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ABSTRACT 

P e r t u r b a t i o n   e x p a n s i o n s   f o r   t r e a t i n g   n o n l i n e a r   o s c i l l a t i o n   p r o b l e m s  

are presented .   These   expans ions  are based on a t r ans fo rma t ion  s imi la r  t o  

t h a t  of t h e   L i e   t r a n s f o r m s   d e s c r i b e d  by D e p r i t .  A combination of t h e  ob- 

ta ined   expans ions   and   expans ions   based  on L ie   t r ans fo rms  is a l so  sugges ted  

fo r   t hose   p rob lems   wh ich  are mainly  represented  by a Hamiltonian  with some 

smaller p e r t u r b i n g  forces  nonderivable   f rom a p o t e n t i a l .  
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Chapter  I 

INTRODUCTION 

Cons ide r   t he   non l inea r   o sc i l l a to ry   dynamica l   sys t em  r ep resen ted  by 

the   Lagrange   equat ions  

where q is the g e n e r a l i z e d   c o o r d i n a t e   v e c t o r ,  t i s  the  independent  

v a r i a b l e ,  E i s  a small p a r a m e t e r ,   f ( q , t ,   t ;  E )  = T - V i s  the Lagran- 

g i a n ,  T and V are t h e   s y s t e m   k i n e t i c   a n d   p o t e n t i a l   e n e r g i e s ,  and 

EQ' (q,G, t ;  E )  i s  t h e   g e n e r a l i z e d   p e r t u r b i n g   f o r c e   v e c t o r   n o n d e r i v a b l e  

from a p o t e n t i a l .  

Now, d e f i n e   t h e   g e n e r a l i z e d  momentum v e c t o r  as 

p 2. 
q '  

and  the  Hamil tonian R as 

R - p . 4 - f  . 
In  view  of (1) and (21, t h e   v a r i a t i o n  6 R  of R has the   fo rm 

6R = - [fi - EQ(q,p, t ;  E)] 6q + 4 6p , (4 )  

i = R  
P (5a 1 



Many of the   p roblems  which   can   be   formula ted   mathemat ica l ly   l ike  

(5) cannot   be  solv.ed  exact ly  for., a n   - a r b i t r a r y  E, h e n c e   t h e i r   s o l u t i o n s  

might   be  sought  by pe r tu rba t ion   me thods .  Here, as a powerfu l   per turba-  

t i o n  method, w e  c o n s i d e r   t h e  method  of v a r i a t i o n  of parameters.   The 

f i rs t  s t e p   i n   t h i s  method is t o  f i n d  E = E ( E  can  be  normalized so  

t h a t  E = 0)  f o r  which  the  reduced  problem 
0 

0 

can   be   so lved   exac t ly   i n   t he   canon ica l   fo rm 

p = p(x, X) . 

Here, x and X are t h e  new gene ra l i zed   coord ina te   and  momentum v e c t o r s ,  

r e s p e c t i v e l y ,   r e l a t e d   t o   t h e   c o n s t a n t s  of motion  of  the  unperturbed  system. 

The s e c o n d   s t e p   i n  t h e  method of v a r i a t i o n  of parameters  i s  t o  con- 

s i d e r  (6)  a c a n o n i c a l   t r a n s f o r m a t i o n   f o r   t h e   o r i g i n a l   p r o b l e m  ( 5 ) .  Since 

t h i s   t r a n s f o r m a t i o n  is canonica l ,  i t  s h o u l d   s a t i s f y   t h e   c o n s t r a i n t  

where 

i s  t h e  new Hamil tonian.  Now, t o  allow f o r  t h e   a d d i t i o n a l   v e c t o r  

i n   ( 5 b ) ,  w e  should  add EQ - 6q t o   b o t h   s i d e s  of ( 7 )  which 

due t o  (4) ;  t h i s   l e a d s   t o  the s tandard   form 

2 



where 

I f  w e  d e f i n e   t h e   f u n c t i o n s  f l  and f 2  s u c h   t h a t  

t hen   an   equ iva len t  way of w r i t i n g  (8) i s  

X = - ( H  + Efl) + Ef2 . 
X 

For (8) or  (ll), t h e  t h i r d  s t e p   i n   t h e  method  of v a r i a t i o n  of  param- 

eters i s  t o   t r a n s f o r m   t o  new c o o r d i n a t e s  and  momenta i n   o r d e r   t o   e l i m i n a t e  

some u n d e s i r a b l e   t e r m s  (e .g . ,   ' shor t -per iod  terms) from t h e  r ight-hand side 

of t h e s e   e q u a t i o n s .  This e l imina t ion   r educes  (8) or (11) t o  a s i m p l e r  

'form which,  in  most cases, can be solved t o  c o n c l u d e   t h e   f o u r t h   s t e p   i n  

t h e  method of v a r i a t i o n  of parameters .  

For the case when f 2  = 0 (or Q = 01, the  theory  of p e r t u r b a t i o n ,  

based on L i e  t ransforms  sugges ted  by D e p r i t  111, can be used 121. On t h e  

o t h e r   h a n d ,   i f   f 2  # 0 (or Q f O), the   above   theory  i s  no  l o n g e r   a p p l i -  

cable d u e   t o   t h e  f a c t  t h a t  more than  one  independent ly   chosen  generat ing 

f u n c t i o n  i s  needed  in  order t o  e l i m i n a t e  all: the   undes i rab le   t e rms   . f rom : 

(8) or (11). 

3 



In  some problems,   noncanonica l   var iab les   represent  a more  convenient 

choice   over   the   canonica l   ones  [3,41; consequently,   one  should  use a 

non-Hamiltonian  formulation and apply a method of averaging  l i k e  t h a t  of 

Krylov  and  Bogoliubov [51 t o   e l i m i n a t e   t h e   u n d e s i r a b l e  terms (e .g . ,   sho r t -  

per iod terms). 

When the  Krylov-Bogoliubov  method is a p p l i e d   t o   t h e   m a j o r i t y  of t h e  

problems of t h e o r e t i c a l   p h y s i c s ,   t h e r e  i s  no  need fo r   t he   computa t ion  of 

t h e   e f f e c t  of h ighe r   o rde r s .   Norma l ly ,   on ly   t he   e f f ec t s  of t h e   f i r s t  and 

second  orders ,  rarely those  of the   t h i rd   o rde r ,   a r e   computed .  The s t a n -  

d a r d   r e p r e s e n t a t i o n  of t h e  method  does  not  go  beyond  these limits. How- 

ever ,  i n  some problems  where  the  formal   solut ion is slowly  converging,  

t h i s   a c c u r a c y  i s  i n s u f f i c i e n t  and  higher-order   approximations  are   needed 

to   s ecu re   t he   necessa ry   accu racy .  A computation scheme f o r   t h e s e   h i g h e r -  

o r d e r   e f f e c t s   f o r   c e r t a i n   n o n l i n e a r   r e s o n a n t   p r o b l e m s  was f i r s t   o b t a i n e d  

by  Musen C61. 

Recent ly ,  i t  was d i s c o v e r e d   t h a t   t h e   a l g e b r a i c   a n a l y s i s   c a n   b e  

c a r r i e d   o u t  on the  computer  17, S i .  Consequent ly ,   s implif ied  formulae 

s u i t a b l e   f o r   t h i s   p u r p o s e ,  as w e l l  a s   r e d u c t i o n s  i n  the  computat ion re- 

qu i r emen t s ,   a r e  now d e s i r e d .   F u r t h e r   e x p o s i t i o n  i s  aimed  toward  these 

achievements.  I n  gene ra t ing  our p e r t u r b a t i o n  scheme, we s h a l l   u s e  a 

non-Hami l ton ian   fo rmula t ion   t o   app ly   t he   r e su l t i ng   a lgo r i thm  to  a wider 

c l a s s  of problems. 

In the present  method, w e  d i f f e r  from  Krylov-Bogoliubov C5l and 

Musen C6i i n  t he  way w e  ob ta in   the   per turba t ion   expans ions .   Here ,   the  

expans ions   a re   based  on a t ransformat ion   genera ted  by a v e c t o r  W s i m i -  

l a r   t o   t h e   g e n e r a t i n g   f u n c t i o n  i n  canonica l   t ransformat ions   depending  on 

a small   parameter [1,23. T h i s  technique  has   the  advantage of ob ta in ing  

s i m p l i f i e d   g e n e r a l   e x p a n s i o n s   f o r   t h e   c o n s t r u c t i o n  of the   t ransformed 

d i f f e r e n t i a l   e q u a t i o n s ,   t h e   f o r w a r d  and the  inverse   mappings,  and  any 

func t ion  of t h e   o r i g i n a l   v a r i a b l e s  i n  terms of t h e  new v a r i a b l e s .  

Due t o   t h e   s i m i l a r i t y  between  the  proposed  t ransformation and t h e  

Lie   t ransforms C11, i t  i s  shown t h a t   t h e   t h e o r y  of per turba t ion ,   based  

on L i e  t ransforms,  is an   impor t an t ,   spec ia l   ca se  of t h e  p r e s e n t  t heo ry .  

4 



I 

In t h i s   s p e c i a l  case, t h e   g e n e r a t i n g  vector W i s  d e r i v e d  from a scalar 

g e n e r a t i n g   f u n c t i o n  so  t h a t   t h e   c a n o n i c  form of t h e   d i f f e r e n t i a l   s y s t e m  

of e q u a t i o n s  i s  preserved   throughout   the   t rans format ion .   In   the   conc lud-  

i n g   s e c t i o n s  of t h i s   e x p o s i t i o n ,   t h e   p r o c e d u r e  i s  o u t l i n e d   a n d  t w o  exam- 

p l e s  are p r e s e n t e d .  
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Chap te r  I1 

GENERAL EXPANSIONS 

I t  is  assumed t h a t   t h e  f i r s t  and  second  s teps  of t h e  method of v a r i -  

a t i o n  of p a r a m e t e r s ,   o u t l i n e d   i n   t h e   i n t r o d u c t i o n  (see a l so  t h e  example 

g i v e n   i n   C h a p t e r  V), l e d  t o  the   sys t em of d i f f e r e n t i a l   e q u a t i o n s   i n   t h e  

s t a n d a r d  form 

n =O 

In t h e  above  equat ion,  x s t a n d s  f o r  a s ta te  v e c t o r   w h i c h   r e p r e s e n t s  ‘ the 

c o n s t a n t s  of motion of the   undis turbed   sys tem  and   poss ib ly  the independent 

var iable  t .  

I n   t h e  t h i r d  s t e p  of t h e  method of v a r i a t i o n  of parameters ,  it i s  

desirable t o  t r a n s f o r m   t h e   o r i g i n a l  s tate v e c t o r  x t o  a new v e c t o r  x 

which satisfies a s impler   sys tem of d i f f e r e n t i a l   e q u a t i o n s ,  i .e ., 
- 

i n  which g(x; E )  c o n t a i n s   o n l y  some desirable terms. As w i l l  become 

clearer i n   t h e   c o u r s e  of t h e  a n a l y s i s ,   s u c h  a d e s i r a b l e   t r a n s f o r m a t i o n  

c a n  be gene ra t ed  by u s i n g  the  g e n e r a t i n g   v e c t o r  W(x; q ) ,  d e f i n e d  by the 

d i f f e r e n t i a l   e q u a t i o n s  

whose i n i t i a l   c o n d i t i o n s  a t  q = 0 are x = x ( t ;  E). Note tha t  7 is  a 

v a r y i n g  small parameter and w e  s e e k   s o l u t i o n s  a t  q = E. 

- 

7 



Now, t a k e   a n y   i n d e f i n i t e l y   d i f f e r e n t i a b l e   v e c t o r   F ( x ;  E) t h a t  c a n  

be   expres sed   i n  terms of x and E as a power series i n  E, i n  t h e  

f o m  

n=O 

where 

Then, i n  terms of x and E as a power series i n  E, t h i s  takes t h e  

form of 

- 

n=O 

where 

and 

dF  aF  dx 
d T, ; 5 ; i+Fx ' ; i - ; i  - - (x; 7) = 

Note tha t  F (x)  = F(x; 0) and F(O)(x)  = F(x ;O) .  Now, g iven   t he  se- 

quence of v e c t o r s   F n ( x )  of (15a) ,  w e  wish t o   c o n s t r u c t   t h e   c o r r e s p o n d -  

ing  sequence of v e c t o r s   F ( n ) ( x )  of (16a ) .   Th i s  w i l l  b e   t h e   s u b j e c t  of 

what  follows . 

0 
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where $ is a l i n e a r   o p e r a t o r   d e f i n e d  by 

I n   p a r t i c u l a r ,  f o r  t h e   g e n e r a t i n g   v e c t o r  W of t h e  form 

n=O 

and f o r  F(x;  E )  of t h e  form g iven  by (15a), E q .  (18) y i e l d s  

n=O 

where 

and 

In   gene ra l ,  f o r  k _> 1 and n _> 0, o n e   o b t a i n s  

9 



where 

m=O 

By a l lowing  q = 0 in  the  above  equat ion,   the   fol lowing  recursion  formu- 

l a  i s  o b t a i n e d ;   e x c e p t   f o r   t h e   r e d e f i n i t i o n  of t h e   o p e r a t o r  L, t h i s  

formula is e s s e n t i a l l y   t h e  same as D e p r i t ’ s   e q u a t i o n  C23. 

m=O 

where 

- 
L.F(x) = F- Wi(x) , i > 1 . - 
1 X - 

I n  the  above   r ecu r s ion   r e l a t ion ,  w e  have 

Therefore ,   (25)   can  be  used  to   obtain  the  sequence of v e c t o r s   F ( n ) ( Z )  

of (16a )   r ecu r s ive ly  i n  terms of the  given  sequence of v e c t o r s  F (E) = 

IFn (x)  1 given by (15a) .   This   can   be   bes t   v i sua l ized   f rom  the  t r i a n -  

g l e  of F i g .  1. For example, 

n 

x=z . 

= F 1 + L F  
(1) 

1 0  

F1 (1 1 = F 2 + L F   + L F  
1 1  2 0  

F A 1 ) = F 3 + L F   1 2   + 2 L F   + L F  2 1  3 0  (27d) 

10 



F i g .  1. RECURSIVE  TRANSFORMATION 
OF AN ANALYTIC  FUNCTION UNDER EQ. 
(14). 

Now, us ing   (16a) ,   (16b)   wi th  F = x, and (14), fo l lowed by d i f f e r -  

e n t i a t i o n   w i t h   r e s p e c t  t o  t, w e  o b t a i n   t h e   f o l l o w i n g   r e l a t i o n s  for x, 

x, g, and f of (12)  and  (13) 
- 

n 

n=l 

n= l  

and 



where 

and 

m = l  

F i n a l l y ,   t h e   i n v e r s e   t r a n s f o r m a t i o n   c a n  be w r i t t e n  as * 

n=l  

To f i n d  the  r e l a t i o n   b e t w e e n   t h e  x ( ~ ) ' s  and x (n) ' s ,  one may e l i m i n a t e  

x - x between  (28a)  and (32) a n d   d e f i n e   t h e  vector u (x; E )  as follows : 
- 

n=l  

n=l  

Comparison of t he   above   equa t ion   w i th  (15) and (16) leads t o  

* 
T h i s  is  u s e f u l   i n   c o n s t r u c t i n g   t h e   i n t e g r a l s  of m o t i o n ,   t h e   i n i t i a l   c o n -  
d i t i o n s  of (13) from t h e   c o r r e s p o n d i n g   i n i t i a l   c o n d i t i o n s  of (12),  e t c .  

12 
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Chapter  I I I 

S IMPLIF IED GENERAL  EXPANS IONS 

Given the   sequence   of   vec tors   Fn ,  Fn-l, . . ., and Fo, there are 

t w o  s epa ra t e   app roaches  t o  t h e   c o n s t r u c t i o n  of the requi red   sequence  of 

v e c t o r s   F ( n ) ( n  _> 0 ) .  The first is  Depr i t ’ s   app roach  [11 f o r ’ H a m i l t o n i a n  

e q u a t i o n s ;   D e p r i t   i n t r o d u c e s   t h e   a u x i l i a r y   f u n c t i o n s  (k)   and moves re- 

c u r s i v e l y  from t h e  l e f t  d i a g o n a l  of F i g .  1 t o  t h e   r i g h t   d i a g o n a l .   I n   t h e  

second  approach,   int roduced by t h e   a u t h o r  [a], o n e   c o n s t r u c t s   F ( n ) ( n  >0)  

o n l y   i n  terms of  Fn, F , . . ., and  F(O)  by i n t r o d u c i n g  a s u i t a b l e  

l i n e a r   o p e r a t o r .   T h i s   a p p r o a c h  w a s  f o u n d   u s e f u l   i n   c o n s t r u c t i n g   t h e   i n -  

ve r se   t r ans fo rma t ion   and   s impl i f i ed   gene ra l   expans ions .  To show how t h i s  

can be done, l e t  u s  write (25) as 

Fn 

(n-1) 
- 

m=O 

By s u c c e s s i v e   e l i m i n a t i o n  of t h e   v e c t o r s  on the  r igh t -hand   s ide  of t h e  

above  equat ion,   one  would  eventual ly   obtain FAk) in   t e rms  of  F (k+n 1 
9 

(k+n-1) , . . . , and  F(k).  Thus  one may assume f o r  ( k )  the f o m  Fn 

j =1 

where G is a l i n e a r   o p e r a t o r  wh 

S u b s t i t u t i o n  of (36) i n t o  (35 
j 

L1 . 
i c h  i s  a f u n c t i o n  of Lj,Lj-l,  . . ., and 

) y i e l d s   f o r  G .  t h e   r e c u r s i o n   r e l a t i o n  
J 

G . = L  - 2 
J m Lm+~ j - m - 1  j 0an.g-2 

G l < j s n  . 
” 

(37 1 

For  example, 

G = L  1 1  

15 
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G = L  2 2 - LILl 

G3 = L3 - LlCL2 - L L ) - 2L2L1 . 
1 1  

For k = 0 and k = 1 ,  (36) y i e l d s  

A 1  so, 

F ( l )  = F ( n + l )  - 2 C n  G .  F (n- j + 1) 
n , n > l  . 

J J  - 
j =1 

i f  w e  d e f i n e  GjF as F (39) ant (i) 
j , i ’  

t h e  form 

j =1 

j =1 

where 

3 (40 )   can   be   wr i t t en   i n  

F j l i  = Lj  F  F m L m + ~  j - m - 1 ,  i 
06n<i - 2 

(43 1 

X c Cn-l  - X , n > l  
j j , n - j  - (44a 1 
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where 

using  (41)   with F = u of (33), w e  o b t a i n   f o r  the genera l   formula  

l<j<n-1 
" 

where x is as d e f i n e d   f o r   ( 4 4 b ) .  Now, (x) of  (32) i s  simply 
- 
j , n-j  

given by 

Using  (291, (31), and  (421,   one  should  obtain  (af ter  same r e l a t i v e l y  te- 

d i o u s   a l g e b r a i c   m a n i p u l a t i o n )   t h e   f o l l o w i n g   s i m p l i f i e d   g e n e r a l   r e c u r s i o n  

r e l a t ion   be tween   t he   vec to r  g of (13) and the v e c t o r  f of (12) .  

where 

m=O 

17 



and 

x = ['dl (50a 

'50b) 

where u (a ,  8 ;  E )  and v ( a ,  B; E) 

t r a n s f o r m   t o  a new v e c t o r  

are p e r i o d i c  i n  8. I t  i s  d e s i r a b l e   t a  

x =  [r] 1 

.E 
A second-order   expans ion   for   th i s  system of d i f f e r e n t i a l   e q u a t i o n s  was 
obtained by Morrison [SI, us ing  a technique similar t o   t h a t   d e v e l o p e d  
by Krylov  and  Bogoliubov  151. 

18 



so t h a t   t h e   r e s u l t i n g  g  (n > 1) w i l l  con ta in   on ly   ce r t a in   s lowly   va ry -  

ing  combinat ions of t h e  e l emen t s .  Equat ions (47) t o  (49) can be used 

t o   d e f i n e   t h e  W ' s  success ive ly  so  a s   t o  remove a l l   " s h o r t - p e r i o d "  terms 

from  the  gnls ;   such a Wn is  un ique   up   t o   an   a rb i t r a ry   add i t ive   l ong-  

pe r iod   vec to r .  I t  should  be  mentioned that, i n  t he   p re sen t   ca se ,  the 

W ' s  a r e   e a s i l y   o b t a i n a b l e   t h r o u g h   s o l u t i o n s  of s i m p l e   l i n e a r   p a r t i a l -  

d i f f e r e n t i a l   e q u a t i o n s  of f i r s t   o r d e r .  

n -  

n 

n 

When no  resonances  occur ,  one  can  construct   the   t ransformation 

x = x(x;  E) , - 
(52a) 

which  reduces  (50b)  to  the  form 

Then t h e  s o l u t i o n  of t he   o r ig ina l   sys t em  (50b)   r educes   t o   so lv ing   t he  

d i f f e r e n t i a l  system of equat ions  Q = EU(Q; E) and quadra tures  for 8 .  

Through  the  t ransformation  (52a) ,  we g e t  the  s o l u t i o n  of (50b).   In t h i s  

c a s e ,   t h e   i n i t i a l   c o n d i t i o n s  for ( 5 2 b )   a r e   o b t a i n a b l e  from the   cor respon-  

d ing  i n i t i a l  c o n d i t i o n s  of x through t h e  inve r se   t r ans fo rma t ion  (32). 

- - - 

I t  is i n t e r e s t i n g   t o   o b s e r v e   t h a t ,   i f  w e  r ep lace  x by 

by [-I, and W by [-%I and i f  f can be generated  from a  Hamiltonian 

then  g   can  a lso  be  generated from a Hamiltonian. 

19 



s u c h   t h a t  (47) t o  (49) reduce  t o  the scalar form [a] 

KO = HO(y,Y,t) (53a)  

where 

L.f = f ' wy - f y  . w 
J Y Y '  

Dwn I I  
" 

D t  - Writ - Ln Ho 9 

(53c 1 

and 

m=O 

Thus,  one may s a y   t h a t   t h e   t h e o r y  of per turba t ion   based  on L ie   t r ans fo rms  

i s  an   impor t an t   spec ia l  case of t h e   p r e s e n t   t h e o r y   i n   w h i c h   t h e   a n a l y s i s  

of a 2N-element v e c t o r  i s  reduced t o  t h e   a n a l y s i s  of a s i n g l e  sca la r  func-  

t i on ,   t he   Hami l ton ian .  

The foregoing a n a l y s i s  now sugges t s  a general s i m p l i f i e d   p r o c e d u r e  

f o r  systems  which are main ly   represented  by a Hamil tonian  with some lesser 

p e r t u r b i n g  forces nonder ivab le  from a p o t e n t i a l .  To  show how t h i s   c a n  be 

done, l e t  u s   t a k e   t h e   s y s t e m   d e s c r i b e d  by (8a)   and  (8b) ,   obtained f o r  t h e  

phys ica l   sys t em  desc r ibed  by (1 ) .  The p rocedure   sugges t ed   he re  is t o  

t a c k l e   t h e   p r o b l e m   i n  two s t e p s :  

(1) A canon ica l   t r ans fo rma t ion  from (x,X) + (y, Y) in   which  w e  can  
apply   (53)   and   def ine   the  W n ' s  s u c c e s s i v e l y  so as t o  remove 
a l l  t h e   u n d e s i r a b l e  terms (e , g . ,  shor t -pe r iod   t e rms)  from t h e  
K n ' s .  S i n c e   t h e   t r a n s f o r m a t i o n  is  Canonica l ,  we s h o u l d   s a t i s f y  
t h e   c o n s t r a i n t  

20 



To a l l o w   f o r   t h e   v e c t o r s  -EQ qx and EQ qx  on t h e   r i g h t -  
hand s i d e  of ( 8 ) ,  w e  should  add  the scalar q u a n t i t y  EQ * 6q 
t o  both  sides of (54) .  If 

then,  by us ing   (16a )   w i th  F = Q and  q, w e  g e t  

m n  

n=O 

where 

m=O 

n-1 
v = - K  + C n c m  Q n-1 (m) . (n-m-1) . 

qY 
9 (56b 1 n nY 

m=O 

n 

n > l  - 
j =1 

(57a) 
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and 

m=O 

( 2 )  A noncanonica l   t ransformat ion  from (y ,Y)  t o  z in which 

n=O 

Now, from Eqs. (47) t o  (49), w e  get 

where 

n > O  , - 

L 

DS n 
D t  - Snt - q o  Y 

” 
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i 

and  the rest of t h e   u n d e s i r a b l e  terms i n  the f ' s  can  then 
be e l i m i n a t e d  by t h e   g e n e r a t i n g   v e c t o r s   S n ' s .  

n 

I t  should   be   no ted   tha t ,  by us ing   (41 ) ,   one   can   expres s   any   vec to r  

n 
u ( x , X , t ;  E) = 

n=O 

d i r e c t l y   i n  terms of z, t and E, s i n c e  w e  nave 

u ( x , X , t ; d  = n 

n=O 

n=O 

n=O 

where 
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Chapter  I V  

PROCEDURE OUTLINE 

Cons ider   the   sys tem of d i f f e r e n t i a l   e q u a t i o n s   i n   t h e   s t a n d a r d   f o r m  

2 = fo(x) + Efl(x) + - c2 f (x)  + E E f3(x)  + . . . . (64) 
1 1 3  

2: 2 

The e s s e n c e  of the   t echnique   proposed   here  i s  t o  c o n s t r u c t   t h e  mapping 

(x; E )  + (x; E), a n a l y t i c   i n  E a t  E = 0, so as t o  a c h i e v e   s p e c i f i c  

requirements  (e .g . ,   e l imina t ion  of shor t -per iod  terms, suppress ion  of 

a l l  ang le   coo rd ina te s ,   and  so on)   in   the   t ransformed  sys tem of d i f f e r e n -  

t i a l  e q u a t i o n s  

W e  p lan  t o  bu i ld   t he   mapp ing   exp l i c i t l y   i n   t he   fo rm of  power series 

t o g e t h e r  w i t h  i t s  i n v e r s e  

Under  such  mapping,  any  analytic  vector F'(x; E )  given by 

can be b u i l t   i n  the  form 
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We s h a l l   d e s c r i b e  i n  f u l l   d e t a i l   t h e   o p e r a t i o n s   p e r f o r m e d   t o   c a r r y   t h e  

t r a n s f o r m a t i o n   u p   t o   t h i r d   o r d e r  i n  E .  The  scheme is  b a s i c a l l y  a re- 

c u r s i v e  one  and i t  i s  i n i t i a t e d  by p u t t i n g  

g ( 3  = f o  0 

The f i r s t - o r d e r   o p e r a t i o n   b e g i n s  by c o n s i d e r i n g   t h e   l i n e a r   p a r t i a l -  

d i f f e r e n t i a l   r e l a t i o n  

Assuming t h a t  a choice  has   been made f o r  gl (x), w e  then   so lve  for 

W (x) and  compute 1 

“(1) 
X = w1 

X 
(1)  = -x “(1) 

F = LIF (0 1 
180 

(1 1 F = F 1 + F  
110 

To prepare   for   the   second-order   expans ion ,  w e  compute 

A t  the   second-order  level ,  we s e t   u p   t h e   p a r t i a l - d i f f e r e n t i a l   r e l a -  

t ion 

g 2 = f   + L f  + g  - 2 ; 1 1,l G o  w2 - (73 1 
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r 

The unknown v e c t o r  g2 is se l ec t ed   i n   compl i ance   w i th  the goals   proposed 

f o r  the t r a n s f   o m a t i o n ,   a n d   t h e   r e s u l t i n g   l i n e a r   p a r t i a l - d i f f e r e n t i a l  

equat ion  is i n t e g r a t e d  t o  y i e l d  W2(x).  The s t e p  of second  order  is  com- 

p l e t e d  by computing 

F(2)  = F2 + 2F + F 1,l 2,o * 

To p r e p a r e   f o r  t h e  th i rd-order   expans ion ,  w e  compute 

(74)  

(75 

A t  t h i r d - o r d e r   l e v e l ,  w e  f o r m   t h e   p a r t i a l - d i f f e r e n t i a l   e q u a t i o n  

The  unknown v e c t o r  i s  c h o s e n ,   a n d   t h e   r e s u l t i n g   p a r t i a l - d i f f e r e n t i a l  

e q u a t i o n  is s o l v e d   t o   y i e l d  W3(x) . Then the   fo l lowing   s equence  of op- 

e r a t i o n s  w i l l  c o m p l e t e   t h e   t h i r d - o r d e r   a n a l y s i s .  

- 
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F = L F  2 , l  2 1 - L I F 1 , l  

F = L3F (0)- 
330 L l F 2 , 0  - 2L2F1 ,o 

F(3)  = F3 + 3 F  + 3 F  + F 
112 2 , l  3 , o  * 

(78 1 

Clea r ly ,   t he   en t i r e   p rocedure   can   be   ex tended   t o   any   o rde r  by us ing  

(12 ) ,  ( 1 3 ) ,  (15), (16), . (28a),  ( 3 2 ) ,  (41), and (43 )  t o  (49). Note t h a t  

f o  i s  n o t   a r b i t r a r y .  The p r e s e n t   t h e o r y  i s  r e s t r i c t e d   t o   p r o b l e m s   w h i c h  

can   be   reduced   ( in  some  way o r   a n o t h e r )   t o  a s tandard   form  such   as   (12)  

i n  wh ich   fo   a l lows  a s o l u t i o n   t o   t h e   p a r t i a l - d i f f e r e n t i a l   e q u a t i o n s  

d e f i n i n g   t h e  Wn . Some o f   t h e s e   p r o b l e m s   c a n   b e   f o u n d   i n   t h e   l i t e r a t u r e  

[3 ,4 ,10 .11] .  
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Chapter  V 

EXAMF'LES 

I n  t h e  first example, w e  c o n s i d e r  Van d e r  Pol's equat ion  * 

According t o  t h e  method of v a r i a t i o n  of parameters ,  w e  s o l v e  as a f i r s t  

s t e p   ( 7 9 )   f o r  E = 0. T h i s   s o l u t i o n  may be p u t   i n   t h e   f o r m  of 

q = A s i n  @ (80a 1 

~ = A C O S @  . 

In   the   second  s tep ,  w e  c o n s i d e r  (80) a s   t h e   s o l u t i o n  of (79).  Then, 

i f  w e  d i f f e r e n t i a t e   ( 8 0 a )   w i t h   r e s p e c t   t o  t a n d   e q u a t e   t h e   r e s u l t i n g  

equat ion  t o  (80b), w e  f i n d   t h e   v a r i a t i o n  of the   parameters  A and @ 

are governed by 

where 

S = s i n  @ and C = c o s  @ . 

S u b s t i t u t i o n  of ( 8 0 )  i n t o   ( 7 9 )   a l s o   y i e l d s  

LC - A& = - AS + EACC1 - A S 1 . 2 2  

Equat ions  (81) and (82) l e a d  t o  the   s t anda rd   fo rm 

* ~~ 

The a l g e b r a i c   a n a l y s i s   i n   t h i s   e x a m p l e  was c a r r i e d   o u t  on t h e  IBM 360 
computer   using REDUCE language C71. 



@ = I -  E [ : ( ~ - ! $ ) S ~ + - ~ A S ~ ]  1 2  

where 

S = s i n  n@  and C = c o s  n@ . n n 

f0 = K ]  
q 1 - $ ) + ; c 2 + , c 4  A3 
2 [ -4 (1 - $) S2 - ASS4 ] fl = 

f n  = 0 n > l  . (84c 1 

Now, i n  t h e   t h i r d   s t e p  of t h e  method  of v a r i a t i o n  of parameters ,  i t  

is  d e s i r a b l e   t o   t r a n s f o r m   f r o m  x t o  a new v e c t o r  x = , so t h a t  -El 

n=O 

where   gn   conta ins   on ly   secular  terms. Up t o  s econd   o rde r ,   (47 )   t o   (49 )  

y i e l d  

go = f o  (86a) 
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g2 = L'(f  + gl) - w2p 9 1 1  

where 

L'F = F- - w1 - w - 1 X lx F .  (86d) 

Choosing W1 t o  e l i m i n a t e   t h e   s h o r t - p e r i o d   p a r t  of gl, w e  o b t a i n  

where 

- 
S = s i n  n@ and cn = cos nJ3 . - 
n 

Hence, 

g1 - 
- 

Computing L; ( f l  + g,) and  choosing W2 t o  e l i m i n a t e   t h e   s h o r t - p e r i o d  

p a r t  of g2, w e  o b t a i n  

w =  
2 

-3 -3 

Hence, 
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g2 = [- 

To e x p r e s s  q of (80a) i n  terms of and 3, one may use (15a) ,   (16a) ,  

and   (41) .   This   l eads  t o  

where 

q = AS1 (0) " 

A 
- -2 E3 - 

= -  4 (1 - % ) E 1  - = C g  

-2 
+ 1 6  7i3 [l - g] s3 - 1536 5P - s5 . 
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I n   t h e   f o u r t h   s t e p  of t h e  method of v a r l a t i o n  of  parameters,  we wish 

t o  so lve   t he   s imp le   equa t ions  of (91) .  As an  example, w e  c o n s i d e r   t h e  

p e r i o d i c   s o l u t i o n   o b t a i n e d  when 

A = 2  (93a 1 

where $(E) i s  a f r e e   f u n c t i o n  of t h e  small parameter  E t o  be chosen 

t o   s a t i s f y  some c o n d i t i o n  on q. Equations  (92)  and  (93) now l e a d   t o  

(94) 

NOW, i f  w e  choose Jr = Jr, + + (E /2)Jr2 t o   s a t i s f y  = 0, one 

o b t a i n s  *, = n/2, $, = -3/8, and $ = 0 .  The corresponding q then 

t akes   t he   fo rm 

2 

2 

q = 6 - 6) c o s  e + - s i n  e 3 E  
4 

3 E  
2 

+ - c o s  38 - - 16 4 
E s i n  38 

where 

e = (1 - < ) t  . 

Comparing the above   equat ion   wi th  C121, o n e   f i n d s  t h a t  the 

cos 8 is  [2 - (E / S ) l   r a t h e r   t h a n  [2 - (3/32)e21. The 2 

(95b) 

c oef f i c  i e n  t of 

d i f f e r e n c e  i s  

due  t o  some feedback   f rom  th i rd -o rde r   ana lys i s   s ince  the p e r i o d i c i t y   c o n -  

d i t i o n  w i l l  y i e l d  IA = 2 - (E /32)1   ra ther   than   2 .  
- 2 
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I t  migh t   be   no ted   t ha t   t he   fo rego ing   pe r tu rba t ion   deve lopmen t s  can 

b e   c a r r i e d  out d i r e c t l y  i n  terms of t h e   p h y s i c a l   v a r i a b l e s ,  i.e., q and 

q E p.  To show how t h i s   c a n   b e   a c h i e v e d ,  we c o n s i d e r   t h e   n o n l i n e a r   d i f -  

ferential  equat ion  

n=l  

L e t  

x=!]= 

and 

(97a 1 

In  view of (96),  and by making  use of t h e   d e f i n i t i o n s  of p and x, 

w e  o b t a i n  

x =  . I p  1 
L n=l  J 

Comparing (12) wi th   (98) ,  w e  g e t  
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I 

L e t  

' n =K;] (100 1 

NOW, by using (100) and r e a l i z i n g   t h e   f a c t   t h a t  q = - a&$ and 
- 

- 
= &/a3, E q .  (47b) can  be  reduced t o   t h e  form 

where 

Equation (101a) now l e a d s   t o  

(102b 
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[a (A) s i n  g + bn(K) cos $8 n -1 
g n = l  an (A) cos - bn(K) s i n  3 

where  an(A)  and b (A) are chosen t o  e l i m i n a t e   t h e   c o e f f i c i e n t s  of 

s i n  and cos g from  (aFnl/&?) + Fn2 of (102a)   (otherwise Wnl w i l l  

be  unbounded). Note t h a t  t h e   o p e r a t i o n s   i n v o l v e d   i n   o b t a i n i n g  Fnl and 

Fn2  of  (101b) are c a r r i e d   o u t   i n   t e r m s  of  q and  p.  Then, f o r   t h e  

computation of Wnl and Wn2, w e  s u b s t i t u t e  q and p i n   t e rms   o f  A 

and @. A f t e r  these computations  have  been  performed, w e  go  back  from 

x and @ t o  6 and p t o   o b t a i n  Wnl (a,b) and Wn2(;,p) which are 

t o   b e   u s e d   i n   t h e   o p e r a t i o n s  of t h e   n e x t   s t e p .  The c y c l e  i s  then   r epea t -  

e d   u n t i l  w e  r e a c h   t h e   d e s i r e d   o r d e r  of p e r t u r b a t i o n .  Now, s u b s t i t u t i o n  

of q and p i n  terms of A and @ i n   ( 1 2 )  w i l l  l e a d   t o   t h e   d e s i r e d  

e q u a t i o n s   f o r  A' and 3. A l s o ,   t h e   v e c t o r  x c a n   b e   c o n s t r u c t e d   i n  

terms of x by using  (32)   and  (44) .  

n 

- - 
- - - 

- 
- - 

- - - 

- 

The t ransformat ion  of t h e   o r d i n a r y   d i f f e r e n t i a l   e q u a t i o n  (96)  t o  

t h e   p a r t i a l - d i f f e r e n t i a l   e q u a t i o n s   ( 1 0 2 a )  i s  similar, i n   s p i r i t ,  t o  t h e  

methods of Poincare '  [131, Kevorkian  [141,  and  Nayfeh C151. The equiv-  

alency,  however, i s  s t i l l  an  open  question. 

A s  a n   a p p l i c a t i o n  of the  above  procedure,  w e  c o n s i d e r   t h e   l i n e a r  

d i f f e r e n t i a l   e q u a t i o n  

q + q = -2Eq , .. 

whose e x a c t   s o l u t i o n  i s  given by 

- --Et 2 1/2 
q = A e s i n  [(I - -E t + pol , 0 

- 
where A. and are a rb i t r a ry   cons t an t s .   Us ing   Eqs .  (96)  t o  (1041, 

o n e   c a n   e a s i l y   v e r i f y   t h a t   t h e   s e c o n d - o r d e r   a n a l y s i s   l e a d s   t o   t h e   f o l l o w -  

i n g   r e s u l t s .  

- 
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- 
S u b s t i t u t i o n  of q and p i n  terms of x and i n  (107) leads t o  

- 

(108) 

The s o l u t i o n  t o  (108) i m p l i e s  tha t  

- 
p = A .-Et cos [(1 - E2/2)t + Po]  . 

0 

- 
Using (28a) and (44) w i t h  x = [:] and x = [:I, w e  o b t a i n  

- 
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p = 'E: + (1 - E2/2)P ' . 

T h i s  i s  seen t o   a g r e e  w i t h  t h e   e x a c t   s o l u t i o n   t o   w i t h i n  O ( E  3 ) i n  t he  

frequency of o s c i l l a t i o n .  
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Chapter  VI 

CONCLUSION 

A pe r tu rba t ion   expans ion  t o  a r b i t r a r y   o r d e r  is presented .  The  ap- 

p l i c a t i o n  t o  n o n l i n e a r   o s c i l l a t i o n   p r o b l e m s   h a s  been d i scussed   and  il- 

l u s t r a t e d  by  two  examples.  Although our i n v e s t i g a t i o n   h a s   b e e n   l i m i t e d  

t o  sys tems  descr ibed  by o r d i n a r y   d i f f e r e n t i a l   e q u a t i o n s ,   t h e  method is 

a p p l i c a b l e  t o  some o the r   sys t ems   desc r ibed  by p a r t i a l - d i f f e r e n t i a l   e q u a -  

t i o n s ,  as i n   t h e   f i e l d s  of p l a s m a   o s c i l l a t i o n s ,   f l u i d   s t a b i l i t y ,  etc . 
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