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THEORETICAL STUDY OF 

DUCTED FAN PERFORMANCE 

By Michael R. Mendenhall  and  Selden B. Spangler 
Nielsen Engineering & Research,  Inc. 

SUMMARY 

Analysis  and programming work have been conducted to   p rovide   an  
improved capab i l i t y   t o   an   ex i s t ing   compute r  program  developed  previously 
by   t he   au tho r s   fo r   p red ic t ing  the performance  of a duc ted   fan   in  a 
uniform  axial   f low. The capab i l i t i e s   have   been  added for   model ing  the 
c e n t e r b o d y ,   p r o v i d i n g   n o n l i n e a r   b l a d e   l i f t   c h a r a c t e r i s t i c s ,   c a l c u l a t i n g  
performance a t   v e r y  low  advance r a t i o s ,  computing  duct   surface  pressure 
d i s t r i b u t i o n s ,  and computing  performance a t   ang le   o f   a t t ack .  The 
a d d i t i o n a l   a n a l y s i s  i s  descr ibed i n  t h i s   r e p o r t .  The r e s u l t i n g  computer 
program i s  d e s c r i b e d   i n   d e t a i l   i n  a second  document,  reference 1, which 
is  e s s e n t i a l l y  a u s e r ' s  manual. 

The computer  program  considers a p re sc r ibed   duc ted   f an   ope ra t ing   a t  
a g iven   advance   ra t io   in  a uniform  flow a t   a n g l e   o f   a t t a c k .  The ducted 
fan  i s  descr ibed  by  the  duct   chord-to-diameter   ra t io ,   duct  camber  and 
th ickness   d i s t r ibu t ion ,   cen terbody  shape ,   ax ia l   loca t ion   of   the   fan ,  
number of   fan  blades,  and the   r ad ia l   va r i a t ion   o f   f an   b l ade   chord ,  
p i t ch   ang le  and thickness- to-chord  ra t io .  The computer  program so lves  
f o r   t h e   b l a d e   l o a d i n g ,   f a n   i n f l o w   p r o f i l e s ,   f o r c e s  and moments on t h e  
ducted  fan,  and chordwise   p ressure   d i s t r ibu t ions  on t h e   d u c t   a t  
specified  azimuth  angles.  Comparisons  with  data  for two ducted  fans 
a r e   p r e s e n t e d   i n   t h e   u s e r ' s  manual  which ind ica t e   gene ra l ly  good agree- 
ment on a l l  performance  parameters  except  pitching moment. 

INTRODUCTION 

This  report is one  of  two  documents  prepared  under  Contract NAS2- 
4953 f o r   t h e  Ames Research  Center, NASA. The work under t h i s   c o n t r a c t  
is concerned  with  development  of  methods  for  predicting the aerodynamic 
performance  of  ducted  fans  in  uniform  flow. This repor t   desc r ibes   t he  
analysis   performed  under   the  contract .  The second  document,  reference 1, 
is a u s e r ' s  manual f o r   t h e  computer  program  developed t o  predic t   duc ted  
fan  performance. 
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I 

The authors  and their  associates have done a cons iderable  amount of 
prior work  on duc ted   f an   ana lys i s  (refs. 2-8). The f i n a l   t a s k  of t h a t  

w o r k  involved   the   p repara t ion  of a computer  program for c a l c u l a t i n g   t h e  
aerodynamic characteristics of a duc ted   f an   i n  a uniform, axial  f l o w  
(ref. 8). The purpose o f   t he   p re sen t   i nves t iga t ion  is t o  make c e r t a i n  
improvements  and add i t ions  t o  the computer program of   r e f e rence  8. The 
a d d i t i o n a l   a n a l y s i s   r e q u i r e d   t o  m a k e  these improvements i s  repor ted  
he re in .   S ince   t he  improved  computer  program  described i n   r e f e r e n c e  1 i s  
based  on much of the e a r l i e r   a n a l y s i s   a s  w e l l  a s   t h e   a n a l y s i s   r e p o r t e d  
h e r e i n ,   t h e  manual ( r e f .  1) conta ins   appropr ia te   re fe rences  t o  equat ions,  
methods,  and r e s u l t s   o f   r e f e r e n c e s  2 through 8 a s  w e l l  a s   t h i s  document. 

Cons iderable   fami l ia r i ty   wi th   the   p rev ious   duc ted   fan  work is 
assumed i n   t h e   t e c h n i c a l   d i s c u s s i o n   o f   t h i s   r e p o r t .   I n   o r d e r   t o   i n t r o -  
duce  the work r epor t ed   he re in  and place it in   perspec t ive ,   the   remainder  
o f   t h i s   s e c t i o n  i s  devoted t o  a b r i e f   d e s c r i p t i o n   o f   t h e   e a r l i e r  work 

and i ts  r e l a t i o n   t o   t h e  work o f   o the r   i nves t iga to r s .   I n   add i t ion ,  a 
b r i e f   desc r ip t ion   o f   t he   en t i r e   f l ow model is  presented   in   the   fo l lowing  
sec t ion .  Only i so la ted   duc ted   fans   a re   cons idered;   tha t  is ,  no  duct-duct 
o r   duc t - a i r f r ame   i n t e r f e rence   e f f ec t s   a r e   d i scussed . l  

The i n i t i a l  work by  the  authors  and t h e i r   a s s o c i a t e s  (refs. 2 and 
3) was concerned  with  the  forces and moments on a duc ted   fan   as   they  
m i g h t   a f f e c t   t h e   s t a b i l i t y   c h a r a c t e r i s t i c s   o f   a n   a i r c r a f t   c o n f i g u r a t i o n .  
The d e s i r e d   q u a n t i t i e s  w e r e  t h e   v a r i a t i o n   o f   f o r c e s  and moments on t h e  
ducted  fan  with  angle   of   a t tack and p i t ch ing   angu la r   ve loc i ty .   In  

o r d e r   t o   o b t a i n   t h e   s t a b i l i t y   d e r i v a t i v e s  and nonl inear   force   behavior ,  
a r e l a t ive ly   s imp le   po ten t i a l   f l ow model  was used ,   bu t   no   l imi ta t ions  

w e r e  placed on angle   o f   a t tack ,   th rus t ,   o r   duc t   chord- to-d iameter   ra t io .  
The duct  was  permitted t o  have  thickness  and camber, b u t   t h e   d e t a i l s   o f  
the  fan,   centerbody,  and s t r u t   s y s t e m  were ignored. These w e r e  replac.ed 
by a uniformly  loaded  actuator  disk.  The fan wake was  assumed t o  be a 
cy l inder   o f   cons tan t   d iameter   equa l   to   the   duc t   t ra i l ing-edge   d iameter  
and coax ia l   w i th   t he   duc t   cen te r l ine .  This approach  yielded  the  desired 
s t a t i c  and damping d e r i v a t i v e s   i n   p i t c h  and nonl inear   force  and moment 

lDuct-duct   interference is  cons idered   in   re fe rences  3 and 7, and duct-  
h u l l   i n t e r f e r e n c e  i s  cons idered   in   re fe rences  4 and 5, where some 
indicat ion  of   the  importance of i n t e r f e r e n c e   e f f e c t s   c a n  be obtained.  

2 



var ia t ions   wi th   angle  of a t t ack .  Some examples  of  the  agreement  with 
da t a   a r e   g iven   i n   r e f e rence  6. I n  c o n t r a s t ,   t h e  work of T h e r m ,  a s  
summarized in   r e f e rences  9 and 10, and the work done a t   t h e  Naval  Ship 
Research and Development Center  by Morgan ( r e f .  ll), Chapl in   ( ref .  1 2 1 ,  
and Cas te r   ( re f .   13)  w e r e  more concerned  with  the  detai ls   of   the   f low 
through  the  fan and i n   t h e   f a n  wake. Because  of  the  increased  complexity 
and d i f f i c u l t y   o f   c o n s i d e r i n g   f l o w   d e t a i l s   i n   t h e   f a n  and wake, t h e  
work j u s t   c i t e d  was l i m i t e d   t o   z e r o   ( o r  small, i n  some cases)   angles  
of   a t tack .  

The work of   reference 3 r e s u l t e d   i n  a method f o r   p r e d i c t i n g   f o r c e  
and moment c o e f f i c i e n t s  on t h e   d u c t e d   f a n   i f   t h e   f a n   t h r u s t   o r   f a n  wake 
v e l o c i t y  was known. The work r epor t ed   i n   r e f e rence  7 removed the 
n e c e s s i t y   f o r  knowing o r  assuming  fan  thrust .  For ax ia l   f low,   the   fan  
blade  performance  within the duc t  was r e l a t e d   t o   t h e   l o c a l   i n f l o w  
through  blade  element  theory. The blade  loading was permit ted  to   change 
r a d i a l l y   t o   c o r r e s p o n d   t o   v a r i a b l e   i n l e t   f l o w   v e l o c i t i e s  and b lade  
cha rac t e r i s t i c s .   Concen t r i c   f an  wake vor tex   cy l inders ,  whose s t r e n g t h s  
w e r e  r e l a t e d   t o  the rad ia l   var ia t ion   o f   b lade   loading ,   were   cons idered  
t o  be shed from the  fan.  Previous  methods w e r e  then  used t o  ob ta in   t he  
r e s u l t i n g  duct-bound v o r t i c i t y  and overal l   performance  in   axial   f low.  
As a r e s u l t   o f   t h i s  work, a computer  program was prepared (ref.  8 ) ,  which 
would  compute the performance  of a given  fan-duct  combination  in  axial  
f l ow  a t  a prescr ibed  advance  ra t io .  

I n   t h e  work of   references 2 through 8,  a number of  analyses  and/or 
approaches w e r e  developed  which  were  not  incorporated  into  the  program 
of   reference 8 b u t  which  could  represent  significant  improvements  in 
the c a p a b i l i t y  and u t i l i t y   o f  the program. The purpose  of   the  present  
i n v e s t i g a t i o n  i s  t o  perform  the  necessary  analysis  and incorpora te  the 
improvements i n  the program, and document the changes. The s p e c i f i c  
a reas   cons idered   a re  the following: 

(1) Inc lus ion  of a centerbody model. 
( 2 )  Removal of  an a r b i t r a r y   l i m i t a t i o n  on  low  advance r a t i o s ,  
( 3 )  Incorpora t ion   of   nonl inear   b lade   charac te r i s t ics .  
(4)  Incorporat ion  of  a d u c t   p r e s s u r e   d i s t r i b u t i o n   c a l c u l a t i o n .  
(5 )  Incorporat ion of an   ang le   o f   a t t ack   capab i l i t y   i n   t he   ca l cu la t ion .  

3 



The a n a l y s i s   f o r  these improvements, t o  the e x t e n t   t h a t  it is no t  

desc r ibed   i n  the earlier work, is d e s c r i b e d   i n   t h i s  report. The modified 
computer program is documented i n   r e f e r e n c e  1. 

This in t roduct ion  has r e f e r r e d   b r i e f l y   t o   t h e  work of   o ther   inves t i -  
g a t o r s  who have  examined  various  facets  of  ducted  fan  performance and 
design. A comprehensive  survey i n  this area  was p re sen ted   a t   t he  
Seventh ONR Symposium on Naval  Hydrodynamics  given a t  Rome, I t a l y   i n  
August 1968. The spec i f i c   pape r s   a r e   r e f e rences  14 and 15. These 
papers w i l l  appear   in  a bound edition  of  the  Conference  proceedings 
t o  be published  by ONR i n  1970. 

SYMBOLS 

A 

An 

A 
P 

a 

Bn 

b 

‘CB 

cJ 

cM 

CN 

a rea   o f   duc t   a t  the ex i t   p l ane ,  .rrD2/4 

Fourier  series c o e f f i c i e n t s   f o r   t h e   r a d i a l   v e l o c i t y   i n d u c e d  
on the   r e f e rence   cy l inde r   by   a l l   t he   i n t e rna l   vo r t ex  
cy l inde r s  

Fourier  series c o e f f i c i e n t s   f o r   t h e   a x i a l   v e l o c i t y   i n d u c e d  
on the   r e f e rence   cy l inde r   by   a l l   t he   i n t e rna l   vo r t ex  
cy l inde r s  

fan   d i sk   a rea ,  T(R; - RcB2) 

half   of   the   dis tance  between  the  point   source and po in t  
sink  of  the  Rankine  centerbody 

Four ie r   se r ies   coef f ic ien ts   for   the   rad ia l   ve loc i ty   induced  
on the   r e f e rence   cy l inde r   by   t he   ou te r   t r a i l i ng   vo r t ex  
cy l inder  

Fourier  series c o e f f i c i e n t s   f o r   t h e  axial veloci ty   induced 
on the r e fe rence   cy l inde r   by   t he   ou te r   t r a i l i ng   vo r t ex  
cy l inder  

blade  chord 

cor rec t ion   fac tor   for   cen terbody- induced   ve loc i t ies ,   eq .  ( 3 )  

correc t ion   fac tor   for   duc t - th ickness- induced   ve loc i t ies ,  
eq. (1) 

pitching-moment c o e f f i c i e n t ,  M/RAq 

normal-force  coeff ic ient ,  N/Aq 

4 



'n 

C 
P 

cT 

C 

c& 

C 

C 
'max 

C n 

D 

Dn 

D 
P 

En 

Glauer t  series c o e f f i c i e n t s   f o r  y,, eq. (64) 

p r e s s u r e   c o e f f i c i e n t ,  (p - pm)/q,  eq.  (68) 

t h r u s t   c o e f f i c i e n t  , T/Aq 

chord  length  of  duct 

l i f t  c o e f f i c i e n t   f o r   f a n   b l a d e   s e c t i o n  

l i f t  curve   s lope   for   fan   b lade   sec t ion  

maximum s e c t i o n   l i f t   c o e f f i c i e n t  

Glauert  series c o e f f i c i e n t s   f o r  y,, eq. (31) 

d iameter   o f   duc t   a t  the e x i t   p l a n e  

Fourier  series c o e f f i c i e n t s   f o r   t h e   r a d i a l   v e l o c i t y   i n d u c e d  
on the  reference  cyl inder   by  the  centerbody 

Fourier  series c o e f f i c i e n t s   f o r   t h e   a x i a l   v e l o c i t y   i n d u c e d  
on the   r e f e rence   cy l inde r   by  the centerbody 

fan  diameter 

Fourier  series c o e f f i c i e n t s   f o r   t h e   r a d i a l   v e l o c i t y   i n d u c e d  
on the  re ference   cy l inder   by  y, y,, and the  centerbody, 
eq. ( 3 3 )  

Fourier  series c o e f f i c i e n t s   f o r   t h e   a x i a l   v e l o c i t y   i n d u c e d  
on the   r e f e rence   cy l inde r   by   yDy  y ,  y,, and the centerbody, 
eq. ( 4 5 )  

Four ie r  series c o e f f i c i e n t s   f o r   t h e   r a d i a l   v e l o c i t y   i n d u c e d  
on the   re fe rence   cy l inder   by  y,, y, ywy and the  centerbody,  
eq.  (61) 

Four ie r  series c o e f f i c i e n t s   f o r   t h e   r a d i a l   v e l o c i t y   i n d u c e d  
on the reference  cyl inder   by  the  duct-bound  vort ic i ty  

Four ie r  series c o e f f i c i e n t s  for the   ax ia l   ve loc i ty   i nduced  
on t h e   r e f e r e n c e   c y l i n d e r   b y   t h e  duct-bound v o r t i c i t y  

s c a l i n g   f a c t o r ,  eq. (65) 

i n t e g r a l s   d e f i n e d   b y  .eq. (23) 

Four ie r  series c o e f f i c i e n t s  for the   ax ia l   ve loc i ty   i nduced  
on   t he   r e f e rence   cy l inde r   by   t he  y, v o r t i c i t y ,  eq. (49) 
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Hn 
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I n  
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'CB 
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Mn 
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PC0 

9 
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RCB 

ReC 

R 
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r 

'CB 

T 

6 

Four ie r  series c o e f f i c i e n t s  for the r a d i a l  velocity induced 
on the re fe rence   cy l inde r   by  the t r a i l i n g   v o r t e x   f i l a m e n t s  
assoc ia ted  . w i t h  ya 

fan   b lade   th ickness ,  or m a x i m u m  r a d i u s  .of Rankine  body 

in t eg ra l s   de f ined  by eq. (10) or (24)  

fan  advance ra t io ,  V/nDp 

advance r a t io  parameter, V/wR 

effect ive  fan  advance ra t io ,  V cos a/nD 

e f fec t ive   advance   r a t io  parameter, J' cos  a 

l ength  of centerbody 

P 

length   o f   l ine   source  

p i t ch ing  moment 

c o e f f i c i e n t s  of po lynomia l   descr ib ing   l ine   source ,   eq .  (5) 
and (20)  

source  s t rength,   eq.  (5) 

s ink   s t rength ,   eq .  (8) 

number of fan   b lades   o r   normal   force  

fan  rotat ional   speed,   rev/sec 

f r e e - s t r e a m   s t a t i c   p r e s s u r e  

free-stream dynamic pressure ,  pV2/2 

r ad ius  of d u c t   a t   t h e   e x i t   p l a n e ,  D/2 

radius  of  fan  root  (nominally same as   cen te rbody   r ad ius   a t   f an  

Reynolds number based on a i r f o i l   c h o r d   l e n g t h  

s t a t i o n )  

r ad ius  of f a n   t i p  

l o c a l   r a d i u s  measured  from  duct  centerline 

local  centerbody  radius,   eq.  (7)  

t h r u s t   f o r c e  
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UCB 

U 
qd 

U Y 

U 
YW 

U 
YD 

U 
Y a  

V 

V 
- 

V CB 

V 
Yt 

YW 

YD 

V 

V 

X 

XCB 

xm 

X 
S 

z 

a 

aO 

induced  axial   .veloci ty  

ax ia l   ve loc i ty   i nduced   by   cen te rbody   s ingu la r i ty   d i s t r ibu t ion  

ax ia l   ve loc i ty   i nduced   by   duc t   t h i ckness   d i s t r ibu t ion  

duc t   su r f ace   ve loc i ty  

ax ia l   ve loc i ty   i nduced   by   t he   vo r t ex   cy l inde r   t r a i l i ng  from 
t h e   d u c t   t r a i l i n g   e d g e  

sum o f   ' t he  axial v e l o c i t i e s   i n d u c e d   b y   a l l   i n t e r n a l   v o r t e x  
c y l i n d e r s   t r a i l i n g  from the fan  

axial   veloci ty   induced  by  duct-bound  vort ic i ty ,  y,, 

axial   velocity  induced  by  duct-bound  vorticity,  y, 

f ree-s t ream  ve loc i ty  

e f fec t ive   f ree-s t ream  ve loc i ty ,  V cos a 

rad ia l   ve loc i ty   induced   by   cen terbody  s ingular i ty   d i s t r ibu t ion  

rad ia l   ve loc i ty   induced  by v o r t e x   c y l i n d e r   t r a i l i n g  from 
the   t r a i l i ng   edge   o f   duc t  

rad ia l   ve loc i ty   induced  by t h e   t r a i l i n g   v o r t e x   f i l a m e n t s  
assoc ia ted  w i t h  y,, eq. (40) 

sum of   t he   r ad ia l   ve loc i t i e s   i nduced   by   a l l   i n t e rna l   vo r t ex  
c y l i n d e r s   t r a i l i n g  from t h e   f a n  

radial   veloci ty   induced  by  duct-bound  vort ic i ty ,  yD 

a x i a l   d i s t a n c e  from  leading  edge  of  duct 

locat ion  of   centerbody  nose  in   duct   coordinate   system 

loca t ion   of   s ink   in   cen terbody m o d e l  

a x i a l   d i s t a n c e  measured a f t  from the   duc t  midchord 

number of  equal  area  elements making  up  fan  disk  area 

free-stream angle   o f   a t tack  

a n g l e   o f   a t t a c k   f o r   z e r o   l i f t  
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s t r e n g t h  of o u t e r   t r a i l i n g   v o r t e x   c y l i n d e r  

s t rength   o f  wth i n n e r   t r a i l i n g   v o r t e x   c y l i n d e r  

axially  symmetric component of  duct-bound  vorticity,   eq.  (64) 

duct-bound v o r t i c i t y  component  due to   ang le   o f   a t t ack ,   eq .   (31 )  

rise i n   s t a t i c  and t o t a l   p r e s s u r e   a c r o s s   a c t u a t o r   d i s k  

rise in   s t a t i c   p re s su re   i n   ou te rmos t   annu lus   o f   ac tua to r   d i sk  

t ransformed  ax ia l   d i s tance ,  x = 1 /2  (1 - c cos 6) 

st ream  funct ion 

free-s t ream  densi ty  

azimuthal  angle, see f i g .  l ( b )  

axial   coordinate   in   centerbody  coordinate   system 

axial   coordinate   in   Rankine body 

fan  rotat ional   speed,   rad/sec 

Subscripts 

due to   cen terbody 

f o r   t h e   d u c t   i n   t h e   p r e s e n c e   o f   t h e   f a n  

for  the  fan  shrouded  by  the  duct 

due t o   o u t e r   v o r t e x   c y l i n d e r   t r a i l i n g  from  duct   t ra i l ing  edge 

due t o  duct-bound v o r t i c i t y ,  yD 

due t o   a l l   i n t e r n a l   v o r t e x   c y l i n d e r s   t r a i l i n g  from fan  

due t o  duct-bound v o r t i c i t y ,  y, 

DESCRIPTION OF FLOW MODEL 

A br ie f   descr ip t ion   of   the   f low model  and general   approach  to   the 
calculation  of  ducted  fan  performance is  given i n  t h i s   s e c t i o n  i n  order  
t o   r e l a t e   t h e   a n a l y s i s  of the   fo l lowing   s ec t ions   t o   t he   ove ra l l  method 

of  approach. The model considers  a duc ted   fan   in  a uniform  flow a t  an 
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angle  of  at tack  which i s  not   necessar i ly   smal l .  N o  i n t e r f e rence  w i t h  
o ther   duc ted   fans  or airframe  components i s  considered. The flow is  
assumed t o  be inv i sc id .   Po ten t i a l   f l ow methods are   used,  and advantage 
i s  t aken   o f   t he   f ac t   t ha t   so lu t ions   p rope r ly   s a t i s fy ing   t he   boundary  
condi t ions  may be superimposed t o  o b t a i n   t h e   o v e r a l l  model. 

The two b a s i c   s o l u t i o n s   u s e d   i n   t h e  method are i l l u s t r a t e d   i n  
figure 1. They a r e  an axial f low  solut ion  for   the  fan-duct-centerbody 
combination and  an ang le   o f   a t t ack   so lu t ion   fo r   t he   duc t .   I n   t he   ax i a l  
f low  so lu t ion ,   the   f low  in te rac t ion   be tween  the   fan ,   duc t   wi th   th ickness  
and  camher, and centerbody i s  considered. The fan i s  spec i f ied   by   the  
number of   blades and t h e   v a r i a t i o n   w i t h   r a d i u s   o f  blade chord ,   p i tch  
angle ,  and th ickness .  The b lade   l oad ing   a t  a g iven   rad ius  is  obtained 
from t h e  known (o r  assumed) ax ia l   in f low,   the   b lade   speed ,  and s e c t i o n  
c h a r a c t e r i s t i c s .  This ca lcu la t ion ,   per formed  a t  a number o f   r a d i a l  
s t a t i o n s ,   y i e l d s   t h e   r a d i a l   v a r i a t i o n   o f   b l a d e   l o a d i n g .  To t h e   e x t e n t  
t ha t   t he   l oad ing   ( t he   b l ade  bound vor t ic i ty)   var ies   be tween  one   rad ia l  
s t a t i o n  and t h e   n e x t ,  a vor tex   cy l inder  is  assumed t o  be shed  between 
t h e   s t a t i o n s ,  whose s t r e n g t h  is t h e   d i f f e r e n c e   i n  bound v o r t i c i t y ,  and 
is  noted y, i n   f i g u r e  1 ( a )  . Thus, the f an  wake cons is t s   o f  a series 
of   concentr ic   vortex  cyl inders ,   wi th   the  outermost   cyl inder  assumed t o  
be shed   f rom  the   t i p ,   t o  l i e  a long   the   inner   duc t   sur face  and t o   t r a i l  
from the duc t   t r a i l i ng   edge .  

The duc t  may have  camber and thickness .   Source  r ings  are   used  to  
r e p r e s e n t   t h e   t h i c k n e s s   d i s t r i b u t i o n ,  and the induced camber  due t o   t h e  
source   r ings  is  t a k e n  into  account .  A re ference   cy l inder  is  def ined for  
purposes of sa t i s fy ing   the   f low  tangency   condi t ion  on the   duc t .  This 

cy l inde r   has  a r a d i u s  R e q u a l   t o  the duct   t ra i l ing-edge   rad ius .  
Although  the f l o w  i s  assumed t a n g e n t   t o   t h e   l o c a l   c a m b e r l i n e   s l o p e ,   t h e  
v e l o c i t i e s   a r e   a c t u a l l y  computed a t  a r a d i u s  of R for   purposes   o f  
enforcing  the  tangency  condi t ion.  

The centerbody is assumed t o  o p e r a t e   i n  a uniform  flow  equal t o   t h e  
in f low  ve loc i ty  t o  the   f an   nea r  i t s  hub. A s imple   source-s ink   d i s t r ibu t ion  
is used t o  represent   the   cen terbody  conf igura t ion .  

The ca lcu la t ion   proceeds  as  follows. The fan-duct-centerbody  configu- 
r a t i o n  i s  assumed known, and the advance r a t i o  is selected. A uniform 
inf low t o  t h e   f a n  is assumed i n i t i a l l y ,  and the fan  wake vo r t ex   cy l inde r  
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s t rengths   a re   de te rmined  ( y  and yJ from t h e   l o c a l   b l a d e   e l e m e n t  

ca l cu la t ions .  The centerbody  source-s ink  representat ion is ca l cu la t ed .  
Then the r a d i a l  and a x i a l   v e l o c i t y   d i s t r i b u t i o n s   a l o n g   t h e   d u c t   r e f e r e n c e  
cylinder  induced  by the centerbody and  wake c y l i n d e r s   a r e  computed  and 
Fourier  analyzed. A r i n g   v o r t e x   d i s t r i b u t i o n ,  y,, which is expressed 

as a Glauert  series, is placed on the   duc t .  The unknown series c o e f f i -  
c i e n t s   o f  y, a r e  computed b y   r e q u i r i n g   t h a t   t h e   v e l o c i t y   d i s t r i b u t i o n  

induced  by y,, expres sed   i n   Four i e r  series form,  combine wi th   t he  
ve loc i ty   d i s t r ibu t ions   induced   by   the   cen terbody,  wake cy l inde r s ,  and 
f r e e  stream t o   c a u s e   t h e   n e t   v e l o c i t y   t o  be t a n g e n t   t o   t h e   c a m b e r l i n e  
along  the  duct  chord.  Once t h i s  y, d i s t r i b u t i o n  i s  known, the   b l ade  
in f low  due   t o   a l l   c auses   can  be ca l cu la t ed ,  compared wi th   t he  assumed 
d i s t r i b u t i o n ,  and a new d i s t r i b u t i o n   u s e d   i n   a n   i t e r a t i v e   s o l u t i o n   t o  
converge  on a set  o f   c o n s i s t e n t   s i n g u l a r i t y   d i s t r i b u t i o n s .  

The second  solution is  t h a t   f o r  a t h i n   c y l i n d r i c a l   d u c t   a t   a n g l e  

o f   a t t a c k ,   a s   i l l u s t r a t e d   i n   f i g u r e  l ( b ) .  The crossf low component  of 
the   f ree   s t ream,  V s i n  a ,  provides  a r ad ia l   ve loc i ty   t h rough   t he   duc t  

which var ies   wi th   cos  @. A chordwise   d i s t r ibu t ion   o f   vo r t ex   r i ngs  
whose s t r e n g t h  va r i e s   w i th   cos  @, toge ther   wi th   the   necessary  
t r a i l i n g   v o r t e x   f i l a m e n t s ,  is  placed on t h e   d u c t  so t h a t  the induced 

r a d i a l   v e l o c i t y   j u s t   c a n c e l s   t h e  V s i n  a cos @I component. 

ya  

The V s i n  a component of   the   f ree   s t ream  has  some e f f e c t  on t h e  
centerbody and f an   a s   we l l   a s  on the   duc t .  These e f f e c t s  w e r e  ignored, 
p r imar i ly   fo r  the fol lowing  reasons.  First ,  t h e  effects of  nonuniform 
c i rcumferent ia l   loading  on the   fan   due   to   angle   o f   a t tack  become 
ext remely   compl ica ted   to   ana lyze   ( see   re f .  7 )  and t h e   e f f e c t s  do no t  

appea r   su f f i c i en t ly   impor t an t   t o   j u s t i fy   t he   add i t iona l   complex i ty   o f  
the  analysis .   Second,   the  duct  t e n d s  t o   a l i gn   t he   f l ow  to   min imize  

c ros s f low  e f f ec t s  on the   fan  and centerbody. 

The s i n g u l a r i t y   d i s t r i b u t i o n s   f o r   t h e  two solut ions  are   superimposed 
to   ob ta in   t he   comple t e   so lu t ion  and the   fo rces ,  moments,  and p res su re  
d i s t r ibu t ions   a r e   ob ta ined .  The d u c t   f o r c e   d i s t r i b u t i o n  i s  determined 
from the action  of a v e l o c i t y  on  an element  of bound s i n g u l a r i t y .  
Using  the  proper  combinations  of  velocity and vo r t i c i ty ,   t he   e l emen ta l  
fo rce   d i s t r ibu t ion   can  be i n t e g r a t e d   t o   o b t a i n   d u c t   f o r c e s  and moments. 
The f a n   t h r u s t  is  added t o   t h e   d u c t   t h r u s t   t o   o b t a i n   t o t a l   t h r u s t .  
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Pressu re   d i s t r ibu t ions  on the duct   are   obtained  f rom  the  duct   surface 
ve loc i ty   d l s t r ibu t ion   u s ing   t he   Be rnou l l i   equa t ion .  

This desc r ip t ion  i s  br ie f ,   bu t   covers   the   essence   o f   the   approach .  
Fo r   fu r the r   de t a i l s ,   r e f e rences  1, 3 ,  6, and 7 can be consulted.  

NONLINEAR BLADE LIFT CURVE 

The computer  program  of  reference 8 was developed  using  l inear 
b l a d e   s e c t i o n   l i f t   c h a r a c t e r i s t i c s .  The fan  annulus is  d i v i d e d   i n t o  a 
number of  annuli   of  equal  area  in  each  of  which  the  blade  performance is 
assumed t o  be uniform. The blade  loading is  determined  by  computing  the 
ax ia l   in f low  ve loc i ty ,   combining   th i s   wi th   the   b lade   ro ta t iona l   ve loc i ty  
t o   g e t   t h e   v e l o c i t y   r e l a t i v e   t o   t h e   b l a d e ,  and comparing  the  direct ion 
o f   t h i s   r e l a t i v e   v e l o c i t y   v e c t o r   w i t h   t h e   a n g l e  of z e r o   l i f t   o f   t h e  
b l a d e   t o   g e t   t h e   a n g l e   o f   a t t a c k .  The angle   of   a t tack is  then  used  with 
a l i f t  curve  slope  of 2 ~ r  t o   o b t a i n   t h e   s e c t i o n - l i f t   c o e f f i c i e n t .  Thus, 
t h e  program of re ference  8 i s  incapable of including  any  nonlinear l i f t  
e f f e c t s  due t o   s e p a r a t i o n  and s t a l l  of   the   blade.  

The f i r s t   s t e p  i n  t h e   t a s k   t o   i n c o r p o r a t e   n o n l i n e a r   l i f t   e f f e c t s  
was t o   i n v e s t i g a t e   t h e  aerodynamic   charac te r i s t ics   o f   rea l   b lade   sec t ions .  
Figure  2(a)  i s  a p l o t  o f   sec t ion- l i f t   coef f ic ien t   versus   f low  inc idence  
angle measured  from the  angle  of  zero l i f t  ( a  - a,) f o r  a number of 
a i r f o i l   s e c t i o n s   o f   v a r y i n g   t h i c k n e s s  and  caniber. The d a t a  w e r e  
obtained from reference  16.  The a n g l e   o f   a t t a c k   a t  which the   curves  
depar t  from the   t heo re t i ca l   cu rve   ( c  = 2 ~ )  depends on both  camber  and 

% 
t h i c k n e s s ,   w i t h   t h e   l a t t e r   b e i n g   g e n e r a l l y   t h e   l a r g e s t  and most consis-  
t e n t   e f f e c t .  The "width  of  the c 'I reg ion   a l so   var ies   cons iderably ;  

'max  
some sec t ions   exh ib i t  a v e r y   s h a r p   d r o p   i n   l i f t   o n c e   s t a l l   o c c u r s ,  and 
some sec t ions   exh ib i t  a n e a r l y   c o n s t a n t   l i f t   c o e f f i c i e n t   f o r  a cons iderable  
range  of a .  On t h e   b a s i s   o f   t h e s e   c h a r a c t e r i s t i c s ,  it w a s  dec ided   tha t  
the   nonl inear   representa t ion  most cons is ten t   wi th   the   use   o f   b lade  
performance i n  t h e  program is  t h a t   i l l u s t r a t e d   i n   t h e   f o l l o w i n g   s k e t c h :  
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a - a  
0 

The l i f t  curve i s  assumed l i n e a r   u p  t o  the   va lue  of a - a. given 

by c and c = 2 ~ .  Beyond this  angle  the l i f t   c o e f f i c i e n t  
&a 

i s  assumed cons tan t  and equal  t o  c . Since   t h i ckness   e f f ec t s   a r e  

the predominant   factor   in   determining c , the c values  used 

i n  the computer  program are assumed t o  be func t ions   on ly  of blade  thickness-  
t o  chord  ra t io .   Figure 2 (b) shows the   va lues  of c versus   h /b  
t h a t   a r e   u s e d   i n  the computer  program. 

' m a  

' m a x  'max 

'max 

CORRECTION FOR LOW ADVANCE RATIO 

I n  the ana lys i s  and  computer program of re ferences  7 and 8, 

r e spec t ive ly ,  the source-s ink   d i s t r ibu t ion   descr ib ing  the duc t   th ickness  
was assumed t o  be i n  a uniform  f ree   s t ream V. This assumption i s  good 
when the axial  veloci ty   induced by the bound  and t r a i l i n g   v o r t i c i t y ,  
-yD and y,  i s  small i n  comparison w i t h  the free-s t ream  veloci ty .  A t  

very l o w  advance r a t i o s  the veloci ty   induced  by the v o r t i c i t y   c a n  become 
l a r g e  w i t h  respect t o  the free  stream.  Thus,  a s i g n i f i c a n t  error  occurs  
i n  the computed source   s t rength  and i n  the source- induced  veloci t ies .  
A cor rec t ion  was made i n  the following manner. 

If w e  assume t h a t   t h e   s o u r c e   d i s t r i b u t i o n   d e s c r i b i n g   t h e   d u c t  

th ickness  i s  ope ra t ing   i n   an   e f f ec t ive   f r ee   s t r eam which i s  made up  of 
the a c t u a l   f r e e  stream V and the veloci ty   induced  by the bound  and 
t r a i l i n g   v o r t i c i t y ,   t h e   s o u r c e   s t r e n g t h   s h o u l d  be increased  by a f a c t o r  
equal  t o  the e f f e c t i v e   v e l o c i t y   d i v i d e d   b y  the ac tua l   f ree-s t ream 
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veloc i ty .   S ince   the   source- induced   ve loc i ty  is  d i r e c t l y   p r o p o r t i o n a l   t o  
the   source   s t rength ,   the   source- induced   ve loc i ty   should  be increased  by 
t h e  same f a c t o r .  Thus, d e f i n i n g   t h e   c o r r e c t i o n   f a c t o r   t o   b e  CJ, we 
have  the  fol lowing re 1 a t   i o n s .  

U 
YD U 

c J = l + y + &  
V V 

(2) = (+) X C J  

J = O  D > O  

The induced   ve loc i t ies  u and u vary somewhat wi th   d i s tance  
YD Y 

along  the  chord. The poss ib i l i t y   o f   u s ing   ave rage   va lues  of these  
v e l o c i t i e s  was examined, and it was de te rmined   tha t   suf f ic ien t   accuracy  
i s  obta ined   by   us ing   the   va lues   ca lcu la ted   a t   the   fan   s ta t ion  on t h e  
duct   reference  cyl inder .   Consequent ly ,   th is   approach i s  used i n   t h e  
program. The v e l o c i t y  u induced  by yD is  computed using 

equat ion (A-9) of re ference  7 ,  and u i s  computed using  equation (A-10) 
o f   t he  same reference.   Equation (1) does   no t   inc lude   the   e f fec t   o f   the  
centerbody  because,   as i s  d i scussed   i n  a fo l lowing   sec t ion ,   the   ax ia l  
velocity  induced  by  the  centerbody i s  small  compared wi th   t he   f r ee  
stream. The ax ia l   ve loc i ty   induced  by a l l   t h e  i n t e r n a l  vor tex   cy l inders  
does  not  appear i n  equat ion (l), because   t h i s   ve loc i ty  i s  z e r o   a t   t h e  
a x i a l   s t a t i o n   a t  which the   co r rec t ion  is  made ( the  leading  edges  of   the  
c y l i n d e r s ) .  

YD 

Y 

A s imi l a r   t ype   o f   co r rec t ion  must  be a p p l i e d   t o   t h e   s o u r c e   d i s t r i -  
bu t ion   descr ib ing   the   cen terbody.   Again ,   us ing   average   ve loc i t ies   to  
compute t h e   c o r r e c t i o n   f a c t o r ,  and comput ing   these   ve loc i t ies   a t   the  
p r o p e l l e r   s t a t i o n  on t h e   a x i s  of t h e   d u c t ,  w e  ge t   the   fo l lowing   cor rec-  
t i o n   f a c t o r  

This equat ion is analogous t o   e q u a t i o n  (A-12) of re ference  7 .  
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Therefore, t he  velocities induced by the centerbody are 

CENTERBODY FLOW MODEL 

The program  of  reference  8’was  directed  toward  low-pressure-ratio 

ducted  fans,   such  as  that   used on t h e  B e l l  X-22A a i r c r a f t ,  which  have 
small   centerbodies .  A s  a r e su l t ,   t he   cen te rbody   has  l i t t l e  inf luence  
on the  f low  through  the  fan,  and i ts  b lockage   e f fec t  was not   included 

in   t he   f l ow model of   reference 8. The centerbody  presence was considered,  
however ,   by   requi r ing   tha t   the   fan   hub   rad ius   be   tha t   o f   the   cen terbody 
and t h e   a r e a   i n s i d e   t h i s   r a d i u s   b e   u n l o a d e d .   F o r   h i g h e r   p r e s s u r e   r a t i o  
fans ,   th i s   approximat ion  i s  no  longer   adequate ,   because  the  centerbodies  
t e n d   t o  be l a r g e  compared t o   t h e   f a n  t i p  radius.  Consequently, it was 
necessary   to   deve lop  a centerbody model appropr i a t e   t o   h ighe r   p re s su re  
r a t i o   f a n s  now under   considerat ion.  The model is  f o r  axial flow and 
al lows  the  calculat ion  of   the  induced  axial  and r a d i a l   v e l o c i t i e s   a t  any 
f ie ld   po in t   ou ts ide   the   cen terbody.  

The centerbody  typ ica l ly  i s  a body  of revolut ion  having a rounded 
nose, a maximum diameter somewhere nea r   t he   f an   s t a t ion ,  and a tapered 

a f t e r   s e c t i o n   w i t h   e i t h e r  a rounded o r   p o i n t e d   t a i l .   T e s t   d a t a  examined 
under some e a r l i e r  work done  €or  the Ames Research  Center, NASA, 
( r e f .  6) ind ica ted   tha t   f low  separa t ion   probably   occurs  on t h e   a f t e r  
(contracting)  portion  of  the  centerbody.  Consequently,  it was f e l t  t h a t  
t he   g rea t e s t   accu racy  i n  modeling  the  centerbody  shape  should  occur  over 
the  forward  port ion,  and less accuracy  could  be  accepted i n  modeling  the 
a f t   p o r t i o n .  

The centerbody model  most c o n s i s t e n t   w i t h   t h e   s i n g u l a r i t y   d i s t r i b u -  
t i o n  Of the  remainder  of  the  ducted  fan model i s  a source-s ink   d i s t r ibu-  
t i on   a long   t he   duc t   ax i s .  Four  approaches w e r e  considered  as  follows: 
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(1) A l i ne   sou rce ,  whose s t r e n g t h   d i s t r i b u t i o n  is  approximated  using 
slender-body  theory  with  local body coordinates ,  and a poin t   s ink .  

( 2 )  A Rankine  body  (point  source and poin t   s ink)  . 
( 3 )  A l i n e  source and po in t   s ink  whose s t r e n g t h s   a r e  computed using 

a r b i t r a r i l y   s e l e c t e d  body  coordinates. 
(4) A d i s t r ibu t ion   o f   d i sc re t e   sou rces  whose s t rengths   are   determined 

us ing   t he  body  slopes. 

I n  t h e   f i r s t  approach,  the  source  strength is  determined  by  considering 
on ly   t ha t   sou rce   e l emen t   a t   t he   ax i a l   s t a t ion   o f   i n t e re s t   t o   con t r ibu te  
t o   t h e   v e l o c i t y   a t   t h e  body surface,   whereas  in  the  other  three  approaches,  
a l l   s o u r c e   e l e m e n t s   c o n t r i b u t e   t o   t h e   v e l o c i t y   a t   t h e   p o i n t   o f   i n t e r e s t  
on t h e  body.  For t h e   l i n e   s o u r c e s ,  power s e r i e s  were  used t o   d e s c r i b e   t h e  
s t r eng th   va r i a t ion   w i th   l eng th .  The theory  for  each  of  these  approaches was 
developed and programmed,  and comparisons  were made for   severa l   cen terbody 
shapes. The q u a n t i t i e s  examined  were t h e  body f i t ,   t h e  induced   ve loc i t ies  
a t   t h e   f a n   s t a t i o n  and t h e   i n d E e d   v e l o c i t i e s  on the  duct   reference  cyl in-  
de r .  Of the  four   approaches,   the  two using a l ine   source  and poin t   s ink  
were  found to   g ive   gene ra l ly   poor  body f i t s ,   a l t hough   w i th  a number of t r i a l s  
using  different   arrangements  of con t ro l   po in t s  on the  body sur face ,  a f a i r  
shape f i t   t o   t h e  forward  part   of  the  body  could be obtained.  Consequently, 
these  two  were  judged  unsuitable  for  use i n  t h e  program. The approach  using 
the  body s lopes  w a s  found t o   g i v e  good shape f i t s   a l t hough   aga in  a number of 
t r i a l s  were necessary.  However, a l a rge  number of  sources i s  required ( 2 0  

t o  3 0 ) ,  and a l a rge  number of  body  slopes must be computed a s  input  informa- 
tion. The Rankine model i s  s imple   to   use  and because of i t s  c h a r a c t e r i s t i c  
shape  gives good f i t s   t o   r e l a t i v e l y   b l u n t   c e n t e r b o d i e s   b u t   n o t   t o   s l e n d e r ,  
pointed  centerbodies .  

A s  a r e s u l t  o f   the   inves t iga t ion  on centerbodies,  the  Rankine  body 
model was se l ec t ed   fo r   u se   w i th   t he  program. Th i s   s e l ec t ion  was prompted 
by th ree  main factors :   the   general ly   blunt   shapes  of   advanced  engine 
centerbodies  which  are  adequately f i t  by  the  Rankine  shape,  the  simplicity 
of  use  of  the  Rankine  model, and the   fac t   tha t   the   cen terbody- induced   ve loc-  
i t i e s   g e n e r a l l y   a r e   s m a l l  compared t o   o t h e r   v e l o c i t i e s   e x i s t i n g   a t   t h e   f a n  
s t a t i o n  and on the   duc t   re fe rence   cy l inder .  1.n o r d e r   t o  document t h e   r e s u l t s  
of the   inves t iga t ion ,   the   theory   for   the   var ious   approaches   (except   the  
four th)   a re   p resented  i n  t he   s ec t ions   t ha t   fo l low,   t oge the r   w i th  some 
comparisons  of computed r e s u l t s .  
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Slender-Body  Line  Source Model 

Reference 4 contains  an  approximate method f o r   d e s c r i b i n g  a submarine 

h u l l   i n  a uniform  axial   f low  using a poin t   source   near   the  nose and a l i n e  
s i n k   n e a r   t h e   t a i l .  This approach was used t o   c o n s t r u c t  a l ine  source-point  
s ink  centerbody model wherein  the  source  s t rength i s  ca lcu la ted   us ing  

slender-body  theory. The geometry i s  s h m  in the   fol lowing  sketch:  

The s t r e n g t h   d i s t r i b u t i o n  of the   source  m is represented  by a t h i r d -  

order   polynomial   in   dis tance 4 '  along the scsurce length,  where 

I = E/&, .2 

One can   a l so   r e l a t e   t he   l oca l   s lope   o f   t he   cen te rbody  dr/dC t o  the 

l oca l   sou rce   s t r eng th   ( a t   t he  same 4 station)  through  slender-body 

theory.  Thus, 

2The  prime i n  the   fo l lowing   ana lys i s   denotes  a l eng th   quan t i ty  non- 
dimensionalized by .ecB. 
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These  two re la t ions   can   then  be combined t o  y i e l d  an expres s ion   fo r   t he  
d i f f e r e n t i a l   o f  rEB i n  terms of  the  polynomial  of  equation ( 5 ) ,  which 
can  then be in t eg ra t ed   t o   ob ta in   t he   fo l lowing   expres s ion .  

I n  t h i s   app roach ,   t he   shape   f i t s   fo r   t he   fo rward  and a f t   p o r t i o n  of 

the   cen terbody  a re  computed independent ly   of   each  other .  The forward 
par t   o f   the   cen terbody  shape   (over   the   l ength   o f   the   l ine   source)  is  
obtained from equation ( 7 )  u s ing   t he  Mn coe f f i c i en t s   ca l cu la t ed   by   u se  
of t h e   t h r e e   s e l e c t e d   c e n t e r b o d y   f i t   p o i n t s .  The a f t   p o r t i o n  of t h e  body 
is  g iven   by   t he   so lu t ion   fo r  a p o i n t   s i n k   i n  a uniform  flow,  as  given 
fo r   i n s t ance   i n   r e f e rence  4. 

The v e l o c i t y   a t  a f i e l d   p o i n t  is  given  by  superposi t ion  of   the 
ve loc i t ies   induced  by each   s ingu la r i ty   d i s t r ibu t ion .   Expres s ions   fo r  
t he   i nduced   ve loc i t i e s   i n   t he  form  of   integrals   containing m a r e  
ava i l ab le   i n   r e f e rence   17 .  The f ina l   ve loc i ty   equa t ions   a r e   a s   fo l lows .  

The a x i a l   v e l o c i t y   i n d u c e d   a t  a p o i n t   ( x ' , r ' )  by   t he   l i ne   sou rce  i s  

+ % [  4 (x '  - X&) I, - 1.1 (9) 
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where .n I 

"he r a d i a l   v e l o c i t y   i n d u c e d   b y   t h e   l i n e  source i s  

v ( x '  . r ' L  M l r '  M 2 r  ' M 3 r  ' 
V - 1 1 + 4 1 2 + -  4 I3 

Using  equation (El), t h e  axial v e l o c i t y   i n d u c e d   a t   t h e   p o i n t   ( x ' , r ' )  

by   the   po in t  s ink  a t  xm i s  

and t h e   r a d i a l   v e l o c i t y  i s  

A t  a f i e l d   p o i n t   ( x ' , r ' )   t h e   i n d u c e d   a x i a l   v e l o c i t y  is  t h e  sum of 
equation (9 )  and (12)  , and the   i nduced   r ad ia l   ve loc i ty  is t h e  sum of 

equations (11) and (13) . 

Rankine Body 

The most  simple  three-dimensional  centerbody model is  a poin t  

source and a po in t   s ink   a s  shown in   t he   fo l lowing   ske tch :  

Fan 

r 
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This body i s  near ly  an e l l i p s o i d  and i s  usua l ly   ca l l ed  a Rankine  body. 
Due t o   t h e   s i m p l i c i t y  of t h e  model, on ly   t he  m a x i m u m  r ad ius  and t h e  
t o t a l   l e n g t h   c a n  be var ied.  

The equa t ions   fo r   t he  Rankine  body a r e  w e l l  documented, bu t   t hey  
w i l l  be presented  for  convenience.  The locat ion  of   the  source and s ink  
f o r  a body  of  given  dimensions (eo, h)  i s  found  from the  fol lowing 
equation,  where  the symbols are d e f i n e d   i n   t h e  above  sketch. 

Once the   l eng th  a i s  known, the   induced   ve loc i ty  components a t  any 
poin t  ( <  , r)  are   obtained  as   fol lows:  

The body  shape f o r   t h e  Rankine  body i s  determined i n  nondimensional 
form  only  by  the  f ineness  ratio.  The shape i s  obtained  by  f inding  those 
values  of t h e  two coord ina tes  < and r (o r  e , ,  e2, and r)  t h a t  
cause the s t ream  funct ion t o  be zero ,   o r  

where 8 ,  and 8 ,  are   def ined   in   the   p receding   ske tch .  
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Line  Source-Point  Sink  Model 

The  case of a  three-dimensional  line  source-point  sink was 
examined, as shown  in  the  sketch  below. 

f' P 1'. 

The  stream  function  at  a  field  point ( 4  r ) due to  the  line  source  is P' P 

and the  axial  velocity  component  is 

The  source  strength  distribution  was  assumed  to  have  the  following  form 

where  the  prime  denotes  nondimensionalization  by lCB. Equation (20) 
can  be  put  into  equations (18) and (19) , which  are  then  integrated  to 
obtain  the  following  expressions: 

2 0  



- E A  + EIG - Gl] + MI [ '' " + E'G - G2] 
P O  P l  

source 

and 

= E; [ MoIo + M,I, + M,I, + M31,] 
source 

- [MoI, + M,I, + M,I, + M314] 

where  the  Gn  are  integrals  of  the  form 

and  the In are  integrals of the form 

The  sink  at 4 ,  has a strength ms equal  to  the  negative  of  the 
integral of the  source  strength  per  unit  length  over  its  length.  The 
sink  then  has  a  stream  function  value at p given by 
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and  an axial v e l o c i t y   g i v e n  by 

The c o n t r i b u t i o n s  of the free stream t o  the stream func t ion  and 

a x i a l   v e l o c i t y   a t  the p o i n t  (E,;,rb) a r e  

+I = z rip 
1 

V 

SIv = 1 

In  order t o   o b t a i n   v a l u e s  for  the four  unknown source c o e f f i c i e n t s  
i n   equa t ion  ( 2 0 ) ,  one  condition on v e l o c i t y  and three cond i t ions  on 

s t ream  funct ion  are   used.  The ve loc i ty   cond i t ion  i s  t h a t  u/V = 0 a t  
the  forward  s tagnat ion  point .   Equat ions ( 2 2 )  , (26) , and ( 2 8 )  are   used.  
The s t ream  funct ion on the body  contour i s  zero.  Thus, the s t ream 
functions  due t o  the source ,   s ink ,  and f r ee   s t r eam,   equa t ions  ( 2 1 ) ,  

( 2 5 ) ,  and ( 2 7 )  , a r e  combined and set  e q u a l   t o   z e r o   f o r   t h r e e   s e l e c t e d  
p o i n t s  on the centerbody  surface.  Upon c a l c u l a t i o n   o f  the source coeff i -  

c i e n t s ,   t h e  body  shape  can be located  by  computing  values  of 1c/ a t  
var ious  r '  for a g iven   va lue   o f   un t i l  the ?c/ = 0 l i n e  i s  obtained.  

P e;  
Point  Source Model 

The las t   three-dimensional   approach  involves   using discrete  sources  

d i s t r i b u t e d   i n  a predetermined  manner  along the centerbody  axis .  The 
a x i a l  and r ad ia l   ve loc i t i e s   i nduced   by  the sources   p lus   t he  free stream 
w e r e  summed and t h e i r   v e c t o r   d i r e c t i o n  se t  e q u a l   t o   t h e   s l o p e  of the 

cen te rbody   su r f ace   a t  a s u f f i c i e n t  number o f   p o i n t s   t h a t   t h e  unknown 
source   s t rengths   could  be computed. The cond i t ion  was a l so   invoked   tha t  
the ne t   sou rce   s t r eng th  be zero  t o  o b t a i n  a closed body. The body  shape 
was then  obtained  by  f inding  the 1c/ = 0 l i n e   a s   b e f o r e .  
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A computer  program was w r i t t e n  t o  perform  the  calculat ion.  The 
spacing  of   the  sources  was var ied ,  and it was found t h a t  a spacing  which 
is propor t iona l  t o  the loca l   su r f ace   o rd ina te  worked best. Thus, the 
sources  are  concentrated  towards  the  ends of t h e  body. This approach 
was success fu l   i n   ob ta in ing  smooth, accura te  body  shapes;  however, a 
number o f   t r i a l s  w e r e  necessary.  A r e l a t i v e l y   l a r g e  number of poin ts  
were  required  and,  of  course,   the  requirement  that   body  slopes  rather 
t han   o rd ina te s  be known i s  a d i sadvan tage   t o   t he  method. 

Comparison  of  Models 

Most duc ted   fan   cen terbodies   a re   re la t ive ly   b lunt   a t   the   nose ,   in  
which  case  the  Rankine  body would be expec ted   t o   g ive   r easonab le   r e su l t s  
f o r   i n d u c e d   v e l o c i t i e s   f o r   l a r g e   a s  w e l l  a s  s m a l l  centerbodies .  The 
centerbody on t h e  B e l l  X-22A ducted   propel le r   ( re f .  18) is  r a the r   s l ende r ,  
however, and provides a severe tes t  f o r  the Rankine  body  model. Of t h e  
comparisons made with  the  various  centerbody  models,  two sets o f   r e s u l t s  
a r e  shown t o   i l l u s t r a t e   t h e   n a t u r e  of t h e   r e s u l t s .  "he f irst  set  is 

f o r   t h e  B e l l  centerbody and khe second is fo r   t he   b lun te r   cen te rbody  
used   in   the  Doak VZ-4DA ducted   fan   ( re f .   19) .   In  these comparisons,  the 
f i t  t o   t h e   a c t u a l  body and i n d u c e d   v e l o c i t i e s   a t   t h e   f a n   s t a t i o n  are 
shown. The former is  of interest  because a good f i t  is  an ind ica t ion  
of  the  accuracy  of  the computed induced   ve loc i t ies .  

The s lender-body  l ine  source  resul ts   for  the B e l l  X-22A centerbody 
a r e  shown i n   f i g u r e  3 ( a )  . The body i s  made up  of  the  nose  shape  which 
i s  determined  by a l i ne   sou rce  and an a f t   por t ion   de te rmined   by  a po in t  
s ink .  The calculated  shape  of  each  portion is independent  of  the  other 
port ion;   thus,   the   body is  made up  of two separa te   curves  shown as 
dashed l i n e s .  S ince   the   in tegra ted   source   s t rength  is  e q u a l   t o  the 

s ink   s t r eng th ,   bo th   t he   nose  f i t  and t h e   a f t  end f i t  represent   the  "nose" 
shapes  of  semi-infinite  bodies  having  the same asymptotic  radius.  The 
computed nose  of  the  body i s  s l i g h t l y  irregular, bu t  it is  gene ra l ly  a 
good f i t  t o  the a c t u a l  body. However, t he   qua l i t y   o f   t he  f i t  is depen- 
dent  on the choice  of body p o i n t s  and the   l eng th   o f   t he   l i ne   sou rce ,  
and several   a t tempts   were  necessary  to   obtain the fit shown. 

The Rankine  body  approximation t o   t h e  same centerbody is shown i n  
f i g u r e   3 ( b ) ,  where t h e  Rankine  body is determined  by  the m a x i m u m  
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centerbody  radius  and its axial loca t ion .  This approach resul ts  i n  a 

calculated  centerbody model  which is l a r g e r   t h a n   t h e   a c t u a l  body. 
Although  not shown,  a Rankine  body  was also  determined  using  the center- 
body r a d i u s   a t   t h e   p r o p e l l e r  and i ts  a x i a l   l o c a t i o n .  Even though  the 
l a t t e r   cen te rbody  was much sma l l e r   t han   t he   fo rmer ,   t he   ax i a l   ve loc i t i e s  
induced  by  both  Rankine  bodies   in   the  plane  of   the  propel ler   d i f fered 
by  only a small  amount. 

The th i rd   approximat ion   to   the  B e l l  centerbody i s  obtained from 

the  three-dimensional l i n e  source-point  sink method  and i s  shown i n  
f i g u r e   3 ( c ) .  The nose  of  the body i s  f i t  very w e l l ,  b u t  t he  resul ts  
a t   t h e   a f t  end  of t h e  body are  poor.  I t  was found tha t   t he   cho ice   o f  
body po in t s  and the   l eng th  and pos i t ion   o f   the  l i n e  source w e r e  very 
c r i t i c a l  i n  determining a  good f i t   t o   t h e   a c t u a l  body. Many combinations 
of   the above  parameters w e r e  t r ied before   the  shape i n  f i g u r e   3 ( c )  was 
obtained,  and t h i s  resu l t  i s  obviously  not optimum. 

The l a s t  approach t o  approximating  the  Bell   centerbody i s  t h e  
three-d imens iona l   d i s t r ibu t ion  of d i sc re t e   po in t   sou rces .  The r e s u l t i n g  
f i t  is shown i n  f igu re  3 (d)  . This method g ives   t he   bes t  f i t  t o   t h e  

centerbody  shape,  but it has  the  previously discussed disadvantage of 
r e q u i r i n g  knowledge  of t h e  body s lopes  a t  a l a r g e  number of   points .  
A l s o ,  severa l   a t tempts  w e r e  necessary   to   f ind   the   loca t ions   o f   the  
sources  which would give a good f i t   t o   t h e  body. 

The ax ia l   ve loc i t i e s   i nduced  i n  the   p rope l le r   p lane  by a l l   f o u r  
centerbody m o d e l s  a r e  compared i n  f i g u r e   3 ( e ) .  A s  expected  from 
examining  the body shapes,   the Rankine  body  induces t h e   l a r g e s t   a x i a l  
ve loc i ty .  The ve loc i t ies   induced  by the  s lender-body  l ine  source and 
point   source models are  i n  good agreement.   Since  the  inflow  to  the 
p rope l l e r  i s  typical ly   twice  the  f ree-s t ream  veloci ty ,   the  maximum 
centerbody  contr ibut ion is  only  about 5 percent  of the to t a l   i n f low.  
Thus, t he   d i f f e rences  i l l u s t r a t e d  i n  f i g u r e   3 ( e )  a r e  n o t   s i g n i f i c a n t .  
The d i f f e rences  i n  a x i a l   v e l o c i t y  shown i n  f i g u r e   3 ( e )  a t  r / R p  = 1 .0  

a r e   i n d i c a t i v e  of the  differences  between  the models i n  v e l o c i t i e s  
induced  along  the d u c t  reference  cyl inder .   Al though  the  differences 
shown a re  a s  high a s  50 pe rcen t ,   t he   ve loc i t i e s  a t  t he   r e f e rence   cy l in -  
de r   a r e   l e s s   t han  1 percent   of   the   f ree-s t ream  veloci ty ,  and consequently 

have a n e g l i g i b l e   e f f e c t  on duct  loading. The importance  of  the 

24 



centerbody-induced  effects  on the X-22A ducted propeller w e r e  a l s o  
s u b s t a f t i a t e d  by c a l c u l a t i o n s  made wi th  and without  a Rankine centerbody, 
w h i c h  i l l u s t r a t e d  a neg l ig ib l e   e f f ec t   o f   t he   cen te rbody  on forces and 
moments. Thus, the Rankine  body  model  appears  satisfactory  for  small ,  
s lender   cen terbodies   ( say ,  R /R < 0.30) . 

CB P 
Three of the   four   cen terbody m o d e l s  w e r e  appl ied to the b l u n t  

centerbody  used  on the Doak VZ-4DA ducted  fan (ref.  19) . The r e s u l t s  
obtained  from the slender-body  l ine  source and t h e  Rankine  body m o d e l s  
are p r e s e n t e d   i n   f i g u r e   4 ( a )  and (b),  respec t ive ly .  The slender-body 
l i n e   s o u r c e  model does  not  work w e l l  for a long  blunt-nosed  centerbody, 
a s  the predicted  shape, shown i n   f i g u r e  4 (a) , has a tendency t o  be 

rough. The Rankine  body f i t s   t h e   n o s e  of t h e  Doak centerbody  very w e l l  
a s  shown i n  figure 4 (b) . The Rankine  body shown i s  s h o r t e r   t h a n   t h e  
ac tua l   cen terbody,   bu t  it could be made longer  without  compromising  the 
good f i t   a t   t h e  nose. 

The three-dimensional  l ine  source-point  sink  technique was appl ied 
to   t h i s   cen te rbody ,   bu t   t he   r i gh t   combina t ion   o f  body p o i n t s  and l i n e  
source  length  could  not be chosen t o   g i v e  a good body f i t .  Thus, t h e  
r e s u l t s   a r e   n o t  shown. The nose  could be f i t   w i t h  some accuracy,  but 
the remainder  of  the  body was usua l ly  so e r r a t i c   t h a t  the induced 
v e l o c i t i e s  w e r e  no t  reliable. 

The a x i a l   v e l o c i t i e s   i n d u c e d   i n   t h e   p l a n e   o f   t h e   f a n   b y  the s lender-  
body l ine   sou rce  model  and t h e  Rankine  body a r e  compared i n   f i g u r e  4 (c) . 
"he agreement  between the two  methods is  reasonably good. 

Based on t h e  work done w i t h  the centerbody  models and the comparisons 
i l l u s t r a t ed ,   t he   fo l lowing   obse rva t ions   can  be made. The two line-source 
models cannot be depended upon to   cons i s t en t ly   g ive   r easonab le   shape  fit 
r e s u l t s ,   p a r t i c u l a r l y  for b lunt   shapes .  The d i f f i c u l t y  may l i e  i n   t h e   u s e  
of a power series for t h e   s o u r c e   s t r e n g t h   d i s t r i b u t i o n ,  and perhaps  the  use 
of  another  form,  such  as a Four ie r  series, would  improve r e s u l t s .   I n  any 
case ,  a number of   f ree   parameters   a re   involved   in  the f i t  and  more than  one 
t r i a l  would gene ra l ly  be required t o  ob ta in  a s a t i s f ac to ry   shape .  The 

d i s t r ibu ted   sou rces  model g ives  an a c c u r a t e   f i t   t o  any reasonable  body 
shape,   but   has   the  disadvantage  noted  above  of   having a number of free 
parameters,  which would require t r i a l   c a l c u l a t i o n s .   I n   a d d i t i o n ,  body 
slopes a t  a l a r g e  nuniber of a x i a l   s t a t i o n s   a r e   r e q u i r e d ,  which  adds 
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considerably t o  the   t a sk   o f   p repa r ing   i npu t   da t a .  The Rankine  body f i t s  
blunted  centerbodies   reasonably w e l l  'and has   the  advantage  of  no n e c e s s i t y  
f o r   t r i a l   c a l c u l a t i o n s   b e c a u s e   o f   t h e   l i m i t e d  number of  parameters. 

ANGLE OF ATTACK  CONSIDERATIONS 

Although  considerable work has   been   done   in   p red ic t ing   duc ted   fan  
performance a t   a n g l e   o f   a t t a c k   ( r e f s .  3 and 6) , t h i s  work was no t  
incorporated  into  the  computer   program  of   reference 8. Thus, a p a r t   o f  
t h e   p r e s e n t   i n v e s t i g a t i o n  was directed  towards some a d d i t i o n a l   a n a l y s i s  
on ang le   o f   a t t ack   e f f ec t s  and incorpora t ion  of t h e   r e s u l t s   i n t o   t h e  

computer  program. 

Method of Approach 

The method of  approach makes use o f   t h e   c a p a b i l i t y   o f   p o t e n t i a l  

f l ow  so lu t ions   t o  be superimposed. The f i rs t  s o l u t i o n   c o n s i s t s  of t h e  
duc t  and fan   opera t ing  i n  a uniform f l o w  a t   ze ro   ang le   o f   a t t ack   w i th  
ve loc i ty ,  V,  where 

- 

An equivalent   advance  ra t io ,  J i s  used t o  compute  ducted  fan  performance 
in   axial   f low,   where 

- 

- 
J = J cos a 

The fan and d u c t   v o r t i c i t i e s   a r e   t h e n   c o n s i d e r e d   t o  be unchanged  by t h e  

addi t ion   o f   the   c ross f low,  V s i n  a .  The t h r u s t   c o e f f i c i e n t s ,  however, 
a r e   r e f e renced   t o   t he   t rue   f r ee - s t r eam  ve loc i ty .  

The second  solution is  t h a t   f o r   t h e   d u c t   a t   a n g l e   o f   a t t a c k .  The 
duc t   a t   angle   o f   a t tack  is  i n  a crossf low,  V s i n  a ,  which  must be 
cance l l ed   a t   t he   duc t   su r f ace .  This is  done   by   adding   vor t ic i ty   to  
the  duct   as   descr ibed  by  Weissinger   ( ref .  2 0 )  f o r  a r i n g  wing a t   a n g l e  

of   a t tack.  The v o r t i c i t y   c o n s i s t s   o f  bound vortex  r ings  which  have a 
var ia t ion  of   s t rength  around  their   c i rcumference and t r a i l i n g   ( f r e e )  
vor tex   f i l aments   caused   by   the   c i rcumferent ia l   s t rength   var ia t ion   o f   the  
r ings .  The strength  variation  of  the  non-axisymmetric bound v o r t i c i t y  

is  def ined  as  
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r 5 1 
ya = V s i n  a cos @ I. c o t  s + 1 cn s i n  ne 

n= 1 1 ya = V s i n  a cos @ I. c o t  s + 1 cn s i n  ne 
n= 1 1 

from  equation (4.2)  of   reference 20. This vor t i c i ty   i nduces  a r a d i a l  
ve loc i ty   a t   t he   duc t   su r f ace   wh ich   exac t ly   cance l s   t he   r ad ia l  components of 
V s i n  a and the   ve loc i ty   i nduced   by   t he   t r a i l i ng   non-ax i symet r i c   vo r t i c i ty  

assoc ia ted   wi th  y,. Through the   equat ion   express ing   the   cance l la t ion  
of   the   angle   o f   a t tadk- induced   ve loc i t ies   a t   the   duc t   sur face ,  the cn 
coef f ic ien ts   in   equa t ion   (31)   a re   de te rmined .   These   coef f ic ien ts   a re  
a function  only  of c/D and a re   t abu la t ed   i n   r e f e rence  20. 

A v o r t i c i t y   o f   t h e  form of equation  (31)  induces a non-axisymmetric, 
a x i a l   v e l o c i t y   d i s t r i b u t i o n  a t  t h e   f a n   s t a t i o n .  Some cons idera t ion  was 
g i v e n   t o   i n c o r p o r a t i n g   t h i s   e f f e c t   i n t o   t h e   f a n   l o a d i n g  and wake 
r ep resen ta t ion  i n  re ference  7.  The r e s u l t i n g   v a r i a b l e - s t r e n g t h ,   h e l i c a l  
vo r t ex   pa t t e rn   t ha t   occu r s  i n  the   fan  wake grea t ly   compl ica tes   the  
ana lys i s ,  and i t s  inc lus ion  was not   considered  just i f ied.   Thus,  the 
ang le   o f   a t t ack   e f f ec t s   i n   t he   s econd   so lu t ion  w e r e  no t   cons ide red   t o  
a f f e c t   t h e   v e l o c i t i e s  and loadings   o f   the  first (axisymmetric)  solution. 
The fo rces  and moments and p r e s s u r e   d i s t r i b u t i o n   i n c l u d e   a l l   e f f e c t s ,  
however. 

Force and Moment Coef f i c i en t s  

The f o r c e   d i s t r i b u t i o n  on the   duc t  i s  obtained from a Lagal ly   type 
of   formulat ion  for  the ac t ion   of   one   s ingular i ty  upon another.  According 
t o  this  general   approach,   the   veloci t ies   induced on a bound s i n g u l a r i t y  
by   the   f ree   s t ream and t r a i l i n g  (free) s ingu la r i ty   d i s t r ibu t ion   p roduce  
a n e t  force,   whereas  velocit ies  induced on  two  bound s i n g u l a r i t i e s   b y  
each  other  cause  equal and oppos i te   forces  and z e r o   n e t   f o r c e .   I n   t h e  
l a t t e r   c a s e ,  however, a non-zero moment  may be produced,  even  though 
the   forces   cance l .  

A fo rce  is  produced  by a v e l o c i t y   a c t i n g  on an  element of v o r t i c i t y .  
The fo rce   d i r ec t ion  is  normal t o   t h e   p l a n e  formed  by t h e   v e l o c i t y  and 
v o r t i c i t y   v e c t o r s  and is  given  by  the  r ight-hand  rule .  The fol lowing 
s ign  convent ions  are   used  in   determining the fo rces   ac t ing   on   t he   duc t .  
A pos i t i ve   vo r t ex   r i ng  is  one  which  adds a x i a l . v e l o c i t y   i n s i d e  the duct.  
A p o s i t i v e   r a d i a l   v e l o c i t y  is  r a d i a l l y  outward  from the c e n t e r l i n e   o f  the 
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duct ,  and a positive axial velocity i s  i n   t h e   p o s i t i v e   x - d i r e c t i o n .  
The force and moment sign convent ions  are  shown i n   f i g u r e  1. 

Thrust.- A t h r u s t  force is obtained when an axisymmetric r a d i a l  

v e l o c i t y  acts on an axisymmetr ic   vor t ic i ty  and a non-axisymmetric r a d i a l  
v e l o c i t y   a c t s  on a non-axisymmetric  vorticity.  Any other  combination  of 

v e l o c i t y  and v o r t i c i t y   i n   o u r   f o r m u l a t i o n  w i l l  r e s u l t   i n  a z e r o   t h r u s t  
force.  Thus, the t h r u s t  on the duc t  i s  made up of the   induced   ve loc i t ies  
v v , and vcB a c t i n g  on the   c ros s f low  ve loc i ty  -v s i n  a cos 

a c t i n g  on ya , and the induced  veloci ty  v a c t i n g  on 
Y' rw YD , 

y t  Yam 
A r a d i a l   v e l o c i t y ,  v, a c t i n g  on  an  element  of  vorticity,  y, r e s u l t s  

i n  a t h r u s t   p e r  unit leng th  

Equation (32) can  then be in tegra ted   over   the   chord  of t h e   d u c t   t o   g i v e  

t h e   t o t a l   t h r u s t .  

The f i r s t   c o n t r i b u t i o n  t o  t h e   t h r u s t  mentioned  above is  due t o  
ax isymmetr ic   rad ia l   ve loc i t ies   ac t ing  on t h e  axisymmetric v o r t i c i t y  

The induced   ve loc i t ies  are 
yD - 

v + v   + v  
Y CB YW 

5 

- v n=o 

5 1 E, cos  ne 
n= o 

(33) 

using  equat ions (8), ( l o ) ,  and ( 1 2 )  o f   re fe rence  1. When equation (33) 
and equat ion (17) of re ference  6 (which is  a l so   g iven   as   eq .  (64) ) a re  
used in   equa t ion  (32) , t h e r e   r e s u l t s  
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5 

+ 1 Cm s i n  
IlF1 

Defining a t h r u s t   c o e f f i c i e n t  as 

TD 
C 1 

TD = 1  pV2A 
1 

we g e t  

r 
C 

TD 
- - -IJ cos2 a Co(4Eo + 2E1) + 2C1Eo 

D -  V 
1 

(34) 

(35) 

The second t h r u s t  component is obtained  from  equation  (32)  by 
e x p r e s s i n g   t h e   r a d i a l   v e l o c i t y  due  t o   t h e   c r o s s f l o w   a s  

v = -V s i n  a cos @ (37) 

and u s i n g   t h e   v o r t i c i t y  from  equation  (31).  Y a  
Equat ion   (32)   then   g ives   the   th rus t  on the ya vor t ex   r i ng  

d i s t r i b u t i o n   a s  

dTD 2 
” - 
dx 

r 5 1 

In t eg ra t ing   equa t  
we get 

ion  ( 3 8 )  over the duct  chord and using  equation  (35) 

C = IJ 5 (2c0 + c ) s in2  a C 
1 (39) 

TD2 
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There is a second  component of t h r u s t  on t h e  vor tex  r i n g  ya 
d i s t r ibu t ion   due  t o  the rad ia l   ve loc i ty   i nduced  by the t r a i l i n g   v o r t e x  
f i laments   assoc ia ted  w i t h  ya ac t ing   on  The r a d i a l   v e l o c i t y  

d i s t r i b u t i o n  is  computed us ing   equat ion  (1.4) of . reference 21. A f t e r  

F o u r i e r   a n a l y s i s ,   t h e   d i s t r i b u t i o n  is  w r i t t e n   a s  

Y a  

5 
c. 

v = V s i n  a cos @ L- H~ cos ne 
YL 

L n=o 

Appl ica t ion   of   the  same method used to   deve lop   equa t ion  (39) r e s u l t s   i n  
t h e   f o l l o w i n g   t h r u s t   c o e f f i c i e n t .  

r 

C = - c s i n 2  a co (4H0 + 2H1) + 2 c  H 
TD3 

2 D  1 0 

4 1 

n= 1 J 

The duct   th rus t   due  t o  the   f an   p re s su re  jump ac t ing   on   t he   duc t  
su r f   ace   a f t   o f   t he   f an  is given  by  equation (25) of   re fe rence  1 as 

The p r o p e l l e r   t h r u s t  is given  by  equation ( 2 2 )  of re ference  1 a s  

I n  genera l ,  some a x i a l   f o r c e  w i l l  e x i s t  on the  centerbody,  parti-  
c u l a r l y  i f  t h e   f l o w   o v e r   t h e   a f t   p a r t  i s  separated.  However, with a 
c losed  centerbody  source-s ink  representat ion,   there  would be z e r o   a x i a l  
force  i n  uniform  flow  (D’Alembert’s  paradox). To t h e   e x t e n t   t h a t   t h e  
ax ia l   ve loc i ty   induced   over   the   cen terbody  var ies   wi th   x ,   there  would 
be a sma l l   ax i a l   fo rce ,   bu t   t h i s  w i l l  be neglected.  
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The t o t a l   t h r u s t  on the  ducted  fan is  given by t h e  sum of equat ions (36), 

(391, (41) , (421, and (43). 

Normal force.- An element of v o r t i c i t y ,  y ,  acted  on by an axial 
v e l o c i t y ,   u ,   r e s u l t s   i n  an element of normal f o r c e  

dN = puyR cos @ d@  (44) 

A net  normal  force w i l l  resul t  on the d u c t   o n l y   i f  an axisymmetric a x i a l  
v e l o c i t y   a c t s  on a non-axisymmetric v o r t i c i t y   o r  vice versa.  

The f i r s t  component of normal fo rce  is a r e s u l t  of t h e   a x i a l  
v e l o c i t i e s  u , u u , and u ac t ing   on  y,. The t o t a l  induced 

axial ve loc i ty   can  be w r i t t e n   a s  
CB YD y ' yw 

u + u  + u  + U C B  5 
YD YW = 1 [+ (F; + B;) + A;: + D;: - 

V n= o 

5 

s 1 E;: cos  ne 
n= o 

(45) 

using  equat ions (32) , (9 )  , (11) , and (13) of re ference  1. I n t e g r a t i n g  
equat ion (44) around  the  duct   gives   the  normal   force on one r ing   vo r t ex  
a s  

cwD 
- =  ~ r r p V ~ R  s i n  a cos a 1 e 
dx 

5 

+ 1 cm s i n  

In t eg ra t ing   equa t ion  (46) over the duct  chord and defining  normal-force 
c o e f f i c i e n t   t o  be 

ND 
C - 1 

ND, y pV2A - 1  (47 1 
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we get 

4 1 

There is  a normal  force  due t o  u a c t i n g  on yD. From equat ion (31) 
of re ference  1, Ya 

U 5 

- =  v s i n  a cos 1 G;: cos  ne (49) 

n=o 

and  from in tegra t ion   of   equa t ion  (44) the  normal  force on one  vortex 

r i n g  is  

Using  equation (47), t h e   t o t a l  component i s  

r 

4 1 

The f r e e   v o r t e x   f i l a m e n t s   t r a i l i n g  from t h e  ya vor t ex   r i ng   d i s t r ibu -  
t ion  do  not   induce an a x i a l  component of ve loc i ty .  Thus, t h e i r   c o n t r i -  
bu t ion   ac t ing  on t h e  yD d i s t r i b u t i o n  is  zero.  
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The normal-force  coeff ic ient   resul t ing  f rom the a x i a l  component of 
t h e   f r e e  stream, V cos a, a c t i n g  on is ra 

C = T (2co + c ) s i n  a cos a C 

NDS 
1 

The f a n   s u s t a i n s  a normal  force a t  angle  of a t t ack .  Estimates of 
t h e   s i z e  of t h i s  force w e r e  made i n   r e f e r e n c e  2 on t h e  basis of  open 
propeller results, and the e f f e c t  was found t o  be small compared t o  t h e  
duct   normal   force.   In   addi t ion,  the d u c t   t e n d s   t o   a l i g n  the flow  with 
t h e   f a n  axis. Consequently, the fan  normal   force  contr ibut ion was 
neglected.  

The centerbody  can   a l so   sus ta in  a normal  force.  Using  slender-body 
theo ry   a s  a gu ide ,   fo r  a pointed-tai l ,   centerbody-l ike  shape  with no  flow 
s e p a r a t i o n ,   t h e r e  w i l l  be a normal   force  dis t r ibut ion  a long the  body length 
but   zero  net   normal  force. Viscous   e f fec ts  w i l l  cause s o m e  normal  force to 
e x i s t , . b u t   t h e   n e t   e f f e c t   s h o u l d  be sma l l ,   pa r t i cu la r ly   s ince   t he   duc t  
tends   to   a l ign   the   f low.   Thus ,   the   normal   force  on the centerbody was 
neglected.  The t o t a l  normal  force on the  ducted  fan is  given by the sum 
of equat ions ( 4 8 ) ,  (51) , and (52) .  

P i tch inq  moment.- The p i t ch ing  moment on the  ducted  fan i s  

t a k e n   a s   p o s i t i v e   i f  it t e n d s   t o   r o t a t e  the nose up. The center   o f  
moments is  on t h e   d u c t   c e n t e r l i n e   a t   t h e  midchord.  Both  normal fo rce  
and t h r u s t - t y p e   f o r c e s   c o n t r i b u t e   t o   t h e   t o t a l   p i t c h i n g  moment. The 
normal force  adds t o  the moment because it i s  d i s t r i b u t e d  over the 
duct   chord;   therefore ,  a normal  force, dN, a c t i n g   a t  a d i s t a n c e  x 
f r o m  the  leading  edge  of  the d u c t   r e s u l t s   i n  a moment 

dM = dN(5 - x) (53) 

The par t icu lar   combina t ions  of induced  veloci ty  and v o r t i c i t y  which 
produce a ne t   t h rus t   fo rce   do   no t   p roduce  a moment, b u t  the t h r u s t  
forces which  cancel when cons ide red   ove r   t he   en t i r e   duc t   do  add a moment 
t o  the   duc t .  Thus, a t h r u s t   f o r c e ,  dT, a c t i n g  on the re fe rence   cy l inde r  
a t  an  azimuth  angle, @, produces a moment 

dM = dT (R) (COS a) (54) 
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W e  w i l l  now cons ider  all the combinations  of  induced  velocity and v o r t i -  
c i t y  t o  determine the to ta l  p i t c h i n g  moment on the duct.  

A moment r e s u l t s  from t h e   d i s t r i b u t i o n  of normal  force  due t o   u , ,  

a c t i n g  on yD. The normal  force  given  by  equation  (50) i s  s u b s t i t u t e d  
in to   equa t ion   (53 ) .  The t o t a l  p i t c h i n g  moment i s  ob ta ined   by   i n t eg ra t ing  
over  the duct  chord.  Thus 

ta 

5 

% = 7 P R C ~ ~ V  s i n  a 7r s i n  e cos e(' 1 G; cos  no) to cot 5 e 
1 n=o 

5 \ 

+ 1 Cm s i n  me) de 
m= 1 / 

Defining  the  pitching-moment  coefficient as 

1 

c% 9AR 
= -  

1 

equation  (55) becomes 

+ C, (G,* - GS) + C,G$ + C5G$ I 

(55) 

( 5 7 )  

A moment r e s u l t s  from t h e   a x i a l  component  of t he   f r ee   s t r eam,  v cos a ,  
ac t ing  on The normal   force   d i s t r ibu t ion  is  given  by ya - 

5 

d N  = 2pV2R s i n  a cos a c o t  5 + 1 cn s i n  nG ( 5 8 )  

n= 1 
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which when s u b s t i t u t e d   i n t o   e q u a t i o n  ( 5 3 )  and in tegra ted   over  the duct 
chord   g ives   the   p i tch ing  moment c o e f f i c i e n t   c o n t r i b u t i o n  

The induced axial v e l o c i t i e s  u u u and uCB act ing  on 

produce a normal   force   d i s t r ibu t ion   g iven   by   equat ion   (46) .  The 
YD Y’ rw’ 

Ya 
r e s u l t i n g   p i t c h i n g  moment i s  

A moment a l s o   r e s u l t s  from the  non-axisymmetric axial forces  caused 

by vYDy Y’ Yw 
v v and v a c t i n g  on y,. By analogy  with  equation (33 )  CB 

w e  w i l l  express   the  induced  veloci ty  as 

5 1 E; cos  ne 
n=o 

The r e s u l t i n g  pitching-moment c o e f f i c i e n t  is 

= - E s i n  a cos a (4EA + 2 E i )  + 2c,Eb 
2 D  

4 
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There are three components of p i t c h i n g  moment caused  by yD t o  be 
considered. A moment due t o  non-axisymmetric axial fo rces  is  caused  by 

the crossf law component of the free stream, V s i n  a cos 8 ,  ac t ing  on 
yD. A similar moment r e s u l t s  from v a l s o   a c t i n g  on y,. S t i l l  

?a 
another  moment i s  due t o  the radial   velocity  induced  by  the  non-axisymmetric 

t r a i l i n g  vor tex   f i l aments   assoc ia ted   wi th  ya a c t i n g  on yD. However, 

ya is t h e  bound v o r t i c i t y   t h a t   i n d u c e s  a r a d i a l   v e l o c i t y   t h a t   e x a c t l y  
cance ls   the   f ree-s t ream  c ross f law  ve loc i ty  and t h e   r a d i a l   v e l o c i t y  
induced  by the t r a i l i n g   v o r t e x   f i l a m e n t s .  Thus, t h e  above t h r e e  

moments should  exactly  cancel  one  another.  

The centerbody and fan   a re   bo th   sources   o f  a p i t ch ing  moment. On 

t h e   b a s i s  of the r e s u l t s   o f   r e f e r e n c e  2 ,  an  open propel ler   produces a 
nega t ive  moment.  The centerbody  in  a uniform  crossflow would produce a 
p o s i t i v e  moment, on the b a s i s   o f  a slender-body  type  loading. On t h e  
basis t h a t  the duct   t ends  t o  a l ign   the   f low,   these  moments w e r e  
neglected.  The t o t a l   p i t c h i n g  moment on the  ducted  fan i s  given  by 
t h e  sum of  equations (57), (59) ,  (60) , and (62) . 

DUCT SURFACE PRESSURE  DISTRIBUTION 

The duc t   su r f ace   p re s su re   d i s t r ibu t ion  i s  ob ta ined   by   f i r s t  
p r e d i c t i n g   t h e  bound v o r t i c i t y  and v e l o c i t y   d i s t r i b u t i o n   o v e r   t h e   d u c t  
r e fe rence   cy l inde r ,   t hen   i nc lud ing   t he   e f f ec t   o f   duc t   t h i ckness   t o  
o b t a i n   t h e   s u r f a c e   v e l o c i t y   d i s t r i b u t i o n ,  and f i n a l l y   u s i n g   B e r n o u l l i ' s  
l a w  t o   g e t   t h e   d u c t   s u r f a c e   p r e s s u r e   c o e f f i c i e n t .  The b a s i c  method is  

t h e  same as   desc r ibed   i n   r e f e rence  6. 

The v e l o c i t y   d i s t r i b u t i o n   o v e r   t h e   d u c t   r e f e r e n c e   c y l i n d e r  is  

given  by 

u = + - + + + v c o s c r . + u  YD + u  + u  + U C B + U  2 - 2  Y ?w YD ya 

where  the  plus  (+) s i g n   r e f e r s   t o   t h e  i n n e r  sur face   o f   the   duc t  and t h e  

minus (-) s i g n   r e f e r s   t o   t h e   o u t e r   s u r f a c e .  When t h e   s u r f a c e   v e l o c i t y  
i s  cons ide red   a t  a p o i n t   o f f   t h e   v e r t i c a l   p l a n e  of symmetry of   the   duc t ,  

t h e r e  is  a t a n g e n t i a l  component o f   t he   f r ee  stream, V s i n  a s i n  @, which 
must be added v e c t o r a l l y   t o   e q u a t i o n   ( 6 3 ) .  
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The components  of  equation  (63)  are computed in   t he   fo l lowing  
manner. The duct-bound v o r t i c i t y ,  yD, is obtained  from  equation (17)  

o f   re fe rence  6 a s  

" 

Y - co 
c o t  $ + 1 cn s i n  ne 

and t h e  bound v o r t i c i t y   a s s o c i a t e d   w i t h  a r i n g  wing a t  angle   o f   a t tack ,  
ya ,  is given  by  equation (31) .  V cos a is t h e  axial component o f   t he  
f ree  stream. The axial v e l o c i t i e s ,  u and u , induced  by  the  outer 
t r a i l i n g   v o r t e x   c y l i n d e r  and t h e   i n n e r  wake c y l m d e r s   r e s p e c t i v e l y ,  
are computed using  equat ion (20)  o f   re fe rence  5, which is  based on t h e  
r e s u l t s  of   reference 22. The v e l o c i t y ,  u , induced  by  the  duct- 

bound v o r t i c i t y  (yD) is  computed using  equat ion (A-9) of   reference 7.  

An a l t e r n a t e   e q u a t i o n   f o r   t h i s   v e l o c i t y  i s  equat ion (18) of   re fe rence  6. 

The velocity  induced  by  the  centerbody,  uCB, i s  obtained  from  equation  (15) . 
When the   duc t  i s  a t  ang le   o f   a t t ack ,   t he   ve loc i ty  u i s  computed 

using  equat ion ( 4 9 ) .  Thus we  have a l l   t h e  components  of  equation  (63) 
which  give  the  velocity  induced on the   re fe rence   cy l inder   o f   the   duc t .  
We assume t h a t   t h i s   v e l o c i t y  is  t h e  same as   t ha t   i nduced  on t h e   d u c t  
camberline.  Using  two-dimensional a i r f o i l   t h e o r y   a s  an  analogy,   this  
v e l o c i t y  must be   co r rec t ed   fo r   duc t   t h i ckness   e f f ec t s .  

Y yw 

YD 

ya 

From two-dimensional a i r fo i l   t heo ry ,   t he   con t inuous   pa r t  of t h e  
v e l o c i t y   d i s t r i b u t i o n  on the  camberl ine is  u/V = 1. The continuous 
p a r t  of t h e   s u r f a c e   v e l o c i t y   d i s t r i b u t i o n   w i t h   t h i c k n e s s  (us/V) i s  

g i v e n   f o r   v a r i o u s   t h i c k n e s s   a i r f o i l s   i n   r e f e r e n c e  16. W e  assume t h a t  
the s u r f a c e   v e l o c i t y  on a two-dimensional a i r f o i l  i s  given  by  applying 
a c o r r e c t i o n   f a c t o r ,  F(x), t o   t he   camber l ine   ve loc i ty .  Thus the 
s u r f a c e   v e l o c i t y  is 

where F ( x )   f o r  NACA fou r -d ig i t  series a i r f o i l s  is  g iven   fo r   va r ious  
t h i c k n e s s   r a t i o s   i n   f i g u r e  5. By analogy, we s h a l l   o b t a i n  the continuous 
part  of the   duc t   sur face   ve loc i ty   by   mul t ip ly ing   the   cont inuous   par t   o f  
t he   camber l ine   ve loc i ty  from  equation (63) by F (x) as   fol lows.  
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The bound v o r t i c i t i e s  yD and a r e   s i n g u l a r   a t   t h e   l e a d i n g  -ya 
edge  of t he   duc t  ( 9  = 0) . I n   o r d e r   t o  compute p r e s s u r e   d i s t r i b u t i o n s  
near   the  leading  edge,   the   fol lowing  approach is used. The chordwise 
d i s t r ibu t ions   o f  bound v o r t i c i t y  i n  t h e  form Ava/V a r e   l i s t e d  i n  
Appendix I of re ference  16  f o r  many a i r f o i l s .  For  the NACA fou r -d ig i t  
s e r i e s ,  it i s  e v i d e n t   t h a t   t h i c k n e s s   h a s   v e r y   l i t t l e   e f f e c t  on the  bound 

v o r t i c i t y  when x/c > 0.1 because Ava/V is  n e a r l y   e q u a l   t o  - c o t  - 0 
27T 2 

as  is  shown i n  f i g u r e  6 f o r   s e v e r a l   t h i c k n e s s   r a t i o s .  The yD and 
v o r t i c i t i e s  can  be  approximated  near  the  leading  edge  (x/c < 0.1) by 

r ep lac ing   co t  7 i n  equat ions (31) and (64)   with  the  appropriate   value 
from f i g u r e  6. When x/c 2 0.1, t h e r e  is  no t h i c k n e s s   e f f e c t  and 
c o t  7 can  be  computed  with no numerical  problems. 

ya  

0 

0 

With t h e  above co r rec t ions ,   t he   duc t   su r f ace   ve loc i ty  becomes 

U U 
U U U 

U 

V V + -  V + -  CB V -I- -1 V )?(X) k (2 + %) (67)  
C 

where the   subsc r ip t  c on t h e   l a s t   t e r m   i n d i c a t e s   t h a t   t h e   c o t  - 2 
terms  are  approximated  only when x/c < 0.1  as   descr ibed  previously.  

e 

The duc t   su r f ace   p re s su re   coe f f i c i en t  is  obtained from B e r n o u l l i ' s  
equation 

using  equation ( 6 7 ) .  On the   inner   duc t   sur face  downstream  of the   fan ,  
t h e   t o t a l   p r e s s u r e  i s  increased   by   the   p ressure   r i se   across   the   fan  
t i p  Ap,, and C is  increased by Ap,/q. 

P 

CONCLUDING REMARKS 

Analysis and programming work have  been  conducted to   p rovide  an 
improved c a p a b i l i t y   t o  a  computer  program  developed  previously  by  the 
authors   for   predict ing  the  performance  of  a  ducted  fan i n  a  uniform 
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axia l   f low.   Spec i f ica l ly ,   the   capabi l i t i es   have   been  added for  modeling 
the  centerbody,  providing  nonlinear  blade lift c h a r a c t e r i s t i c s ,   c a l c u -  
la t ing  performance a t  very low advance r a t i o s ,  computing  duct  surface 
p r e s s u r e   d i s t r i b u t i o n s ,  and computing  performance a t  angle of   a t tack .  
.The computer  program  has  been  modified  according t o   t h e  resul ts  o f  t h i s  
work, and a u s e r ' s  manual has  been  prepared.  Comparisons  with  data  for 
t h e  B e l l  and Doak ducted  propel lers   have been made, and t h e   r e s u l t s   h a v e  
been inc luded   i n   t he  u s e r ' s  manual ( r e f .  1) i n   o r d e r   t o   i n d i c a t e   t h e  
na ture   o f   the  results t o  . b e  expected  from use of   the  program. The 
comparisons  are  generally  as  favorable o r  be t te r   than   those   ob ta ined  
i n   r e f e r e n c e  6, wi th   the   except ion   of   p i tch ing  moment. P i tch ing  moment 
p red ic t ion  i s  one  area i n  which add i t iona l  work would be most u se fu l ,  
since  the  normal and t h r u s t   f o r c e s  and duc t   p re s su re   d i s t r ibu t ions  seem 
t o  be we l l   p red ic t ed ,   a t   l ea s t   fo r   t he   l ow-pres su re - r a t io   t ype  of ducted 
fan  represented  by  the  Bel l  and Doak u n i t s .  

Present  development i n  propulsion and p r o p u l s i o n / l i f t   e n g i n e s   f o r  
t r a n s p o r t - t y p e   a i r c r a f t  i s  caus ing   these   types   o f   engines   to  resemble 
es sen t i a l ly   s ing le - s t age ,   h igh -p res su re - r a t io   f ans   d r iven   by  an 
a i rbrea th ing   energy   source   wi th in   the   cen terbody.   His tor ica l ly ,   the  
a i r f rame  manufac turer   has   been   respons ib le   for   the   ex te r ior   engine   cowl ,  
o r   duc t .  The flow model descr ibed  herein seems p o t e n t i a l l y  w e l l  s u i t e d  
t o  matching  the  basic   engine  to  i ts  external  aerodynamic  shape and 
ana lyz ing   the   to ta l   powerplan t   conf igura t ion .  Thus, it seems l o g i c a l  
t h a t  an extension  of  the  f low model repor ted   here in  be directed  towards 
the   cha rac t e r i s t i c s   o f   t he   h igh -bypass - r a t io   t u rbo fan   o r   l i f t   f an  
engines.  The two  main a r e a s   t h a t  would need addi t iona l   cons idera t ion  
a r e   t h e  model o f   t he   h igh   so l id i ty ,   h igh ly   l oaded   f an   s t age  and t h e  
model o f   t he   cen te rbody   cons i s t ing   e s sen t i a l ly   o f  a t u rbo je t   eng ine  
which  accepts 1/5 t o  1/10 o f   t h e   i n l e t   a i r   b u t  may produce  up t o   h a l f  
o f   t h e   t o t a l   e n g i n e   t h r u s t .  

Nielsen  Engineering & Research,  Inc. 
June 19  69 
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Duct camberline 

Reference  cylinder 

( a )  Duct-fan-centerbody in   ax ia l  flow. 
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(b) Duct a t  angle  of a t t a c k .  

Figure 1.- Flow models for ducted  fan. 
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Figure 2.- Airfoil  section  characteristics. 
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Figure 3.- Comparison of centerbody  models for the 
Bell X-22A ducted propeller. 
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Figure 4 . -  comparison  of  centerbody  models for the  
D o a k  VZ-4DA ducted  fan. 
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