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ABSTRACT 

Two c l a s s e s  of  closed form so lu t ions  of one-dimensional, nonlinear  waves 

of a r a t e - s e n s i t i v e ,  e l a s t o p l a s t i c  ma te r i a l  a r e  reported.  One c l a s s  of t h e s e  

solu t ions  is  s e l f - s i m i l a r  and the  o the r  c l a s s  cons i s t s  of constant  speed 

propagations. Applications of  these  so lu t ions  t o  unsteady motions behind 

propagating d i s c o n t i n u i t i e s  a r e  a l s o  considered. 
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I. INTRODUCTION 

The purpose of t h i s  r e p o r t  i s  t o  d i scuss  two i n t e r e s t i n g  c l a s s e s  o f  c losed  

form s o l u t i o n s  of  one-dimensional, unsteady motion of a r a t e - s e n s i t i v e ,  e l a s t o -  

p l a s t i c  m a t e r i a l .  One c l a s s  of t h e s e  s o l u t i o n s  is  s e l f - s i m i l a r  and is deduced 

from t h e  i n v a r i a n t  theorems of continuous groups of t ransformat ions .  This 

c l a s s  o f  unsteady motion is governed by a s i n g l e ,  f i r s t - o r d e r ,  non l inea r ,  

o rd inary  d i f f e r e n t i a l  equat ion of t h e  R i c c a t i  t ype  and closed form s o l u t i o n s  

i n  terms of  elementary func t ions  a r e  obtained under s p e c i a l  c i rcumstances.  I f  

t h e  m a t e r i a l  i n  cons idera t ion  possesses  t h e  a d d i t i o n a l  proper ty  of  ins tan taneous  

l i n e a r  e l a s t i c i t y  [l] under "high r a t e "  o f  s t r a i n i n g ,  it may be demonstrated 

t h a t  one o f  t h e s e  s e l f - s i m i l a r  s o l u t i o n s  can be used t o  desc r ibe  t h e  d ispersed  

nonl inear  wave motion behind a propagat ing shockfront  i n t o  an i n i t i a l l y  quies-  

cent  reg ion .  

The second c l a s s  of  s o l u t i o n s  is obta ined  by searching  f o r  one-dimensional 

wave motions wi th  cons tan t  speeds o f  propagat ion.  These s o l u t i o n s  a r e  express-  

i b l e  a s  s imple quadra tures  and c losed  form expressions can be obta ined  f o r  

s p e c i f i c  c o n s t i t u t i v e  r e l a t i o n s .  Such s o l u t i o n s  r ep re sen t  non-cha rac t e r i s t i c  

propagat ions,  i . e . ,  they  a r e  not  propagat ions of weak d i s c o n t i n u i t i e s  o r  acce le-  

r a t i o n  waves. It may be demonstrated, us ing  t h e  Poincar6-Bendixon theorem, t h a t  

t h e s e  s o l u t i o n s ,  i n  g e n e r a l ,  a r e  n o t  pe r iod ic .  Assuming a s u b - e l a s t i c ,  constant-  

speed,  propagat ing d i s c o n t i n u i t y  preceded by an e l a s t i c  p recu r se r  with an un- 

loading ,  r e l a x a t i o n  zone, o r  a cons tan t  s t r e s s  r eg ion ,  t h e  nonl inear  wave so lu -  

t i o n  wi th  a cons t an t  propagation speed equal  t o  t h a t  o f  t h e  d i s c o n t i n u i t y  can be 



used t o  desc r ibe  t h e  "unsteady"' motion behind t h e  d i s c o n t i n u i t y .  

One-dimensional r e c t i l i n e a r  motion, i n  t h e  s t r i c t  s e n s e ,  involves n o t  j u s t  

one s p a t i a l  coord ina te  but  a l s o  only one component of s t r e s s ,  s t r a i n ,  and p a r t i -  

c l e  v e l o c i t y .  Such a  type  of motion is  t y p i c a l  of t h e  propagat ion of  l ong i tu -  

d i n a l  s t r e s s  waves i n  t h i n  s t r a i g h t  rods  when t h e  l a t e r a l  i n e r t i a  e f f e c t s  of  

t h e  rods  can be neglec ted .  For such a  type  of  motion, on ly  a  one-dimensional 

s t r e s s - s t r a i n  o r  c o n s t i t u t i v e  r e l a t i o n  i s  requi red .  Various r a t e - s e n s i t i v e ,  

c o n s t i t u t i v e  equat ions have been proposed i n  t h e  l i t e r a t u r e  and a  comprehensive 

review o f  t h i s  s u b j e c t  can be found i n  Cr i s t e scu  C21. The s o l u t i o n s  descr ibed  

i n  t h i s  r e p o r t  a r e  obta ined  based on a  model f i r s t  proposed by Sokolovski i  [3,4]. 

This  model cannot ,  i n  g e n e r a l ,  be used t o  desc r ibe  t h e  s t r u c t u r e  o r  genera t ion  

of  shock waves [ 5 , 6 ] .  I n  applying t h e  s o l u t i o n s  given i n  t h i s  r e p o r t  t o  t h e  un- 

s teady  motions behind propagat ing shock l a y e r s  o r  r e l a x a t i o n  zones, a d d i t i o n a l  

m a t e r i a l  p r o p e r t i e s  may have t o  be assumed wi th in  these  reg ions .  

11. MATHEMATICAL FORMULATION 

One-dimensional motion may be descr ibed by a  s c a l a r  deformation f i e l d ,  

- 
x = x (2 ,  t )  , (2 .1 )  

where x is  t h e  ins tan taneous  p o s i t i o n  coordinate  a t  t ime 5 o f  a  gene r i c  

t ~ u c h  an "unsteady" motion, of  course ,  becomes e s s e n t i a l l y  s teady  f o r  a  
moving observer  fol lowing t h e  propagating d i s c o n t i n u i t y .  



p a r t i c l e  whose p o s i t i o n  coord ina te  a t  t = 0 was 2 .  The Lagrangian equat ion  o f  

motion and kinematic compa t ib i l i t y  condi t ion  f o r  r e c t i l i n e a r ,  one-dimensional 

motion a r e  t 

where a i s  t h e  l o n g i t u d i n a l  s t r e s s ,  and 

a r e  t h e  p a r t i c l e  v e l o c i t y  and Lagrangian s t r a i n ,  r e spec t ive ly .  The m a t e r i a l  

is  assumed t o  be i n i t i a l l y  uns t ressed  and uns t ra ined  with a cons tan t  dens i ty  p .  

In  t h i s  a n a l y s i s ,  t h e  m a t e r i a l  under cons ide ra t ion  w i l l  be  assumed t o  

fol low t h e  s p e c i a l  c o n s t i t u t i v e  r e l a t i o n  f o r  a  r a t e - s e n s i t i v e ,  e l a s t o p l a s t i c  

m a t e r i a l  gene ra l i zed  from a model suggested by Sokolovski i  [3,41, 

where f  ( ) i s  a  dimensionless  c1 func t ion  with f ( q )  > 0 f o r  q  > 0 ,  l+( ) i s  

t h e  Heaviside func t ion ,  E is t h e  modulus of  e l a s t i c i t y  which is assumed t o  be a 

-1- 
See, e. g .  , Courant & Fr i ed r i chs  , [7].  



constant ,  o i s  t h e  s t a t i c  y i e l d  s t r e s s ,  and y i s  a ma te r i a l  constant .  Thus, 
0 

t h e  ma te r i a l  is  assumed t o  have an e l a s t i c  range with a constant  modulus. In  

the  p l a s t i c  range,  t h e  dynamic y ie ld  s t r e s s  is  ra te - sens i t ive .  S t ra in -  

hardening e f f e c t s  a r e  not  included. Equation ( 2 . 6 )  includes t h e  well-known 

models suggested by Cowper E Symonds C81, and Perzyna [91, a s  s p e c i a l  cases.  

It is a s p e c i a l  form of a more general  c o n s t i t u t i v e  equation suggested by 

Malvern [ lo ] .  

Equations (2.2) and (2.6) a r e  t h e  b a s i c  equations describing t h e  func t ions ,  

u(2 ,  t ) ,  a, t )  , [and ~ ( 2 ,  ?)I, charac ter iz ing  t h e  one-dimensional motions t o  

be considered i n  t h i s  r epor t .  These equations may be combined i n t o  one s i n g l e ,  

second-order, nonl inear ,  hyperbolic, p a r t i a l  d i f f e r e n t i a l  equation of  the  

evolut ion type  i n  dimensionless form a s  fol lows:  

where 

is  t h e  dimensionless o v e r s t r e s s ,  

x - a x  , 

t - a c t  , 



6 ( * )  is  t h e  Dirac d e l t a  f u n c t i o n a l ,  and B > 0 is  a dimensionless cons tan t  

included he re  i n  t h e  d e f i n i t i o n  o f  a f o r  convenience. 

Ma te r i a l s  descr ibed by t h e  c o n s t i t u t i v e  r e l a t i o n  given i n  (2 .6 )  probably 

cannot support  shock l a y e r s  o r  expla in  t h e  genera t ion  o f  shockfronts .  I f  a 

shock l a y e r  is  d i s s i p a t i v e ,  t hen  genera l ized  v i s c o e l a s t i c  t h e o r i e s  and c o n s t i t u -  

t i v e  r e l a t i o n s  such a s  t h o s e  considered by Varley E Rogers [6], Coleman & 

Gurt in  [Ill, Dunwoody & Dunwoody [121, and Pipkin C51, o r  f u r t h e r  gene ra l i za -  

t i o n s  of  t h e s e  models,should be used t o  desc r ibe  it. For a t h i n  s t r a i g h t  r o d ,  

t h e  shock l a y e r  may be d i s p e r s i v e  due t o  l a t e r a l  deformationt i n s t e a d  of  due t o  

any d i s s i p a t i v e  mechanism. Such a shock t r a n s i t i o n  may be descr ibed  i n  terms o f  

a low frequency,  l a r g e  r a t e  o f  s t r a i n i n g  expansion of  a three-dimensional  

deformation f i e l d  s i m i l a r  t o  t h a t  considered by Parker E Varley C131. I n  apply- 

i ng  one of  t h e  s e l f - s i m i l a r  motions descr ibed  i n  t h i s  r e p o r t  t o  a non l inea r  wave 

motion behind a propagating shockfront ,  it w i l l  be assumed t h a t  t h e  r a t e  o f  

s t r a i n i n g  i n  t h e  shock l a y e r  is  high enough t o  al low t h e  m a t e r i a l  t o  e x h i b i t  

ins tan taneous  l i n e a r  e l a s t i c i t y t t [ l ] .  Thus, ac ros s  such a shock l a y e r ,  it w i l l  

be assumed t h a t  

t ~ h e  au tho r s  a r e  indebted t o  Professor  E. Varley f o r  a d i scuss ion  pe r t a in ing  
t o  t h i s  po in t .  

t t ~ h e  range of r a t e  of  s t r a i n i n g  wi th in  which m a t e r i a l s  e x h i b i t  ins tan taneous  
e l a s t i c i t y  v a r i e s  from one m a t e r i a l  t o  another .  There i s  usua l ly  an upper 
(and lower)  cu to f f  po in t  i n  r a t e  of  s t r a i n i n g  above (and below) which a m a t e r i a l  
may have t o  be considered v i s c o e l a s t i c .  The au thors  a r e  indebted t o  Professor  
R. S. R i v l i n  f o r  po in t ing  t h i s  out  t o  them. 



where [XI denotes  t h e  jump i n  value of  x ac ros s  t h e  shock l a y e r ,  and t h e  va lue  

of  E w i l l  b e  assumed t o  be a cons tan t  and have t h e  same va lue  a s  t h e  modulus 

of t h e  e l a s t i c  range of t h e  c o n s t i t u t i v e  r e l a t i o n  given by (2 .6) .  

From t h e  Lagrangian equat ion of  motion (2 .2)  and t h e  kinematic  compati- 

b i l i t y  cond i t i on  (2 .3) ,  two a d d i t i o n a l  jump condi t ions  r e l a t i n g  [u l  , and [ E ]  , 

can be deduced formal ly  fol lowing a technique suggested by Courant & 

Fr i ed r i chs  [7]. The r e s u l t s  a r e :  

where U i s  t h e  propagat ion speed of  t h e  shockfront .  Equations (2.14)  and 

(2.15) can a l s o  be deduced from phys i ca l  arguments d i r e c t l y .  The jump condi- 

t i o n s ,  (2 .13) - (2 .15) ,  i n d i c a t e  t h a t  t h e  speed o f  propagat ion o f  a shock l a y e r  

of a m a t e r i a l  e x h i b i t i n g  ins tan taneous  e l a s t i c i t y  i s  

which is ,  i n  f a c t ,  t h e  same a s  t h e  e l a s t i c  speed o f  propagat ion o f  small 

d is turbances .  

In  applying t h e  cons tan t  speed s o l u t i o n s  t o  t h e  "unsteadytt  motion behind 

a propagat ing d i s c o n t i n u i t y  which moves a t  a cons tan t  s u b - e l a s t i c  speed ,  it 

w i l l  be  assumed t h a t  t h e r e  i s  an e l a s t i c  precurser  and an unloading, r e l a x a t i o n  



zone, o r  a constant s t r e s s  region,ahead of  t h e  d iscont inui ty .  The d e t a i l s  of  

t h e  unsteady motion of  a r e l axa t ion  zone ahead of such a d i scon t inu i ty  may be 

very complicated and w i l l  not  be considered i n  t h i s  r epor t .  

111. A CLASS OF SELF-SIMILAR SOLUTIONS 

Cowper E Symonds [81 proposed, i n  1957, a power law, 

where 6 > 0 is  a dimensionless ma te r i a l  cons tant ,  t o  describe the  r a t e -  

s e n s i t i v i t y  of pe r fec t ly  p l a s t i c  mater ia ls .  This law seems t o  be q u i t e  ade- 

quate i n  approximating t h e  dynamic responses of c e r t a i n  m e t a l l i c  a l l o y s  [14,151 

under moderately high r a t e s  of s t r a i n i n g .  Recent inves t iga to r s  [16-201 have 

applied t h i s  model t o  impulsively loaded beams, rods ,  and p l a t e s .  The c l a s s  of 

s e l f - s i m i l a r  so lu t ions  described i n  t h i s  repor t  i s  based on t h e  c o n s t i t u t i v e  

r e l a t i o n  (2.6) and t h e  s p e c i a l  form of f ( a )  given by (3 .1) .  Under these  con- 

s t i t u t i v e  assumptions, E q .  (2.7) may be expressed as follows : 

where 

and subsc r ip t s  denote p a r t i a l  d i f f e r e n t i a t i o n .  The constant B which appeared 

i n  t h e  d e f i n i t i o n  of a i n  (2.12) has been replaced by t h e  ma te r i a l  constant 6 .  



Consider a  one-parameter continuous group of t ransformations defined by 

where b is  t h e  parameter,  and m,n a r e  constants .  It can be shown t h a t  f o r  

t h e  s p e c i a l  case of m = 1, n = 1 / ( 1  - S ) ,  

where it i s  assumed t h a t  6 # 1. For 6 = 1, Eq. (3.2)  i s  l i n e a r  and t h e  

a n a l y t i c a l  so lu t ion  has been discussed i n  d e t a i l  by Malvern [ lo] .  Thus, I$ 

is  a constant  conformal invar iant  under t h e  group defined by E q s .  (3.4)  and 

(3.5)  with m = 1, and n = 1 / ( 1  - 6).  According t o  a theorem proven by 

Morgan [21], t h e  so lu t ion  t o  Eq. (3.2) may be expressed i n  terms of a  function 

F ( 6 )  of an absolute  invar i an t  5 of the  transformation group defined by 

(X, T) = (bx, b t )  . (3 .7)  

The funct ion  F(<)  i s  an absolute invar iant  of t h e  transformation group defined 



It w i l l  be s t ra ight forward  t o  v e r i f y  t h a t  

a r e  absolute  i n v a r i a n t s  of the  groups defined by Eqs. (3 .7)  and ( 3 . 8 ) ,  

respect ive ly .  Thus, t h e r e  e x i s t s  a c l a s s  of  s e l f - s i m i l a r  so lu t ions  t o  

Eq. (3.2)  of t h e  form 

where 5 i s  given by (3 .9 ) .  

Subs t i tu t ing  Eq. (3.11) i n t o  Eq. (3.2)  and using Eq. (3.31, a nonl inear ,  

second-order ordinary d i f f e r e n t i a l  equation r e s u l t s .  For a > 0 ,  t h i s  equation 

i s  express ib le  a s  fol lows:  

where prime denotes d i f f e r e n t i a t i o n .  

For t h e  s p e c i a l  case of 6 = 2 ,  Eq. (3.12) is  immediately in teg rab le  t o  

t h e  following Ricca t i  equation: 

where K i s  an a r b i t r a r y  constant .  This equation may be converted i n t o  a 

l i n e a r ,  second-order, ordinary d i f f e r e n t i a l  equation by t h e  following 

transformat ion : 



F ( 5 '  ) 
(5' - l ) r  V(Z) = Exp [- $ 1 - d S g  , 

5''-1 

The r e s u l t  i s :  

where r s a t i s f i e s  t h e  q u a d r a t i c  equat ion ,  

Equation (3.16)  has  t h r e e  r e g u l a r  s i n g u l a r  p o i n t s  a t  z  = 0 ,  1, and 

The s o l u t i o n s  t o  t h i s  equat ion a r e  exp res s ib l e  i n  terms o f  hypergeometric 

func t ions .  For 5 > 1, t h e  appropr i a t e  gene ra l  s o l u t i o n  t o  (3.16)  i s ,  i n  t h e  

usua l  n o t a t  i o n ,  

where C is an a r b i t r a r y  cons tan t .  Thus, from Eq. (3 .14) ,  t h e  corresponding 

express ion  f o r  F(5)  is 



The express ion  (3.19)  f o r  F(5)  assumes some p a r t i c u l a r l y  simple forms i n  

terms of  elementary func t ions  f o r  s p e c i a l  va lues  o f  K.  A s  examples, t y p i c a l  

express ions  f o r  F(5)  and o ( x ,  t )  f o r  two d i f f e r e n t  va lues  of  K a r e  l i s t e d  

below : 

In t h e s e  exp res s ions ,  A l  , A2 , and A a r e  a r b i t r a r y  cons t an t s .  
3 

I t  is i n t e r e s t i n g  t o  no te  t h a t  t h e  s o l u t i o n  given by (3.21)  is i n v a r i a n t  

under t h e  t r a n s l a t i o n  de f ined  by ( x ' ,  t ' )  = ( x  t a ,  t t a ) ,  where a  is an 

a r b i t r a r y  cons tan t .  This  proper ty  w i l l  be u t i l i z e d  i n  Sect ion V t o  d e r i v e  a  

closed form s o l u t i o n  of  a s e l f - s i m i l a r ,  unsteady,  d i spe r sed ,  nonl inear  wave 

motion behind a  cons tan t  "e las t ic -speed"  shockfront  propagat ing i n t o  an 

i n i t i a l l y  quiescent  reg ion .  



I V .  NONLINEAR WAVES WITH CONSTANT SPEEDS 

Equation (2 .7 )  i s  a  non l inea r ,  hyperbol ic  d i f f e r e n t i a l  equat ion of t h e  

evo lu t ion  type .  The c h a r a c t e r i s t i c  speeds r e l a t e d  t o  t h i s  equat ion a r e  given 

by Y 

where D+ ( * )/D? and D+ ( * )/Dt denote d i f f e r e n t i a t i o n  along t h e  c h a r a c t e r i s t i c s .  - - 

Due t o  t h e  presence of  t h e  evolu t ion  o r  d i s s i p a t i v e  te rm,  

[ l + ( o )  d f (o ) /do  + 6 ( 0 )  f ( 0 ) l  a o / a t ,  i n  Eq. (2 .71 ,  it is expected t h a t ,  i n  t h e  

p l a s t i c  r ange ,  t h e  m a t e r i a l  can a l s o  support  d i s s i p a t i v e ,  d i s p e r s i v e  waves i n  

a d d i t i o n  t o  t h e  c h a r a c t e r i s t i c  propagat ions o f  d i s c o n t i n u i t i e s  given by 

Eqc (4 .1)  o r  ( 4 . 2 ) .  To demonstrate t h e  ex i s t ence  of  n o n - c h a r a c t e r i s t i c  propa- 

g a t i o n s ,  a  c l a s s  of cons tan t  speed s o l u t i o n s  t o  Eq. (2 .7 )  is considered i n  

t h i s  s e c t i o n .  This c l a s s  of  s o l u t i o n s  is obtained by searching  f o r  expressions 

of t h e  form: 

where, 

and c :: cons tan t  determines t h e  speed of propagation. 



S u b s t i t u t i n g  Eq. ( 4 . 3 )  i n t o  Eq. (2 .7  ) , a  n o n l i n e a r ,  second-order , ord ina ry  

d i f f e r e n t i a l  equat ion r e s u l t s :  

where primes denote d i f f e r e n t i a t i o n .  This  equat ion can be i n t e g r a t e d  once 

immediately t o  y i e l d ,  

where A i s  an a r b i t r a r y  cons tan t .  Actua l ly ,  t h e  f a c t  t h a t  Eq. ( 4 . 5 )  can be  

i n t e g r a t e d  once i n  closed form i s  not  due t o  t h e  s p e c i a l  choice of t h e  c o n s t i -  

t u t i v e  equa t ion ,  ( 2 . 6 ) ,  s i n c e ,  by assuming s o l u t i o n s  of  constant  speeds o f  

propagat ion,  Eq. ( 2 . 2 )  can be i n t e g r a t e d  a t  once without  making any a d d i t i o n a l  

assumptions. By comparing t h e  express ion  (4 .6)  with t h e  b a s i c  equat ions ,  

(2 .2 )  and (2.61,  it is  e a s i l y  demonstrated t h a t  A = 0. Thus, 

f o r  constant  speeds of propagat ion.  

If g  < 0 ,  then  Eq. ( 4 . 7 )  becomes, 

Except f o r  t h e  t r i v i a l  case  of g  = cons t an t ,  Eq. (4 .8)  r e q u i r e s  t h a t  c  = r t l ,  

which of course i s  t h e  e l a s t i c  speed of propagation. For g  > 0, Eq. (4 .7 )  

r e q u i r e s  t h a t  



- 2 
( i )  c  < 1, f o r  ( g l / c )  > o , ( 4 . 9 )  

- 
( i i )  c  > 1, f o r  (g ' /C )  < 0 . (4 .10)  

2 
Thus, f o r  t h e  phys i ca l l y  more meaningful case  of  c < 1, t h e  o v e r s t r e s s  may 

i n c r e a s e  o r  decrease  wi th  s depending on whether c > 0 o r  < 0. 

Equations ( 4 . 9 )  and (4 .10)  a l s o  i n d i c a t e  t h a t  i f  s o l u t i o n s  f o r  g  > 0 e x i s t ,  

t h e  waves r ep re sen t ed  by t h e s e  s o l u t i o n s  a r e  not  c h a r a c t e r i s t i c  propagat ions.  

On s e t t i n g  h  = g ' ,  Eq. ( 4 . 5 )  f o r  g  > 0 may be w r i t t e n  a s  

Since f(g) is  a  c1 f u n c t i o n ,  Eq. (4 .11)  does no t  have any s i n g u l a r  p o i n t s .  

Thus, according t o  Poincar6-Bendixon theorem, it may be  concluded t h a t  

Eq. ( 4 . 1 1 ) ,  i n  g e n e r a l ,  does no t  possess  p e r i o d i c  s o l u t i o n s .  

For g  > 0 ,  Eq. (4 .7 )  may be i n t e g r a t e d ,  i n  g e n e r a l ,  by quadra ture  a s  

fo l lows  : 

where C '  is  an a r b i t r a r y  cons t an t .  

Perzyna [9]  i n  1963, suggested two i n t e r e s t i n g  express ions  f o r  f ( 5 ) .  

I n  s l i g h t l y  gene ra l i zed  forms, t h e s e  express ions  a r e  g iven  a s  fo l lows:  



where a  b  a r e  cons t an t s .  Expression ( i )  o r  Eq .  (4 .13)  inc ludes  t h e  model L 9  L 
6 6 

f ( 5 )  = 5 suggested by Cowper E Symonds [ 8 ]  a s  a  s p e c i a l  case.  For F (5 )  = 5  , 

and 6 + 1, Eq .  (4 .12)  becomes, 

where g l  = g ( s l ) ,  s l  i s  a  cons t an t ,  and B has  been chosen a s  b  
1 

Another s imple r e s u l t  i s  obtained f o r  t h e  c o n s t i t u t i v e  r e l a t i o n  ( i i )  o r  

E q .  (4 .14)  wi th  L = 1. The i n t e g r a t e d  express ion  is  

where, aga in ,  g  = g ( s l ) ,  s l  is a  c o n s t a n t ,  and B has been chosen as b  
1 1 ' 

I t  is o f  i n t e r e s t  t o  no t e  t h a t  f o r  t h e  c o n s t i t u t i v e  r e l a t i o n  ( i )  o r  

Eq.  ( 4 . 1 3 ) ,  t h e  i n t e g r a l  i n  Eq.  (4.12) can always be eva lua ted  i n  c losed  form. 

It is known t h a t  any r e a l  polynomial can be expressed a s  a  product of f a c t o r s ,  

k  of  which t y p i c a l  terms a r e  ( a  5  t a?) and (Blc2 + 2B25 + 83)P3  where a 

6 a r e  r e a l  c o n s t a n t s ,  a19 a 2 ,  @ I )  B 2 ,  62 
< B I B 3  and k ,p  a r e  r e a l  p o s i t i v e  

i n t e g e r s .  Thus, f - I ( < )  may be expressed i n  t h e  form: 

where c  d  , and e  a r e  r e a l  cons t an t s .  
k' P  P  



The i n t e g r a l s  from t h e  f i r s t  summation a r e  of  t h e  type :  

which g i v e s ,  

The i n t e g r a l s  from t h e  second summation a r e  of t h e  type :  

The f i r s t  i n t e g r a l  i n  Eq .  (4 .20)  g ives :  

The second i n t e g r a l  can be reduced a s  fo l lows:  



and t h e  i n t e g r a l ,  

can be eva lua ted  from t h e  r ecu r s ion  r e l a t i o n :  

- 1 
with I = t a n  y.  The e n t i r e  i n t e g r a l  i n  Eq. (4 .12)  can ,  t h e r e f o r e ,  be 

1 

evalua ted  i n  c losed  form i n  terms of  elementary func t ions .  

V. NONLINEAR WAVE MOTION BEHIND PROPAGATING DISCONTINUITIES 

5.1. Se l f - s imi l a r  s o l u t i o n  behind a c o n s t a n t - s ~ e e d  shockfront .  

Consider a one-dimensional shockfront  propagat ing a t  some speed U(>O) 

i n t o  an i n i t i a l l y  quiescent  one-dimensional reg ion  (x > 0). A s  it had been 

remarked e a r l i e r ,  i f  t h e  range of  t h e  r a t e  of  s t r a i n i n g  wi th in  t h e  shock 

l a y e r  r ende r s  t h e  m a t e r i a l  t o  e x h i b i t  ins tan taneous  l i n e a r  e l a s t i c i t y ,  t hen  

t h e  shockfront  w i l l  propagate a t  a cons tan t  speed,  

where E i s  t h e  ins tan taneous  modulus of e l a s t i c i t y .  If t h e  value of  E is  

chosen t o  be t h e  same a s  t h e  modulus of t h e  e l a s t i c  range o f  t h e  c o n s t i t u t i v e  

equa t ion ,  (2.6), t hen  t h e  shock speed has  t h e  same va lue  a s  t h e  c h a r a c t e r i s t i c  



speed D X/D?  g iven by Eq. ( 4 . 1 ) .  Under such an assumption, t h e  va lues  of  u  
t 

and 5 immediately behind t h e  shock l a y e r  must s a t i s f y  t h e  c h a r a c t e r i s t i c  

compa t ib i l i t y  cond i t i on  [ lo ] :  

do - pcdu = - ~ y f ( o / o ~  - l ) l t ( o / o o  - 1 )  d t  , ( 5 . 2 )  

where c  = U = . 
- 

The va lues  o f  u ,  o,  and E ,  immediately behind t h e  shock l a y e r  must a l s o  

- 
s a t i s f y  t h e  jump cond i t i ons  given by Eqs. (2 .13)  t o  (2 .15 ) .  Since u ,  o  = 0 

i n  t h e  qu iescent  r eg ion  i n  f r o n t  o f  t h e  shock l a y e r ,  Eq. (2 .14)  r e q u i r e s  t h a t ,  

immediately behind t h e  shock l a y e r .  Combining Eqs. ( 5 . 2 )  and ( 5 . 3 ) ,  t h e  

fo l lowing  d i f f e r e n t i a l  equat ion r e s u l t s :  

where a s  be fo re ,  o  : (;/a - 1) and t I a c t  wi th  a  2 f3yG/oo .  Equation ( 5 . 4 )  
0 

i n d i c a t e s  t h a t ,  i f  a  > 0 ,  t hen  t h e  o v e r s t r e s s  immediately behind t h e  shockfront  

always a t t e n u a t e s  wi th  t ime  along t h e  shock. 

Assuming t h a t  a  > 0 behind t h e  shockf ront ,  Eq. ( 5 . 4 )  can be i n t e g r a t e d  by 

quadra ture  a s  fo l l ows :  

where t h e  i n t e g r a l  i s  i d e n t i c a l  t o  t h a t  of  Eq. (4 .12 ) .  Thus, closed-form 

s o l u t i o n s  o f  Eq. (5 .5 )  a r e  p o s s i b l e  f o r  s p e c i a l  c o n s t i t u t i v e  assumptions.  



6 
For f ( < )  = 5 with  6 # 1, Eq .  ( 5 . 5 )  becomes 

where o E o(O), and f3 has  been chosen a s  6 .  Therefore ,  t h e  o v e r s t r e s s  
1 

immediately behind t h e  shock a t t e n u a t e s  monotonically wi th  t ime  along t h e  

shockfront  from o = ol  a t  t = 0 t o  a  = 0 a t  t 

I t  i s  i n t e r e s t i n g  t o  no t e  t h a t  f o r  6 = 2 ,  Eq.  ( 5 . 6 )  can be  s a t i s f i e d  

by one of  t h e  s e l f - s i m i l a r  s o l u t i o n s  given i n  Sec t ion  111: 

where n = ( t  t a ) / ( x  t a ) ,  and a ,  A a r e  cons t an t s .  To s a t i s f y  t h e  compati- 
1 

b i l i t y  cond i t i on  (5 .6 )  f o r  6 = 2,  t h e  cons tan t  a i n  (5 .7 )  must be chosen a s  

fol_lows : 

Therefore ,  t h e  dimensionless  o v e r s t r e s s  o ( x ,  t) behind t h e  shockf ront  i s  

given by,  

and t h e  s t r e s s  boundary condi t ion  a t  x  = 0 i s ,  

The behavior  o f  t h i s  func t ion  f o r  va r ious  va lues  o f  A i s  shown i n  Fig.  1. 
1 



In  dimensional forms,  t h e  r e s u l t i n g  express ions  f o r  o ( % ,  .f ) , u ( ? ,  t )  , 

and E(X, .f ) f o r  t h i s  case  a r e  given a s  fol lows : 

where 

and B i s  a  cons tan t .  The behavior of t h e  func t ions  u (0 ,  f )  and ~ ( 0 ,  t )  f o r  

var ious  va lues  of A a r e  i nd ica t ed  i n  F igs .  2 and 3. I t  i s  of  i n t e r e s t  t o  
1 

no te  t h a t  ( 5 . 1 3 )  y i e l d s  a  permanent s t r a i n  E given  by 
P 



5.2.  Constant speed s o l u t i o n  behind an e l a s t i c  p r ecu r se r .  

Duvall  C221 suggested t h a t  t h e  one-dimensional,  unsteady motion i n  a  

s e m i - i n f i n i t e  ( x  b 01, r a t e - s e n s i t i v e ,  e l a s t o p l a s t i c  r eg ion  genera ted  by a  

cont inuously app l i ed  load  a t  i t s  boundary (x = 0)  may even tua l ly  c o n s i s t  o f  

an e l a s t i c  p r ecu r se r  propagat ing i n t o  an i n i t i a l l y  qu iescent  r e g i o n ,  an un- 

l oad ing ,  r e l a x a t i o n  zone, and a  s u b - e l a s t i c ,  constant-speed,  non l inea r  wave 

motion a s  dep ic t ed  i n  Fig.  4. Af t e r  a  reasonable  l eng th  of  t ime ,  t h e  e l a s t i c  

p r ecu r se r  w i l l  be f a r  ahead o f  t h e  l ead ing  wave o f  t h e  cons tan t  speed r eg ion  

and t h e  boundary o f  x  = 0 w i l l  be f a r  behind it. Re la t i ve  t o  an observer  

moving wi th  t h e  l ead ing  wave of  t h e  cons tan t  speed r e g i o n ,  t h e  unsteady motion 

behind t h e  l ead ing  wave becomes e s s e n t i a l l y  s t eady .  

Any of t h e  constant-speed,  non l inea r  wave s o l u t i o n s  desc r ibed  by Eq. (4 .12)  

i n  Sec. I V  wi th  c < 1 may be  considered a s  a  constant-speed p o r t i o n  o f  such an 

"unsteady" motion. If t h e  o v e r s t r e s s  on t h e  l ead ing  wave s = s i s  o > 0 ,  
1  1 

then  t h e  quadra ture  exp re s s ion ,  ( 4 . 1 2 ) ,  becomes, 

- 2  a -1 
s - s = CB(1 - c ) / c l  I f ( < )  dG , 1 

(5 .16)  
a 

1 
- 

where s I ct  - x ,  and c < 1. From Eq. (5 .16 ) ,  t h e  s t r e s s  boundary condi t ion  

r e q u i r e d  t o  maintain t h e  constant-speed motion can be eva lua ted  i n  a s t r a i g h t -  

forward manner. 

I t  i s  of i n t e r e s t  t o  n o t e  t h a t ,  i f  t h e  i n i t i a l  r a t e  o f  load ing  o f  t h e  

app l i ed  s t r e s s  a t  t h e  boundary is  no t  t o o  high such t h a t  t h e  t ime r equ i r ed  t o  

r a i s e  t h e  s t r e s s  a from zero t o  t h e  va lue  o f  t h e  s t a t i c  y i e l d  s t r e s s  a i s  
0 



much longe r  t han  t h e  p e r t i n e n t  c h a r a c t e r i s t i c  r e l a x a t i o n  t ime  of  t h e  medium, 

then  a  complete d e s c r i p t i o n  o f  a  pos s ib l e  non l inea r  wave motion f o r  a  cont inu-  

ous ly  load ing  boundary may be cons t ruc ted  e x a c t l y .  Figure 5 i s  a  schematic  

r e p r e s e n t a t i o n  of such a  motion. I t  c o n s i s t s  of f o u r  s o l u t i o n  r eg ions  separa-  

t e d  by t h r e e  d i s c o n t i n u i t i e s  descr ibed  a s  fo l lows:  

( 1 )  So lu t ion  Regions 

- 
R1: t h e  undis turbed  r eg ion ,  a = 0 

- 
R2: t h e  e l a s t i c  r eg ion ,  o < o 

0 
- 

R3: t h e  cons tan t  s t r e s s  r e g i o n ,  a = a 
0 

- 
Rq: t h e  cons tan t  speed s o l u t i o n  r e g i o n ,  o > o . 

0 

( 2 )  D i s c o n t i n u i t i e s  

s . t h e  l ead ing  e l a s t i c  wave 
1 ' 

s - t h e  t r a i l i n g  e l a s t i c  wave 
2 ' 

s t h e  l ead ing  cons tan t  speed wave. 
3 ' 

Such an unsteady motion may be genera ted  by a  monotonically i nc reas ing  

s t r e s s  boundary condi t ion .  The manner i n  which t h e  s t r e s s  v a r i e s  a t  t h e  

boundary i n  t h e  e l a s t i c  range can be q u i t e  a r b i t r a r y  ( s o  long a s  t h e  r a t e  o f  

load ing  i s  smal l  enough s o  t h a t  t h e r e  w i l l  be  no dynamic o v e r s t r e s s i n g  i n  t h e  

e l a s t i c  p r e c u r s e r )  and has  been chosen a s  a  l i n e a r  func t ion  of  t i n  Fig.  5 f o r  

s i m p l i c i t y ,  while  t h e  r a t e  of  s t r e s s i n g  beyond t h e  s t a t i c  y i e l d  s t r e s s  must 

fol low t h e  express ion  given i n  Eq. (4 .12)  o r  t h e  d i f f e r e n t i a l  equa t ion ,  ( 4 . 7 ) .  



It is  c l e a r  from Eq .  ( 4 . 7 )  t h a t  n o n t r i v i a l  s o l u t i o n s  i n  R can be generated 
4 

from a  leading  wave s on which t h e  s t r e s s  is a = 0  only i f  f ( 0 )  > 0. The 
3 

va lue  o f  f ( 0 )  can be a r b i t r a r i l y  small .  A l t e r n a t i v e l y ,  i f  f ( 0 )  = 0 f o r  a  

s p e c i f i c  c o n s t i t u t i v e  r e l a t i o n ,  a  s o l u t i o n  such a s  t h e  one depected by Fig. 5 

can s t i l l  be generated by viewing s 3  a s  a small d i s c o n t i n u i t y  i n  t h e  va lue  of  

a such t h a t  t h e  o v e r s t r e s s  jumps ac ros s  t h i s  " p l a s t i c  shock" from zero  t o  some 

smal l  cons tan t  p o s i t i v e  va lue  a << 1. The jump i n  a from 0  t o  a a t  t h e  
1 1 

boundary of  2 = 0 may be viewed a s  t h e  r e s u l t  o f  a  very f a s t  r a t e  o f  loading r 

i n  a  smal l  i n t e r v a l  of t ime A? near  t = ? such t h a t  l i m  ( r  A?) = o = 
0 1 

A t-to 
= ( 1  + q )uo and 0  < cr 1. The f a c t  t h a t  = a i n  R i s  an admissible  

1 0 3 

s o l u t i o n  can be deduced immediately from E q .  ( 4 . 7 ) .  
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