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Analysis Section,

JPL TECHNICAL MEMORANDUM 33-446



\LMED.
pRECEDING PAGE BLANK NOT FILM

Contents
' [ :n"o‘d“"i 0" * L3 ¥ * L * ¥ » * + » ¥ + + + . * * s 4 Ll s ]

il Discussion . . . . ., . . . L. 0 0 o e e e e
A. Spin Hamiltonian . . . . . . . . . . . o e e e e
B. Transition Probability Matrix Elements . . . . . . . . . . . . . .
C.MainPrograms . . . . . v v « v v v v e e e s
LRUBYCR v 0 o s s v e e e e e e e e
2TIO2FE , . © v v v s v e e e e e e e
3, EMERCR . . v v v s s e e e e e
4, ZNWOFE . . . . v v v v 0 e e e e e e e e
5. TIO2CR . . . . v o o e e e e e e e e e e
Appendix. Energy Levels and Computer Output for the Case of Cr(--3) in

Beryl (Emerald) for = 90 deg With External dc
Magnetic Field as a Parameter .

References . ., . . . . . ., . . . . . . .

Figures

], Orientation of Hieand caxis . . . . . + . « + w0 o+

2, Orientation of Hy. and crystal magnetic axes x,y, z; crystalline axes
a, b, ¢ shown with ¢ axis along y direction; a and b axes in x-z plane . . .

3. Orientation of H,. and crystal magnetic axes x,y,z;a,b,¢
crystalline axes with a and ¢ axes in x-z plane .

A-1. Plot of energy levels of Cr(--3) in beryl (emerald) vs external dc
magnetic field for § = 90 deg .

JPL TECHNICAL MEMORANDUM 33-446

N Oy N NN

15




Abstract

Computer programs on the Univac 1108 have been developed at the Jet Pro-
pulsion Laboratory to give the energy levels and transition probabilities for ruby,
emerald, iron-doped rutile, iron-doped zinc tungstate, and chromium-doped rutile,
These programs also generate SC-4020 plots of energy levels vs an external dc
magnetic field which is at any orientation with respect to the crystal magnetic axes.
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Energy Levels and Transition Matrix Elements of
Paramagnetic Crystals for Maser Applications

l. Introduction

Investigation of maser performance of puiamagnetic
crystals is a continuing program in the Microwave Elec-
tronics Grounp at the Jet Propulsion Laboratory (JPL). As
the need arises for higher signal frequencies, it is neces-
sary to evalvate the maser qualities of many crystals.
Efficient study of maser crystal performance can be
achieved by the use of a set of fine structure energy levels
and transition probabilities. Such information allows the
investigator to determine the optimum orientation of the
crystal magnetic axes with respect to the external de mag-
netic field and the polarization ~’-the signal and pump
frequencies.

To meet this goal, Fortran V language programs for the
Univac 1108 computer at JPL have been implemented to
diagonalize the spin Hamiltonians of ruby, emerald, iron-
doped rutile, iron-doped zinc tungstate, and chromium-
doped rutile. For each of these crystals, eigenvalues in
GHz, normalized eigenvectors, and transition probabili-

JPL TECHNICAL MEMORANDUM 33-446

ties are computed, and a plot by the Stromberg-Carlson
SC-4020 Plotter is made of eigenvalues vs the external de
magnetic field,

Il. Discussion

A. Spin Hamiltonian

The spin Hamiltonian for the case of ruby was derived
in detail in Ref, 1. If H, is the spin Hamiltonian which,
because of the physical nature cof the proklem, is
Hermitian then the eguation to be solved is

Hlpy=Elp)  i=1---,n=28+1 (1)

~ where eigenvalues E; are real, and S is the effective total

spin of the jon in the crystal, H, can be diagonalized by
a unitary matrix with the result that the eigenvalues occur
along the diagonal of the transformed matrix. |y;) is an

1



n-fold vector representing a linear combination of the
n-pure spin states:
[} = a;|8) -+ bi|S = 1) + C(ls —2) e ‘%’x;l"’ S)

The |8), etc,, are the base states corresponding to the
28 + 1 positions of the spin dipole in n magnetic field,

The diagonalization of H, by computer methods can be
conveniently handled by expanding the n X n Hermitian
matrix into a 2n X 2n real matrix,

Thus, if H, and |¢;) are expressed as H, = H,, -+ iH,,
and |{4) = |y -+ ] ¢1). then Eq. (1) takes the form

Hy <Hyy 'Im] - |.,r/;>,]
[Hm Hm][lm ““E‘[Ivf;);.- @

Eq. (8), for § = 3/2 becomes
(Wi| gHy S|y

H}
) Bebs (3)% (¢ — ichs)
| (3)% (¢ + iehs) b
= [a*D*c*d*
[aibicyd]] 0 2 (4 + i)
R 0 , 0

=aiy s iyt oyigda

where

B. Transition Probability Matrix Elements

From first order perturbation, the transition probability
per unit time of a trangition from state ¢; to state ¢, is

Wiy = =y G ()| | [y @

where v = gfBue/h, H' is the applied perturbation, and
G (f) is the density of states as a function of energy, When
an RF magnetic field H, = Y (¢,i + ¢sj - p5k) is ap-
plied to the crystal, the dipole interaction energy is
H' = u+H, = gBS+H,, where ¢, ¢, and ¢; are the
direction cosines of H; with respect to the magnetic axes
x, 1,2 of the crystal,

0 0 1l a:’
2 (s = deps; 0 b,
s (B)% (s — i) | | e

(3% (¢ps + ip2) ~3¢s  JLdi_

ajy = (3)% (a':bj + bla; + cid; + d‘;cj) + 2 (b}‘c; - O’:bj)

Bi; = (3)% (—atb; + bla; — cid; + djc;) + 2(—ble; + ¢}by)

yi; = 3(aja; —

Similar equations can be derived for the case of S = 5/2.

C. Main Programs
1, RUBYCR
a. Purpose

(1) Calculate the eigenvalues of the spin Hamiltonian
of chromium (+3) in ALO; (ruby).

(2) Calculate the transition probability matrix ele-
ments,

]

didy) + bib; —

ciey

(3) Plot eigenvalues vs external dc magnetic field, Hy.:

b. Input data

THETA (0 deg40490deg) is the angle between ¢
axis and external dc magnetic field (see Fig, 1).

HMIN, HMAX, DH defines respectively minimum,
maximum, and incremental external dc magnetic
field for calculations and plots,

JPL TECHNICAL MEMORANDUM 53-446‘




¢. Spin Hamiltonian.(Ref. 2)

H, = gﬁﬂme'S+D[S§-“ =5(S+ 1)]

g= 199

D = ~573 GHz

Hg. = H, (sin 0i + cos 0j)

3
Fig. 1. Orientation of H,. and ¢ axis § = )
d. Spin Hamiltonian matrix
3 3
5 gpH,cos0 + D o) gBH, s 8 0 0
3 1 N
3 gBH, sind 3 gBlycost ~ D gBRH,sin 0 0
0 gRH,sind ~,]§~ gBH,cos0 — D ~;— gBH,sind
0 0 »é-g,@Hnsino «—-%gﬂﬂocow-i- D

2, TIO2FE D = 20,35 GHz a = 11GHz

a. Purpose E = 221 GHz g=20

(1) Calculate the eigenvalues of the spin Hamiltonian p , _

of Fe(~+3) in rutile (1i0,). F= -05GHz §=5/2
(2) Calculate the transition probability matrix cle-
ments.

' (8) Plot eigenvalues vs external dc magnetic field, Hgc.

b. Input data

THETA, PHI [0 deg==(0, ¢ ) == 90 deg] are the spheri-

cal coordinates of external dc magnetic field with
respect to crystal magnetic axes x,y, z (see Fig. 2).
Y =C =[00|]
¢. Spin Hamiltonian (Ref. 3)
H, = gfH4.*85 + D [S~ - -1-5'(3 + 1)] + E (8% — 83)
X = U !Vlj! -

707
o4 4 L o re—
6(s + 85+ 88 16)

-I-——F(S*—-——S" --)

’ _JPL TECHIIICAL MEMORANDUM 33-446

Fig. 2. Onomﬁhoh ‘of M. and crystai magnetic auxes x,
¥, z; crystalline cixes a, b, ¢ shown with ¢ axis olong y
dlrcchon, a and b axes in x-z planc
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3. EMERCR
a. Purpose

(1) Calculate the eigenvalues of the spin Hamiltonian
of chromium (++3) in beryl (emerald: BeyAlLSizO,4).

(2) Caleulate the transition probability matrix ele-
ments,

(3) Plot eigenvalues vs external de magnetic field, Hye.

h. Input data

THETA (0deg==0==90deg) is the angle between ¢
axis and external de magnetic field (see Fig, 1),

HMIN, HMAX, DH defines respectively minimum,
maximum, and incremental external de magnetic
field for caleulations and plots,

¢. Spin Hamiltonian (Ref. 4)

H, = gﬁHdc-S+D[S§w%—S(S+1)]

D = -26 GHz
g= 197
S=3/2
The Hamiltonian matrix is the same as that for ruby
(see Case 1 in Section Cl1d).
An example of the computer printout and plot for
0 = 90 deg is given in the appendix.
4. ZNWOFE
a. Purpose

(1) Calculate the eigenvalues of the spin Hamiltonian
of Fe(+8) in ZnWO, (zinc tungstate).

Fig. 3. Orientation of H;. and crystal magnetic axes x,
y, z; a, b, c crystalline axes with a and c axes in x-z plane

JPL TECHNICAL MEMORANDUM 33-446

(2) Calculate the transition probability matrix ele-
ments,

(3) Plot eigenvalues vs external de magnetic field, Hy,.

b, Input data

THETA, PHI [0 deg == (0, $) =90 deg] are the spheri-
cal coordinates of external de magnetic field with
respect to crystal magnetic axes x,y,z (see Fig. 3).

HMIN, HMAX, DH defines respectively minimum,
maximum, and incremental de external magnetic
fold for caleulations and plots,

¢. Spin Hamiltonian (Ref. 5)

H, = g,tgl-l (28.cos 0 + S.e-1?sind + S-e'? sin 9)
By [352~ S(S + )1 + 5 Buu (82 + 59

+ By, [358 ~ 305 (S -+ 1) Sz -+ 2552 — 6§ (S + 1)
+ 38:(S + 1))

4 Boy (S278% + 148, — $( + 1) + 9]

+ 82 [7S% — 148, ~ S (S + 1) + 91}

1

B, = --6.987 GHz S.=S,=%1iS,
B, = 4,935 GHz
By, = 0,00326 GHz g = 20019
B., = —0,00178 GHz
B,; = —0.0173 GHz S=15/2
¢ = [001
z=[101] 4[001

y =bh=[010]




d. Spin Hamiltonian matrix

gso>opgs L —

S 61-2 gUIS g3 - Ama (g6 + “q) %(01) 0 g %(Q) 3T 0
TIN=
"g09 + “°go1
z g scd°ggs .M. — | -
$:2 WS 15 — © $:-2 0 UIs "HYS (7) (g8 — “d) () e 0 " %(9) 81
hed § 4 _cmow.H — ﬂcmm —_— . -
gsodeggs & — ‘ z
(**g6 + =“d)s(01) $:2 WIS *H g3 5,(3) T $1-2 g WIS g3 = (*ge — =) %3 € 0
40“8.—” + Nemw — R m
2 6 sod g3 K2 +
0 (**ge — “g)s(2) € $:2 g WIS [ g5 e I $1-2 0 WIS *H Y5 5,(3) (g6 + “g) %(01)
‘ “gOZl + g8 —
0 3
9SO °HYE = + g
" 5(Q) eT 0 (*ge — =g %@ e $:2 0 WIS YH Y5 5.(3) € $1-9 WIS YE ——
I.mcw.ﬂ . Ncmm — Q-.Amv
: o 3z
z §so0°g3 = +
0 " 5i\C) 1 0 (**g6 + “d) s(01) $:2 QWIS o3 e g
. 1

"'q09 + *°d01
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5. TIO2CR
a. Purpose

(1) Calculate the eigenvalues of the spin Hamiltonian
of Cr(-+3) in rutile (TiO.),

(2) Calculate the transition probability matrix ele-
ments.

(8) Plot eigenvalues vs external de magnetic field, Hg.

HMIN, HMAX, DH defines minimum, maximum,
and incremental dc external magnetic field for cal-
culations and plots.

¢. Spin Hamiltonian

|

£

N

D = —20.4 GHz

b, Input data G == —4.2 GHz
THETA, PHI [0deg == (0, ¢ ) == 90 deg] are the spheri- o= 197
cal coo:dinates of external de magnetic field with
respect o crystal magnetic axes x, y, z (see Fig, 2). S=3/2
d. Spin Hamiltonian matrix
3 ; (3)% ,
5 gBH,cos -+ D 5 gBH,sind e-'¢ (B)%E 0
@)% 1 y .
25— &BH,sing e'? 5 gBH,cos¢ — D gBH,sin g e'¢ (B)4E
I\ . ] ]‘ A (3)1/'! s {
(B“E gBRH,sin g e'? — 5 &BHycos0 — D o gBH,sin§ e-'*
) @ o 3
0 (B3)4E —é—g,éIHosm()e‘ib ——é-g,BHocosa + D

JPL TECHNICAL MEMORANDUM 33-446
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Appendix

Energy Levels and Computer Output for the Case of Cr(+3) in
Beryl (Emerald) for = 90 deg With External dc
Magnetic Field as a Parameter

80

€0 —
40 ,/

|
|

FREQUENCY, gHz
o

«20

-40

=60

0 2 4 6 8 10
MAGNETIC FIELD, kG

Fig. A-1. Plot of energy levels of Cr(-+3) in beryl
(emerald) vs external dc¢ magn«tic field for § = 90 deg
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FCR CR(*3) IN BERYL(EMERALD)

THETA= ?0,000 DEGREES He o0 GAUSS T mmmm— "
FIRSY ROW OF EJGENVECTOR 1S REAL PARY) SECOND ROW S IMAGe PARY
EIGENVECTOR FoR Ef(4)a  24,00000 GHZ

Ata) Bly) Cly) DLY)
10000000 »0000000 +0000000 »0000000
+0000000 +0000000 +0000000 »1000000¢01
EIGENVECTOR FoR E(3)e 26400000 GHZ
AL B(3) €(3) Di3) - o o
+0000000 +0000000 +1000000¢01 40000000
+0000000 20000000 «0000000 BOODQODD & oo oo mmommes mumt et 4+ s
EIGENVECTOR For E(2)8 =24,00000 GHZ
At2) Bl2) €(2) 0(2)
+0000000 +0000000 +0000000 170828822400
+0000000 +0000000 +000p0000 06221700000 S
EIGENVECTOR FoRr Elj)e »26,00000 GHI ‘
AL) LEIRR) ¢ty ol
20000000 00000000 «0000000 «8150723=00
»0000000 +0000000 »0000000 »i5793693¢g0 R o
E(4)eE(3) E(4)er2) ECRIeE()) EVRISETZYTTTTTRONSENTY T RIS T
»000D $2+0000 $2§0000 $2,0000 7 URRDO00T T T T g0

TRANSITION PROMRABILIYY MATYRIX ELEMENTS T ST T e

TRIX,L) ALPHALK L) ‘ POBETANK, L) = oo =" e e AR, L
REAL IMAG ABS REAL InAG ABS REAL InAG ABS
(1¢2) 0000 «0000 +0000 »0000 00000 0000 = 8329 =3,882]  ,0000
(1)) ey j+00238 1e732) 10035 efod4yl? 10732} 0000 "¢ 0000 + 0000
(1494) +0000 +0000 +0000 00000 0080 T TEO00D T IS WISy 000]
(243) 103560 40774 10732} “1s0776 ©103560 14732} « 0000 20000 ¢ 0090
(244) 0000 ¢ 0000 0000 ~o0000 - 20000 0000 w8605 w306 300000
(3:04) +0000 107321 10732} o732 +0000 je732) 00000 00000 20000
TR(KN) 0250 (ALPHA®S2¢GAMMa®e2) 0250 (3ETA®02) k . ‘
t192) 2,2500 ' 0000 ‘ A - R
(1»3) ¢7500 ¢7500 '
t1;4) 2¢25%00 «0P0Q . .
12,3) #7500 +7850¢ :
1248) 2:2500 v 0000 s . : . , S
(3:4) +7500 0 7800Q i '

JPL TECHNICAL MEMORANDUM 33-446 o 9




FOR CR(¢3) IN BE
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