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ABSTRACT 

The Pr imas and Rayleigh-Schrodinger formulat ions of p e r t u r b a t i o n  

theo ry  a r e  compared i n  cons ide rab le  d e t a i l .  The Primas approach 

appears  u s e f u l  only i n  s p e c i a l  ca ses  where t h e  o p e r a t o r s  involved 

form a L ie  a lgeb ra  wi th  a sma l l  number of elements.  For Hamiltonians 

w i t h  degenerate  energy levels Qr f o r  many body systems, t h e  Primas 

formalism does n o t  appear p r a c t i c a l .  
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I. I n t r o d u c t i o n  

This  paper i s  intended a s  a comparison of t h e  Rayleigh-Schrodinger 

and t h e  P r imas I J2  formulat ions of p e r t u r b a t i o n  theory.  I f  taken t o  

i n f i n i t e  order ,  t h e  two procedures a r e  e x a c t l y  equ iva len t .  However, 

i f  t , runcated i n  some f i n i t e  order ,  t h e  two formulat ions give d i f f e r e n t  

r e s u l t s .  The advantages and disadvantages of each formulat ion w i l l  

be discussed,  a s  w e l l  a s  t he  connections between them. Our viewpoint 

i s  somewhat d i f f e r e n t  from t h a t  of Robinson who has  made some e x c e l -  

l e n t  s t u d i e s  of t h e  Primas method. 3,4,5,6,7,8 

(0) The exac t  Hamiltonian H and t h e  unperturbed Hamiltonian N 

a r e  assumed t o  each have a complete set of  o r thogona l  e igen func t ions  

and eigenvalues  : 

It i s  f u r t h e r  assumed t h a t  t h e r e  i s  a one-to-one correspondence 

between t h e  unperturbed and t h e  per turbed s t a t e s  of t he  system and no 

c r o s s i n g  of l e v e l s  i n  going from t h e  unperturbed t o  t h e  pe r tu rbed  

s t a t e s .  The unperturbed wave func t ions  w i l l  be taken t o  be normalized 

t o  u n i t y  

= = I  

- 1 -  
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but  t h e  no rma l i za t ion  of t h e  pe r tu rbed  wave func t ions  w i l l  be l e f t  un- 

s p e c i f i e d  a t  t h i s  p o i n t .  For convenience, i t  w i l l  be assumed t h a t  t h e  

unperturbed s t a t e s  a r e  a l l  non-degenerate, a l though t h e  problems 

r e s u l t i n g  from degeneracy w i l l  be i n d i c a t e d .  

The p e r t u r b a t i o n  ope ra to r  V i s  de f ined  by: 

The b a s i c  problem of p e r t u r b a t i o n  theo ry  i s  then  t o  f i n d  t h e  e x a c t  

wave func t ions  from a knowledge of t h e  unperturbed wave f u n c t i o n s  

-1 . Hence, i t  i s  n a t u r a l  t o  seek an  ope ra to r  U which t ransforms 
1 

t h e  unperturbed wave func t ions  i n t o  t h e  exac t  wave f u n c t i o n s :  

Equation (1.5) i s  r e q u i r e d  t o  hold f o r  9 s t a t e  n of t h e  system. 

It fol lows from equa t ion  (1.1) t h a t  

fe 
where t h e  transformed Hamiltonian H i s  de f ined  by  

The l e v e l  s h i f t  ope ra to r  i s  de f ined  by 

From equa t ion  (1.6) i t  i s  seen t h a t  t h e  e igenva lues  of a r e  t h e  

a c t u a l  s h i f t s  i n  t h e  energy l e v e l s  caused by t h e  p e r t u r b a t i o n :  
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The Rayleigh-Sckarodinger formulat ion now fol lows f r  Qm expanding 

-1 1 U i n  a power series i n  a r e a l  parameter a s  fo l lows:  

-1 The Primas formulat ion fol lows from expanding U i n  a somewhat 

d i f f e r e n t  manner : 

These expansions a r e  e q u i v a l e n t  a s  t h e  order  becomes i n f i n i t e ,  of 

course,  b u t  t hey  d i f f e r  i f  t h e  above forms a r e  t r u n c a t e d  a f t e r  some 

f i n i t e  o rde r  of .. Each formulat ion w i l l  now be s e p a r a t e l y  con- 

s ide red  i n  g r e a t e r  d e t a i l .  

I1 ., Ray l e i  gh - S c h r  od i n ge r For mu l a  t ion  

A .  Pre l imina ry  Remarks 

I f  some of t h e  unperturbed s t a t e s  a r e  degenerate ,  t h e  expansion 

i n  equa t ion  (1.10) should a c t u a l l y  be 

where U i s  an ope ra to r  which t ransforms t h e  zero-order wave 

func t ions  within each degenerate  set  t o  t h e  c o r r e c t  l i n e a r  combinations 
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9 f o r  t h e  t r ea tmen t  of t h e  degenerate  problem. Since i t  i s  h e r e  

assumed t h a t  t he  zero-order  wave func t ions  a r e  a l l  non-degenerate, w e  

The o p e r a t o r s  and func t ions  introduced i n  Sec t ion  I a r e  assumed 

t o  have power series expansions i n  

n 

mn 

From equat ion (1.5) i t  i s  seen t h a t  t h e  pe r tu rbed  wave func t ions  

a r e  given by: 

and from equa t ion  (1.9) it i s  seen t h a t  t h e  pe r tu rbed  e n e r g i e s  a r e  t h e  

eigenvalues  of t h e  l e v e l  s h i f t  o p e r a t o r s :  
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B. The P e r t u r b a t i o n  Equat ions 

From t h e  d e f i n i n g  equa t ion  (1.81, t h e  level s h i f t  o p e r a t o r s  a r e  

found t o  be  

(2.8a) 

(2.8b) 

-1 Note t h a t  s i n c e  UU -- 1, i t  must be  t r u e  t h a t  

(2 .8k)  

(2.9a) 

(2.9b) 

The f a m i l i a r  p e r t u r b a t i o n  equa t ions  a r e  obta ined  by app ly ing  t h e  

ope ra to r  equa t ions  (2,8) t o  and u s i n g  equa t ions  (2.61, (2.7), 

and (2.9): 

-.I - s 
6 Ib 

-Q- (2.102) 
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(2.1Qk) 

C, In t e rmed ia t e  Normalization 

The exac t  wave f u n c t i o n  i n  in t e rmed ia t e  no rma l i za t ion  w i l l  be 
___. 

ba and t h e  ope ra to r  which gives  w i l l  be - -- 1 w r i t t e n  U * a4 s a t i s f i e s  equa t ion  (1.1) and a l s o  t h e  i n t e r -  

mediate no rma l i za t ion  c o n d i t i o n :  

With t h e  expansion 

(2. l a )  

(2.12) 

i t  i s  seen t h a t  equa t ion  (2 .18 )  imp l i e s  t h a t  

The p e r t u r b a t i o n  equa t ions  (2.10) and t h e  no rma l i za t ion  requirement - 
(2 .11)  determine Ila (and hence > $s ,...) uniquely except  

4 

f o r  an  o v e r a l l  phase f a c t o r  which i s  independent of 

-- 1 The s p e c t r a l  r e s o l u t i o n s  of t he  v a r i o u s  o r d e r s  of U i n  t h i s  

no rma l i za t ion  a r e  conven ien t ly  w r i t t e n  a s  fo l lows :  
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i s  t h e  reduced r e s o l v e n t  ope ra to r  a s s o c i a t e d  Rm where t h e  Hermitian 

wi th  t h e  s t a t e  m 

(k) i s  a Hermitian ope ra to r  introduced and discussed by 

10 
Qm where 

Hi r sch fe lde r  : 

(2.15) 

(2.16a) 

(2  .,f6b) 

and where i s  a p r o j e c t i o n  ope ra to r  m 

( 2 . 1 7 )  

-- 1 One cannot u s u a l l y  f i n d  t h e  ope ra to r  U i t s e l f ,  which may be 

app l i ed  t o  s t a t e  of the system. Thus, i t  i s  customary t o  focus 

a t t e n t i o n  on one p a r t i c u l a r  s t a t e ,  s ay  n , and at tempt  t o  f i n d  a wave 

ope ra to r  which i s  def ined s o  t h a t  11 
'n 
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(2.18) 

From equa t ion  (2.14) i t  follows t h a t  

(2.19) 

Since t h e  wave ope ra to r  Wn i s  only meaningful when i t  i s  app l i ed  

t o  t h e  f u n c t i o n  i t  fol lows t h a t  Wn (which i s  by no means 

unique) can be r e p r e s e n t e d  by a funct ion.  

coworkers 

1 2  
Thus, Dalgarno and 

13 have had success  i n  expres s ing  

(2.20) 

(1) ( 2 )  The f u n c t i o n s  F , Fn ,... a r e  found by d i r e c t  i n t e g r a t i o n  Qf t h e  n 

p e r t u r b a t i o n  equa t ions .  It i s  shown i n  t h e  appendix t h a t  if H (6) , 
H (I), H(2),e.. a r e  r e a l  and '*) i s  non-degenerate, then Fn (1) n 

(2) Fn ,... a r e  r e a l  func t ions .  

p l ays  the  r o l e  of t he  l e v e l  s h i f t  tn 

i f  one cons ide r s  only t h e  s t a t e  

The r e a c t i o n  o p e r a t o r  

ope ra to r  n , and i s  de f ined  by 11 

(2 .21)  ( 0 )  
1 'n = ( H - H  tn  

so  t h a t  

( 2 . 2 2 )  



9 

D. Complete Normalization 

The exac t  wave f u n c t i o n  i n  complete no rma l i za t ion  w i l l  be w r i t t e n  
A 

and t h e  ope ra to r  which. gives  w i l l  be w r i t t e n  
6 ;- 1 

ba s a t i s f i e s  equ.ation (1.1) and a l s o  t h e  complete normalizat ion 

c o n d i t i o n  

With t h e  expansion 

(2.23) 

( 2 . 2 4 )  

i t  i s  seen t h a t  equa t ion  ( 2 . 2 3 )  imp l i e s  

)" 
A 

The u s u a l  se t  of f u n c t i o n s  which s a t i s f y  t h e  p e r t u r b a t i o n  

equa t ions  and t h e  complete no rma l i za t ion  requirement  a r e  given i n  terms - 
of t h e  f u n c t i o n s  i n  in t e rmed ia t e  no rma l i za t ion  by 

(2.26a) 

(2.26b) 
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However, t h e  func t ions  i n  complete normal iza t ion  a r e  not uniquely  

def ined.14 E t  may be  v e r i f i e d  by d i r e c t  s u b s t i t u t i o n  t h a t  t h e  func t ions  

given by 

(2.27a) 

( 2 .  27b) 

where a(", a('', . a r e  a r b i t r a r y  r e a l  numbers, a l s o  s a t i s f y  

t h e  p e r t u r b a t i o n  equa t ions  and t h e  complete normal iza t ion  requirement .  

n n n 

A 
4 

as i s  t h e  s p e c i a l  c a s e  of  (I)= a(31= 
n n n 

... = 0. I n  f a c t  d i f f e r s  from on ly  by a phase f a c t o r  which 

i s  a func t ion  of 

I n  complete normal iza t ion ,  i t  i s  seen  from equa t ions  (1.31, (1.51, 

;- 1 i s  un i t a ry ,  i . e .  t h a t  and (2.171, t h a t  t h e  ope ra to r  

"-1 " +  u = u  0 (2.29) 

From t h e  above d i scuss ion ,  however, i t  i s  seen  t h a t  

s p e c i f i e d  u n l e s s  t h e  c o n s t a n t s  a 

Fol lowing t h e  u s u a l  r e s t r i c t i o n  t h a t  

e t  i s  no t  uniquely 

(2 )  ' 3 ) ,a . .  a r e  s p e c i f i e d .  n an 9 an  

a (I)= .(*I, .(3), e . o  = 0 (so n n n 
1 

A A 

Ba 1, t h e  s p e c t r a l  r e s o l u t i o n s  of t h e  va r ious  o r d e r s  of 
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a r e  given by: 

(2.30a) 

s 

The analog of t h e  wave opera tor  i n  complete normal iza t ion  w i l l  be  
A 

which i s  def ined  S Q  t h a t  'n 9 
denoted by 

It fol lows from equa t ions  (2.30) t h a t  

(2.31) 

(2.32a) 

(2.32b) 



1 2  

The analog of the r e a c t i o n  operator  i n  complete normalizat ion i s  given 

s o  t h a t  

(2.33) 

(2.34) 

1,2,3,15 111. Primas Formulation 

Th i s  method lends i t s e l f  most e a s i l y  t o  t h e  complete no rma l i za t ion  

scheme, and hence complete no rma l i za t ion  w i l l  be used i n  t h e  remainder 

of t h i s  paper.  The method i s  then c h a r a c t e r i z e d  by s e t t i n g  

where S i s  a Hermitian ope ra to r ,  s o  t h a t  

(3.2) 
A i s  u =  e 

and c t  i s  a u t o m a t i c a l l y  u n i t a r y .  It i s  assumed t h a t  S may be 

expanded i n  a power series 

, .*.  must a l l  be Hermitian ope ra to r s .  A term 

S would be added t o  t h e  r i g h t  s i d e  of equa t ion  (3.3) t 9  t r e a t  t he  

problems of degeneracy. 

H e r  e, p, s(3) 

Mul t ip ly ing  o u t  t h e  power series which d e f i n e s  the  exponen t i a l  

-is (1) ope ra to r  e , t h e  r e l a t i o n s h i p s  between t h e  Primas o p e r a t o r s  S 
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Y1Y-t b e ) +  
I O \  

S ' L ' , e a e  and t h e  Rayleigh-Schrodinger ope ra to r s  U U 

a r e  seen t o  be given by: 

60 
(3.4a) 

(3.4b) 

o r  e q u i v a l e n t l y  : 

(3.5a) 9--9 - 

(3.5b) 

The l e v e l  s h i f t  o p e r a t o r s  a r e  g iven  i n  terms of t h e  Primas 

(1) (2) opera to r s ,  S , S 9 ' . .  by 

(3.6a)  



(3 ,6c)  

Equat ions(3,6)  rnay.be regarded a s  equa t ions  which determine S ( 2 )  

(O) " is  ( 2 )  S , * .  Since t h e  commutator of any d i agona l  ope ra to r  w i th  H 

zero ( i n  t h e  r e p r e s e n t a t i o n  formed by t h e  ) >  it i s  c l e a r  t h a t  t h e  

d i agona l  p a r t s  of 

and hence a r e  a r b i t r a r y .  i t  has been customary i n  t h e  l i t e r a t u r e  t o  

r e s o l v e  t h i s  indeterminacy by r e q u i r i n g  t h a t  t h e  d i agona l  p a r t  of S 

should be zero9 i . e ,  t h a t  

S'1'3 S(*',.*- a r e  no t  determined by equat ions (3.6) 

6 

f o r  a s t a t e s  n a 

The a r b i t r a r y  d i agona l  elements of S a r e  r e l a t e d  t o  t h e  a r b i t r a r y  

(11 (2)  r e a l  numbers a , a which were introduced i n  t h e  d i s c u s s i o n  

of t he  Rayleigh-Schrodinger formulat ion.  If 6* i s  s p e c i f i e d  by 

then  a:'), a r e  given i n  t e r m s  of t h e  ma t r ix  elements of  t he  
n 

(1) ( 2 )  o p e r a t o r s  S S >... by 

(3.9a) 

(3.9b) 
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where t h e  o f f  d i agona l  ma t r ix  elements of - i S  ") a r e  given by 

(3.10) 

Equations (3.9) demonstrate c l e a r l y  t h a t  t h e  u s u a l  convention i n  

( 2 )  (2) 
t h e  Rayleigh-Schrodinger formulat ion,  t h a t  the c o n s t a n t s  a 9 an Y O * *  

a l l  vanish,  i s  not e q u i v a l e n t  t o  t h e  u s u a l  convention i n  t h e  Primas 

formulat ion t h a t  t h e  d i agona l  elements of S a l l  vanish -- al though 

the  convent ions a r e  e q u i v a l e n t  i n  t h e  f i r s t  two orde r s .  The d i f f e r e n c e ,  

of course,  i s  merely i n  t h e  choice of phase and hence i s  no t  p h y s i c a l l y  

s i g n i f i c a n t  

With the  convent ion t h a t  S be o f f  diagonal ,  t he  s p e c t r a l  r e s o l u -  

16 t i o n s  of v a r i o u s  S o p e r a t o r s  a r e  given by 

(3.11) 

f o r  k = 1, 2, 3, B.o ( c f .  equa t ions  ( 3 . 6 ) ) .  

The Primas approach can be formulated i n  t h e  domain of a L ie  

a lgebra"  ( t h e  Rayleigh-Schrodinger cannot) .  Thus, t h e  o p e r a t o r s  

is''), is (2)  , a r i s e  n a t u r a l l y  a s  t h e  s o l u t i o n s  of commutator 

For 
1 7  

equa t ions .  Formal s o l u t i o n s  of such equa t ions  a r e  known. 

example, i s  s a t i s f i e s  t h e  equa t ion  
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(3.12)  

where ITod i s  t h e  o f f -d i agona l  p a r t  of V The o f f  d i agona l  s o l u t i o n  

of t h i s  equa t ion  i s  

4 Arthurs  and Robinson have demonstrated t h e  u s e  of equa t ion  (3.13) i n  

f i n d i n g  is f o r  a pe r tu rbed  l i n e a r  harmonic o s c i l l a t o r .  However, 

t h i s  method of s o l u t i o n  does not  appear t o  be p r a c t i c a l  i n  most problems 

of i n t e r e s t .  

I n  some s p e c i a l  systems, i t  i s  p o s s i b l e  t o  f i n d  S (11, s (2 )  , e . .  

(and sometimes S i t s e l f )  by an i n t u i t i v e  use of commutator a lgeb ra .  

This  happens when t h e  o p e r a t o r s  involved form a f i n i t e  L i e  a lgeb ra  

wi th  a s m a l l  number of elements.  S e v e r a l  examples of t h e  use of t h i s  

method have been r e p o r t e d  i n  t h e  l i t e r a t u r e .  5 j 6 9 7 j 8 , 1 8  

w e  quote h e r e  some r e s u l t s  given by Robinson. The p e r t u r b a t i o n s  a r e  

t r i v i a l  i n  each case,  a s  t hey  merely r e p r e s e n t  changes of s c a l e .  

1) Perturbed l i n e a r  harmonic o s c i l l a t o r :  

AS examples, 

6 

(3.14) 

(3.15) 



1 7  

4- 

2 )  Per turbed hydrogenl ike atom: 

(3.16) 

(3.17) 

(3.18) 

(3.19) 

(3.20) 

(3.21) 

,... have been found only f o r  A s  y e t ,  t he  o p e r a t o r s  S w, p) 
r e l a t i v e l y  simple systems. There does no t  appear t o  be any p r a c t i c a l  

method f o r  f i n d i n g  them i n  complicated problems (e.g.  many e l e c t r o n  

systems) e 

I n  t h e  Rayleigh-Schrodinger t r ea tmen t ,  a g r e a t  s i m p l i f i c a t i o n  i s  

achieved by r e s t r i c t i n g  the wave and r e a c t i o n  o p e r a t o r s  t o  apply t o  

only one p a r t i c u l a r  s t a t e  of t h e  system, However, t h e  Primas formulat ion 

does no t  lend i t s e l f  s o  e a s i l y  t o  such a s i m p l i f i c a t i o n .  I f  it i s  de-  

s i r e d  t o  r e p l a c e  t h e  Hermitian o p e r a t o r s  S (1): s(2)  ,... wi th  t h e  

Her m i  t i a n  o p e r a t o r s  ,... s o  t h a t  t h e  equa t ion  
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0) 
A 

- - ” e  (3.22) n 

i s  s a t i s f i e d ,  t hen  t h e  o p e r a t o r s  ( 2 ) 9  n u s t  s a t i s f y  t h e  

fo l lowing  equa t ions  : 

1st o rde r  : 

2nd o r d e r :  

3rd o r d e r :  

mth o r d e r :  

(3.23a) 

(3.23b) 

( 3 . 2 3 4  

(3.23a) 

(3.23e) 

(3.23f) 

The requi rements  on t h e  ope ra to r s  > .  . . a r e  c l e a r l y  much 

more s t r i n g e n t  than those  on t h e  o p e r a t o r s  Wn Wn >... i n  t h e  

Rayleigh-Schrodinger formulat ion.  Hence, one would expect  it t o  be 

“(1) A ( 2 )  

much more d i f f i c u l t  t o  f i n d  s a t i s f a c t o r y  ope ra to r s  9 0 . .  



A l t e r n a t i v e l y ,  0n.e might a t tempt  t o  r e p l a c e  t h e  Hermitian opera-  

i s  a Hermitian opera tor  of a given form, but  a r e  not 

Hermitian.  The ope ra to r  - ’’ could not be taken t o  be a func t ion ,  

(” 
n would then have t o  be imaginary so  a s  t o  be 

an t ihe rmi t i an ,  wh i l e  i t  is shown i n  t h e  appendix of t h i s  paper t h a t ,  

i n  t he  most u s u a l  c i rcumstances,  

Thus, ‘-iA&(l) 

form 

(’) 
n must be a r e a l  func t ion .  

might be taken t o  be an  a n t i h e r m i t i a n  opera tor  of t h e  n 

(3.24) 

where f ( ”  
n i s  a r e a l  func t ion  t o  be determined from t h e  p e r t u r b a t i o n  

equa t ion  (2.10a) ( the  form (3.24) f o r  -iB, i s  not  unique -- t h i r d ,  

f i f t h ,  seventh,  ... d e r i v a t i v e s  could be used i n  p l ace  of t h e  f i r s t  

d e r i v a t i v e s  ind ica t ed ) .  I f  t h e  func t ion  ’(I’ i s  known, so  t h a t  Fn 

A 

( 3 . 2 5 )  ‘1 - - 
4 

then  f could be obtained by i n t e g r a t i o n  of a f i r s t  o rder  p a r t i a l  

d i f f e r e n t i a l  equat ion .”  

u s e f u l  f o r  t h i s  i n t e g r a t i o n .  

However, i f  - %dn 

n 

The method of c h a r a c t e r i s t i c s  i s  o f t e n  

i s  taken  t o  be an a n t i h e r m i t i a n  opera tor  

of t h e  form (3 .14) ,  t hen  -ign ‘2’ could n o t  be a pu re ly  a n t i h e r m i t i a n  

ope ra to r .  It would have t o  have a Hermit ian p a r t  t o  remove t h e  e r r o r  

i n  t h e  second o rde r  caused by t h e  f a c t  t h a t  
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( 3 . 2 6 )  

( c f .  equa t ion  (3.4b)).  Even i f  a s a t i s f a c t o r y  ope ra to r  ( 2 )  could 

be found, i t  would be even more d i f f i c u l t  t o  f i n d  s i n c e  i t  

would be r equ i r ed  t o  remove t h e  e r r o r s  i n  t h e  t h i r d  order  caused by 

&n 

pounded i n  each success ive  order .  

n 

n 

(2)  - and An e Thus, t h e  d i f f i c u l t i e s  w i th  t h i s  method a r e  com- 

I V  . Approximate Trans format i o n s  

The Rayleigh-Schrodinger and Primas formulat ions both give t h e  

same t r ans fo rma t ion  i n  t h e  l i m i t  a s  t h e  o rde r  becomes i n f i n i t e ,  

I n  p r a c t i c e ,  however, one must u s u a l l y  be con ten t  t o  so lve  a problem 

up through some f i n i t e  order  k . The two formulat ions then g ive  

d i f f e r e n t  approximate t r ans fo rma t ions .  

I n  t h e  Ray l e  i g h  -Schr od inge r  formulat ion ( i n  c omp l e t  e norma l i z a  t i o n )  

6' 

t h e  approximate ope ra to r  

i s  not u n i t a r y .  The most obvious consequence of t h i s  i s  t h a t  t h e  

corresponding approximate wave f u n c t i o n  

i s  normalized only through Q( bd 

2k 
c o n t a i n s  c o n t r i b u t i o n s  up t o  8( ), and i s  no t  normalized i n  the 



2 1  

k-i-1 2k 28 orde r s  t o  A s  Yar i s  shows, t h e  use of such an  un- 

normalized wave func t ion  leads  t o  t h e  appearance of unlinked c l u s t e r s  

i n  expec ta t ion  va lues .  These unl inked c l u s t e r s  a r e  not  p h y s i c a l l y  

meaningful ( they c a n c e l  ou t  i n  the  exac t  s o l u t i o n  a s  t h e  order  becomes 

i n f i n i t e )  and hence a r e  n o t  d e s i r a b l e  i n  t h e  theory.  

The Primas formula t ion  does no t  s u f f e r  from t h i s  drawback. The 

approximate t ransformat ion  he re  i s  given by 

and i s  c l e a r l y  e x a c t l y  u n i t a r y .  Thus, t h e  corresponding approximate 

wave f u n c t i o n  

- i s  normalized t o  un i ty ,  and one does no t  o b t a i n  t h e  annoying unl inked 

c l u s t e r s  

A s  a simple example of t h e  d i f f e r e n t  approximate t ransformat ions ,  

2 l e t  u s  cons ider  aga in  a harmonic o s c i l l a t o r  per turbed  by X and a 

hydrogenl ike atom per turbed  by - (see equat ions  (3.12) - ( 3 a 2 1 ) ) e  

Tables  I and II give s e l e c t e d  va lues  of t h e  fo l lowing  q u a n t i t i e s  f o r  

t h e  ground s t a t e s  of t hese  systems: 

1 
r 
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i s  t h e  exac t  energy of t h e  pe r tu rbed  system. (exact  ) Here E, 

E( ,P)( l )  and E(eRS’(l) give the e x p e c t a t i o n  va lues  of t he  Hamiltonian 

wi th  t h e  normalized wave f u n c t i o n  c o r r e c t  through f i r s t  order  i n  t h e  

Primas and Rayleigh-Schrodinger formulat ions r e s p e c t i v e l y .  

and E, (RS)(l) a r e  bo th  upper bounds t o  E ,  

E?’ (1) 
(exact  ) and a r e  both c o r r e c t  

and from each ( e x a c t )  3 ,  -- however they  d i f f e r  from E ,  

o t h e r  i n  t h e  f o u r t h  and higher  o rde r s .  For purposes of comparison, 

w e  a l s o  give t h e  energy c o r r e c t  through O( 

c o n t r i b u t i o n s  from t h e  h ighe r  o r d e r s  ( , i s  not an upper bound t o  

E t x a c t ’  1. 

c l o s e r  t o  E:exact) 0 

I n  Tables  1 and 11, E;’)(l) i s  u s u a l l y  (bu t  not  always) 

t han  i s  E(RS)(l)e I n  gene ra l ,  t h e r e  does no t  

or  appear t o  be any a p r i o r i  way of determining which of E”’(1) 

E(Rs’(l) w i l l  be more accu ra t e .  I t  i s  f u r t h e r  p o s s i b l e  t h a t  one 

formulat ion could g ive  a more a c c u r a t e  approximate expec ta t ion  va lue  

of some ope ra to r ,  bu t  a poorer approximate energy, than t h e  o the r  

formulat ion.  Evident ly ,  a backlog of s p e c i f i c  examples would be 

r equ i r ed  t o  make a d e c i s i o n  about which formulat ion should be b e t t e r  

i n  a given problem. 
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Table I .  Energy of t h e  ground s t a t e  of a pe r tu rbed  l i n e a r  harmonic 

o s c i l l a t o r  i n  atomic u n i t s  

c a l c u l a t e d  by four  d i f f e r e n t  methods (see equa t ions  ( 4 . 5 )  - ( 4 . 8 ) ) .  

The r e s u l t s  a r e  given f o r  s e l e c t e d  va lues  of k , w i t h  

(0  x” 

Table 11. Energy of t h e  ground s t a t e  of a pe r tu rbed  hydrogenlike atom 

i n  atomic u n i t s  2 are rar+ pa P I += c o b = - L & - - A &  .&&&-g HCi) = 

c a l c u l a t e d  by four  d i f f e r e n t  methods ( see  equa t ions  (4 .5 )  - ( 4 . 8 ) ) .  

The r e s u l t s  a r e  given f o r  s e l e c t e d  va lues  of z , wi th  

I a I I J 
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V. Conclusion 

I n  complicated problems (e.g.  many body problems), i t  would be 

(1) *... o r  S , very  d i f f i c u l t  t o  f i n d  t h e  o p e r a t o r s  W U , 
^<1)* A(2)+ 

(2)  S 9 . .  ., which may be app l i ed  t o  s t a t e  of t he  system. From a 

p r a c t i c a l  s t andpo in t ,  i t  i s  u s u a l l y  necessary t o  focus a t t e n t i o n  on 

one s t a t e  and f i n d  wave and r e a c t i o n  o p e r a t o r s  which may be meaningfully 

app l i ed  t o  only t h a t  s t a t e .  Th i s  i s  e a s i l y  done i n  t h e  Rayleigh- 

Schrodinger formulat ion (where U , U a r e  r ep laced  by 

'n 3 'n 

A (l)* ^(2)* 

,...I, bu t ,  due t o  t h e  d i f f i c u l t i e s  d i scussed  i n  S e c t i o n  111, *(I) h ( 2 )  

i t  would be very d i f f i c u l t  t o  do  i n  t h e  Primas formulat ion (where one 

('E) would at tempt  t o  r e p l a c e  S''), S C 2 I 9  # .  by 9 ' . 0  or  A n  , 

The presence of degeneracy i n  t h e  zero-order s t a t e s  makes i t  even 

more necessary t o  res t r ic t  t h e  a n a l y s i s  t o  one p a r t i c u l a r  l e v e l  (and 

so t o  use  t h e  Rayleigh-Schrodinger formulat ion r a t h e r  t hen  t h e  Primas 
n 

formulat ion) .  W n y  it i s  only necessa ry  

t o  cons ide r  t he  degeneracy of t h e  s t a t e  n under c o n s i d e r a t i o n .  I n  

t h e  Primas formulat ion (where i t  is  u s u a l l y  necessa ry  t o  f ind  t h e  f u l l  

t r ans fo rma t ion  6' which may be a p p l i e d  t o  any s t a t e ) ,  i t  would be 

necessary t o  g ive  s p e c i a l  t reatment  t o  t h e  s t a t e s  which a r e  de- 

gene ra t e  i n  zero order .  There may be some mathematical  t r i c k e r y  f o r  

doing t h i s ,  bu t  o the rwise  t h e  Primas approach i s  d e f i n i t e l y  not  workable 

f o r  systems w i t h  degenerate  ze ro  order  s t a t e s .  

I n  f i n d i n g  t h e  wave ope ra to r  
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APPENDIX 

We wish, t o  show t h a t  the func t ion  F which s a t i s f i e s  t he  n 

equa t ion  44 p, 

H (2) a r e  r e a l  and i f  6 ('1 i s  non-degenerate,  

i s  a r e a l  f u n c t i o n  i f  H"), H (1) , 

Proof :  

F i r s t  c onsider  t h e  equa t ion  

a r e  r e a l ,  t oge the r  w i th  t h e  boundary n The f a c t  t h a t  H and E 

c o n d i t i o n s  f o r  a c c e p t a b l e  wave func t ions ,  i n s u r e  t h a t  t h e  s o l u t i o n  

of equa t ion  ( A . 1 )  i s  unique, a s i d e  from t h e  normalizat ion.  With the  

requirement  t h a t  have u n i t  norm, i t  may be w r i t t e n  a s  n 

where 

u n i t  norm, and i s  a r e a l  number independent of 

(') 
n i s  a r e a l  f u n c t i o n  which i s  a s o l u t i o n  of ( A . l )  and has  

The s o l u t i o n  (') t o  t h e  equa t ion  n 

may be w r i t t e n  a s  

( A . 4 )  
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where C") 

t i o n  requirement on Thus, t h e  f u n c t i o n  Fn which 

s a t i s f i e s  

is a complex number which i s  determined by the  normaliza- 
'n 

n 

may be expressed a s  

Both Rn "1 and Qn a r e  r e a l ,  so t h e  f i r s t  t e r m  on t h e  r i g h t  s i d e  

of equa t ion  ( A . 6 )  i s  r e a l .  I n  in t e rmed ia t e  normalizat ion,  c(1' -D Q, n 
whi l e  i n  complete no rma l i za t ion  ( s e t t i n g  C") = C (1) (real)+ iC(l)@mag.$) 

n n n 

= 0 but  C'lkimage] i s  a r b i t r a r y  (cf ,  equa t ion  (2.27a)) and n 

so  can be taken t o  be zero.  I n  e i t h e r  case,  F") i s  then  c l e a r l y  

r e a l .  

n 

The f u n c t i o n  may be w r i t t e n  

''I C'z',..a a r e  determined by t h e  normaliza- 'n 9 n where t h e  c o n s t a n t s  
-_ 

'i) a r e  zero. I n  t i o n .  I n  in t e rmed ia t e  normalizat ion,  a l l  t h e  C n 

complete no rma l i za t ion  ( s e t t i n g  C(i' = C'i)@eal]+ iCii)[imag.)], t h e  

C(i'(Feal) a r e  no t  n e c e s s a r i l y  zero,  b u t  t h e  C:iiimag 

a r b i t r a r y )  may be taken t o  be zero.  

10 

n n 

n 

Thus, i n  e i t h e r  normalizat ion w e  

may t a k e  C 'i> i = 1, 2 , - - * >  t o  be r e a l .  
n 

For t h e  purposes o f  an i n d u c t i v e  proof ,  w e  assume t h a t  t he  f u n c t i o n  

a r e  a l l  r e a l  func t ions .  Then (1) (2) 
F n 9 pn n 
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w r i t  t e n  

The f u n c t i o n  which s a t i s f i e s  n 

may then  be w r i t t e n  

P (c 

(A. 10) 

(k) i s  a Fn 
A l l  terms on the  r i g h t  s i d e  of ( A . l O )  a r e  r e a l ,  and so  

r e a l  f u n c t i o n ,  
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