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ABSTRACT

A study was conducted to demonstrate the feasibility of inverting planetary limb
radiance to infer atmospheric temperature structure. The method is based on the
existence of a closed form solution to the equation of radiative transfer for a non-
isothermal atmosphere specifically lineartemperature gradients. Feasibility has been
demonstrated by deriving a convergence theorem and stabilify criteria and by numeri-
cally inverting limb radiance data for various climatological models and Project
Scanner experimental data. Inversion results over the altitude range of 30 to 60 km
were generally accurate to less than +2°K in the stratosphere with peak errors of
approximately +3°K. Inversion results for the mesophere indicate that accuracies
comparable or better than MRN data are possible.

Two methods have previously been developed for determining atmospheric
temperature of the earth from an orbiting satellite:

® Spectral Probing to Different Atmospheric Altitudes. This method involves
time-consuming inversion of a matrix and has stability problems in the
presence of noise.

® Inversion by Iterative Integration of the Equation of Radiative Transfer. This
is a straightforward method, but may require more sophisticated computing
facilities than the direct method proposed in this report.

This study presents an alternative method that promises to be rapid and efficient,
Atmospheric temperature is inferred from a normalized limb radiance profile based
on a closed-form solution of the equation of radiative transfer. This ratio approach
tends to minimize noise in the solution of the nonlinear inversion equation.

Basic assumptions applicable to this study are set forth, and the equation of
radiative transfer is solved for isothermal atmospheres. Specifically, a solution is
obtained for three transmissivity models: a Beer's Law model, an error-function
model, and the Goody model. Calculation with a Beer's Law transmissivity model
provides a good approximation of a limb radiance profile when the limb radiance at
a single frequency is calculated from the error-function transmissivity model and then
integrated over the 14—16 CO2 band. Use of Beer's Law permits the development of a
relatively simple inversion equation. The limb radiance is then rewritten in a form
that is linear in thermal equivalent altitude (geometric altitude normalized by scale
height).

The linearized limb radiance equation can be written as a nonlinear equation in
temperature and solved iteratively. It is demonstrated that this solution for temperature
converges rapidly, and the solution is stable for isothermal atmospheres. Numerical
results, which are obtained for a 200°K isothermal atmosphere, demonstrate the basic
inversion technique.
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The equation of radiative transfer is solved for an atmosphere with a linear
temperature gradient and with a Beer's Law transmissivity model. A linearized limb
radiance equation, similar to that mentioned above, is derived.

The inversion equation is developed, and convergence is again demonstrated
although the solution is conditionally stable for this more general case. Both the
absolute and relative errors are shown to decrease rapidly on successive iterations.
A check is made on the relative error on each iteration to prevent the solution from
diverging.

Tentative feasibility of this inversion technique is demonstrated by results from
computer runs. A 200°K isothermal atmosphere agrees with the predictions made by
the convergence theorem. A mean January, 50°N atmosphere is seen to converge in
a similar manner and is found to behave properly in the presence of a bias and noise.

Finally, mean absorption coefficients are computed from experimental Project
Scanner data and MRN data. These mean absorption coefficients are used to invert
four limb scans. The results demonstrate the stability of the inversion technique in
the presence of noise and yield inferred temperatures which appear to be within the
accuracy of MRN data.

Further study is required to answer many questions which arose during the
course of this effort and to improve on simplifying approximations that later proved
to be inadequate. Specifically, the limitations of certain starting assumptions need
to be fully explored and the nature of the mean absorption coefficient needs to be
investigated. Also, the method of assuring stability of the solution must be further
developed. Finally, the inversion technique must be tried on a large number of
climatological model atmospheres that are representative of latitudinal and seasonal
variations to assure the general applicability required for operational use. None of
these studies will prove to be fundamentally difficult as tentative feasibility is demon-
strated both theoretically and numerically in this report.
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FOREWORD

This report by Lockheed Missiles & Space Company (LMSC) presents the results
of a study of the feasibility of inferring upper atmospheric temperature structure by
inverting planetary limb radiance profiles. This is a first study based on ideas which
originated at LMSC. The effort reported here was performed for Langley Research
Center, National Aeronautics and Space Administration, under Contract No. NAS1-8048,

The authors wish to acknowledge the support, encouragement, and helpful sugges-
tions in preparation of this report of Messrs. John Dodgen and Howard Kurfman and the
two Technical Monitors Lloyd Keafer, Jr. and Richard E. Davis, all of Langley Research
Center. We also appreciate the many helpful technical discussions with Mrs. Ruth I.
Whitman and Mr. Thomas B. McKee, both of Langley Research Center, and with
Dr. Fredrick E. Alzofon of Lockheed Missiles & Space Company.
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SECTION 1. —ISOTHERMAL ATMOSPHERES

1.1 Introduction

This report is concerned with the specific problem of inverting limb radiance data
to infer atmospheric temperature structure. The method described in this report is
necessarily restricted to wave lengths corresponding to absorption bands of the principal
absorbers and emitters in the atmosphere; therefore, temperature structure can be in-
ferred only from the lower stratosphere through the mesophere, approximately 20 km
to 60 km. For simplicity in demonstrating the feasibility of inversion by the particular
method described, only the 15 uCOg2 band will be considered.

Carbon dioxide is assumed to be uniformly mixed by volume throughout the atmos-
phere, at least up to 90 km or 100 km, where theoretical studies (ref. 1) indicate that
dissociation of CO2 molecules by ultraviolet radiation becomes dominant. This is a
reasonable assumption since neither sinks nor sources of COg exist within the atmosphere,
and the CO2 introduced into the atmosphere should become uniformly mixed by convection.

A single absorbing line is assumed to have a Lorentz or collision-broadened line
shape. It is recognized that a mixed Doppler-Lorentz line shape increases the absorp-
tion above the amount predicted by band models that assume a Lorentz shape. Although
the Doppler half-width and Lorentz half-width are equal at approximately 31-km altitude,
this is not the altitude at which the Doppler shape becomes important. Rodgers and
Walshaw (ref. 2) conclude that for a vertical atmospheric path the Doppler line shape
should be considered above 52 km. However, a horizon profile involves longer atmos-
phere paths since the path is horizontal with a consequently greater width of total absorp-
tion. The altitude at which the Doppler line shape becomes important is, therefore, above
52 km.

The atmosphere is assumed to be in local thermodynamic equilibrium. If molecu-
lar collisions are frequent enough so that the supply of excited state meets the demand,
the Planck blackbody law is valid. If collisions are less frequent, there are not enough
molecules available for emission, and the radiation is less than Planck radiation. De-
partures from the Planck function become important only when the time necessary to re-
establish equilibrium, the relaxation time defined as the ratio of the number of collisions
required to restore the energy levels to the average number of collisions per second, cor-
responding to the atmospheric density, is the same order of magnitude as the radiative
lifetime for spontaneous emission. Since the number of collisions per second is directly
proportional to pressure and inversely 6proportional to the square root of temperature
(ref. 3), the relaxation time of 2 X 1079 sec at 220° K and 1 atmosphere (ref. 4) increases
rapidly with altitude becoming equal to the radiative lifetime of 0. 37 sec (ref. 4) at a
pressure of 5.4 X 10-3 millibars. For the 1962 Standard Atmosphere, this occurs at an
altitude of 85 km.



Thus, it seems that the primary assumptions required for the remaining discus-
sion are reasonable for inferring temperature structure below 75 or 80 km with the pos-
sible exception of the line shape. This effect will be small and will require, at the most,
a minor correction.

With the assumption of local thermodynamic equilibrium, the spectral radiance
seen from a path that does not intersect the earth's surface (fig. 1) can be derived from
the one-dimensional equation of radiative transfer and is given by:

8TV
NV= —fogdS @)
o
where .
- + —-s

Nv = spectral radiance J L l

, = Planck blackbody spectral radiance z'
7 = transmission of the atmosphere at

v frequency v
s = path length through the atmosphere
The partial differential of transmission

with respect to path 87/8s is called the weight-
ing function as it determines the contribution
to the total radiance of the blackbody radiation
for the temperature of each increment of path.
Therefore, it is important that we know how
the weighting function varies along the path.

Fig. 1 Horizon Geometry

Transmission at frequency v is given by the exponential function whose argument
is the product of an absorption coefficient and the optical path.

T, = exp (- k., u) (2)
where
kabsv = absorption coefficient at frequency v
u = optical path, gm/m2
u = J' wpds (3)
s=0



where

w mixing ratio

P

density of the absorbing medium

It will be found more useful to rewrite Eq. (2) as follows:

_ 1L u
T, = exp [—TOV<W[); ﬁ)] (4)

and T oy is the optical thickness of the atmosphere at wavelength v given by

Top = Wk, p H (5)
H is defined as:
- kT
H = o ()
where
k = Boltzmann's constant (1.3804 x 10~% erg/°K)
T = temperature
m = molecular weight of a molecule (28. 964)
g = acceleration of gravity (980 centimeters/secz)

The term (u/wpyH) is the mass of absorber per unit of area in a length H
reduced to standard conditions and is called the reduced absorber mass.

From Eqs. (2) and (3), the weighting function is found to be given by:
ou

oT 5
5s ~Kabsv Ty Bs (7a)
1 u
9 <wpo H>
= TTov Ty 98 (7b)
= —kabsv 'rv wp (7¢c)

Thus, the weighting function is a direct function of the number of absorbing mole-
cules and is related to the strength of the absorbing molecule directly by the k, term
and indirectly through the transmission. Since the density is greatest at the point of



closest approach to the surface (altitude z in fig. 1) and the transmission is contin-
uously decreasing, the weighting function would be expected to peak in front of the point
of closest approach.

This section deals with isothermal atmospheres, and Eq. (1) can be rewritten as
follows:

S
BTV
N = -B f —ds (8)
S:

With the appropriate change of the limits of integration this becomes,

T(S=°°)
N, = -B, j dr, )
1
which can be integrated directly to yield
N, = BV[1 -T,(8 = oo)] (10)

The radiance in a given bandwidth, therefore, is found by integrating Eq. (10) over fre-
quency. If the bandwidth is small, N, and B, can be considered constants over the
bandwidth. The integration is then only over the factor (1 - 7) , and the appropriate
band models can be used. Equation (10) is modified for a narrow bandwidth by re-
placing v by Av and using the appropriate (1 - 7) for the band model considered. In
the remaining discussion, Av has been omitted but is implied. The modified equation
is the basic equation that is solved to determine the theoretical limb radiance profile.

1.2 Beer's Law Transmission

For uniformly mixed gray atmospheres as considered by King (ref. 5) and the
weak-line approximation to many transmission functions, the transmission is given by
Eq. (2) where the absorption coefficient is a constant throughout the atmosphere. From
the perfect gas law and the hydrostatic equation, the density as a function of altitude =z
is given by:

p = p, exp (~z/H) (11)

Since density is a function of altitude z , path ¢ must also be expressed as a
function of altitude z. By the Pythagorean theorem,

2+ (R, + 2)? = (R, + 2 )2 (12)



and solving for ¢

= HZRe + (2' + z)J(zv - z)}
Since (z'+ z) << 2Re
2 = [2Re(z' - z)]
Also, ds = -d¢ and

R dz’
ds = - €

[ZRe(z' - z)]

The value of ug, for £ positive at an altitude z' is given by:

1

wp, R, exp (-z'"/H)
u = _f o e dz
[2Re(z” - z)]l/z

o

or

(2R, )
u = wp f w dz"

5 (ZH -

This integral can be evaluated, yielding

1/2
or R . \1/2
u = %( = e) wpo[I - erf (z n z) ]exp(—z/H)

similarly, for negative {

1/2
21 R , 1/2
u = %( He> wpo‘1+erf(z }}Z) ‘exp(—z/H)

s

Thus, the reduced absorber mass becomes (for *¢)

(13)

(14)

(15)

(16)

17

(18)

(19)




1/2
21 R N V4
(@) - 2(5) [ o o () om com

]

This expression states that the basic shape of the reduced absorber mass function
in terms of the differential altitude (z' - z) is independent of altitude and the magnitude
decreases exponentially with altitude. From Appendix A, the planetary thermal constant
G is defined by:

1 27 Re
G = 35in ] (21)
and defining the thermal equivalent altitude x as
x = z/H (22)
Equation (20) becomes (for + £)
1/2
1 u _ 1 z' - 2 _
<—_WPOH> =3 Il + erf( 7] ) lexp (G - x) (23)

)

The reduced absorber mass for G - x = 0 is plotted in fig. 2 as a function of the
thermal equivalent differential altitude (z'- z)/H. Equation (23) can be expressed in
terms of ¢

exp (G - x) (24)

<Vv%);%> = %!1 - erf [ﬁ%eXP(G)]

)

When { = +to(s = 0), ug= 0 and when { = - (g = «),

<w—})o%> = exp (G - x) (25)

as would be expected for a uniformly mixed isothermal atmosphere.

It is clear that most of the limb radiance arises from a layer less than 1 scale
height thick, and the importance of higher layers vanishes rapidly. It is this important
result that makes feasible a reasonably simple unique solution of the temperature struc-
ture from the inversion of limb radiance.

Substituting Eq. (23) into Eq. (4) yields the equation for transmission to any point
along the path (for +¢),.
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Fig. 2 Reduced Absorber Mass for a Thermal
Equivalent Altitude Equal to G

0 —zl/2
T, = eXpi- o 1:terf( 0 ) exp (G - Xx) (26)

By some algebraic manipulation, Eq. (26) can be written as:

1/2 exp (G —x+£n7'0)
T = lexp -~ |1 2 f<z'—z) (27)
s 1P g |t e H
Thus, it is seen that the transmission is a basic transmission (x = G + fn 7o)
raised to a power determined by the thermal equivalent altitude. Defining
n = H(G+ M 7,) . (28)

and recalling the definitionof x, Eq. (28) can be written



T = {exp —-%- [1 + erf (z' I; 2)1/2]} exp - (E"I;—ﬂ> (29)

This is plotted in fig. 3 for three values of (z -7 )/H,

1.0
0.9
0.8
_l._;q-'l = | 0.7
8
g 0.6
g
= 0.5
2-9 .9 0.4
H
0.3+
0.2+
z - 1 --I ..'I B
H
" A 1 L o - " "
4 3 2 1 0 1 2 3 4
2 =2 for - z' -z
5 ] = fr +1

Fig. 3 Transmission Along a Horizon Path Corresponding to the
Inflection Altitude and + 1 Scale Height

When s = o, Eq. (29) becomes
= oo - (5

From Egs. (3), (7b), (11), and (27), the desired expression for the weighting func-
tion can be found (for = ¢)

T
9T _ w B __o z' -2
5s - —ToHexp( z'/H) {exp 5 [1 + erf ( T ) (31



which can be rewritten as (for * £)

9T 2 o "o
55 = - G OP(-CG)|5 exp(G - x)|iexp - |5 exp(CG - x)

[1 4 ot @) o - 259
or as

L -

1/2
9t _ 2 _ _ Z Z _ [z
3s = " Hexp( G) y exp( y)expiyerf( i ) ]exp ( a0 )

where

r
o}
y = 5 exp(G - x)

or more conveniently by substituting Eqs. (22) and (28)

- ew - (557

The functional form of Eq. (33)

exp [ﬁ:Yerf (z' ﬁ Z)l/z]exp - (Z' }; z)

(32)

(33)

(34)

(35)

is plotted in fig. 4 for x = 1 and 1 scale height above and below inflection altitude 7.

The curves in fig. 4 have two values of the ordinate for each value of (z' - z)/H,
corresponding to plus and minus values of £. The difference between the two curves
is the different value of transmission, as seen in fig. 3. It is instructive to determine
the contribution from each altitude, summing the contribution from plus and minus £.

Denote W(z') as the contribution at altitude z'. Then



z' -2

ooyt (2572) " Jore - (£52)

(z' - 2)/H

Fig. 4 Functional Form of the Weighting Function

for an Altitude Equal to the Inflection
Altitude and +1 Scale Height

exp [—y erf (iﬁ_—z)l/z]
+ exp [y erf (Z' T Z>1/2” (36)

Consider the case where y erf (z' - z/H)l/2 is much less than one. Only the
first two terms in the series expansion of the exponential need be kept and W (z')
becomes

W(z') = ‘izexp(—G)yexp(-y)exp[~(z'H— Z)]

wW(z') = ;{—4exp(—G)yexp(—y)eXp [— (“Z'——*Z»

i (37)

The value of W(z') decreases exponentially with altitude.

Since y has a value of
1/2 when z = 5, Eq. (37) should be a good approximation for all horizon altitudes
above the inflection altitude 7.

Thus, the normalized weighting function describing the total contribution from
each altitude for an isothermal atmosphere is exponential with altitude above the

horizon and, for altitudes above the inflection altitude, is independent of the altitude
of the horizon.

10



Finally, by substituting Eq. (30) into Eq. (10), the radiance profile is obtained
for gray atmospheres.

N=23B (38)

1 - exp[—exp - (ZT'TL)]

Thus, Eq. (38) is the desired expression for radiance at the limb of a planet with
an isothermal atmosphere.

1.3 Error Function Transmission

Another transmission function of interest, especially in the 15-y CO2 absorption
band, is the error function transmission which is the strong-line limit to the Elsasser
integral (ref. 6) for an absorption model consisting of an infinite array of Lorentz lines
of equal strength-and spaced at equal intervals

9 1/2
t
T =1 - erf<‘3—zx-> (39)
where
x' 7aSu
£ x_ ral (40)
2 d
and
o = half-width of each line
S = line strength
d = line separation
The half-width o is given as a function of temperature and pressure by
P To 12
o = aOP— -T— (41)
o
where
o, = half-width
P = pressure
T = temperature
Since this discussion concerns an isothermal atmosphere, « is given by
a = a, P/Po 42)

11



The expression for transmission then becomes the following:

T S 1/2
T =1 - erf 20 (uP) (43)
d

From the Curtis-Godson approximation (ref. 4) for slant paths through an iso-
thermal atmosphere, uP is given by the following expression:

u
uP = f Pdu (44)
0
From Eq. (3), du is given by
du = wpds (45)
Equation (44) then becomes
s{u)
P = f w Pp ds (46)
0

For a uniformly mixed gas in an isothermal atmosphere, Eq. (11) expresses
density p as a function of z , and pressure is given by the corresponding relationship,

P = P_exp (-z/H) 47)

Equation (15) can again be used for ds as a function of z. By the previous argu-
ment of symmetry, the value of WP through the atmosphere is twice the value from the
tangent altitude through the atmosphere. Thus, the following expression is used to cal-
culate uP:

. < P, p, exp (-22'/H) R, dz'

uP = 2wf (48)
\,ZRe (z' - z)

zZ
or

P =[5 exp (-2z'/H) dz!

wP = 2R P_p, wf Vi (49)
4

12



Making the change of variable to r = z' - z, the following expression results:

W = \[2R_P_ powf exp [-2 (r + 2)/A] dr 0

Substituting the value of the definite integral, VwH72 exp (- 2z/H) into Eq. (48)
yields

Ppw

= 27 R, H—75— exp (-2z/H) (51)

The expression for transmission, Eq. (43) becomes the following:

1/2

LN Po Po W
T = 1 - erf —gz—— S '\,21r Re H —72 exp (~2z/H) (52)

This expression can be rewritten in a form to indicate the significance of each
factor, as follows:

2r R 1/2
T =1 - erf [\/ ‘[2 2 P, p, wHexp (—ZZ/H)] (53)

where

Boxy = ——g— (54)

Equation (53) can now be written in the following form:

T =1 - erf[exp l— (z - ne)/H]] (59)

where
Ng = Izi [G + fn Te] (56)
= g1 wP_ H (57)

13



The expression for Te is similar to that for 7_ for the exponential case. The
B3 xo factor is an absorption coefficient and the extra factor Po occurs because of the
dependence of absorption on pressure. Because of the factor of two in Eq. (56), the
properties of the atmosphere given in T¢ are much more important for the_same value
of n than for the gray atmosphere. The radiance profile for the error function trans-

mission is given by

Ny, = By, erf[exp [- (z - ne)/H]] (58)

Equation (58) is valid only for the narrow band of frequency Av for which the con-
stants B%xo is determined. For practical instrumental bandwidths, Eq. (58) must be
integrated with respect to frequency. The resulting integral can not be solved in closed
form and, therefore, is not very useful in understanding the radiation limb. Substituting
Eq. (56) into Eq. (58), the error function profile can be written

Ny, = By ert[rg e (- + ) 9

The absorption coefficient is contained in T¢. Over the spectral interval 14—16u, the
generalized absorption coefficients (ref. 7) can be fitted by an exponential with frequency.

Then To is given by
- C -|V - Vol A 6
're =4 €xp -—————-—y (60)

where Vg is the center of the 15u band, and Cj is the peak value for Te.
Integrating Eq. (60) over frequency (ref. 8) yields

Yo

_ B z . G id Vo|
Ny, = Verf exp (—ﬁ -é-)\fcl exp\ — 5 dv (61)
1

For normal atmospheric temperatures, 15u is near the peak of the Planck blackbody
radiance and is approximately constant over the 14—16u wavelength interval. For a
symmetric bandwidth Ay about v, , Eq. (61) becomes

Av
KxfCl exp(—E)
N,, = 4B f ﬂ(}ﬂﬂ (62)
° K/C,
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where
K = exp (-5 + &) (63)

Equation (62) must be computed numerically to give NaAp as a function of z. The
limits for large and small values of z are easily evaluated. When z is small, K is
large and erf(y) can be considered to be unity for all values of y in the range of
integration. In this case, as expected

N,, = BVOAV (64)

High on the limb, z is large and K is small. The value of y is small in the
range of integration requiring only the first term in

=]

n 2n+l
2N )
erf(X) = (2n + 1)n! (65)
n=0
Upon integrating Eq. (62)
8yVC,)
L Zz .Q} ( Au)]
Nay = Bvo eXp <‘H 3 [1 - exp( 2y (66)

By comparison, the gray atmosphere has a constant absorption coefficient with frequency
and is easily integrated to yield

N, = BV0 Au{l - exp[—exp _ (Z—;Iﬂ)]] (67)

When the atmosphere is optically thin, _Z;”?’? >>1

N,, = BVO Av exp[—(z—l_{—ﬂ-)] (68)

For these two wideband profiles to coincide at high altitudes

s - e (22)

(s%[c )

€xp (FTIL) Av = exp ((;) 5

Now 7 is given by
n = H [G +an ey H)] (70)
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Solving for kabs from Egs. (69) and (70), the mean absorption coefficient

G)(swcl) 1 - exp (— %ﬂ)

k= exp (-5
P\ 2/ BT Av

(71)

The following values give a good fit to the absorption coefficients over the 14—16u
spectral interval and also cause the integrated error function to approximate the gray
atmosphere:

Cl = 556.1

v = 8.5 em ™t
Av = 89.29 cm™!

H = 7.28 km

G = 4.31

p, = 1.41 X 103 g‘m/m3

Inserting these values in Eq. (71) yields

kabs = 0.000370

This is a reasonable value for the mean absorption coefficient for the optically
thin region of the atmosphere.

1.4 Goody Model Transmission

Transmission in the water vapor bands is also of interest, and the radiance pro-
files for the two limiting cases of the Goody statistical model (ref. 4) can be derived.
Transmission as calculated by the Goody model, is given by

- __Bx! (72)
TEoew v1—+—zx]
where
B = 2ra/d ] (73)
X' = Su/27x

16



For small x (large P), x is much smaller than 1, and the following expression for
T results:

T = exp (-px') (74)
Using Eq. (73), the transmission can be written in the following form:
T = exp (-su/d) (75)

This is the same as the gray atmosphere, where

8
= = 76
kabs d (76)
The other limiting case is for x much larger than unity low pressure. The
transmission can be written in the following form:
1/2
T = exp [— <% Bz x') ] (77)
The error function transmission also involved the use of the factor J/( B2 x)/2.
From the results of that calculation, the transmission can be written as follows:
T = exp l—exp [— (z - ne)/H] (78)

where 7 is given by Eq. (56).

The radiance profile is then given by the following expression:

NAV = BAV<1 - exp > (79)

This equation is seen to have the same form as the radiance profile for the gray atmos-
phere, Eq. 38, although the constant ne differs from 7 for the gray atmosphere.

- exp [— (z - ne)/H]

1.5 Comparison of Limb Radiance Profiles for Exponential and
Error Function Transmissivity Models

Since the two forms of the theoretical radiance profiles calculated here follow the
general form of actual profiles, a discussion of the geometrical properties of these two
profiles is of interest. The two limiting cases will be discussed first. As z ap-
proaches zero, the quantity exp [- (z - n)/H] approaches exp (n/H), whichis a
large positive number. The exponential radiance profile then assumes the following
form:

N,, = B,, ll - exp [exp (n/H)]} (80)
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Since exp (n/H) is a large number, the exponential term can be ignored, and
NAyp approaches BAp. When the error function profile, Eq. (58), is examined for
small z, itis found that Np, also approaches Bp, , since the error function of a
large number is very close to 1. Therefore, both profiles exhibit the same value in
the limiting case of small z.

The other limiting case is for large z. As z becomes large, exp[- (z - n)/H]

becomes very small. The exponential of a small number x can be approximated by 1 + x.
Hence, for large z , Eq. (79) can be approximated as follows:
> (81)

N, - BAV<1 - ll - exp[— (z - ne)/H]
NAV = BAV exp [— (z - ng )/H] (82)

or

The exponential profile approaches an exponential falloff, which is characteristic
of actual profiles.

Taking the first term in Eq. (65), erf(x ) is approximated by 2/vrx. For large
z , the error function profile, Eq. (58), approaches

N,, = BAV\/—%Texp[— (z - ne)/H] (83)

A comparison of Eqs. (82) and (83) shows the same exponential decay, but a dif-
ference of a factor of 2/yr. Both profiles exhibit the same form for both large and
small z.

A comparison of the inflection points,

for both profiles is of interest. Differentiating the radiance profile for the exponential
transmission yields
dN -B

S22 = B exp - (2 - n)/H] exp [-exp ~ (z - 7)/H] (84)

18



This expression gives the slope at any altitude z. Differentiating again with re-
spect to z gives

ZAV - HL;-V exp [- (z - r,)/H][exp[— (z - n)/H] - 1] exp {— exp [- (2 - n)/H]}

(85)
The inflection point occurs when the quantity within the brackets is zero, or z =17.
This was first described by King (ref. 5). This important result states that the inflec-
tion altitude for the gray atmosphere is given simply by 7, and the value of Np, at
this altitude is 1 - exp (- 1) (or approximately 0. 63) of the peak value.

The slope at the inflection point is given by

dN B
A
o LY exp (-1) (86)
7
or
dN B
dZAV = -0.368 ﬁ” (87)

n

This equation states that the slope at the inflection point depends solely upon tem-
perature; and, clearly, the temperature of an isothermal atmosphere is uniquely deter-
mined by the normalized slope.

A similar analysis can be performed for the error function profile. The error
function of y(x) is defined by

y(x)
erf y(x) = %f exp (-t7) dt (88)

o

The derivative of the error function is then the following expression:

dlerly (Ol - 2 oy (y?) 92 X) (89)

Differentiating the radiance profile for the error function transmission, Eq. (58)
yields
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dNAV -B

oy - L fiﬂexp [-(z - ne)/H] exp I-exp [—2(2 - ne)/H]} (90)

Differentiating again with respect to z gives

2
d N -B
Av Av 2 l
= —exp|-(z - 7 )/H]
422 G2 VT e

2 exp [—2(2 - ne)/H] - 1]

(91)

exp l—exp [—2(2 - ne)/H]

The inflection point occurs when the quantity within the brackets is zero. Hence,
the inflection altitude 7m must satisfy the following equation:

-1
a0 [-2 (n - g y/m| = (92)
Solving Eq. (79) for zj yields

H
= ne+2—ﬁn2

3
]

(93)

Il

H
—2—(G+ ﬂnZTe)

This result states that the inflection altitude is typically 2 or 3 kilometers greater
than 7ne , and the value of Nap at this altitude is erf [exp(-1/2fn 2)] , or approxi-
mately 0. 68 of the peak value.

The slope at the inflection altitude is given by

d N -B

Av _ Ay 2 _ . _
O = —q \/_nexp( Inv2) exp [-exp(-n 2)] (94)
n
or
dN B
__Av = - _Av
i = -0.4840 2 (95)
n

The slope at the inflection altitude is again solely proportional to temperature,: and
the temperature is uniquely determined by the normalized slope.
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Figure 5 is a plot of the normalized radiance profiles for the two cases discussed.
A 200°K isothermal atmosphere has been assumed. The constants were selected to give
the same asymptotic limit for large values of altitude. The circles are computed re-
sults for the 14—16u spectral interval with an error function transmissivity model
(ref. 9). * This demonstrates, as was found in subsection 1. 3, that when the atmosphere
is optically thin a mean absorption coefficient for a particular spectral interval may be
assumed and the atmosphere may be treated as being gray. Furthermore, when the
error function is integrated over frequency, the result is better approximated by the
double exponential. For this reason, the gray model can be used to develop an inversion
equation for wide spectral band radiance data.
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Model Integrated Over
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Fig. 5 Normalized Radiance Profiles for a 200°K Isothermal Atmosphere
1.6 Linearized Limb Radiance Profiles

It has already been shown in Eqs. (4) and (6) that an important parameter is the
reduced absorber mass (u/wpoH). From Eq. (25), we can write

*This reference does not give limb radiance profiles for isothermal atmospheres but
outlines the numerical procedure used to solve the equation of radiative transfer.
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1 ul _ '
ﬂn(—wpo ﬁ> = G -x (96)

which states that the logarithm of the mass of absorber per unit area reduced to standard
condition is given by the difference between King's planetary thermal constant and the
thermal equivalent altitude.

From Egs. (4) and (10), the normalized radiance is found to be

1
= 1 - exp —To<w—:;o'> <V;;; %) (97)

1 u 1 N
(@ﬁ—) = - -iﬂn(l - §) (98)

There are two interesting results of this expression. First, when the atmosphere
is optically thin (N/B << 1), we find that

(1) £

which demonstrates a linear relationship between the normalized radiance and the re-
duced absorber mass. Second, by taking the logarithm of both sides of Eq. (98) and
substituting into Eq. (96), we find that

!Zn[— T—loﬂn< - %)] = G -X (100)

Thus, for isothermal atmospheres, Eq. (100) represents the linearized limb radiance
profile. Since the planetary thermal constant and the optical thickness are functions of
temperature, it is appropriate to normalize to a reference temperature, T,. It is also
helpful if the optical thickness is a constant, corresponding to a réference density, If
surface pressure is assumed constant, the resulting linear limb radiance equation is

given by,
= 1 T N
G, -x = |- —— \’—!Zn(l——> 101
a [ ’TO(Ta) Ta B ( )

This expression is plotted in fig. 6. The slope is unity with a value of planetary
thermal constant Ga of 4. 303 for a reference temperature of 250°K.

@z

from which
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Fig. 6 Linearized Limb Radiance for Isothermal Atmospheres

If the radiance ratio N/B is measured as a function of geometric altitude z,
it is clear that the temperature at altitude z can be found by rearranging Eq. (101).

T = - z mg/k

- N SRS Y A _N(z)
G -t |- o )]

However, the value of temperature on the right-hand side can only be an esti-
mate, resulting in an error in the inferred temperature., By iteration, the inferred
value of temperature can be improved. Clearly, the solution for temperature is
unique, and convergence should be rapid because the dependency of the inferred tem-
perature on the knowledge of temperature is by the logarithm of the square root of T.

(102)

Let Ti be the inferred temperature after the ith iteration. The error is given
by
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Ti -T =
T
1 i~1 N (z)
G, -4n |+ in {1 -
[ o (TO\ T, ( N(o))]
_ z mg/k
- R SR i o - N(z)
G, !Zn[ To(Ta)\/Taﬂn (1 N,(O)>] (103)

By rearranging and substifuting

T
T 1 i-1 N 1 T N
T, -T = =— Hn |- \/ ﬂn(l——)]—ﬂn[————— ﬁn(l——)
i X; [ To (Ta) Ta B Ty (Ta) Ta B
(104)
from which
T, 1/2
T, -7 = Ll (322
1 xl T
=5, (105)
and
T + 6 1/2
§. = L lon <—1—‘—1> (106)
i X, T
i
Assuming that 6i_1/T << 1
5, = 50— & (107)
i ZXI. i-1
or
8.
1
5, T (108)
i-1 i
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Since for the region above the middle stratosphere the thermal equivalent altitude
is greater than four, the solution converges rapidly with approximately an order of
magnitude improvement with each iteration. For atmospheric temperature, no more
than two iterations should ever be required.

Before testing the validity of this inversion technique on an isothermal atmosphere,
it is necessary to know the value of the mean absorption coefficient. From subsection 1. 3,
we know that the coefficient should be constant in the region where the limb is optically thin.
However, since the gray model with a mean absorption coefficient is only an approximation
for broad spectral bandwidths, it is to be expected that the coefficient contained in To s if
calculated by rewriting Eq. (101), will depart from a constant value.

Equation (101) was written to solve for k and the results are shown in fig. 7 for 200°K,
250°K, and 300°K isothermal atmospheres. As expected, the coefficients are nearly
constant high on the limb above approximately 45 km for a 200°K atmosphere and rise as the
gray model departs from the exact solution. The value of 0. 000340 is in very good agree-
ment with the theoretical value of 0. 000370 calculated from generalized Elsasser coefficients
in subsection 1.3. This demonstrates that the empirical and theoretical results are consistent.

There is also a temperature dependency of approximately 0.00000025 per °K. By
using these values for the mean absorption coefficient in the calculation of 79 (Tg) in
Eqg. (102), we have corrected the model and should have an exact fit of the estimated
temperature to the true temperature.

450 —

6

400 —

350 |— 300°K
250°K
200°K

300 -

Mean Absorption Coefficient x 10

] J ] ! ] | ] I 1 { ] 1
0 1 2 3 4 5 é 7 8 9 10 11 12 13 W4

Thermal Equivalent Altitude

Fig. 7 Calculated Mean Absorption Coefficients for 200°, 250°, and 300°K
Isothermal Atmospheres
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Equation (102) was programmed to test that this inversion technique is indeed con-
vergent and behaves as anticipated in the preceding paragraphs. Computed radiance data
for a 200°K isothermal atmosphere was used with an initial estimate of 220°K. * The
results are given in Table 1. The first estimate of temperature reduces the error in
the initial estimate by approximately an order of magnitude as expected, although the
residual errors do not follow Eq. (108) precisely. The relative error between succes-
sive iterations does behave according to Eq. (108), and the solution has converged with
an average relative error of 0. 1°K, which is smaller than the least significant digit in

temperature (1°K).

TABLE 1
INFERRED TEMPERATURES FOR A 200°K ISOTHERMAL ATMOSPHERE

Initial Estimate -220°K, Error = +20°K

Ist 2nd 3rd
Al(flifu)de Temperature T.-T Errl.or -T Temeerofure T.-T Er;-or -7 Temperature T. ~T EF;OY
m (°K) i i-1 7| (k) i i-1 76 (=K) i i-1 7T
30 202.4 2.4 17.6 200.8 0.8 1.6 200.6 0.6 0.2
32 202.3 2.3 17.7 200.7 0.7 1.6 200.6 0.6 0.1
34 202.0 2.0 18.0 200.5 0.5 1.5 200.4 0.4 0.1
36 201.7 1.7 18.3 200.3 0.3 1.4 200.2 0.2 0.1
38 201.5 1.5 18.5 200.1 0.1 1.4 200.0 0.0 0.1
40 201.3 1.3 18.7 200.0 0.0 1.3 199.9 -0.1 0.1
42 201.2 1.2 18.8 200.0 0.0 1.2 199.9 -0.1 0.1
44 201.2 1.2 18.8 200.0 0.0 1.2 200.0 0.0 0.0
46 201.0 1.0 19.0 199.9 -0.1 1.1 199.8 -0.2 0.1
48 200.9 0.9 19.1 199.8 -0.2 1.1 199.7 -0.3 0.1
50 200.8 0.8 19.2 199.7 -0.3 1.1 199.6 -0.4 0.1
52 200.7 0.7 19.3 199.7 -0.3 1.0 199.7 -0.3 0.0
54 200.7 0.7 19.3 199.7 -0.3 1.0 199.7 -0.3 0.0
56 200.6 0.6 19.4 199.7 -0.3 0.9 199.7 -0.3 0.0
58 200.6 0.6 19.4 199.7 -0.3 0.9 199.6 -0.4 0.1
60 200.6 0.6 19.4 199.7 -0.3 0.9 199.6 -0.4 0.1
Average 201.2 1.2 18.8 200.0 0.0 1.2 199.9 -0.1 0.1

*See footnote on p. 21
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SECTION 2. — LINEAR TEMPERATURE GRADIENT ATMOSPHERES

2.1 Positive Temperature Gradient

In this section, the closed form solution of the equation of radiative transfer will be
found for an atmosphere with a linear temperature gradient L = dT/dz. The meteoro-
logical term lapse rate, the negative of the temperature gradient, will not be used in
this discussion.

From the hydrostatic equation and the equation of state

dp _ _mg,, _dT
5 = -3 dz - (109)

For a linear temperature gradient
T =T, + L(z -z (110)
Equation (96) becomes

dp _ _ mg dz _dT
P k[T +L(z-z)] T
o o

(111)

Integrating this equation yields
T /(H L)+1
oo

1
o Lz -2)
(]
Lt —g—
o

(112)

where H, is the scale height at temperature T, . The exponent is independent of
temperature since H is proportional to temperature. In the limitas L —0,
Eq. (11) results,

At an altitude z', the value of ug for £ positive and with a positive, constant L
above the horizon altitude z, is obtained by substitution of Eq. (112) into Eq. (16).
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z|
Tz/(Hz LZ)+1
(- R) dzv
Ug = We, lL =
"o _
1+_z(z" - z) \/2Re (z z)
Z
o0
or
(-]
u = 1‘. 5R dz" (Z" _ z)_l/z
s~ 2 ey T /(H, L)+

1
Z'

LZ
g (2" - z)
V4

Defining the scale height gradient vy by

Equation (114) becomes

With the change of variable

Equation (116) becomes

28

—‘Z)

-1/2

- Z

L H
_ Tz Tz
Yo T 7T
Z
kL
_ Z
= g
o0
1 1"
JZR wp dz" (z
e "z
Z‘H
Z'
. Y, (" - z)/HZ

T 1+, @ - a/H,

H

zZ

jl/’}’z'l'l

(113)

(114)

(115)

(116)
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1

_ wp /v -1/2 ¥ 1y, -1/2
us=%\,2ReHZT;ft_Vz(l-t) z dt—ft_l/z(l-t) z dt
z (o]

(o}

(118)
where
= ['yz (z' ~ z)/Hz]/[l + -yz(zv - z)/Hz] (119)
The first integral is the beta function B (m, n) , defined by
1
m-1 n-1
B@m, n = It (1 -1 dt (120)
It can be shown (ref. 10) that
B (m, n) T (m + n) (121)
where T' (x) is the gamma function. Equation (105) then becomes, I' (1/2)= v,
1 wp, T (1/y, + 1/2)
T /v, +1) y Yy -1/2
¢=1/2 @a-v 2 dt (122)

T Vn T (1/7 + 1/2)

The integral remaining is the incomplete beta function, Bx (m, n) , defined by
(ref. 3)

B, (m,n) = j -l 1 - t)n'l dt (123)

The incomplete beta function ratio is defined by

I m,n) = B_(m,n)/B (m,n) (124)
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and has several important statistical applications. Tabulated values of this function can

be found in ref. 10.

With this definition, Eq. (122) can be rewritten as

1 Wb, T (/v + 1/2)
s =3V ez \y, T v, ¥ D [1 - Iy /2, /v, + 1/2)] (125)

Similarly for negative { again with L a positive constant
wp

1 z T (/v + 1/2)
u = 3427 R H —=2 P
s = 2V2T R H, Vi, T [1 +1,.0/2, Yy, + 1/2)] (126)

Stirling's formula states that

' = e_xxX —2;(71 (127)

Using this approximation, Eqs. (125) and (126) become (for = £)

1/2 1+ 'yZ/Z L/ Vs
1 [0 8 - e

From Eqgs. (110) and (115)
(129)

where z, = 0, and

’YZ
H, = H (1+§ (130)

Substituting Egs. (112), (115), and (130) into Eq. (128) gives the absorber mass
along a path s in terms of the base density and the scale height corresponding to the

base temperature. Thus (for + £),

wp 1+ /2

1 o o W2 1/v
U = 2T RH, 71/Y+1/2(1+'Y) (1+7) [1“3'(1/2’1/7”/2)]

(131)
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It is convenient to define K1 /2 (v) by (see Appendix B)

1/2 /vy
Kyja M = (1—7?‘;) [1T++—7{72] (132)

The function Kj/9 (v) expresses the change in ug due to the temperature gradient
above the horizon altitude z, It has a value of unity for v = 0.

The transmission is found by substituting Eqs. (131) and (132) into Eq. (2).

k27 R_H, '
T, = exp - 5 wp, K, 5 (7,) [1 £ 1, (Y2, Vv, + 1/2)] (133)
BTS
Similarly, the weighting function Bs is given by Eq. (7a) as

BTS aus
—= - 2 — 134
ds Ts k os (134)

ou

From Eq. (112) —;f is given by

1/ 'yZ+1
Bus 1
—_ 2 = 35
s WPy, 1+ zZ' - 7 (135)
yz H,
and by substitution, the weighting function is given by
aT kwp T
-5 - - z 8 (136)
9s _ 1/'yz+1
(z' - z)
[1 + Yy H
z
The equation of radiative transfer, Eq. (1), can be rewritten as
T(8 = o)
N, = - f B, (T) d7 (137)
1
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For an atmosphere with a temperature gradient, Bj (T) is not a constant and

cannot be taken outside the integral. Expanding B?\ (T) in a Taylor series about T,

3B, (T) 52 B, (T) 2
B}\, (T) = B}\ (TO) + T— (T - TO) + —;—2— (T - TO) + ... (138)
ToT 19T
(o] T=To

Taking the partial derivative of the Planck function with respect to temperature
yields

9 B, (T) B, (T) Cz/ AT
- 139)
oT T  1-exp(-Cy/AT) (

For wavelengths and temperatures of interest in this study, the exponential term

can be ignored and

. 9B, (D) G ” »
B, (Ty) T AT (140)

o T=T o

(o]
and

o2 B, (T c. [c

1 A D _ 2 (%2 (141)
By (Ty) 512 atz e To
T=T (0] (0]

Hence B)\ (T) is given approximately by

B (T C2 T - TO 1 C2 C2 T - TO 149
A =B ) Ly \—r ) rear o - ) ) M
0 (] 0 (o] (o]

Since T = To + L (z - zo), T - To is given by

T - To = L(z - zo) (143)
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In considering the horizon problem, the value of T, will be T,, the temperature
at the horizon, The radiance given by Eq. (1) can then be written as

T(S =)

I (z' ~ z) dr

T(S =) T(S =)

C Li
(T —f dT———L f(z'—z)d’r--—
A z) 7\T 2

Cz

N, = B —5
AT
Z

Ca
}\Tz
VA

(144)
where z' is the altitude along the path of integration,

The first integral IO is easily evaluated, yielding

I = 1-exp- [k VET R H wp, K, /o ('yz)] (145)

Using Eq. (121), the second integral can be written in the form
Il = /(z' - 7) (—T)k———ds (146)

where Tg is given by Eq. (133). This integral cannot be evaluated in closed form,
However Tg can be expanded in a series, and the resulting integrals evaluated.

The incomplete betg function ratio can be expanded in the following series (ref. 10):

a b ad
_ X (1 -%x) B(a+ 1, n+ 1) ntl
Ix(a’b)_aB(a,b) 1+ B(a+b,n+1)X (147)
n=o
Only the first term need be kept in the transmission function, since x is small,
S k -‘/271' R_H, wp, T (1/;/Z + 1/2)
2 /vy +1
V7, /v, )
~(1/v,+1)
2 V7, @ - A/H, (1 + v, (2" - 2)/H )
1 2 (148)

Jwru/v +1/2)/T @/, + 1 J
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Equation (146) is solved by expanding T and performing the integrals.

second terms cancel by symmetry. The result is that

C (z' - z) k wp, R dz'
I, = -—g—L T 12
1 AT2 Z Z 1/7 +1
[1+'y (z'-z)/H] 2Re(z'-z)
e 2 3 2. 2
@' - 7) (k wpz> R’ RZ da!
e 3(1/7,+1)
2 [1 oy (2 - z)/Hz] V2R, (z' - 2)
where

,/277 Re HZ
Tz = exp - |k — 3 wp, K1/2 ('yz)

Making the change of variable

r =1, (z' - z)/Hz

Equation (149) becomes

Z
I‘

[= o]
H 2 H
Z dr
+ ——
v (k wpz) R_ [k wo, \ER, <y > [ 3(1/')/ D)
o 1 +
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Evaluating the integrals yields the following

T R K VTR B, (M) o, Ty, -v2)
z wo,, 2 3 T (v, + 1)
‘YZ

zZ Z

. VER, B, [H T @/v, + 12
+ H, (k wpz> Re[k wp, —‘% <7Z>] \/%,‘ (%) T (3/:’2 + 3)
Tz

Using Stirling's approximation

c o7 R_H 2 K! o (7))
2 e 'z 3\ '5/2 ‘'z
I, = vy T kwp —5——K (v,) l+(kwp) R H (—)——
1 AT, "2 z z 2 3/2 Vg z e 'z \2 K3/2 )
where
: /vy -1
3/2 1 - ’YZ/2 z
K3/2 ;) <1 +, 1+,
and
3/y
5/2 3 . yZ/2 z
_ e
Kpjo (V) = (3 + 3, 3+ 37,

The last term in the brackets of Eq. (154) is negligible above 25 km.

The third integral in Eq. (144) is given by

2

L. C, C, 2 \,2 wp \./27r R H, 3 <HZ> , T (l/yz - 3/2)

2 " 2 27T zZ 'z Z 2 4 \y ¥ T (i/y, + 1)
AT, \AT, z z ]/ z z

3
20 4 TR H, 15 _I:I_z 1 (2) T (3/v, - 1/2)
+ kwp) R kwp, 2 3 \A 2/ T Gy, * 9

(153)

(154)

(155)

(156)

(157)
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Or, using Stirling's approximation

L2 (S N2, VTRH, 5
2 = X1, \XT, Yz T EWP, P z ¥5/2(7)
2 Koo (V)
o (v, monf@) 205, s
z € 5/2 yz)
where
/vy -2
o \3/2 1 - 3'yz/2 z
K5/2 (vp) = <1 + vy ) 1+ (159)
Z Z
and
. \V2 (3 -v/2 3/v,-1
Kaya (g = <3 ¥ 3'yz>' 5+ 37, | (160)

Again, the last term in the brackets of Eq. (158) is negligible above 25 km,

2.2 Negative Temperature Gradients

It is obvious that a negative temperature gradient cannot extend to infinity. The
integrals will be taken from the horizon altitude to the altitude at which the temperature
is zero. Temperatures near zero do not exist in a real atmosphere, but since density
falls off rapidly with altitude, the error in extending the gradient to zero temperature
is negligible. .

For a negative temperature gradient, ug becomes

z(T=0)

e _dz (2 - )2 (161)

~1/(~y,)+1
1 ~(=y AN z)
7! [ ( Z) ( HZ J
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Here (-7v,) is a positive quantity. With the change of variable

r = (-7, (Z"H' Z)
Z

T I R

Equation (161) becomes

2 1
2R H ) 1/(-v.)-1
iy = S We, [(— $Z>] / e -] 7 e

Ly )Z=2)
7%

Evaluating the integral

VETRLH, W, T (U/(- )
ug = g Ve TVEY) f1/2) [l =1 (172, /)
where

v = (-7, - 2/H

Using Stirling's formula

‘\/27TR H
Us = # szKl/Z(_ ’Yz)[:L * 1y (1/2’ Vi 'YZ))]

where

1/ (-7,)
1/2

1
Riyjg 7)) = e 1+ (-7)/2

The three integrals in Eq. (144) can also be evaluated assuming Ts in the

second integral is given by L Then,

I, = 1-exp- [k VBEFRH, wp K (—'yz)]

The second integral is given by

(162)

(163)

(164)

(165)

(166)

(167)
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c, VZﬁzﬁ;[Hz 1 F(thm

I, = ——L 1 kwp
b e e 17| VE vp T (V7)) +3/2)

Using Stirling 's formula

Il=7\szszkaz 2 K3/2(—'YZ)

where
1/ (=v,)+1

3/2 1

3

:e —_—
1 o (=7

K3/2 (_ 'YZ)

Similarly, the third integral is given by

(168)

(169)

(170)

T (V7))

2 2
I, = C—- —C——— - = EZ—T kwp '\/271’R H (§> HZ 1
2 2 T )2 ‘=z z ez \4/ (- 7) vq:—;;; 1*(1/(- Yt 5/2)

Again, using Stirling's formula

2) v, 7'kapz —

I = AT, 3 Z) Koo (= 7,)

AT~
zZ

where
1/ (-v,)*2
5/2 1

K (_')/)ze
b/ 2
/ z 1+ §-<— Y,)

2.3 Limb Radiance

(171)

(172)

(173)

The full expression for the radiance can now be written. The distinction between
positive and negative temperature gradients will be dropped, since the appropriate
function to be used is given previously. Also, the second terms in the I; and Io

integrals will be ignored.
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The radiance can then be written as

b
; N)\ = B}\ (Tz) 1 - exp - [k \/27r Re HZ w pz K1/2 (‘YZ)]

- k ‘/27r Re HZ v <

C C k TR H
2 2 2 ki e, 3
X T, <7\ T - > Y2 Tz 5 wp, 1 Kg/o (1) (174)

Combining the second and third terms

N, = B, (T, {1 - exp - [k VET R H, wo, Ky ‘Vz)]

+

C; K VET R H, AT @) Kg /g (7,)
A TZ Y, Ty 2 szK3/2 vy) AT Y, \% K3/2 (v,)

(175)

It is convenient to write Bj (T,) interms of B) (T°) , where T° is the

temperature that gives the radiance at z = 0., Equation (175) becomes
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c. [T -T° c, /C T - T°

- o 2 z 1 72 /( 2 _ z___
Ny = By @ 1+AT°< T >+27\T°(}\T° 2)( T® >

C k -‘/27r Re Hz

2
1 - exp - [k ,lzn R HZWpZKl/z ('yz)] aey T Y, Tz 5 wop, K3/2 (v,)

C K r.)
2 3\ 5/2 ‘'z
[1 + <7\ 2 2> v, (4)————K3/2 ‘Vz)] (176)

Z

If B, (T°) is interpreted as the radiance on the flat part of the limb profile,
T° becomes the equivalent blackbody temperature of the atmosphere. Dividing both
sides of Eq. (40) by By (T°) gives the normalized 1limb radiance profile equation
for linear temperature gradient atmospheres.

2.4 Linearized Limb Radiance Equation

Equation (176) can be linearized similar to Eq.(101) for isothermal atmospheres.
First, write Eq. (176) in the form

N, = B, (T°) (1 + C!) [1 ST(s = w) + B'] @77)

Solving for T (8 = )

- -1 N '
T = w)=1 (1+C,)B}\(T°)+B (178)

Taking the natural logarithm of both sides,

on T (s N )+ B'] (179)

@) = in [1 T@rC) B, (T

Now In T (8 = o) is given by

T = w = -k\2rR H, Wp K o (y) (180)
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or

e
i k Hz wp, K1/2 ('yz) (181)

27 Re TZ
InT (S = 00) = - Ha k Ha w pz I{l/2 (-YZ) -rITa-' (182)

where T, is some arbitrary reference temperature. Let p,, be the density at
z = 0 for an isothermal atmosphere of temperature T, , then

InT(s = w) = -

Factoring out TZ

e W p T

= = - 2z _Z
InT (S = k Ha V0w P Kl/2 ('yz) Tz (183)

Hy

Since the surface pressure is considered approximately constant for all temperatures,
Pao is the surface density scaled by the ratio Ta/ T0 and Eq. (183) becomes

2m Re pz Tz Ta
InT (8 = w) = - kH wp —K (v.) (184)
Ha a a0 p_ 1/2 V'z T(Z)
Equation (184) can be rewritten as
Py Tz Ta 185
M t(s = ©) = —exp(Ga) TO(Ta) p—oKl/2 ('yz) TZ ( )
o
where
1 27 Re
G, = 5in— (186)
a
and
T (Ta) = k Ha W P (187)
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Combining Eqs. (185) and (179) and multiplying by e

—

Py Tz Ta X N
- exp (G, - x) T, (T,) E;K1/2 v,) Ti = e In [1 T @ O) B, () + B']
(188)
Rearranging and taking the natural logarithm of both sides,
Tz -
Gy - % =Iny- Tz?l‘a pz/po T (T, 11<1/2 ) " [1 S C';\IBA T " B']
(189)

Equation (189) is the linearized limb radiance equation. It is nonlinear in tem-
perature since T appears on both sides of the equation. The ratio of exp (- x) to the
density ratio differs from unity to the extent that the atmosphere varies from being
isothermal. Furthermore, the ratio has a value of unity in the middle stratosphere.

The radiance values for the 120 climatological model atmospheres of ref. 9 yield
values very close to the straight line described by Eq. (189) as seen in fig. 8. Real
atmospheres do not have a constant temperature gradient extending to infinity. However,
since most of the radiation comes from a layer a few kilometers above the horizon alti-
tude, an equivalent 7y can be used. The computer program which generated fig. 8 gave
a weight of 0.6 to the temperature gradient from 0. to 2. km above the horizon, and a
weight of 0.4 to the temperature gradient from 2. to 4. km above the horizon. These
weights are unsatisfactory and produced much of the scatter at thermal equivalent alti-
tudes below 7. In the remainder of this report, the exponential weighting function sug-
gested by Eq. (37) of Section 1 was approximated by a seven-layer model, each layer
being 2. km thick.
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Fig, 8 Linearized Limb Radiance for Real Atmospheres
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SECTION 3. — INVERSION EQUATION

3.1 Introduction

Section 2 dealt with determining the radiance by obtaining a closed form solution
of the eqguation of radiative transfer for constant temperature gradient atmospheres,
The resulting solution was written in a functional form that is linear in thermal equiva-

lent altitude.

In this section, the linearized radiance equation is used to develop a technique
for solving the inversion problem, that of inferring the atmospheric temperature

from radiance measurements.

Real atmospheric temperature gradients do not, of course, extend to infinity.
The assumption of Section 2 of extending to infinity was necessary only to overcome a
problem in mathematics to permit a closed form solution of the equation of radiative

transfer, Physically we may think of an equivalent temperature gradient or scale
above a horizon altitude which produces the same radiance as a real

height gradient 4
Since the weighting function determines the relative contribution to the

atmosphere,
radiance resulting from the temperature at each altitude above the horizon altitude,

it is reasonable to expect that the weighting function or an approximation of it can be
used to determine the relative weight of the temperature gradient at all altitudes above

the horizon altitude. By definition,

o0

s
8"[‘
_ [ Ee
'y+ ST (190)
a—Tds
f_ s
s=o0
S =oo
El_T(S =°°)f 'y—ds (191)

This definition permits the closed form solution of the equation of radiative transfer
for constant temperature gradients developed in Section 2 to be applied to real atmos-

pheres with variable temperature gradients.
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The inversion equation is taken from the linearized radiance equation, Eq. (189)

G o N 1
-X%X, = fn - e
a 1 \/(Tz)i—l Ta ('Oz/po)i__‘l To (Ta) K1/2 (yz“i—l
fn [1 (T +FN) B (T°) © B;—l] (192)
i-1 Ba

where, ignoring quadratic terms in gamma

B, . = 5o (ﬂ) T k———~—h2WReHZ Ko o7 4 193
i~-1 AT \'z%i-1 'z 2 Py Kg/o\ Yo b1 (193)

For simplicity in the restof this section, the mean scale height gradient v}
will be denoted by v.

The value of x on the ith iteration is found from the values of Tz, x,
o/ pos C', B', and vy on the previous iteration. The temperature is found from
the value of x from

_ zmg
T = 3%

The density ratio p,/p, at any altitude depends on the temperature variations
below the altitude and a starting density ratio. The starting ratio, e™X/(p,/p,) is
obtained from climatological models for the geographic location. The density ratio at
each higher altitude is calculated from Eq. (112) and the density ratio at the altitude
just below. Since the next subsection demonstrates convergence of the inversion
method, the ability to estimate T, and the ratio e */(pz/py) on the basis of lati-
tude and season probably represents one fundamental limitation on the accuracy of
the inversion method. Percentage errors in these quantities are reduced by the
thermal equivalent altitude.

3.2 Convergence

The inversion method given above is practical only if the solution converges on
the correct value of temperature, The convergence requirement for the special case
of an isothermal atmosphere will be developed. While an isothermal atmosphere
does not exist, the analysis is easier than for a real atmosphere, and the behavior
of the solution will be seen to be applicable to the general case,
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For an isothermal atmosphere, the inversion equation becomes
| 1 N
T
X = Ga - in T -—-Ta in (1 - N > (194)

The value of x on the ith iteration [ neglecting K1 /2 ('y)] is given by

T,
X, = G. - {n -1l on - N -8By (195)

i a T T T: 1 - T i-1
a a [1 + C ( i-1 )] N
T o

where B' in Eq. (195) is equal to B" v, Defining €4

€. = X - X, (196)
1 1

Substituting Eqs. (194) and (195) into the above equation and letting fn (1 + x)
be given by x

f 1
N "
5., - B 7o
) (1+ C'—% )No
€ = 0In < 1 + T N/No > (197)
L J
where 8i_1° the absolute error, is defined by
6501 = Ty - 7T (198)
Again, letting fn (1 + X) be given by x
1] 1t
o _%a Ce, Brvig 199)
€ T 2T T N/N, (
" C!
But B"' = - N/N . Hence
2 (o)
834 C'0iy  CTMig 200)
€ T 2T T 2
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Now from the definition of x

4 VA
_ & _ Z 2
¢ T H H (201)
1
or
0
€; = WX (202)
Equating Eqgs. (200) and (202)
5. T Vi
- & 1-211] (203)
%i-1 5.1

The requirement for convergence of the inversion equation is that the absolute
value of the above ratio be less than 1.0, The value of C' is very nearly that of x
at altitudes near 30 km, so the ratio of vyj_1/0j-1 can become very important,
demonstrating that the solution is conditionally stable.

Since for an isothermal atmosphere estimated values of y are negligible, 6
changes sign on each iteration and 6j/6j-] may diverge. Temperature averaging
(averaging Tj and Tj_7) is an effective means of improving convergence. Let
61' be the result of Eq. (203). Then for temperature averaging

'
6, + 6

_ i-1
6 = — 3% (204)
Equation (204) then becomes
. T .
Ly R (205)
8i-1 * X 01

Since C'/Xi—l is nearly 1, in cases where vy is negligible convergence is very fast.

In practice the actual temperature is not known, so the value of § is not known.
Instead of the absolute error, use the relative error AR defined by

- _ 2
A1 T T " T (206)
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The convergence equation can be derived in the same way as for the absolute
error yielding

4 _ 1 o [, Talia 207)
A1 2Faa Xy 281
where
Tisg = i1 ™ Vi (208)
Similarly, for temperature averaging
% _1l,, 1 _c <1 T Fi-1> (209)
By 2 X1 Fa 28

The criterion for convergence is that the absolute value of the above ratio be
less than 1,0. However, since x, I', and A change with each new temperature
estimate, convergence may only be temporary, and it is necessary to compute the
relative error ratio with each iteration,

The validity of the convergence formulas in this section, for both absolute and
relative errors, has been established by numerical testing,

Table 2 gives the inversion results using the general inversion equation on a
200°K isothermal atmosphere. The average absolute and relative errors decrease
by nearly an order of magnitude for the first three iterations. There is little im-
provement in the absolute error beyond the third iteration. The slight improvement
in average absolute error after the average relative error reaches a minimum makes
it economically undesirable to proceed past the third iteration. Furthermore, noise
prevents the absolute error from being reduced beyond a minimum value. Therefore,
all inferred temperatures following are from the third iteration,

The formulas developed in Section 1 can be obtained by setting all y's to zero
in the above convergence equations. The similarity of results between table 2 for
the general inversion equation and table 1 for the specialized inversion equation shows
the general inversion equation is performing as expected.,
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Initial Estimate — 220°K

TABLE 2
INVERSION RESULTS FOR A 200°K ISOTHERMAL ATMOSPHERE

1st 2nd 3rd 4th
Ai:‘i;“)de Temp Error Temp Error Temp Error Temp Error
C® It _rlr, . -1 O r-7[T, -1|® [1-1[r,_,-1| Ofr-T[T .-T
i i-1 i -1 i i i-1 i i-1 i
30 201.2 1.2 18.8 199.7 -0.1 1.5 200.2 0.2 -0.5 200.6 0.6 -0.4
32 202.1 2.1 17.8 200.2 0.2 1.9 200.3 0.3 -0.1 200.7 0.7] -0.4
34 202.7 2.7 17.3 200.4 0.4 2.3 200.4 0.4 0.0 200.7 0.7| -0.3
36 203.2 3.2 16.8 200.4 0.4 2.8 200.2 0.2 0.2 200.5 0.5} -0.3
38 203.5 3.5 16.5 200.5 0.5 3.0 200.1 0.1 0.4 200.2 0.2] -0.1
40 203.7 3. 16.3 200.5 0.5 3.2 200.0 0.0 0.5 200.0 0.0 0.0
42 204.0 4.0 16.0 200.6 0.6 3.4 199.9 -0.1 0.7 199.9 -0.1 0.0
44 204.2 4.2 15.8 200.6 0.6 3.6 199.9 -0.1 0.7 199.8 -0.2 0.1
46 204.4 4.4 15.6 200.7 0.7 3.7 199.9 -0.1 0.8 199.8 -0.2 0.1
48 204.6 4.6 15.4 200.8 0.8 3.8 200.0 0.0 0.8 199.7 -0.3 0.3
50 204.8 4.8 15.2 201.0 1.0 3.8 200.0 0.0 1.0 199.8 -0.2 0.2
52 205.0 5.0 15.0 201.1 1.1 3.9 200.2 0.2 0.9 199.9 -0.1 0.3
54 205.2 5.2 14.8 201.3 1.3 3.9 200.3 0.3 1.0 200.0 0.0 0.3
56 205.3 5.3 14.7 201.4 1.4 3.9 200.4 0.4 1.0 200.1 0.1 0.3
58 205.4 5.4 14.6 201.5 1.5 3.9 200.4 0.4 1.1 200.1 0.1 0.3
60 205.6 5.6 14.4 201.6 1.6 4.0 200.5 0.5 1.1 200.2 0.2 0.3
Av 204.0 4.0 16.0 . 200.8 0.8 3.2 200.2 0.2 0.6 200.1 0.1 0.1

many of the same features remain.

little improvement beyond the third iteration,
be obtained with a better starting density ratio and a better method for estimating
the equivalent gamma,

50

The situation is more complicated for real atmospheres,

: The K functions can
no longer be ignored and the B' term can range up to 40 percent of N/N,. However,
Table 3 shows the inversion results for January
50°N atmosphere of ref. 11 with January 50°N as the first estimate of temperature.

There is
More accurate results can probably

Both the average relative and absolute errors decrease on each iteration, with
relative errors decreasing by nearly an order of magnitude each time.
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TABLE 3
INVERSION RESULTS FOR JANUARY 50° N

Initial Estimate — Jan 50°N

Altitude 1st 2nd 3rd 4th
(km) Temp Error Temp Error Temp Error Temp Error
o Q -] L]
LA IS L3 LR 08 BLOL VN O UG S SRS O N SL U I P O 1 SRS N LV I PO 8 B S
i i- i He i =1 i i =1 i
30 219.4 | -0.6 -0.6 {1 219.8} -0.2 0.4 219.8 | -0.2 0.0 220.0 0.0 0.3
32 222.4 | -1.0 -1.0 222.51 -1.0 0.1 223.4 0.0 0.9 222.6 | -0.9 -0.8
34 226.1 -1.0 -1.0 226.0 { -1.1 -0.1 226.0 | =-1.2 0.0 225.8 | -1.4 -0.2
36 229.9 | -0.8 -0.8 229.81 -0.9 -0.1 229.8 1 -1.0 =-0.1 229.8 | -0.9 0.0
38 233.6 | -0.6 -0.6 223.6 | -0.6 0.0 233.2 | ~-1.0 -0.4 233.1 -1.1 ~0.1
40 237.6 | -0.4 -0.4 237.5 ] -0.5 0.0 237.3 1 -0.7 ~-0.2 237.1 -0.9 0.2
42 242.8 | -0.1 ~0.1 242.9 0.0 0.1 242.8 | -0.1 0.0 242.4 | 0.5 -0.4
44 248.3 0.3 0.3 248.7 0.6 0.3 248.8 0.8 0.1 248.8 0.8 0.0
46 252.3 0.5 0.5 252.7 1.0 0.4 252.9 1.2 0.2 253.0 1.2 0.1
48 255.8 1.0 1.0 256.5 1.6 0.7 256.9 2.1 0.4 257.3 2.4 0.3
50 256.4 1.4 1.4 257.3 2.3 0.9 258.0 3.0 0.7 258.6 3.6 0.6
52 251.0 1.3 1.3 251.8 2.1 0.8 252.5 2.8 0.6 253.0 3.3 0.6
54 243.0 1.0 1.0 243.7 1.7 0.7 244 .2 2.2 0.5 244 .6 2.6 0.4
56 237.6 0.9 0.9 238.2 1.5 0.6 238.6 1.9 0.4 239.0 2.2 0.4
58 233.7 0.7 0.7 -234.2 1.2 0.5 234.5 1.5 0.3 234.8 1.8 0.3
60 231.5 0.5 0.5 231.9 0.9 0.4 232.1 1.1 0.2 232.3 1.3 0.2
Av - 0.2 0.2 - 0.5 0.4 - 0.8 0.2 - 0.8 0.1

An attempt was made to increase stability by changing <y in the proper direction
as indicated by Eq. (209) whenever the relative error increased, This kept the rela-
tive error from diverging. However, in some cases, the minimum relative error
thus obtained is quite large. More effort is required to assure satisfactory stability
of the solution.

3.3 Inversion Results

The temperatures obtained from the inversion program for a climatological
model atmosphere are given in fig., 9. The real atmosphere is the January 50°N
atmosphere from ref. 9. The inferred temperatures are those of the third iteration
in table 3. The absorption coefficients are based on fig. 7. In Appendix C, tables
10 through 13 give the results for various climatological conditions.
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Fig. 9 Comparison of Actual and Inferred Temperature
Profiles for January 50° N

There is a problem near the stratopause at 50 km, probably due to errors in
estimating the equivalent gamma, It is the inferred temperatures at altitudes
around 50 km that cause the average absolute error to be as large as it is.

A crucial test of the inversion program is its ability to perform properly in
the presence of noise and bias errors. Table 4 shows the inferred temperatures
and absolute errors on the third pass for the case of no radiance error and three
cases of different radiance errors.

The effect of a +5-percent increase in the radiance at each altitude was to
increase the average temperature error by approximately one degree. The change
of temperature decreases with increasing x, being 1, 9°K at 30 km and decreasing
to 0.5°K at 60 km.
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TABLE 4

INVERSION RESULTS FOR JANUARY 50°N WITH

AND WITHOUT RADIANCE ERROR

Initial Estimate — Jan 40°N

No Error +5% Radiance | Bias Error | Bias and Noise
Altitude | Actual Error (100%at 60 km) Error
(m) ng)lp Temp | Error | Temp | Error | Temp |Error | Temp |Error

CK) | CK) | CK) | °K) | (°K) | (°K) (°K) | °K)
30 220.0 | 221.2 1.2 | 223.1 3.1} 221.9| 1.9 220.41 0.4
32 223.6 | 223.9 0.3 | 225.5 1.9 224.7} 1.1 223.3(-0.3
34 227.2|227.6 0.4 | 229.1 1.9| 228.6( 1.4 227.8 .6
36 230.8 | 231.5 0.7 | 232.8 2.0 232.6| 1.8 231.5 .7
38 234.4 {235.0 0.6 | 236.3 1.9 236.4} 2.0 233.41 -1.0
40 238.0 | 239.6 1.6 | 240.8 2.8 241.2| 3.2 236.6( -1.4
42 242.8 | 242.8 0.0 | 244.0 1.2] 244.9| 2.1 241.8(-1.0
44 247.6 | 247.5 -0.1 | 248.5 0.9] 250.0) 2.4 247.71 0.1
46 251.0 | 249.4 ~1.6 | 250.4 -0.6 | 252.7| 1.7 249.8 | -1.2
48 253.0 | 251.1 -1.9 | 252.0 -1.0| 255.5| 2.5 251.4)-1.6
50 255.0 | 258.8 3.8 | 2569.5 4.5] 263.7| 8.7 258.9] 8.9
52 | 248.6|251.8 | 3.2 | 252.5| 3.9) 256.5[ 7.9 | 251.5| 2.9
54 242.2 | 244.1 1.9 | 244.8 2.6 252.6]10.4 244.0] 1.8
56 237.4 1238.5 1.1 ] 239.1 1.71 249.7112.3 238.21 0.8
58 234.2 {234.7 0.5 | 235.8 1.6 248.7|14.5 235.1 0.9
60 231.0 (230.9 -0.1 | 231.4 0.4} 245.1114.1 230.91-0.1
Av - - 0.7 ~ 1.8 - - - | 0.4

The next two columns give the error due to a constant error in radiance, which
is 100 percent at 60 km. The change in temperature increases rapidly with altitude,

so no average of the absolute error is taken,

Figure 10 shows the relative error in temperature as a function of the bias error,
as a percent of the radiance at the given altitude. _
between the inferred temperature with no error and the inferred temperature with the

bias error. The rather large temperature errors in table 4 are seen from fig, 10 to

be due to very large bias errors.

The relative error is the difference
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Fig. 10 Relative Temperature Error Resulting
From a Bias Radiance

The last two columns give the error due to a combined bias and noise error in
radiance. The radiance data used for the no-error case has four significant figures.
The radiance for the noise-and-bias case was obtained by truncating the radiance
values to two significant figures. The noise in this case is not random since large
values of radiance noise are not permitted. The average radiance error is -1.5
percent., Scaling this according to the results for the +5-percent radiance error,
the average absolute error should be decreased by 0.3 degree. This prediction is
correct, as is seen from the table. The effect of noise, which ranges up to 5 per-
cent, is seen to be of small importance at individual altitude points and does not
change the average error.
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SECTION 4. — ANALYSIS OF PROJECT SCANNER FLIGHT DATA

The results of the two Project Scanner flights (refs. 12 and 13) offer an opportunity
to test the inversion technique developed in Sections 1 and 2 with real world data. Both
flights were suborbital launches from Wallops Island, Virginia; the first was launched
on August 16, 1966, and the second on December 10, 1966. The data used in the following
analysis (presented in Appendix D for convenient reference) are taken from refs. 12 and

13.

Model atmospheres were derived for geographical areas (cells) where atmospheric
conditions were relatively uniform, and the measured radiance profiles were averaged
for each cell. This provides the opportunity to compute the mean absorption coefficient
for real atmospheres, as was done in Section 1 for isothermal atmospheres. The mean
absorption coefficient was calculated for every 2 km from 30 to 60 km for each cell of the
summer experiment. These results are presented in table 5 and fig. 11. It is clear that
above 50 km, where the radiometer signal-to-noise ratio is low and the error in measured
temperature is high, there is considerable spread in the data. The coefficients for Cells
1, 2, 3, and 7 are in substantial agreement as are the coefficients for Cells 4 and 6.
Except for Cell 5 above 50 km, all the cells have the same characteristics with altitude,

It is the trend with altitude that is of particular significance. Rather than tending
toward a constant value when the atmosphere is optically thin as anticipated and as
occurred for the analytical profiles for isothermal atmospheres, the mean absorption
coefficients increase with altitude. This implies that the absorption at high altitudes
(low pressure) is greater than anticipated from the Elsasser model for carbon dioxide
transmissivity. Greater absorption would mean higher values of radiance.

The coefficients for Cells 1, 2, 3, and 7 were averaged at each geometric altitude.
Ideally, the averaging should be done at the same values of thermal equivalent altitude;
but, with the errors in the data, this would be an undue complication. The results,
plotted in fig. 12, show an almost linear increase with altitude except at low altitudes
where an upward bowing occurs similar to the isothermal curves.

Shown also are the high and low limits of the coefficient at each altitude. As
expected, the spread in the data increases with decreasing signal-to-noise ratios and
increasing error in temperature measurement. The average values were used to
infer temperature from individual radiance profiles taken from Cells 1, 2, 3, and 7.

The mean absorption coefficients were calculated for the winter Cell 1 (ref. 13).
The model atmosphere for Trout Lake (53°50'N, 89°52'W) was assumed to correspond
to Cell 1 at 57°N, 92°W. Figure 13 presents the results and includes, for comparison,
the average data from fig. 12. The general trend of the curve is the same; however,
the curve is displaced upward an appreciable amount, Except for possible temperature
and density curve correction, it is desirable that the mean absorption curve be independ-
ent of geographic location, season, and other parameters., Within experimental error,
the data of fig. 11 indicate that this may be the case.
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TABLE 5
MEAN ABSORPTION COEFFICIENTS FOR PROJECT SCANNER SUMMER DATA

k % 106
Altitude Cell 1 Cell 2 Cell 3 Cell 4 Cell 5 Cell 6 Cell 7
(km) X k X k X k b4 k b4 k X k b4 k
30 4,32 { 377 {4.32 | 387 {4.28 | 374 | 4.36 | 339 | 4,41 ( 320 | 4.47 | 365 | 4.51 | 393
32 4,55 ) 397 | 4.57 [ 406 {4.57 | 396 | 4.55 | 366 | 4.53 | 337 | 4.60 | 365 | 4.64 | 385
34 4,78 | 408 4,79 {421 (4,79 | 414 (4,77 | 383 |4.71 | 357 | 4.75 | 385 | 4.77 | 401
36 4,95 | 412 | 4,98 } 426 [4.96 | 426 {4.94 | 402 { 4,90 | 381 | 4.92 | 406 | 4,92 | 429
38 5,07 | 426 | 5,11 | 447 |5,11 | 442 | 5,13 | 407 | 5,11 | 400 | 5.13 | 419 { 5.13 | 452
40 5.19 | 460 } 5,23 |482 ]5.25 468 5.27 | 431 | 5.31 | 408 | 5.33 | 421 | 5.33 | 448
42 5.39 { 511 | 5,42 | 500 [5.45 | 486 | 5.45 | 456 | 5.47 | 418 | 5.47 | 426 | 5.47 | 479
44 5.78 | 497 | 5,62 | 519 [5.64 | 606 |5.64 | 474 | 5.62 | 439 | 5,57 | 445 | 5.70 | 485
46 5.80 | 536 [{5.84 | 548 [5.84 | 533 | 5.84 | 491 | 5.84 | 454°{ 5.78 | 476 | 5.74 | 531
48 6,07 | 564 [ 6,12 1570 16,10 | 582 [6.12 | 512 | 6,12 | 467 { 6.10 | 501 | 6.00 | 554
50 6.34 | 581 |6.39 | 596 }16.42 | 620 j6.42 | 522 | 6,42 | 462 | 6.42 | 491 | 6.42 | 559
52 6,69 | 596 | 6.75 | 603 ]6.72 | 656 | 6,70 | 528 | 6.60 | 455 | 6,55 | 486 { 6.52 | 563
54 7.01 1 602 | 7.08 |642 |7.06 | 689 [ 6,98 { 535 [ 6.77 | 444 [ 6.64 | 528 | 6.64 | 580
56 7.30 | 616 | 7.38 (667 |7.37 { 669 | 7,31 | 532 | 7.12 { 421 {7.04 | 524 { 7.06 | 528
58 7.59 | 664 | 7,68 [ 644 |7.69 | 732 | 7.66 | 581 | 7.48 | 414 | 7.46 | 558 | 7.49 | 540
60 7.89 ] 673 }7.98 | 661 {8,011} 859 [8.,01| 733 [7.86 | 457 |7.89 | 644 } 7.95 | 626

Mean Absorption Coefficient x 108

300 | 1 B
4 5 6 7 8

Thermal Equivalent Altitude

Fig. 11 Computed Mean Absorption Coefficient for Project Scanner
Summer Data
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Before any conclusions can be drawn, it is necessary to determine if the differences
between the various mean absorption coefficient curves is within the experimental error.
The difficulty in making conclusions about these particular data due to strong horizontal
fields is pointed out in ref. 13. However, since these data are obtained on a different
flight, a possible bias error exists between the two flights. To test the sensitivity of the
coefficients to tangent height accuracy, the radiance profile was arbitrarily shifted down
by 2 km. The value of x did not change since it was calculated from the Trout Lake
atmosphere. As a result, the calculated mean absorption curve (fig. 13) is below the
average curve for summer Cells 1, 2, 3, and 7.

A downward shift of approximately 1.6 km would have provided a good fit. This
does not suggest a probable bias error in tangent height of 1. 6 km as other sources of
error, such as any possible temperature correction, must be considered. However,
1.6 km is within the joint distribution of tangent height error. Therefore, it is not
possible to say if the difference in absolute value of the mean absorption coefficients
is significant.

Using the average absorption coefficients for Cells 1, 2, 3, and 7, the average
radiance profiles for each cell were used to infer the model atmosphere for each cell,
respectively. By using the answer as the starting estimate, a good test of accuracy,
convergence, and stability is provided in the presence of noise. For each case, the
results of the first three passes through the inversion program are given in tables 6, 7,
8, and 9. The program has converged on the correct temperatures after no more than
one iteration in all cases. The results for Cell 3 (table 8) demonstrate the conditional
stability of the solution. Here, the average absolute error is slowly increasing although
the relative error does not change appreciably. Even so, the results up to 50 km (with
the singular exception of 44 km) demonstrate stability; difficulfy above 50 km is to be
expected because of the low signal-to-noise ratio and possible high MRN temperature
measurement errors. The same difficulty is not experienced for Cell 7, as the dif-
ferences between the small values of the absolute and relative errors are not significant,

A measured radiance profile from each cell was selected. They were selected
so as not to have four similar radiance profiles. The temperature difference between
“the inferred temperature profile and the model temperature profile for the particular
cell is given for each cell in table10. Also given at the bottom is the number of passes
through the inversion program to obtain convergence. A weighting factor was applied
permitting larger relative errors at high altitudes. Without the weighting factors, Cell 3
requires one iteration to indicate convergence. With the singular exception of 38 km in
Cell 1, all of the differences are within MRN temperature accuracy (ref. 13). The
difference of -2.4°K at 30 km in Cell 1 can exist with the strong temperature fields at
high latitudes during the summer. In no case was there a stability problem.

In summary, this analysis of Project Scanner data demonstrates that the inversion
program is convergent with noisy data and yields temperature profiles that are accurate
within the limits of present MRN data. An attempt should be made to explain the apparent
increase of mean absorption coefficient with altitude.
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TABLE 6
INVERSION RESULTS FOR CELL 1 AVERAGE DATA (SUMMER)

" Ist 2nd 3rd

AI(:'Ude Temperature Esror Temperature Error Temperature Error

m) (°K) T TN (°K T,-T| T, -T; (°K TL-T|T,;-T,
1 - 1 1 - ] 1 i

30 233.5 -1.4 -1.4 234.3 -0.7 0.7 234.0 -1.0 -0.3
32 236.7 ~1.1 -1.1 237.7 -0.5 0.6 237.3 -0.5 0.0
34 239.2 -1.4 -1.4 239.6 -1.0 0.5 239.7 -0.9 0.1
36 243.6 -2.0 -2.0 243.6 -2.0 0.0 243.6 -2.0 0.0
38 250.9 -1.9 -1.9 250.6 -2.2 -0.3 250.4 ~2.4 -0.2
40 259.3 -0.7 -0.7 259.4 ~-0.6 0.1 259.5 -0.5 0.1
42 263.5 0.7 0.7 264.2 1.4 0.7 265.1 2.3 0.9
44 254.4 -2.2 -2.2 253.6 -3.0 -0.8 252.8 -3.8 -0.8
46 266.9 -0.1 -0.1 266.8 -0.2 -0.1 266.9 -0.1 0.1
48 266.0 0.0 0.0 265.9 -0.1 -0.1 265.8 -0.2 -0.1
50 265.1 0.1 0.1 265.0 0.0 -0.1 265.1 0.1 0.1
52 261.4 0.0 0.0 261.4 0.0 0.0 261.4 0.0 0.0
54 258.4 -0.4 -0.4 258.5 -0.3 0.1 258.5 -0.3 0.0
56 257.8 0.3 0.3 258.0 0.5 0.2 258.3 0.8 0.3
58 257.0 0.7 0.7 257.7 1.4 0.7 258.4 2.0 0.6
60 2541 -0.9 -0.9 253.8 -1.2 -0.3 253.5 -1.5 -0.3

Averoge — -0.6 -0.6 —_ -0.6 0.1 _ -0.6 <0.1

TABLE 7

INVERSION RESULTS FOR CELL 2 AVERAGE DATA (SUMMER)

st 2nd 3rd
. Ecror Error Error
Al(tw)de Temperature P T Temperature T.-T [T, . -1 Temperature -1t . -1
m (°K) i =t i (°K) i i=1 i (°K) i =1 i
30 234.3 -0.7 -0.7 234.6 -0.4 0.3 234.5 -0.5 -0.1
32 236.5 -0.5 -0.5 236.8 -0.2 0.3 236.8 -0.2 0.0
34 239.4 -0.6 -0.6 239.7 -0.3 0.3 239.8 -0.2 0.1
36 243.0 -1.0 -1.0 242.8 -1.2 -0.2 241.1 -2.9 -1.7
38 250.3 -0.7 -0.7 250.1 -0.9 -0.2 250.2 -0.8 0.1
40 258.3 0.3 0.3 258.7 0.7 0.4 259.0 1.0 0.3
42 260.8 -0.2 ~0.2 261.0 0.0 0.2 261.0 0.0 0.0
. 44 263.3 -0.7 -0.7 263.1 -0.9 -0.2 262.7 -1.3 -0.4
46 265.4 0.4 0.4 265.8 0.8 0.4 266.1 1.1 0.3
48 264.2 0.2 0.2 264.4 0.4 0.2 264.6 0.6 0.2
50 263.5 0.5 0.5 264.0 1.0 0.5 264.3 1.3 0.3
52 259.2 0.2 0.2 259.4 0.4 0.2 259.5 0.5 0.1
54 256.6 0.6 0.6 257 .1 1.1 0.5 257.3 1.3 0.2
56 256.3 1.6 1.6 257 .4 2.7 1.1 258.3 3.6 0.9
58 253.8 0.5 0.5 254.2 0.9 0.4 254.6 1.3 0.4
60 251.3 -0.7 -0.7 250.9 -1.1 -0.4 250.5 -1.5 -0.4
Average - <0.1 <0.1 — 0.2 0.2 -— 0.2 <0.1




TABLE 8
INVERSION RESULTS FOR CELL 3 AVERAGE DATA (SUMMER)

Ist 2nd 3rd

Al(f‘:'fu)de Temperature T.-T E\'l:ror -1 Temperature T.-T Eﬂ:f -1 Temperature T _TE".:” -1
m (°K) i i-1 7% (°K) i i-1 7% (°K) i i-17%
30 235.3 -1.7 -1.7 235.8 -1.2 0.5 235.4 -1.6 -0.4
32 235.8 -1.2 -1.2 236.3 -0.7 0.5 236.2 -0.8 -0.]
34 238.9 -1.1 -1.1 239.2 -0.8 0.3 239.1 -0.9 -0.1
36 244.0 ~1.0 -1.0 244.3 -0.7 0.3 244.3 -0.7 0.0
38 249.9 -1.1 =11 250.0 -1.1 0.0 250.6 -0.4 0.7
40 256.5 -0.5 -0.5 256.8 -0.2 0.3 256.8 -0.2 0.0
42 259.1 -0.9 -0.9 258.7 -1.3 ~-0.4 258.2 -1.8 -0.5
44 266.0 3.0 3.0 268.3 5.3 2.2 270.2 7.2 1.9
46 264.8 -0.2 -0.2 265.0 0.0 0.2 264.8 -0.2 -0.2
48 265.6 0.6 -0.6 266.2 1.2 0.6 266.5 1.5 0.3
50 263.1 1.1 1.1 263.9 1.9 0.8 264 .4 2.4 0.5
52 261.7 1.7 1.7 262.9 2.9 1.2 263.8 3.8 0.9
54 258.8 1.8 1.8 260.2 3.2 1.3 261.2 4.2 1.0
56 256.6 1.6 1.6 257.7 2.7 1.1 258.5 3.5 0.8
58 255.1 2.1 2.) 256.6 3.6 1.5 257.8 4.8 1.2
60 253.3 2.3 2.3 255.0 4.0 V.7 256.4 5.4 1.4

Average - 0.6 0.6 -_ 1.2 0.8 - 1.6 0.5

TABLE 9

INVERSION RESULTS FOR CELL 7 AVERAGE DATA (SUMMER)

Ist 2nd 3rd
Altitude Error Error Error

Temperoture Temperature Temperoture _ ~

(km) k) T T TR LRl P R bl I 11'3) LTiha
30 225.5 0.5 0.5 225.9 0.9 0.4 225.8 0.8 -0.1
32 231.8 -1.2 -1.2 231.3 -1.7 -0.5 231.1 -1.9 -0.2
34 240.2 -0.8 -0.8 239.5 -1.5 -0.7 238.9 -2.1 -0.6
36 247.7 0.7 0.7 247.8 0.8 0.1 247.7 0.7 -0.1
38 251.0 1.0 1.0 251.4 1.4 0.4 251.9 1.9 0.5
40 252.5 -0.5 -0.5 252.0 -1.0 -0.5 251.6 -1.4 -0.4
42 258.9 -0.1 ~0.1 258.9 -0.1 0.0 258.8 -0.2 -0.1
44 258.5 -1.5 -1.5 257.2 -2.8 -1.3 255.9 -4.} -1.3
46 271.1 1.1 1.1 271.6 1.6 0.5 271.8 1.8 0.2
48 270.1 1.1 1.1 270.6 1.6 0.5 271.1 2. 0.5
50 261.9 -0.1 -0.1 261.9 -0.1 0.0 261.8 -0.2 -0.1
52 268.0 0.0 0.0 267.9 -0.1 -0.1 267.7 -0.3 -0.2
54 273.4 0.4 0.4 273.7 0.7 0.3 273.9 0.9 0.2
56 265.5 -0.8 -0.8 265.0 -1.3 -0.5 264.4 -1.9 -0.6
58 258.8 -0.9 -0.9 258.1 -1.6 -0.7 257.5 -2.2 -0.6
60 252.7 -0.3 -0.3 252.4 -0.6 -0.3 252.2 -0.8 -0.2
Average — -0.1 -0.1 — -0.2 -0.2 —_ -0.4 -0.2




TABLE 10

INVERSION PROJECT RESULTS FOR MEASURED RADIANCE PROFILES
FROM THE SUMMER SCANNER FLIGHT

Latitude/Longitude

Altitode | 56-2°/66.5° | 52.2°/54.1° | 46.3°/48.7° 13.8°/56.3°

(km) Cell 1 Cell 2 Cell 3 Cell 7
30 2.4 0.7 -0.4 1.3
32 2107 0.7 0.4 1.5
34 -2.1 10 0.3 0.5
36 -2.0 -1.9 0.3 0.4
38 5.4 ~2.0 0.4 1.5
40 1.8 1.4 0.9 0.2
42 0.7 2.2 0.7 3]
44 4.4 3.2 0.4 0.7
46 0.9 218 1.2 4.8
48 -1.9 0.0 1.5 4.1
50 1.9 11 1.8 2.9
52 0.7 0.4 2.7 4.4
54 0.0 0.2 36 4.3
56 2.0 2.9 4.5 3.4
58 2.2 1.7 5.2 4.5
60 0.9 0.9 5.2 0.3
No.

of 3 2 I 2

Passes
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APPENDIX A
PLANETARY THERMAL CONSTANT

It has been shown by King (ref. 5) that the transmission for a gray atmosphere is
given by

T o= exp - [e-(z—n)/H] (A1)
where
27 Re
n = Hin = (k o H) (A2)

Eguation (A2) can be written in a form that reveals the physical significance
of the factors as follows:

n = H [G + In To] (A3)
where
27 R
-1 e
G = 2!ln< 5 ) (A4)
and
T, = kp H (A5)

The optical thickness of the atmosphere T _ is unitless and is a combination of im-
portant parameters of the atmosphere,

King pointed out the significance of the planetary thermal constant G. The
scale height H is given by

g = XL (A6)
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Substituting for H in Eq. (A4)

1 27 Re mg
G = Ein TRT (A7)

The acceleration of gravity g near the earth's surface is given by

G'o Me
g = 3 (A8)
R
e
where
Go = gravitational constant
Me = mass of the earth
Substituting for g in Eq. (A7)
G M m
o e
1 |T\UR
G = =4in e (A9)
2 1/2 kKT

The gravitational potential energy of a molecule of mass m is the expression
in the parentheses., The kinetic energy per degree of freedom for a particle of
mass m is 1/2 kT. Hence G can be written

_1 G.P E.
G = 5 {n (7r K E ) (A10)
where
G. P. E, = gravitational potential energy
K. E. = kinetic energy

64



| APPENDIX B
K FUNCTIONS

The K functions are the functions Kp/9(y) in Section 2. They enable integrals
over transmission, for an atmosphere with a linear temperature gradient, to be simply
expressed in terms of  a corresponding integral for an isothermal atmosphere.

From Section 1, the value of u« for an isothermal atmosphere can be expressed as
u, = 27 Re H P, (B1)
where

e—z/H

P, = Py (B2)

For an isothermal atmosphere H is a constant with altitude.

From subsection 2.1, the value of u« for an atmosphere with a positive scale
height gradient vy is given by

_ Pe T (1/y + 1/2)
u_ —‘/ZTFRest/_'?I‘(l/'y+1) (B3)
Defining Ki/2(v)
- L I(l/y+ 1/2)
KM = 7 Ty 1) (B4)

The expression for u. becomes

u, = 2r Re Hz e, Kl/z('y) (B5)

It is seen that u. is equivalent to the expression for an isothermal atmosphere,
with H equal to Hz, times the factor Kj/g(7v). The function K;/2(v) expresses
the change in u, due to the temperature gradient above the horizon altitude =z.

The function Kj /9 (v) can be numerically evaluated easily using Stirling's
formula. Stirling's formula is accurate for even small values of x and states that

2

_ -X X
'(x) = e 7x X

(B6)
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Using this approximation, Kj/2(v) is given by

e \V2 (1 4 ooV
Kl/z(v) = (Ii;f;) (‘iiixé") (B7)

In the limit as vy approaches zero, Kj/2(y) approaches one.

From subsection 2. 2, the value of u, for an atmosphere with a negative scale
height gradient is given by

= 27R H b
T TV e T VT o

In this case, -Y is a positive quantity. The function Kj /9 (-v) is then defined by
L T(1/(-7))

r(1/(-v))
1/(-y) + 1/2)

(B8)

K, /o (-7) = (B9)
1/2 V) r(1/(-y) + 1/2)
Using Stirling’'s formula
_ o 1/2 1 1/(~7)
Kija(my) = e <1“+Tm> (B10)

The other integrals in Section 2 were evaluated in terms of the gamma function.
Using Stirling's formula, the general formula for the K functions for positive vy
becomes

e n/2 ng
Kolr) = <T+_y) [1 T2 )

Similarly for negative 7y , the general function becomes
1 n-1
—_— 4=
/ (-v) 2
2 1
K ) = eV —m
Il/2( 'Y) 1+ ngz_xl

In both cases, n is limited to odd integers. | Figure 14 is a plot of the K functions
for n =1, 3, and 5. The K functions are plotted as a function of the temperature
gradient rather than .
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APPENDIX C
VARIOUS CLIMATOLOGICAL RESULTS

Inversion results for climatological models (ref. 9) representing arctic winter,
arctic summer, temperate summer, and equatorial regions are presented in this appen-
dix. The arctic winter is represented by January 90°N with January 80°N for the initial
estimate. The solution has converged on the second pass or first iteration. Arctic sum-
mer is represented by July 90°N with July 80°N for the initial estimate, Again, the solu-
tion has converged on the first iteration. Temperate summer is represented by August
40° N with August 50°N for the initial estimate. The equatorial region is represented by
January 0° with January 10°N for the initial estimate. For both of these cases, the solu-
tion has converged on the first pass. This result is to be expected in equatorial regions
where the temperature fields have small spatial variation,
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Initial Estimate — Jan 80° N

TABLE 11
INVERSION RESULTS FOR ARCTIC WINTER (JAN 90°N)

1st 2nd 3rd
Altitude Error Error Error
(km) Temp. Temp. Temp
€K) | T,-T [T, -T CK) | T,-T]T  -Ty| €K | T,-T [T,_;-T,
30 198.1 - 1.9 2.9 199, 2 -0.8 | -1.1 199.0 - 1.0 0.2
32 199.7 -2.8 3.2 200. 3 2.2 | -0.6 200. 1 -2.4 0.2
34 204.3 -3.2 3.3 204, 6 3.0 -0.3 204.8 ~2.8 | -0.2
36 208. 9 -3.3 3.3 209.0 3.3 | -o.1 209. 0 -3.3 0.0
38 213.8 -3.1 3.0 213.9 ~3.1| -o0.1 213.8 -3.1 0.1
40 219.3 -2.7 2.7 219.4 ~2.6 | -o0.1 219.4 -2.6 0.0
42 225, 3 -1.8 2.4 225.5 -1.7] -o0.2 225.4 -1.8 0.1
44 231.8 1.0 | 2.0 2320 -0.8| -o0.2 232.0 0.8 0.0
46 239.1 Sl | LT 239.4 -0.8| -0.3 239.5 -0.8 | -0.1
48 249.0 ~1.6 0.7 249.6 -1.0| -o0.6 250, 2 0.4 | -0.6
50 253.9 -2.1 ] 0.1 253, 8 -2.2 0.1 253. 8 -2.2 0.0
52 248.5 -2.0 | 0.1 248.4 -2.1 0.1 248.2 -2.3 0.2
54 238.7 -1.5 | 0.1 238,17 -1.5 0.0 238, 8 1.4 | -0.1
56 231.8 | -o0.8 0.1 232.2 | -0.4] -o0.4 232.8 0.2 | -0.6
58 226.4 0.1 0.2 226.17 0.4 -0.3 227.3 1.0 | -0.6
60 223.8 0.8 0.2 223. 8 0.8 0.0 224.0 1.0 | -0.2
Avg. — - 1.7 1.6 - ~1.5| -0.3 ~ 1.4 | -0.1
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Initial Estimate — Jul 80°N

TABLE 12
INVERSION RESULTS FOR ARCTIC SUMMER (JUL 90°N)

1st 2nd 3rd
Altitude Error Error Error
(km) Temp. Temp., Temp.
(°K) Ti -T Ti—l - Ti (°K) Ti -T Ti—l - Ti (°K) Ti -T | Ti—l - Ti
30 249.0 5.0 -6.0 246.0 2,0 3.0 248.0 4.0 -2,0
32 252, 8 2.9 - 3.8 250.6 0.6 2.2 251.1 1.1 -0.5
34 259.2 2.4 { -3.3 | 257.2 0.4 2.0 | 257.2 0.4 | -0.0
36 265.3 2.3 | - 3.3 263.6 0.6 1.7 263.5 0.6 0.1
38 271.2 2.6 - 3.6 269.8 1.2 1.4 269.8 1.1 0.0
40 276.7 2.7 -3.7 275.6 1.6 1.1 275.6 1.6 0.0
42 282.0 2.8 - 3.8 281.1 1.9 0.9 281.1 1.9 0.0
44 286,9 3.0 -4.,0 286.2 2.3 0.7 286.4 2,4 -0.2
46 291,2 3.4 -4.2 290.7 2.9 0.5 290,9 3.1 -0.2
48 295.0 4,2 -4.5 294.9 4,1 0.1 295.0 4,2 -0.1
50 297.8 4.8 -4.8 298.0 5.0 -0.2 298.5 5.5 -0.5
52 299.0 4,3 -4.9 299.6 4,9 -0.6 300.2 5.6 -0.6
54 298.8 3.4 -5.0 299.8 4.4 -1.0 300, 7 5.3 -0.9
56 296.6 2.4 -4.8 297,17 3.5 -1,1 298.8 4.6 -1.1
58 292.9 1.4 -4.6 294.2 2.6 -1.2 295.4 3.8 -1.2
60 286.1 0.1 -4,1 287.2 1.2 -1.1 288.4 2.4 -1.2
Avg, - 3.0 -4.3 - 2.5 0.5 - 3.0 -0.5




Gl

Initial Estimate — Aug 50°N

TABLE 13

INVERSION RESULTS FOR TEMPERATE SUMMER (AUG 40° N)

1st 2nd 3rd
Altitude Error Error Error
(km) Temp. Temp. Temp.
(°K) i T Ti—l -T CK) Ti -T T1-1 - Ti (°K) i T Ti-l - Ti
30 234.0 1.0 1.0 234.8 1.7 -0.7 234,17 1.1 0.0
32 237.8 0.3 1.7 238.0 0.6 -0,2 237.9 0.5 0.1
34 242.9 0.4 1.6 242,9 0.3 0.0 242.6 0.1 0.3
36 248.0 0.6 1.4 247.9 0.5 0.1 247.2 -0.2 0.7
38 252.9 0.8 1.2 252.8 0.7 0.1 252.1 -0.1 0.7
40 257.8 0.8 1.2 2567.7 0.7 0.1 257.8 0.8 -0.1
42 263.9 1.3 0.8 263.9 1.3 0.0 263.4 0.8 0.5
44 270.1 2.1 0.0 270.1 2.1 0.0 270.1 2.1 0.0
46 273.7 2.2 ~-0.4 274.2 2.8 - 0.5 274.6 3.2 - 0.4
48 274.8 1.6 - 0.6 275.5 2.2 -0,7 276.0 2.8 -0.5
50 274,4 1.4 -0.4 2747 1.7 -0,3 275.0 2.0 -0.3
52 273.0 3.1 0.0 273.0 3.1 0.0 272.9 3.0 0.1
54 270.6 5.7 0.3 270,17 5.9 -0.1 270.8 5.9 -0,1
56 266.1 7.3 0.5 266, 1 7.3 0.1 265.7 6.9 0.4
58 259.4 8.1 0.8 259,2 7.8 0.2 259.0 7.6 0.2
60 252,0 8.0 1.0 251.6 7.6 0.4 251.2 7.2 0.4
Avg - 2.8 0.6 - 2.9 -0,1 - 2,8 0.1




€L

INVERSION RESULTS FOR EQUATORIAL REGION (JAN 0°N)

Initial Estimate — Jan 10°N

TABLE 14

1st 2nd | 3rd
Altitude Error Error | Error
(km) Temp. Temp, __| Temp
(°K) Ti -T Ti—l - Ti (°K) Ti -T Ti—l - Ti i (CK) Ti -T Ti—l - Ti
30 229.4 - 0.6 -0.4 229.8 | -0,2 -0.4 230.1 0.1 T 0.3
32 233.1 -2.0 0.7 233.1 : -2.0 0.0 232.9 -2.2 0.2
34 237.9 -2.5 1.3 237.5 | -2.9 0.4 237.1 -3.2 0.4
36 243.5 -2.1 1.6 242,17 -2.9 0.8 241.9 -3.7 0.8
38 250.6 -0.3 1.3 249.7 -1.1 0.9 i 249.0 -1.9 | 0.7
40 257.4 1.4 0.6 256.8 0.8 0.6 | 256,2 0.2 | 0.6
42 263.2 1.9 0.0 263.6 2.3 -0.4 263.6 2.3 0.0
44 268.1 1.9 -0.7 268,2 2.1 -0.1 268.2 2,0 0.1
46 271.5 2.2 -1.2 271.9 2.6 -0.4 272.1 2.8 -0.2
48 273.9 3.0 -1.7 274.6 3.7 ~-0,17 275.1 4.2 -0.5
50 274.1 3.1 -2,1 275.1 4.1 -1.0 275.9 4.9 -0.8
52 271.3 1.1 -2,2 272.5 2.3 -1.2 273.4 3.3 -0.9
54 266.2 -1.4 -2.1 267.3 -0.3 -1.2 268.2 0.7 -0,9
56 259,0 -2.2 -1.6 259.8 -1.3 -0.8 260.6 -0.6 -0.8
58 249, 4 -1.2 -0.8 249.8 -0.7 -0,4 250.2 -0.4 -0,4
60 240.2 0.2 -0.2 240,2 0.2 0.0 240, 2 0.2 0.0
Avg. - 0.2 -0,5 - 0.4 -0,2 - 0.5 -0,1







APPENDIX D
PROJECT SCANNER DATA

The following tables (14 through 18) are reproduced from two reports (refs. 12
and 13) issued by NASA, Langley Research Center, describing the results of two sub-
orbital launches from the NASA Wallops Station. A summer launch was made on
August 16, 1966 followed by a winter launch on December 10, 1966.

Model atmospheres corresponding to atmospheric conditions existing at the time
of the experiments were constructed from MRN data obtained within three hours of the
flight. Areas within which conditions were reasonably uniform are identified by cell
numbers. The longitude and latitude for each cell correspond to the center of the
cell. For the winter flight, the model atmosphere for Trout Lake (53°50'N, 89°52'W)
was assumed to correspond to the winter Cell 1. The reader is cautioned that winter
and summer cell numbers do not correspond to the same geographical areas.

The radiance data for all limb scans within a cell were averaged. Although the
reports give a considerable number of individual limb scans, only one radiance profile
within summer Cells 1, 2, 3, and 7 was used in Section 4 and reproduced in this
appendix,
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TABLE 15

MODEL ATMOSPHERES DERIVED FROM METEOROLOGICAL DATA FOR
THE SUMMER PROJECT SCANNER FLIGHT

Cell 1 Cell 2 Cell 3 Cell 4
Altitude, (580 N 680 W) (539 N 600 W) (470 N 57° W) (430 N 45° W)
km Temperature, | Pressure, | Temperature,} Pressure, | Temperature, | Pressure, | Temperature, | Pressure,
oK mb 9K mb oK mb oK mb

0 288.0 1010.000 288.0 1010.000 286.0 1012.000 294.0 1025.000
2 271.0 800.511 277.4 800.575 280.1 807.089 284.3 811,321
4 263.2 626.923 264.2 625.462 268.4 634.169 278.2 637.879
6 250.9 477.778 251.3 477.178 2517.3 485.542 260.8 489.881
8 234.7 362.245 237.1 364.762 243.3 371.429 246.5 376.253
10 221.7 267.500 221.7 268.487 230.0 2717.642 231.3 281.707
12 224.9 196.296 223.8 196.543 217.1 203.652 213.9 207.343
14 224.0 145.370 221.2 145.000 218.0 149.000 213.1 148.810
16 224.0 111.025 222.7 106.884 218.0 110.075 216.5 105.932
i8 224.3 79.783 224.0 79.690 219.6 80.161 219.5 81,053
20 225.0 59.065 225.0 59.039 223.1 56.319 222.0 59.115
22 225.6 43.153 225.9 42.702 224.6 43.495 222.6 43.420
24 227.6 31.922 226.0 31.787 225.8 32.132 223.0 31.998
26 232.0 23.590 227.0 23.475 2217.2 23.761 225.2 23.583
28 233.6 17.715 228.3 17.491 230.6 17.690 228.1 17.676
30 235.0 13.200 235.0 12.950 237.0 13.170 232.7 13.151
32 2317.8 9.910 231.0 9.720 2317.0 9.900 238.0 9.740
34 240.6 7.470 240.0 7.320 240.0 7.450 241.0 7.340
36 245,6 5.650 244.0 5.530 245.0 5.640 246.0 5.560
38 252.8 4.310 251.0 4.210 251.0 4.290 250.0 4.240
40 260.0 3.310 258.0 3.230 257.0 3.290 256.0 3.240
42 262.8 2.556 261.0 2.490 260.0 2.535 260.0 2.498
44 256.6 1.971 264.0 1.920 263.0 1.959 263.0 1.930
40 267.0 1.523 265.0 1.491 265.0 1,517 265.0 1.495
48 266.0 1.183 264.0 1.156 265.0 1.177 264.0 1.159
50 265.0 .918 263.0 .895 262.0 .911 262.0 897
52 261.4 710 259.0 .691 260.0 .704 261.0 .694
54 258.8 .548 256.0 .532 257.0 .643 260.0 .536
56 257.5 .442 254.7 .431 255.0 .439 2517.0 .433
58 256.3 .336 253.3 .331 253.0 .334 254.0 .331
60 255.0 .230 252.0 .230 251.0 .230 251.0 .228
62 246.2 .180 244.4 .180 243.8 .179 243.0 .178
64 2317.4 .130 236.8 .130 236.6 .128 235.0 .128
66 229.0 .095 229.0 .095 229.0 .093 227.6 .093
68 221.0 074 221.0 .04 221.0 .073 220.8 073
70 213.0 .053 213.0 .053 213.0 .053 214.0 .053
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Altitude,
km

10

12
14
16
18
20

22
24
26
28
30

32
34
36
38
40

42
44
46
48
50

52
54
56
58
60

62
64
66
68

70

® DO

" Cell5
(350 N 480 W)

Temperature,
oK

TABLE 15, — Continued
MODEL ATMOSPHERES DERIVED FROM METEOROLOGICAIL DATA FOR

Pressure,

mb

1299.0

284.1
274.8
264.5
250.5
235.3

218.2
204.0
207.5
213.0
2117.1

220.5
222.7
225.6
227.7
230.0

239.0
244.0
248.0
251.0
254.0

259.0
264.0
265.0
264.0
262.0

265.0
268.0
264.0
260.0
256.0

248.4
240.8
233.4
226.2

219.0

81.087
59.074

43.253
31.744
23.350
17.360
12.830

9.620
7.270
5.520
4.220
3.230

2.481
1,917
1.487
1.153

.893

.692
.538
.434
.329
.225

.181
.136
.102
0717
.053

1023.000
785.377
639.370
495.294
380.612
287.600

213.194
155.000
112.398

T T cells
(219 N 550 w)
Temperature,
oK

301.0

287.8
275.2
259.7
252.7
237.1

220.9
209.0
201.0
205.0
212.6

217.5
219.0
221.0
221.7
2217.0

235.0
242.0
2417.0
250.0
253.0

259.0
266.0
268.0
265.0
262.0

2617.0
273.0
2617.0
261.0
255.0

247.8
240.6
233.2
225.6

218.0

THE SUMMER PROJECT SCANNER FLIGHT

Cell 7
(17° N 600 W)

Pressure,

mb

808.129
637.736
492.669
379.412
286.800

213.014
154,749
110.853
78.659
57.080

41.525
30.412
22.585
16.833
12.390

9.250
6.970
5.290
4.030
3.080

2.370
1.834
1.426
1.108

.859

.666
.520
422
.323
.225

.181
.136
.102
077
.053

1016.000

Temperature, |- Pressure,
OK mb
301.0 1016.000
287.8 808.129
275.2 6317.736
259.7 492.669
252.7 379.412
2317.1 286.800
220.9 213.014
209.0 154,749
201.0 110.853
205.0 78.659
212.8 57.080
211.5 41.525
219.0 30.422
227.0 22.585
221,17 16.839
225.0 12.380
233.0 9.220
241.0 6.930
247.0 5.260
250.0 4.010
253.0 3.070
259.0 2.358
260.0 1.825
270.0 1.420
269.0 1,107
262.0 .859
268.0 .667
273.0 .520
266.3 .425
259.7 .330
253.0 .235
246.2 .189
239.4 .143
232.6 .108
225.8 .083
219.0 .058
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TABLE 16

AVERAGE OF MEASURED RADIANCE PROFILES FOR 615 cm™! TO 715 cm ™t
FOR THE SUMMER PROJECT SCANNER FLIGHT

Cell 1 Cell 2 Cell 3 Cell 4
{580 N 680 W) (53° N 60° W) (47° N 570 W) (439 N 450 w)
Tangent Tangent
height, | Average | Standard | Average Standard } Average | Standard | Average { Standard heﬁ%}ht'
km radiance, | deviation, | radiance, | deviation, | radiance, | deviation, | radiance, | deviation,
W/mz-sr \V/mz-sr W/mz-sr W/mz-sr W/mz-sr W/m2-sr W/mz-sr W/mz-sr

10.0 5.51 .08 5.50 05 5.85 <07 5.73 .17 10.0
11.0 5453 .08 5.92 .05 5.85 -08 5475 s15 - 11.0
12.0 5.65 .07 S5.54 04 5.85 .08 5.71 .14 12.0
13.0 5.55 <06 5.55 .03 5.85 .08 5.79 .12 13.0
14.0 5.57 .04 5.54 .01 5.85 .07 5.80 .11 14.0
15.0 5.97 «03 5.95 .06 5.86 <05 5.80 .11 15.0
16.0 5.98 .03 5.65 .05 5.87 .03 5.79 .11 16.0
17.0 5.58 04 5.94 .06 5.87 .02 5.77 .11 17.0
18.0 5.57 «04 3.9%4 .07 5.86 .02 5.74 .10 18.0
19.0 5.55 .03 5.92 .07 5.84 .02 5.71 .10 19.0
26.0 5.92 .03 5.90 .07 5.82 .03 5.66 .09 20.0
21.0 5.88 .03 5.87 «07 5.79 .03 5462 .00 21.0
22.0 S.E4 .04 5.82 .06 5.75 .05 5457 .09 22.0
23.0 5.78 «05 5.76 .06 5.70 .06 5.50 -09 23.0
24.0 S.71 .07 5.69 06 5.63 .06 5.43 .08 24.0
25.0 5.62 .08 5.61 .05 5.55 .06 5.34 .08 25.0
26.0 5.51 .08 5.52 .06 5.45 .05 S.24 .08 26.0
27.0 5.39 <08 5.40 <07 5.34 <05 5.13 .C7 27.0
28.0 5.26 08 S.26 «C7 5.21 «05 5.C0 .08 28.0
25.0 5.11 <09 5.11 .08 5.06 .08 4.86 <09 29.0
30.0 4.56 .09 4.65 .09 4.51 <09 471 .10 30.0
31.0 4.81 «09 4.78 .09 4.75 .11 4.54 .11 31.0
32.0 4.63 »09 4.59 09 4.58 .12 4,36 .11 32.0
33.0 & .45 .10 4.39 09 4.40 13 4,18 o1l 33.0
34.0 4.24% .10 4.18 11 4.22 ol4 3.93 .11 34,0
35.0 4,02 ol1 3.98 «12 4.02 .14 3.717 w11 35.0
36.0 3.80 .12 3.77 .12 3.80 .15 3.55 o1 36.0
27.0 3.57 .13 3.57 12 3.57 .16 3,32 .12 37.0
38.0 3.36 .12 3.37 .13 3.35 .17 3.09 .13 38.0
3%.0 3.15 .10 3.7 .15 3.12 .17 2.88 els 3%.0
40.0 2.52 <07 2.55 .16 2.90 .18 2.68 .13 40.0
41,0 2.70 =07 2.72 S ¥-3 2.648 17 2449 «l4 41.0
42.0 2.48 <07 2.49 o146 2.46 16 2.30 .15 42.0
43.0 2.28 .06 2.26 .13 2.24 ol4 2.11 .15 43.0
44.0 2.09 06 2.C5 13 2.04 .12 1.51 -l4 44,0
45.0 1.90 .06 1.86 .16 1.86 .10 . 1.72 12 45.0
46.0 1.73 «06 1.69 .13 1.69 .08 1.54 o1l 46,0
47.0 1.56 .07 .52 o1l 1.5% .07 1.38 .11 47.0
48.0 L4l -08 L.36 09 l1.40 .05 1.23 .11 48.0
49.0 1.25 .08 1.22 .08 L.26 .04 1.69 .10 49.0
50.0 1.10 .08 1.07 .08 1.13 <04 N1 «09 50.0
51.0 97 .07 .94 .03 1.01 <04 85 .08 S51.0
52.0 <E5 .05 .81 .07 .90 .03 74 08 52.0
53.0 T4 «04 o7l .07 =80 .04 65 .07 $3.0
54.0 65 .03 .65 .07 <71 .06 «56 .07 54.0
55.0 57 .03 «60 .07 62 06 49 .07 55.0
56.0 52 +03 53 .04 =54 .07 43 .07 56.0
57.0 Y .03 45 .02 438 .07 .38 06 £7.0
58.0 o4l «03 «38 .03 43 .07 234 06 $8.0
$9.0 <34 «03 31 <04 «38 .07 30 .05 59.0
60.0 26 .03 25 +05 .32 06 27 .05 60,0
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AVERAGE OF MEASURED RADIANCE PROFILES FOR 615 cm_l TO 715 cm~

TABLE 16. — Continued

FOR THE SUMMER PROJECT SCANNER FLIGHT

Cell 5 Cell 6 Cell 7
(350 N 480 W) (21° N 55° W) (17° N 60° W)

Tangent Tangent
height, A oo | : ) height,
Xon verage | Standard | Average | Standard | Average | Standard o
radiance, | dev iation, | radiance, deviation, ra.dla.nc_e, deviation, -
W/m2-sr | w/m2gr | W/m2-sr W/m2-sr - W/m2-sr | w/m2-sr
T10.0 5.49 . .14 5.45 «15 5.23 «11 10.0
11.0 5.52 .13 5.46 .14 $.24 .10 11.0°
12.0 5.54 .12 5.47 olé 5,25 -09 12.0
13.0 5.55 11 5.47 «14 5.29 «05 13.0
14.C 5.55 <10 5.48 «13 5,32 «03 14.0
15.0 5.54 .10 5.48 .12 .34 .03 15.0
16.0 5.53 .10 5.49 .1l 5.36 .03 16.0
17.0 5.53 .10 5.49 .10 5.36 .02 17.0
18.0 5.52 .10 5.48 .10 5.36 .02 18.0
1%.0 5.51 .11 5.46 .10 5.36 .03 19.0
20.0 S5.48 11 S.44 .11 5.37 .03 20.0
21.0 5.45 .11 5.41 o1l 5.37 «02 21.0
22.0 5.40 «11 5,38 .11 5,35 <01 22.0
23.0 . 534 oll 5.33 .11 5.29 =00 23.0
24.0 5.26 10 5.27 .12 5.23 +01 24.0
25.0 5.19 .10 5.20 .12 5.15 =02 25.0
26,0 5.10 .09 5.11 .12 5.07 -04 26.0
27.0 4.99 .09 5.02 12 4.59 -05 27.0
28.0 4.88 .09 4.91 .12 4.90 <04 26.0
29.0 4.4 .10 4,78 »11 4.79 04 29.0
20.0 4.58 o1l 4.62 .11 4,66 «04 30.0
'31.0 4.41 .13 4.44 o11 4.53 <05 31.0
32.0 4.23 .14 4.26 .12 4.37 -05 32.0
33.0 4,04 .15 4.C7 .12 4.19 - 06 23.0
34.0 3.83 .15 3.87 .11 3.58 «05 34.0
35.0 3.62 .16 3,66 .12 3.76 «04 35.0
36.0 3.40 .16 3.43 .12 3.55 « 04 36.0
37.0 3.19 .16 3.20 .12 3.35 =04 37.0
38.0 2.58 .15 2.98 .12 3.14 - 04 . 38.0
39.0 2.77 .15 2.77 12 2.91 «05 39.0
40.0 2.56 <15 2.56 <12 2.68 <08 40.0
41.0 2.36 .14 2.36 .12 2.47 .12 41.0
42.0 2.16 .14 2.17 .13 2.29 «15 42.0
43,0 1.57 .13 1.98 .13 2.14 -15 43.0
4550 1.79 .11 1.79 el 1.99 .14 44,0
45.0 1.62 .11 1.63 14 1.8% «13 45.0 -
&£6.0 L1.45 al0 1.48 ola 1.67 ~12 46,0
47.0 1.30 «09 1.33 .l 1.49 .11 47.0
48.0 1.15 .09 1.20 14 1.32° «10 48.0
49.0 1.02 .09 1.06 .13, 1.20 . -09 49.0
£0.0 =91 .10 «95 12 1.08 =09 50.0
"$1.0 ~80 .09 .84 o1l <97 .12 51.0
£2.0 .70 .09 . .75 12 .86 .13 52.0
%3.0 .60 +09 67 .13 15 «10 £3.0
54.0 .51 .09 .60 .13 65 .07 £4.0
55.0 b4 .09 .52 .12 55 .07 $5.0
56.0 «37 «09 45 el2 %5 «07 $6.0
57.0 .31 .09 -39 el2 .39 .07 57.0
8.0 .26 .09 34 N ¥ o33 =07 58.0
59.0 .22 .10 .30 ol .29 <04 £9,.0
€0.0 .18 .11 25 32 .25 <02 €0.0

1
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MEASURED RADIANCE PROFILES FOR 615 cm * TO 715 cm”~

TABLE 17

FOR THE SUMMER PROJECT SCANNER FLIGHT

- Tangent
ﬁ?éﬁ?t Radiance, W/mz-sr height,
s » km

. 0.0
10.0 5.80 5.67 5.84 5.12 !
11.0 5.82 5.99 5.84 5.14% 1200
12.0, 5.86 5.99 5.83 5.17 o
13.0 5.90 5.57 5.82 5.21 PR
14.0 5.95 5.56 5.82 5.28 14.0

) 15.0
15.0 5.98 5.55 5.83 5. 34
16.0 5.98 5.5% 5.8% 5.36 16.0
17.9 5,97 5.95 5.85 5,37 17.0
18.0 5.94 5.96 5.84 5.35 18.0
19.0 5.92 5.97 5,82 5.33 19.0
’ 0.0
20.0 5.89 5.57 5.81 5.33 2
21.0 5.86 5.93 S.79 5,35 21.9
22.0 5.81 5.a3 5.77 5,34 22.0
23.0 5.73 5.79 5.74 5.29 23.0
24.0 5.64 5.69 5.68 5.22 24.9
25.0
25.0 5.52 5.59 5.60 5.1% >
6.0 5.39 5.43 5.51 5.05 26-0
27.0 5.24 5,35 5,40 5.02 21.0
28.0 5.09 5.20 5.28 4.55 28.0
29.0 4.94 5.09 S.16 4485 29.0
20.0 4,79 4.87 5.02 4.72 30.0
11.0 4,64 4.67 4.88 4.57 31.0
22.0 446 4459 4,73 4.43 2.9
33.0 4,217 4.30 4.56 4,22 33.0
34.0 4,06 4,08 4.36 4,02 34.0
35.0
35.0 3.82 3.37 4,15 3.79
35.0 3.57 3.67 3.93 3.57 38:9
37.0 3.33 3.7 3.72 3.33 e
38.0 3.13 3.25 3.50 3.19 39.0
39.0 2.91 3.02 3.26 2.98 39-0
£0.0 2.80 2.78 3.03 2.80 -
41.0 2.61 2.55 2.81 2.64 ad
42.0 2.40 2.34 2.60 2.50 A
43.0 2.19 2.12 2.39 2.30 PO
€4.0 2.00 1.91 2.18 2.19 440
. 45.0
45.0 1.81 .71 1.98 2.€2
45.0 1.63 1.56 1.79 1.8% 25-0
47.0 1.45 1.45 1.62 1.63 47.0
48.0 1.29 1.34 1.46 1.4% 8.0
49.0 1.14 1.22 1.31 1.32 4.0
§3.0 1.00 1.07 1.17 1.20 0.0
51.0 .89 .92 1.05 1.10 :;'g
52.0 .80 .78 <95 1.0) N
£3.0 .72 .69 .86 .37 33.0
54.0 .85 .63 .78 .75 34-0
55.0
55.0 .58 .58 oT1 64
56.9 .53 «53 .64 .55 36.0
57.0 47 .45 .58 .49 31.9
2.0 &l «39 .52 .43 58.9
59.0 .33 .32 46 3% 59.0
€0.0 26 .25 <39 .26 0.0
AT
LAT. 56.2 52.2 46.3 13.3 al
LONG. 6645 54.1 48.7 5643 LOnG.
col 1 2 3 2 Call
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TABLE 18

MODEIL ATMOSPHERES DERIVED FROM METEOROLOGICAL DATA
FOR THE WINTER'PROJECT SCANNER FLIGHT

Trout Lake
(53050° N,89032° W)
Altitude,
km
Temperature, Pressure,
: oK : mb

0 246.8 1015.500

2 256.0 792.809

4 249.4 610.593

8 233.3 457.237

8 224.0 339.894
10 218.4 246.918
12 223.7 183.245
14 219.4 134.400
16 217.9 98.158
18 217.0 71.842
20 215.3 52.745
22 215.9 39.317
24 214.7 27.852
26 216.0 20.290
28 216.0 14.818
30 216.0 10.800
32 216.0 7.890
34 219.0 5.780
36 219.0 4,240
38 226.0 3.130
40 226.0 2.320
42 236.0 1.730
44 240.0 1.306
46 244.0 .988
48 251.0 7153
50 251.0 .576
52 251.0 .440
54 250.0 .336
56 250.7 271
58 251.3 .205
60 252.0 .140
62 248.4 112
64 244.8 085
66 241.4 .064
L] 238.2 .049
70 235.0 .035




TABLE 19

AVERAGE OF MEASURED RADIANCE PROFILES FOR 615 cm~* TO
715 cm~1 (CO2) FOR GEOGRAPHIC CELL 1 AT 57°N, 92°W
FOR THE WINTER PROJECT SCANNER FLIGHT

Tangent Average Starndard

height, radiance, deviation,
km V/m2-sz W/m2-sr
10.0 4.51 .06
11.9 4.51 -6
12.9 4,50 .07
13.9 4,49 .07
1.0 .47 .07
15.0 4.4k .06
16.9 4444 <06
17.0 4,40 D7
18.0 4,34 N8
19.0 4,26 .07
23.9 4. 15 Q6
2tl.0 4,03 .05
22.9 4,03 06
23.0 3.97 .Ch
24.0 3.60 .06
25.0 3.80 .C3
26.0 3.59 .08
27.9 3.57 .07
28.0 3.45 .06
29.9 3.34 D4
30.9 3.19 .01
3l.0 3.02 .05
32.0 2.85 «08
33.9 2.69 .11
34.0 2.53 o12
35.0 2.36 .10
35,0 2.20 .09
37,92 2.06 96
33.9 1.93 -Cé
39.9 L.82 «07
9.9 T2 .09
41,9 1.60 +11
42.0 1.46 .12
43.0 1.33 .11
44,0 1.22 « 19
45,0 L. 15 .08
45.0 1.07 -C6
47.0 «9T «C5
48.0 .87 .26
49.n .78 07
$0.9 - 70 <05
51.0 .63 «CS
$2.0 .59 .04
$3.0 57 02
54.0 «54 01
55.0 «SL «03
58,9 Py 4 «CS5
57.0 b2 «05
53,0 3T «C5
$9.9 «36 «04
63.9 35 . «N3
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