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ABSTRACT

A method of computing error bars, i.e., a running estimate of
the overall uncertainty, for the temperature profile from a thermistor-
type meteorological rocketsonde is presented. The resultant uncer-
tainty is derived from estimated uncertainties in the parameter values
assumed in the mathematical data correction relations. The 'uncer-
tainty boundary" is defined and the method of combining uncertainties
is discussed.

A computer program in FORTRAN V is developed which computes
corrections and uncertainties for real flight data. Simulated flight
data is generated and used for illustration. Nominal values and un-
certainty estimates for the parameters are those associated with the
ARCASONDE 1A film-mounted thermistor sensor system.

Quantitative results reveal the relative sensitivity of the
corrected temperature to the various parameters. Sensor improveﬁent
with the use of a radiation shield is illustrated in terms of reduced

uncertainty boundary.
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GLOSSARY

albede
total body surface
specific heat of bead, wire, or film

specific heat of air

diameter of bead, wire, or thickness of film

distance between the earth and the sun

plank radiant energy spectral distribution function for

the source in dQ at temperature T

geometric factor for ith body with respect to jth scurce

gravitational acceleration
convective heat transfer coefficient
radiant emittance of jth source
thermal conductivity of the body
length of the wire

mass of the parachute and the rocketsonde
radiation heat input

recovery factor

radius of the earth

radius of the sun

solar constant

temperature of bead, wire, or film
temperature of the air

measured value of Tb



sensor temperature

temperature gradient at the bead wire junction
recovery temperature

volume of bead, wire, or film

air speed

electric power dissipation

long-wave absorptivity

solar absorptivity

absorptivity of ith body with respect to jth source
spectral absorptivity

mean absorptivity relative to the jth source
radiation input perturbation factor

emissivity

spectral emissivity

solid angle subtended by the environment at the source
angle between sensor surface element dA and the direction
toward dQ

radiation wavelength

Boltzmann constant

standard deviation of parameter P,

mean value of parameter Py

mass density of the sensor

correlation coefficient between P, and Py



Subscript

i=1 Dbead

i=2 wire

i=3 film

i=1 sun

ji=2 albedo

j=3 long-wave radiation from the earth

j = 4 sonde parts in view of the sensor as a long-wave source

b bead

W wire

f film

fn Mylar part of the film
fs silver part of the film
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I. INTRODUCTION

In order to increase the altitude capability of rocketsonde
atmospheric temperature sensors, many different sensor configurations
have been considered and developed.

Evaluation of senser performance is necessary in order to com-
pare sensors and improve the sensor system. This study émploys the
mathematical modeling approach to the theoretical study of immersion-
type thermometer sensors used in current meteorological rocketsonde
systems.

Figure 1 represents the system block diagram of a temperature

measurement system. Input to the system is air temperature, T s

air
which is transformed to the temperature of the sensor, Ts' The value
of TS is different from Tair due to heat flux associated with the fol-
lowing error sources:-

1. Radiation

2. Aerodynamic heating

3. Heat conducticn

4, Self heating

5. Thermal time lag

Temperature > Signal Editor, Data
P

T | sensor T |transmission |T filter T-| corrector
air s ' m s

Fig. 1. Temperature measurement system.

1

air



Ts is then converted to the frequency of a blocking oscilla-
tor and relayed to a ground station where the signal is detected and
recorded. This temperature, Tm’ in general, contains measurement
noise. - Commonly, the data is filtered and edited to reject noise and
spurious values and to obtain an improved representation, Ts’ of the
sensor temperature. Finally, computed corrections based on physical
knowledge of the sensor and environment leads to the corrected air
temperature, iair'

Physical knowledge of the sensor system is embodied in a

mathematical model of the form

Ts =1 (Tair’ ?) )

where p is a vector notation representing the set of parameters used

in the thermistor heat equation. From Eq. 1, an inverse function is

derived and is used for data reduction using parameter estimates 5.
~ -1 /~ -
Tair = % (Ts’ B) (2)

The better system is generally considered as the system which
has the smaller difference between Ts and.Tairo However, if accurate
-igformation is known about each parameter, iair can be computed with
small uncertainty by Eq. 2, regardless of the difference between TS

and Tair' The better system is actually the one which has the smaller



uncertainty in T1. .
air
In the following, a method is developed for computing the un-—

certainty in iair due to parameter uncertainties, and is applied to

the ARCASONDE 1A meteorological rocketsonde temperature sensor.



II. DESCRIPTION OF THE ARCASONDE 1A TEMPERATURE MEASUREMENT SYSTEM

In the following two sections, a mathematical model of ARCA-
sonde 1A temperature sensor and data correction system will be derived.
The configuration of the ARCASONDE 1A sensor is shown in Fig. 2. De-

tail dimensions are listed in Table 1, page 27.

Attached to a parachute

Instrumentation Package
|
P = b *:> -
P y
o e ro
Electric /if ool ~-—1/16 inch
conductor - | phenolic board
o |
A I
T
.
f:: } }mwi::% Mylar (1 mil)
s L
- |l [
— A
Q . // ! - - o
40,000 A Ag film - : - : ' 40,000 A Ag film
(this side of e - ) ! 1 (the other side of
Mylar substrate) NO- ' Mylar substrate)

Bead thermistor

Fig. 2. ARCASONDE lA thermistor sensor.



2.1 Mathematical Model of ARCASONDE lA Sensor System

The temperature which is read by the electronic circuit in the
sonde is that of the thermistor bead, i.e., Ts of Fig. 1 is Tb in the
present discussion. The bead temperature is influenced by heat con-
duction from the wire, which is proportional to the temperature gradi-
ent in the wire at the point of contact with the bead. Using the bead
and film temperatures as boundary conditions, the temperature gradient
in the wire can be obtained.

The heat balance equations for the bead, wire, and film are:

(Bead)

oTy, 2 4
(evdy 57 = Mphp Tair ¥ % 26~ T ) T By ~ A5 T, T W
(3.a)
T 2 1
+ ka % DW wa
(Wire)
aTw V2 4
(pcv)w ot = hWAW Tair + rw ZCP - TW + qWAW - AWOEWTW + Ww
(3.b)
BZTW
+ ka 5
ox



(Film)

o1, .2 A
(pev) e 35 = Mg T + 7 50~ Tg ) + qghp - Agoe,To + W,
(3.c)
asz asz
+ kfvf —_E_ + _—E_
ax ay

where subscript b, w, f indicate bead, wire, and film, respectively,
where

p = mass density of an element

c = specific heat of an element

v = volume of an element

h = convective heat transfer coefficient

T . = temperature gradient at the bead and the wire junction

r = recovery factor

V = relative speed of air

c_ = specific heat of air

q = radiation heat input

A = surface of an element

W = self heating

k = thermal conductivity

o = Stefan-Boltzmann constant

Db’Dw’Df = diameter of bead, diameter of wire, thickness of film,
respectively

€ = emissivity



These equations are coupled by conductive boundary conditions at sur-
faces of contact.

The radiation environment is considered in four parts, desig-
nated by the subscript j = 1,..., 4, according to radiant heat sources

as follows:

j =1 direct solar illumination

indirect solar illumination

L
]
[+

j =3 earth radiation

j = 4 sonde radiation

The radiation input to a surface element of the sensor system

is represented by

[
e~

o, £, .I,
l 1!.] l’J J

where

o = radiation absorptivity
f = geometric factor
I = radiant emittance

and subscript i = 1, 2, 3 indicates the sensor part (body) b, w, £,
respectively. More complete discussion concerning radiation terms
is given in Appendix D.

It is not practical to solve the nonlinear simultaneous par-

tial differential equation. The following assumptions have been made



in order to simplify the computation:
1. Time constant of the wire is very small compared with that
of the film and the bead. Therefore, we can assume

3T
st - 0

2, Temperature of the film is not influenced by heat exchange
with the wire.

3. Temperature distribution of the film is assumed to be uni-
form near the film-wire junction.

By the above assumptions, Egs. 3.a, 3.b, and 3.c are simpli-

fied as follows:

(Bead and wire)

(pcD)b dT 2 W ‘

b _ Voo b _ 4
3 e hb Tair + 2 ch Tb + q + Ab cebTb + X (4.a)

(Film)

(pcD) . dT ( 2 .\
£ 4T v _ 4
7 at - PelTasy Y Te e T Tl tap —ooegls (4.b)

\ P /

where



X = Hk (leair + P + QTf - Tb)
Hk = CZAW coth AWZ

hw(i - sech szj
K = -

1 h + 40¢ T3
W W aw

2
(l - sech A é)(% r X——'+ 30¢ T4 )
w ww 2cD W oaw

P = 3
h_+ 4oe T
W W aw
Q = sech AWQ
. ~1/2
(4(n + boe T2 )
N W w_aw
W (kD)
. (kD)WDW
2 2
2Db

These constitute a set of two simultaneous differential equations re-

presenting the sensor system.



2.2 Data Correction System

From Fig. 1, the desired air temperature, Tair’ is obtained
by correcting the data, Tb’ representing the sensor temperature, Tb.
The required mathematical expressions are obtained from Eq. 4.a and

4.b, which expressed in one-step finite difference form are:

(peD), . . 3
1 1 b i ~i ~ (= ~1 ) 1
Yair T T o 6 b T\t 4G€b(Tb) T T
]
(5.a)
~i~1i 61)2 ~1i 4 ﬁ; i i-~i ~i~i~d
- hbrb Py + 3 b(%£> + K;-+ b + Hk P - Tf
P
i 240t ~i- ~i -1 3 i-1
e |T T
Ts Gy, \E T 8f( £ ) £
(5.b)
1-1)°
24t ~i-1  ~di-1-i-1 \V~ ~i-1 _2At  ~i-1
+ == + ~=
(pcD) . \%f by g 2 *+ by (5cb) Tair

where superscript i indicates the time, and
~i -~ o1 i
H™ = ¢,A_ coth AWZ

i
k 2w
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e
=

f=]

(e K1
N

At

Assume the

2t (1 - sech Xii)
W W

. . 3
it 4 g0z (Tl, )
w w air

2
NN ST s . 4
(l - sech A12)<nlrl QV—)—- + 30¢ (’Tl) )
w ww 2cp w air

= gech

>
g B
=

( | /2
= 4@; + 40€W<T:ir>>
]\ (Eﬁ)w

P

(kD) ﬁw

2D

= gampling interval of ’I‘s (uniform)

, s s e . \ ~0
entire sensor system is initially uniform, i.e., Tf = T
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Solution proceeds in time steps by computing alternately, T;, then
i . . .
Tairc A schematic representation of the data correction process,

together with the simulated sensors as it was programmed for use in

this study, is shown in Fig. 3.

.

A \ 4 /ai-1 .i-1)|

B T g\?air’ P T g<Tair > P ) <
(Sensor system) (Data correction system)

Fig., 3. Complete system description of
ARCASONDE 1A measurement system.

- 12 -



ITI. PROPAGATION OF UNCERTAINTIES

A method of generating the uncertainty boundaries for the
corrected air temperature function, Tair’ discussed in the previous
section is developed as follows. Successful assessment of variance

in Tair will require error examination in four categories:

1. Dimensions and properties (manufacturing variability).

2. Data handling (measurement errors).

3. Environmental parameters.

4. Approximations in the thermal analysis (model errors).
Uncertainty associated with error in the basic mathematical model of

the sensor is assumed negligible.

3.1 Uncertainty Definition

The corrected air temperature is a function of a set of param-

eters, é.
~ 7. N - -
Tair = £(Pys Pps Pgovces Pﬁ) (6)

Estimated value for the parameters are obtained from:
1. Specific laboratory measurements (such as for sensor
emissivity, wire length).
2. In-flight measurement (such as for air speed).

3. Past experimental data (such as for earth albedo).

- 13 -



4, Theoretical calculations (such as for geometric factors,

convective coefficients).

Suppose the error in a parameter estimate is defined as the
difference between the estimated value and the true value of the
parameter. Suppose further, that estimated values for a given flight
are derived independently by many sufficiently qualified investigators.
The estimated value, and therefore the error, would exhibit some sta-
tistical distribution, analogous to the results from a multiple sample
experiment. The standard deviation and the mean of the estimated value
may be defined as they are for a multiple sample experiment. If ﬁi is

the estimated value of a parameter from many different investigators,

then the mean and standard deviation is defined as

¢

oo
p, | Pi f(Pi> dpy =P )

Q
]

~4-co
RANCER O

where f(?;)is a density function of P

If n and ¢o_ are given for each parameter in Eq. 6, N
Py Py air

and © can be computed. If Tair is distributed normally, one

T .
air

can expect to find, or can be confident of finding, true Tair lying

- 14 -



in the interval, Tair * ZcT s 95.45 percent of the time. It is ex-
air

pected that, in fact, Tair tends to be distributed normally because

of the central limit theorem. The uncertainty boundary (or simply

"uncertainty") is defined as *+ 20 of the nominal value.

3.2 Uncertainty Distribution

Though the distribution of the estimated value of a parameter
may be conceptually defined, it is really known quantitatively for the
parameters in the present discussion. For some parameters the uncer-
tainty is given in the form of P * Apie If only limiting values are
known, the worst case method is sometimes used. The worst case method
is a nonstatistical approach that employs the possible extremes of

the parameters.

n
AT , = -_— Ap, (9)

This usually gives an unrealistically pessimistic result. Even if
they are strongly correlated, the assumption that the algebraic signs
of all terms are the same is not statistically justified.

In order to obtain a more realistic uncertainty boundary,
the concept of "uncertainty distribution" will be introduced. Kline
and McClintock [9, 1953] applied this concept to describe uncertainties

in single-sample experiments.

- 15 -



Suppose the variable P; is expressed by Py x Api, where the

value Api is an estimation. An equivalent expression is the following:

P(Pi =p; t Api) =1

(10)

)
=)
He
Al

2Py - Api) =0

If we define F(X) =P {pi i_X}>, the above expression can be shown

graphically as in Fig. 4.

F(X)
1.

Unknown
5 — X

Fig. 4. Pseudo distribution curve.

Even if, between p, - Ap, and p, + Ap.,, there is no information, a
i i i i

- 16 -



pseudo distribution may be imagined.
The corresponding pseudo density function may then be defined

as £(X) = dF(X)/dX. One might feel that the pseudo distribution is

£(X)

!
l
i
!
!

_ dF(X)
| FX) ="
:A/ 1 i o X
P; ~ bpy 1 p; *+ bpy

Fig. 5. Pseudo density function.

uniform for some parameters. For other parameters, however, intuition
may suggest the errors are more likely near the center than near the

ends of their respective ranges. Therefore, one might attempt to simu-
late this feeling by assuming the density function to be approximately

normal, and Api to be 20p [7, Eisenhart 1963].
i

3.3 Propagation of Uncertainties

Now that we have estimated (or imagined) cp , the next step is
i
to relate to the o_ in accordance with Op ,» Eq. 6. Papoulis [10,
i air
1965] discussed an approximation for this relation for the case of two

-17 -



parameters. The idea is easily extended to n parameters (Appendix A).

n cov(p., P.
.2 =2<—g—§—>o+g ()( (c D
air i=1 i b Py 1—1 J—l P.

i 3

where

cov (pi, pj> j [ (pi - pj)(Pj - pj> f (pi, pj> dpidpj

—00 -00

H,.0 O
ij'p; P

The validity of the above equation depends on the nonlinearity of

f Pys> Posrees pn) and the distribution of the parameters, but the ap-

proximation error within a sufficiently small range of the parameters

is assumed to be small compared with the estimation error in the Gp.'
Thorough mathematical study of the approximation error is :

beyond the scope of the present discussion, but Monte-Carlo simula-

tion studies indicate the error is small in the ARCASONDE 1A system

for a considerably large range of the parameters.

- 18 -



IV. TUNCERTAINTY BOUNDARY OF ARCASONDE 1A SYSTEM

The method of generating the uncertainty boundary in T s

air
which was discussed in Chapter III, will be applied to the ARCASONDE

1A system which was introduced in Chapter II.

4.1 Expression of Uncertainty Boundary

Equations 5.a and 5.b can be expressed in the following form:

j=1l,..., n

8 =gt (pﬂ (12)
ok =1,..., 4

where the input parameters include the sensor temperature Tg. The
subscript j denotes the particular parameter, and k denotes the time.

Applying Eq. 11 to Eq. 12 gives

i =n g2 i i on o [.4\/..1 cov( 3ok
2 Ay v . af i -2 Y ‘:‘ N Y af \{ af \ Pm’ Pg
i8] = T @ .t L L L s )
air =0 mil i\8 3 J ‘io k=0 m=1l 2=1 \5pJ \? k] o,0 k
J \eP, / |29 ] \oP. Py, pJ P
m %
g #m, j#k (13)
Cafl e - .
The term; ——E 'is called the sensitivity coefficient [16, Tomovic 1962]
3 / .
) pm: . j k
and contains information about the system. o i and cov P> P, | are

Py

- 19 -



independent of the sensor system and the values are estimated according

to conditions at each point in time.

4,2 Sensitivity Analysis

In order to obtain the value of 0; » the sensitivity coeffi-
air
cients have to be computed for each parameter at each preceding time
point. Therefore, at each time i, we have to compute i x n sensitivity
coefficients. One might consider this a very time consuming process

for a system of many parameters and over many points in time, but

i
actually ij + 0 when (i - j) » =, therefore, older terms become neg-
op
L
ligible. X
aT;ir
The sensitivity coefficient —— indicates the effect on T_,
apJ air

at time i of variation in p, at time j.” As shown in Fig. 6, an error

T |
air
, T ., (true value)
| , Tair
i
| /
|
® » ] b 2
. , [ .
| L4 ° N L ° - R
I Y
| i) %
* I X X | "\‘\
| ! T . (with error due to
; ; air i
, i the error in pz
! |
i |
1 A 4, A L] % i ] 5 1 i t
j i
aT:ir
Fig. 6. Graphical description of T .
Bpi
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in Py at time j will have a diminishing effect on succeeding values of

T . .
air

Sensitivity coefficients are computed as follows. Equations

5.a and 5.b may be written in the form

i (i i
Tair = f(? , Tf> (14.a)

T; = g(pl_l, T:;::_l, Tl._]') (14.b)

where

Assume the sensitivity coefficients have been computed up to
the time (i - 1). Let already computed quantities be enclosed in pa-
rentheses. Only the bracketed quantities need be computed at the ith

point in time. For the parameter, Pys

- 21 -



i i

aTair - aTair - | of ]
apJ BpJ api
ol
Expression for the 3;— for the ARCASONDE 1A are listed in Appendix B.
i
j=1-1
i i . i
Tatr _ Mair _|ag® || %%
h| i-1 i i-1
apl BPQ an _3p2
where
P
i i 8G1 i
of ~ _{ af A of
i i i i
3Tf 3G an BTf
5T i i or 71
£ 3g + g air
i-1 i-1 i-1 i-1
P, 9Py Tair | \%P
; i
. of™ 3¢ : .
Computation of == and — are shown in Appendix B.
i i
LIe an

- 22 -



i i , i
Mazr _ Mair a2t ) | ®f
3 1-2 1 i-2
sz sz BTf apz
aTE i sri -1 i Y o
£ _ |22 alr |, dg £
i-2 i-1 i-2 i-1 i-2
sz aTair sz STf Bpl

i
Computation of - is shown in Appendix B.

i-1
an
j=41i~-3
i i R i
aTair - BTair - Bfl an
i i-3 i i-3
Bpx Bpl 8Tf sz
3T i Tt L i e~ 1
£ _ og air + g £
i-3 i-1 i-3 i-1 i-3
sz aTair apz / an sz

- 23 -



i i
BTf ) afl BTf
0 i 0
ap,  \0T¢/ \op,
aT™ i T~ 1 i a1
£ - og air + og £
0 i-1 0 ami— 1 0
Py \T,ir 9Py oT¢ 9Py

Notice that only simple multiplication is needed for derivatives with
respect to parameter values older than i - 3.
The correlation coefficient in time for a truly constant param-

eter P, is u, = 1. The contribution of P, to cTi s oTi is
air air(bé)

AT,
alr
3 [e)
Pp Py

° i
Tair(pz)

For constant parameters, the above procedure for computing the sensi-
tivity coefficients is simplified by solving a set of difference equa-

tions.

- 24 -



From Eqs. l4.a and 14.b

i . amd
Mair _aet  aet ¢
%, %P 3T Py
ar ari~ 1 ari 71
£f _og + dg £ ag air
3p B i-1 ap. T _i-1 ap
Pp Py T g 3T . L
£ air
L g T
Substituting U™ = and V7 = —=
9 p
% %
. i i,
ot - -——gf 4 2yt (15.a)
Pe ot
£
, i i ) i )
Vo= gg N &%-1 i1, 2a - ot 1 (15.b)
Py a1l AT
f air

which is a special case of the more general procedure given above
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(Appendix C). The required computation is obviously much less for

constant parameters.

4.3 Estimated Nominal Values and Uncertainties of Parameters

Sensor Properties

A list of input parameters for the ARCASONDE 1A temperature
sensor is presented in Table 1. Since the film is a composition of
silver and Mylar, properties of both must be used. Subscript fm, fs
indicate the Mylar and silver parts of the film, respectively. Sub-
script f indicates the effective value.

A, Db’ D, D

, D (diameter of bead, wire, and the thick-
W fm fs

ness of the film). Uncertainty in these quantities is due
to manufacturing vafiability and imperfections in shape.
The uncertainty is estimated to be 10 percent.

B. (pc)b, (pc)w, (pc)fm, (pc)fs, (pc)f (density times heat
capacity). The effective value of pc for the film is

given by

Ds(pc)s + Dm(DC)m
D +D
s m

(pc)f =

The uncertainties for (pc)b, (pc)w are estimated to be
5 percent due to lack of ‘knowledge of composition, and
10 percent for (pc)f due to an estimated variability in

Mylar thickness.
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TABLE 1

Uncertainties and Nominal Value of Parameters

e e e b

Nominal Value Uncertainty Reference
Db 28 x 10_3 m (11 mil) 107 Drews [4]
DW 25 x 10"4 m 107 Drews
% D 25 x 10 m Drews
_ fm — - .
D 4 x 10_5 m Drews
fS e FE T SO - i onoore
D 31 x 107°% 7% |
f !
(o), 1.95 x 10° J/m° - °K 5% g Wright [19]
. ;
(oc)W 2.79 x 106 J/m3 - °K 5% é Wright
(pc)fS 2.45 x 106 J/m3 - °K Weast [18]
(pc)fm 1.84 x 106 J/m3 - °K Dupont [5]
(pc)f 1.96 x 106 J/m3 - °K 10%
kw 30.98 watt/m - °K 5% Weast
kfm .152 watt/m - °K 5% Dupont
kfs 408 watt/m - °K 5% Weast
; oy .11 25% Thompson [15]
o <10 10% Thompson
@ s .02 _Weast
a .80 Drews
fm P—— PV ——
o .65 50% L
§ L/
L_~?§b .16 407% Thompson
[ a .19 50% Thompson
i o .07 Weast '
i sfs ol |
i o .06 i Drews '
__stm R A
st 2 0% R
| | 3.2%x 10 50% Drews
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[ET

c.

k, k

W fm’ k

£s? kf (thermal conductivity). The uncertainty
for k is estimated to be 5 percent because of the impurity
of materials and experimental error in published data [11,
Powell, Ho, Liley]. Effective value of k is kfs because
(kD)S >> (kD)m.

Q. [8)

b % %fs %ep (absorptivity of long wave radiation).
The effective absorptivity of the Mylar—exposed side of a

silver-plated region is taken as

om gt [ o (2 )] - =)

which assumes the reflectivity of the Mylar to be small.

Similarly, the emissivity is assumed to be

which includes approximately the emission of the Mylar for-
ward that emitted backward and reflected by the silver, and
the emission of silver through the Mylar and, which inci-
dentally, is the same value as the above absorptivity.

The effective emissivity of the film is computed by
averaging that of the inner and outer film strips, and using
their lengths as weighting factors.

Uncertainty in oy is estimated to be about 25 percent
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because of the condition of coating the sphere surface

[15, Thompson 1966]. Uncertainty of €g is estimated to be

50 percent due to a nonuniform plastic coating of unknown
composition over the silver.

s O s O (absorptivity of short wave

o a
sb® “sw sf

radiation). Uncertainty of % and ., are assumed to be
40 percent due to the manufacturing variation in the sur-
face [15, Thompson 1966]. The uncertainty in o s is es-
timated to be 50 percent due to the plastic coating.

F. & (length of the wire). Uncertainty in the length of the

wire is estimated to be about 50 percent due to manufac-

turing variation.

Convective Environment

Convective coefficient h and recovery factor r are computed

using the interpolation formula [13, Staffanson and Alsaj 1968].

r, - r
_ 1 - 2 1
h = 1 1 >0 + Kn Kn + Kn
Ef-+ Em 0
1 2

Subscript 1, 2 denote continuum and free molecular values, respectively.
The uncertainty increases in the transition flow region where knowledge
is least reliable. The uncertainty in recovery factor is estimated as

shown in Fig. 7.
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Fig. 7. Percent uncertainty of recovery factor.
Table 2 indicates the assumed uncertainty in h with respect to Reynolds

number. Linear interpolation gives the uncertainty at any Reynolds

number.
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TABLE 2

Uncertainty of Convective Coefficient

Reynolds Number Uncertainty (%)
= 1072 5%
1071 7.5%
1 \ 10%
10 15%
102 18%
103 15%
lO4 10%
105 7.5%
hd 106 5%

Radiation Environment

The geometric factor, fi

the shape of the sensor surfaces, the solid angle subtended by the

source, and the orientation of the sensor relative to the source.

method of obtaining the values o

is
2 9
s J

££, .
i,1]

-

a quantity which depends on

is presented in Appendix D and

the nominal values are presented in Table 3.
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TABLE 3

Nominal Values and Uncertainties of the Geometric Factor

Sphere Cylinder Plate
Sun .272 % 107> + 100% | .347 x 107> + 100% | .535 x 107> + 100%
Albedo | 0.40 + 15% 0.40 + 15% 0.40 * 15%
Earth |0.42 + 5% 0.43 + 10% 0.41 + 10%
3% 0.108 + 3% 0.044 + 3%

Sonde 0.087 =

The radiant emittance, Ij

(total radiant power emitted per unit

area), of a solid surface depends on its emigsivity, €10 and its abso-

lute temperature, T. Ij is computed in Appendix D.

of Ij are presented in Table 4.

TABLE 4

Nominal Values and Uncertainties of Radiant Emittance

The nominal values

6.4558 x lO7 Watt/m2 £ 1%

Sun

Albedo 460.7 watt/m> + 36%
Earth 233.8 watt/m> + 20%
Sonde 458 watt/m2 t 15%
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f f £ etri i

1,17 T2,1° 3,1 (geom ic factors with respect to the

sun). Uncertainties of f2 ] are 100 percent because there
9

is, in general, no knowledge as to sensor aspect to the

sun. The sensor might be completely in the shade or exposed

"broadside'" to the sun.
fl, 3 f2, 3 f3’ 3 (geometric factors with respect to the
earth long-wave radiation). As indicated in Appendix D,
f3’ 3 varies as the sensor rotates relative to the earth.
If we assume the parachute has less than 45° coning
motion, the variation of f2, 3 and f3’3 due to the motion
is about 10 percent.
The geometric factor of a truly spherical bead does
not depend on the motion of the parachute. However, an

estimated 5 percent uncertainty in f is assumed for

1,3
deviations due to the presence of the wires and nonspher-
icity.

f s I (geometric factor with respect to the
2,2 3,2

fl,z ?
earth albedo). The albedo geometric factor is dependent
on the position of the sun and cloud distribution, as well
as to sensor attitude. The uncertainties in fl 9 are es-
b
timated to be 15 percent.
f £ tric factor with respect to the
f1,4 » Ey p B34 (geome factor with resp
sonde surfaces or shield). The errors in estimated nominal
values, fl 40 are estimated to be 3 percent.
H

Il’ 12, 13, 14 (radiant emittance). The uncertainty of
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I1 is due to the seasonal variation of the distance between

the sun and the earth and is estimated to be 1 percent [8,
Johnson 1954].

The uncertainty of I, is due to the cloud cover vari-

2
ability and is estimated to be 36 percent (see Appendix D).

The uncertainty of I, is due to variability of earth

3
surface matter and temperature. The analysis of Tiros II
(1960) data by Bandeen [2, 1961] gives about * 20 percent
variation in earth temperature at a given time over the
North American continent. Assuming the uncertainty in the
effective black bedy, temperature of the local region of

the earth is 5 percent, uncertainty in I, is 20 percent.

3
The uncertainty of I4 is due to the variability in

the sonde temperature and emissivity. Uncertainty in IQ

is arbitrarily estimated to be 15 percent.

Self Heating

An estimation of the power dissipated by the thermistor is
about 20 x 10—6 watts [4, Drews 1966]. The uncertainty is due to the
temperature dependency of the power dissipation and is estimated to

be 15 percent.

Data

Measurement error of Tb is estimated to be 2°K, and the uncer-

tainty in T

b is assumed to be 10 percent. The uncertainty of the rela-
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tive velocity, V, is about 5 percent based on the assumed angular
motion about the center of mass trajectory recorded by the tracking

radar. -

Correlation Ccefficient v .
3

For the present study, all parameters are assumed that inde-

pendent so cov (pi, pt) and, therefore, uo are set equal to zero if

, %
m# 2,

4.4 Simulation Study of ARCASONDE 1A System

A, Simulation

Sensor air flow is simulated by computing parachute motion
based on the ballistic coefficient and drag [6, Eddy 1965] properties

cf the ARCASONDE system.

il

Total parachute-sonde mass m = 2.33 kg

16.4 m2

N
U

Parachute reference area

The U.S. Standard Atmosphere (1962) will be used for demnsity of the

air, p.
Initial conditions of the parachute motion are arbitrarily
chosen as
Initial altitude 70 km
Horizontal velocity 30 m/s
Vertical velocity -180 m/s
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At every second, the altitude and the relative speed with re-
spect to the air are computed. At each altitude, the properties of
the air are obtained from the atmosphere table, which already has been
read in, including Tair° Values of h and r are obtained, based on the
given altitude and the air speed. Those values are used in Eq. 4.a

and 4.b in order to obtain Tb°

The simulated Tb is used as input Tb to the data corrector.
Parameter values, pj, used in the simulator are also used as input ﬁj
in the data corrector. Therefore, Tair is equal to Taire Now the
objective of the study is to produce the uncertainty boundary of Tair'

The uncertainties in the parameters which were discussed in
Section 4.3 are combined with Eq. 13, where sensitivity coefficients
are computed by the method discussed in Section 4.2. The computational
procedure is shown in Fig. 8.

Notice in Fig. 8 that part A corresponds to the '"sensor system'

in Fig. 2, and part B corresponds to 'data reduction system'" in Fig. 2.

B. Results

As shown in Fig. 9, the uncertainty boundary increases rapidly
with altitude. This is due to the decrease of convective coupling with
the air, while the radiation input remains counstant.

As hb and hW decrease with altitude, there is more conductive
heat flow from the film. The sensor is, therefore, more sensitive to

the film temperature as altitude increases. This is clear if you com-—

pare the effect of hb and hf at 70 and 50 km in Table 5. The uncer-
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8. Block diagram of simulation study.
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TABLE 5

Uncertainty Components

Altitude (km) 70 65 60 55 50
b .27 .86-1 .63-1 .43-1 .30-1
T, .32 .33 .19 11 .57-1
h .14 .78-2 .37-2 J41-2 .25-2
r .38 .32 .16 .76-1 L48-1
he .35 .11 .29-1 L46-3 .50-2
t, .76-1 .51-1 ,17-1 .53=2 .16-2
A 1.38 1.16 .56 .27 .13
T, 3.47 2.34 1.71 1.37 1.19
_ib .23 ,59-2 .12-2 .29-3 .18-2
fl,l .92 .53 .31 .19 .12
£ 5 .15 .83-1 48-1 .29-1 .19-1
£ .18-1 .10-1 +60-2 .36-2 .23-2

1,3
£).1 1.38 .77 43 .24 14
£, .17 .95-1 .53-1 .30-1 ,17-1
£, 4 .33-1 .18-1 .10-1 .57-2 ,33-2
£, 4,17 2.26 1.24 .65 .32
£ .33 .18 .99-1 ,52-1 .26-1
3,2
f3’3 .34 .18 .10 .53-1 .26-1
wB .40 .23 .13 .80-1 .51-1
o L48-1 L43-1 . 34-1 .26-1 ,19-1
o J41-1 .30-1 ,21-1 J14-1 .93-2
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TABLE 5
(cohtinued)

Uncertainty Components

Altitude (km) 70 65 60 55 50
Db .19-1 .16 .94~1 e60—1 .31-1
(pc)b .40-1 0 15-2 42-2 . 26~3 .93-3
DW .11 .24 14 .93-1 «54~1
kW 411 «79-1 «49-1- .32-1 .19-1
I .66 1.18 .74 .48 .29
(pc)f .30 .35-2 .10~2 .97-3 .58-4
Df .21 0252 .70-3 .68-3 .40-4
£ 232 .15-2 .10~2 .71-3 .50-3

1,4
f2 4 .25-2 .16-2 .11-2 .70-3 A44-3
£ .51-1 .29-1 .16-1 . 85-2 o 42-2
3,4
o .40 27 .18 .13 .87-1
sb
: .53 .34 .23 .15 .91-1
sSW ~
o 7.59 4,37 2.42 1.26 .62
sf
Il .11 .65-1 .37-1 . 20~1 .10-1
12 2.30 1.35 .78 .43 .23
13 1.70 .98 .55 .29 .15
14 .28 .96 .92-1 .50-1 0 25-1
resultant 23.98 14.06 8.36 4,98 3.20

- 40 -




tainty components listed in Table 5 are the terms

1/2
1 2
3T

a%r 02_ L
J J
0 BP!L / PJL

Quantities listed in Tables 5, 8, 9, and 10, pages 39, 46, 48,
and 50, respectively, at 70 km are actually those computed at 69.5 km.
Those computed at the initial altitude, 70 km, are those at ejection
from the rocket and are not of interest here. Values tabulated, never-
theless, exhibit some effect of the initial transient, e.g., the small
values at 70 km of 2, k , D .

w ow
The sensitivity to error in T

b

unity at low altitudes and increases rapidly at high altitudes. As

(measurement error) approaches

the convective coefficients, hi’ decrease, sensitivity to air tempera-

ture decreases; i.e., a given variation in T

b corresponds to increas-

ingly larger variations in T , .
air

Notice that the uncertainty contribution associated with direct

solar heating, oy fi,l Ils

is large compared with other parameters.

This suggests that a solar shield would significantly decrease the over-
all uncertainty. 1In the following, the ARCASONDE 1A senscr is assumed
to be placed one radius deep into a c¢ylindrical tube. The tube is

oviented with its axis parallel to the flow, and with radius suffi-

ciently large sc that the bcundary layer is away from the sensor.
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C. With Shield

The purpose of the shield is to replace a sufficient part of
the highly variable natural radiation environment with an environment
whose influence on sensor temperature is both small enough and well
enough known to enable precise correction of the sensor data.

A shield with a downward view half angle of 6 = 45° is used,
and the inside of the shield is painted black. The black painted wall
will minimize the effect of radiation arising from reflections within
the shield, which would cause large uncertainties. The emissivity of
the black paint is assumed to be 1, and the geometric factors are com-
puted by the method discussed in Appendix D, The temperature of the
shield is assumed to be 300 + 2°K. Input values are listed in Tables

6 and 7.

TABLE 6

Nominal Values and Uncertainties of the Geometric Factor (with Shield)

Sphere Cylinder Plate
Sun 0 0 0
Albedo 147 £ 15% ‘ .16 + 15% .09 = 15%
Earth 147 + 5% - .16 % 10Z% .09 % 10%
Sonde .853 & 3% .84 + 37 91 % 3%
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TABLE 7

Nominal Values snd Uncertainries of Radiant Emittance (with Shield)

a
: |
! Sun 0
i
!
! Albedo 460.7 watt/m® & 36%
| :
: Earth 233.8 watt/m~ + 20%
E7

Sonde 458.0 watt/m2 + 2% T, . = 300°K + 2°K
} L shield

2 i ’
221.0 watt/m" - 4% ‘ = 250°K + 2°K

Tshield

Figure 10 shows the distinct improvement of performance at high
altitude. Ccmparison cof Tables 5 %nd 8 shows the increase of the ef-
fect of uncertainty in h. Increésed heating due to the shield in-
creases the sensitivity to h and to cther parsmeters such as x. This

suggests that s colder shield would significantly improve the sensor.

D. Cold Shield

The benefit of a cool shield is investigated by letting the
shield tewperature be 250°K. The corresponding value of I4 is in-
cluded in Table 7.

The results are especially significant at higher altitude as
shown in Fig. 11l. Notice in Table 8'that uncertainties due to &, h

are much swaller for the cold shield case.
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TABLE 8

Uncertainty Components (with Shield)

Altitude (km) 70 65 60 55 50
hb .55 .31 .20 .12 .72-1
rb .32 .33 .19 .11 .57-1
hW .38 .19 .14 .91-1 .60-1
rW .38 .32 .16 .76-1 . 48-1
hf .67 .35 .17 . 84~-1 40-1
rf o 741 .49-1 .16~-1 «52-2 .16-2
v 1.38 i1.16 .56 027 .13
T, 3.48 2.34 1.71 1,37 1.19
’i?b .96-1 .94-3 .32-3 .18-3 .26-2
fl,l .0 .0 .0 .0 .0
fl 2 «53-1 « 30-1 .18-1 .11-1 .68-2
fl 3 .62-2 .35-2 0 21-2 .12-2 «79-3
f2,1 .0 .0 .0 .0 .0
£ .68=1 e 34-1 .21-1 o12-1 .69-2

2,2
f «12-1 < 67=2 038-2 W 21-2 12-2
2,3
f3L; .0 .0 0 .0 .0
f3 2 o 73=1 40-1 0 22=1 .11=1 e57-2
£ . 73-1 40-1 e22=1 .11-1 +57-2
3,3
Wb 40 .23 .13 .80-1 .51-1
ab »60-1 ¢ 35=1 .23-1 «15=1 .10=-1
CY-W ® 56—1 % ° 37".1 ® 25—1 ° 16-1 - 98"2
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TABLE 8

{continued)

Uncertainty Components (with Shield)

Altitude (km) 70 65 60 55 50
op 3.47 2.13 1.05 49 .23
Db 41 .17 .15 .10 .59-1
(pc)b .25-1 .51-3 .16-3 .12-3 14~2
DW .62 .33 .28 .20 .12
kw .22 .12 .10 . 73~1 47-1
2 3.56 1.97 1.70 1.21 .79
(pc)f .13 .11-2 «17-3 .53-3 17-3
Df . 88-1 s 16-3 .12-3 .37-3 .12-3
£ .23-1 .15-1 .10-1 712 .49-2

1,4
f2 4 . 21-1 .13-1 . 86-2 «55-2 .34-2
1‘?,3.4 1.0 .57 .32 .17 .82-1
oy . 79-1 .51-1 «35-1 .24-1 06-1
.10 . 64~1 42-1 .27-1 A17-1
sw
Ce 056 032 018 593_1 046'—1
sf
Il .0 .0 .0 .0 .0
12 - 56 .33 .20 .11 .63-1
13 .36 .21 12 0 36-1 «33-1
14 .69 .40 .22 .12 .60-1
resultant 13.12 8.16 5.54 3.92 2.94
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TABLE 9

Uncertainty Components (Cold Shield)

Altitude (km) 70 65 60 55 50
hy .12 L43-1 .26-1 J14-1 42-2
T, .32 .33 .19 .11 .57-1
h .17-1 .11 ,80-1 .37-1 .38-1
x .38 .32 .16 ,76-1 .48-1
by .22 .12-1 .32-1 .34-1 .23-1
te .77-1 ,51-1 .17-1 .53-2 .16-2
v 1.38 1.16 .56 .27 .13
T, 3.47 2.33 1.71 1.37 1.19
Tb .29 ,85-2 ,19-2 .35-3 .12-2
f1.1 .0 .0 .0 .0 .0
£ .53-1 .30-1 .18-1 .11-1 .70-2
1,2

£ ,62-2 .35-2 .21-2 ,12-2 .79-3
1,3

£, 1 .0 .0 .0 .0 .0

£, .68-1 .38-1 .21-1 .12-1 ,69-2
£ .12-1 .68-2 .38-2 .21-2 .12-2
2,3

£, 1 .0 .0 .0 .0 .0

£ .76-1 J42-1 .23-1 12-1 .58-2
3, 2

£u 4 . 76-1 L 42-1 .23-1 J12-1 .58-2

vy .40 .23 .13 .80-1 .51-1

o, .75-2 .95=2 ,12-1 .11-1 .94-2

o . 34-1 .27-1 .20-1 J14-1 .90-2
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TABLE 9

(continued)

Uncertainty Components (Cold Shield)

Altitude (km) 70 65 60 55 50
o .81 .23 42 .34 .21
Dy .37-1 .24 .17 .12 .66-1
(pe)y 47-1 .19-2 .51-3 .36-3 .61-3

D .21 .34 .26 .18 .11
k., .73-1 .12 .88-1 .63-1 .40-1
3 1.14 1.75 1.33 .98 .64
(pc) . A .48-2 . 14-2 .12-2 .21-5
D, .28 . 34-2 .99-3 .83-3 .15-5
£ 4 J11-1 .69-2 49-2 034-2 .23-2
£, 4 ,93-2 .60-2 .40=-2 .26~2 .16-2
f3’ 4 052 030 nl7 . .87-1 042—1
o .73-1 .48-1 34=1 .23-1 .16-1

sb ~
. .94-1 . 60-1 ,4l-1 .26-1 .16-1
sw
o .61 .35 {19 .10 .49-1
sf
I, .0 .0 .0 . .0 .0
12 659 035 .21 012 065—1
I3 039 . 323 513 068""1 035—1 )
14 372 042 023 -1-2 062_1
resultant 8,60 6.64 4,72 3,56 2.78
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TABLE 10

Comparison of Uncertainty Boundary

Altitude(km) |Without Shield(°K) |With Hot Shield(°K){With Cold ?hield(°K)
70 23.98 13.12 8.60
65 14.06 8.16 ~ 6,64
60 8.36 5.54 4,72
55 4.98 3.92 3.56
50 3.20 2.94 2.78
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V. CONCLUSIONS

The automatic computation of the running error of a measure-~
ment system, according to time-varying estimates of error in assumed
parameter values, provides a useful quantitative basis for system eval-
uation and improvement. A plot of the uncertainty boundary about the
nominal output value from a simulated system provides a clear graphi-
cal model of operational capability. The uncertainty envelope com-
puted along with the reduction of real data provides the user with a
convenient indicator of the quality of measurement results.

Results obtained for the current ARCASONDE 1A sensor indicate
that the system uncertainty exceeds the magnitude of the correction
for altitudes below about 53 km, so corrections tend to be meaningless
for this sensor in the stratosphere and below. The uncertainty appears
to remain greater than half the cerrection throughout the mesosphere
(50~80 km). The chief contributing factors to the overall uncertainty
are uncertainties in film absorptivity, emissivity, and aspect with
respect to the sun. The contribution of an assumed 1°K error in ac-
quiring the sensor temperature is the major contributor at low alti-
tudes.

The hypothetical addition of a simple cylindrical shield to
the ARCASONDE 1A sensor, while increasing its error, considerably im—
proves its performance in terms of g;eater accuracy after corrections.
Corrections may be needed to lower altitude, however, when a shield

is used. The increased radiant heat input from the relatively hot
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shield at 300°K limits the benefit of a shield. Reducing the shield
temperature to 250°K decreases error flux into the sensor sufficient
to considerably decrease sensitivity to hi and other parameters, as

well as to direct solar parameters.
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APPENDIX A

APPROXIMATION OF THE RESULTANT STANDARD DEVIATION

The following is a brief examination of the assumptions under-
lying the relation (Eq. 13) used in this dissertation to compute the
overall uncertainty in the corrected temperature.

Expansion of a function of n variables in Taylor's series

k
1] ¢ 5
£@ = [ 7| I te, 5| £® (a.1)
k=0 “* | j=1 < °Pj
Neglecting third-order terms and higher,
n n .2
=f + ) Lo+ L ) 2L
o j=1 Bpj V i 2 j=1 sz |
0 j 0
(Aa.2)
n n 2
9" f . .
* 1L 5 ‘ bpdp, (1 # 1)
i=1 j=1 °Pi°Py 0 .

where Apj is the variation of the jth variable from its expected value.
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The coefficients

of azf azf
f = > =b, , C,
o BpJ 3j ap2 j Bpiap. ij
0 j 0 0

are independent of the variation. The expected value of f is then
1 v 2 ‘
E[f] = a + 3 Z c,dj + .E .zl dij cov (Pi’ pj) (A.3)

The terms of the variance, cg = E[%z] - Ez[f] of £(p) in the

two-variable case are found as follows:

i Low? ko po?
f=a+ blApl + bzAp2 + > clApl + 5 czAp2 + dleplAp2

..l . 2.1_ 2
E[f] = a + 5 €197 T 5 €0, +dy, cov (Pl’ PZ)

Ez(f) contains 10 terms and E(?Z) has 19 terms. Their difference after

cancellation contains 21 terms.
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.2 2
= blc + b2

2 ;
o, + 2b1b2 cov kpl, pz]
3 3
+ blcl E (Apl) + bzc2 E (Apz)

2
+ (Zbld12 + b2c1> E (AplAp2>

i ) 2
+ <2b2d12 + blc2> E (AplApz)

2 2 2 5
+ 2d7, [# (AplApzw - cov (Pl’ pz)J

4

= N

‘/ 3 \‘ 2 / h
+ c,d iE { Apyhpy f = oy cov . P1° pz}—,

3% 2 / )
+ c2d12 E kAp1Ap2 ! 02 cov %pl, p2>}
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If, in addition to the implied initial assumptions that higher
order terms in the Taylor's expansion are negligible, it is assumed
that the distribution of the pj's are symmetrical so that E(Api) and
E(%pg) are small, that ¢, d -2 b, and that third and fourth-order mo-

ments are small, then the above rather lengthy expression reduces to

2

_ .2 2 2 2
o = blol + b202

+ Zblb2 cov (Pl’ pé)

The corresponding relation for the n~variable case is

2 2 B
o. = } bio,+2 L, b.b. COV’(P., p.) “ # 3
£oy2 34 i=1 j=1 *3 o

as can be seen by introducing additional variables from the beginning
and dropping small terms. An indication of the validity of Eq. 13 was
found by a Monte Carlo computation in which the p's were generated as
random variables. The resulting standard deviation of Tair’ using
normal and uniform distributions for the parameters, with cj = Apj/z
and p, - Ap, < p, < p, + Ap., respectively, is compared with o
3 N N Tair
from Eq. 13 in Table A.1l. Recall that uncertainty in Tair is compar-

able to twice the standard deviation. The tabulated results are those

of the unshielded ARCASONDE 1A, discussed in Section 4.B. The data

- 56 -



corrector routine was repeated 300 times, using subroutine (RANDN)
from the UNIVAC 1108 Math Pack as a source of random numbers. Corre-
lation between parameters was small. The comparison is considered
quite good indicating that the system equations accommodate the mag-
nitude of the given variation is such that the magnitude of the given

variation in parameters does not exceed limits of validity.

TABLE A.1

Comparison of Approximated and Simulated Op

air
Altitude | Approximation Simulation Simulation
(°K) (normal distribution) |(uniform distribution)
(°K) (°K)
70 11.99 . 11.71 11.65
65 7.03 7.00 6.98
60 4.18 4.16 4.14
55 2,49 2.48 2.47
50 1.60 1.60 1.59
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APPENDIX B

EXPRESSIONS FOR SENSITIVITY COEFFICIENTS

i
A. The —7 are computed as follows. Superscript i is ommited
op
in the right-hand members of the following statements since it is obvious.

i 2
f 1 \
ai—( N K)z (hb+HKK1)(Tb rb2c) El
by (B *HK
where
(pcD)y 3
El = —/— T+ (hb + boe, T + HK) T,
v2 4
- (éb rb EE;'+ 30ngb + qb + HKé> - HKQ Tf
L Y
i b 2
Sfl - _ cp
ari hb + HKKl
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9K, R K 3
i " on =Kt 9 (h +H1<K1) (HKST{'J“Kl 'é?)

== = - E2 LSS

i 2
on + | 1<,l> (hb + HKKl)

T

oH 9K dH
K 1 K
(ath >(h +HK) HP(HKah+Klah)

(b, + B, )

(@ 0 3, +HKKJ (s 3+ )

- T
2 £
)

where

a'>\’W - 2
dh (kd) A
w ww

My [y 2
SE;‘= -EE; C—Cz sz cosech AWQ + C2 coth AW%)

oA
h <+ 4ce T3 h Z sech A 2 tanh X 2
aKl w waw/ w ah

ahw 3 2
(% + 40oeT )
W aw
3
4boe T (; - sech A @}
W aw w

3 2
(h + 4ge T .)
W woaw
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A(h)=l—sech?x2
w W

2
B(h)=hr L S
w Wch:P AW W aw

o _ 1 Alh Yr Y— 4+ B(h ) % sech A &
oh wacp w W

cann 1,0 (2 )Jm ae, 1) - (e, ) 5(s,)

3
80 _ _ y sech A G4 tash ) 2 (ahw>

3 y2_ 4
E2 =— Tb (hb + 4ost b) b (hbrb e + 3oebT
V2
. 0 hW 5—;— (1 - sech AWJL)
of K _ D _ ‘
arl hb + HKKZL h + 40e T3
w w w aw
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fde

.._j_..:O
ahf

i
2
8rf

af

NER Y +lHK1<l (hbr P av)

[

where

3P ) hWrWV 1 -~ sech /\WJL

av c

D h + 4c¢ T3
W W aw

ast 1 aHK SHy

e 5 hb+4dabTb T-I-HK——'—P
BTb (hb +HKK1>

3 3K
N S 2, ok e S
3T T (HK 3T +Q8T> (h +HK1) El (3'1‘ Kt K

b b

where
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DA 12c¢ T2
W W aw

T aw(kd)W

BHK BAW 2 BAW
37 = Co G 37 coth A& - A (?osech Awé)l-gf—
b b b
3
BTaw -3 T2
aTb 2 Taw
aK
L. L h <+ 4o¢ T3 h sech A &
BTb 3 2 w waw/\ w W
(% + 4oe T )
W W aw
SKW ) 3T3
tanh AW%) 3 3T " hw(; - sech szjécew 5T
b b
BT4
aw 3
it - 2 T
b
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9P 1 a)\w

aTb = ; 5 (sech AWZ tanh «Wz) 2 E’].T,;
(h + 4o T )
W W

w a

1

v? 4 3
(hr——-+qW+30€T>+6<l—sech)\2)oeT
WWZCP W aw W W aw

Gx + 4o¢ T3>
W W aw

2

- (l-sec:h A R:)(hr y—-——+qw+30£. T4>6oe T21
w WWZCP W oaw Wan

A
2Q_ _ (sech » ¢ tamh x‘z) g =¥
aT W W oT

b b
af’ _ ocDy
i 6/h + HEK .
oT, b K1
E__8f L
1 3q, 1 11
N b
where
3T 1
aq, byt HE
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of
aft

where

of
of

fl

aft e

1l - sech A &
W

9q, by + B, B+ 4ceWT3 ‘

Bfi

2, Iy %9

aw

- 64 -



7 =0
23,
.
afi -0
255
i / 3T
pF _ _ 1 +.§8fl> b
W by + HKy kaTb W
b . b
4
i i . oT
gf = gf (}1313 + f1414)'*11~+-b K
fp 99, . b+ EEy
st art BH, oA
3e_  OH. 9 o
w K " w w

-+

N

8fl iaKl N aKl
aK Kaa A
1 w W

3 €

I3 , X Y, .
55t (2, 2P A L 2f 39 Ny

aP . 9%¢ 3y 9 ' 3Q 9dr  3e
W woow w oW

- 65 -



where

9fT 1
ot _ ' [(Tb P - ar)(n, + B,) - L KJ

K + H K

K1

i

of 1
- - | El

oK 2 [ i |

! (hb * HKKl) }
et _ Mg
0P by HKy
AT _ R
0Q  hy o+ HK
BH » ; 2
—= coth A 2 - A 2 cosech™ X &
24 2 W W w

w
oK h 2 sech A & tanh A £

1 o W W w
akw h + 40¢ T3

W W aw

3 = - % sech » & tanh A &
BXW w W
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oA 8cT
W aw

aew kw(kd)W

9K. -h (1 - sech A z) hoT>
W W aw

aew 3 2
(% 4+ 4oe T )
w W aw

1 - sech 2 &

aP

(? + H Kl)

2
hwrw 2c
5£
o0& 0
Bfa - 1 EL_
(h + HKKl)

+ q, + 305 T4

3

T+T"——

El

b BDb
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40T3
aw

oy

P — -

8Db

LA (h + hoe T )
2 aw \'w W aw

Bew 3
(£ + 40e T )
W W aw



where

3C, - (kD) D
aD. 3
b D,

5¢t Dy Tp

(oc)y, ~ 6 (b * 5&p)

DM, 5 5
af (h +1HKK1) - Hy aD - "HK' Te (3;15 Q+ ahw HK)

3H, 3Ky
(hb + HKKl) EL 3. K, + 355 3D Hy

where

3C k D
2 __wWW
3D 2

W Db
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A A
2D 2D
W w
SH. /3C 31\ 34
R i 2 W A 2
— | —— ) — A - j ——
=5 KBD O )coth & "6 At 3D cosech -
w W w w
3K h , 3
anl = L rsech 4 2 tanh A 2\} [ —S-D—W
w h_ + b4os T hd v Tw
w W aw
2 -,
‘h r . q_ + 3ce T4
3P W w 2c W woaw,/ , a«\W
D P 3 '&sech Awﬁ tanh AW2> 2 3D
Tw h + 40 T - w
W W aw
N ) \ o
209 .y »oe A —
D \_\sech W,Q tanh WQ, ) ¢ D
w : w
i l ; 2H 3H ) > i
aft _ 1 T S SN SN s SN B L
ok ’ 2 "b ok K 2k ok f\ak 3k HK}'
“h, + HKK o w W W W w /
S b 1 ; 5 !
| ‘
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where

3c, % )
_ W

3k w T Cg 3x Jeoth ALk = Cy ALl =
w w w

b L 9A
3 i‘sech AWR tanh kwi, 2 SEE-
h + 40 T b W
w W aw

™

W//

It

s 2
{h r Y-—---+ q _+ 3o¢ T4 )
\ W W 2c W w a

h + 4o¢ T3

w W aw

DA

N

- (éech A % tanh A 2} 2-—11
w W

isech * 2 tanh * %
w w

ok
W
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i oH ?
ey (- ®) 5 - e B m (R 0 ey + mx,)
K1

9H oK
K 1
- El (az K+ E az)

where
oH
K _ 2 2
YRl C2 A,W cosech AWSZ,
aKl hwrw
22 = 3 sech A,WR, tanh >\W.Q,
h + 4oe T
w w aw
v2 4
(hr —+qw+305T >k sech A £ tanh A &
ww 2¢ W aw W W W
3 _ p
9% h + 4o¢ T3
W W aw
-8—0‘=—)\ sech A & tanh A 2%
oL w W W
_f
dpe)g
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of

of

of

of

af

o0

of

2a

of

o

24

34

11

21

31

Y
aqb

aft

. H ) 1 - sech AW!L\
26 74 \by *HE )\ 4 40e T3
w W aw

<f11 I+ 12)

(%21 I, + £, 12)

- 72 -

%24 14



i i i

T %e fuou et om
1 Y 9,
i i i

" %e T12 %12t B f22 %
2 Y 9,
i i i

gi = gf f13 %93 F gf £73 993
3 % 9,
1 i i

gi = gf’ £14 %94 F gf 24 %94
4 Y %y

i . .
B. Computation of ET . Grouping the set of quantities HI:;’ K;,

3T

) N f
PlQl as elements of a vector G

a
+

Hh b
e

N

e
_=h
Fh
w
g
.

2
2]
[—I.
/—H\
Fh e
g

l—l-
N——

Pol
He
!
Hh
tiev)
.
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. . i
9fT  aft 3G
A 1
3T, 3G OT,

et g .
T and —= are given as follows:

3G 9T

where

el (af 5 of af)
s * £ H
oi  \PH * DK > 3Q > 9P

~

ggK - (hb +;HKK1) [(?b -P-Q Tf)(%b + HKKi) - El Kl]

of

T ey

a8 ____ &

3P hb + HKKl
3t _ "k T

) hy + HK,
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oty
BTf
Z)Kl
STf
3"
==
3T
£ 9P
BTf
Q.
L an
oty
_BT_ = C2 (c.oth Xwﬂ’ -
£
aKl 1

2 a0,
A & cosech A 2) E—
w w

i
BTf

oT
£ (h + 4oe T3 )
W W aw

3

(h + 40¢ T3>(h sech A &
2 w W aw W w

A

tanh A 2\‘ L —% - h (l— sech A 9,) 6o¢e Tz
w ) W w W aw

2

B
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i A
W
; 5 (éech XWQ tanh iw%) 2 3T
)

(? + boe T £
W . W &

3P _ 1

BTf

v2 4 3
<% r T + q, + 30e¢ T ) + 6(; - sech A z) oe T
WwwW 2cp W aw ] . w W aw

3 . V2
(é + 40e T ‘> - (1 - gech A i) hr —+ q,
w W aw w ww 2cp

+ 3o¢ T4i> 6o¢c T2
W aw W aw

A
QL 2 sech A & tanh A & L
oT W W BTf

where

3\ 120 T
Wo_ W aw

b
8Tf (kd)W Ay

i i i
C. ?g s ?g*’ , and ——35——— are computed as follows, this
i-1 i-1 i-1
oT¢ 0T iy 3p

case omitting superscript i - 1 in the right-hand members.
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8Atoe

2 g .2t £ .3
ST; -1 (pcD)f f (pcD)f f
i
38 _ 5 _At
8T1,_ 1 f (pcD)f
air
og __ _2ne . v: o T 4T ‘\
i-1 (pcD) f 2¢c f air
ahf £ P ;
Bgl 2At V2

Bg; - 2At hor v
v (pcD)f £f°f cp
i
%8 _ _ E3
d(pc) 2
f ( c)f Df
dg  _ _ ___E3
aD,. 2
£ (pc)f Df
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where

2
3 v
Ey = - 2At(hf + cefo) T, + 2At< +her, 5 P)+ 20t hp T .
(1) o m)
af qu %31 “1

e (1) 6 )

o (3] (o 1)
3f,, aqf ®33 %3

i i
2y (%2L{> (é i )
8f34 qu 34 °f

where

agl - 20t
9q;  (peD)
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agt _  _24t 4

]

T

asf pc Df £
i i

ag .28 £, 04

aIl aqf 1
i i

g _ %8 .

812 aqf 32 732
i i

28 = 2 f o

313 aqf 33 733
i i

9g _ g .

314 aqf 34 734

_1;__ 28" (;

aa aqf 31 l

i
e (
T aq, \f33 T3 * f3y 14)

32 Ié)
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APPENDIX C

SENSITIVITY OF TIME INVARIANT PARAMETERS

The computation of the sensitivity coefficient for constant
parameters is a special case of the computation for time variant param-
eters.

Suppose the system is described as

aX1+1 } 8fl
Bpl Bpl
axt T L _fT %
apl 1 3Xl 5 i-1
x>t ot axt axt 1
apt =2 axtoaxt 1 Bpl_z
S T S S
3p° axt axt ™1 axt T2 3p°
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Now if pl = pJ for i # j, then pl and p:l are completely correlated, then

. ) % 8X:L-!-l .
i+1 .= j j
Tair j=0 op P
Assuming o , = 0O
ki P
p
) ] Jz_ 3Xl+la
i+1 . J P
Tair J op
T ) &
8pl aX:L 5 i-1
ael axt axtT b oaft axt axtloaxt 2
t Ty T i1 1-2t T i i-1.4i-2_1i-3
aXt X 3 ax* X 90X op
pet axt axt Tl 3x% axt )
tTT T i1 iz T T o
axT X ax ax— °P P
T D N i il B S S i
=\ i1t 1 i-1 7T i-1|.1-2%74i-2_1i-3
5p ox | ap X ap 9xX ap
axt~ 1 %% axt
+-..+ ._2 oo-—-—]-—a
ax- ax- °P P
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i i-1 i-1 i-1 i-1 i-2

3f"  of 3f of X 9X 9x
o op T i-1| 8 T i-2 3
P 39X P 9X P 9X p
oxi— 1 3% oxt
+ . Y . + _2 . . @ ——— ————— [o]
X+ ox+ 9P p

The coefficient of cp is the solution of the following difference equa-

tion:
sttt oaet o ast ot
5p  op ' .1 op
P X
Therefore
aXl-l-l i aX1+1
i+l ap 01JzE 5 °p
Tair =0 op
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APPENDIX D

RADTATION HEAT TRANSFER

The radiative heat input power to the sensor is given by the

general expression,

( ( | cos ©
Aqy = | | J —a, &, E(T) d) do dA (D.1)

where

a, = spectral absorptivity of the body

(Y]
1

A spectral emissivity of the source in dQ

plank radiant energy spectral distribution function for

S
>
~
3
N
]

the source in dQ at temperature T

A = solid angle subtended by the environment

A = total sensor surface area

® = angle between sensor surface element dA and the direction
toward dQ

) = radiation wavelength

Consider the four principal envirommental radiation sources seen by
the sensor:

j=1 sun

j = 2 earth and atmosphere és a source of reflected solar

radiation
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j = 3 earth and atmosphere as a long wave source

| 4 sonde parts (including shield) in view of the sensor

Assuming the radiant emittance

oo

I = J( )3 EbA(Tj>d>\ (D.2)
0

and the mean absorptivity

I % &g be(Tj) a

. T
. 3

are independent of the angle (taken as an appropriate mean value, if

necegsary and practical, for this asgumption), then the geometric

factor, £,
J

f, = %‘J J cos 6 dA -l (D.3)

may be calculated separately and treated as a multiplicative factor,

and the radiation input term takes the form
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Geometric Factor ?j

A.

f £ £

1,17 72,1 73,1

(D.4)

(geometric factor with respect to the

sun). The solid angle subtended by the sun is sz/D s
s’ es

where RS is the radius of the sun and Des is the distance

between the earth and the sun.

D.3

The computed value of £, is

i,1

fl, 4 f2, 4 f3’ 4 (geometric

sonde) . Figure D.1l shows f4(60

Then, referring to Eq.

g dA

listed in Table 3.
factor with respect to the

) for the three shapes when

the sonde surfaces occupy a '"polar cap' with half-angle

eo as shown in the figure [14,

are given by

Fh
It
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Fig. D.l. Geometric factor for the three sensor
shapes of a circular region located
90 degrees from the sensor axis sub-
tending half-angle 90.

for the sphere and plate, respectively, and by numerical
tables from Ballinger [1, 1960]. A half angle of 35°
approximates that for the ARCASONDE 1A.

fl,3 ’ f2’3 s f3’3 (geomgtrlc factor for thermal radia-

tion from the earth). The geometric factors associated

with the earth long-wave radiation are computed by the
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Radiant Emittance 1.

method used for fi,4 . Nominal value of f.’4 is computed,
based on vy = %'and.the uncertainty is due to the fact that
the parachute might have a coning motion which varies vy.
fl,2 s f2’2 , f3’2 (geometric factor with respect to earth
albedo). Unlike the thermal geometric factor, the albedo
geometric factor is dependent on the position of the sun.
The values presented in Table 3 are based on the assumption

that the sun is high enough to illuminate essentially all

of the earth under the sensor.

J

Values for the radiant emittance, Ij’ together with an estimated

uncertainty for each source, j, are as follows:

res ’ 7 2
Il =\ S = 6.456 x 10" watts/m" % 1%
s

JIn the calculation of Il’ L is the mean earth-to-sun dis-

tance 9.29 x 107 mi, T, is the radius of the sun 4.32 x lO5

mi, and S is the solar coanstant,

o«©

2 g
S = j N Ebk dx = 1396 watts/m~ % 1% [8, Johnson 1954]
0

12 = a8 = 460.7 Watts/m2 i 36%

Here, a is the albedo of the earth. It has been estimated
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that clouds can reflect back to space 50 percent or more
of the solar flux and absorb another 20 percent. The
portions of the earth covered with water reflect about 5
percent of the total radiation reaching them, and the
land masses, on the average, reflect slightly more [12,
Snoddy 1965].

Therefore, cloud cover becomes a very important fac-
tor in determining the earth's albedo. P. F. Clapp [3,
1962] presents cloud cover data using Tiro's nephanalysis,
showing cloud cover for various seasons at different lati-
tudes on the earth. By averaging cloudiness for the four
seasons, assuming values of reflectance of clouds and the
surface of the earth, curves of albedo versus latitude were
obtained. From this information it was possible to make
some estimation of the effect of cloud cover on albedo.
Assuming that clouds reflect 50 percent and the surface of
the earth reflects 5 percent, the average albedo is about
0.33, with a variability of £ 0.12 or 36 percent.
13 = 233.8 watts/m2 + 207
The earth's long-wave emittance depends on the surface tem—
perature and it's emission characteristics. Neglecting
details of the planet surface, it is possible to compute
the average energy radiated by a planet using a thermal

balance based on the solar radiation absorbed by the planet.
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As the temperature of most planets do not vary appreciably
over extended periods, it can be concluded that the ther-
mally radiated energy is equivalent to the absorbed solax
energy.

Using S as the solar heat flux per unit projected area
of the planet (as seen from the sun), a as the planetary
albedo, R as the planet radius, and I as the thermal energy
radiated per average unit planet area and time, the energy
balance is

(1 - a) STrR2 = fﬂRZI

or

13 for the earth computed by this method equals 233.8
Watts/m2 * 20Z, using 36 percent variability in a. Actual
measurements of earth long-wave radiation have been made
by Tiros II (1960) and Tiros IV (1966). Bandeen [2, 1961]
analyzed the Tiros II data, and the results fall within
this 20 percent uncertainty.

I, = 458 watts/n + 15, £ 3% (shield)

The radiant emittance of the sonde can be found by using

the relation I4 = GETZ. T4 is assumed to be 300°K and
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€, = 1.0, Small f4 renders this magnitude essentially in-
significant. In the case of the shield, however, f4 is

much larger, but T4 is assumed measured to within 2°K, and
the shield interior is assumed black, both by its coating

and by the effect of reflections within its concave interior

surfaces.
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APPENDIX E

SIMULATION PROGRAM

Fortran V was used to program the simulation study discussed
in Chapter IV. The organization of the programming is summarized in
the flow diagram, Fig. E.l.

In the main program the environmental conditions are estab-
lished, and thermal properties of the sensors are assigned. Initial
conditions and uncertainties of each parameter are also stated in the
main program.

Subroutine TRAJ generates the motion of the parachute with
given initial conditions and parachute dimensions. Subroutine ATMO is
called from TRAJ to find the necessary atmosphere conditions at a given
altitude. Computation will be terminated when the parachute reaches to
a lower limit in altitude.

Subroutine SIMULA is called and the temperature of the sensor
is computed. Subroutine HANDR is called from SIMULA to calculate nec-
essary values of h and r.

HANDR subprogram calls ATMO for necessary atmosphere conditions.
INTRE and INTKN are called from HANDR to calculate uncertainties in h
and r..

After SIMULA computes T

, subroutine REDUCT is called and T ,
b air

is computed. The uncertainty boundary of Tair is also computed in

REDUCT.
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START

MAIN

Read in atmosphere
table and sensor

properties
N
e
/
TRAJ ATMO
Parachute motion & Interpolation of
is simulated atmosphere table
WV ]:
SIMULA HANDR
Sensor system P h and ¥ are
is simulated. D

Tb is computed

computed at the
giyen condition

Y

REDUCT

T

air

is computed

from given T. Also

the
T

air

uncertainty of
is computed

N
\2 :
INTRE INTKN
Uncertainty Uncertainty
of h is of r is
computed computed

STOP

Fig. E.l.

Block diagram.
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