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Abstract 

This paper developes a comprehensive pointing theory for the 

16-foot antenna, The pointing of the antenna anywhere in the sky i s  

-elated to the servo encoder readings through eight e r ro r  parameters,  

It is shown that these eight parameters may be determined by an orderly 

sequence of simple experiments. 
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I. Introduction 

The position of an  object in  the sky i s  usually given in  equitorial 

coordinates. The equitorial coordinate system. i s  a spherical system in 

which the pole i s  parallel with the rotational. axis of the earth. The equitorial 

coordinates a r e  declination, 6, and hour angle, t. The declination of an 

object i s  the complement of the conventional polar angle, The hour angle 

of an object i s  the angle measured in the equitorial. plane between the 

meridian and the projection of the ray to the object into the equitorial plane. 

This c~o rd ina t e  system i s  shown in Figure Al ,  

Figure A1 

The sixteen foot antenna i s  supported by a rriount which i s  intended 

t c  be an equitorial coordinate system. One axis,  the polar axis,  i s  suspended 

between two piers.  This axis i s  intended to be parallel to the celestial  pole. 

A second axis, the declination axis, i s  mounted on the polar axis and i s  per- 

pendicular to it. The antenna i s  then mounted on the declination axis so 
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that i t  points in a direction perpendicular to the declination axis. Thus, 

rotating the structure about the polar axis changes the hour angle of the 

antenna while rotating the antenna about the declination axis changes the 

declination of the antenna. The relative angles of these rotations a r e  sensed 

by servc- encoder s and displayed to one- one thousandth of a degree. 

11. The Pointing Problem 

In determining the antenna pointing for a given celestial object one 

usually s tar ts  with the geocentric coordinates. The geocentric coordinates 

a r e  the coordinates at  which the object would be seen i f  viewed from the 

center of the earth. The antenna i s  located a t  the surface of the earth, and 

coordinates referred to the sight of the antenna a r e  called topocentric coor- 

dinates. Geocentric and topocentric coordinates differ because of refraction 

and parallax. However, the servo-encoders do not read topocentric coor- 

dinates because their readings a r e  affected by several small but important 

imperfections in the antenna. These are: 

I .  Encoder Bias - The angles read by the servo-encoders a r e  

only relative angles. 

2 ,  Sag - Sag is  caused by the elasticity of the spars that support 

the feed. Since the effect of sag i s  to move the feed in the 

vertical plane, it  will be associated with refraction and 

parallax, which also occur in the vertical plane. 

3 .  Orthogonality - This i s  the group of three e r ro r s  which a r e  

best thought of as  e r ro r s  of orthogonality. These a r e  a s  

follows : 
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a. The polar axis may not be perpendicular to the 

equitorial plane. 

b. The declination axis m-ay not lie in a plane perpen- 

dicular to the polar axis. 

c. The antenna beam may not lie in the plane perpen- 

dicular to the declination axis. 

One can see that the servo-encoder readings differ from the geocentric 

coordinates of the object by several small  but important effects. The pur- 

pose of this paper i s  to give a method with which the servo-encoder readings 

can be obtained from the geocentric coordinates. Fi rs t ,  simple approximate 

equations a r e  derived that correct  the geocentric coordinates for the various 

e r ro r s  discussed above. Second, methods a r e  given to measure all  of the 

e r ro r  parameters. The results of some of these measurements a r e  pre- 

sented. 

111. Correction Equations 

Detailed consideration of all  the e r ro r  effects i s  rather tedious and i s  

given in Appendix AA. The correction equations will be simply stated here 

with only heuristic justification. Only those terms that a r e  of greatest 

significance a r e  retained, so that the correction equations should be re-  

garded a s  approximations. If f i rs t  order accuracy is  not enough, then the 

exact expressions of Appendix AA can be used. However, unless the e r rors  

a r e  large the f i rs t  order approximation i s  quite good in most of the sky. 

One is  interested in the pointing of both the radio frequency beam and 

the optical telescope mounted on the antenna backup structure. The pointing 
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of these two axes a r e  s imilar  but they do exhibit important differences, thus, 

there is a pair of equations relevant to each. The radio frequency beam 

correct ion equations a r e  

D = S  4-c cos ( t  - cp) - (s(E) t Z - R ( E ) ~  cos p t K 
Rf (la) 

P = t t [ E  s in  ( t  - cp) - r] t a n 6  - [{s(E)  t 2, - R(E)]  s i n p  t L ] s e c  6 t K , Rf P 

( lb )  

while the appropriate equations for the optical telescope a r e  

P = t t [ E  s in  (t - cp) - r] tan 6-((z - R o ( ~ ) ]  s in  + L ) sec  6 + K 
0 P (2b) 

where: 

D = Declination servo reading 

P = Polar  servo  readi  

6 = geocentric declination 

t = geocentric hour angle 

R (E)= Refraction correction 

S(E) = sag correcticn. Sag i s  positive if the beam is 

rotated toward the vertical.  

Z = parallax correct icn 

E = co-declination of polar axis 

cp = hour angle of polar axis 

r = angle declination axis makes with plane 

perpendicular to polar axis ,  T' is positive if 

the western tip of the declination axis i s  north 

of this plane. 
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L = angle telescope axis makes with plane perpendicular 
0 

to declination axis. L i s  positive if the telescope 
0 

axis i s  west of this plane. 

L = angle radio frequency beam makes with plane perpen- 
R f 

dicular to declination axis when the beam is exactly 

vertical .  

K = Declination additive constant for optical telescope 
0 

K ~ f  
= Declination additive constant for R. f ,  axis 

K = Polar  encoder additive bias.  
P 

p = angle a t  the object in the vert ical  - celestial  pole - 
object spherical  triangle. The cosine and sine of 

this angle a r e  plotted in  F igure  A2 and A3 for 

convenient reference. 

F i r s t  let  u s  consider the declination equation t e r m  by te rm.  One can  

see  that the declination se rvo  reading must  first be cor rec ted  for  polar axis 

misalignment. Clearly the e r r o r  in declination will be maximum when one 

looks along the hour angle of the polar axis ,  cp. Likewise i t  will be ze ro  

when one looks a t  an hour angle perpendicular to cp.. The co r rec t  inter- 

polation between these two ext remes  i s  the cosine law, The t e r m  { Z - R(E)]  

cos p i s  the standard correct ion for refraction and parallax, and the t e r m  

L or L appears  because the servo-encoders only sense relative angles. 
0 Rf 

The polar equation i s  only slightly m o r e  difficult. The f i r s t  correct ion 

t e r m  may be thought of a s  a declination axis t i l t  t e rm.  F r o m  124 one can 

see  that a t i l t  in the declination axis will make an a r c  e r r o r  cn the unit sphere  



cos ( p )  

Fig. A 2  
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Fig. A 3  
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proportional to s in  6 ,  But this a r c  angle must  be converted to an hour 

angle by dividing by cos 6 ,  Thus declination axis t i l t  gives an e r r o r  in  

hour angle proportional to the t i l t  t imes tan 6 ,  The t i l t  itself can be seen  

to a r i s e  f rom two causes.  The f i r s t  is declination axis non-orthogonality, 

the second i s  t i l t  caused by misalignment of the polar axis,  which will vary  

with hour angle. The second t e r m ,  [ Z  - R Q ( ~ ) l  s ec  6 i s  the standard correct ion 

for refract ion and parallax, The third t e r m  L s e c  6 a r i s e s  because the 
0 

telescope direction may not be orthogonal to the declination axis. This gives 

an  e r r o r  of constant a r c  on the unit sphere which, when converted to hour 

angle, becomes L sec  6 .  The constant K i s  mere ly  the encoder bias.  
0 P 

A question naturally a r i s e s  about which parameters  in ( l a )  and ( l b j  

would change i f  the feed position were  changed. A careful examination of 

Appendix i'1A. reveals  that the only two that change a r e  K and L 
R f ~ f '  

IV. Measurement Methods 

All of the e r r o r  pa ramete r s  may be measured  by simple experiments.  

The orthogonality e r r o r s  and encoder biases  may be measured by tracking 

s t a r s  with the optical telescopes. The sag  and refraction, on the other hand, 

may be fit to a s imple model by observing the sun a s  i t  passes  through the 

beam of the telescope, Since the sag and refract ion measurement  i s  ra ther  

noisy a method is given to est imate the e r r o r  in the measurement ,  

A. Star Tracking 

The polar axis  cv-declination and hour angle may be  measured  by 

tracking a single s t a r  with the optical telescope over a wide range of hour 



angles. The declination readout a s  a function of hour angle, D(ti), i s  con- 

s idered  the data se t  for this experin--ent. Equation (2a) becomes 

Di 
= 6 t E cos (ti - cp) + R(E) cos pi + KO, 

where K , s , and cp a r e  taken to minimize the xmean square e r r o r .  Specifi- 
0 

cally , 

for a l l  a ,  b ,  and c ,  where 

B. Star Trans i t s  

The declination axis  and telescope orthogonality ? r r o r s  a s  well 

a s  the polar encoder bias may be measured  by an  experiment which i s  com- 

plementary to the one above. The polar servo  is s e t  a t  P and the t rans i t  

t ime of severa l  s t a r s  is observed over a wide range of declinations. When 

the hour angle of the s t a r  agrees  with t in Equation (Zb), the s t a r  has  transited 

the telescope. This will occur when 

t. = ST. - a, 
1 1 i 

where ST. i s  the s ider ial  t ime of t rans i t  and a .  is the right ascensicn of 
1 1 

the s ta r .  Substituting this into Equation (2b) yields: 

P a - ST - e sin (ST - cu - cp) tan 6 - R(E) s in  p. s ec  (6 . )  = - r  tan 6 
i i i i i 1 1 i 

- L sec  6 .  + K . 
0 1 P 



Jus t  a s  in  the case  above, the constant, r, L , and K , a r e  taken to  be the 
0 P 

bes t  mean square fit to the data. If the polar servo  i s  s e t  a t  P = cp, then the 

t e r m  E s in  (ST - RA. - cp) will tend to drop out. Likewise i f  P i s  s e t  to ze ro  
i 1 

then the refract ion t e r m  will tend to drop out. Therefore,  if data i s  taken 

a t  both P = cp and I9 = 0 then a check on both theory and experimental technique 

i s  provided. 

C. Sag and Refraction Models 

The theory of optical refraction i s  well under stood. When an optical 

ray  impinges on the ear th 's  a tmosphere i t  i s  bent in the plane determined by 

the vert ical  and the ray  to the object. The amount of this bending i s  usually 

called refract ion and i s  given to within a second of a r c  by Garfinkel's Theory. 

The refraction as  given by this theory may be calculated on the digital eom- 

puter and will be denoted by R (E). We shall  assume that the radio frequency 
0 

refract ion follows this same law buy may differ f rom it by a constant multiple 

( 1 t r) ,  i. e. 

R (E)  = (1 t- r )  R (E),  
R f 0 

We shal l  assume that the sag function i s  given by 

S(E) = S cos (E). 

Thus, the problem of describing the sag and radio frequency refract ion is 

reduced to finding the two constants S and r .  

D. Polar  Sun Scans 

One way of relating these two parameters  i s  to take scans of the 

sun. Suppose the polar servo  i s  s e t  and a t rans i t  of the sun i s  observed in 



1 1  

both the radio frequency and optical telescopes. At transit  the hour angle 

of the sun agrees with t in Equatbas ( lb) and (2b), This will occur a t  a 

siderial time given by 

ST = a  -t t. 

When this relation is  substituted into Equation 3b, one obtains 

P = STRf.  aRf + [ E  sin (STRf - CY - cp) - r] tan S 
R f 

- [[S(E) - RRf (E) t Z ]  s i n p  + L 1 sec 6 + K , 
Rf P 

and the appropriate equation for optical transit  i s  

P = S T  - a  + [ e  s in (ST - a  -cp)-I ' I tan6 
0 0 0 0 

- [ ( Z  - R (E)') s i n p  + Lo] sec 6 + K . 
0 P 

The difference of these two equations i s  then 

K (TRf - To) cos 6 = ( S  cos (E) - r R (E)) sin p + L - Lo, 
0 Rf 

where K may be considered the mean solar  rate and (T - T ) the difference 
Rf 0 

in transit  times. For each transit  observed the difference in transit  times 

may be considered a data point, so one can write 

KCI~  cos S~ = [S cos (Ei) - r R ( E ~ ) ]  sin pi + LRf - Lo (3a) 
0 

where, 

di = (TRf - To)* (3b) 

Thus, if the sun is  tracked over a wide range of hour angles, then the para- 

meters  S, r ,  and LRf - L are determined with good accuracy by the best 
0 

mean square fit of the data. 

An effort has been made to determine the expected e r ro r s  in 

estimating the sag and refraction coefficients, Suppose one takes 'In" data 
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points in a day. Each data point consists of an estimate of T - T along 
Rf 0 

with the approximate hour angle and declination of the telescope during the 

scan. Suppose further that the estimate of T Rf - T o can be modeled with 

statistics and that the estimate of the transit  time difference may be written 

where X. i s  a sequence of identically distributed random variables with zero 
1 

mean. Now the estimates of S and r a r e  given by the random variables, S' 

and r ' , where 5' and r ' a r e  the best mean square fit of the data, d., i. e. 
1 

2 1 [d. K cos 6 - [s' cos Ei - r '  R(E.)] sin p - (LRf - L,)J 
1 i 1 i 

i = l  

2 1 [di K cos 6 .  + [ a  cos E. + b R ( E . ) I  sin p t c ]  
1 1 1 i 

for al l  a ,  b, and c,  It can be shown that the estimates S' and r ' converge 

with probability one to S and r a s  n goes to infinity. This i s  the strongest 

type of statistical convergence and although the proof is simple i t  i s  rather 

tedious and will not be included here. 

However this does not answer the basic question of what e r rors  

could be expected from a finite set  of data. This can be done to some extent 

by estimating the variance of S' and r '  on the digital computer. This i s  done 

by repeatedly calculating S' and r '  where the X's are generated by a random 

noise generator. As might be expected the density functions of 5' and r '  

were Gaussian with zero mean. Table I gives some of these results 



Gas e n Elevation Range Hour Angle Range 20(s1)  2a( r ' )  

Table I 

wheri: in each case  the density function for X. i s  given by 
1 

Study of this table shows that a wide range of hour angle and elevation angle 

is important in determining the sag  coefficient and low elevation angl- a r e  

particularly important in  determining the refraction coefficient. 

E. Determination of L 
Rf 

Note that L may be determined f rom L - L if L i s  known, 
Rf Rf 0 0 

but L will be known only if the optical telescope has not been moved since 
0 

the s t a r  t ransi t  experiment was performed. Since i t  i s  often necessary to 

move the optical telescope in pract ice,  some other method of determining 

LRf i s  needed. This may be done by simply keeping t ime on the sun scan 

data. This method has the disadvantage that i t  requi res  the calculation of 

the right ascension of the sun for each data point. 

For  this experiment the t ime of t rans i t  a s  a function of polar servo 

setting, T(P.) ,  is considered the data set.  
1 



Equation ( I b f ,  when solved fo r  L becomes 
Rf' 

L ~ f  
= (P - ST. t CY.) cos 6 - [ e  s in  (ST, - CY - cp) - r] sin 6 

i 1 1  i 1 i i 

t [ ( s  t n )  cos E. - ( 1 + r )  Ro(Ei)l  sin^ - K cos 6 
1 i P i 

where 

ST. = s ider ia l  t ime of t rans i t  
1 

CY = right ascension a t  t rans i t  
i 

TT = horizontal Para l lax  

On2 can now form an  ss t imate  of L by averaging the right hand side of 
Rf 

Equation (4), which we shall  denote by Q. 
1 

F. Declination Sun Scans 

The sag  and refraction coefficients may be  obtained f rom declination 

scans also.  Suppose the antenna is scanned in declination a t  r a t e  K, i. e ,  

D = D  + K ( T -  T ), 
0 S 

and the hour angle of the antenna i s  made equal to the hour angle of the sun. 

Then a t  t ime T the declination of the radio frequency beam will agree with 
R f 

the declination of the sun. F r o m  Equation (la) 

D t K(TRf - T ) = 6 + E cos (t - cp) - [S(E) + Z - R (E) ]  cos p t K 
o s sun Rf Rf' 

Likewise when the declination of the optical telescope beam agrecs, with the 

declination of thz sun, one has f rom Equation (2a) 
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Now, if one takes the difference of and substitutes the expression 

assumed for the sag  and refraction function, he obtains 

K(TRf - T ) = [ r  R (E) - S cos E] cos p t (Krf - KO). 
0 0 

Thus, the pa ramete r s  r and S may be obtained by finding the bes t  l eas t  

square  fit to the data where 

1 
T 1 d. =@'rf - opt 

and 

C ,  Det~rmina t ion  of K 
R f 

The same considerations that apply to L also apply to K 
Rf ~ f '  

Here again it is expedient to use  a method that  gives this parameter  directly. 

This may  be accomplished with Equation ( lb) ,  if the sag,  refract ion,  and 

orthogonality coefficients a r e  known. The se rvo  declination i s  marked  on a 

r eco rd  while a declination sun scan i s  made. F r o m  this one determines the 

dsclination readout when the radio frequency beam i s  a t  the center of the sun. 

This readout will be denoted by D. and Equation ( lb )  becomes 
1 

= D , - 6  
K ~ f  I sun 

- E cos (t - cp) + ( ( S  + n)  c o s  E-(1 f r ) R o ( ~ ) ]  cos p. 

H. Summary of Measurement Methods 

A t  this  point i t  would be helpful to summarize the information given 

by zach of these experiments and inquire into an orderly way to obtain al l  the 

pa ramete r s  for the radio frequency beam. T h e  pa ramete r s  determined by 

each experiment,  a s  well a s  the pa ramete r s  that must  be determined before 

the experiment can be performed, a r e  summarized in  Table 11. 



Information Given by Pointing Experiment 

Star Transi t  

olar Sun Scans 

Dec Sun Scans 

x - Information given by Experiment 

o - Information requirad in  data reduction 

Table I1 

F r o m  Table I1 one can see  that the experirr~ents determined all the 

pcinting parameters .  F 

done in the order  l isted except that the polar and declination sun scans n ted  

not both be done, since they give the s a m e  information. Actually the parameter  

L ~ f  
may be detcrrnined f rom thz polar sun scan data if t ime i s  marked  on 

the record ,  I t  is c lear  that the five experiments;  Star  Tracking, Star Trans i t s ,  

Polar  Sun Scans, Determination of L and Determination of M constitute 
Rf' Rf' 

an  orderly way of determining a l l  the pointing pa ramete r s  . 



Appendix AA 

Dzrivation of Pointing Equations 

It  is the purpose of this appendix to derive the polar and declination 

servo  readings f rom the geocentric coordinates considering the pointing - 

e r r o r s  discussed in Section 11 of tha paper.  The method for doing this will 

be tc  f i r s t  resolve the point giveii by 6 and t into rectangular coordinates, 

Then we consider a sequence of coordinate system transformations.  Each 

transformation will suppress  an  angle f r o m  consideration. This angle may 

either be a desired angle generated by the servo-system o r  an  e r r o r  angle. 

After the final coordinate transformation, the point on the unit spherz,  repre-  

sented by 6 and t ,  will be a simple basis  element, i. e. a (001) vector.  Once 

this exact relationship among the angles i s  derived, i t  is shown that the f i r s t  

order  equations given in Section I1 satisfy this relationship. 

Suppose that the geocentric hour angle and declination of an object 

a r e  given by t and 6 .  VIJe wish to resolve the point on the unit sphere into the 

coordinate system given in Figure M 1 .  F r o m  simple trigonometry one 
/ 

can s e e  that 

A, = sin 6 

A = cos 6 cos t 
2 

A3 = cos ti sin t 

Now following the method outlined above, the f i r s t  angle that will be 

suppressed will be the hour angle of the polar axis.  To do this we will 

t ransform to coordinates B 
1 '  B2 

, and B as shown in Figure AA2. This 
3 

coordinate transformation may be represented by the matr ix  equation 



I 

I. -a 
POLAR f A, 

a n d  6, 

Fig. AAP.  



1: = [ :osy - :in! 

B3 
s in  cp cos cp 

- !-- - - -  A3 

The next angle to be suppressed is the polar axis co-declination E . 

This i s  accomplished by transforming to C coordinates as shown in Figure 

N O R T H  

Fig. AA3 

This may be represented by the matr ix  equation 

- .- 
C G S  E s in  e: 

- -- - ,- 

Fig, AA4 shows the polar and declinaticn in C coordinates. 



Fig. AA4 

The polar axis i s  coincident with the C direction but the declination axis i s  
1 

plane. The function of the polar servo  i s  to rotate  the declination axis about 

the polar axis. This may be thought of a s  varying the angle p in Figure AA4. 

Following our mzthod let  us  suppress  the angle p by transforming to 

the D-coordinates. TheSD- se t  i s  re lated to the C-set by the mat r ix  zquation 

0 

which may be rewri t ten 

0 11 = 1 o s p  s i p 1  1 *, sin p cos p 
J 

- - 
C 3  



Now the angl;: r may be suppressed by rotating about thz D axis a s  
3 

shown in  Figure AR5. 

Fig. AA5 

The E-ccordinates a r e  now related to the D-coordinates by the mat r ix  

equation 

E;/ 
r cos r s in  r 

2 

I- - 
The function of the declination servo  system i s  to rotate the antenna 

backup s t ruc ture  about the declination axis ,  In order  to  speak quantitatively 

about the position of the backup s tructure one needs a referencz direction for 

it, i. e .  a direction that does not change with respec t  to the backup s tructure.  

This reference direction may be thought of a s  the direction of an optical 

telescope mounted on the side of the backup s tructure.  This works well to 

descr ibe the pointing of the optical telescopes,  but i t  is more  convenient to 

choose a different reference for the radio frequency axis because cf the sag 

effect,  However, the pointing equations for  both the radio frequency axis and 

the telescope axes may be derived a t  the same  t ime with a general reference 
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direction keeping in mind that the constants that depend upon the reference 

directions a r e  different in the two cases. 

Let us denote the reference direction for  the radio frequency axis by 

Q. Q is  a direction imbedded in the backup structure that passes through 

the maximum of the antenna radiation pattern when the maximum i s  exactly 

vertical. Then i t  i s  assumed that the sag effect is described by saying that 

the radio frequency beam is rotated an amount S(E) toward the vertical in 

the plane determined by the vertical and Q. This definiticn serves to fix 

the sign of the sag function as well as the condition 

The direction Q i s  described by the angles d and L on the declination 

axis coordinates of Figure AA6, The angle d i s ,  of course, within an additive 

angle of Q direction makes with the plane perpendicular to the declination 

axis. 



We can  suppress  the angle d by rotating about E to the F 
2 

coordinates. This may be represented by the ma t r ix  equation 

s in d ccs  d 

In a like manner we can suppress  the angle L by rotating about the F 
Rf 1 

axis to  the G coordinates. This rotaticn i s  shown in  F igure  AA7. 

This 

Fig, AA7 

transformation may be represented by the relationship 

0 

cos L 
R f 

s in  L 
Rf 

0 

- s in  L Rf ] . .. . 

cos L R f 

Now we need to know where the vert ical  is and rotate  an  amount S(E) toward 

it to find the R. f.  beam. But finding the ver t ica l  in  the y '  coordinates i s  no 

trivial  mat te r  until one real izes  that we already have the tools available to 

find it. The vert ical  has  an hour angle of z e r o  and a deoGination angle equal 



to the latitude so it  has A1, A2, A coordinates 
3 

Al = sin L 

h2 = cus L 

A3 = 0 

and it can be transformed to the G-ccordinates by the equation. 

c o s d  0 - s i n d  

F i n d  -- . 0 d  

- 
cos l? sin r 0 1 0 0 cos e s i n  0 0 71Xin L 

! i 
: j 

-sin r cos I' 0 0 cos p -sin p -sin e cos e 0 0 cos rp -sin q ~ ~ / c o s  

1 I 
1 '  O ' s i n p . ,  c o s p  0 0 sin. c o r c p ~ 0  

-. - -- f l- , i 
Now let us define the angles p and z by the equations 

I 

GI = cos IJ. cos z 

I 

G2 = sin p cas z 

G I = sin z 
3 

These angles a r e  shown in Figure AA8, The angle z i s  the zenith 

angle of the unsagged beam and the angle IJ, can be shown to be the spherical 

angle a t  the ~ b j e c t  in the spherical triangle made by the object, the vertical, 



Fig. AA9 

One can now rotate the (G G )-plane into the (H H ) plane by rotating 
1 '  3 1'  3 

equation 

.- 
! cos p, 
i 

s in  p, 

cos p4 

0 

Now the vert ical  and Q direction a r e  in  the (H H )-plane and the radic  
1 '  3 

frequency beam mdces an angle S(E) with the H axis a s  shown in Figure AA9. 
3 

With one m o r e  change of coordinates we would obtain a system in which the 

radio frequency was a simple basis  v e c t ~ r ,  However, it i s  c lear  from Figure 

AA9 that 

H1 = sin S(E) 

H = cos S(E). 
3 



Collecting all of these rotations, t h e  radio frequency beam may be repre-  

sented by 

where J i s  a rotation given by 

-. 

s in  6 

[ C O S ~  c o s ( t - c p )  

- c o s 6  s i n ( t - c p )  
d 

-- - - 
1 0  0 cos 1-1 -s in  1-1 0 

0 c o s L  R f s i n L R j i r n p  ;sI-l 

0 -s in  L cos L 
-- R f Rf j - 1 

- 

= J  rS 
cos S - 

and the angle t ~ ,  i s  given by 

cos 

s in 

- 

IJ. cos 

IJ. cos 

s in *z 

sin r 

cos r 

0 

- 
z 

2 

-- 

1 0  

0 cos d 

- 
0 

-s in  L 
Rf 

cos L 
- -. 

R f - - - 
sin L 

0 cos L cos cp 

1 cos L s in  cp 
- 

- 
cos d 

0 

sin d 
- -. A 

-. Rf 

= 

This equation may be best  regarded a s  an  equation to be solved for  the de- 

clination and hour angle given in polar and declination drive angles and all 

the e r r o r s .  

The declination and hour angle, 6 and t above, a r e  topocentric coor- 

dinates, that i s ,  they a r e  the declination and hour angle r e fe r red  t o  the site 

cos E sin 

-s in  E cos 

0 

- 
1 0  

0 cos L 
Rf 

0 sin L 
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of the antenna. The astronomical coordinates that a r e  usually used a r e  

geocentric coordinates, i. e .  the coordinates of the object a s  seen f rom the 

centsr  of the ear th.  There a r e  two phenomena, refract ion and paral lax that 

make these twc, coordinate systems differ. Both may be considered rotations 

in  the plane formed by the vsr t ica l  and a r a y  to the object. This plane i s  a l so  

the plane formed by & and the vert ical  in  the discussion above. Refracticn 

always rotates the r ay  toward the ver t ica l  and parallax always rotates  i t  

away f rom the vert ical .  Thus, the declination and hour angle in  Equation ( 1 )  

above may be  changed f rom topocentric to geocentric coordinates by replacing 

where R ( E )  i s  the refraction and Z i s  the angle of parallax. One can ncw 

rewri te  Equation (1) a s  

Losyn  lOS (t - = J [ 1 ( 2 )  

- s i n 6  sin (t - cp) 

This equation i s  ra ther  complicated, but one can obtain an approximate 

sclution by assuming that the e r r o r s  a r e  smal l ,  In this case  an  expression 

that solves Equation (2) to f i r s t  o rder  t e r m s  in sma l l  quantities i s  

n 
t = p  t c p - - -  [ s  s in  (t - cp) - r] tan 6 t (V s i n p  t L) sec  6 .  

2 

Taking into account the servo  sncoder bias ,  the pc lar  and declination 

servo  readings for the radio frequency beam may be written 

P = t t [s s in  (t - rp) - T'] tan 6 - (V s in  p, t L ) s e c  6 t K 
Rf P' 

(3b) 



and the appropriate equations for the optical telescope a r e  

D = 6 + E cos ( t  - cp) - [ Z  - R(E))  cos (I + KO (4a) 

P = t t [ c  sin ( t  - cp) - r] t a n 6  - ( { Z  - R ( E ) ]  s i n p  t L ) s e c  6 4 K , (4b) 
0 P 

where 

D = Declination servo  reading 

P = Polar  servo  reading 

6 = geocentric declination 

t = geocentric hour angle 

F.?.IZ) = refraction correction 

S(E) = sag  correction 

Z = paral lax correction 

E = co-declination of polar axis 

cP = hour angle of pclar axis 

r = angle declination axis makes with plane perpendic-:" 

to polar axis 

L = angle optical axis makes with plane perpandicular 
0 

to declination axis 

L ~ f  
= angle Q dir ecticn makes with plane perpendicular 

to declination axis 

K = Declination additive constant for optical telescope 
0 

K ~ f  
= Declin-.tion additive c o n ~ t a a t  for R. f. axis 

K = Polar  encoder additive bias .  
? 
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The constant K is  the same in both equations because it  represents 
P 

the encoder bias; however, the constants K and K a r e  not the same in 
Rf 0 

general. They differ by the difference in declination between the Q directio:- 

and the optical telescope direction. 



Appendix BB 

Measurements 

This appendix presents  the resu l t s  of the sequence of measurements  

suggested in the main  pa r t  of the paper.  The resu l t s  of these experiments 

a r e  a s  follows: 

E = 0" .078 

CP - - - ,482 3 radians 

r = -0. a .oo6 

K = -0' . 128 
P 

S = -0" . O l O  

r = -20% 

A s t a r  tracking experiment was performed August 26, 1948. This 

experiment gives the polar axis co-declination and hour angle, e and cp a s  

well a s  the constant K . Figure BB1 gives the experimental resu l t s  in  
0 

graphical form. The s t a r s  represent  data points while the line i s  the best  

mean square  f i t .  

A s t a r  t rans i t  experiment was performed on May 11, 1969. This 

experiment gives the declination axis and telescope non-orthogonality a s  

well a s  the polar encoder bias. J u s t  as in the preceding example the r e -  

sults a r e  shown in graphical form in F igure  BBZ, 

Figure BB3 gives the resu l t s  of a day of polar sun scans in  graphical 

form. Although the re  a r e  a la rge  number of data points in  this data se t ,  

the data s e t  fa l ls  shor t  of a gcod measurement  because of the lack of data 

points a t  lower elevations. The sag and refraction coefficients a r e  
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