck circuits incorporating en

1deal Operétional amplifier are shewn in figure 7.4, The
configuration of figure 7. 4-a 1ntroduces a 180° phase shift |
between the 1nput and output voltage while the cenfiguration of
figure 7.4-b does not,. |

(=)

Figure ? 4 Basic negative feedback q{fcuit. -(a)~In§ert1ng.i
v (b) Non-inverting:, :
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The input impedance of the idesl spevabinsal anplifisry tis
infinite; this fact can be used in ths analysisz of the siroult
of figure 7.4-a when writing KCL sz the current flowing into
the operational amplifier must te rgero, Haﬁmé'

Vi « V4 V2 = V4 0=

Z1 Z2
or
Vi-V=VavVe , : {7,583
Z1 2 <

Vow replace V by - V2/A and otkain

V1 + V2/A + V: + V2/A = o
Z1 ‘Z2 .
QJI‘

i 1/A +(21722Y(1 % ?f&%

For
=3

3
gt

As A tends to infinity aquation (¥, & basomen

V2 = - 22 . o (F:7)
i 35 e AL

KCL for the currents at the input to tha ﬂﬁﬁfﬁﬁiﬁﬁﬁl smplifier
~of figure 7.4-b is ; h
V) 4 V2o (Te ¥4 D=0, (7.8%
Z1 &e

By replacing V by VZ/A'anq,ﬁ%ﬁﬁinﬁ & o to iafTinity the retio
V2/V1 for the circult of fi@um&{?,&wﬁgmﬁy b Tound to be

V2 = Z1 4+ 22 S |
1 Z1 | | {7,%)

| For an exanple of tlwe ﬁsafulmeaﬁ'm? tha ﬂ&?&w&ﬁ of
figure 7,.4-a, consider the gase whoye &1 = 1/Cs anﬁ 22 = B,
-Then equation 7.7 becomes .

Y2221 w11, .
s

i RCS RT

.i?qiﬁ}
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In the time domain egquation (7,10) becomes

V2 = -__Lj" V1 dt. (7.11)
RC -

The ci sult with Z1 = 1/Cs and Z2 = R is called an integrator
ags the outputlvoitage_is just a constant times the integral
of the input vbltage. |

Negative resistances are also a possibility ﬁhen using
active network elements, For example, é negative resistance
call be obtalned on a portion 6f the current-voltage character-
1stic of a2 tunnel diode., A typlcal charadteristic curve for
a tunnel diode is shown in fiéure 7.5. The negative resistence

portion is the section of the curve from a to b, On this

Figure 7.5 Typical charactérig?ic curve of a tunnel diode.

portion of the curve ‘the carrent-voltage relationship is
1(8) = v(£)/T . R - (7.12)
Impedance converters provide éJmeans_of converting some

impedance, ZL(s) to a ne§9impeéance; Z(s), TFor example,

the negative impedance converter will transform an 1mpedance

Z(s) into 1ts negative -Z(s). - An ideal impedance converter is
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e network which will transform a termimting impedance ZL(s)
at terminals (2,2°) to a new impedance Z{s) looking into
terminals (1,1’) so that

7(s) = K(s)ZL(s) - (7.13)
where K(s) is a.real rational function,

The input impedance looking into terminals (1,1’) of the

general network shown in figure 7.6 is

Z(S) = AZLl(s | _.a_ R L
| CZLéé) + D (7.14)

where A,R,C, and D are the parameters of the chain matrix

defined in Chapter Three,

O—

% Figure. 7,6 Terminated general two-port network,

If the g?neral network with input impedance'given by equation

(7.1%) is to be an impedance converter with zn input impedance

- of the form given in eqﬁation(7.13)the following conditions must

be meti

0

(1) B C =
(2) A# 0
(3) D£ o,
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“where K, and K: are real positive constants., The parametérs
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"If this is the case, then K(s) = A/D, These three conditions

may be expresstd in terms of the h parameters asi
(1) hn_ = hps = 0 |
| (2) y2hay = -A/D = -K(S).
The heparameters are defined as

hy 2

h, = *_I = V1
Il = 0 V2l 11 = 0
h;:'l = __I_g‘ ' hee = I? '
11 = 0 V2l I1 = 0O
and
A= - Ah/h;31 B = -h11/hm
C = ~has /has D = -1/he
where R

Ah = h11h22 - hl'r?h-'-}l )

The network represented by the h-parameter matrix

| 12 |-Ke o4 V2 _, (7.15)
whéfe K; and Ks aré.real positive constants 4is called a voltage

inversion type negativenimpedance converter (VNIC), The

h parameter matrix for a currﬁnt inversion type n\ ative-

1mpedance converter (CVIC) is given by

Vi 0 K 11|

12l k= ol vz (7.16)

hyy and hs2 are non-zero for an h-parameter matrlx represen-

f%ing a nonideal negative-impedance converter, voltage or current,
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If the network of figure 7.6 1s described by the h
parameter matrix of equation (7.15 and port 2 is terminated
in an impedance ZL{(s) the input impedance lookirg into
port 1 is

© Z(s) = A ZL(s) = =hyshgy = =K K» ZL(s) . (7.17)
Hence the impedance ZL(s) at port 2 has been converted to
its negative at port 1. An ldeal transformer is a posltive
lmpedance converter,

Impedance converters providé a means of converting an
lmpedance ZL(s) to a new impedance K(s) ZL(s), Impedance
inverters are a means offobtélning the inverse of an
impedance ZL(s). An idesl impedance converter 18 a network
which will convert zn impedance 2ZL(s) to an impedance Z(s)
such that

- Z(s) =_G(sg) . R L (7.18)
, ZL(s - ;

Z(s)ris the input Aimpedance looking into terminals (1,1') and
G(s) is the 1nversioq;féctor. The gyrator 1s an‘example of an
impedance 1nverte=.=1__-.. '-j |

The COnditions_er the general two-port network of fig-
ure 7.6 to te an 1mpedéﬁce inverter are:

(1) A=D=0 |

{Z) B#0

(3) c#0 .,

If this 1s the case, the inversilon factor G(s) of equation

(7.18) 18 just B/C.::These conditions for a genersl two-port
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network to be an impedance inverter can te stated in terms of

s

the z parameters as
(1) 231 = Z22 = O
(2) G(8) = -~Zg222,
If zyy and z>a2 are zero for g network and 2z, = =-r while

zél = r the retwork is ckaracterlzed by the following open-

clrcuit 1mpedance matrixu

Z] = [?-i] ‘
| r 0 . (7.19)

Such a network 1s a posltive impedance inverter since, if

ey 0 O wsaess 0 OGNS EEEE

zL(s) is connected to port 2 the input impedance seen at

port 1 is
Z(S) =

ra
_Whe symbolic representation of such a network ls shown in
figure 7.7-a. The network 1s known as en 1deal gyrator. “

The nonideal gyrator of figure 7,.7-b is characterized i

—§

(P_L

)C

Tt
|

-0
[julsl

Figure 7,7 Gyrator, (a) Ideal gyrator {b) nonideal gyrator,
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the following open-circuit impedance matrix:

2] = [211 -r]
_I‘ zg:.'__ . (?o 21_"_-3)

An 1deal negetive impedance inverter has the followling

— S A e

form of open~cilrcult impedance matrix,

[Z] = [O :‘:R] |
xR 0], (7.71-b)

L

where R 1s‘a positive real number, If an impedance ZL(s)
is conn&cted te »ort 2 the input impedance seen at port 1 As

Z(S) = _"..Ra__.,_ ] '
ZL(8) o (7.22)

? For éiample; if R = 1 and ZL{(s) = 1/s8, a one farad capscitor,

then Z(s) 1is
? - Z2(8) = -s.
T - Thils is & negative 1 henry 1nductor. Thus the negative
impedance inverter effectively tfaﬁsfdﬁﬁed a-l féféd o
capacitor into a -i henry inductor, Figure 7,8 shows two
realizations of an ideal negative lmpedance inverter using

negative resistance elements,

(b}

Figure 7.8 Ideal negative impedarice inverters, (a) T negative
impedance inverter, (b) w negative impedence irverter,
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7.3 Synthesis of Transfer Functlons Using Negative Resistances,

The Cauer method of two-port synthesis introduced in Chapter
Four could be used to realize RC ladder networks which had
RC type transfer functions with zeros on the negative real

axis, If negative resistances are now admitted as usable

network elements tne transfer functions of the RC and -R-
networks may have geros of transmission on the negative real
axls and the positive real axls, Just as bvefore, a zero

of transmission could be realized in two ways; a pole of
impedance in a series arm or a pole of admittance in a shunt
arm, The network shown in figure 7.9-a has a pole of
impedance on the positive réal axls, Such a pole would Q;eéte

a zero of transmission on the positive real axls, The

network of figure 7,.,9=-b has a pole of admittance on the

positive reel axis,

.

=

(a) N ()

7 Figure 7.9 Two networks with poles on the positive real axis,
: (a) Pole of impedance at s = +1/RC, |
(b) Pole of admittance at s = 1/RC,

Example, Realize a network with the following short-cireuit -

driving point ani transfer admittanc@ functions:
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Use negative resistance,

Step 1. Shift zero of y22 to s = +1 by removal of a shunt
conductance, to find Y1,

¥1 = (s + 2)(s + 4) -G1
: (s + 3)

s =1 ) lﬁ—

YL = s® + 6s + 8 -_%;_= bs? + 98 = 13 = (8 = 1)(4s + 13)
s+ 3 ‘ Hs 4+ 12 s 4+ 12

Gl Vae

Note that Y1 has the expected zero at s = +1,
Step 2, Invert Yl to find Z1,

21 = bs 4+ 12 - 1/17 ' 4 16/17
se + 98 = 13 (s + 13/4) (s - 1)

Step 3. Remove pole of Z1 at s = +1 by use of a negative

1 resistance,
Z1 = _1/17 + 16/17 ~-———recognize as ~R and C
\ (s + 13/4) (8 = 1) in parallel, in series
erm, R = -16/170,
o C = 17/16 £,
22 = 21 - 16/17 = _1/17
(s = 1) (s + 13/4).
l Step ¥, Invert 22 to find Y2,
Y2 = ($ % 13/4)
- 1/17 . _
]- Step 5, BShift zero of Y2 to s = 0 by rémoval of a shunt
conductance, to find Y3,
] Y3 = (s + 13/b4) - G2
1717
3 - ,
i_ G2 = (s + 13/8)} = = 13/4 = 221

l/}? s =0 1/17 4
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= 17s ~—— recognize as a 17f cepaclitor in a
series arm,
The required network is shown in figure 7,.9-2,
R1 VAT AV 1o oo A~ o
c2 ' Ri R |
1 .
- - —AAA~=—TIT-
Li ri L
41 |5
o— o G —o o r; "~ o
1l .
(a) - ()

Fig. 7.9-a Network utilizing Figure 7,10 (a) Original network
a negative resistance, Gl = with RLC elements only, (b) net-
15/4 mhos, G2 = 221/4 mhos, work with added dissipation,

'Rl = -16/17 ohm, C1 = 17/16f,

and C2 = 17f.

Using NASAP-69 yoz. and -ys, for the network are found to be
Vaa = (8 + 2)(s + 4)
(s + 3)
-y3, = s{s = 1)

EF3 . (7.39b)

A second method of feéliziﬁg trensfer functions with
zeros in the right hand plane is based on the Cauer method
and knowledge'of the manner in whichzthe poles and zeros of
a network shift if dissipative elements are added to a
network. Conslder the network cohsisting of RLC elements
shown in flgure 7;10-3.:;If to each inductor, L,, a series
resistance r; 1s added and to each capacitor, C, a paraillel
conductance g, 1s added such that |

g = =_;8_1

G, | | (7.23)

i
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" then a system function, H, of the 6riginal network and the

corresponding system function, H,, of the new network will have
the relation

H(S) = H, (s + 2). : (7.24)
Thls relationship is used to transform a general function 1nto. 
a system function which has poles and zeros in the negative
portion of the s plane so that the Cauér method may be used to
realize the function, Then the resulting network is trans-
formed to'the desired network by addition of appropriate
series resistances and shunt conductances, For example, if
a network with the driving point and transfer admittance

function of

-¥21

ié desired, replacing s by s +15 gives the driving point

and transfer admittance

Virn = (s + 1)(s + 6) (7.26)
(s + 4)(s + 8)
-¥27 = (s + 2)(s + 3)
P s E DtE 45 .

An RC network with such a y,, and =ys, ﬁas realized iﬁ
Chapter Four using the Cauer method {see figure 4,12),

Now the desired network may be obtained by adding negative
conductances in parallel with capacitors ci1, C& g'and C3 of
figure 4.12, The conductances are found as

gl = -Clv = - 3/12 mhos
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-15 mhos
3

g3 = =C3» = =210 mhos,
726

=-C20

72

The resulting network is shown in figure 7,11, Note that

Figure 7. 11 " Ladder network resulting from spvec: fications
of equation 7.25, with Rt - 30, Rz = 2,20,
33/70, BY = 33/70, BE = 18/50 RS =
u?26/2100 rl = =40, 2 = -12/50 r3 = -?26/2100
Cl = 1/12f. C2 = 5/36f and C3 = 70/726f,

one negative resistance was required for each of the capacitors

appearing in the ﬁgtwork resulting from the Cauer synthesis

- nrocedure,

A third nmethod of synthesis using negative resistcnces

4's based on the network configuration shown in figure 7.12. The.

_flindicated RC subnetworks are RC ladder networks, The Open

circuit voltage transfer funbtion'Gzl i8 glven in terns of
the short circuit admittance parameters as |

G21 =7—- m_:
Vaz

(7.27)

where the prinme pérametefs refer to the subnetwork N’ and the

double prime parameters refer to the subnetwork,N”. Let
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,_,__
oo

P
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Figure 7.12 RC and ~R network with the voltage transfer
function given in equation 7.27.

a given voltage transfer ratio be denoted as N(s)/D(s), then

this ratio can be put into the form

8'(s ~ a)N’(s) a’N’ (s)
N(s) = —___G(s) + Qls) |
B(s) KD(s) E"D(s) --
| als) + 7 als) C (7.28-a)

where Q(s) is chosen so that D(s}/Q(s) is an RC driving

point admittance and K'm+fK$ =1, N'(s) and N"{(s) are such

“N(s) = a’(s = a)¥’'(s) + a’N"(s) (7.28-Db)
and are polynomials with negative real roots which have
unity coefficients for the term of highest power of s,

Next reallze fwo RC, two-port networks, N1 and N2, which
are specified by | |
N ylas = D(s)/Q(s)

-yti12 = =(s = a)N'(s)/Q(s) (7.29)é’?“'
N2: 3222 = D(s)/Q(s) |
“¥1a = N (s)/Qls) . | J
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Let Bl and Ez be the gain constant of the networks N1 and N2
respectively, Using the impedance level transformation of
Chapter One, adjust the admittance level of network N1 by

a factor of XKa’'/B2 where K is yet to be determined, ‘When
network N1, just N’, and N2, just N, are connected in parallel
the short-circuit admitisance parameters for the entire netwak
beconme

Ka' ¥tz + K&’ ¥%2: = ﬂqéf + a’) o (7.30)
B2

B1

Ka’' y'22 + Ka’ 222 = K[a  «+ gf\ VEPY
B1 B2 Bl E2|
where K is selected so that

K |a +a"|=1 . (7.31)

Example; Suppose that it 1s desired to realize a network with

the short-circult admittance parameter

Vaz = (8 + 2)is + &)

(5+37 | s
Y21 = £ _ =85+ 2 |
(s +3) .

Now the numerafor of -y2, 1s pﬁt into the form of eguation
7.28«b as . ;

's? - s +2=s(s-1)+2=2a'(s~a)N'(s) 4 a”N“(é) (7.33)
and the following 1dént1fications are made: |

(s -a) = (s -1) L (7.34)

8’ =1, a" = 2

N'(s) = s, N'(g) = 1, | : .
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The specificatlions for N1 and N2 are then

N1
Yoy = (S + 2)(5 + Ll')
(s + 3) (7.35)
-¥21 = S(s - 1
N2:
Yoz = (s + 2j(s + 4) ' (7.36)
(s + 3)
-y21 = 1
s+ 3 .

A network with the short-circuit admittance speciflications of
equation (7.35) has already been found in the flrst example
of this Sectioh.(see figure 7.9-a), A network with the short-
circuit admittance specifications of equation (7.36) may be

found by making a continued fraction expansion of ys2. This

continued fraection expansion is given by

Yoz =18 %_____ 1
1/3 + 1
Qs +

%/2% . (7.37)

The network corresponding to the continued fraction exXpansion
of Y22, equation(7,37), is shown in figure 7,13, Using NASAP-69
the short-circuit adrwittances yzz and -yz, are found to be

Yoz = (s + 2)(s + 4) |
(s + 3) (7.38)

-Ya1 = ...._,8__

s+ 3. (7.39-a)
From equations (7.39-8)and squation (7.39-0 we see that Bi = 1
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1 R2 R 2

o AN °
Tc2 ]:c1

2]

T >

Figure 7,13 Network resulting from short-circuit admittance
specifications of equation(7,36), Ri = 1/30,
Cl = 1f and C2 = 9f,

and B2 = 8, Using equation(7.31) to find X, we have
K = 1 = 1
a’+ ¢ 1 +2
BT B2 1 8
K= 4/5 ,

The“hétWBrk M’ is shown in figure 7,14, This network

is the.same as shown in figare ?.9-a; but the lmpedance level
has been changed by a factor of Ka'/Bl = 4/5, The network

N” 4s shown in figure 7.15. Thls network is the same as
shown in figure ?.13. but the iupedance level has been
changed 5y a faeééf*of Ka"/B2 = 1/5.

=0

Figure 7,14 Network N', G1 = 3 mhos, G2 = 221/5 mhos,
Rl = -20/17, €1 = 17/20, and C2 = 68/5,



T

210

Tc2 —(c1
O O
T >
Figure 7.15 Network N, Rl = 5/30Q, R2 = 5/24, C1 = 1/5f and
C2 = 9/5f.

7.4 Synthesls of Transfer Functlons Using Controlled Sources,

The voltage transfer ratlo of the circult shown in figure

7,16 is
V2 = -¥21
Vi ¥z + Y1 - (u - 1)¥2 (7.40)

where yz» and y»; are the short-circuit admittances of the

|

BRC two«~port network and Y1 and Y2 are RC one-port networks,
The gain of the voltage controlled voltage amplifier is u

where 1 1s greater than one,

Y2

r

RC | Y1

¥ij

I

-5

Figure 7.16., Network with voltage transfer ratio given by
equation(7.40,
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This network configuration is used to synthesize a desired
voltage transfer function, N{s)/D{s), by letting Y1 = 1
and rearranging the transfer function N(s)/D{(s) so that it
is of the form of equation (7.40), Let Q(s) denote a poly-
nomial which is chosen so that:

(1) Q(s) has distinet real roots,

{2) The degree of Q(s) is less or equal to that of the
maximum degree of N(s) or D(s),.

The desired voltage transfer function is now written as

N(s) = N(s)/a(s)
D(s) ~ Dis)7als) . (7.161)

~ Then make a partial fraction expansion of D(s)/sQ(s)

and write D(s)/Q(s) in the fornm

D(s) = Ko + XKewoS + E:_ng_ - X hs
t §+0, ! 8§+ &, (7.42)

where X, 2z 0 and h, > 0,

Using the denominator of equation (7,40) the following identi-

fications are made:

Yoz = K'o + KuS + E K s 4+ Z hjs
'8 F0, YT+ (7.43)

{u-1)¥2 =K; + £ hys
: _ I 8 4 &
where
Ko =Ko - K3 + 1 and hy = hj - h >0,
From the numerator of equaticn(?.ﬂd)y:1 is identified as

-¥21 = N{s

asy . L (7.4

Now yz2 and =y=, are used as the required specifications for

the synthesis of an RC two-port network,
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Example: Use the network configuration of figure 7.16 to

realize the second order Eessel filter with a voltage transfer
functlion glven by

(7.45)

if the gain of the voltage amplifier is 2,
Let Q(s) = s + 1, The partial fraction expansion of

D(s)/sQ(s) is

!
|
i
|
i
| Dl eamaas iy
|
|
i
i
|
{
F

‘hence

il
n
4+
L
+
0
I
+
\n,
n
+
)

- Yan

“Y21 = _H .

The RC two-port network specified by yszz and -y., may be

found by making a continued fraction exparision of yaz as

s+ 10 +#85 % 3 (¢
s 4 :

—

_ S

ks 'y 3Ts + B/B(1/4

) | s + 3/4

] 176 Ths + 3(16s

bg
3 1/8(1/12,

i £

The corresponding network is shown in figure 7.,17-a,

31 ¥2 is inverted to form Z2, and Z2 is expanded by partial

h L ]

.y
-
£
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fraction expansion,

22 =1 =s+ 1 =1+2/3 =14 1 |
Y2 B3s+1 .3 3s+ 1 3 9/2s 4 3/2 ,

Z2 1s recognized as a resistance in series with a parallel
RC network as shown in figure 7.17-b, Figure 7,18 shows the
complete circult, where the ldeal voltage source has been

replaced by a nonideal voltage source,

LA
.:IiCE 'J_C1
1
i (a) 2
IS

()

Figure 7.17 R1 = 1/40, R2 = 1/120, B3 = 1/30, R4 = 2/30,

€1 = 2f, C2 = 16f, and C3 = 9/2f,
o AR A RN~
c2_~ c1z

1

Figure 7,18 Complete circuit, R1 = 1/40, R2 = 1/120,
R3 = 1/30, C1 = 1f, C2 = 16f,. and C3 = 9/2f,
Filter sections may also be designed using controlled
sources by coefficieht matching., The circult configuration

of figure 7.19 may be used to design a second-order low-pass
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filter, The voltage transfer ratio V1/V2 for this circuit is

KG1G2
V2= ... C1C2
1 & + [G2 (1 -X) + Gl 4+ G2]s + G1G2

C2 cT ¢1 cicz, (7.46)

e |

I :

< G2
o < |

Figure 7.19 Second order low-pass filter section,

If the deslred veltage transfer function is given by

7= i | (7,47)
Vi s + Bs + y then, o

by equating like coefficients of equations (7.46) and (7,47) the

followlng design equations are obtained:

H = X G1G2
cicz2

B=G2 (1 -XK)+Gl+ G2
c2 ci ¢C1

v = GiG2
cicCz2,

Note that there are more unknown quantities than there are
equétions, thus some element values must be chosen arbitrarily

so that the remaining equations may be solved., For example,

we may select Cl = €2 = 1 and K = 2 then
61 = 8 - (7.48)
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G2:::l
B
H= 2Y .

Example: Use the circult configuration of figure 7.19 to
realize a second-order low-pass Butterworth filter,
The second order Putterworth response is given by

V2 = H
Vi s® + /2 8+ 1,

Hence B = 2 and y = 1 and using equations(7.48) we find

Cl=20C2=1
K= 2

Gl = 42

G2 - 1/42
H=2 .

The circult is shown in figure 7,20,

Figure 7.20 Second-order Butterworth filter,

If a2l the resistances of the circuit shown in figure 7,20
are replaced by capacitors of value 1/RBR, and all the caps-

citors are replaced by resistors of valuwe 1/C, the result

i1s the second-order high-pass filter with the voltage
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" m e

transfer ratio of

' V2 = 28 .
Vi s 4 /28 ¢+ 1
10
4VAYAY,
-L ¢
JE{ szf
o1 | | 2 5
A
P Figure 7.21 High-pass filter,
% The resulting fllter is shown in figure 7,21,
‘ The second-order filter section shown in figure 7,22
i can be used to deslign elliptic~-function active filters with
-8 voltage transfer function of the form | .
“ V2 = H(s® +.a) . Yy > a (7.49)
- Vi s? + Ps + ¥y |
|
] .
7 !
!

Ssinr§

Figure 7.22 Active elliptie~function filter.
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The element values for the circult of figure 7.22 can be found

from the relations

R= (K 4+ 1)

y -1

)
=2 =K B - 1°-
| [fx + 1a B_]
H=u .

where K 1s an arbitrary positive constant, For K =1
the circuit shown in figure 7.23 has the transfer function

V2 = (3/2)(s® + 1/4) |
Vi s+ (2/3)s+ 1/3 . (7.51)

If all the resistors are exchahged for capacitors of value

1/R, and all the capacltors are exchanged for resistors of
value 1/0,;'%he résulting circuit is the filter shown in
figure 7.24, This cireult has the transfer function

V2 = (_9_/'8)(39 +_L'f)
1 S% ¥ 28 % 3 . (7.52)

2 2 VvV

It il !

| e 7
Vi 1 1

L
i i
" Figure 7,23 Elliptic-function Figure 7,24 Elliptic-
RC filter with transfer function finction Re filter with
of equation 7.51, transfer functbn of equation
I 70510 '
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CHAPTER LEIGHT
Catalog of Filter Responses,
‘Hiﬁﬁgodngtlon, In this chapter the magnitude and phase

response of someAtypical filters have been plotted, NASAP-69

was used to obtain the data required for plotting the re-

gqulred responses,
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Circuit of figure 4,2-a

1-A |221 in db versus w
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1-B phase 1n degrees versus W
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Circuit of figure 4,2.D

e s §

2-A |G2g| in db versus
(s = 1)
2(s + 1)

2-B Phase in degrees versus w
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Circult of figure 4.5
3-4 1221(s) in db versus

221 = -2 3
s(s® + 4)

3-B phase in degrees versus o
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Circuit of figure 4,12
: beA  |y21] in db versus w

; Va1 = .212[(s + 2)(s + 3)]
(s + B)Y(s + 8)

] LB phase in degrees versus ®
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Circuit of figure 4,14-2

5-A |¥21} 4in db versus w
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Circuit of figure 4,14-D
6-A |Y¥21] in db versus ®

Yol = __ 8 -
1 4+ 28 4 28 4 s®

6-B. phase in degrees versus W
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Cireuit of figure 4,17-a

7-4 (V2| in db versus w
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Circuit of figure 4,18

[ WP |
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Seventh order Chebyshev filter
i with 3db ripple, figure 6,10
i o-A V2|in db versus w
Vg
: 9-B phase in degrees versus W
i
3
13.
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Seventh order Chebyshev filter
with 1/10db ripple

10-4 |V2] in db versus W
Ve

10-B phase in degrees versus W
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_ Seventh order elliptical filter
. 11-A V2| in db versus ©
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Image parameter filter
designed in Chapter Three
to meet speclifications

of Table 1.5.
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NASAP PROGRAM 2NU CRLER ACTIVE RC HANDPASS FILTER

vi 5 1
RL 1 2
R 3 5
R3 2 4
cL 2 5
c2 2 3
V2 4 °5
QUTPUT
AV IAA'N!
FREQ -2
EXECUTE

NUMBER CF LOCPS PER 'QRDER

1=

1.0
1 .'O
»2

1.0

1.0F
l.0F
""1100 VRZ

8 .2

%
v

6
e
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i NASAF FROGKAM LECENLKE LCWPASS FILTER

: Vi
R1
k1
el
Le
2
2
c3
L4
i . C4
L RZ &

l
1 .
« 870 5F
ledobdt
l.9115h
leve?2e L
l.8411F :
- 1.85C1F
1.55&“"
1 - :

ity i

5 .,-'—.._..JL.‘.{
O P N b ey

~N N T w U S s W N e

. outPLT
1 VRZ/vvl
- FREC -~1l.02 022 JCZ
EXECULTE : -

b b g o

§ A A
s

NUMBER (F LCCPS PER CRLCER

1= 1C _ S o
: | ' 2= 26 - o _4 , | ‘
N St o B --

| 4= 15
., 5= . 1
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NASAP PROGRAM 6TH CRDER SYMMETRICAL BANDPASS

Vi
R1
Cl

C2
C3
L2
L3
Cé
Lé
R2 4

ouTPUT

SULWWRNNN W
VR S S WA W WU N

1

1.

‘2<339F
e1387TH.
4.412F
51.97F
«01828H
e L143H
14, 24F

VR2/VV1 b7

FREQ

NUMBER CF LOOPS PER CRDER

~1.02 ‘.02 .02
EXECUTE

ly

45
91

47



ek,

i Nty

TRANSFER FUNCTION

{
{

HiS)e 1,222E-028-=w===

{
{

LOG(FREQ}
-0, 1020000€ 21
~0.9999995€ 00
-0.9799995E 00
=0.9599996E 00
-0.9399995€ 00
-0,9199995¢ 00
-0, 8999996E 00
-0,8799996E 00
-0.6599935E G0
~0,8399996E 00
-0.8199996E 00
-0,7999996€ 00
~0,7799996€ 00
-0,7599996€ 00
-0.7399996E Q0
-0.7199996€ 00
-0.4999996E 00
-0,6799996E 00
~0.6599996E 00
-0.6399996€ 00
-0,6199996€ 00
-0.5999996E 00

-0.5799996E 00
<0.5599996F 00

-0,5399996E 00
-0,5199996E 00
~0.4999996E 00
~0.4T799997€ 00
-0.45999956€ (0
-0.4399996E 30
04199997 (10
-0.3999997€ 00
-0.37999%6€ 00
-0.3599997¢€ 00
=0.3399997€ 00
- 0. IL99997E€ 00
-0.2999997€ 00
-0.2799997E 00
-0.2599997E 00
~0.2399997E 00
-0.2199997€ 00
-0.1999997E 00
-0.1799997€ 00
-0.1599997€ 00
~0.1399997€ 00
-0.1199997E G0
-0.9999973E~01
- 0. T999914E~01
-0.5999970E-01
20.3999972E+01
~0.1999974£=01
0.0

P .

VR2/7VVL

C2 3 4

0.0 +1.00£ 00 S +0.0 S 2,25 00 S ¢0,0 5
&

1.00E 00 *1.93E-01 5 +3,06€E 00 5  #3,94E-D1 5  +3,06€ 00 §

FREQ 20,9LOGIABSI{H)) PHT(HY ABS 1)

0.95499486€~01 -0.4064961€ 02 0. T950754F 02 0.9279374€6-02
0.1000003€ 00 -0,4025706E 02 0.7035684F 02 0.9708356E-02
0.1047130E 00  -0.4U017B5E 02 0.7694972E 02  0.9979472E-02
0. 1096400 00 -0.4010896E 02 0.7518294E 02  0.9875312€-02
0.1148156E 00 -0.4101547€ 02 0.7288T01E 02 0.8898641E-02
0.1202266E 00  ~0,447S%57€ 02 0.6975606E 02  ©,5763901E-02
0.1258928F 00 ~0.5002%20FE C2 ~-0.1140448E 03 0.31534T6£-02
0.1318259E 00 -0.2992189E 02 -0,1226098€ 03 0.3190841¢-01
0.1300388E 00 <0.1530292E 02 ~0.1410840E 03 C.1717331€ 0O
0414454426 00 -0.3194960E 01 0.9949T16E 02 0.6922324€ 00
0.1513564E 00 =0.7097628E 01  0.4482626E 02  0.4416911E 00
0.1584B95E 00 -0.6811526E 01 0.3851926€ Ot 0.456%821E 00
0.1659%89F 00 -0,TI4B876E 01 ~0.3838322€ 02 0. 4380029 00
0.1737804E 00 ~-0,4647689E 01 -0.8247665E 02 0.5856196E 00
0.1619705€ 00 -0.1209361E 02 04 1497837F 03 0« 2484959E Q0
041905463E 00 =0,2740001E 02 0.1247059E 03 0.4265786E-01
01995266 00 -0,4436769E 02  3.1159257€ 03 0.6081994E-02
0.2009300E 00 ~0.,463594SE 02 «0.65066538 02 0.4808683E-02
042187765€ 00  ~0.4134354E 02  -0.7240082E 02 0.6566886E-02
0.,2290871E 00 -0.4017827E 02 -0.7481648E 02  0.97965321£-02
0.2398837€ 00 ~0.3999454F 02 ~0.7656493¢ 02 0. 100062 TE-01
0.2511889E 00 =0.4019342E 02 -0,7B12T46F 02  0.9779755€-02
0.26302728 00 -0.40566T9E 02 -0.7931821€ 02 0.9368293E-02
Ga2T54233E 00 ~0.%#102501E 02 -0.,8030885FE 02  0.8806877E-02
0.28B4037€ 00 -0.4152470E 02 -0.8LLATASE 02  0.8390043E-02
0.3019956E 00 =0.4204323f 02 ~0.8184768F 02 0.7903837E-02
0.3162283E 00 -0.42%8831E 02 =0.8249387¢ 02 0.7440176E-02
0.331128E 00 -0.4309314E 02  -0.8304388€ 02 0.7003944E-02
0,3467373E 00 ~0.4361391€ 02 -0,B353145E 02 0.5596360€-02
0.3630786E 00 =-0.4412062E 02 -0.8396695E 02 0.62168206-02
0.3801898E 00 ~0,4463625E 02 ~0.8435861E 02 = .0.5863905E-02
0.3981075€ 00 -0.45L3649E 02 ~-0.84T1303E 02 0.55357376-02
0.4160698E 00 ~=0.4562927€ 02 -0.8503540F 02 0.5230412E-02
0.4365163E 00 =-0.%6L1484E 02 -0.8533003E 02  0.4946034E-02
0,4570886E 00 -0.4659357€ 02 -0.8560040E 02 0.4680816€~02
0.4786305€ 00 -0.4706577€ 02 -0.8%B4950F 02  0.4433133E-02
0.5011877E 00 «0.4753197€ 02 -0,8607977¢ 02 0.4201476€-02
0,5248079€ 00 -0.4799255E 02  -0.8629326E 02 0. 3994409E=02
0.5495414E 00 ~0,4844T91E 02 -0.864917TLE 02  0.3780977£-02
0.5754404€ 00 =0.4B89851€ 02 ~0.B667673E 02 0.3585823F-02
0.6025601E 00 -0.49344T6E 02 -0.8684956E 02 0. 3410056E-02
0.6309578E D0 -0.4978696E 02 -0.8701129€ 02 0.3240795E=02
0.6606939E 00 -0.5(22548E 02 -0.8716293F 02 C. 3081236802
0.69183156 00 -0.5G166064E 02 -0.8730537F 02 0.2930677€=02
0,7264365€ 00 =G.51092THE 02 -0.8743941€ 02  0.2788457E-02
0.7585782E 00 -0.5152196E 02 -0.8754563E 02 0.26540026-02
0.79643288E 00 =0.519%865E 02  =-0.8766449E 02 0.2526TT4E-02
0.B317643E 00 =-0.5237300E 02 - -0.8779T10F 02 0. 2406 290E~0 2
0.8709642€ 00 -0.527952LF 02 . -0.8790332€ 02 C.2292130€-02
0.9120115€ 00 -0.5321544c 02 "~0.8800380E 02 0.2183872€-02
0,9949932E 00 ~0.5363390F 02  +0.8809894€ 02 0.20811556-02
0.1000000€ 01 02 02 0,1983637€-02

-045405075E
x;

210, B8L8910E

i
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5

+1.00E 00 S

5
+1,94E=01 §

LOGI{ABS(H} b
~0,2032481F
=0.7012054€
=-0.2000893E
=0.2005440E
=0.20507TAE
-0.2237T7T19€E
=0.25G1210¢€"
=0. 14960956
~0,7651456E
=0. 1597480E
~0.35488)4E
. =0. 3405 THAE
-0.35844383F
~0.23238044AE
-0.604680%€
=~0.1370001F
=04 2217304E
=0.2317973E
-0.2067177€
=-0,2008914F
~0.1999727€
-0. 20096F1E
-0,20208339E
=0+2051250E

Z0.20762358F

-0.2102161E
~0.2128416E
=04 215465 TE
=04 2180496E
=0.2206431E
-0.2231812€
~0.2256824E
-0.2281484E
=0.2305T42E
=0.2329619E
~0.2353209E
=-0.,2376%948F
=0s2399620F
=0.2422396C
=04 246 44924E
=-0.2467238¢E
~-0,2489348F
~0.2%11274F
-0,2533032¢
~0.25544346E
=0.25T6098E
=0+ 259T433E
-0. 2618650
~0.2639TH1LE
=0.2660772¢
-0.2681895€
~-0.2702%30E
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1 . 5 . 8
T l 1%
- c3 cC5
(o}
+
R3
Vi CP L2

R2

NASAP PROGRAM HIGH PASS

€1

Vi 9 1 1

1 2 0.1385UF
€2 2 3 2.43UF
Ll 3 4 432.5MH
Rl 4 9 53.29
C3 2 5 0.1185UF
C4 5 6& 0.5862UF
L2 6 T T754.5MH
R2 7 9 1l15.6
C5 5 8 0.5274UF
R3 8 9 2K
QUTPUT
VR3/VVl 7
FREQ =2 8 .2
EXECUTE

NUMBER OF LOOPS PER ORDER

1= 17
2= 48
3= 36

il




b s

S, §

i

bbbl

H{Sl= 1.Q0C0E 00

TRANSFER FUNCTION

LOG(FREQ)
-0.2000000€ 01
-0.1792999€ 01
-0.1599999€ 01
~0+1400000€ 01
-0.1200000€ 01
-0.1000000E 01
~0.B000011E 00
-0.6000013E 00

=0.4000006E Q0

-~0.2000000€ 00
~0,9536T43E-06
0.1999989€E 00
0.39999871€ 00
0.5999985E 00
0.7999983¢ 00
0.9999981t 00
0.1199999¢ 01

0.,1395999E QL.

0.1599998E 01

0.17999%8E Q1 -©

0.1999998E 01

. 0.,2199998E 01

0.2399998€ 01
0.2599998E 01
0.2799998€ 01
0.2999998E 01
0.3199998E 01
0.3399998€ 01
0.3599998€ 01
0.3799997¢ 01
0.3999997¢ 0l
0.4199997E 01
0.4399998E 01
0.4599998E 01
0.4799997€ Ot
0.4999997E 01
0.5199997E 01
0.5399997€ 01

0.5599997E 01 -

0.5799996E 01
0.5999997€ 01
0.6199997¢ 01
" 0.6399997E 01
0.6599997¢ Ol
0.6799996E 01
0.6999996€ 01
0.7199996€ 01
0.7399996E 01
0.7599997E 01
0.7799996€ Ol
0.7999996€ 01

0. 1000000
. 0a1584H90F
0.2511880E
0.3981067E
0.6309583E
0.9999976E
0.1584888E
0.2511878E
e 39B1055E
0.6309541E
0.9999948E
0.1584888E
D42511876E
704 3981053€
0.6309538E
0. 9999944E
0.1584883E
0.2511869€
0.3981045F
0.6309536¢
0.9999939¢
0.1584882€
0.2511868E

0.3981042(

0.6309520F
0.9999914E

0. 1584878E.

0.3981041€
0+6309518E
0.999991 2E
0. 1584877E
0.2511861E
0.3981027T€E
0. 6309503€
0.9999906E
0.158487TTE
0.25L1B60€
0.3981026E
0.6309500¢
0.999S T69E
0.1586870E
. D+2511832E
0.398L021E
0.6309450C
0.9999736E

60
Qo
09
00
00
a0
ol
ol
01
o1
ol
02
0z
02
02
02
03

03

el
03

-0,1096311E 03
-0.1056311E 03
-0.1016311€ 03
~0.9763116¢ 02
-0.9363129€ 02
-0.8963155E 02
-0.8563226E 02
~0.8163402E 02
-0.7763844E 02
-0.7364957¢ 02
-0.6967755€ 02
-0.65T4806E 02
~0.6192697€ 02
-6.5828780E 02
~0.5562512€ 02
-0.554025TF 02
~Ge6675862E 02

=0, 508511626 02

-0.8472850F Ol
~0.3576095E-01
-0.1792070€-01
~0.43485266-01
~0.2819930F-01
-0.1336743E-01
-0.5704034E-02
-0.233B854E-02
-0.94903126~03
~0.3826027E-03
~0. 1708490€-03
~0.7455189€~0¢4

-0.2536828E-04

-0, 1708475E-04
~0.8801237€-05
~0.880123TE-05

: —0e+88012 3TE~-05
" =0e5LTTLISE=06

0«0
0.0

i P ¢ o
0.0 o
0.0
0.0
0.0
0.0
Qe -
0.0

0.8998369E 02

0.8997418F 02

0.8995915¢ 02
0.8993527¢ 02
0.8989740€ 02
0.2983T44E 02
0.89T4239E @2
0.8959180E 02

0.8935318F 02

0.889751T¢ 02
0.8837695E 02
0.8743253k 02
0.8595059E 02
0.8366548F 02
0.80348108 02
0.7714966E 02
0.1664292¢ 03

+.=04.2930338E 02,

-0.6037T357F 02
0.1410596E 03
0.824TBB4E 02
0.50B87636E 02
0.3192720E 02
0.2011T768E 02
0.126R8851F 02
0. 80048%8E 01
D.5050494E 01
0.3186586F Q1
0.2010%86€ 01
0.1268592€ 01
0.8004258E 00
0.5050337E 00
0.3186552E 00
0.2010583E 00
0.1268591E 0O
0.8004248E=01
0, 5050350E-01
0.3186%50E~01
0.2010581E~01
0.1268592E-01
0. 8004360E-02
0.5050369€-02
0.31865916-02
0,2010582E-02
0,1268602E-02
0.8004394E-01

0.3299484E-05
0,52293166-05
0,8237877€-05
0.1313536E-04
C.2081784E-04
0.3299300E-04
C.5228611E-04
0.8285L15€-04
0.13124326-03
0.20774026-03
0.3281871E-03
0.5159371E-03
0.801C340E-03.
0.1203954E-02
0.1654792E~02
0.1697737E-02
0.45927016-03

0.2866275E-02

0.3770140E 00
0.9958913€ 00
0.9979389E 00
0.9950061E 00
0.9967587€ 00
0.9984622€ 00
0.9993435E 00
0.9997308E 00
0.9998907E 00
0.9999560F 00
0.9999803€ 00

4.,9999914€ 00

0.9999971€ 00
0.9999980€ 00
0.9999590E 00
€.9999990F 00
0.9999990E 00
0.5999999E 00
0.1000000F ©1
0.1000000€ 0}
C.1000000F 01
0.1000000€ 01
0.1000000€ 01
0.1000000E 01
0.1000000€ 01
€.1000000E 01
0.1000000€ 01
0. 1000000E 01

273
VR3/VVL
2 3 4 1 5 )
$2.15€ 12 S +4.24E 08 5 +3.23F 06 S  ¢2,76F 02 §  4L.00E 00 § )
_ 2 3 4 5 )
4.10€ 17 $2.66E 14 5 +1.40E 11 §  ¢4.31E 07 $9,05F 03 S +1.006 00§ )
FREQ 20, %L0GLABS{H) ) PN ABS (H) LOGLABS(H))
0.1000001€6-01 -0.1296311E 03 0.8999834F 02  0.32994BBE-06 -0,6481554E 01
0.1584898E-01  -0,1256311E 03 . Q,8999T34E 02  0.5229346E-06 ~-0,6281553€ Gl
0.25118936-01 -0.1216311E 03 0.8999586¢ 02  0.8287951E-06 -0.6081553¢ Of
0.3981078E-01 ~0.1176311E 03 0.8999347€ 02  0.)2313550E-06 -0,5881554E 01
0.6309581£-01 -0.1136311E 03 0.89989T0E 02 -~ 0,2091836E-05 ~0,5681554E 01

-0.54B81554E 01}
-0.5281555€ 01
=-0.5NB1L557E 01
-0.4B81558F 01
-0,45681564E 01
=0.4481578E 01
-0.4281613€ 01
-0,.43817T001E 01
-0.3881923F 01
=0.36824TNF 01
~0.34838T7T8E 01
~0.328T403E 01
«0.3096349E 01
- =0a29193%1E 01
-0.27T81257E 01}
'=0,2T70129F 01
-0.3337932¢ 01
=0.2542682E 0
=-0.4236425F 00
«~0,1T88047F-02
-0.A960348E-013
-0,2174263E-02
=0, [ 409965E~D2
=-0,566873T718E~03
=0.2852017T€E-03
-~0,1169427F-03
~0.4T45157E~-04
~0.,19130)14E-04
-0.8542452F-05
=0.3727595€-05
-0,1268414F~-05
=0.8542378F-06
-0.44008619€-06
-0.4400619F-06
-0, 4400619E-06
-0.2588%9TE~-07

0.

PO 000000
[ ] - »

.
COD20O00Q0020

o
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LOG(FREQ)
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20.%L0GLABSIHY)

~2400E P2 =180FE 02 ~1.60F 02 =1.60E 02 -1.20E 02 -3.,00f 07 -A.00E Ot -46.00E O ~4,00E O =2.00E Ci 0.0

~2.0000€ 00

~1.0000€ 00

-9.5367E-07

1.0000€E 00

2.0000E 00

3.0000€ 00

4,000CE 00

5.0000€ 00

6.0000E QO

1.0000% 00

8.0000E 00--
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TR Ll

LOGIFREQY - 2]
-2.00E 02 ~1.60FE C2 —~1.70E 02 ~H.O00E 01 ~4,C0E O1 O©.0 4,00F 01 HL,00E 71 t.20F 02 1.6CF 07 2.007 02 B
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a—e

a3 5§

YRANSFER FUNCTION  VR&/VVL
g ( 2 31
t 7.23E 07 *l.Tht U5 § +4.TF 02 5 +1.,00F Q0 § )
}' H{S)® L.000E VO#===-===- . e e - - memaea
{ 3)
.. & 1.42E 08 41.20E Q&6 S $2.48E 03 § +1.00E 0C & )
LOGIFREQ) ~ FREDR 20, *LOGLABSIHY ) PHI{H) ARG LH) LOG|ARS(“Fl
=0,20000G0E 01 0.%002001F~-01 ~U.5845128E 01 ~0.2186435¢=0] 0.5122037F 00 “0.7922864¢ 00O
( ~0s L T99999E 921 0. 1584A98E-01 -0.584512T+ 01 ~0.3465284E6-01 0.5102038E 0N =0.2922564F 00
=0.1599999E 01 0.2511893E~01 -0.508645129€ QI =0.5492103€-01 0.5102035E€ 00 =0.2972565E 00
! =0. 1400000€ QL 0.3981078E-01 ~0.50845139E 01 =0.8104376F~01 C,5102032¢ N0 =0.2922510€ 00
~0+1200000€ 0L 0.6309%81E~01 ~0.5845154F O1L =0, 1379550€ 00 0.5122023€ 09 =0.2922%77E 00

- s =0.1000000E 01
[~ e -0.8000011€ 00
; - . =0.6C00013€ 00
=0.4000006E 00

. =0.2000008€ 00
. ' =0.9536743E=06
] i 0.1999989E 00
B 0.3999987€ 00

0.5999905€ 00
0.7999983E 00
0.9999981E 00
0.1199999E 01
0.1399999E 01
0.1599998E 01
0.1799996€ 01

- 0s-1999990E -01

-U.5845204E 01
~0.5845308F 01
-0, 5845586& 01
-0.5846282€ 01
-0.5848033¢ 01
-0.5852423€ 01
~U.5863430¢ 01
~0.5891029¢ 01
~0.5959967F Ot
-0.6130875F 01  =0.1359A24E 02
~0.6546991¢ 01  -0.2111073E 02
. =0.T523237€ 01 =0.3192114E 02
~0.9689080F 01 =-0,45964T7€ 02
~0e1446031E 02  =0.6175490E 02
0434159108 02  =0.T740144E 02
=0.1538213E 02 - 0.8759645£-02

0,1000000€ 00
0.1584890E 00
0.2511R80E 00
0.3%81067€ 00
06309563 00
0.9999976E 00
9.1584868€ Ot
0,25118T6E 01
0.3981055€ Ol
0.6309541t 01
0.9999948E 01
0.1584888€ 02
0.2911H76E 02"
0.3981053F 02
0.6309538E 02
- 0.9999844E .02

~0.2106434F 00
~0.3465234E 00
-0.5491939¢ 00
-0.8702846E 00
-0,1379346F 01
-0.2105628E 0%
-0.3462056F 01
-0.547931L 7€ 01
=0.8651944F 01

" 0.5101994F 00
0.5101931E 00
0.5101758F G
0.5101359€ 09
6.5190331E 00
0.50977%85 00
0.5091297F 00
0,5075147E 00
€45035026€ 00
0.6936922¢ 00
0.470598%5¢ 00
0.4205699¢ 00
043277522F 00
0.1892275¢ 00
0.19590643E~C1
001 TOLTALE 0O

-0,2922607F 00

~0.2922854F 00

=N, 2922793 0O

~0.2923141E 00

=0.2924017€ 00

-0.7926211E 00

-0.2971 T1%€ OC

-0, Ir.49615F 00

=5+ 29T9904F Q0

0. 30654385 0C

20.3273496F 00

~0,3761619€ 00

=044 044540 90

-0.72IN154E 00

=0.1707955F 01 _
0 PORLDESE QO

0.2199998E 01  0.1584R883€ 03  =0,84282056 Ol 0,7243732E 02  CJ3789569E 00 =0.4214103€ 00
0.2399996E 01  0.2511869C 03 -0.453T122€ 01 0.5660121E 02 - 0.593121F 00  =0,226A%61€ 00
0.2599998E 01  0.3981045E 03  -0,2222244F 0) 0.41144TRE 02  C,.7742615 00  =0.1111122€ 00
0.27999986 Ol  0.6309536E 03 -0.9917510F 00  0,2805G60E 02  0.8920978F 09  =0,4959766F=0)
| 0.2999998E- 01  0.9999939E 03 -0.4166448f 00  0.1835492F 02  9.9531643F 00 =0.29783224F=01
: © 0.3199998E 01  0.1584B82E 04 -~0,1697486C 00  0.1176374F 02  0.9806467F 40  <0.34AT441E-07
0.3399998E 01  0.2511888E 04 -0.6821883¢-01 0. 7470314 0L~ 0,9921768F N0  -0.34109426-02
0.3599998F Ol  0.3981042E 04 =-0.2727690%-01 0.,4725691E 01 0.9968646E 00  =~0.1363848F=02
0.3799997€ 01  0.6309520E 94  =0,1007528E-01 0.29B4BL6E 01  0.99874B7E 00  =N.5437643F=03
0.3999997€ 01  0.9999914E 04 ~G.4349611E=02 0. 1894073E 01 0.9994994F 00  =0.2174707F~03
. 0.4199997E 0L  0.1504R78E 05 =0, 1738676F-07 0.1188967F 01  0.999799A€ 00 -0.A693378E-06
? " 0.4399998E U1 0.2511R67E 05 =0, 6963606E-03 0.7502347E 00  0.9999198E 02  =0. 3491BOIE-04
. 0.4599998F 01  0.3981041E 05 .-~0.2821614E~03 0.4733786F 00  0.9999675F 00  <0.1410%39F=-06
0.4799997E 01  0,630951BE 057 ~0,1164877¢=-03 0.2986850E 00  0.9999866F 00  =0.5924384F~08
0.4999937E 01  0.99999126-0% =0.5850250E-04 0.1BR4584E 00  0.9999933F 00  =0,29251256=-05
0.51999976 0L  O0.1584877E 05 =-0.1708475E~0%  0.1187096F 00  0.5999980F 00  -0,854237BE-06
{ 0.5399997€ 0L  0.2511861F 06 ~0.1656T704F-04 0.7502699E-01  0.9979981F 09  =0.A283518F-06 =
0.5599997E 01  0.398/027€ 06 -G.82835106~05  0.4733R85E<01  0.9999990E 00 =~0.41417556-06
C.5799996€ 01  0.6309503€ 06 0.0 0.29868806~01  (.1000000€ 01 0.0
' 0.5999997€ 01  G.9999906E 06 0.0 0.1884587¢=0F  0.1000000E O1 0.9
' 0.6199997E 01 ° 0.1l584BT7E 07 0.0 0.1189097€=01 0.1000000€ 01 040
0.6399997E 01  0.2511860F 07 0.0 0.7502751E-02  0.1000000E 91 0.0
0.6599997€ 01  0.3981026£-3¢ 0.0 0.4733890E~-02  0,1000000F 01 7,0
0.6799996E 01  0.63095C0E 07 0.0 0,2906881F=02  0.100000CE 01 0.0
: 0.6999996E 0l  0.9999769€ 67 0.0 0.188%616€-02  0.1000000f 01 0.9
' C.T199996€ 01 - 0.158487CE 08 0.0 0.1189102€<02  0.1000000€ 01 0.0
0.7399996E 01  0.2511832€ 08  G.O 0.7502761F-03 0. 10N0N00E Ol 0.0
= & 0.7599997€ 01  0.3981C21E 08 0.0 0.47338940~03  0,1000700F 01 0.9
e 0.7799996E 01  0.630%4S0E 08 0,0 94 298690TE=03 0. L0N0VOOE 21 0.9
0.7999996E 0i  0.9999726E 08 0.0 0.18846236~03  0.1000000F 01 n.0
| s
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LOGIFREQ)
=2:0000€ 00

-1.0000E 00
-9.53676-07
1.0000E 00
2.0000€ 00
;:;ooos ©0
' 4.0000¢ 00
5.0000E 00
6.0000E 00

7.0000E 00

8.0000E 00

~2,00€ 0z =1.,606 02 ~1.20t 02 -8.00k Ol -4.00€ OL

PHI
0.0

4.,00€ 0}

A.00E 01 1,

20¢F Q02 1.
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| NASAP PRCGRAM 2NC ORDER RC ACTIVE LOWPASS FILTER
; |
o RLLo2 707 W
RZ 2 3 1,414
| C2 3 5 1.0F
. v2 & 5 -2.0 vc2
| QUTPUT
; vV2/vvl
| FREQ -2 8 .2
) EXECUTE
NUHBER CF LOOPS PER CRODER
1s 6
2 2
}
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i TRANSFER FUNCTION  vv2/vvl
‘ ( )
j ¢ 1.00E 00 )
' HiS)= 2.001€ Q0 - o -
: ¢ z2)
I ; t 1.C0€ 00 #1.41E 00 S +1.,00E DO § )
i LOGEFREQ) FREQ 2o.tLos|Aastu|| PHLLH) ABS ({H} LaG( ALY d)l
! -0,2000000€ 0} G+ 1000001E-01 0.6020528€ O 0. 1749029€ 03 0.1999984E 01 . 0.3015264F 00
* =0.1799999E 01 0.1586898E~01 0.6020167E 01 C.1T19057€ 03 0.1999901E 0} U«3010084E 0C
=0.1599999E 01 0.2511893E-01 0.6017906E O} 0.1671089E 03 0.1999380€ 01 0.3008953€ 00
=0.1400000€ 01 0.29810T8E-01 0.6003638E 01 0.1593287E 03 0.1996099E 0) 0.3001819€ 00
=-0.1200000€ 01 0.6309501E-01 0.59146084E 0) 0. 1483735€ 03 0.19757T60F 01 0.2957342€ 00
_ =0, 1000000€ 01 0. 10C0000E 00 C.%391904E€ 01 0.1262682€ 03 0. 1860353€ 01 0,269%59%52¢€ 00
; =0+3000011€E 00 0.150489C0E 00 0.3047843E 0L U+903%5191E 02 0. 1420340E 01 0.15%523921€ 00
=-0.6000013E 00 0.2911800E 00 =0.255325%€ Ol 0.5626799E 02 0.7453108€ 00 -0.1276628f 00
. =0.4000006E 00 0.3981067€ 00 ~0.100135T€ 02 0.3394301E 02 0.3157339E 00 ~0.,50046783€ Q0
i =0.2000000E 00 0.6309563E 00 =-0.1792151€ 02 0.2085843E 02 0.127035%3F 00 ~0.8960750E 00
} =0.9536743E-06 0.9999973€ 00 -0,2590671F 02 0.1300530F 02 0.5065981E=01 -0.129%33&E 01
E 0.1999989€ 00 0.1504888E 01  -0.3390436E 02 0.8165376F Q1 0,2017350E=01 =-0.169%218¢ 01
0.39999487E 00 0.25118786 01 -0.4190401E 02 0.5141646E 01 0.8031547€~02 —0.2095201€ 01
G+ 5999985 00 0.3981055E Ol =0.4990392€ 02 0.32415T76E 01 0.319T4526-02 =0, 2495196 01
0. 7999983E 00 0.6309541€ 01 ~-0.5790390E 02 0, 20448642€ 01 0.1272931€-02 ~0.,289%5195€ 01
G.9999981E 00 0.9999948E 01 -0.6590330€ 02 0.1289919€ 01 C.508T7633E=03 =-0.329519%€ 01
i 0.1199999E 01 0.1504888E 02 -0.7390392E 02 0.8138409€ 00 0,2017456€~03  -0.38695196€ 01
0.1299999E 01 0.25118T6E 02 ~0.8190388% 02 0.5134884E 00 0.803164TE-04 ~0.409%19%€ 01
" 0e1599998E 01 043981053 02 ~-0.8990390F 02 0.3239886E 00 0. 3L9T4S4E-04 =0, 449519%€ 01
i -~ 0+1799996E 01 0.6309538E 02 -0.9790327¢ 02 0,2044216€ 00 0.12729356-04 -0.4095194E 01
? T 0 1999998E 01 04.9999944E 02  =0.1059039E 03 0,1289811€ 00 0.5067638£~0% ~D.%295195€ 01
0.2199998E 04 0.1584883¢ 03 -0.1139039€ 03 ‘0, 8138168E=01 0.2017460E=05 -0.9695193E 01
0.2399993E 01 0.2911869F 03  -0.1219039€ 03 0:5134832E=01 0.8031696E-06 =0.6095193E 01
0, 2599998E 01 0.3981045€ 03 =-0.1299039E€ 03 0..323985TF-01 0.3A974T2E-06 ~0. 6495193 01
y 0.27999%8E 01 0.6309536E 03 -=0.1379039E 03 0.2044207E-01 0.1272933E=-06 ~0.6B95]195¢ 01
5 042999998 01 0.9999939€ 03 =0.14%9037E 03 0,1289811E=-01 0.506T649E=0T —0.T7295%1A8F 01
! 0.31999938E 01 0.1504082E 04 =-0.1539030€ 03 0.0130161E-02 C.201T4T1E<0T  =0,T7495189E 01
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0.6972355E-01
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0.110463TE-01
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0.439760 kE-02
0.2774694E-02
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0.11046356-06
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~0.6756778F 01
-0.695677T€ 01
~0,7156774F 01
~0,7356777€ 0}
=0,7556774€ 01
-0.7756772E 01
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- APPENDIX A

i

Notes from network analysis

Network elements:

Symbol

!

£

- ﬁﬂn-
ctir>

iv relationship v = Hi v

transformed IV V=RI | V=1Ls = 1
relationships, zero _ Cs
' initial conditlons |

impedance, Z(s) R Ls 1

':admlttance, Y(s) G=1 | 1 Cs
- . B )

| mfinz; e

2(s)

| | Series coﬂheétion
Z(8) = Z1(8) 4 Z22(s) + 23{(8) + ., . . .+Zn(s)

1

Y(s)

1¥1

lv2

Y3 .

Parallel connection-

e

¥(s) = Yi(s) + ¥2(s) + ¥3(s) + . . . + ¥n(s)

S
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2(s) Yo vy

Ladder connected

Z(s) = Z3(s) +____ 1 _
| v2(s) 41 f‘
z23(sy 42
Th(s) +____ 1 —
- z5(s) +_ 1.
Yé(s) +___ 1

Z7(s) +__1

fethicd N ) \

Prveat ety
¥

il
"

T N

where Cml "R =

aif=

~ Parallel RC eircuit

pay oty e

Coao oo
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— I — W) = /) s = _ 2Ks
8% + (1/LC) s % w®

L C
Y(s) " K
where L = 1 Ca g
o : 3w’ w®
Series IC ecircult
R c
— A N— | ¥(s) = = _Ks
s S 4+ 0
Y(s)
where R=1, C=K
o— X o

Series RC circuit

A method of computing the transfer function of a 1adder network

Methods

(1) A unit output 1s assumed,

(2) The input required. to produce the unit output 1s
- then found.

(3) Then use the relationship

i

______ ﬁnit output __general output )
input for unit output input to glve genera autput

Example of method: Find the voltage ratio'VZ/V1 for the
1adder network shown, '

I1

1 1
' | 1 Ia ""l__ |
V1 4 —p Va
(,l'%_:_ .
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. Step (1) Assume V2 = 1 volt
' Step (2) Celculate V1 using V2 = 1 volt
12 = £V2 = % _
l Va = ({(1/8) + 2)I2 = (1/8 + 2)%3 = (1/28) + 1 = 25 + 1
, 2s
] Ia= (3 +%s)Va= (2 + 38)(25 4+ 1) = L4s2 4 4
: : ~ 28 i
5 I1=Ia+12=ll'Sa_+L"S!|!_!._+_]_._=L_F_Sa-i_I-_BS+1
1 | 8s 2 Bs
Vi=I1+Va=1 4s° + 85+ 1+ 25+ 1 =128 + 125 4 1
. Step (3)
{ V2 = _ 1 — = .883 o
| Vi 125 + 12s + 1 1252 + 125 + 1
| :
| V2 = 2 s®__
V1 3 S + s 4 1
12

Loop equations

Form of loop equation

=

211 Ciz Cis e « GCin 1] Vi
€z, Loz Cas e« o La,| I2 V2
Ca1 Céa Caa | e s Canl I3 V3

[ ] L} * [ 4 - . ] ]

id - i

r ; an Caz Qgs e v« GCani In Vn
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g The I, loop current is found by Crammer's rule to be

- I, = Aik Vi 4+ Agk V2 4+ Aik V34 . . o+ L,p Vn
) A

where A is the determinant, ||, and A;k 1s the ,,th cofactor

| of A,

Loop equation example

Network

, Loop equations'for network :
B3+ 1 4+ 1 -1 -B3-_1 | Iiw V1
Clts C6s Chs 'Cbs
7 Chs - L7s+R14R2+4_ 1 -L7s=-R1 I2}= 0
| Chs |
, «R3«_1 = =L7s«Ril < L7s+R1+R3+_1 + 1 | I3 0
% | Tés C5s C6s|
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Node equatlions

Form of node equations

- - -
ﬂll ’rh.g nla a = ﬂlﬂ‘( Vl ) 11
Mzy TMea MNas s v Teal V2 | 12

May Ts2 Mga o« TMaal V3 I3

| ] L] [ L] s ¥ . . 2

nn 1 nn 2 nn o r a nn n_J vn_l In

Mixe = Gy + Cys + 1/(Iy 8)

The Vgﬁnode voltage is found by Crammer's rule to be

!

Ve = A;“ I1 + Algy I2 4 Al’qu I3 % « « o A_Aq_k In

where A’ is the determinant,|n|, and Aik is the ,,th cofactor

of b,

Node equation example

Network

3.
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Node equations | ) _ ]
Cls+G7+_1 ~Cl1s~G7 - 1 Vi 11
’ L5s T5s
~C18-G7 01 84+C2s+C38+G7 ~-C2s V2 I= 0
- . -C28 Chs+C2s4_1 + 1 V3 0
LpEé J - E L5s Lbs | |
Open-circuit impedance and short-circult admittance functiong

b & T,

Two port network and the cpen-clirecult impedance parameters.'

—cEr— |

SN =
1 L 2
I +

] Vl1 N V| 2

10— 0 o

Vi = Zy 1 Il + Zio 12

V2 = 2,11 + 2512

Z11 = E Zyiag = E
I1]I2 = O T21I1 = O

Zzy = V2 | Zaz = V2

| 112 = O T2|J1 = 0

Two port network and the short-éircuit_admfﬁtanee functions,

11> 7 w712
A ¥ 1
10 s : . _.__.._._02’
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Il = yIIV]- + Yi2V2

nemSNmE EENNT e

I2 = 4y, V1 + Jo2V2

I
| = I1 +¥a = L1
T Hlvz = o Y ¥zivi= 0
;
+¥a1 = 12
- Va1 VllVZ = 0 Yaz = .].:.g.l
i V2iVl = 0O N
7 Open-circult impedance parameters in terms of the short-
*' c j reult gdmittance parsmeters
i Ay A Dy

[RanCR|

Arewiinng b

pinbaetingy [

Az ‘ Yaz

= Z
; .
where |2y, 2, _ - |

b2 =25, 25,

Jamiaio i i) l‘-‘“"""t_-\il

frisia




(RPN |

St g Lrbintind), F——

Trangfer functions

. )
V1 N V2
: | s
. —
V1 N val ZL
, |
Za ——
\”g N vap Ll
Q
(i§11 N V2
v y --—0
I1 : N Vol ZL
é)lg ' N Melzb ]
)
V1 N
<12
N |
V1 N | ZL
PR | |
. =12
N ZL
|

G21

G21

Z21

Z21

Y21

Y21

Y2g

i

i

1] i

%

=<
T

<[
0 |

§
<§j
=N

- I

Yoz + 1L
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-5 W
Az42y 1 ZL

1 Zis

(Z11+ZS)(Z23+Et7-Za1Z1e

= z=Z3 = V21

YL ;

i

Yaa+

—
—

YL, Az42,1ZL

T2, +28)

Zoa+ll)=Za1 213
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Appendix B

Notes from network symnthesls

Hurwitz polynomials
-1

Form of polynomials, Q(s) = a,8" + a,.,8" . . 4218 + 8.
A polynomial Q(s) is Hurwitz if
(1) Q(s) is real when s is real,

(2) The roots of Q(s) have real parts which are zero
or negative,

Exanmples:

(1) Q(s) = (s+2)(5+3+JJ5)(S+3 W5), Hurwitz
(2) a(s) = (s-2)(s+3+J/5)(s43-3V5), not Hurwitz

Properties of Hurwitz polynomials

(1) A1l the coefficients a4y are nonnegative, None of
the coefficlents between the highest order term
and the lowest order term may be zero unless the
polynomial is even or odd,

- {2) The 0dd and the even part of a Hurwitz ‘polynomial
have roots on the jnv axis only, If

Q(s) = m(s) + n(s) = even part + odd part

then all roots of n(s) are on the jw axis and all
roots of m(s) are on the jw axis,

(3) If Q(s) is an even or odd Hurwitz polynomial, all
of Q(s) roots are on the Jjw axis,

(4) The continued fraction expansion of the ratio of
even to odd or odd to even parts of a Hurwitz
polynomial results in.all positive quotient terms,
This property serves as a test to determine Af a
polynomial is Hurwltz,

Exanmples  Testing a polynomlal to determine if 1t is Hurwitz

a) Determine if the polynomial

Q(s) = s* 4 & &+ 58 + 3s ; L




iy

Sk A

s® 4+ 3s Is: + SSZ +4 (s <
s
282 4 4 rgfh+ 3s (s8/2 ]
88 4 28
g |28 + 4 (2s -y
2g°
b g (s/l =~
8

b)

is Hurwitz by means of a continued fractlon expansion,

m(s) = s* + 55° 44

n(s) = s° + 3s

——
—

-~

Since all four quotient terms are poéitlve Q(s) is
Hurwitz, )

Determine if the polynoﬁlal

Q(s) = & + 38 4 63 + 18

is Hurwitz, Note that there should be three gquotient

terms in the continued fraction expansion,

. n(s) = & + 6s, m(s) = 38 +18

3¢ + 18 [& 6s (s/3
g 4 6s

The continued fraction expansion of n{(s)/m(s) has
terminated after one division, thus yielding only one
quotient term, This means that (s°+ 6s) is a factor
of Q(s)., To proceed with the test, factor Q(s) as
Q(s) = (&€ + 65)Q’'(s),

Then (& + 6s) and Q' (s) musf‘both be Hurwitz for

Q(s) to be Hurwitz, . /s
I - + 3/s8
s® + 68 Is: + 33: + 65 & 18
8. . +.08 4 68
387 4 08 4+ 18

Q(s) = (8° + “8) (1 + 3/8)
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Since (s° + 6s) and (1 4 3/s) are both Hurwitz, 4(s)
is Hurwiltz,
Determine if the polynomial

)

Q(s) = (8 43) (s = 2) = 8° + 8 - 6

18 Hurwitz by means of a contlnued fraction expansion,

n(s) : 8 R
s [s? - 6 (s
SQ
- 6 s (. s/6

Since there was a negative quotient the polynomlal was

not Hurwitz,

Positive real functions

A function F(s) is a positive real function if the following

is true

(l) F(s) is real for real s,

(2) The real part of F(s) is greater than or equei to
zero when the real part of s 1s greater than or

equal to zero, Re[F(s)] > 0 for Re{s] > 0,

Properties of positive real functions

(1) If F(s) is a positive real function (p.f;f.) then
1/F{s) is a p.r.f.

(2) If F, (s) and F, (s) are p.r.f, the F, (s) + Fa(s)
is a p.r.f. F,(8) - F,(8) need riot be a p,r,f,

(3) If F(s) is p.r.f. 1t has no poles and zeros in
the right half of the s plane,

(4) 1f F(s) is p.r.f. it has only simple poles with
- real positive resldues on the jw axis,

(5)‘If F(s) is p.r.f. 1ts poles and zeros are elther
. rerl or occur in conjugate pairs,
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(6) If F(s) 1is gifen 28 the ratio of two polynomials

F(s) = ?;%g) ’

then the highest powers of the polynomials P(s) and Q(s)
may differ at the most by unity., Therefore,
there can be no multiple povles or zeros at 8 = @

(7) If F(s) is given es the ratio of the polynomial P(s)/Q(s),
then the lowest powers of polynomials Q(s) and P(s)
may differ at most by unity, Therefore, there can be

no multiple poles or zeros at s = 0,

(8) For a rational function, F(s) = P(s8)/Q(s), with real
coefficients, the necessary and sufficient condltions

to be a p.,r.f, are
a, F(s) must have no poles in the right half = plane,

b, F(s) may have only simple poles on the Jw axis with
real and positive residues, |

c. Re[F(Jw)] > 0 for all w,
Two special cases L
R R PR L
+bs 4¢

- F(8) is a p.r.f. AT

a. a,b,e, > 0

b, b2 a,

If F(s8) = 8 4+ 838 + 25
8 + s+ by

. F(s) 1s p.r.f, if

8. 81, 0y By, B, > 0

Basic gxnthesis Operations

(1) The removal of a pole at infinity. The function

F(s) By, ls“*l + a,s“ * oo e o ¥ 88 + &
b, s* +b.18‘ e o i 4 1S + by
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has a pole at § = ©, This pole at infinity may

be removed by dividing the numerator by the denominator
end then expressing F(s) as the quotient plus the
remainder over the denominator,

Examples
a) Z(s) = 305 + 53 42
' 6s 4+ 1
58 « — 5 henry inductor

68 4+ 1 1308 + 58 4 2
308+ 58

g

Z(s8) = 58 + __2 58 + Z1(8)

6s +1

= 58 + Yi(s)

has a pole at 8 = 0, This pole at the origin may

~ be removed by dividing the numerator by the
denominator and then éexpressing F{s) as the quotient
plus the remainder over the denominator, Note the
order of the coefficients of F(s) here,

i
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Example:
a) 2Z(s) = 30s8® +§5sA* 2 =24+ 53 + 30s?
158 68 + 158°
3
' 35— 3f capacitor
68 + 158°(2 + 58 + 308" '
2 £ 58
30s°
- 1 30s°
Z(s) = 38 + 68 4 158
| _;_ 108 1
Z(S) = 38 S + 2 = 38 + Z1(s)
3f
o
Zs)—  Zis) — N
O O- —1

3h
Y(s)» < Yi) - N

(3) The removal of con1ugate imaginary poles, The
function .

F(s) =

has a pair of conjugatp poles on the Jw axis at
8=1% ju,, F(s) may be expanded as
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Examples

a)

2K, may be found as
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, = 2K Fy (s)
,'F(S) Ef‘iﬁﬁf + X8
. where F, (s) = F(s) = azgig

Z(S) =

Now if Q(s) 1s tested by means of a continuad fraction
expansion to determine Af it is Hurwltz we find
n(s) = 455° + 5s |
m(s) = 18s®> & 2
18s8® 4+ 1453 + 58 (58/2

SS + 58 «———premeture termination of
continued fractlon expansion,

thus, 45(&f + 1/9) must be
a factor of Q(s)

Now Q(s) may be written as (s® 4+ 1/9)q, (s), then

Z(s) = 9082 4 1587 ¢ 163 = 2Khs _ + Z1(s)
(82 + 1/9)q1 (s) s2 + 1/9

| where q1(s) 453 + 18 and was found by dividing

(s® + 1/9) into Q(s).

.99.§__*__u..d__'.l'_.l.9.§_ = 1/3,
1/9) (458 + 18) |s® = -1/9

4

z1(s) =

583 + 18s® + 53 - 3 (sa + 1/9)
(s2 & 1/‘9)(455 + 18) (8% 4 1/9) (458 + 18)

. 90s® & 10s ] .
(s® &+ 1/9) (k58 + 18)

Since the pole at s = £ j1/3 has been removed from

21(s), the term (s® + 1/9) must be a factor of 90s® + 10s

and cen be removed hy long division,
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Q0s
s?® + 1/9i90s8> + 10s
90s® + 10s-

Z1(s) is then

Z1(s) = _ 908 _ . = _]_-D_ﬁ.__ ¢
Lss + 18 58 + 2

The network interpretation of the removal of this pole 1is

L

Zs)y~ 10— Zis)—~ N
C

where C= 1 = 3
2K

o)
Yis)= [ Yis)» N
——C
where L = 1 = 3 Yi(s) = _10s
2K G5+ 2
C=1 1 = 1 = 3
STt

!
1
i
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Properties of LC functions

The properties of an LC lmpedance or admittance function,

(1) The function is a ratio of odd to even or even to
odd polynomials,

(2) The pole and zeros of the function are simple and
lie on the jw axls, '

(3) The poleé—and zeros of the funetion are interlaced
on the J» axis, :

(M)'The highest powers ofﬁthe numerator and denominator
must differ by unlty; the lowest powers also
differ by unity. -

(5) The function must have either a zero or a pole at the
origin and at infinity. '

First Foster form of a reactive network “
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Second Foster form of a reactive network

| o
: 1 =1 1 =4
| —) K 22k, 2K 02 H
| 2 ? ‘ e Koo ML
‘ — L2k -2k, L 2Kg |
T Te T
O— ' '
Y(s) = K 4 © 2Kay 8 4 Hs
8 "‘f{%—_.{s + ws,
First Cauver form of a reactive netwo;:'k
L1 L3 LS
O— IO T —— — — —
Z(s) —~C2 —C4  -C8
o— _ .
Z2(s) = Lis + ____ 1 _ . . continued fract'i'o:an
C2s8 + A _ expansion
L3s + 1
Chs + 1 ”
L5 + 1

Second Cauer form of a reactive network
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1 + 1 reversed coefficient
Z(s) = C1s _1_ « _1 — continued fraction
L2s _1_+ . B — expansion
C3s _1_+ 1
Ls 1 + i
C5s 1 + .
Losg .

(1) A1l poles and zeros are simple and are located on
the negative real axis of the s plane,

{2) Poles and zeros interlace.

(3) The lowest critical frequency is a pole which may'be
at s = 0, :

(4) The highest critical frequency is a zero which is
at s = co, _

(5) The residues at the poles of Z(s) are real and
positive, .

(6) The slope d4Z/dc 18 negative,
(7) Z(=) < 2(0),

, Foster form of en RC impedance function
1
Ilk4_

_ 1 "
Kz

g."i F_“ |
- Oz @]
o _ ,
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The Foster form of an RC admittance function

l o _

] 1 1 1

. 1 b ktl k3 k2n-1

1 Yis) T Keo™ =
- T Oh — T3 *"-CE“4

! o

I(s) = K + z Koy-y 8  + Ke
= S ¥ Opqa13

Expand as Y(s)/s.

2 Mkl i

First Cauer form of an RC admittance function

» Bdiuun, e }

(>‘J\}:lv—-"-“\§§a\ﬁ-"-'“'"J<3Q%3""'

If Y(s) has a pole at s = =, the first element is C2,

If Y(s) is a constant at 8 = ©, the first element 1s Ri,

If Y(s) has a zero at s = 0, the last element is Cn,

If Y(8) iz a constant at 8 = 0, the last element is En-1.

Use the continued fraction expansion to obtain element values,

Second Cauer form of an RC admittance function

C1 CN4
cr~——4:}- ~ _




If Y(s) has a zero at s = 0, the first element is C1,

If ¥(s) is a constent at s = 0, the first elementis Rl

If Y(s) has a pole at s = =, the last element is Cn- 1,

If Y(s) is constant at s = =, the last element is Rn,

Use the reverse coefflcient continued fraction expansion
to obtain element values,

First Cauer form of an RC impedance function

h'l , 3 L Ny
O*J\/\fV"“"‘"AVAV\f“”“*“'-'-—*J\Ixau*-,

If Z(8) has a zero at s = «, the first element is C2,

If Z(s) is a constant at s = =, the first element is BRi,
If Z(s) has a pole at 8 = 0, the last element is Cn,

If Z(s) is a constant at s = 0, the last element 1s Rn.l.
Use continued fraction expansion to obtain element values,

Second Cauer form of an RC 1mpedance function

. .,Cct
o—1 =
Zts) R2 R4

If Z(s) has a pole at s = 0, the first element is C1,

If Z(s) is a constant at s = 0, the first element is R2,

If Z(8) has a zero at s = », the last element is Cn-1,

If Z(s) 18 a conatant at s = «, theé last eléement is En,

Use a reverse coefficient continued fraction expansion
to obtain element values,

ties of en RC admittance function

(1) Al1l poles and zeros are simple and are located on
the negative real axis of the s plane,
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(2) Poles and zeros interlace,

{(3) The lowest critical frequency 18 a zero which may
be at 8 = 0,

(4) The highest critical frequency 1s a pole which may be
at infinity,.

(5) The residues at the poles of Y(s) are real and negative;
the residues of Y(s)/s are real and positive,

‘ (6) The slope dY/do is positive,
(7) ¥(0) < ¥(=),

xxgpggﬁles of a transfer function F(s) for LLFPD network

(1) F(s) is real for real s,

i gk

(2) F(s) has no poles in the right.half s plane and no
multiple poles on the jw axis, If F(s) 1s given as

| F(s) = P(s) ,
; ' Qls)

the degree of P(s) cannot exceed the degree of Q(s)
by more than unity, In addition, Q(s) must be a
Hurwitz polynomial, s ,

e i

(3) Suppose P(s) and Q(s) are given in terms of even
and odd parts: '

F(s) = P%s% =m {s8) + 1 (s
Qis ms (8) + N (s

where m; , m; are even and n,, na are odd,

then

The amplitude response of F(jw) is
P
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while the phase response of F(Jw) is

Argl F(jw)] = arctann; (w)| - arctan (w
My W Mg \WH 4

Some properties of the open-circuit impedance and short-

g;;gg;t admittance parameters

(1)
(2)

(3)

(4)

The poles of 2z,, (8) are also the - oles of 231 (8)
and Zzz (8) but a pole of 2, (s) #-Zyp (8) need not
be a pole of zlg(e). ,

The poles of ylg\s) are also the poles of y;, (8)
and ¥y, (s8), but a pole of y,1(8) or ¥yza(g) need
not be a pole of 2 {37,

If v, (8), ¥2=2(8), and y,» (s) all have poles at
§ = s, end Ky;, K:2, and X;- represent the residues

of these poles, then
Ky1Ke2 - Kin >0
foran LC, or RL two-'-pori‘f network,

If 2,,(8), yaz (=), and 2,5 (s) all have poles at

8 = 1 and Ky1, Kgz, and Ky, represent the residues

of these poles, then

Ky1Keo = Kfa >0

for an LC, or BL two-port network,



- APPENDIX C

FILTER TERNS AND DEFINITIONS

Arithmetic Symmetry:

Response showing mirror image symmetry about the
center frequency when frequency is displayed on an
arithmetic scale, Constant envelore delay in bpand-pass
filters is usually accompanled by arithmetic sympetry
in phase and amplitude responses

Attenuations:

Loss of signal in transmission through a filter
usually referred to signal amplitude or signal power

normally measured in db's but sometimes as a voltage ratio,

Band-Re ject Fllter:

A filter that rejects one band of frequennies and
passes both higher and lower frequencies, sometines
considered a notch filter, -
BandaPass Fllter:

A fllter that passes one band of freguencles and
rejects both higher and lower frequencies,

Bandwidth:

The width of the passband of a band-pass filter,
Bandwldth can be expressed in either a percent of center
frequency or as. the difference betwesn limiting frequen-
Bessel Functions

A mathematical approximation used to yileld maximum

constant time delay in a filter with little consideration

for amplitude response,
Eutterworth Functlon:

A mathematical approximation used to yield maximally
flat dc amplitude regponse in a filter with little
consideration for time delay or phase response,

e
i




SSeg  emmmew —

)

S\ it § sesclicsatiit. § bzt

I e BN R

FILTER TERMS AND DEFINITIONS - Continued

Characteristic Impedance:s

Term usually used with the transmission line or
delay line and not a filter. The characteristlic impedance
of a transmission line is the input impedance which
the line would have if it were of infinite length,

Perminating a finite length transmission line or delay

line in its characteristic impedance will cause 1ts

input impedance to appear (1deally) to be equal to the
characteristic impedance over all of its operating range,

In this sense, a filter does not normally have a character-

‘istic impedance, The characteristic impedance of a filter

i1s usually taken as the input impecdance to ground and is
measured in ohns, .

Comébacke

A term used to deseribe points in the stopband of
a filter where spurlous response occurs beyond points
where the filter is attenuating properly. Comeback
usually occurs at frequencles much higher than the
passband frequencies due to feedthrough by way of parasitic

~elements,

Corner Frequencys

Genszrally used to describe the upper frequency at
which 3 db attenuation oceurs in a high gain amplifier,
A cornering circuit is usually introduced to attenuate
the high freguencies before the phase shift of the
emplifier exceeds 90¢, The well deslgned cornering

~eircuit prevents high frequency oscillation in feedback

amplifiers, sometimes erroneously referrad to as the cutoff
frequency points, ,

Cutoff Frequency:

The frequency at which 3 db attenuation occurs in
the passband of a monotonic filter, The passband edge
closest to the stop band, sometlinmes called the 3 db point,

Decibgls:

A'ﬁnit of gain or attenuation for;éxpressing the
ratio.of two powers, It is used in deseribing power gain,

power loss, duty cyecle, performance figure or anything which
can be considered as a ratio of two powers. A db is defined

as ten times the 1og1o of the ratio of Py to P2, where
P1 and P2 are two powers such as input and output power or
‘peak power and average ‘power.

313
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FILTER TERMS AND DEFINITIONS - Contlnued

Discrimination Ratio:s
The ratio of passband wldth to stbpband width,

Dissipation:

Energy losseées in a filter due to nonideal storage
elements, Dlssipation is usually due to r2sistive core
losses in the inductors.

Digtortion:

Generally considered a modification of signals
which produce undesirable end effects. These modifications
cen relate to phase, amplitude, delay and so on. The
distortion is usually deflned as a percentage of signal
power remaining after fundamental wave component has been

removed,
Elliptic Function:

A mathematlcal aﬁproximation which provides the
sharpest passband magnitude roll-off, but has the worst
phase response and translent responsé of ‘all the classical

filter functions,
Envelope Delay:

Propagation time delay of the envelope of an ampll-

" tudes modulated signal as it passes through a filter, some-
- .nimes ecalled time delay or group delay. Envelope delay

is proportioned to the slope of the phase shift response
versus frequency curve., Envelope delay distortion occurs
when the delay 1s not constant in all fraquencies in the

paosband
Galni

The increase in a sligial characteristic, such as
power, as 1t passes through a fllter or amplifier. An
amplifier or an active fllter can produce a power gain,
however, a passive filter or transformer, can not produce
a power gain, It can produce a voltage gain, Such gains
are expressed as a ratio in db for a specific range of

frequencies,
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FILTER TERMS AND DEFINITIONS -~ Continued

Gausslan Functioh:

A mathematical approximation used to design a filter
which passes a step function with zero overshoot with a
maximum rise time similar to a Bessel function filter,

Géometric Symmetry:

Filter response showing mirror image symmetry about
the center frequency when frequency ls plotted on a log
scale, This 1s the natural response of many electrical
clrcuits,

Group Delays
See envelope delay.
High-Pass Filter:

A filter which passes high frequency and rejects
low frequencies,

Input Impedance:

The impedance measured at the input terminals of
a filter when it is properly terminated at 1lts output,
This impedance normally varies consilderably over the
passband,

Ingertion Loss:

The loss of a slgnal caused by a filter being in-
gerted in a clrcult, Generally 1t 1ls measured in db
and 1s a ratio of power dellvered to the load with ihe
filter in the circuit to the power in the load, if a
perfect lossless matching transformer replaces the fil-
ter, When a filter 1s inserted between two clreuits,
whose “impedance differs wldely, the lnsgertlion loess is
usually specifiled in other ways. k

Load Impedances

The impedance that normally must be connected to
the output terminals of the filter in order to meet

the filter specifications, The filter will drive this load,

315

i
A
H
|
N




FILTER TERMS AND DEFINITIONS - Continued

Low-Pass Fllteri

A filter which passes 10w frequencies and rejects
high frequenciles, 5

—

Matching Losss

The passband power response varlation expressed 1in db,

- Qetave:s

A term originating wlth music. One occtive represents
a frequency ratlio of 2 to 1.

Output Impedance:

The impedance looking back into the output term-
inals of a filter when 1t 1s properly terminated at its
input., Thils impedance often varies econsiderably over the

passband,
Overshoot:

The amount in percent by which a signal exceeds
the steady state output on its initial rise,

Parasitlec Elements:

The undegirable elements in a circult which are
inherent in the circuitry. Examples may be wire re-
sistance, winding capacity, leakage inductence and core
losses,

Passband:

The frequency range in which a fllter is intended teo
pass signals.
fhase:

The part of a period through which the 1ndependent
varliable has advanced, measured frem ean arbitrary origin,
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FILTER TERMS AND DEFINITIONS - Continued

Phase Angle:

Phase angle for a perlodic wave form is obtalned
by multiplying the phase by two w if the angle is to
be expressed 1n radians, or by 360 if the angle is to
be expressed in degrees,

Phase Shift: 7
The change of signal phase as 1t passes through a filter.

Q1

The filgure of merit of a capacitor or inductor,
The ratioc of its reactance to its equlivalent serles
resigtance., Also, in bandpass filters, loaded @ is the
term used to define the percentage of 3 4db bandwidth,.
For example: loaded Q@ equals center frequency divided by
3 db bandwidth,

Reflectlon Coefficienti

A measure of the difference between the driving source
impedance and the input lmpedance of a filter,
Responset y L S - - : U R
The output signal of a filter, referenced to the ' s
input or excltation signal. It is used as a measure of |
the perforimance of the filter. Usually, a particular
type of risponse is of interest, such as lmpulse response,:
forced {steady state) response, or transient respoénse,
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APPENDIX D  NASAP - MU

Under grants from NASA/ERC the original NASAP algorithm
has been extended into NASAP-.MU (Missouri University version),.
This version computes a true A,C, worst case analysis for
both the magnitude and phase of the transfer function.

NASAP-MU also cutputs the magnitude gradient, phase gradient,
magnitude tolerance, and phase tolerance matrices, NASAP-MU,
however, does not have the poles, zeros, and transient response
capabllities of NASAP-69,

NASAP-1MU calculates the sensitivity of any or all elements
of a circuit, one at a time, with respect to the transfer
function using an algorithm which finds the sensitivity in

terms of flowgraph loops, (See reference 7, Chapter 2, for

& complete explanation of the sensitivity algorithm), The

NASAP-MU user must specify, on the problem input encoding the
elements for which the sensitivity is deslred and the element
tolerance values for those particular elements,

The specified sensitivities are calculated and stored

1nterna11y within NASAP=MU for use in the worst case analysis,

Since the sen81t1vities are polynomials of s, it 18 easy to
compute a numerical value of the sensitivity at each particular
frequency point of interest, An algorithm has been developed to

relate the numerical value of the sensitivity at a particular

‘point to the partiel derivatives of the magnitude and phase

components of the transfer function at that bérticular péiﬁt.L
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(See reference 7, Chapter 2, for a complete explanation of the
worst case algorithm,) The algorithm uses the sign of the
partial derivatives to determine a criterla for obtaining

a true A,C, worst case, phase and magnitude analysis,

NASAP-MU automatically caleulates and plots the worst case maxi-
mun magnitude, worst case minimum magnitude, and nominal
magnitude versus omege (in radiens) and the worst case maximum
phase, worst case minimum phase, and nominal phase versus

omega of the transfer function,

For the benefit of the user, NASAP-MNU also prints out
the magnitude gradient, phase gradient, magnitude tolerance,
and phase tolerance matrices, The gradient_mapp;ces are
essentially the values of the partial derivatiﬁgé, {where the

columns correspond to the elements and the rows correspond to

the'frEqﬁéﬁﬁy”réﬁgé)”bbtaiﬁed'from the sensitlvity calculations, .

The tolerance matrices are the matrices obtained by multiplying
the elenment,

For example, consider the simple RL circuit in Figure D,1,

: 2 +
vi V2

Figure D,1, RL circuit,
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The voltage gain of Figure D,1 is Vg = sL/(R + sL) and the

sensitivities are:

Vg = =sL and 3V, = _SR_
SE- (ResL)’ - 3L (BsD)?

If R= 1 and L = 2 then the magnitude gradient matrix at

W= 1and w = 2 iss

—r -1 i
3 V s Vi | - =8 =b
3R oL 25 25
: w=1 W2
A 3 V 32 - _16
3R aLL = 289 289
W2 =2 -

With the glven tolerances, AR = ,05 end AL = ,1, then

the mégnltude toleﬁéﬁééfﬁétrix is:

__L& *;&ﬁ
-1.6 :1.5
1. 289 289 |

To 1llustrate the worst case analysis and the use of the
gradient and tolerance matrices consider the following

Darlington active filter, figure D,2,

f

Figure D,2, Darlington Active Filter .
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The problem was run on NASAP.MU and figure D,3 shows the
worst case magnitude analysis of the current gain IR1/I11,

The sensitlvity of the current galn with respect to
c1,C2, Li, L2, and Rl was enzoded for NASAP-NU and figure
D.4 contains the magnitude gradient and tolerance matrices,

Suppose for example, the desligner of this circuit
examined the worst case magnitude plot and found that for
the glven element tolerances, the negétive spike of eufrent gain
did not return back to unity gain scon enough in the frequency
domain, The designer may wish to try another circuit
configuration or he nmay try to change existing element
values to magnitude only, he may examine the gradient

matrix observing that above five radians; (1) CL is the

. predominant element decreasing the current gain (therefore,

1/301'in¢féaséé”the current gain), (2) €2 and L1 are the - - -
predominant elements increasing the current gain (i.e, sLi
‘increases and 1/s02 decreases the current gain), This
informetion is useful and perhaps ﬁhe designer wlll increase
the value of C1 and L1 and decrease the value of C2,
He may then run another NASAP-NMU problem with new element
vélues-&nﬂ examine once again the worst ease,analysis.
Figure D,5 shows the result of the second NASAP=NU run,

- If at this point the designer 18 not satisfied he may
répeat the process ggain, If he wishes he may-use:%he.magnitude

tolerance matrix which allows him to consider changing

. element tolerances as well as element values to obtain
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a8 better curve fit.

In conclusion, the design by analysis eliminates some

guess work oﬁ the part of the designer and 1is perhaps a step
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in s feedback process in the optimization of a circuit design,
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-0. 904E-02
-0.755E Q0
-0.479E 00
-0.266E 00
-0.152E 00
-0.907E-01
-0.568E-01
-0.371E-01
-0.252E-01
-0.176E-01
-0,127E-01
~0.933E-02
-0.701E-02
-0,537E-02
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-0.168E~03
-0.117E~03

""0 . 62 IE -04
=0,467E-04
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-0.220E-04
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- =0, 142E-04
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Figure D.4 (a) Gradient Magnitude
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Figure D.5. Worst case magnitude of optimized Darlington filter
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- THE FOLLOWING DIGITAL CUMPUTER PRUGKAMS WERE DEVELUPED TC
 GENERATE TRE ELEMENT VALJES FUR NURMALIZED BUTTERWORTH AND
CHEBYSHEV LOW=PASS FILTERSe THE EXPLICIT FURMUAS A5 DEVELUPEL 3Y
DRe LUULD WEINBERG FUR TrHt CASE IN wAlln ALt ZERVUS LIE IN The
LEFT=HALF 5=PLANE WERE wTILIZED IN THE PREPARATIUN UF THESE Pku-
GRAMS s ~ THE PRUGRAM> ARE WRITTEN IN FURTRAN IV LANGUAGE

UTILIZING AN JebeMe 026 KEYPUNCH AND ARE ENCLLUSED FUR YOUWR
CCONVENIENCE. - S - '
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THI> PRUGRAM GENERATES ELeMENT VALUES FUR NURMALIZED CHewYoHREV
LOW-PASS FILTERS WITH ZERUES UF REFLECTIUN CUEFFICIENT LUCATEUL IN
THE LEFT=rALF S5-PLANE. : S

‘aNaNANA

DIMENbiuN STAR(106)y wCUL(Z)s Fbai{Z)s WUUTE(209Z)y BLANK(G)s A(LC)
s FORM{3T)s B(10) s bllOvéO)a ClLO9c0)s Ri(B)s RINUB)sy UBRIPLIG)
REAL LPARENs LCOLs 2
LOGICAL EVENs UDDs NUDD» NEVEN
DOUBLE PRECISIUN RINs Rl UBRIPLy RIPLOWY RIPPLEY THETAs Co AAy
SNINVe He 9 X1y ETAs 09 As 59 R
DATA RIN/1+U0Os 2400 34005 4eD0s 6¢DUs 8e0C/«DoRIPL/140=1y
$265D=19 Se=13 Llel0Os 200> 5000/ o
ONLY THE THREE FOLLOWING VARIABLES SHUULDL COUNCERN THE USER e
Rl = LOAD RESISTANCE(NCRMALIZEU AT 1 UHM)
RIN = 1/Rc
UBRIPL = RIPPLE IN DeClbEls
THE KgE2T AKRE uTI;IZ D INTERNALLY BY THE PRUGRAM.
R1 = 1le .
DO 14 MM = 1ls 6 o
RIPLSQ = lO.**(DBRIPL(MM)/lOo) = i . .
CRIPOLE = DSGRTIRIPLOU] i
_3LﬂTﬁ LPAKENSY LCuw(l)y cluki{2)e T2y Xis CGks Foall)y FB4le)s X7
g . $RCULY RPAREN/GH( s4HTLs@ebnHEs satildy 24rlXs s4HE*@y s4riFBeiry
4. Sa4F sl X 9 94HIXs 24HE*E 24H) / '
DATA >TAR(2) s BLANK(L)/4H****94H /
3 ‘ READ(5s1) QUOTE

e
iy WHREEE W WS oo
. u

AN ANANANS!

1 FORMAT (20A4)
Doyfiﬂ = 39106
2 3TAR(I) = -$TAR(2)
" STAR(1) = BLANK(1)
WRITE(693) QUOTE
3 FORMAT(1H1120A4/2(TZ2s20A4/}) , o
g g WRITE(694) STAR . o n -
: 4  FORMAT(T1,106Al)
- ‘ WRITE(695) ‘
5 FORMAT( Tz @ # ClEsT1los@% LL@9TLbHrEW CoweTH69@% LG4@ITLOHIEE LD@)
3 xT56s0% L6@sTHGIE* c7b.T7é.@* LBRyTEOI@* CIRsT96»@%* LLORIT106s@*@/
$T2.@% N *  OR COR *  OR #® WR % OR __ ¥ OUR
$ * OR * oa #  UR »  UR *@/ T
sTZew * Liee #* Ciee #*  Loeae * Chee # Lh@g *
$° Coe@ * L7ge * Ceee * Lyee * Cloeex*e) :
 WRITE(696) STAR
&  FORMAT(T1,106AL/)
' FORM(1) = LPAREN e
“FORM(2) = LCOLIL) SR - - *
FORM(3) = L{0L(2) '
FORMI{4) = ¢
FORM(5) = X}
FORM(36) = hCOL
FORM(37) = RPAREN
DO 1.1 = r-lo
12 ALI) = Ve
- DO 15 L = 1l 20 S I
- DO 15 kL = 1s 10 | . . o ‘.
THETA = 3416415926 %FLUATIL)/ (2e%FLUAT(LL)) | - e

I
L

ﬂ:ﬂ

o k Clibok) = 26%#DCOSTTHETA) . b
- 15 S{Lbsl) = d-*DaIN(THtTA) ' - . =
S ; DO 13 Iil = 1v 6

- - DO 10 I = 7y 34, 3

!_ | T FORM{1) = X9
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10

16

123
124
125

120
121

122
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FORM(I + 1) = bLANKI(1)
DO 9 I = Gs 33y 3
FORM(I) = COL
IF{IleEWeat) WARITE(G6y 16)
FORMAT {(1H1)

R{I1}) = le/RINVII)

RFOUR = SNGL(RINC(IL))
INTR = IFIX(RFOUR)
IF(INTReEGeL) GO TO 123

"wRITe(6»7) INTR

FORMAT (T449@RL = 1 RZ = 1/@sl1/)

GO TO 1&5

WRITE(6s124)

FORMAT{T44+@RL = l RZ2 =_1@/l

CONT INUE S

WRITE{6+4) STAR

DO 8 N = 1» 10

NEVEN = oFALSEe

NODD = oFALSE.

NN = N/2 ,

IF(NeEGs { NN+NN) ). NEVEN = «TRUE

IF (NeNEo (NN+iNN)T NCLD = o«TRUL S
IF(RIH{Lllocu-L..ANU.N:VcN) Gu TL L0 .

IF (MM, Gt'q'.ANJ RIN(II)oEU.d.oANU.NL’.VEN) GO TU 10
IF({MMaGEeS e AND RIN(Il)oNt Bes ANDSNEVENY GO Tu 120
IF {NEVEN) AA 4o *Rl*R(IIl*(l.+RIPLau)/((R1+K(II))**dl
IF (NODD) AA L HRIFR(III/Z (R # R(11))%#2) :
GO TQ lid2 .
WRITE(6s 121) N

FORMATI(T2:@" ©01221X@%@s10(9Xs@%@}) = =
GO TO 8 -

CONTINUE

DO 119 J = 1y N

QDD = +FALDSE.

EVEN = +FALSE.

JJd =T J/< e,

IF({JeEQe(JJ + @433 CVEN = ¢TRUE
IF{JeNEs(JJ + J)) B0 = e TRUES =

C NINV = l./FLOAT(N)

H =(DSURT(le +(le = AA)I/RIPLSW) +DSURT((le = AAI/RIPLOW))**NINV
K = (DSGRT(Le/RIPLSG + le) + Le/RIPPLE)**NINV
XI = K = le/K

ETA = H = le/H
B(J) = XI¥XI=CINs2Z*J)RXINETA+ETARETA+S (N9 L) ¥2 (N5 2%)

IF(J oEWe 1) GU.-TO lia

IF(JeEQeN) GO TO 114

Ald) = Go#5(No2RJ=3)%3(NoghJ=0)/LALJ- L) *B(J=1))
GO TU 119

ALLl) = 2e#5(Ns1}/(RI¥(X] = LTA))

GO TO 119

IF {NEVEN) A(N) = 2.*R<11)*5(N,1\/tx1 + ETA)
IF (NODD) A(N) = 2e%¥3(Nsi)/(RUILI*(X] + eTA))
CONTINUE _ | | o

DO 11 I = 19 N S

IF(A(T) eEGeOa) GO-TU 1d - .

FORM(3#1+4) = Fgafl)
FORM{3#1+5) = Fg4{2)
CONT INUE :

WRITE(6sFORM) N» (ACI)s © = i» )

-CONTINUE |



i _ - 327

WRITE(626) 2TAR
| 13 CONTINUE
I WRITE(6+555) RIPPLE
555  FORMAT(///7//T2s@THE VALUE OF RIPPLE 15@92X»1PD20e14)
14 CONTINUL
| S5TOP
END

THE FOLLUWING cIGHTEEN DATA CARDS ARE UbSEL.

2 ELEMENT VALUES (IN HENRYS ANW FARAUD) FOR
1 ‘ NORMALIZED CREBYSHEV FILTER
; . RIPPLE = 1/10Q Db o
ELEMENT VALUES {IN RENRYS AND FARADS) FOR
NURMAL T Zew CretYoreV FIiLTeK
RIPPLE = 1/4 Dy
ELEMENT VALUES (IN HENRYS #NU FARALS) FUR
NORMALIZEW CHebYoHREVY FLILTER
RIPPLE = 1/¢ ve
ELEMENT VALWwES (IN RENRYS ANU FARALD) FOUK
NURMAL [ ZeD CREoYoreV FlrLicok
RIPPLE = 1 Ub
ELEMENT VALUES (IN RENKYS ANV FARADD) FUR
NORMAL I ZED CHEBYOLHREV FILTER
i RIPPLE = £ b
; : ‘ ELEMENT VALUES (1IN HENRYS ANVU FARADD) Fu
NORMAL [ ZED CHEBYSHEV FIlLTczK
RIPPLE = 3 Do

Al

R
o
3

i ——
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THl> PRUGRAM GENERATES ELEMENT VALutb FUR NuRMALIZED BUTTERWURTH
LOUW=PASs FILTERo WITH ZgRUcs UF RthELTIuN CUEFFICIENT LUCATZD IN
THE LEFT~HALF o-=PLANE. ;

DIMENSIUN oTAR(L106)s LLEULIZ) Y FG4“£)D GUUTE(3002) e DLANNIS)I»ALLG )
SFORM{37)s BU10)s S5(10920)s CHL10920)s KI6)y RINLE)

REAL LPARENs LLOLy 12 ’

LOGICAL EVENs UDDs NEVENs NODV _ "

DOUBLE PRECISIUN RINs Ris THETA, Ty NINVs As Ss LAMOA

DATA RIN(L)y RIN(Z2)s RIN(23)s RIN(4)y RIN(5)/LeD0s2eD0s3eL024ati0
506 D0/ sRIN(E)Y/BeadQ/

UNLY THE TWwU FULLUWING VARIABLES® ShUuULD CONCERN THE USER.

Bl = INPUT RESISTANCE(NORMALIZED AT 1 OnM) :

RIN = R«

THE REST ARE wTILIZED INTERNALLY 8Y THE PRCOGRAM.

RL = 1ls

DATA LPARENs wCUL{1)s LCUL(Z)s legs Xbe Cubs Foull)e FB4(c)s X9
PRCULY RPAREN/ &ML sUHTZs@o b€y siarldy s4HLIXy 24mE¥@y sbriFveby
Sh4HelXys4HIXs »4HEHE +4H) /

DATA STAR(Z) s DLANK{L) /4n¥it&# 40 /

READ(5,1) GUUTE

FORMAT{LGAG)

DG 2 1 = 3» 106

aTAR(1) = STAR(Z)
STAR(L) = BLANK(L)

WRITC(6r3) QUOTE

FORMATILIH120A4/T29d0A4/ /)

WRITc(6s4) STAR

FORMAT(TLls106A1Y)

wRilTe(6195)

FORMAT(TZ s@ # L1@yT1l69@% CLBaTlhs@R LI@yT369@% CuPsTLEs* L5By
$TH6@* Cé@!Téb:&* L7@’T7bn@* Co@aTBOIEH LIGyTYOI@H ClO@QTlOéo@*@/

$TZ2s@% N %#° OR  *# ~OR v * YR  ®* - @R #  OR . * OR
$ * UR #  OR x  OR #  OR *#@/
5T2@*  * ~Clee * L@@ * Cige * Luge * Cog@ *

$ Lee@ * Cle@ * LBRE * Coee * Lloee*@)
WRITE(616) STAR - | -
FORMAT(T19106A1/)

FORM(1) = LPAREN

FORMI2) = fdiil)

FURME3) =

FORM(4) "

FORMI5) "= X}

FORM(36) = RCOL

FORM(37) = RPAREN

DO le 1 = 1s 10

ALI) = Do ,
DO 15 L = ls 20 |

DO 15 LL = 1o 10 |
THETA = 3¢l415926%FLUOAT(L)/(Ze*FLCAT(LLY))

ClLlLsl) = 2¢%*DCOS(THETA) ;
Sl Ze*DIINITHETA) o “*: .
DO 13 II = 146 - : : ¥ T

D0 10 1 = Ty 34y 3 o &
FORMUI) = K9

FORMUI + 1) = BLANK(L)

2 D0 9 1 = 65 33s 3

“ FORM(I) =:COL _
IF(IleEWe4) WRITE(HY 16)
FORMAT (1H1)

e e

LRy, R
AT - o ‘
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RFOUR = SNGL(RIN(IIL))
INTR = [FIX{RFOUR)
WRITE (657) INTR
7 FORMAT (T44seR1 = 1 Re @ell/)
' WR}TE(6:4} STAR
PDG-& N = 1l» 10
NEVEN = «FALOSEs
NODD = oFALSE.
NN = N/&
IF (NeEwe (NN+NN)) NeoVEN o TRUL «
IF (NeNEe (NN+NN)) NOLD = s TRUE s
DO 149 v = 1N
ODD = +FALSEe
EVEN = sFALSE .
Jd = Jd/e g
IF (JeEQeldd + JJ)}) CEVEN = «TRUES
IF (JeNEe{dd + UJd)) UL = eTRUC e
NINV = 14/FLUATIN)
LAMDA = ((RIN(I]) = RIV/Z(R1 « RINCII}))**®NINV
IF (J oEGe 1) GO TO 113
IF(J «EQe N) GO TO 114
Ald) = S(NyHhJ=3) ¥ (Ng2%u=1)/(A(J=L)* (Ll e~LAMDARC({NyZHu=z)+
SLAMDA¥¥2) )
GO TC 1i9 .
113 All) = RL¥S(Ns1l)/7(1le — LAMDA)
GO TG 119
l1la IF (NEVEN) AIN) = SUNsLI/URINCILII®(Lle + LANMUDA))
IF (NODO)Y AIN) = RINCIII®_(Nel)/(le + LAMDA)
119 CONTINUE ' B
PO 11 I = 1ls N -
IF(A(]) «EQe Qe¢) GO TO 11
FORM{3%1+4) F841(1)
FORM(3#[+5) = F84all)
11 CONTINUE
 WRITE (6+FORM) Nso (ALI)y I = is NI
8 CONTINVE" |
WRITE (6+6) STAR
13 CONTINUE
STOP
END

]
®

THE FOLLOWING TWwO DATA CARDS ARE UStEbe

ELEMENT VALUES (IN HENRYS AND FARADS) FOR A
NORMALIZED BUTTERWORTH FILTER

N
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