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C R A C K  PROI 'AGATION U N D E I t  V A R I A B L E  LOAD I4ISTORIES 

I N  L I N E A R L Y  V I S C O E L A S T I C  SOLIDS 

W. G. Knausss  
C. Z 

I I .  Dietlnann 

T h e  growth o i  a  c r a c k  in v i scoc las t l c  so l id  i s  cor ls idcred  

\vittiin tllc l imi ta t ions  o f  linchar c o l ~ t i n r ~ l ~ r n  rnr.c.hanics. S t a r t i n g  f r o m  

the  local  s t r e s s  arid dcforrnat ion  ficbld at tilt, t i p  of a  c r a c k  a r ~ d  the  

f i r s t  law of thc.rrnodynarnics ,L non- l inear  clifiercnti nl equation i s  

dcrivccl f o r  the  crnc-k t ip  vcloci ty In ciey)c.rldcrlcc on ari a r b i t r a r y  

h i s t o r y  of the  c r a c k  t ip  s t r e s s  in tc~nsi ty  fac tor .  Condi t ions  fo r  the  

s impl i i i ca t ion  oi t h i s  diffc.rc.ntia1 tnrltlation n r e  ciiscusscd.  

T h e  c a s e  oi  cyc l i c  lozding ( fa t igue  p r o b l e m )  is  d i s c u s s e d  

i n  de ta i l  and snrnplc c:alculations i t re  given t o  i l l u s t r a t e  t h e  r e l a t i v e  

cffcrct of max i rnum and m i n i m u m  load d u r i n g  a cyc le .  Some e x p e r i -  

m e n t a l  da ta  i s  givcn f o r  co rnpar i son  with t h e s e  ca lcula t ions .  
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I';isatIcna, Cal i fornia .  

X 3 

R e s e a r c h  E'cllow, Cal i fornia  Tnstitrrtt of Tcchnology;  p r e s e n t l y ,  
Dozent M a t e r i a l  PrGfungsans ta l t  d c r  Tcchn i schen  Hochschulc  
S t u t t ~ a r t ,  G e r m a n y .  



The. f r i i c t r i r c  of v i s c o c l d s t ~ c  r11atcri;tls i s  ;is y e t  o n l y  p o o r l y  

unr l tars toc~d.  W i t h  tht .  i n ( - r r a s t : d  11s~- ot p c ) l y ~ ~ i ~ r s  i n  e n g i n e e r i n g  

d tbs igns ,  ;in c s t i l n a t ~ o n  of i a i l u r c  in  viscoc.l ; ist ic s o l i d s  b c c o r n c s  

r n o r c  ancl m o r e  i n ~ p o r t a n t .  T h i s  i s  t r u c  w h e t h e r  o n c  is concerned 

wpifh f i b e r  r c i n f n r c c d  n i a t e r i n l s ,  i n c l u d i n g  a i r c r a f t  o r  a u t o r n o b i l c  

t i r r ? s ,  o r  partic-rilntc: c o m p o s i t e s  m a t e r i a l s  s u c h  ;is s o l i d  p r o p e l l a n t  

r o c k e t  t u c l .  

F o r  n l a r g e  c:lass of n ~ n t c r i a l s  f a i l u r e  o c c u r s  by c r a c k  g r o w t h  

r a t t l e r  t h ; ~ n  n ~ ; i t t r i i i l  f low irncl i t  i s  c l e a r  t h a t  for ~ 1 1 ~ 1 1  s o l i d s  a n  u n d e r -  

s t ; i n d i r ~ g  01 c r a c k  g r o w t h  is n r i n d a t o r y  i f  o n e  wishr:s t o  t . s ; l n ~ i n e  t h c  

f ; i i l ~ ~ r c  o t  cnginc?c.~.ing t i c s i g n s  c o n s t  ructc:cl \vittl t t ~ ~ r r ~ .  

. i ' h ( . o r ~ t , s  f o r  p r v d i c t i n g  c r a c k  p r o p a ~ a t i o n  i n  l i n e a r l y  e l i i s t i c  

s o l i d s  ( t > r i t t l e  n i a t c r i n l s )  h a v e  b c c n  ndvanceci t,y G r l f i i t t ~  I 1  :, 

o~igrntxntt-cl by I r w i n  [ 2 7 a n d  tv R a r c n l ~ l a t t  13 :. 111 ;ill t11esc. w o r k s ,  

wl11c11 t o d a y  ;ire c o n s i d c r c d  f r l n d a r ~ ~ c n t a l  i r i  u n d e r s t a r l d i n g  t t ~ c -  f r a c t u r e  

o f  s o l i d s ,  the. p r i r n c  c{tivstion to ! )e  a n s w r r r d  i s :  W i l l  t h c  c r a c k  

p r o p o ~ n t c  o r  not ? Thc, problc3r11 o f  r r2c.k t i p  speed i s  r i s r ~ a l l y  o n l y  of 

i n l p c ~ r t , ~ n c c  In t11osct c ; i ses  when t h c  h i g h  c r a c k  p r o p a g a t i o n  r a t c s  

invoke. t i ~ c  i ~ l e r t i i i l  r c t s p o n s c  of t h e  n ~ a t c r ~ a l  a t  t t ~ c  c r a c k  t i l l .  Fo r  

m a n y  enginec.rir ig prcot)lcnis t h e  higtl s p e e d  ( : r a c k  p r o p a g a t i o n  i s  of 

l i t t l e  prnct ic :a l  r t l c v n n c c  s inct :  ;I r a p i d l y  s p r e a d i n g  c r a c k  wi l l  

qr i ickly  c-;lllsc n s t r u c t u r a l  f a i l r ~ r c t ,  w h i l e  t h e  q i l c s t i o n  of i n i t i a l  

c r a c k  inst; iI , i l i ty i s  m u c h  r n o r c  i m p o r t a n t .  

For v i s c o e l a s t i c  s o l i d s  i t  i s ,  of c o u r s e ,  a l s o  i m p o r t ; l n t  to 

k n o w  whet  h c r  u r  nu t  a c r a c k  p r o p a g a t e s .  H o w e v e r ,  s e v c r a l  p r o l ) l c m s  

a r i s e  i n  s r l ch  m a t e r i a l s  wh ich  r e c l u i r c  n h c t t r r  u n d e r s t a n d i n g  of crack 

g r o w t h  b e h a v i o r .  On  t h e  o n e  hand,  c r a c k s  m a y  p ropaga te  a t  s u c h  a  



s l o ~ v  rillt. t l ~ a t  a n  o b s c r v e r  m a y  j r ~ d ~ t .  i t  s t a t i o n a r y ;  t h u s  i n t v r p r c t a t i o n  

of test, ~ n f o r r ~ l n t i o n  rnny b c  c r r o n c , o u s .  Or1 t h c  o t l i c r  t i and ,  i t  i s  h i g h l y  

t l c . s i r . ~ \ , l c ~  t o  k n o w  o n c ' s  t n a r g i n  of s a f c t y  i n  d e s i g n i n g  a  s t r u c t u r e  

c o n t a i n i n g  i n e v i t a b l e  c r a c k s .  S h o u l d  tht: c r ; i c k  p r o p a g a t e ,  h o w  m u c h  

time. r c r n a i n s  b c f o r r  t h c  s t r u c : t u r o  f a i l s  to t ; i l ly7  F o r  v e r y  s l o w l y  

p r o p i i g n t i n g  c r a c k s  n  m a j o r  p o r t ~ o n  of t h c ~  s t r u c t u r a l  l i f c  n i a v  c o n t a i n  

c r a c k  g r o w t h .  It is t h u s  v e r y  i r n p o r t i i n t  w i t h  r c g a  r d  t o  f r a c t r ~ r e  of 

v i s c o c l a s t i c  m a t c ! r i a l s  t o  d e t e r m i n e  t h e  v e l o c i t y  of c r a c k  p r o p a g a t i o n  

iind no t  o n l y  t h C  s t a b i l i t y  c-ontlition a s  o n r  r lo r rnn l ly  d o c s  f o r  b r i t t l e ,  

r a t e  insc!nsit . ive 111;t tcrials .  

In  t w o  p r c v i o u s  p a p e r s  c r a c k  p r o p a g a t i o n  in  v i s c o c l n s t i c  sol ic ls  

h;is  br.cri c o n s i d c r i d  u n d e r  s p e c i a l  c - o n d i t ~ o n s .  O n e  w a s  c o n c c r n c d  w i t h  

P - 
t h e  stt.aciy propngi t t ior l  o f  n  c r a c k  in  a s t r i p  '_ 4 J a n d  t h e  othc:r wi th  t h e  

t ~ ~ o n o t o n i c  g r o w t h  of a c r a c k  i n  a l a r g e  s h c t t  r 5 ?. In b o t h  c a s c s  t h e  

a p p l i e d  l o a d  \va s hclcl c o n s t a n t  t o  k e c p  t t ic pro1)lc.m s c o n c  c.ptically 

s i r r ~ p l c  a n d  t i le a n n l y  sis t o  a m i n i m u m .  T i l e  main o b j c c t i v c  o i  t h i s  

p a s t  w o r k  \\,as to c x p l o r c  t h e  f c a s i l j i l i t y  of a c r a c k  p r o p ; t g a t i o n  c o n c e p t  

f o r  n v i s c o c l n s t i c  n l a t e r i a l .  H a v i n g  d e m o n s t r a t c c l  t h a t  t h e  c a l c u l a t i o n s  

i o r  thclsc s p e c i a l  a n d  s i m p l e  c a s e s  w e r e  wc.11 corroborated b y  c s p c r i -  

rncn t ,  : t  1s n a t u r a l  t o  r e m o v c  s o r n c  o i  t h c  ; i s s u t n p t i o n s  pc:rt inent t o  

tlit. s p ~ c i f i c  n a t u r e  of t h e s e  p r o b l c r n s .  \Yc s h a l l  t h u s  c o n s i d e r  n o w  

t h e  p r o b l c r ~ l  of c o - l i n e a r  c r a c k  g r o w t h  i n  a n  a r b i t r a r y  t w o - d i m e n s i o n a l  

g e o m e t r y  w h i c h  i s  s r l b j e c t e d  t o  a n  o t h e r w i s e  n r l ~ i t r a r y  h i s t o r y  o f  

b o u n d a r y  l o a d i n g .  

T h e  o n l y  r e s t r i c t i o n  t o  b e  p l a c e d  o n  t h c s c  d c v c l o p m c n t s  a r e  t h e  

rc - t cn t ion  o f  q u a s i - s t a t i c  c o n d i t i o n s  ( s l o w  c r a c k  g r o w t h )  a n d  t h a t  t h e  

rnatc:rial  rnny b e  a p p r o x i m a t r d  b y  n  l i n e a r l y  vi s c o e l a s t i c  s o l i d  p o s s e s  s i n g  



l o n g  tirnc. e las t ic-  t )ehaviur .  T h i s  m a t e r i a l  a s s u m p t i o n  e.uc.lutl~~s from 

c o n s i d e r a t i o n  t h o s e  s o l i d s  wh lch  exhib i t  ) m e  s o r t  of t i r nc  o r  : ' . 

d e p e n d e n t  duc t i l i t y  reminiscent of m e t a l  y '4. 



TIIE P O W E R  EQUA'TION 

Lct \is c o n s i d c - r  a  c . o r ~ t o u r  C whic-t1 t . r ~ c l o s e s  t h e  c r a c k  t i p  
1 

i s  111 F u r  1 I t s  shapcb is a r b i t r a r y  r s c c p t  t h a t  f o r  c o - l i n e a r  

c r a c k  grcns,th i t  1s c : o n v e n ~ c n t  t o  c t l o o s e  o n c  \\.hicti is s y n i m c ~ t r i c  

a t lou t  t h e  c r a c k  ; ixis.  If o n c  p e r n l i t s  t h e  s t r c s s r 3 s  t o  b e  s i n g r i l a r  

a t  t h e  c r a c k  t i p  a n d  t h e  d i s p l a c c r n c n t s  t)orinclcd t h e n  t h c  t r a c t i o n  

T i ( t )  arirl t l i s ~ ~ l a c c m e n t s  r a t e s  i ~ .  ( 1 )  o n  tlli s c-ontotir  a r e  u n i q r ~ e l y  
1 

rr.1;ltt.d t o  t h e  t r n c t i o r ~ s  on  t h e  b o u n d a r y  of t h e  s o l i d .  I n e r t i a l  e f -  

i c . c : t s  nrc: i g n o r r d .  T h e  f i r s t  l a w  of T h e r r n o ~ . l y r i a r ~ i i c s  r c q u i  r c s  

t l ~ a t  t t i c b  r a t c  o f r k d o n c  by t h e s c  t r a c t i o n s  ccltials t h e  r a t c  a t  

w h i c l ~  frctc v n c r g y  i n s i d c  t t ic  c o n t o u r  i r ~ c r c . ; l s c s ;  p l u s  t h e  r a t e  a t  

\vs.t~ich e n e r g y  d i s s i p a t e d  i n s i d c  C a g a i n s t  v i s c o u s  f o r c e s ;  plris t h e  
1 

ratc: . i t  w h i c h  thca w o r k  d o n e  a g a i n s t  m o l e c ~ i l a r  f o r c e s  of c o h e s i o n ,  

. . : d(:/"dt, w h i l e  t h e  c r a c k  < t d v a n c c s .  F I e r e  d c / d t  = d i s  t h c  r a t e  of 

c r a c k  g r o w t h  o r  c r a c k  t i p  v e l o c i t y  a n d  I' i s  t h e  s p e c i f i c  s u r f a c e  

ericlrgy. T h e  l a t t e r  i s  c o n c e i v e d  as  a r a t e  i n d c p c n d c n t  q u a n t i t y  a n d  

i n s c n s i t i v e  t o  t e r n p c r a t u r e  c h a n g e s .  W c  h a v e  t h u s  

If \sre r c p l a c c  t h e  l o w e r  ha l f  of t h e  m a t e r i a l  i n  F i g u r e  l a  by t h e  

cqr i ipo l l cn t  ( n o r m a l )  t r a c t i o n s  o v e r  t h e  s u r f a c e  C ( c f .  F i g u r e  I b )  
2 

t h e  p o w e r  b a l a n c e  b e c o n i c s  



CTpun c o m p a r i n g  ( 1 )  nrl(1 ( 2 )  o n e  f i n d s  r e a d i l y  

It s t ~ o u l t l  t)c pointrbci ou t  t h a t  if t h e  n o r n ~ a l  t r i i c t i o n  v n r l i s h c s  o n  

C 2  w h e r ( !  t h e  n o r l n a l  displac:c-nlent i s  n o t  z e r o  anci if the. n o r m a l  d i s -  

p l n c c l t n e n t  vanis t lcs  o r )  ttlc. r c t ~ l a i n d r r  of C2 t h e n  t h e  intcgr; t l  i n  ( 3 )  

~ I V C S ,  f o r m a l l y ,  z e r o  c o n t r i t ~ r l t i o n .  W e  s h o ~ i l d  therefore consider, 

i n  pr inc: ip lc ,  n  st r v s s  c1is t r i t )u t ion o n  t h e  a x i s  ; I S  p r o p o s c d  t)y 

Uarcn1) la t t  [ 3 ' sue-h t h a t  t h c r o  cbxists n  sc:c:tion of C s a y  oi  l e n g t h  a 
2 

on  ~vt i ic l i  b o t h  3' nncl 11 d o  not v n r ~ i s h  s imu1tancwr:s ly  (cf. F i g u r c  l c ) .  
n 11 

'Tli(: p h y s i c a l  n;itrirc, of th(*sc,  t r a c t i o n s  t1;is been d i s c r ~ s s c d  p r e v i o u s l y  

1," o n c  of thc. a r l t l io r s  [ 6 ;  a n d  wi th  rc-gitrd t o  tlic. re1;itc.d su l , j cc t  of 

In t h e  i i l ~ s o n c e  o f  a n  r.stcl1sion of H a r c n I ) l n t t 1 s  so l r i t ion  t o  v i s c o -  

c . las t ic  s o l i d s  w e  sl1all u s ~ ,  t h c  r - l n ~ s i c : ~ i l  : ; i r i ~ r i l n r  sc) lu t ion w i t h  s o m c  

; ~ l ) l ) r o p r i ; ~ t c  rnoc1ific;ition. 'Two ,~ppr t? . - ichcs  arc.  o p c n  t o  u s ;  t h c y  a r e  

1,oth c x p l o r c d  In  r t t i c r c n c c . ~  [ 4 ] alld r 5 1. E ~ t h c  r oric a p p e a r s  to  g i v e  

crlrially good  rc.sri l ts .  I n  t h i s  p a p e r  wc f o l l o w  t h e  ; i p p r o a c h  of 

r c f c r c n c c  1  a n d  r ~ ~ o d i f y  t h e  p o w c r  c-clrintion s o  t1i;it w e  rnny n s c  t h e  

c l a s s i c ; i l ,  s ~ n g u l a r  s t r e s s  d i s t r i b t l t i o n  ;it  thc. c r a c k  t i p .  

W e  c o n s i d e r  t h c  c r a c k  t o  g r o w  t 'rot-r~ s i z e  c a t  t i m e  t ,  t o  

s i z e  r i 9 a t  t + a t  t l +  g / i ,  i- l lc ing consici( .rrcl  c o n s t a n t  ancl d i f f r r c n t  
1 

f r o n ~  z e r o  i n  t h a t  t i r l ~ e  i n t e r v a l .  F o r  t h e  s i r r ~ p l c  p r o b l e m s  c o n s i d e r c d  

p r c v i o r i s l y  c: t u r n e d  o u t  t o  Ijc a c o n s t a n t ,  i n d e p e n d e n t  o f  t h e  r a t e  tf 

< - r a c k  g r o w t h  a n d  o n  t h e  o r d e r  of 1 0 - ~ c r n  f o r  t h e  p o l y u r e t h a n e  r u b -  

t)c.r c o n s i d e r c d  1 4 ,  5 ;. D u r i n g  t h e  t i r n c  i n t e r v a l  At t h e  t r a c t i o n s  a r c  



t o  d c c r o a s e  a t  a  c o n s t a n t  r a t e  f ro rn  t h e i r  r n a x i m u m  v a l u e  t o  z e r o  

acco r t l i ng  t o  

A t  the  t!ncl o i  t h e  t i m e  i n t c r v n l  t h c  procc.ss  s t a r t s  o v e r  aga in .  T h i s  

s t e p  w i s c  pr -occss  i s  valitl a s  long a s  t h e  arnc311nt of c r a c k  a d v a n c e  a: 

i s  v e r y  s rna l l .  Expcrimc!nts  i n d i c a t e  t ha t  t h i s  i s  t r u e  14 ,  5 1  . 

Equa t ion  ( 3 )  rnay now b e  r c - w r i t t e n  a s  

1vllc.r~ ii ( x ,  t )  i s  tllc c r a c k  bounda ry  d i s p l a c c t ~ ~ e n t  r a t e  corresponding t o  
I1 

'r ( s ,  t )  a s  g iven  by  cquat ior .  ( 4 ) .  T h e  eva lua t ion  of t h e  c r a c k  p r o p a g a t i o n  
t 1 

equa t ion  ( 5 )  h inges  o n  d e t c r r n i n i n g  t h i s  c r a c k  bounda ry  d i s p l a c e m e n t  r a t e  

f r o n l  t h e  p r e s c r i b e d  t r a c t i o n  T  ( x ,  t). n  

'This eqimtion dr lp l ica tes ,  on  a  p e r - u n i t - t i m e  b a s i s ,  t h e  r e l a t i o n  f o r  
c r a c k  g r o w t h  g iven  by I r iwn  f o r  b r i t t l e  s o l i d s  [ 21. 



E V A L U A T I O N  O F  TIjE P O W E R  EQUA'I'ION 

L e t  the  d i s t r ibu t ion  of n o r m a l  s t r e s s c s  allcad of the  c r a c k  and 

on t h e  l i n e  of c r a c k  propagat ion  1)e given by the  s i n g u l a r  f o r m  

s o  tha t  ( 4 )  bccornes  

'I'llis c l a s s i c a l  s t r e s s  d i s t r i \ )u t ion  ( 6 )  i t ~ ~ p l i e s  to  a l n r g c  c l a s s  of 

thrcr .-di~rlc.r~slonal  p r o b l t r r ~ s  irlvolving infini te  tlr1111ains [ 9 1, with the  

two-clirnensional shcstat containing s c e n t r a l  c r a c k  a s  a  s l)ccinl  c a s e  [ 5 1 .  

It appli  c.s i l lso i f  orlcl asslin1c.s thr: m a t e r i a l  t o  p o s s e s s  it cons tant  

I 'c~isson's  r a t io ,  a n  a s s r l ~ n p t i o n  which i s  va l id  only nclar the  lowcr  and 

u p p e r  c s t r c r n c s  of tho s p c c t r u n l  of rclaxiition tir11c-s. F o r  a  n i o r c  

g e n e r a l  rn;itc:rinl roprcscn ta t ion  and g tornc t r ics  solutiorls for  c r a c k s  

growing in a viscot.lnstic sol id ;I rt. not avai1,tI)lc. Thc.rt  a p p e a r s  t o  

be no r c ; t s o n  to  doribt the  vnlitfity of thc  rcprc*scri tat ion (0). In \it:w 

of t h c  ; ~ p p r o s i r ~ l ; ~ t l c ~ t i  o f  thc  ac tua l  s t r e s s  field by the  s i r l ip l ic r  onc ,  

t h c  poss ib le  diffc.rcncc is probably  of l i t t l e  conscqr1t;nce. 

It h a s  bccn shown e l s e w h e r e  [ . I ,  9 1  that  the c r a c k  boundary  

d i s p l a c e m e n t  c o r r e s p o n d i n g  to (6 )  is ,  f o r  cons tan t  P o i s s o n ' s  r a t i o  v 



1  p l anc  s t r e s s  

P. = 
2 

1 - v  p l ane  s t r a i n  

D ( t )  = c r e e p  cornpliancc. in cx t cns ion  of t h e  v i s c o c l n s t i c  so l id  

T h e  func t ion  K( t )  i s  rc l i i tcd t o  t h e  s t r c s s  intensity f a c t o r  

K ( t )  ! 1 - ( t - t l ) / a t  ] a s  fol lows.  T h e  t r a c t i o n  1' ( x ,  t ) ,  equa t ion  (7) .  
I1 

i s  rrladc u p  of two c-ont r ibu t ions ,  t h e  t crlsion K ( t )  (2nx)  
- 1/2 a n d  a  

- 1/2 
p r e s s u r e  -K(t)  ( t - t l ) / n t  (Znx) wh ich  c a u s e s  t h e  c r a c k  t o  open  a t  

t h e  t ip .  It is  only t h e  l a t t e r  componen t  which  e n t e r s  equat ion  (8) f o r  

t h e  c r a c k  opening  d i  s p l a c e m e n t .  T h u s  

S i n c e  t h c  d i sp lncemen t  (1 i s  z e r o  f o r  po in ts  i r r lmcdia te ly  t o  t h e  r i g h t  of 
n  

t h c  c r a c k  t i p  unt i l  t  = . t  o n e  f inds  1 ' 

a n d  upon s u b s t i t r ~ t i n g  ( 9 )  a n d  nt tglcct ing t h e  f i r s t  t e r r n  in  t h e  b r a c k e t s  

. - 
t h c  do t  s ign i fy ing  d i f f e r e n t i a t i o n  wi th  r e s p e c t  t o  T. Deno te  t h e  t e r m  in  

b r a c k e t s  by 



2 n d  f3spancl F'( t l ; r )  i n  ;I M a c l a u r i n ' s  s r r i e s  a b o u t  t l  t o  ol , tain 

N o w  ( I  1 )  b c c o r n e s  

w h c r c  w e  tiilvc t lcfinod 

\ i 'c n i a y  ~ i o w  use t h e  d i s p l a i - c m c n t  ( 1 4 )  i i long wi th  t h e  c r a c k  t i p  

s t r r B s s  ( 7 )  to t . v a l u a t c  t h e  p o w e r  e q u a t i o n  (5) .  T h e s e  c a l c u l a t i o n s  a r e  

f a c i l i t a t c r l  ~i i v r  i n i r g r a t c  ( 5 )  by p a r t s  w i t h  r c s p c c t  t o  t i m e ,  t a k i n g  

i l l to  a c c o u n t  that  u ( x - a ,  t l )  = 0  a n d  T ( x ,  t  t A t )  = 0. One o b t a i n s  
n n  1 

t h t ~ n  



w h i c h ' b r - c o m e s ,  u s i n g  (7 )  a n d  ( 1  4 )  

o r ,  a f t e r  performing t h e  i n t e g r a t i o n  with r e s p e c t  t o  x a n d  not ing 

tha t  ? A t  - rr 

We now expand t h e  f i r s t  b r a c k e t  i n  t h e  i n t e g r a n d  i n  a Maclaur i r l  

s e r i e s  i n  t - t  a n d  a f f ec t  t h e  m u l t i p l i c a t i o n  of t h e  rc:sulting two  s e r i e s  
1  

t o  ob ta in  

L c t  u s  de f ine  t h e  func t ions  

T h e n  (18) may b e  w r i t t e n  a s  



Recal l ing  thiit, At = o / e  and tha t  t l  w a s  a n  a r b i t r a r y  t i m e  

signifying t h e  onse t  of n s m a l l  amount  of c r a c k  propagat ion  we  m a y  

r c p l a c c  t  b y  the  g e n e r a l  t i m e  t t o  obta in  a d i f fc rcn t i a l  equation f o r  
1  

t h e  c r a c k  t ip  ve loci ty  C a s  a  function of t h e  t i m e  h i s t o r y  of the  

s t r e s s  in tens i ty  f a c t o r  K ( t ) :  

whrrc! w c  h a v c  l e t  E = l / ~ ( a , )  deno te  t h e  long t i m e  o r  cxquilibrit~rn 
0 

r e l axa t ion  modulus.  T h i s  equation m a y  bc  c a s t  in to  a  d i f f e ren t  f o r m  

b y  r e - a r r a n g i n g  the  s u m m a t i o n  so a s  t o  s u m  t h e  s a m e  o r d e r s  of d i f -  

f c r c r t i a t i o n  o n  K(t) .  Onc  obta ins  thcn  



A N A L Y S I S  O F  TIIE C R A C K  I'ROI'AGATION EQUATION 

L e t  u s  f i r s t  e x a m i n e  t h e  func t ions  

It i s  e a s y  t o  show t h a t  

St;itcrnc.nts 1 )  and  2 )  follou. f r o m  t h e  mono ton ic  bc.havior of t h e  c r e e p  

complinncc.  D( t )  and  t h e  t h i r d  s t a t e r n c n t  fo l lows  f r o m  t h e  o b s e r v a t i o n  

thn t  the furlction f ( ( , l ~ ) = ( ~ - ~ ) ~  h a s  t h e  behavior f (6 )  = trn 

0-q f 5 a s  rn-o~.  

A s  p r a c t i c a l  rna t t t - r  i t  s h o r i l ~ l  t)c o l ) s c ~ r \ ~ c d  t h a t  whcn n , m l  - 1 

t h e  d i f f c r e r l ce  bc twcen  B a n d  B i s  less  than  o n e  pcBrcc*nt so 
n  m 111 n  

t h a t  B m a y  h e  c o n s i d c r c d  symrnr t t r ic  i n  n a n d  rn. F u r t h e r m o r e ,  
n m  

if o n e  ctcf ines ,  f r o m  p h y s i c a l  c o n s i d e r a t i o n s  a t i m e  t  s u c h  thn t  
m  

D( t )  = (a>) w h c n e v c r  t > t  t h e n  it c a n  b e  shown t h a t  
rn 



h i o r c  s p e c i f i c  l ir l l i t  b e h a v i o r  c a n  b e  e s t a b l i s h e d  r i g o r o u s l y  

o n l v  if m o r e  d e t a i l e d  b e h a v i o r  of t h e  c r e e p  c o m p l i a n c e  i s  s p e c i f i e d  

i n  t h e  t r a n s i t i o n - t i m e  z o n e  t - - t  . I t  a p p t B a r s  h o w e v e r  t h a t  t h e r e  n1 

e x i s t s  a l i n d t  f u n c t i o n  B ( t )  s u c h  t h a t  B ( t )  ) B m c D ( t )  f o r  a l l  t. 
cx) cn r:nl 

F i g u r e  2  s h o w s  s e v e r a l  functions 13 ( t )  . i long  wi th  t l lc  c r e e p  n m  

c o m p l i a n c e  of a  p o l y u r e t h a n e  r u b b e r  [ 10 ' . 
It f o l l o w s  f r o r n  t h e  u p p e r  l i r n i t  o n  E3 iir:ti t h e  f i n i t e n e s s  of i: 

nlr) 

t h a t  t h e  d o u b l e  s e r i e s  i n  t h e  c r a c k  p r o p a g a t i o n  cq t i a t ion  ( 2 1 )  c o n v e r g e s  

a l w a y s .  F u r t h e r m o r e ,  b e c a u s e  of t h e  f a c t o r i a l  f u n c t i o n s ,  c o n v c r g e n c c  

i s  v e r y  r a p i d .  

1rn:nedinte s i n ~ p l i f i c a t i o n  of t h e  c r a c k  p r o p a g i i t i o n  c.ciuation ( 2 1 )  

rnny h e  a c h i e v c d  f o r  s o n i c  s p e c i a l  s t r t r s s   historic.^ if w e  i n t e r p r e t e  

p h y s i c a l l y  t h e  i n t e g r a l  ( 1 1 )  f o r  t h e  c r a c k  opr.ning c l i s p l a c e m e n t  a n d  t h e  

subs t .qucn t  s c r i  e s  expans ion .  If d u r i n g  t1:c t i r ~ l e  i n t c - r v a l  At, thc- 

s t r e s s  i r l t c n s i t y  f a c t o r  d o c s  n o t  c h a n g e  s i g n i f i c a n t l y ,  thcrl  k ( T )  0 

a n d  K ( T )  r n a y  b t !  t a k t n  o r i t s i d c  of t h e  i n t e g r a l  ( 1  1 ) ;  t h c  n e e d  f o r  t h e  

s e r i e s  c s p a n s i o n  ( 1 3 )  cfoes t1:c.n rlot a r i s e .  It f o l l o w s  t h a t  t t lc  h i g h e r  

d e r i v a t i v e s  of t h e  c r a c k  t i p  s t r e s s  i n t e n s i t y  f a c t o r  a r e  n e c e s s a r y  o n l y  

i f  t h e  s t r e s s  i n t e n s i t y  f a c t o r  c h a n g e s  appreciably tiririrlg e a c h  t i m e  

i r l t c r v a l  At. S u c h  would  b e  t h e  c a s e  primarily if t t lc  a p p l i e d  l o a d i n g  

c h i l n g e s  r a p i d l y  w h i l e  t h e  c r a c k  p r o 1 ) n g a t c s  s l o w l y ,  i .  c . ,  u n d e r  

s t r o n g l y  t r a n s i e n t  c o n d i t i o n s .  I t  w o u l d  appci i  r ,  t h c - r e f o r e ,  t h a t  i f  thc! 

b o u n d a r y  l o a d i n g  a n d  t h e  g e o m e t r y  i s  s u c h  a s  t o  p r o d u c e  a  f a i r l y  s t e a d y  

s t r e s s  intensity f a c t o r  w h i l e  t h e  c r a c k  p r o p a g a t e s  t h r o u g l l  a  l e n g t h  o n  

t t lc  o r d e r  of a rnicron t h e  d i f f e r e n t i a l  e q u a t i o n  ( 2 1 )  c a n  b e  v e r y  m u c h  

s i .mpl i f i ed .  S u c h  w o u l d  b e  t h e  c a s e  i n  many  m o n o t o n i c  l o a d  h i s t o r i e s ,  



1>1it not  i n  c e r t a i n  cyclic load histories, a s  w c  sl ia l l  d i s c r ~ s s  l n t c r ,  

( a n d  not f o r  which  a r c  i n i t i a l l y  on t h e  o r d e r  of a ~ n i c r o n  o r  

s m a l l e r ) .  

Spec i f i ca l ly ,  f o r  s l o w  c h a n g e s  i n  t h e  s t r e s s  i n t e n s i t y  f a c t o r  

o n e  would h a v e  

wtlicll is  t h e  s a m e  a s  d t r i v c t i  i n  r 3 7 f o r  t h c  g r o w t h  i ) f  a c r a c k  in  a  

v i s c o c l n s t i c  s t r i p  u n d e r  c o n s t a n t  s t r a i n .  To  t h c  cxtcsnt that 

Bm(t) 2 D ( a t ) ,  a  = 3 a s  may  b e  s e e n  f r o m  F i g u r r  2 ,  t h i s  
c r  . 

r c s c ~ l t  i s  a l s o  the  s a n l c  a s  t h a t  ot,taincd i n  5 '  f o r  t h e  ~ r o ~ v t h  

of R s i n g l e  c r a c k  in  n l a r g e  plat(. u n d e r  c o n s t a n t  loaci. 

I t  h a s  b e e n  shown e a r l i e r  r 4,  5 7 t h a t  if t h c  s t ress  intctnsity 

f a c t o r  K( t )  i s  l e s s  t h a n  o r  cqual  t o  n l o w e r  c r i t i c a l  v a l u e  K *  g i v e n  by 

c r a c k  p ropaga t ion  i s  not p o s s i b l e ,  i. e. ,  t hcn  i- Y 0. Irl t h i s  event  

t h e  e s p a n s i o n  l ead ing  t o  ( 2 1 )  i s  not  vnlicl and  h e n c e  t h e  ful l  

equat ion  (21 )  canno t  add a n y  n e w  in fo rma t ion .  T h u s  t h e  c r a c k  

p r o p a g a t i o n  equa t ion  app l i e s  only if K ( t )  > K  * . 



CRACK PROJ'AGA'TION U N D E R  CYCLIC LOADING 

W e  wi sh  now to t ~ . u c . r ~ ~ ~ ) l i f y  so rnc  c h a r a c t c * r i s t i c s  of c r a c k  

p r o p a g a t i o n  rlndcr c y c l i c  v a r i a t i o n s  of t11c s t r e s s c s  a t  t h c  t i p  of t h e  

c r a c k .  Ln g e n e r a l  t h i s  r e q u i r e s  t h e  so lu t lon  of a mixer1 b o u n d a r y  v a l u e  

p r o b l e m  f o r  t h e  v i s c n c l a s t i c  s o l i d ,  i n  o r d e r  t o  dr3duce thc  t lcpcndence  

of t h e  c r n c k  t i p  s t r c s s c s  on  t h e  bounda ry  loading.  I I o w c v e r ,  n re  

a s s l l m e  the  s t r e s s e s  a t  t h e  c r n c k  t i p  kr~owri . ~ n d  of t h c  f o r m  (6) .  

F u r  i l l u s t r a t i v e  p u r p o s e s  w e  c h o o s e  a  siniplt .  g c o r n c t r y ,  t h e  

s c rn i - in f in i t e  c r a c k  i n  a n  inf in i te  s h e e t  (cf .  F i g u r e  3 ) .  T h l s  g e o m e t r y  

h a s  t h e  nclvantagc t h a t  n  c h a n g e  in  c r a c k  Ivngth d o c s  not  c.Ii;inge t h e  

s t r e s s  In t ens i ty  f a c t o r ,  so  t h a t  t h e  only t i m e  rlepcndcnt changes 

r c s r ~ l t  i r o r : ~  t h e  c y c l i c  loatling. If t h c  bounda ry  dl s p l a c c n i c n t  r l  ( s t r a i n  F: 
0 0 

cf .  F i g u r c  3 )  is s inusoiclal  t hen  t h e  s t r e s s  i n t e n s i t y  f a c t o r  w i l l  c h a n g e  

i n  ;I s i n u s o i r i a l  fashiorl  e x c e p t  t h a t  t h e  di s p l a c c ~ n c n t  a n d  s t  r c s s  i n t e n s i t y  

f a c t o r  wil l  bc r  out  of  ptiasc. U n d e r  t h e  a s s u n ~ p t i o n  of . I  c o n s t a n t  

P o i s s o n ' s  r a t i o  f o r  m a t e r i a l  r e s p o n s e  near t h c  r u b b e r y  o r  long t i m e  

d o m a i n ,  t t ~ c  d i sp lnce rnen t  loading  and  t h e  c r a c k  t ip  s t r e s s c - s  wi l l  b e  

n e a r l y  i n  phase .  In p a r t i c u l a r ,  f o r  t h e  m a t c r i a l  r c p r c s e n t e d  i n  

F i g u r e  2 ,  t h i s  cond i t i on  wi l l  b e  r e a s o n s b l y  s a t i s f i e d  11p t o  100 cps .  

L e t  u s ,  t h e r e f o r e ,  c o n s i d e r  t he  c r a c k  t i p  s t r e s s  i n t c n s i t y  

w h e r e  R e  . deno te s  t h e  r e a l  p a r t  of t h e  c o m p l e x  e x p r e s s i o n  

tl = so rne  nun-nega t ive  nurrlber 

b = s t r i p  width (cf .  F i g u r e  3)  

v = P o i s s o n ' s  r a t i o ,  equal  t o  1/2 f o r  o u r  p u r p o s e s .  

c = b o u n d a r y  s t r a i n  (cf. F i g u r c  3 )  
o  



Subs t i t u t ion  of ( 2 5 )  in to  (21)  y i e l d s  f o r  p l a n e  s t r e s s  ( r = l )  arid v =  1/2 

lot 2 i o t  

-Re  A 2  ( ~ " ~ / c ) ~  l e  n ! ( n + z )  - Ae rn+ I -Cd3/')] B,,[~(/L) 
n r  I 

We o b s e r v e  t h a t  if A -  O,K(t) b e c o m e s  c o n s t a n t  a n d  tho  

cqna t ion  f o r  s t e a d y  c r a c k  p r o p a g a t i o n  in  a s t r i p  r e s u l t s  [ 4 3  . T h e  

s a r n c  i s  t r u e  if ! t i 4  0. If n e i t h e r  A n o r  1 ~ :  van i sh  i t  i s  c l c a r  f r o m  

c x a m l n i n g  only t h e  dorninant  t e r m  i n  cquat ion  (26)  t h a t  the. c .sprcss ion  i n  

c r i r ly  b r a c k e t s  i s  not  i n  p h a s e  wi th  t h e  app l i ed  s t r a i n ,  t h ~  p h a s e  sh i f t  

dcpcnd ing  or1 t h e  f r t lqucncy  11 and t h e  c rack  vvloci ty C. I'hc sarne wi l l  

b c  fotintl t r r ie  upon c1osc.r t . sarninat ion of t t i r  s u m m a n d s  in t he  series. 

\ V e  should  t h e r c f o r v  e x p e c t  t h a t  t h e  c r a c k  t i p  vt loc- i ty  i s  not  i n  p h a s c  with 

t h e  s t r e s s c ~ s  <it thcl c r a c k  t l p ;  f u r t h e r m o r e  s l n c c  t h o  p t insc  sh i f t  

d c p e n d s  i n v e r s e l y  on the  c r a c k  t i p  ve loc i ty ,  t h e  p h a s c  sh i f t  wil l  v a r y  

d u r i n g  e a c h  c y c l e  s o  t h a t  f o r  a  s i n u s o i d a l  s t r a i n  superposed on a  

c o n s t a n t  s t r a i n  t h e  c r a c k  t i p  ve loc i ty  wi l l  no t  b e  a s i n u s o i d a l  funct ion of 

t i m e  s u p e r p o s e d  o n  a n  a v e r a g e  ve loc i ty .  If A is  c l o s e  t o  uni ty  o r  



(I 

g r c a t c r ,  t11c-re a r e  pos i t ions  of thcl cyc le  d u r ~ n g  which K(t)  I< . 
D u n n g  t h c s c  por t ions  the  c r a c k  t ip  wil l  r e m a i n  s t a t ionary .  

'Thrls if we think of t h e  s t r a i n  a s  a n  i r ~ p r ~ t  to  ,i p r o c c s s  

ancl of t h e  c r a c k  t ip veloci ty a s  t h e  resrllt  (output)  of th is  p r o w s s ,  

then t h e  p r o c c s s  -- equation ( 2 6 )  - -  a c t s  11kc ;t highly non- l inea r  

r e c t i f i e r .  

L c t  11s s u b s t ~ t u t t  son le  r e a l i s t i c  v a l r ~ c s  into ( 2 5 )  and (26)  t o  

ca lcr l la tc  t h e  t i m e  h i s t o r y  of c r a c k  propagation.  W e  would b e  

interested in studying t h e  effect  of varying r. A and ( I .  In o r d e r  
0 ' 

t o  f a c i l i t a t e  the  cn lcu la t ions  we  o b s e r v e  f r o m  F i g u r e  2 tha t  t h e  D f o r  
n m  

n,  11165 fal l  a l l  In a  n a r r o w  r a n g e ,  a  r e a s o n a b l e  a v e r a g e  being 

We shal l  t h e r e f o r e  approx i rna tc  (26)  by using the  s impl i f i ca t ion  ( 2 7 )  arid 

t e r n ~ i n n t e  t h c  s c r i t s  a f t e r  n  = m = 5. F o r  t h e  s u r f a c e  ene rgy  r we u s e  

tho value  d c t c r m i n c d  on  the  p o l y m e r  swol len  in  to luene  1 1  1 1, r = 0. 1 lb/in. 

Solut ion of equation (26 )  f o r  the  ve loc i t i e s  was  achieveti  by Newton's  

rncthotf on n digi ta l  compute r .  B e c a u s e  of the  au tomat ic  na t l l re  of t h e s e  

ca lcu la t ions  computa t ion  of ve loc i t i e s  u n d e r  conclitions of high o r  v e r y  

low s t r a i n  rntSt with s o m e  diff icul ty,  which a r e ,  l lowever ,  not of a  

fundanicntal  na tu re .  

F o r  t h i s  r e a s o n  the  r e s u l t s  shown in  F i g u r e  4 a r c  m o r e  

indica t ive  of c r a c k  growth bc~hav io r  t h a n  c o n ~ p l c t e .  N e v c r t h c l e s s ,  it is 

c l e a r  f r o m  th i s  f i g u r e  tha t  s ~ l a l l  s inusoidal  l a d  v a r i a t i o n s  supc:rposcd on  a 

cons tan t  load p r o d u c e  n e a r l y  s inusoidal  veloci ty v a r i a t i o n s  about  a  

mean .  A s  the  va r i a t ion  i n  load i n c r e a s e s ,  ttic s inuso ida l  c h a r a c t e r  



c j f  t h ~  veloc i ty  h i s t o r y  c h a  n g  c  s ,  t h e  ve loc i ty  h i s t o r y  b c c o r n c s  l e s s  

and  lcss s i n u s o i d a l  in  c h a r a c t e r .  F r c q u c n c y  h a s  t h r e e  obvious  

e f f c c t s ;  i t  c h a n g e s  t h t  s h a p e  of t h e  veloci ty- t i r r lc  c y c l t ~  a s  i l l r i s t r a t ed  

in  F i g u r e  4c ;  i t  c;iusc:s a  p h a s e  sh i f t  ( l e a d )  of t h ~  ve loc i ty  c y c l e  a n d  

a n  i n c r e a s e  i n  ve loc i ty  i n c r e a s e s  t h e  pt-ak vc~ loc i ty  a t  hightxr 

i rcc lucncies .  R e s p o n s e s  t o  f r e q u c n c i c s  of 10 and  1 cprn g a v e  

v i r t u a l l y  i d e n t i c a l  r e s u l t s  a s  would ,  p r e s u m a b l y  s t i l l  l o w c r  

frcquc.ncics  a s  1 o n  g a s  c a n d  A r c r n a i n s  cons t an t .  I t  s t 3 c r n s ,  
0 

t h e r e f o r e ,  t h a t  f o r  t h e s e  low f r e q u e n c i e s  (1 /1 t  g r e a t e r  t han  the  

m a x i m u m  r e l a x a t i o n  t i m e )  t h e  s imp l i f i ed  (>rluation ( 2 3 )  i s  adecluatc.  

F o r  l a r g e  v a r i a t i o n s  of t h e  s t r a i n  abou t  t h e  rncwnn (A=0.  5, 1 )  

t h c  c r a c k  wil l  t e m p o r a r i l y  s t q p  b e c a u s e  t h e  s t r c s s  i n t ens i ty  i a c t o r  

d r o p s  be low t h e  c r i t i c a l  v a l u e  K', equa t ion  (24) .  In t h i s  c a s e  t h e  

full  r ion- l inear  c h a r a c t e r  of equat ion  (21 )  c o m e s  i n t o  play i n  

p r o d u c i n g  a  c r a c k  vc:locity h i s t o r y ,  tile c h a r a c t e r i s t i c s  of which a r e  

d i s p l a y e d  i n  4c  a n d  d. Note  t h a t  t h e  i n c r e a s e  o i  f r e q u e n c y  i n  4c 

cctrlscs n c h a n g e  i n  t h e  a s y r n ~ l i c t r y  of tht-  v e l o c i t y - t i m e  cyc le .  T h e  

c t ~ a r a c t e r i s t i c s  of t h c ~  b e h a v i o r  n e a r  s rnnl l  s t r a i n s  f o r  A = 1  a r e  

q u i t e  t h e  s a m e  a s  t h o s e  observc!d in  a n  e s p c r i r n e n t ,  a s  recorc lcd  in  

F i g r i r c  5. C l o s e r  c :or~lpar i son  of t h e o r y  a n d  c s p r x r i m r n t  m e e t s  

p r i ~ ~ ~ i i r i l y  wi th  i n s t r u m e n t a t i o n  d i f f i cu l t i e s  a t  t h i s  t i m e .  C y c l i c  

c r a c k  p ropaga t ion  v e l o c i t i e s  a t  s m a l l  s t r a i n s  a r e  d i f f icu l t  to  

r ~ i c c i s u r t x  s i r lcc  t h e y  a r e  on  t h e  o r d e r  of o n c  hundred th  of a n  inch  p e r  

minu te .  On t h e  o t h e r  hand ,  l a r g e  s t r a i n s  p r o d u c e  h i g h e r  v c l o c i t i c ~ s ,  

but thcy  a r c  d i f f icu l t  t o  c a l c u l a t e  a n d  r e q u i r e  m o r c  carc>fril n u m e r i c a l  

w o r k  than  t h i s  s tudy  s e e m s  t o  w a r r a n t .  In add i t i on ,  l a r g e r  s t r a i n s  

i n t r o d u c e  n o n - l i n e a r i t i e s  wh ich  a r c  not  accoun ted  f o r  in t h e s e  

c a l c u l a t i o n s .  
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Fig. 1 Control . l)lume around and stress distribution 
ahead of c rack .  
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Fig. 2 Creep compliance and functions B,,(t) a t  0 " C ;  for n,m S 5, B05<B,,<B50 



Fig.3 Cracked str ip geometry for crack propagation study. 
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Fig.5 Experimental crack velocity as a function of 
time ( w = 3 6 0 c p m ,  €0' 12%. A . 1 ) .  


