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A STABILITY BOUND FOR RELAY CONTROL SYSTEMS IN NON-PHASE VARIABLE FORM 

by 

B. F, GoLdstein and 9, P, Lindorff 

I INTRODUCTION 

This paper presents  an approach f o r  determining a s t a b i l i t y  bound f o r  r e l a y  
con t ro l  systems i n  non-phase va r i ab le  form. The system under considerat ion is  
assumed t o  be subjec t  t o  unknown but bounded parameter v a r i a t i o n s ,  

In  a  recent  inves t iga t ion  C l ] ,  a  semi-defini te  Lyapunov funct ion  has been 
employed i n  t h e  design of r e l a y  con t ro l  systems, sub jec t  t o  parameter v a r i a t i o n s  
and ex te rna l  d is turbances ,  f o r  systems i n  which t h e  s t a t e  vector  is not i n  phase 
va r i ab le  form. It has been noted, however, t h a t  un less  t h e  i n i t i a l  condit ion l i e s  
on the  switching plane,  a  semi-defini te  Lyapunov funct ion  cannot be used t o  de te r -  
mine t h e  region of s t a b i l i t y  i n  response t o  i n i t i a l  condit ions.  Consider f o r  ex- 
ample t h e  s i tu taTion i n  Figure 1. Although x(O) is within R , it does not fo l low 
wi th  V >  0 and V < 0 o f f  t h e  switching p lane ,  t h a t  x ( t ; t > o ?  m,ust reach the  switch- 
ing plane,  s ince  if - x(  t )  leaves  R a s  shown, ' then th; s ign  of V i s  not guaranteed 
outs ide  of Ro .  0  

In  t h e  approach of t h i s  paper, a bound ins ide  which a l l  t r a j e c t o r i e s  w i l l  be 
s t a b l e  can be found i f  a s i m i l a r i t y  t ransformation i s  used f o r  each parameter s e t  
within t h e  parameter space.  Each r e s u l t a n t  bound determined i n  the  phase-variable 
space is then mapped i n t o  t h e  o r i g i n a l  space where some measure of a  bound on 
s t a b l e  performance may be obtained. 

I1 DESIGN APPROACH 

Equivalence of con t ro l  i n  Non-Phase and Phase-Uriable  Space 

Consider t h e  l i n e a r ,  t ime-invarient  con t ro l l ab le  system defined by t h e  equation:  

x = lxn s t a t e  vector  - 
A = nxn p l a n t  matr ix 

b = lxn input  con t ro l  vector  

u = s c a l a r  input  . 
The system i s  i n  non-phase va r i ab le  form and c o e f f i c i e n t s  i n  A a r e  known t o  l i e  
within some bounded region of the  parameter space. In add i t ion ,  A need not be 
a s t a b i l i t y  matrix. 

2 A p o s i t i v e  semi-defini te  Lyapunov function V =1/2 [ y (x ) ]  is  defined,  where 
y (XI  = $ - x = 0 c o n s t i t u t e s  a l i n e a r  switching p ~ g B e  i n  x space. I n  order  t o  - 



Switching Plane. kt ~0 
-0 

Figure  J. 

x Space Trajectory and Semi-dkfinite Lyapui'lov Contour - 



insure  t h a t  motion on the  switching plane i s  s t a b l e ,  the  necessary con t ro l  law has 
been shown [l] t o  be: 

u = L sgn C y (513 G a 2 9  

where 

Consider now a p a r t i c u l a r  parameter s e t  {a . I  f o r  which A - Ai, & . %* For t h i s  
1 set the re  i s  a transformation f 21 

f. 'or which 4 is i n  phase- v a r i a b l e  form and for which a con t ro l  law can be defined 
by 

t 
u = L sgn (k -y-),$ (284)  

For u t o  be equivalent i n  equations (2,2) and ( 2 . 4 ) ,  it i s  required t h a t  

A system block diagram i s  shown i n  Figure 2,  

Transformation t o  Phase-Variable Form 

A s  shown i n  t h e  design approach of f 11, c e r t a i n  r e s t r i c t i o n s  a r e  placed on 
the magnitudes of t he  components of k+.* Hence, with kg f ixed,  the re  e x i s t s  f o r  

each parameter se'tthr(2 e (1. , k 1 which descr ibes  the  system i n  terms of phase 

v a r i a b l e  coordinates, 
i - 

A s  a r e s u l t  of the  transformation 'T t he  system may be represented i n  the  
cmonic  (phase var iable .  ) space asj  i * 

* I n  Reference 1, t h e  saadel tracking problem was considered. In t h i s  paper ,  no 
model i s  considered s ince  a t t e n t i o n  i s  focussed on the  i n i t i a l  condition problent. 



Figu re  2 
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where 

z I x n s t a t e  vector ,  

and b: = C 0 0 . . . 11. In genera l ,  Ac need not be a s t a b i l i t y  matrix.  This 
being?he case ,  a s t a b i l i t y  matpix A may be defined and Equation 2 .6  a l t e r e d  a s  

- 

follows : s 

It should be made c l e a r  t h a t  t h e  choice of A i s  purely a r b i t r a r y ,  as long a s  
A i s  a s t a b i l i t y  matrix,  S 

S 

Construction of Pos i t ive  Def in i te  Lyap~nov~Fanc t ion  

Consider the canonic form of t h e  s t a t e  equation ( 2 . 7 ) .  Following the  method 
i n  [ 41, a pos i tve  d e f i n i t e  Lyapunov funct ion  V = yt P E may be found where a 

pd 
symmetric P i s  a so lu t ion  t o  t h e  expression: 

i n  which Q is  a p o s i t i v e  d e f i n i t e  symmetric matrix,  

If a bound Ri is found ins ide  which the  con t ro l  law is v a l i d ,  then t h e r e  e x i s t s  
a  hypere l l ipsoid  inscr ibed i n  R .  such t h a t  f o r  any ( t  ) i n s ide  t h e  hypere l l ipsoid  

1 0 
w i l l  be negative d e f i n i t e ,  and p = (t; t > 0) w i l l  be asymptotical ly s t a b l e .  This 

i s  i n  con t ras t  t o  the  semidef in i te  case f o r  which a closed bound cannot be found 
f o r  motion off the  hyperplane. 

It must be pointed out  i n  con t ras t  t o  C41 t h a t  i n  t h i s  paper a r e s t r i c t i o n  
must be placed on P; t h a t  i s ,  t h e  Lyapunov function V i s  constrained by t h e  f a c t  
t h a t  P must contain k as i t s  l a s t  column i n  order  t h a t d  t h e  con t ro l  l a w  developed 
i n  terms of w i l l  b e  equivalent  t o  t h a t  o rg ina l ly  developed i n  terms of x ,  using - 
t h e  semidef in i te  design approach. 



A s  previously s t a t e d ,  t h e  pos i t ive-def in i te  Lyapunov function i s  defined a s :  

t v = y  Py. 
pd - 

Taking t h e  de r iva t ive  and simplifying,  it is found t h a t  

where 

For V . < 0 it i s  s u f f i c i e n t  t o  r equ i re  t h a t  
pd 

Expanding t h i s  term, one ob ta ins :  
A. ll 

where c des ignates  c o e f f i c i e n t s  of tho  nth row of IA'. 
j 

To s 8 t i s f y  Equation 3.4 it is required t h a t  

t 
2. s g n u  = sen (k XI. - 

Note t h a t  L = :'I C c .  y.  1 def ines  a p a i r  of hyperplanes which represent  a region 
3 3 

i n s i d e  which t h e  con t ro l  law is val id .  

The Lyapunov Contour i n  E" Space 

To a i d  i n  p ic tu r ing  t h e  r e s u l t i n g  contours and bounds it i s  advantageous t o  
consider an E2 space. This i s  shown i n  Figure 3 where R is  taken t o  be t h e  bound 
def incd by i 

n 
L > 1 C c .  y.1 .  

j =1 3 1 

Under t h e  assumption t h a t  t h e  v a l i d  con t ro l  region R completely encLoses t h e  quad.-, 
i 

r a t i c  bounds, t h e  l a r g e s t  p o s i t i v e  d e f i n i t e  Lyapunov contour which may be inscribed 
i n  R i s  an e l l i p s e  which is  tangent t o  a t  l e a s t  one point  of R e . "  i 1 

* Appendix A 



Figure 3 

Positive? f izfirdte Lyapunov Colitour i n  2 Space 



This is shown i n  Figure 3 a s  a dashed contour. 

In  order  t o  obta in  a measure of t h e  conservativeness of t h e  r e s u l t i n g  p o s i t i v e  
d e f i n i t e  e l l i p t i c  contour, it is  of i n t e r e s t  t o  map t h e  p o s i t i v e  semi-defini te  
Lyapunov contour i n t o  t h e  canonic space. This funct ion  may be defined a s  

where 

1 v = - C y (Ti x)] 
2 

psd 2 

t 
Y (Ti 5) = k E ,  

Taking t h e  d e r i v a t i v e ,  

t t t 
? (E)=& ~ = k  - A y t k  c- - % u .  

For V < 0 it is  required  t h a t  psd - 
1. sgn Y (y? = - sgn C (y )  

where 
k " ~  y - 

d = c o e f f i c i e n t s  of C- 

j t k!& 

In  genera l ,  t h e  Linear bounds f o r  both t h e  p o s i t i v e  d e f i n i t e  and p o s i t i v e  semi- 
d e f i n i t e  Lyapunov funct ions  w i l l  not be p a r a l l e l ,  This is i l l u s t r a t e d  i n  Figure 4. 
From a qua la t ive  viewpoint,  i f  t h e  semi-defini te  bound de f ines  a region g r e a t e r  

than t h e  contour vmax, t h e  design approach may be considered conservative.  If t h e  
pd 

s i t u a t i o n  is reversed ,  however, an improvement has been accomplished. It is 
inconsequential  t o  consider t h e  p o s i t i v e  semi-defini te  Lyapunov bound, however, 
s ince  t h e  region of asymptotic s t a b i l i t y ,  which i s  of primary concern, i s  defined 
only within t h e  contour vmax.* 

pd 

Determination of Bound i n  x space 
, - 

Assume t h a t  f o r  t h e  given s e t  of parameters t h e  maximum e l l i p t i c  contour i s  
found t o  be 

t max 
Y P 1! = Vpd 

This contour i s  then mapped i n t o  t h e  x space through t h e  transformation - 

f i  For t h e  model t r ack ing  problem considered i n  [ll ,  s t a b i l i t y  is achieved only  i n  
t h e  sense of bounded motion on t h e  switching p lane ,  I n  t h e  r egu la to r  problem con- 
s idered here ,  however, a region of asymptotic s t a b i l i t y  can be defined o f f  t h e  
hyperplane, 



F i g u r e  4 

Pos i t ive  Definite arid P o s i t i v e  Serni-l)efi~li.c= Lyapunov Contours ir; y Space 



For each set of parameters {a.) a contour may be mapped i n t o  t h e  x space by 
app l i ca t ion  of (2.15). This Pesu l t s  i n  a s e t  of i n t e r s e c t i n g  e l l r p s e s  ( fo r  t h e  more 
genera l  case,  a set of hypere l l ipsoids)  , a s  is i l l u s t r a t e d  i n  Figure 5 ,  

I n  genera l  it is not  known which s e t  of  parameters { a . )  descr ibes  t h e  a c t u a l  
system. Hence, any i n i t i a l  condit ion x ( t  ) within t h e  inet$rsection of t h e  e l l i p s e s  - 0 w i l l  r e s u l t  i n  a s t a b l e  t r a j e c t o r y .  The bound on t h e s e  t r a j e c t o r i e s ,  however, 
must include t h e  union of  t h e  eLlipses.  These two condit ions may be s t a t e d  a s  
follows : 

t max x ( t O )  = {x E X1/Cx P.x = Vi - - - ]/\[xt - P.  x ; = , n , i # j }  (2.16) 1- 3 -  3 

t x ( t ; t > o )  = {xr x2/[x p i x  = V ~ I I J C X ~  P.  x = yTaxl ; i, j= l ,  ..., n ,  i # j )  - - - - 3 - 3 
(2.17) 

It must be  recognized t h a t  a v a r i e t y  of parameters a r e  u t i l i z e d  i n  t h e  design 
approach, and each may assume a continuum of values. These parameters inc lude :  

1. The parameters of A and b; unknown but  bounded. - 
2. The transformation Ti, f ixed by each parameter s e t  {ail 

3 .  The set of l i n e a r  feedback gains  k r e s t r i c t e d  wi th in  c e r t a i n  
bounds by t h e  design approach of ~ i ,  

4. S t a b i l i t y  matrix A . s 

5 ,  Pos i t ive  d e f i n i t e  P ,  se lec ted  with t h e  r e s t r i c t i o n  t h a t  = k. - 
A t  f i ~ s t  glance,  it would seem t h a t  numerous contours must be generated before  

any approximate r ep resen ta t ion  of a s t a b i l i t y  bound can be determined. This 
d i f f i c u l t y  may be p a r t i a l l y  overcome, however, i f  it is  recognized t h a t  i n  many 
p r a c t i c a l  problems, even though parameters may not be known exact ly ,  t h e r e  i s  a 
r e l a t i o n s h i p  between t h e  elements of t h e  parameter s e t  Ia.1 which reduces t h e  
parameter space considerably, 1 

I11 DISCUSSION OF RECOVERABLE SETS 

Addit ional  work has been performed i n  order  t o  obta in  a comparison of t h e  
recoverable set suggested by the  above methcd and t h e  approach of Lemay [3]. For a 
l i n e a r ,  t ime-invarient  syste;m, the  following equations a r e  defined: 

F,ecoverable S t t  - 
T 

RRY(T) = x :  x BufS) dS ; u(S) admissible] - - - - 
o (3.1) 



F i g u r e  S 

I n t e r s e c t i o n  of Z l l i p s e s  i n  x space f o r  Various Parameter  Vaiues - 



Reachable Set  - 

I n  add i t ion ,  Lemay has shown t h a t :  

W * (T) = REI*~- (T) ( 3 . 3 )  

which says t h a t  " for  a constant  system, t h e  s e t  of s t a t e s  which can be driven t o  
t h e  o r i g i n  i n  time T i s  equivalent  t o  t h e  s e t  of s t a t e s  which can be reached by 
s t a r t i n g  a t  t h e  o r i g i n  and running the  system backwards f o r  the  same elapsed time.' '  
I t  is t h i s  property of t h e  recoverable set which allows a comparison of methods. 

Consider a s ing le - inpu t ,  t ime-invarient  system 

which has a l l  pos i t ive  d i s t i n c t  eigenvalues. Define t h e  t ransformation - x = M q  - 
when?eM i s  a moda& matrix i n  the  following form: 

where 

g i = gains  t o  be determined 

e.  = eigenvectors  
-3. 

It  can be shown t h a t :  

where 

r .  = t he  rows of 3-A = (ril> ri2' ..., P ~ ~ ) .  
-1 

Performing t h i s  t ransformation,  one obta ins  the  normal form: 

where 



I n  order  t o  obta in  t h e  form o f  t h e  s t a t e  equation used by Lemay ( see  Equation 3.111, 
it i s  requ i red  t o  a l t e r  the  eigenvalues of/!-. This may be accomplished by time 
sca l ing  t h e  d i f f e r e n t i a l  expression 

With u = 0 

l e t t i n g  t = i3t g ives  
1 

41(t3tl) = e AIB\ 

then I$ f 3 = -  
1 

q1 (fitl) = e 

9, (fitl) = e 
A2'Xlt~ 

Fop vec to r  the  following gains  a r e  computed 



a r e s u l t  t h e  following equation of Lemay i s  , obtained: 
-1 

In order t o  compare t h e  recoverable s e t  obtained by t h e  two methods, it is  
necessary t o  map t h e  system i n  phase-variable II_ space t o  t h e  normal - q space. For 
any contour 

t h e  corresponding contour i n  - q is  

max where V remains invar ien t  under t h e  l i n e a r  t ransformation.  
P C ~  

A design exgmple w i l l  now be considered i n  order t h a t  a comparison of methods 
may be made. 

I V  DESIGN APPLICATION 

The design technique presented i n  Section 2 i s  t o  be applied t o  a p l a n t  con- 
s i s t i n g  of a cart support ing an inverted penduLum using t h e  con t ro l  law developed 
i n  [l]. Figure 6 shows t h e  c a r t ,  which i s  mounted on a t r a c k ,  connected through 
a pul ley  and gearing t o  a D. C. motor, 

The equations of t h e  p lan t  may be wr i t t en  i n  t h e  form Ell: 

In order t o  study t h e  e f f e c t  of parameter v a r i a t i o n s ,  t h e  d i s t ance  (R) from t h e  
pivot  po in t  t o  t h e  center  of g rav i ty  of t h e  pendulum was made t o  be ad jus tab le  by 
reposi t ioning a s l i d i n g  mass on t h e  rod. The purposes of t h i s  paper a r e  served,  
however, by determining a bound for the  nominal s e t  of parameter values as Lis ted  
i n  Table 1. 





Table 1 

Parameters nominal R dependence 

-800 none 

-3 none 

L/R 

l/fi 

none 

l/R 

In  accordance with [l], t h e  components of $ a r e  t o  be chosen so t h a t  

w i t h  $10 s a t i s f y i n g  these  condit ions,  and u defined by ( 2 . 2 ) ,  a region of s t a b i l i t y  
can be found f o r  t h i s  s e t  of parameters. 

Transformation t o  Phase-Variable Fo~m 

U t i l i z i n g  t h e  method of Silverman C21, t h e  system (with t h e  parameters of 
t a b l e  1) a r e  transformed t o  canonic form, The r e s u l t a n t  matr ices  a r e :  

Computation of P 

Since A is  a r b i t r a r y ,  t h e  s t a b i l i t y  ~ n a t ~ i x  was se lec ted  as: s 



Since - kt = kt T-' it follows t h a t  
-0 i 

1 
With ko = -1 and k' = -150 kl, it follows t h a t  q = 300. Let t ing  Q be a d iagonal  

ll matrix t o  simplify t h e  conpu?ation, we s e l e c t  q and qg3 such t h a t  t h e  condi t ions  
2 3 22 

ko < 0 and ko < -1 are s a t i s f i e d .  With 

t h e  P matrix i s  equal  t o :  

t t Since kt = E, T .  t h e  value of k becomes : 
-0 3 -0 

s a t i s f y i n g  t h e  cons t ra in t s  on t h e  elements of 5. 

Determination of Linear Const ra in ts  

The l i n e a r  bounds def in ing t h e  v a l i d i t y  of t h e  con t ro l  law f o r  both the  p o s i t i v e  
d e f i n i t e  and p o s i t i v e  semi-def i n i t e  Lyapunov functions may be computed from (2.12 ) 
and (2.141, r e spec t ive ly r  For t h e  computed Ac and t h e  a r b i t r a r i l y  se lec ted  As it 
follows t h a t  

The bounds are t hen  determined a s :  

1 urnax 
I = L > 18001 yL t 15 y2 + 796.43 y 3 1  p e a .  case 

1 'max 
18000 yl t 14.5 y p  -796.473 Y 3 1  ; p . s . d  case 



It  i s  seen t h a t  t h e  s e t s  of planes a r e  approximately coplaner. This r e s u l t  is  
due t o  t h e  l a r g e  values of c e r t a i n  c o e f f i c i e n t s  i n  t h e  phase va r i ab le  matr ix  Ac. 

Se lec t ion  of l a r g e r  negat ive  values  i n  As would only r e s u l t  i n  both sets of planes 

i n t e r s e c t i n g  t h e  y coordinates c l o s e r  t o  t h e  o r ig in .  - 
Determination of  Maximum E l l i p s o i d a l  Contour 

It is required now t o  determine t h e  l a r g e s t  e l l i p s o i d a l  contour which l i e s  

within t h e  p o s i t i v e  d e f i n i t e  l i n e a r  c o n s t r a i n t ,  L > I C c . y . 1 . For L = 1.0  
computer r e s u l t s  give t h e  tangency point  a s :  j 7 3 

Correspondingly "max 
pd 

= 8,OS x loe6.  

The computation t o  t h i s  point  has involved only one s e t  of p lan t  parameters 
( t h e  nominal), and a s i n g l e  s t a b i l i t y  matrix As and p o s i t i v e  d e f i n i t e  P. The 

r e s u l t i n g  e l l i p s o i d a l  contour w i l l  now be compared with t h e  recoverable s e t  obtained 
by Lemay C31 f o r  one parameter s e t .  

Comparison of Recoverable Se t s  

For t h e  3'd order  example s tudied  i n  t h i s  paper, t h e  eigenvalues (nominal 
p lan t  parameters) a r e :  

The model matr ix M is  determined from: 

-3A2 - 3 

M = Adj C A I - A ]  = A2(h2t800) X3 + 800 1 (Ye51  

1 3 J . g  8000 Ag(hg t 800) 



The gains  gi a r e  determined from (3.10). U t i l i z i n g  (3.121, t h e  e l l i p s o i d a l  

contour is then mapped i n t o  t h e  q s p a c e .  - 
By d e f i n i t i o n ,  Lemay de f ines  t h e  system being discussed as "3,1,1", which 

i n d i c a t e s  a 3rd order  system with one eigenvalue > 0, and a s i n g l e  control input  u. 
It is shown i n  t31 t h a t  t h e  recoverable s e t  f o r  t h i s  type system (with L = f l o o )  
i s  t h e  open region between t h e  planes passing through q = I 1 and p a r a l l e l  t o  t h e  

1 
q2q3 plane,  The e l l i p s o i d a l  contour mapped from t h e  y - space is shown i n  Figure 7. 

V CONCLUSIONS AND RECOMMENDATIONS 

The approach taken in  t h i s  paper t o  determine a s t a b i l i t y  bound f o r  r e l a y  
con t ro l  systems has been applied t o  a 3rd order  system a s  discussed i n  Section 4.  
It was found t h a t  i n  order  t o  reduce t h e  p lan t  parameter space, t h e  r e s u l t i n g  
mathematical manipulation becomes q u i t e  cumbersome. A comparison was made of 
t h e  bound determined i n  t h i s  paper t o  t h e  recoverable s e t  of Lemay [3]. In general, 
it was concluded t h a t  t h e  s t a b i l i t y  bound derermined i n  t h i s  s tudv r e s u l t s  i n  a 
very conservative es t imate  of t h e  recoverab3.e i n i t i a l  condit ions.  

Though prel iminary r e s u l t s  i n d i c a t e  a conservative design,  it seems appropr ia te  
t o  study ways of varying t h e  elements of P such t h a t  t h e  o v e r a l l  Lyapunov contour 
i s  enlarged,  The e f f e c t s  of such parameters as .&,  Q ,  and t h e  l i n e a r  c o n s t r a i n t s  
should be considered, 
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Figure  7 

~ i l i p s o i a  For u Single  Sat of Piirametzrs i n  q Space (space of Lemay) 



Appendix A - Deriva t ion  of Tangency Poin t  

To determine t h e  maximum e l l i p t i c  contour i n  y space, t h e  problem may be  
formulated as : 

s u b j e c t  t o  
t - " E L L  

Define the Hamil t tonian : 

hence y = X -1 
T P  a 

t S ince  2 y = L, substitute y and ob ta in  



Appendix B - Elements of P as a Function of Q and As 

In t h e  solution of the simultaneous equations for P. it is assumed that 
= P .  . f o r  the 3 x 3 system under study, the elements are; 

'ij 1 3  


