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ABSTRACT 

A method of computing error bars, i.e., a running estimate of 

the overall uncertainty, for the temperature profile from a thermistor- 

type meteorological rocketsonde is presented. The resultant uncer- 

tainty is derived from estimated uncertainties in the parameter values 

assumed in the mathematical data correction relations. The "uncer- 

tainty boundary" is defined and the method of combining uncertainties 

is discussed. 

A computer program in FORTRAN V is developed which computes 

corrections and uncertainties for real flight data. Simulated flight 

data is generaced and used for illustration. Nominal values and un- 

certainty estimates for the parameters are those assqciated with the 

ARCASONDE 1A film-mounted thermistor sensor system. 

Quantitative results reveal the relative sensitivity of the 

corrected temperature to the various parameters. Sensor improvement 

with the use of a radiation shield is illustrated in terms of reduced 

uncertainty boundary. 
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GLOSSARY 

a = albedo 

A = t o t a l  body s u r f a c e  

c = s p e c i f i c  heat of bead, w i f e ,  QX f i l m  

c; 

D = diameter  of bead, w i r e ,  or t h i ckness  of film 

= s p e c i f i c  h e a t  of air 
P 

= d i s t a n c e  between the e a r t h  and t h e  sun 

= plank r a d i a n t  energy s p e c t r a l  d i s t r i b u t i o n  func t ion  f o r  %bi lT)  

t h e  sou rce  i n  dQ a t  temperature  T 

f 

g = g r a v i t a t i o n a l  a c c e l e r a t i o n  

= geometric f a c t o r  for ith body wi th  respecl: t o  j t h  sou:rce 
f, Q 

h = convect ive h e a t  t r a n s f e r  c o e f f i c i e n t  

I 

k = thermal conduc t iv i ty  of t h e  body 

= r a d i a n t  emi t tance  of Qth source  s 

R = l eng th  of t h e  w i r e  

m = mass of t h e  parachute  and t h e  rocketsonde 

4 = r a d i a t i o n  h e a t  i npu t  

r = recovery f a c t o r  

R = r a d i u s  of t h e  e a r t h  

= r a d i u s  of the sun 
RS 

S = solar cons tan t  

T = temperature  of bead,  w i r e ,  OH f i l m  

= temperature  of t h e  a i r  

= measured va lue  of T 

Tair 

Tm b 
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= senso r  temperature  
TS 

= temperature  g rad ien t  a t  t h e  bead w i r e  j u n c t i o n  

= recovery temperature  Tr 

V = volume of bead, w i r e ,  o r  f i l m  

V = a i r  speed 

W = e lec t r ic  power d i s s i p a t i o n  

a = long-wave a b s o r p t i v i t y  

a = s o l a r  a b s o r p t i v i t y  

a = a b s o r p t i v i t y  of i t h  body wi th  r e s p e c t  t o  Qth source  

S 

i, 3 
= s p e c t r a l  a b s o r p t i v i t y  x a 

- 
a = mean a b s o r p t i v i t y  relative t o  t h e  j t h  source  

= r a d i a t i o n  inpu t  p e r t u r b a t i o n  f a c t o r  
j 

5 
E = emiss iv i ty  

= s p e c t r a l  emis s iv i ty  

= s o l i d  ang le  subtended by t h e  environment a t  t h e  source  

A E. 

52 

8 = ang le  between senso r  s u r f a c e  element dA and t h e  d i r e c t i o n  

toward d52 

x = r a d i a t i o n  wavelength 

CT = Boltzmann cons tan t  

R CT 

R rl 

P = m a s s  d e n s i t y  of t h e  senso r  

= s t anda rd  d e v i a t i o n  of parameter p 

= mean va lue  of parameter p 
PR 

PR 

= c o r r e l a t i o n  c o e f f i c i e n t  between pR and p, 'I,, m 

- v i i i  - 



Subscr ip t  
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I INTRODUCTION 

In order to increase the altitude capability of rocketsonde 

atmospheric temperature sensors, many different sensor configurations 

have been considered and developed. 

Evaluation of sensor performanee is necessary in order to com- 

pare sensors and improve the sensor system. 

mathematical modeling approach to the theoretical study of immersion- 

type thermometer sensors used in current meteorological rocketsonde 

systems 

This study employs the 

Figure 1 represents the system block diagram of a temperature 

Tair 2 
measurement system, Input to the system is air temperature, 

which is transformed to the temperature of the sensor, Tse 

of Ts is different from T 

lowing error sources: 

1. Radiation 

2. Aerodynamic heating 

3 .  Heat conduction 

4 .  Self heating 

5. Thermal time lag 

The value 

due t~ heat flux associated with the fol- air 

transmission corrector 

Fig. 1. Temperature measurement system. 



T i s  then  converted t o  t h e  frequency of a blocking o s c i l l a -  

t o r  and re layed  t o  a ground s t a t i o n  where t h e  s i g n a l  is d e t e c t e d  and 

recorded. This temperature ,  

no ise .  Commonly, t h e  d a t a  is  f i l t e r e d  and e d i t e d  t o  re ject  n o i s e  and 

S 

i n  genera l ,  con ta ins  measurement Tm 3 

- 
spur ious  va lues  and t o  o b t a i n  an  improved r e p r e s e n t a t i o n ,  Ts, of t h e  

senso r  temperature.  F i n a l l y ,  computed c o r r e c t i o n s  based on phys ica l  

knowledge of t h e  senso r  and environment l e a d s  t o  t h e  co r rec t ed  a i r  

temperature  
- 
Tair 4 

Phys ica l  knowledge of t h e  sensor  system is  embodied i n  a 

mathematical  model of t h e  form 

where p i s  a vec to r  n o t a t i o n  r ep resen t ing  t h e  set  of parameters  used 

i n  t h e  thermistor h e a t  equat ion ,  From Eq. 1, a n  inve r se  f u n c t i o n  is  

.., 

der ived  and i s  used f o r  d a t a  r educ t ion  us ing  parameter estimates 
.., 

The b e t t e r  system i s  gene ra l ly  considered as t h e  system which 

However, i f  a c c u r a t e  has  t h e  smaller d i f f e r e n c e  between T 

informat ion  is known about each parameter ,  

small u n c e r t a i n t y  by Eq. 2 ,  r e g a r d l e s s  of t h e  d i f f e r e n c e  between T 

and Tair. 

and Tair. 

Tair  

S 

can be  computed wi th  

S 

The b e t t e r  system is  a c t u a l l y  t h e  one which has  t h e  smaller 

- 2 -  



air uncertainty in T 

In the following, a method is developed for computing the un- 
- 

certainty in T 

the ARCASONDE 1A meteorological rocketsonde temperature sensor. 

due to parameter uncertainties, and is applied to air 

- 3 -  



11. DESCRIPTION OF THE ARCASONDE 1A TEMPERATURE MEASUREMENT SYSTEM 

In the following two sections, a mathematical model of ARCA- 

sonde 1A temperature sensor and data correction system will be derived. 

The configuration of the ARCASONDE 1A sensor is shown in Fig. 2. 

tail dimensions are listed in Table l, page 27. 

De- 

Attached to a parachute 

Instrumentation Package 
I I 

f 

I 
A’ /., 1 /”.” I t” 

, ., ,’ 

’ ,  /’ . ...--- ,/’ 

Ele ct r i e 
conductor 
Ele ct r i e 
conductor 

40,000 Ag film 
(this side of 
Mylar substrate) 

Bead thermistor 

1/16 inch 
phenolic board 

Mylar (1 mil) 

40,000 Ag film 
(the other side of 
Mylar substrate) 

Fig. 2 .  ARCASONDE 1A thermistor sensor. 
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2.1 Mathematical Model of ARCASONDE 1A Sensor System 

The temperature which is read by the electronic circuit in the 

sonde is that of the thermistor bead, i.e., T of Fig. 1 is T in the 

present discussion. The bead temperature is influenced by heat con- 

duction from the wire, which is proportional to the temperature gradi- 

ent in the wire at the point of contact with the bead. Using the bead 

and film temperatures as boundary conditions, the temperature gradient 

in the wire can be obtained. 

S b 

The heat balance equations for the bead, wire, and film are: 

(Bead) 

T r 2  - D T’ 
+ 2kw 4 w wb 

(wire) 

- - ) + %Aw - AwocWTW 4 + Ww 
TW 

P 

aTW 
(PCV), at = hwAw 

2 
W 

a~ 

ax 
- 

+ kwvw 2 

- 5 -  



(Film) 

4 
+ Wf f f f  + qfAf - A UE T (PCVIf at aTf = hfAffair + rf 2~ V2 - 

P 

a 2 ~ f  a2Tf 

+ kfVf (z + 

where subscript b, w, f indicate bead, wire, and film, respectively, 

where 

p = mass density of an element 

c = specific heat of an element 

v = volume of an element 

h = convective heat transfer coefficient 
' 

Twb = temperature gradient at the bead and the wire junction 

r = recovery factor 

V = relative speed of air 

= specific heat of air 
P 
q = radiation heat input 

A = surface of an element 

W = self heating 

k = thermal conductivity 

0 = Stefan-Boltzmann constant 

c 

D D D = diameter of bead, diameter of wire, thickness of film, 
b' w' respectively 

E = emissivity 

- 6 -  



These equat ions are coupled by conductive boundary condi t ions  a t  sur-  

f a c e s  of contac t .  

The r a d i a t i o n  environment is  considered i n  four  p a r t s ,  desig-  

na ted  by t h e  s u b s c r i p t  j = 1,. .., 4 ,  according t o  r a d i a n t  h e a t  sources  

as fol lows:  

j = 1 d i r e c t  s o l a r  i l l u m i n a t i o n  

j = 2 i n d i r e c t  s o l a r  i l l u m i n a t i o n  

j = 3 e a r t h  r a d i a t i o n  

j = 4 sonde r a d i a t i o n  

The r a d i a t i o n  inpu t  t o  a s u r f a c e  element of t h e  senso r  system 

i s  represented  by 

4 
I = 1 ai , j f i , j  j 

j =l q i  

where 

a = r a d i a t i o n  a b s o r p t i v i t y  

f = geometric f a c t o r  

I = r a d i a n t  emi t tance  

and s u b s c r i p t  i = 1, 2 ,  3 i n d i c a t e s  t h e  senso r  p a r t  (body) b ,  w ,  f ,  

r e spec t ive ly .  

is  given i n  Appendix D.  

More complete d i scuss ion  concerning r a d i a t i o n  t e r m s  

It i s  no t  p r a c t i c a l  t o  s o l v e  t h e  nonl inear  simultaneous par- 

t i a l  d i f f e r e n t i a l  equat ion.  The fo l lowing  assumptions have been made 

- 7 -  



in order to simplify the computation: 

1. Time constant of the wire is very small compared with that 

of the film and the bead. Therefore, we can assume 

2. Temperature of the film is not influenced by heat exchange 

with the wire. 

3. Temperature distribution of the film is assumed to be uni- 

form near the film-wire junction. 

By the above assumptions, Eqs. 3.a, 3.b, and 3.c are simpli- 

fied as follows: 

(Bead and wire) 

(Film) 

where 

- 8 -  



X = % (KITair + P + QTf - Tb) 

hw(l  - sech AWE) 

3 K =  
hw + 4 a ~ ~ T ~ ~  

P =  0 

hw + 4 a ~ ~ T i ~  

Q = sech hwR 

These c o n s t i t u t e  a set  of two simultaneous d i f f e r e n t i a l  equat ions  re- 

p resen t ing  t h e  sensor  system. 

- 9 -  



2.2 Data Correc t ion  System 

From Fig.  1, t h e  d e s i r e d  air  temperature ,  Tair, i s  obta ined  
- 

by c o r r e c t i n g  t h e  d a t a ,  Tb,  r e p r e s e n t i n g  t h e  sensor  temperature ,  Tb. 

The requi red  mathematical  express ions  are obtained from Eq. 4.a and 

4.b, which expressed i n  one-step f i n i t e  d i f f e r e n c e  form are: 

P 1 

b -I 

where s u p e r s c r i p t  i i n d i c a t e s  t h e  t i m e ,  and 

- 10 - 



hi (i - sech iii) 
3 

-i W W 
K1 

= 

.” i- Gi = sech X R 
W 

~t = sampling i n t e r v a l  of Ts (uniform) 

-0 -0 
Assume t h e  e n t i r e  sensor  system i s  i n i t i a l l y  uniform, i .e . ,  Tf = Tb. 

- 11 - 



i Solution proceeds in time steps by computing alternately, Tf9 then 

'air 

together with the simulated sensors as it was prcgrammed f o r  use in 

i A schematic representation of the data correction process, 

this study, is shown in Fig. 3. 

(Sensor system) (Data correction system) 

Fig. 3. Complete system description of 
ARCASONDE 1A measurement system. 
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111. PROPAGATION OF UNCERTAINTIES 

A method of generating the uncertainty boundaries for the 

discussed in the previous corrected air temperature function, 

section is developed as follows. Successful assessment of variance 

Tair 9 

in !i will require error examination in four categories: air 

1. Dimensions and properties (manufacturing variability). 

2. Data handling (measurement errors). 

3. Environmental parameters. 

4 .  Approximations in the thermal analysis (model errors). 

Uncertainty associated with error in the basic mathematical model of 

the sensor is assumed negligible. 

3.1 Uncertainty Definition 

The corrected air temperature is a function of a set of param- 
- 

eters, p .  

Estimated value f o r  the parameters are obtained from: 

1. Specific laboratory measurements (such as for sensor 

emissivity, wire length). 

2. In-flight measurement (skh as for air speed). 

3. Past experimental data (such as for earth albedo). 

- 13 - 



4. Theore t i ca l  c a l c u l a t i o n s  (such as f o r  geometric f a c t o r s ,  

convect ive c o e f f i c i e n t s ) .  

Suppose t h e  e r r o r  i n  a parameter estimate is  def ined  as t h e  

d i f f e r e n c e  between t h e  es t imated  va lue  and t h e  t r u e  va lue  of t h e  

parameter.  Suppose f u r t h e r ,  t h a t  es t imated va lues  f o r  a given f l i g h t  

are der ived  independent ly  by many s u f f i c i e n t l y  q u a l i f i e d  i n v e s t i g a t o r s .  

The es t imated  v a l u e ,  and t h e r e f o r e  t h e  e r r o r ,  would e x h i b i t  some sta- 

t i s t i c a l  d i s t r i b u t i o n ,  analogous t o  t h e  r e s u l t s  from a m u l t i p l e  sample 

experiment. The s t anda rd  d e v i a t i o n  and t h e  mean of t h e  es t imated  va lue  

may b e  def ined  as they are f o r  a m u l t i p l e  sample experiment.  I f  ti is 

t h e  est imated va lue  of a parameter from many d i f f e r e n t  i n v e s t i g a t o r s ,  

then  t h e  mean and s tandard  d e v i a t i o n  is  def ined  as 

-I- 

n = i pi f(pi) dpi = 5 
P, i 

i' where f(pi)is a d e n s i t y  f u n c t i o n  of p 

If n and a are given for, each parameter i n  Eq. 6 ,  riT 
P i  P i  a i r  

can  b e  computed, I f  T i s  d i s t r i b u t e d  normally,  one a i r  and CT 

can expect  t o  f i n d ,  can be  conf ident  of f i n d i n g ,  t r u e  T l y i n g  
Tair 

a i r  

- 14 - 



i n  t h e  i n t e r v a l ,  T f 20 95.45 percent  of t h e  t i m e ,  It is  ex- 
Tair  a i r  

peeted t h a t ,  i n  f a c t ,  T t ends  t o  b e  d i s t r i b u t e d  normally because 

of t h e  c e n t r a l  l i m i t  theorem. The unce r t a in ty  boundary ( o r  simply 

a i r  

uncer ta in ty")  is  def ined  as k 20 of t h e  nominal va lue .  11 

3.2 Uncer ta in ty  D i s t r i b u t i o n  

Though t h e  d i s t r i b u t i o n  OF t h e  es t imated  va lue  of a parameter 

may be conceptua l ly  def ined ,  i t  is  r e a l l y  known q u a n t i t a t i v e l y  f o r  t h e  

parameters i n  t h e  p re sen t  d i scuss ion .  For some parameters t h e  uncer- 

t a i n t y  is  given i n  t h e  form of p If  only l i m i t i n g  va lues  are 

known, t h e  worst  case method i s  sometimes used,  The worst  case method 

i s  a n o n s t a t i s t i c a l  approach t h a t  employs t h e  p o s s i b l e  extremes of 

t h e  parameters.  

C Apia i 

This  u sua l ly  g ives  a n  u n r e a l i s t i c a l l y  p e s s i m i s t i c  r e s u l t .  Even i f  

they  are s t r o n g l y  c o r r e l a t e d ,  tbe assumption t h a t  t h e  a l g e b r a i c  s i g n s  

of a l l  terms are t h e  same is  noc s t a t i s t i c a l l y  j u s t i f i e d .  

In o r d e r  t o  ob%ain a more rea l i s t ic  unce r t a in ty  boundary, 

t h e  concept of "uncer ta in ty  d i s t r i b u t i o n "  w i l l  be  introduced.  

and McClintock [ 9 ,  19531 app l i ed  t h i s  ccmcept t o  desc r ibe  u n c e r t a i n t i e s  

i n  single-sample experiments,  

Kl ine  

- 1 5  - 



Suppose t h e  v a r i a b l e  pi i s  expressed by pi f Ap., where t h e  
1 

value  Api i s  an  es t imat ion .  An equiva len t  express ion  is t h e  fol lowing:  

.(Pi L P i  + APi) 1 

(Pi I pi - Api) 2 0 

I f  w e  de f ine  F(X) e= P , t h e  above express ion  can be  shown 

g raph ica l ly  as i n  Fig.  4 .  

Fig.  4 .  Pseudo d i s t r i b u t i o n  curve. 

Even i f ,  between p - Ap and p.  + Ap t h e r e  i s  no information,  a i i 1 i’ 

- 16 - 



pseudo d i s t r i b u t i o n  may b e  imagined. 

The corresponding pseudo d e n s i t y  f u n c t i o n  may t hen  b e  def ined  

as .f(X) = dF(X)/dX. One might f e e l  t h a t  t h e  pseudo d i s t r i b u t i o n  is 

I I 
I I ;  

I 
dF (X) 

I 

F ig .  5. Pseudo d e n s i t y  func t ion .  

uniform f o r  some parameters.  For o t h e r  parameters ,  however, i n t u i t i o n  

may suggest  t h e  e r r o r s  are more l i k e l y  near  t h e  c e n t e r  than  near  t h e  

ends of their r e s p e c t i v e  ranges.  Therefore ,  one might a t tempt  t o  simu- 

l a t e  t h i s  f e e l i n g  by assuming t h e  d e n s i t y  f u n c t i o n  t o  be approximately 

normal, and Api t o  be 2a [ a ,  E isenhar t  19631. 
P i  

3.3 Propagat ion of Unce r t a in t i e s  

Now t h a t  w e  have est imated 

t o  relate t o  t h e  CT i n  accordance 
P i  

(o r  imagined) o , t h e  next  s t e p  is  
P i  

with oT , Eq. 6. Papoul i s  [lo, 
a i r  

19651 d iscussed  an  approximation f o r  t h i s  r e l a t i o n  f o r  t h e  case of two 
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parameters. The idea is easily extended to n parameters (Appendix A ) .  

where 

m m  

-m -m 

= !J..a (5 
1 J  Pi Pj 

The validity of the above equation depends on the nonlinearity of 

f(pl, p2,. . . , pn) and the distribution of the parameters, but the ap- 

proximation error within a sufficiently small range of the parameters 

is assumed to be small compared with the estimation error in the (5 . 
Pi 

Thorough mathematical study of the approximation error is 

beyond the scope of the present discussion, but Monte-Carlo simula- 

tion studies indicate the error is small in the ARCASONDE 1A system 

for a considerably large range of the parameters. 
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IV. UNCERTAINTY BOUNDARY OF ARCASONDE LA SYSTEM 

air ' The method of generating the uncertainty boundary in T 

which was discussed in Chapter IIIy will be applied to the ARCASONDE 

1A system which was introduced in Chapter 11, 

4.1 Expression of Uncertainty Boundary 

Equations 5 . a  and 5.b can be expressed in the following form: 

k = lY.. i 

where the input parameters include the sensor temperature Tk 
subscript j denotes the particular parameter, and k denotes the time. 

The be 

Applying Eq. 11 to Eq. 12 gives 

, is called the sensitivity coefficient [16, Tomovie 19621 The term I - 
m 

and contains inform9tion about the system. CT and cov (piy p:) are 

a f i 
\apj I 

j 
Pm 
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independent of the sensor system and the values are estimated according 

to conditions at each point in time. 

4.2  Sensitivity Analysis 

i In order to obtain the value of oT , the sensitivity coeffi- 
ai r 

cients have to be computed for each parameter at each preceding time 

point. Therefore, at each time i, we have to compute i x n sensitivity 

coefficients. One might consider this a very time consuming process 

for a system of many parameters and over many points in time, but 

actually - afi + 0 when (f - j) -f m, therefore, older terms become neg- 

ligible. 
aPjd 

air The sensitivity coefficient - indicates the effect on T air aP: x at time i of variation in p at time j. As shown in Fig. 6, an error R 

Tair 

i 
L . 1  

(true value) 
I , I  Tair 
I /  

i 

i 
aTair Fig. 6. Graphical description of 
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in p 

Tair 0 

at time j will have a diminishing effect on succeeding values of R 

Sensitivity coefficients are computed as follows. Equations 

5.a and 5.b may be written in the form 

Ti air = f(Ti, Ti) (14.a) 

(14 .b) 

where 

Assume the sensitivity coefficients have been computed up to 

the time (i - 1). Let already computed quantities be enclosed in pa- 

rentheses. Only the bracketed quantities need be computed at the ith 

point in time. For the parameter, pI(;  
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i i 
-- aTair 
aTair aP; ---=[%I "Pjd 

f o r  t h e  ARCASONDE 1 A  are l i s t e d  i n  Appendix B. Expression € o r  t h e  - af i  
aPi 

where 

' a g i  j(r:L:) i - 1  
aTi- 1 

air  

i 

Computation of % and - are shown i n  Appendix B. 
a G  i 

ag' aT; 
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i a E  
aT; - 

i 
Computation of aR is shown i n  Appendix B. 

aT; - 
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j = O  

Notice that only simple multiplication is needed for derivatives with 

respect to parameter values older than i - 3.  

The correlation coefficient in time for a truly constant param- 

eter p is u = 1. The contribution of p to CT $ 0  is 
Ti Tair air(pR) 

R Ik R i 

For constant parameters, the above procedure for computing the sensi- 

tivity coefficients is simplified 'by solving a set of difference equa- 

tions. 
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From Eqs. 14.a  and 14.b 

i i 

+-- 
a'& aT: a'& 

a 2  aTf - = -  aTair a f i  

- 
i -  1 apQ i -1  ap& 

apQ, aPL ' aTf aTair 

i 
aTair S u b s t i t u t i n g  Ui = - 

ap*' 

which i s  a s p e c i a l  case  of t he  more genera l  procedure given above 

- 25 - 
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(Appendix C). The required computation is obviously much less for 

constant parameters * 

4.3 Estimated Nominal Values and Uncertainties of Parameters 

Sensor Properties 

A list of input parameters for the ARCASONDE 1A temperature 

sensor is presented in Table 1, Since the film is a composition of 

silver and Mylar, properties of both must be used. Subscript fm, fs 

indicate the Mylar and silver parts of the film, respectively. Sub- 

script € indicates the effective value. 

A. Db, Dw, Dfm, Dfs (diameter of bead, wire, and the thick- 

ness of the film). Uncertainty in these quantities is due 

to manufacturing variability and imperfections in shape. 

The uncertainty is estimated to be 10 percent. 

B. (pc)b, (PC)~, (PC)~~, (PC)~~, ( p d f  (density times heat 

capacity). 

given by 

The effecsive value of pc for the film is 

The uncertainties f o r  (pc),, ( p ~ ) ~  are estimated to be 

5 percent due to lack of,knowledge of composition, and 

10 percent for (pc), due to an estimated variability in 

Mylar thickness. 
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TABLE 1 

Uncertainties and Nominal Value of Parameters 

-. ---..A 
I -  _ _  __. 

Nominal Value I Uncertainty 1 Reference 

.80 1 
CV fm 

i Drews t 
E 



C. kw, kfm,  k f s ,  kf ( thermal  conduc t iv i ty ) .  The unce r t a in ty  

f o r  k i s  es t imated  t o  be 5 percent  because of t h e  impuri ty  

of materials and experimental  e r r o r  i n  publ ished d a t a  [ll, 

Powell, Ho, L i l e y ] .  

(kDIS >> (kl)),. 

E f f e c t i v e  va lue  of k is  kfs because 

a ( a b s o r p t i v i t y  of long wave r a d i a t i o n ) .  f s '  fm a w 3  a 

The e f f e c t i v e  

s i l v e r - p l a t e d  

a b s o r p t i v i t y  of t h e  Mylar-exposed s i d e  of a 

r eg ion  is  taken as 

a = a m + jl". + am (1 - - am) 

which assumes t h e  r e f l e c t i v i t y  of t h e  Mylar t o  be small. 

S i m i l a r l y ,  t h e  emis s iv i ty  is  assumed t o  be  

E: = E m + (1 - cXm)[(l - as) E m +  E S j  1 

which inc ludes  approximately t h e  emission of t h e  Mylar for -  

ward t h a t  emit ted backward and r e f l e c t e d  by t h e  s i l v e r ,  and 

t h e  emission of s i l v e r  through t h e  Mylar and, which i n e i -  

d e n t a l l y ,  is  t h e  same va lue  as t h e  above a b s o r p t i v i t y .  

The e f f e c t i v e  emis s iv i ty  of t h e  f i l m  i s  computed by 

averaging t h a t  of t h e  inne r  and o u t e r  f i l m  s t r i p s ,  and us ing  

t h e i r  l eng ths  as weight ing f a c t o r s .  

Uncertainty i n  a is  es t imated  t o  be about 25 percent  b 
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because of the condition of coating the sphere surface 

[15, Thompson 19661. 

50 percent due to a nonuniform plastic coating of unknown 

composition over the silver. 

Uncertainty of cf is estimated to be 

E. a a a a a (absorptivity of short wave sb9 sw9 sfs’ sfm’ sf 

radiation). Uncertainty of a and a are assumed to be 

40 percent due to the manufacturing variation in the sur- 

face [ 159  Thompson 19661. The uncertainty in a is es- 

timated to be 50 percent due to the plastic eoating. 

sb sw 

sf 

F. R (length of the wire). Uncertainty in the length of the 

wire is estimated to be about 50 percent due to manufac- 

turing variation. 

Convective Environment 

Convective coefficient h and recovery factor r are computed 

using the interpolation formula [l3, Staffanson and Alsaj 19681. 

1 r - r  1 2 
h =  l 1 d = = r  1 * Kn Kn + Kno - + -  

hl h2 

Subscript 1, 2 denote eontinuum and free molecular values, respectively. 

The uncertainty increases in the transition flow region where knowledge 

is least reliable. The uncertainty in recovery factor is estimated as 

shown in Fig. 7. 

l . . t  
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Knudsen number 

Knudsen number 

Fig. 7. Percent  u n c e r t a i n t y  of recovery f a c t o r .  

Table 2 i n d i c a t e s  t h e  assumed u n c e r t a i n t y  i n  h wi th  r e s p e c t  t o  Reynolds 

number. Linear  i n t e r p o l a t i o n  g ives  t h e  u n c e r t a i n t y  a t  any Reynolds 

number e 
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TABLE 2 

l o 5  
6 '. 10 - 

Uncer ta in ty  of Convective Coef f i c i en t  

7.5% 

5% 

Reynolds Number Uncer ta in ty  (%) 

5% 

10-1 7.5% 

1 I 10% 

10 I 
I l o 2  

15% 

18% 

15% 

10 % 

Radia t ion  Envisonmentl 

is a q u a n t i t y  which depends on fi, j 9 
The geometric f a c t o r ,  

t h e  shape of t h e  senso r  s u r f a c e s ,  t h e  s o l i d  angle  subtended by t h e  

sou rce ,  and t h e  o r i e n t a t i o n  of t h e  sensor  r e l a t i v e  t o  t h e  source.  The 

method of ob ta in ing  t h e  va lues  of f i s  presented  i n  Appendix D and 

t h e  nominal va lues  are presented  i n  Table 3. 

i, j 
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TABLE 3 

Nominal Values and Uncertainties of the Geometric Factor 

Cylinder 

.347 100% 

0,40 15% 

0 , 4 3  A 10% 

0.108 k 3% 

Plate 

0.40 rt 15% 

0.41 ris 10% 

0.044 2 3% 

The radiant emittance, I. (total radiant power emitted per unit 
J 

area], of a solid surface depends on its emissivity, E and its abso- 

lute temperature, To I. is computed in Appendix D, The nominal values 

of I 

x ’  

J 
are presented in Table 4 .  

j 

TABLE 4 

Nominal Values and Uncertainties of Radiant Emittance 
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f (geometric f a c t o r s  wi th  r e s p e c t  t o  the  l , 1 3 f 2 , 1 9  3 , 1  A. f 

are 100 percent  because t h e r e  
2 9 1  

sun) ,  Unce r t a in t i e s  of f 

is ,  i n  gene ra l ,  no knowledge as t o  sensor  a spec t  to t h e  

sun. The senso r  might b e  completely i n  t h e  shade o r  exposed 

broadside" t o  t h e  sun,  II 

f (geometric f a c t o r s  w i th  r e s p e c t  t o  t h e  3 % , 3 '  3 , 3  

e a r t h  long-wave r a d i a t i o n ) .  A s  i nd ica t ed  i n  Appendix D ,  

varies as t h e  senso r  r o t a t e s  r e l a t i v e  t o  t h e  e a r t h .  
3,  3 

f 

I f  w e  assume t h e  parachute  has  less than  45" coning 

due t o  the motion 
3 Y 3  

and f 
2, 3 

motion, t h e  v a r i a t i o n  of f 

is  about 10 percent ,  

The geometric f a c t o r  of a t r u l y  s p h e r i c a l  bead does 

not  depend on t h e  motion of t h e  parachute ,  However, an  

is  assumed %or  
1 9 3  

e s t imated  5 pe rcen t  unce r t a in ty  i n  f 

dev ia t ions  due t o  the  presence of t h e  w i r e s  and nonspher- 

i c i t y .  

% (geometric f a c t o r  w i th  r e s p e c t  t o  t h e  %,2 %,2 ' 3 , 2  

e a r t h  a lbedo) ,  The albedo geometric f a c t o r  i s  dependent 

on t h e  p o s i t i o n  of t h e  sun and cloud d i s t r i b u t i o n ,  as w e l l  

are es- 
1 9 2  

as t o  sensor  a t t i t u d e .  The u n c e r t a i n t i e s  i n  € 

t imated t o  be 15 percent .  

f (geometric f a c t o r  w i t h  r e s p e c t  t o  the 5 , 4  %, 4' 3 , 4  

sonde s u r f a c e s  o r  s h i e l d ) .  The e r r ~ r s  i n  es t imated  nominal 

are est imated t o  be  3 percent .  1 , 4 '  v a l u e s ,  f 

E. 11, 12, Id, X 4  ( r a d i a n t  emi t tance) .  The u n c e r t a i n t y  of 
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I~ is due i o  the seasonal variation of the distance between 

the sun and the earth and is estimated to be 1 percent [8, 

Johnson 19541. 

The uncertainty of I is due to the cloud cover vari- 2 

ability and is estimated t o  be 36 percent (see Appendix D). 

The Uncertainty of I is due to variability of earth 

surface matter and temperature, The analysis of Tiros 11 

(1960) data by Bandeen [ 2 ,  19611 gives about -+ 20 percent 

3 

variation in earth temperature at a given time over the 

North American continent.. Assuming the uncertainty in the 

effective black body, temperature of the local region of 

t h e  earth is 5 percent, uncertainty in I is 20 percent. 3 

The uncertainty of I4 is due t o  the variability in 

Uncertainty in I 4 the sonde temperature and emissivity. 

is arbitrarily estimated to be 15 percent, 

Self Heating 

An estimation of  the power dissipated by the thermistor is 

about 20 x watts [ 4 ,  Drews 19661. The uncertainty is due to the 

temperature dependency of the power dissipation and is estimated to 

be 15 percent. 

Data. 

Measurement error of T is estimated to be 2'K, and the uncer- b 

tainty in T is assumed fo be 10 percent. The uncertainty of the rela- b 
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t i v e  v e l o c i t y ,  W, is  about 5 percent  based on the  assumed angular  

motion about t h e  c e n t e r  of mass t r a j e c t o r y  recorded by t h e  t r a c k i n g  

radar .  

Cor re l a t ion  Coef f i c i en t  urn- ~ 

For t h e  p re sen t  s tudy ,  a l l  parameters are assumed t h a t  inde- 

pendent so  cov (p i ,  pt) and, t h e r e f o r e ,  ~i are set  equal  t o  zero  i f  
, m9 

4.4 Simulat ion Study of ARCASOMDE 1 A  System 

A. Simulat ion 

Sensor a i r  flow i s  s imulated by computing parachute  motion 

based on t h e  b a l l i s t i c  c o e f f i c i e n t  and drag  [ 6 ,  Eddy 19653 p r o p e r t i e s  

of t h e  ARCASONDE system, 

T o t a l  parachute-sonde mass 

Parachute  r e fe rence  area A = 16.4 m 

m = 2.33 kg 

2 

The U.S. Standard Atmosphere (1962) w i l l  be  used f o r  d e n s i t y  of t h e  

a i r ,  p a  

I n i t i a l  condi t ions  of t h e  parachute  motion are a r b i t r a r i l y  

chosen as 

Initial a l t i t u d e  70 km 

Hor izonta l  v e l o c i t y  30 m/s 

V e r t i c a l  v e l o c i t y  -180 m / s  
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A t  every second, t h e  a l t i t u d e  and t h e  r e l a t i v e  speed wi th  re- 

s p e c t  t~ t h e  a i r  are computed, A t  each a l t i t u d e ,  t h e  p r o p e r t i e s  of 

t h e  a i r  are obta ined  from t h e  atmosphere t a b l e ,  which a l r eady  has  been 

read i n ,  inc luding  T Values of h and r are obta ined ,  based on t h e  

given a l t i t u d e  and t h e  a i r  speed. 

a i r  

Those va lues  are used i n  Eq. 4.a 

b"  and h , b  i n  o rde r  t o  o b t a i n  T 

The s imulated T i s  used as inpu t  Tb t o  t h e  d a t a  c o r r e c t o r ,  b 

Parameter va lues ,  p .  used i n  t h e  s imula tor  are a l s o  used as inpu t  p 
J 3 

* 

is  equal  t o  T Now t h e  Tair  a i r "  iLn t h e  d a t a  c o r r e c t o r .  Therefore ,  

o b j e c t i v e  of t h e  s tudy  is  t o  produce t h e  unce r t a in ty  boundary of T a i r '  

The u n c e r t a i n t i e s  i n  t h e  parameters which were d iscussed  i n  

Sec t ion  4 . 3  are combined w i t h  Eq. 1 3 ,  where s e n s i t i v i t y  c o e f f i c i e n t s  

are computed by t h e  method d iscussed  i n  Sec t ion  4 ,2 .  The computational 

procedure i s  shown i n  Fig.  8, 

Notice i n  Fig.  8 t h a t  p a r t  A corresponds t o  t h e  "sensor system" 

i n  F ig .  2, and p a r t  B corresponds t o  "da ta  r educ t ion  system" i n  Fig.  2 .  

B. Resul t s  

A s  shown i n  Fig.  9 ,  t h e  unce r t a in ty  boundary inc reases  r ap id ly  

w i t h  a l t i t u d e .  This  i s  due t o  t h e  decrease  of convect ive coupl ing wi th  

t h e  a i r ,  wh i l e  t h e  r a d i a t i o n  input  remains cons tan t .  

A s  h and h decrease  wi th  a l t i t u d e ,  t h e r e  is  more conduct ive 

hea t  flow €ram t h e  f i l m ,  The sensoq- i s ,  t h e r e f o r e ,  more s e n s i t i v e  t o  

t h e  f i l m  temperature  as a l s i t u d e  inc reases .  This  i s  c l e a r  i f  you com- 

pa re  the  e f f e c t  of h 

b w 

and hf a t  7 0  and 50 km i n  Table 5,  The uncer- b 
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Initial conditions 
-- 

-------..I 
+ J  1 

I 1 I Time incremenr. 
Lg_--- 

I i 

1 

Parachute motion simulation. 
Compute altitude and the 

relative air speed i 
! I---- 

! .- 

\i/ -. ~ , 
' Read U,S, Standard Atm~sphere 

and lrsrnpute rhe  ncminal 
values  si each parameter 

l i  
i i  
I f 

1 
s i  --* 

i 
II_ 11 __  x_ --. 

1 Simulate sensors system, 
i 

b i Compute T 1 

-, 
I 

l Data corrector, I 

' Compute i 1 air 
I 

E 
i . ' ,  

f Compute uncertainty 
! boundary of $ I air 

! 

i 

i 
I 
I 

! 

I 
f I 
; A  

i 

1 

' B  

! 

Fig. 8, Block diagram of simulation study. 
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Fig. 9. Uncertainty boundary. 
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TABLE 5 

Uncertaii l ty Components 

50 

30-1 

57-1 

.25-2 

.50-2 

e 16-2 

.13 

1.19 

.18-2 

L) 12 

a 19-1 

.23-2 

.14 

33-2 

32 

e 26-1 

.51-1 

e 19-1 

.93-2 
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TABLE 5 

(cohtinued) 

Uncertainty Components 
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t a i n t y  components l i s t e d  i n  Table 5 are Lhe terms 

Quan t i t i e s  l i s t e d  i n  Tables 5 ,  8 ,  9 ,  and 10 ,  pages 3 9 ,  4 6 ,  4 8 ,  

and 5 0 ,  r e s p e c t i v e l y ,  a t  70 km are a c t u a l l y  those  computed a t  69.5 km, 

Those computed a t  t h e  i n i t i a l  a l t i t u d e ,  70 km, are those  a t  e j e c t i o n  

from t h e  socket  and are  not  of i n t e r e s t  h e r e ,  Values t a b u l a t e d ,  never- 

t h e l e s s ,  e x h i b i t  some e f f e c t  of t h e  i n i t i a l  t r a n s i e n t ,  e .g . ,  t h e  small 

va lues  a t  70 km of 9 ,  k D . w’ w 

The s e n s i t i v i t y  t o  e r r o r  i n  T (measurement e r r o r )  approaches b 

u n i t y  at. low a l t i t u d e s  and inc reases  r ap id ly  at: high a l t i t u d e s .  As 

t h e  convect ive c o e f f i c i e n t s ,  hi ,  decrease ,  s e n s i t i v i t y  t o  a i r  tempera- 

t u r e  decreases ;  i o e c ,  a given v a r i a t i o n  i n  T corresponds t o  increas-  

i n g l y  l a r g e r  v a r i a t i o n s  i n  T 

b 

a i r ‘  

Norice t h a t  t h e  unce r t a in ty  c o n t r i b u t i o n  a s s o c i a t e d  wi th  d i r e c t  

I i s  l a r g e  compared wish o the r  parameters.  s f i , l  1’ s o l a r  hea t ing ,  o 

This  sugges ts  t h a t  a s o l a r  s h i e l d  would s i g n i f i c a n t l y  decrease  t h e  over- 

a l l  unce r t a in ty ,  I n  .she fo l lowing ,  t he  ARCASONDE 1 A  sensor  is assumed 

t o  be placed one r ad ius  deep i n t o  a c y l i n d r i c a l  tube.  The tube  is  

o r i en ted  wi th  i t s  a x i s  p a r a l l e l  EO t h e  flow, and wi th  r ad ius  s u f f i -  

c i e n t l y  l a r g e  s o  t b a t  t h e  bcundary layer is away from t h e  sensor .  
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C. With Shie ld  

The purpose of t h e  s h i e l d  i s  t o  r e p l a c e  a s u f f i c i e n t  p a r t  of 

t h e  h igh ly  v a r i a b l e  n a t u r a l  r a d i a t i o n  environment wi th  an environment 

whose in f luence  on senso r  temperature i s  both s m a l l  enough and w e l l  

enough known t o  enable  p r e c i s e  c o r r e c t i o n  of t h e  sensor  d a t a ,  

A s h i e l d  w i t h  a downward view h a l f  angle  of 6 = 45" i s  used,  

and t h e  i n s i d e  of t h e  s h i e l d  i s  pa in ted  b lack .  

w i l l  minimize t h e  e f f e c t  of r a d i a t i o n  a r i s i n g  from r e f l e c t i o n s  w i t h i n  

t h e  s h i e l d ,  which would cause l a r g e  u n c e r t a i n t i e s .  The e m i s s i v i t y  of 

t h e  b l ack  p a i n t  is  assumed t o  be 1, and t h e  geometric f a c t o r s  are com- 

puted by t h e  method d iscussed  i n  Appendix D. 

s h i e l d  i s  assumed t o  be  300 -I 2°K. 

6 and 7, 

The b lack  pa in ted  w a l l  

The temperature  of t h e  

Input  va lues  are l i s t e d  i n  Tables  

Sonde 

TABLE 6 

.853 _+. 3% .84 t 3% . 9 l  rt 3% 

Nominal Values and Unce r t a in t i e s  of t h e  Geometric Factor  (with Shie ld)  
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TABLE 7 

Sonde t 

Nominal Values and TJnrer ta inf ies  of Radiant Emittance (with Shie ld)  

233.8 wzrtlm2 + 20% 

458,O w a t t / m 2  + 2% 1 Tshield = 300°K f 2'K i 
I 

I 
= 250°K ? 2OK 1 

i '  
! 

Tsh ie ld  
! 
i ~ 

221.0 wattJm2 - 4% 

Figure 10 shows t h e  d i s t i n c t  improvement of performance a t  high 

altitude. Ccmparison cf Tsbfes 5 and 8 shows the  inc rease  of t he  e€- 

f e c t  of uncextainry i n  h .  Increased hea r ing  due t o  t h e  s h i e l d  in-  

c r eases  t h e  s e n s i t i v i t y  t o  h and t o  c t h e r  parameters such as X .  This  

sugges ts  that a co lde r  s h i e l d  would s i g n i f i c a n t l y  improve the  sensor .  

D ,  Cold Shie ld  

The benef ic  o f  a c z ? l  s h i e l d  is inves t iga t ed  by l e t t i n g  t h e  

The corresponding v a l u e  of I4 is  in- s h i e l d  temperature be 2 5 O * K ,  

c l u d e d  i n  Table  '- 
The r e s u l t s  a re  e s p e c i a l l y  s i g n i f i c a n t  a t  higher a l t i t u d e  as  

shown i n  Fig.  11. Notice i n  Table 8 t h a t  uncertainties due t o  R ,  h 

a r e  ml.zrh s m l l e r  f o r  r h e  s o l d  s h i e l d  case .  
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Fig. 10, Uncertainty boundary with a shield.  
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Fig. 11. Uncertainty boundary w i t h  cold shield.  
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TABLE 8 

Uncertainty Components (with Shield) 

Altitude (km) 

1 .56-1 1 .37-1 I “w I 
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TABLE 8 

(continued) 

Uncertainty Components (with Shie ld)  

50 

0 59-1 

14-2 

* 1 2  

47-1 

e 79 

.17-3 

.12-3 

(I 49-2 

.34-2 

e 82-1 

06-1 

17-1 

.o 

e 63-1 

33-1 

e 60-1 

2.94 
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TABLE 9 

Uncertainty Components (Cold Shield) 

Altitude (km) 50 

e 42-2 

.57-1 
l. 

38-1 

.48-1 

23-1 

a 16-2 

13 

1.19 

e 12-2 

.o 

e 70-2 

0 79-3 

.o 

69-2 

0 12-2 

.o 

58-2 

e 58-2 

51-1 

.94-2 

90-2 
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TABLE 9 

(continued) 

Uncer ta in ty  Components (Cold Sh ie ld )  
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I 65 

TABLE 10 

Comparison of Uncertainty Boundary 

Without ShielclCOK) 

23.98 

l4 ,06  
~~ 

8.36 

4.98 

3.20 

With Hot Shie ld  (-OK) 

13.12 

8.16 

5 ,54  

3.92 

2.94 

With Cold Shie ld  (OK) 

8.60 

6.64 

4.72 

3.56 

2.78 
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V. CONCLUSIONS 

The au tomat ic  computation of t h e  running e r r o r  of a measure- 

ment system, according t o  time-varying estimates of e r r o r  i n  assumed 

parameter va lues ,  provides  a u s e f u l  q u a n t i t a t i v e  b a s i s  f o r  system eval-  

u a t i o n  and improvement. A p l o t  of t h e  unce r t a in ty  boundary about t h e  

nominal ou tput  v a l u e  from a simulated system provides  a clear graphi- 

c a l  model of ope ra t iona l  c a p a b i l i t y .  The u n c e r t a i n t y  envelope com- 

puted along w i t h  t h e  r educ t ion  of real d a t a  provides  t h e  u s e r  w i t h  a 

convenient i n d i c a t o r  s f  t h e  q u a l i t y  of measurement r e s u l t s .  

Resul t s  ob ta ined  f o r  t h e  c u r r e n t  ARCASONDE 1 A  senso r  i n d i c a t e  

t h a t  t h e  system u n c e r t a i n t y  exceeds the magnitude of t h e  c o r r e c t i o n  

f o r  a l t i t u d e s  below about 53 km, s o  c o r r e c t i o n s  tend t o  be  meaningless 

f o r  t h i s  sensor  i n  t h e  s t r a t o s p h e r e  and below. The unce r t a in ty  appears  

t o  remain g r e a t e r  than  h a l f  t h e  c o r r e c t i o n  throughout t h e  mesosphere 

(50-80 km). The ch ief  con t r ibu t ing  f a c t o r s  t o  t h e  o v e r a l l  unce r t a in ty  

are u n c e r t a i n t i e s  i n  f i l m  a b s o r p t i v i t y ,  emis s iv i ty ,  and a spec t  w i t h  

r e s p e c t  t o  t h e  sun,  The c o n t r i b u t i o n  of an  assumed 1 ° K  e r r o r  i n  ac- 

q u i r i n g  t h e  sensor  temperature  is t h e  major con t r ibu to r  a t  low a l t i -  

tudes a 

The h y p o t h e t i c a l  a d d i t i o n  of a s imple c y l i n d r i c a l  s h i e l d  t o  

t h e  ARCASONDE l A  senso r ,  wh i l e  i nc reas ing  i t s  e r r o r ,  cons iderably  im-  

g r ~ v e s  i ts  performance i n  t e r m s  of g r e a t e r  accuracy a f t e r  c o r r e c t i o n s ,  

C o r ~ e e t i o n s  may be  needed to lower a l t i t u d e ,  however, when a s h i e l d  

is  used. The increased  r a d i a n t  h e a t  i npu t  from t h e  r e l a t i v e l y  h o t  
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s h i e l d  a t  300°K l i m i t s  t h e  b e n e f i t  of a s h i e l d .  Reducing t h e  s h i e l d  

temperature  t o  250°K decreases  e r r o r  f l u x  i n t o  t h e  senso r  s u f f i c i e n t  

t o  cons iderably  decrease  s e n s i t i v i t y  t o  h and o t h e r  parameters, as 

w e l l  as t o  d i r e c t  s o l a r  parameters. 

i 
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APPENDIX A 

APPROXIMATION OF THE RESULTANT STANDARD DEVIATION 

The fo l lowing  is a b r i e f  examination of t h e  assumptions under- 

l y i n g  t h e  r e l a t i o n  (Eq. 13) used i n  t h i s  d i s s e r t a t i o n  t o  compute t h e  

o v e r a l l  unce r t a in ty  i n  t h e  co r rec t ed  temperature.  

Expansion of a f u n c t i o n  of n v a r i a b l e s  i n  Taylor ' s  series 

Neglect ing th i rd-order  terms and h ighe r ,  

n 1 n 
= f o +  - Ap. 4-y 1 $ 1 Apj 

j i l  a f I  a P j  0 J j= l  apj 

where Ap is  t h e  v a r i a t i o n  of t h e  Qth v a r i a b l e  from i ts  expected value.  Q 
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The c o e f f i c i e n t s  

af f = a , -  
0 aP j 

are independent of t h e  v a r i a t i o n .  The expected va lue  of f is  then  

2 The t e r m s  of t h e  v a r i a n c e ,  a2 = E[f2 ]  - E [ f ]  of f (p) i n  t h e  f - 
two-variable case are found as fol lows:  

1 1 f = a + b Ap + b Ap + - c Ap2 + - c Ap2 + d12Ap1Ap2 1 1  2 2  2 1 1  2 2 2  

1 2 1  2 E[ f ]  = a + -  2 c 1 cs 1 + z c202 + d12 cov (P1' p2) 

2 E ( f )  conta ins  10 terms and E has  19 terms. Their d i f f e r e n c e  a f t e r  

c a n c e l l a t i o n  conta ins  2 1  terms. 
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a2 = E(f2)- E 2 ( f )  = blal 2 2  9 b2a2 9 2blb2 cov (pl, pp) 
2 2  

+ /2bld12 + b2CJ E (AP3P2) 
\ 

1 2  
2 1  + - 6 E  
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I f ,  i n  a d d i t i o n  t o  t h e  implied i n i t i a l  assumptions t h a t  h ighe r  

o rde r  terms i n  t h e  Taylor ' s  expansion are n e g l i g i b l e ,  i t  is  assumed 

t h a t  t h e  d i s t r i b u t i o n  of t h e  p ' s  are symmetrical  s o  t h a t  E Ap 

E @ p i )  are s m a l l ,  t h a t  c, d : : b , and t h a t  t h i r d  and fourth-order  mo- 

ments are s m a l l ,  t hen  t h e  above r a t h e r  lengthy  express ion  reduces t o  

and 
j :> 

o2 = blol 2 2  + b2a2 2 2  + 2blb2 cov (p19 p2) 

The corresponding r e l a t i o n  f o r  t h e  n-var iab le  case is  

as can  be  seen  by in t roduc ing  a d d i t i o n a l  v a r i a b l e s  from t h e  beginning 

and dropping s m a l l  terms. An i n d i c a t i o n  of t h e  v a l i d i t y  of Eq. 13 w a s  

found by a Monte Carlo computation i n  which t h e  p's  were generated as 

random v a r i a b l e s .  The r e s u l t i n g  s tandard  d e v i a t i o n  of Tair, us ing  

normal and uniform d i s t r i b u t i o n s  f o r  t h e  parameters ,  w i th  os = Apj/2 

a i r  T and p j  - Apj < pj i p j  + Apj r e s p e c t i v e l y ,  is  compared w i t h  o 

from Eq. 1 3  i n  Table A , l .  Recall t h a t  unce r t a in ty  i n  T is compar- a i r  

a b l e  t o  t w i c e  the s t anda rd  dev ia t ion .  The t a b u l a t e d  r e s u l t s  are those  

of t h e  unshielded ARCASONDE l A ,  d i scussed  i n  Sec t ion  4.B. The d a t a  
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corrector routine was repeated 300 times, using subroutine (RANDN) 

from the UNIVAC 1108 Math Pack as a source of random numbers. Corre- 

lation between parameters was small. The comparison is considered 

quite good indicating that the system equations accommodate the mag- 

nitude of the given variation is such that the magnitude of the given 

variation in parameters does not exceed limits of validity. 

TABLE A. 1 

Comparison of Approximated and Simulated om 

' 

5o I 1-60 

air 

Simulation I Simulation 
(normal distribution) 

6W 
(uniform distribution) 

(OK) 

1. 60 1,59 
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APPENDIX B 

EXPRESSIONS FOR SENSITIVITY COEFFICIENTS 

are computed as follows. Superscript i is ommited A. The - 

in the right-hand members of the following statements since it is obvious. 

afi 

api 

where 

6 El = 

V2 d- 30gbTb 4 -6- q 8 H 
- k b  'b 2c b K  

P 

Y2 
hb 

- -  afi --A 
a 2  hb * ?KKi b 
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- -  - -  ,fi E2 

where 
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A(.W) = 1 - sech h R 
W 

Y2 a 4 
4- - f  BE T B(hw) = 'wrw 2c' A w aw 

P W  

- =  ap 1 2 A b w ) Z w  $-- + B k W )  R sech AwR 

ahw (.. + 40s T2 1 P 
w aw 

h 

ranh hwR (.. f 40s w T3 aw 1 - A(hw) B(iw)J 

ah = - R sech XwR tanh X W I(?) 
W 
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where 

3 + 4UEbTab + -  * b * % - q  a% P 
a Tb 

where 
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coth hwR - hw 
"K - =  c2 

- =  aK1 

aTb (.. + 40s w T3 aw ) 
1 FW + 4 a . ~  T3 )(. sech  A W R 2 [ w a w  w 

a A aT3 
tanh A R R - - hw(l - sech h W a ) 4 ~ ~ W  ~~ 

W aTb 

4 
a Taw 

a Tb 

3 - -  - 2 T  
ZLW 
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-1 
+ a 4- 30s T 4 )  C 6 ( 1  - sech A W ~ G E  w T3 aw 1 fW + 4 a ~  w T3 aw w aw 

_ I  

a hW ;aQ = (sech J P tanh XwR 2, - a Tb W aTb 

i a f  - = -  

af:, 

where 
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a f 
afi2 
---si 

- afi 
a 'b 

afi 
a% 

= -  

=3 

12 a 

13 a 

21 a 

where 

€$ 1 - sech Awl. 

w aw 

afi 
a% 
- E -  

kb 4- HKKl h, + 40s T 3 

LL 

I 3  '23 

- 64 - 



- 65 - 



where 

a 2  
aKl 
- =  1 - [El 

(.b i- !KKL)Z 

- =  a f i  -HK 
ap h,, + H ~ K ~  

9.1 

aK1 hwE sech A R tanh A L 
W W - =  

a L hw + ~ ~ J E ~ T ~ ~  3 

aQ = - R sech AWE tanh hwR 
a x W  
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aK1 -h (1 - sech AwJR 
W - =  - 

as 2 
W (. W + 40e w T 3 )  aw 

1 - sech AwR 

(hw 4- 4 0 ~  w T 3 )  aw 

- -  ap - 
2 [ 3 ~ i T ; ~  (h. + 4 u ~  w T3 aw 

- (. w r w v2 2e + a + 3 0 ~  w T 4 )  aw  UT:^] 
P 

@b + HKKl-) - K1 aHK El 

P - -  
'b a Db 

- 

- 67 - 



w h e r e  

aHK 
(hb -k 'KK1) - (K K1 -t- 

w h e r e  
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n 
W W 

W 

a r  
3D 2D 
- p - -  

W 

2 ' 3c2 a A 

hWa aHK = [q 4- C2 2) coth iwR - C2 R - W cosech w aDw 
\. 
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where 

L 
W - -  - - -  W 

W W 

a x  
2k ak 

eosech2 A R W 
a x  

- =  (2 W W + C2 >) W coth hWR - C2 AWE ak, w 
a% 
ak 

W 

a h  
W 

h 
W 

i sech X I tanh 1 B il - --  aK1 - 
akW 

3 ,  W W "w hw + 4 a ~  T w aw 

v2 
;h 'Is - 4- 4, + 3 0 E  T 4  ') , w w  2c w aw 

W w aw 

- -  - 3P 
3 W W h + 4 r s ~  T akW 
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- E l  (2 K1 + HK >)] 

where 

2 2 C h cosech XwR - -  - -  aHK 
a &  2 w  

h r  
sech XwR tanh AwR aK1 w w  - =  

3 
w aw hw + 4 0 ~  T 

+ R + hw sech h R tanh h R w w 2c W W 
- ap - -  

a R  hw + 4as T3 w aw 

a2  = - hw sech hwR tanh hwJR 

- a 1  - 



- sech AWR) 
- = -  
af24 a% "24 '4 = (b ' HKKl )[ h, + 40~,T,,/ 3 j"24 '4 
a f i  a 8  

afi  

a f  34 
-=  0 

a f i  a 8  
(fll I1 + f12  12) 

- m -  

'"11 aqb 
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a f i  +-  - = -  a f i  a f i  
aI1 aqb fii '11 a% f 2 1  '21 

a f i  + -  -=' af i  afi  
a 1 2  aqb f12  a12 a% f22  '22 

B. Computation of - a f i  

as elements of a v e c t o r  G 

Grouping the set of q u a n t i t i e s  $, Kt, 
i i  aT; 

P Q 

Gi (Tf ,  p) = 

Pi (.:, ?') 
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i 
and - a' are given as fol lows:  a f i  where - aci aTi 

- -  af _ -  HK Tf 
h b + H K  K 1  a Q  

- 7 4  - 



A- - aGi 

aT; 

- -  - C2 (coth XwR - A R cosech 
W 

a% 
aTf 

- -  aK1 - 1 [FW -t- 4aswT:w)(.w sech XwR 

(1 - sech AwJR W 
a x  

hw 
-l tanh X R ;  R - - w j aTf 
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- -  - 
W W 

1 ap 

aTf (hw 4 4 0 E  ‘ w T3)  aw 

+ 3 a ~  w T 4 ) +  aw 
6(1 - 

f W  * 40-z w T3 aw ) - (1 - sech 

1 
+ 3 a ~  w T4) aw ~ o E ~ T : ~ ~  1 

aq = - R sech A E tanh AWE (2) 
W aTf 

where 

i i 
, and ag are computed as fo l lows ,  t h i s  ag 

i 
ag C. 

ap; - i - 1  4 - ’ aTair 
case omitting s u p e r s c r i p t  i - 1 i n  t h e  right-hand members. 
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At i 
= 2h ag 

aTi - 1 f ( P O f  
a i r  

2 

i - l  ( P C D ) ~  2c 
f 

V i 
= 2At h - 

P ar 

- 77 - 



where 

+ C T E ~ T ~  Tf + 28t qf + h r L)+ 2At hf Tair 
P 3, ( € f 2c 

3 1  I )  1. 
a f 3 1  

L=(.j$)( M33 I) 3 
af33  

"=($)(. 34 I) f 
a f  34 

where 
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LE-- i 4 d  
(f33 I3 + f34 14) 2At (r Tf + 

a "f P C  Df aqf 

d=_aoi 
a13 aqf f33 "33 

31 '1 + f32 '2) 
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APPENDIX C 

SENSITIVITY OF TIME INVARIANT PARAMETERS 

The computation of t h e  s e n s i t i v i t y  c o e f f i c i e n t  f o r  cons t an t  

parameters i s  a s p e c i a l  case of t h e  computation f o r  t i m e  v a r i a n t  param- 

eters e 

Suppose t h e  system is  descr ibed  as 

and i f  pi # p j  when i # j ,  then 

af i  

api api 

,,i + 1 
= -  

,,i + 1 a 8  axi 
aPi - 

-II - 
,,i ,pi- 1 

axi+l ,fi ,,i axi- 1 

axi axi-l i - 2  api - 2 = -  

aP 

. 

axi+l ,fi axi axi- 1 ax1 
,xi axi- 1 axi- 2 ,Po aP 

E- . . . -  
O 
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i j  i Now i f  p = p f o r  i # j , then p and p j  are completely c o r r e l a t e d ,  then 

i axi+l 
0 = C  j 5 p j  

T i + '  j=o  a p  
a i r  

Assuming (3 = 5 
P P j 

i axi+l 
5 = I  j 5 p 

i+ l  j-0 ap 
T a i r  

a f i  axi 

afi ,,i axi- 1 af i  ,,i axi- 1 axi- 2 

,,i axi- 1 api - 2 i-  3 +-  +-  
axi axi- 1 axi- 2 aP 

. . .-- 
ax' a~ 

axi - 1 

axi axi - 1 axi- 2 
a f i  axi + -  

axi- 1 axi- 2 

axi- 2 i- 3 = ffi -+-  a f i  { a f i -  1 + a f i - :  [ax'-' + 
aP 

api - 2 ap ax' api- '  axi - 

4 - 0  * +  
- 1 

axi- 2 
. .  ;3X2 

ax1 
. -  
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+ *  = +  axi axi- - 1 2 . . .did]}). a$ a~ P 

The c o e f f i c i e n t  of B is t h e  s o l u t i o n  of the fol lowing d i f f e r e n c e  equa- 

t i o n :  
P 

Theref ore 

,,i + 1 
B - - 

i+ 1 P 
0 

Tair 
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APPENDIX D 

RADIATION HEAT TRANSFER 

The r a d i a t i v e  h e a t  i npu t  power t o  t h e  sensor  i s  given by t h e  

gene ra l  express ion ,  

where 

a = s p e c t r a l  a b s o r p t i v i t y  of the body 

E = s p e c t r a l  emis s iv i ty  of t h e  sou rce  i n  dQ 

x 

h 

EbXCT) = plank r a d i a n t  energy s p e c t r a l  d i s t r i b u t i o n  func t ion  f o r  

t h e  source  i n  dQ at  temperature  T 

h = s o l i d  ang le  subtended by t h e  environment 

A = t o t a l  s enso r  s u r f a c e  area 

8 =: angle  between senso r  s u r f a c e  element dA and t h e  d i r e c t i o n  

toward dQ 

h = r a d i a t i o n  wavelength 

Consider t h e  f o u r  p r i n c i p a l  environmental  r a d i a t i o n  sources  seen  by 

t h e  sensor :  

j = 1 sun  

j = 2 earth and atmosphere as a source  of r e f l e c t e d  s o l a r  

r a d i a t i o n  
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j = 3 

j = 4 

earth and atmosphere as a long wave source 

sonde parts (including shield) in view of the sensor 

Assuming the radiant emittance 

and the mean absorptivity 

are independent of the angle (taken as an appropriate mean value, if 

necessary and practical, for this assumption), then the geometric 

factor, f 3 

may be calculated separately and treated as a multiplicative factor, 

and the radiation input term takes the form 
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Geometric Fac tor  f 
L 

f (geometric f a c t o r  w i t h  r e s p e c t  t o  t h e  A *  % , I  f2,1 3 , l  
2 

sun) .  

where R i s  t h e  r ad ius  of t h e  sun  and D is t h e  d i s t a n c e  

between t h e  e a r t h  and t h e  sun. Then, r e f e r r i n g  t o  E q .  

The s o l i d  angle  subtended by t h e  sun is  rRs/DeSy 

S es 

D.3 

The computed va lue  of f i s  l i s t e d  i n  Table 3.  i, 1 

'1,4 ' ' 2 , 4  ' 
sonde).  F igure  D . l  shows f 

t h e  sonde s u r f a c e s  occupy a "polar  cap" wi th  ha l f -angle  

8 as shown i n  t h e  f i g u r e  [14, S ta f fanson  19691. The curves 

f (geometric f a c t o r  w i th  r e s p e c t  t o  t h e  
3 ,  4 

f o r  t h e  t h r e e  shapes when 4(80 

0 

are g iven  by 

f 4  = 0.5 (1 - cos 

1 f r  
= (e, - 0.5 s i n  2e0 
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.50 

D 40 

. a0 

a 20 

a 10 

(degree) 

Fig.  D . 1 .  Geometric f a c t o r  f o r  t h e  t h r e e  senso r  
shapes of a c i r c u l a r  r eg ion  loca ted  
90 degrees  from t h e  sensor  axis sub- 
tending  ha l f -angle  8 0' 

f o r  t h e  sphere  and p l a t e ,  r e s p e c t i v e l y ,  and by numerical  

t a b l e s  from Ba l l inge r  [ l ,  19601. A h a l f  angle  of 35" 

approximates t h a t  f o r  t h e  ARCASONDE 1A.  

f (geometric f a c t o r  f o r  thermal rad ia-  c. f 1,3' f 2 , 3 y  3 , 3  

t i o n  from t h e  e a r t h ) .  The geometr ic  f a c t o r s  a s soc ia t ed  

wi th  t h e  e a r t h  long-wave r a d i a t i o n  are computed by t h e  
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method used f o r  f Nominal v a l u e  of f i s  computed, 

based on y = - and t h e  unce r t a in ty  is  due t o  t h e  f a c t  t h a t  

t h e  parachute  might have a coning motion which varies y .  

i, 4 i, 4 
a 
2 

f (geometric f a c t o r  w i th  r e spec t  t o  e a r t h  1 , 2  ’ f 2 ,  2 ’ 3 , 2  
D. f 

albedo) .  Unlike t h e  thermal geometric f a c t o r ,  t h e  albedo 

geometr ic  f a c t o r  is  dependent on t h e  p o s i t i o n  of t h e  sun. 

The va lues  presented  i n  Table 3 are based on t h e  assumption 

t h a t  t h e  sun i s  h igh  enough t o  i l l u m i n a t e  e s s e n t i a l l y  a l l  

of t h e  earth under the sensor .  

j Radiant Emittance I 

Values for t h e  r a d i a n t  emit tance,  I toge the r  w i th  an  es t imated  
j’ 

unce r t a in ty  f o r  each source ,  j ,  are as fo l lows:  

A. I1 = (?I S = 6.456 x 10 a w a t t s / m  2 k 1% 

,In t h e  c a l c u l a t i o n  of I r is t h e  mean earth-to-sun d i s -  

a 5 t ance  9.29 x 10 m i ,  rs is the r a d i u s  of the sun  4.32 x 10 

m i ,  and S is the s o l a r  cons t an t ,  

1’ es 

W 

S = dA = 1396 w a t t s / m 2  2 1% [8, Johnson 19541 
d 
0 

B. I2 = aS = 460.7 w a t t s / m 2  36% 

Here, a i s  t h e  albedo of t h e  e a r t h .  It has  been es t imated  
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t h a t  clouds can reflect back t o  space  50 pe rcen t  o r  more 

of t h e  s o l a r  f l u x  and absorb another  20 percent .  

po r t ions  of t h e  e a r t h  covered w i t h  water r e f l e c t  about 5 

percent  of t h e  t o t a l  r a d i a t i o n  reaching them, and t h e  

land  masses, on t h e  average,  r e f l e c t  s l i g h t l y  more [lZ, 

Snoddy 19651. 

The 

Therefore ,  cloud cover becomes a very  important  fac- 

t o r  i n  determining t h e  e a r t h ' s  albedo. P. F. Clapp [3 ,  

19621 p resen t s  cloud cover d a t a  us ing  T i r o ' s  nephanalys is ,  

showing cloud cover f o r  va r ious  seasons a t  d i f f e r e n t  lat i-  

tudes on  t h e  e a r t h .  By averaging c loudiness  f o r  the fou r  

seasons ,  assuming va lues  of r e f l e c t a n c e  of c louds and t h e  

s u r f a c e  of t h e  e a r t h ,  curves  of albedo ve r sus  l a t i t u d e  were 

obtained.  From t h i s  information i t  w a s  p o s s i b l e  t o  make 

some es t ima t ion  of t h e  e f f e c t  of cloud cover on albedo. 

Assuming t h a t  clouds r e f l e c t  50 percent  and the s u r f a c e  of 

t h e  e a r t h  r e f l e c t s  5 pe rcen t ,  t h e  average albedo i s  about 

0.33, w i th  a v a r i a b i l i t y  of 2 0.12 o r  36 percent .  

I3 = 233.8 w a t t s / m 2  & 20% 

The e a r t h ' s  long-wave emittance depends on t h e  s u r f a c e  t e m -  

p e r a t u r e  and i t ' s  emission c h a r a c t e r i s t i c s .  

d e t a i l s  of t h e  p l ane t  s u r f a c e ,  i t  i s  p o s s i b l e  t o  compute 

t h e  average energy r a d i a t e d  by a p lane t  us ing  a thermal  

ba lance  based on t h e  s o l a r  r a d i a t i o n  absorbed by t h e  p l ane t .  

C. 

Neglect ing 
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A s  the temperature  of most p l a n e t s  do no t  vary apprec iab ly  

over extended pe r iods ,  i t  can b e  concluded t h a t  t h e  ther -  

mally r a d i a t e d  energy is  equ iva len t  t o  t h e  absorbed s o l a r  

energy 

Using S as t h e  s o l a r  hear  f l u x  pe r  u n i t  p ro j ec t ed  area 

of t h e  p l a n e t  ( a s  seen from t h e  sun), a as the p lane ta ry  

albedo,  R as t h e  p l a n e t  r a d i u s ,  and I as t h e  thermal energy 

r a d i a t e d  per  average u n i t  p l a n e t  area and t i m e ,  t h e  energy 

ba lance  is  

2 (1 - a> S?rR2 = f n R  I 

I f o r  t h e  e a r t h  computed by t h i s  method equals  233.8 

w a t t s l m  ?d 20%, us ing  36 percent  v a r i a b i l i t y  i n  a. Actual  

measurements of earth long-wave r a d i a t i o n  have been made 

by T i r o s  II (1960) and T i ros  I V  (1966) e Bandeen [2, 19613 

analyzed t h e  T i ros  I1 d a t a ,  and t h e  r e s u l t s  f a l l  w i t h i n  

t h i s  20 pe rcen t  unce r t a in ty .  

3 
2 

2 D. I 4  = 458 w a t t s % m  k 15, k 3% ( s h i e l d )  

The r a d i a n t  emi t tance  of t h e  sonde can be  found by us ing  

t h e  r e l a t i o n  I4 = GET:. T 4  is  assumed t o  be 300'K and 
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c4  = 1.0. S m a l l  f renders  t h i s  magnitude e s s e n t i a l l y  in-  

s i g n i f i c a n t .  

much l a r g e r ,  b u t  T 

t h e  s h i e l d  i n t e r i o r  is  assumed b lack ,  both by i t s  coa t ing  

and by t h e  e f f e c t  of r e f l e c t i o n s  w i t h i n  i t s  concave i n t e r i o r  

su r f  aces  

4 

In t h e  ease of t h e  s h i e l d ,  however, f 4  i s  

is  assumed measured t o  w i t h i n  2'K, and 4 
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APPENDIX E 

SIMULATION PROGRAM 

Fortran V was used to program the simulation study discussed 

in Chapter IV. The organization of the programming is summarized in 

the flow diagram, Fig. E.1. 

In the main program the environmental conditions are estab- 

lished, and thermal properties of the sensors are assigned. Initial 

conditions and uncertainties of each parameter are a l s o  stated in the 

main program, 

Subroutine TRAJ generates the motion of the parachute with 

given initial. conditions and parachute dimensions. Subroutine ATMO is 

called from TRAJ to find the necessary atmosphere conditions at a given 

altitude. Computation will be terminated when the parachute reaches to 

a lower limit in altitude, 

Subroutine SIMULA is called and the temperature of the sensor 

is computed. Subroutine HANDR is called from SIMULA to calculate nec- 

essary values of h and r, 

W D R  subprogram calls ATMO for necessary atmosphere conditions, 

IMTRE and INTKM are called from HANDR to calculate uncertainties in h 

and r. 

After SIMULA computes T subroutine REDUCT is called and fair by 

is computed. The uncertainty boundary of is also computed in 

REDUCT s 

air 
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MAIN 

Read in atmosphere 
table and sensor 

- 

prope r t i e s  

T 

ParPaChUte motion Interpolation of 
is simulated 

Sensor system 
i s  simulated. 

the uncertainty of 

Uncertainty 
of P is 
computed 

Fig.  E.1. Block diagram. 
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