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i . INTRODUCTION

The present report is the second quarterly report under Contract NASw-1866

and covers the period June 1, 1969 to September 1, 1969. The problem being considered

is the boundary layer that will develop over the segmented electrode wall in an MHD

Channel when a ron-equilibrium plasma is flowing.

As a result of work completed under NASw-1586 we have developed a

theoretical analysis for a non-equilibrium boundary layer explicitely taking into account

the electron temperature differential equation and the plasma sheath. This analysis was

developed using a finite difference format so that finite electrodes along a wall could

be treated in a non-similar manner.

The present program seeks to extend this earlier study to include finite

ionization and recombination rates in order to make the analysis apply in a more realistic

way to physically important situations.
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REDUCTION OF GOVERNING EQUATIONS TO FINITE DIFFERENCE FORM

In our first Quarterly we repo6ad on the proper development of the funda-

mental equations governing an MHD boundary layer with non-equilibrium and finite

ionization rates. It was then shown how these equations could be transformed to new

variables	 and	 to simplify the solution of the problem.

During the second quarter we have reduced these transformed equations

to finite difference format. As before we write all four difference equations in the

following compact notation.

A n Wn+1 + Bn Wn + Cn Wn-1 = Dn

where

m+ 1, n

W =	
gm+1, n

n
Gm+1, n

oC. m+1, n.

{
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The individual matrix elements are for the most part new and revised and are

tabulated below:

Momentum Equation

A 11 fm+i,n+l + B 11 f m+l,n + B 12 g m+l,n +'C 11 f m+1,n-1 _ D1

where

VAS- _	 .(^ ©► 	 _	 .Q L1 ^5
A11 8 

©f 9L 
4jf, (©4L)	 8S f,a 

7L

_ +^ du +.	 B 11	 1	
2 u.n	 d	 2S f' (A )

du
e

	

12	 2 ur, f	 d

C11
VA	 a	 IRA

8 fA	 45 f , (A ) + g f'(4()

FY	 -	 dui	 VAS	 L1	
dv.

It^'	 1	 m.n2u	 dj	 4S f'	 2u., f d ,	 m,n

IAA+
4S 	

f+	 g f"- f

i

t

t
.	 j

• F

k
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Energy Equation

A 21 " m+l,n+l	 + A 22 gm+1, n+1	 + A 23	 m+1, n+1	 +

A24 6< m+l, n+l	 + B21	 m+l, n + B 22 g m+l, n

+ B 23 em+l, n + B 24 C^ m+1, n + C 21 f m+l, n-1

+ C22 g m+l,n-1	 + C23 e m+l,n-1 + C24 ^m+l,n-1

D2

^.	 -	 4A	 22.S21	 P	 C
p 

Too	 d,

A22 =L 1 	V-	 2
P -11,--( 

P	
)

R	 't.	 R

_A- - L 2 ^1 Te.c+	 +	 ' ^e.o + 5	 ^ k Teg y^
23	 1	 .4,^ T	 Tm	 2	 (POK) r u.^Cp

 T  ebe

A24 = 0

21	 2 g m,n
29	 dT«o	 + 	 du..o

C	 T	 p	 d9	
u.	 d

Ya	 Bz

(P^ )r^^	 ^^'
p

B	 =1+4(
	

L1 + ^ L	 (C	 dT^ +LL 	d^-,.L
22	 PR) ©9Z	 CA To	 2	 P	 d ^	 .o	 d ^	

(^//ct)r^',au®u m, n



i

v

.Z
1	 a- Ex20 + -V-WQ+Be

(P^ )r^^, ^^	 2

^
,^,	 ^► oC

ti
 rec -o	 m	

^
n	 2	 vG V. m, n )

(p^Gc A. L ^o Mc gm ^ n ® m ^ n	
2 P - "^ eq , m, n

B	 = 4 L 1 ^► e
23	 Q	 Too 

+.^► 22	 2 T .o ^. r̂e, clo *^. m n
C T w 

L 
2	 l^"^' m	 - ^. ® a

p	 (P/'u)r	 .o c	 gm,n m,n

M,,,, n	 ( 2P - cLeq , m, n 2	 k To 	 ®m n	
r

4	 4 m n• 

B	
z	 o^ rec ..* ©C e, m n- 3o(m nL ( )	

m 
s ( 9%	 9 09W )

	

24	 CP T„ 2	 tc r	 c	 m, n	 m, n

	

22	 1	 PR	 A	 PR

C 	 Te ao * 5	 Te 'y 	2	 e
	23	 1 T pro	 2 (^►̂  )r u'.o Cp T., a	 (At) T

C 24 = 0

...
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. 2m, n	 2	 (PR	 8	 PR ^► ,	
T"

+ 	 Te •a + 5 _ 2 91 k Te 00 i y e&
(	 T .0	 2	 (	 )r u... C Too e 8 ,

f.

+	 cr- N..	 1 + s)
C T..^ (	 ) gm, n

P	 P^ r //^^ 

2	 2I Aa	 rec. ).Ao	 crC m, n
Cp TeaW& )r	 , , me	 8m^n ® min	 4	 (P	 eq. m,n)

-+ I	$	 11
( 2	 k T	 )	 eq'n	 nn	 mems, m,n	 ^	 4

d^

where

1
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Electron Energy Eg action

A31 f m+l,n+l + A 32 g m+1,n+1 + A33 em+1,nf-i + A 34	 m+1,n+1

X 31 f m+ t n + B 32 g m+1 n + 8 33 em+ n +i,	 34	 m+1 , n

+ C31 f m+1,n-1 + C32 g m+l,n-1 + C 33 ®m+1,n-1 + C 34	 m+l,n--1

a D3

A31 = 0

s:
%A	

8 m, n	 k Te -o { A )r o w	 ^/ - k ^ m u•.32	 1 — 	 ..r...	 .----
b m, n	 me	 m, n	 e

A	 k Te ,^ ^.A u.	 r r,^	 V -	 LL^	 r33	 1	 2 m
^	 m, n	 2

	

c	 5
T

( A	 fry 2 

^	
r

A =	
k ao	 M a	 8m,n

1	 1 v	 "^ mr n

r

31	 2	 2	 m n m n	 -Z; d
S m C	 i

o

i



	

B 3232 , 
_ .k Te «+	 r ^•^,	 +^ m, n	 m, n

	 L 2
3	

Te ®m -^	 x2 ( 2	 r ,n ^)

	

2	
me 	 gm, n

ti

c	 ^m^n 8m n m,n	 P^q,	 q IM, n
or	

M
m,n

x^	 ^as
^	 me	 ^

B	 =-.---e '.ô ^o wu^. ^.	 r aC	 +	 k T̂  «o u-^'+ (	 )r33	 2"^ m	 min L 2	 m	 r'. % n	 m n xMC 	 1 c

T d 	 .a	 + L 2 ( 
2 k el m n + x

e	 P	 , S)

2
..	 ^	 2 - .^A	 rec .^ x	 m n	 .^....- eq. m, n 3_ ^s	 4m	 ®--7-•	 (2 P - 

,.^ eq , m, n) ( 2
	 k Tee, 	 x'G	 0/ SL

c	 gm, n	 _m^ n	 ,.

q. L 	 C	 T
m, n. 4 	 m, n 4© #1 12

+ L
2 

3m -- k IP-° Te'0 CA  n X

	

c	 '	 S	 ms

34	 2 .^ me	m,.n	 m, n	 T	 d	
--p

N
+ ( 2 k Te ^ 6 m, n + ^) ^ oC rec^	 1	 (aC eq - 3 ^.^

me	 8 m n 'Drn, n	
m, r1	

m, 
n

r 

+ 3 ~- k10
0
 e. E es ('8Tom

ms m	 m,n gm,n	 )

	

c	 s	 TeQa

6
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t3 1
 • ` 4

32	 32

C 33	 L 1	
2	 me	 o min V+	 ( A	 )

c

	

Mee 3	 k Te ..

	

2	 e

C 34'	 _ A34
^k T	 ti

D3 • -	 2
I m	

min ( em,n + L 2 V ®t
c

	2 m n m n m,n	 /2	 m^ /	 T	 d	 d '

	

c	 e^	 Pte 

+ L(- k e.^, 9	 + ) ? ^ 'p rec ^ m n
2	 2	 m,n	 I m	 g 'z 8	 4	 m,n

c	 m,n m,n

15 _ (P - A eq. m, n) X ( 5 +	 eq
4	 (2P _ A eq. m, 	 2	 k e^,em,n	 m,n

+ k Te.. ( r D^ v(	 ® 	 [I-
 L22VV

2 m m,n m,nG
c	 gm,n

+ .^uaCp our T. e:0. L	 e	 +^^8
2	 2Z

T	 OL
+	 u, , 3	 Y^ L2 ® + (Q. E + .!	 (1 _ ^e )i L2 gm,n

2	 e^^	 t	 l	 j

e	 ^V2	 m,n 2 1 g	 o{m,n	 m,n

F
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Electron Density Equation

A41 f m+l, n+l + A42 gm+1, n+1 + A 43 ^m+1, n'.	 A 44	 m+1, n+l

+ 641 
f
m+ l , n + 642 gm+ 1, n + 643 em+ 1, n +6 44	 m+ 1, n

+ 
C41 m+l,n-1 + C42 g m+l,n -1 + C43 0m+l, n-1 + C 44 ^m+l, n-1

D4

A 41 = A42 = A 43- - 0

641 - 0

C ol - C	 042 - X 43 = 

A	 V44 = L 1 

C 44 = - A 44

6	
L	 4 g oo a( rec 1.	 cA m, n	 eq . m, n	 )

42	 2 ( /^^c)r u.	 m^	 gm^ n 9m,  n	 2P - c< eq. m, n	 m, n

4 ^ rec mo	 v( m, n	 9	 2 (P - of eq . m, n)
6 43 = L 2	 ^,c )r tk L m^	 g	 8 a	 4	 (2P - d. eq . m, n)

m,n	 m,n

y2( 3 +	 °^
82	 k T	

eq .m n - 4
	 m, n

. e— m, n	 .
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B	 - _	 2	 ^► ^C rec . 	 (^,( eq . - 3 d 	 )44`	 2 (p )r u.! m	 g 8 7	 m, n m, n

/	 c	 m,n m,n

4 Co( _	 ^ re c)	 .oC eq . m, n o< m Ln	 15	 2(P - oG eq . m, n) x
•	 (	 .^,	 9	 9^^	 4	 (2P - ©C eq.m,n)4	

2 /p^ r
• u, z 

me	 m, n 9 
m, n

)32	 k Te .b Om n	 4 g 2	 8 9/2
m,n	 m,n

+ aC m, n - L2 V (act )



X
z

r

I

. PROGRAMMING

Reprogramming of our earlier computer program for the IBM 360/75 has

been completed. Some additional checks of accuracy are being made as the 3601'75

used a 32 bit word whereas the GE 635 used a 36 bit word. This results in a loss of

one digit of accuracy, and in some cases may be significant.

The new computer program for the finite rate problem has been written

and compiled, and is being checked out. A listing of this program is enclosed with

this quarterly report.

i
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IV. REVIEW OF SHEATH ANALYSIS	 .

The boundary conditions that we have used so for are based on the matching

of electron particle flux and electron energy flux at the interface between the continuum

region and the free-fail region.	 This model is valid as long as the Debye length is much

smaller than the smallest of the mean free paths, i.e, the electron-neutral mean free

path.	 However, even in this case there still exists a transition region between the

continuum and the free-fall regions.	 It is expected that, in this transition region, both

the potential and the electron number density undergo a re-distribution; these quantities

naturally match there values in the continuum and the f we-fall regions in addition to

.	 the matching of particle and energy fluxes. 	 Unfortunately, in order to investigate the

transition region we have to use a kinetic theory approach and also take into account any

change separation.	 The formulation is therefore extremely complicated.	 Bienkowski

(Physics of Fluids, February, 1967) has concluded, on the basis of the asymptotic behavior

of the equations, the existence of two transitional layers; but he gave no calculated

values which can be only obtained by the numerical integration of a set of non-linear

differential equations. 	 We are exploring the , possibility of solving several typical

situations using the actual parameters of our problem in order to evaluate tke accuracy of

our assumed boundary conditions.

1

itr

i

i
I '^
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V. FUTURE EFFORTS

During the second quarter our principal effort was to formulate the new

finite difference equations for the finite rate problem and to reprogram these new

equations. This has now been completed.

A second effort was to review the sheath model that we have been using

to establish our boundary condition on Te .

In the immediate future we plan to concentrate on numerical calculations

using our two computer programs. We will also formulate the problem for the insulator

wall its contrasted to the electrode wall which we are studying now.

i
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NRTIST	 =	 1
^1 T I ^-i ^' 4
NK - 1
[l6	 =	 I	 3bF-23
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Did — l ŵ _^ I !..
	 ^.^ ....._._.^__._..... _	 .-

CO	 1,?,(' 	 J	 = 1 ► 4
OtF'	 17 ^ 	 K	 =	 1 9 4

17: A(IrJ)	 =	 C(Ir#^)TcMP(KrJ)+A'(1•J1)  
1 8( -

.
CCAT 1 ^4V	

—

1 SC CCt'TI P.UE



^
|

6

~

4

V	 j

, 01It	 K	 194
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