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I. SUMMARY

The cqmputation of chemical equilibrium composition for a multi-
component, poly~-phase system requires the minimization of the equation
which expresses the free energy of the system subject to mass balance con-
straints. At low temperatures the equilibrium composition of the degradation
products of nylon-phenolic resin ablative composites are not in agreement
with experimentally determined values. In trying to improve the agreement
a new approach is proposed. This consists of solving the ﬁinimization
problem with an energy balance constraint in addition to the mass balance
constraints. Cémparing the composition computed from this restricted
equilibrium calculation with experimental data showed that there was an
ordef of magnitude agreement with the low molecular weight species present.
However, the high molecular weight species that were found to be present
experimentally were not predicted to be present by the calculations except

in trace amounts.
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II. INTRODUCTION

There are several techniques presently available to compute complex
chemical equilibrium (1,2,3). Oune of the most useful is referred to as
free energy minimization. This technique takes advantage of the fact
that at equilibrium the free energy is a mini@um. The usual procedure
is to solve the free energy equation subject to material balance con-
straints. A detailed discussion of this technique was given by del Valle,
et.al. (4). In the case of the pyrolysis products of a nylon-phenolic
resin ablative composite, the chemical equilibrium composition computed
by this method is not in agreemént with the experimentally determined
values. To try to improve this agreement‘Swann (5) has suggested that
this problem be solved with the addition of an energy balance constraint.
The nature of this comnstraint is explained in detail in this report. The
equations resulting from this technique are derived following a procedure
similar to the one used by the authors in reference (4). Results of the
computer program implementation are presented and compared with experimental
compositions for the degradation products of a nylon-phenolic resin ablative
composite. The comparison shows an order of magnitude between computed com-
positions and experimental values of Sykes (6,7) only for the low molecular
weight species present. The computer program listing and typical results

are given in the Appendix A.

11T, THE EQUATIONS FOR RESTRICTED EQUILIBRIUM

A method is'proposed in this report where a "restricted equilibrium
state'" is defined. This equilibrium state is obtained by adding to the
regular free energy minimization algorithm an additional constraint, i.e.
an energy balance constraint. This constraint adds an additional equation

to the free energy minimization technique. The derivation of the equations



follows.

Material Balance Constraints:

Consider a mixture containing a number of chemical species (n gaseous
and ntl to q condensed species). The material balance for the number of

grams~- atoms of element j in the mixture can be written as:

q
8 a.x. + 3§ a,,x, =b, i=1,2,....m (1)
=1 Y1 e MR 3 C

where m is the total number of elements.

Free Energy Functions:

The free energy expression for each of the n gaseous species can be

expressed by the relation for an ideal gas mixture:

fi,(gas) X, (ci + 1n(xi/x) f=1.....n (2)
where
ey T (/RD); 4+ lnE i=1...n 3
. and
- ) jol
T On T @)
. 1
i=1

Assuming the partial pressure of the condensed species to be neglible; the

free energy expression for these species becomes
— ‘0
fi, (so11d) = %3 [FT/RT] i=nmnH....q (5)

Hence, the total free energy function of the mixture is the sum of Equations

(2) and (5). This is expressed as

n q

F(X = f. + £, .
&) i§1 i, (gas) i=§+1 i, (solid)



or in the expanded form

_ . ] B
x; l:ci + 1n (xi/x):! + L%y [F,‘]’:/RT]i

n
FX) = ¢ M
i i=n

i=1

(6)

For a given temperature and pressure it is necessary to determine the amount

of each chemical species present, x., theat minimizes the free energy func-

i

tion Equation (6). This is subject to the specification of the total

amount of each element present, i.e., constant, bj’ of Equation (1). The

usual analytical procedure is to form the constrained equation or augmented

function and equate the partial derivatives with respect to Xy of this
function to zero. However, this procedure results in a set of equations
with the x;'s expressed implicitly. To obtain a simplet, but iterative
solu ion, a quadratic approximation fo the free energy function is formed
by Taylor series expansion about a specified point Y(yl, Yo y3...yq)
and neighboring point X(xi, X9, X3,..xq). The augmented function is then
formed using this approximation.

The partial derivatives of this function, with respect to the xi's
are equated to zero. This results in a set of equations with the xi's
expresseé explicitly.

The Taylor series expansion to the free energy function of Equation

(6), neglecting Eerms higher than second order, is

q q q 2
Q) =¥(¥) + £ 2 A, + 1l £ T JF Ay by
i=1 ayi 2 i=1 k=1 ayiayk
where
Ai = X; =¥, i== l.....q

Taking the appropriate partial derivatives

)

(72)



E(Y) c, + 1h (Yi/?) (for gases) i=i.......n (8a)

1
2

5F§Y)
Y.

1

-0
[_EI ] (for condensed species) i = ntl...q (8b)
RT ~i

2
AFM 85y
i

ayiayk 9)

<]

where § ik is the Kronecher delta. Note that the second partial derivatives
of F(Y) with respect to the yi's of the condensed species are zero. Sub-

stit@éing Equations (8) and (9) in (7) gives the quadratic approximation

to the free energy function at ¥ expanded about Y. Thus,

‘I - n 0
QX = FM + 3 ey +loly/y )+ 1 oz oy 8k - 1ya
RETERIE SR AN S WY
i=1 2 i=l k=1 ( V. - >
q :'E",O 1 vy
Tz [,_I j A 10
i=ntl L RT <1 % (10)

Heat Balance Constraint:

The heat of pyrolysis of a degrading plastic can be computed using

the following equation (8):

T
q - P 5. L
A N IR N (WY
i=1 "95°¢C J—l

T
+ j x_.C__dT | (11)
25°C r,] P d

where ¢ is the total number of species present in the pyrolysis products
and.l is the total compoments in the aﬁlative composite. For nylon-
phenolic resin composites, the temperature, Ty where the degradation
starts is approximately 300°C. and the final temperature is approximately

1000°C. Pyrolysis products are generated-over this temperature range and



'ib is the appropriate average temperature which gives the correct energy
associated with the pyrolysis products. It was determined to be 700°C
as a weighted average based on the mass loss rate (8):

Rearranging Equation (11) gives:

1 ?r q
H + X | MH_. .+ X . C_ . dt = - X . AH_ .
a pyT 'El i Ts] A £,3 v r,1 P,l] ] j>=:1 [ P,1 A £,1
J - 25°C
TP_ ]
+ X . C_ ,dT 12
ur Ps1 P51 (12)
25°C -

The left hand side of Equation (12) is known from experimentally deter-

mined values and define bj+1 as the left hand side.
T -
q L P
Py T2 [Xp,i mg [ ow oy dT] (13)
25°¢C

Notice that the xp's are unknown. However, the right hand side of the
equation which is unknown, must satisfy the left hand side which is known.

Equation (13) can be expanded to the form below, and expanding we have:
@

T T
n P q P
,bj+1 = izl [%ivAHi + J xi Cpi dT ] + i§n+1 [%i AHi + J X, Cp dT ]
25°¢C 25°C

(14)
Note that Equation (14) has been written in the same form as the material

balance equations. This simplifies considerably the final form of the
-equations to be solved.
In addition, define Hi as’
T
p

B, o= oA, 4 j c, dt

25°C
This is done to avoid carrying the integral term in the derivation; and

the resulting equation is

n q
b.,. = % H, x, + % H %, (15)
i+l i=1 Y oy tOH



__Lagrange Multiplier Formulation and Minimization

To form the augmented function, the quadratic approximation to the
free energy, Equation (10) is subjected to the comstraints of Equatious
(1) and (5). Thus, using the method of lagrange undetermined multipliers,

Equation (1) becomes

m q ( q
6® = e + sz (b - 3 Ay ) 4 owy (b - mox H)
5=1 j i i=1 13 i j+1 A\ 5L jo1 1 i
(16)
The condition for equilibrium is A%gizl = (0, Hence equation (16) becomes
i
© m
R T T an
ox g ]
Butr
- .y X: . %
0E) [Ci * 1n_——_-] * [—i 7] i=1...n (18)
oy y yi, y
And
o [ 17 f=n4+1 19)
= —— = q
axé L. RT _h
Substituting (18) in (17), for i = 1,...,n gives
- o
'rci-i-ln.}lyi—% +ln - 2_5:] - % omagmyy =0 i=l..n
L i =
and (19)Ointo (17), for i = 1,...,q gives
r Fro z a ;-

Equation (20) can be solved for ) (=*Xi,gas) to obtain:

N : yi ‘m R
: = — + I . : . | x
*i,gas i [ci T3 [jfl %1yt T M ]Yl { YJ *



Since

?1 (Y) = Yi [ci+ inz_]:]
y

Equation (22) becomes

m -
l . l |l ¥i ‘
= =T + + y' -
xi,gas fi 89 :jzi ”j aij 17j+1 Hi i X
~i=1...n (23)

Equation (23) gives the calculated values of X, gas based on the estimated

3

values of Vi oas and the calculated values of the Lagrange multipliers.
’ .

The computed values of X oa will serve as estimates of the values for
b

the next iterationm.

The elemental balance, Equation (1), can now be put in terms of guessed

values of v gas by substituting Equation(23) into it. Then the equation
3
becomes
n ) m r_n - n
- a. f. o) + : a _a.,y. .+ a . Y. :
151 i £ (O jfl ifl ik ij yl] s Lifl ik y1]"3+1
L e R
i a = + = =
Y 7 LB fne® TR k=1I.m (24)
to simplify equation (24), it is convenient to define
n
fjk - rkj =i§l (aik) (aij) Yi J,k = 1...m (25)
n
Tk T T T OE e B Yy k=1l..m (26)
n 1
n v o
f Hyy, = b, andus= y/x (28)



Note that the primes on Equations (27) and (28) denote summation over the
gas species only. Substituting Equations (25) through (27) into (24),

results in the following expression:

T q T on

m
r.. m. +r, . + b, u+ a X = Y 29
j§1 sk M 41,k T X i=r§l:+1 ik %5 = Py +i£:l _aik £ () (29)
k=1...m

‘The above represents m equations in the m + 2 + s unknowns. The total
number of solid phases at equilibrium is s, and there are.m + 1 unknown
Lagrange multipliers, qj's. The additional unknown is u.

It is necessary to obtain s + 2 additional equations to completely
define the equilibrium state. An additional equation is obtained by
summing over the i's in Equation (23). Tﬁus,

w n —
= fl £.(n) + JE [a, . yi] 7. + ifl By, ] L +< Z) 3 (30)
Noting that the left hand side of the equation cancels with the last
_term on the right, and using the definitions given in Equations (27)

and (28), Equation (30) simplifies to:
mtl
L b,y = 2 f 1§9)
j=1 J J 1-]_ (31)

With Equations (29) and (31) these are ni + 1 equations inm+ 2 + s
unknowns. s additional equations are obtgined from the condition that
at equilibrium the free energy is a minimum, i.e., aG(X)/axi = 0. Hence

from Equations (17) and (19) we have

mﬂz

m ~ Fr -
E T+ H, iy L J i =ntl...q (32)

11JJ



and by defining
= A . i=1...
ai,j+1 Hl 4

Equation (32) becomes

(33)

(34)

With Edaétions (29), (31)'énd (34) we have m + 1 = s equations inm + 2 + s

unknown. An additional equation is necessary to completely define the

system.

with the definition of Equation (33), and is

n N m n n r
-y H, f. (V) + T % a_ a . y.]w.+2 a
=1 + 1 k=1 Li=1 1k LIFLTL US4
n _ q
H + M, X, = b,
P T o

L i,j+l

This is obtained by substituting Equation (23) into (15) together

A
1,541 Y1 Tyn
(35)

Equation (35) can be simplified further by the prior definitions of Equa-

tions (26), (28) and (33). Thus, Equation (35) becomes:

<@
m+1 . q . . ;
r, . .+ b, u + T a; y41%, = .
o et T i+l It S A s |

ai,k+l x (1) (36)

With EQuations (29), (31), (34) and (36) we have the m + 2 + s equation to

solve for m + 2 + s unknown.

These are; m + 1 Lagrange Multiplier, "j's

and s xi's of the solids or condensed phase. There are m Equations (29),

one Equation (31), one Equations (34) and s Equations (36).

of the equations in their final form is given below.

wtl i q ] n

r, .+ b + a X, = b, + a £,
jEl jk M k" i§;+l ik i k igl ik F5
m¥l .f q n
Zor, oot b out T8y k1% = b+ ¥ 25 kt+l ¥i(Y)
o SR L B S S koo 7

A summary

k=1...m
from quation (29)

k=m+1
from quation (36)
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mtl n

.
T b, . + T = ¥ £ () from Equation (31
=1 33 o j=1 F ! 3D,
o1 - ;bﬁ
a = — .
jfl 15 . L_RTJ : i=n+l...q

from Equation (34)
It should be noted that Equations (29) and (36) have the same form. However,
they are shown separately to emphasize the difference between the aik's and

The a:

1k's are the formula numbers, which give the gram atoms of

B4,k+1"
element j in specie i, i.e., for CHQ, aik for carbon is one and for

hydrogen four. But a, = Hi from the definition of Equation (33).

i ktl
In Table 1 the above equations are shown in expanded form and Equations

(29) and (36) are incorporated into the same general form, which simplifies

the computer implementation.

Convergence:

The number of iterations required for convergence in the case of
restricted equilibrium was observed to be greater than for the general
equifibrium case. It was also observed that restricted equilibrium conver-
gence seemed to be more sensitive to the presence of trace species; these
having a delaying effect on convergence.

The convergence procedure used was the same as for the general equili-
brium case. A brief discussion follows.

Normally in the iterative procedure, the amouﬁt of each specie, X,
which is calculated at the minimum of the constrained quadratic approxi-
mation is used as the next estimate. Following the development of White

et.al. (3),
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Yinew  Yi,old oAy (35)

where

b; T %5 7 Yi,01d (36)

.The free energy function can be expressed in terms of the convergence

-parameter by substituting Y of Equation (35) into Equation (6). The
2

new
result is,

o

FG) = izl Yo+ Ap ] {Ci + 1n [(yi +28,) / G + xl).] }

q =°
F
+ 3 [&i -+ XAi-j ( T/ RT)i

i=ptl i (37)

where Y is equivalent to Vi o01d of Equation (35) and

ol
To determine the direction (increase or decrease) of the free energy

function, the derivative of F with respect to ) is examined after every

iteration. The derivative is easily computed and is,

aF(x) _ o [ TN (i
a ? p;ley tln {(yi + ) / (y + XA)} ] + i§n+1 Aj (Rj‘>i (38)

If the directional derivative, dF/d), is negative, a descent path is
followed; that is, the value of the free energy on the following iteration
will be less than the previous one. When this procedure is successively
followed the minimum is eventually reached. However, when a non-negative
value of the directional derivative is obtained, the value of the conver-

gence parameter, } , is reduced until a negative value of the derivative is

obtained.

- -Computational Procedure:

The jterative procedure is initiated by assuming any positive solution
Y= (yl, yz,...yq) which satisfies the material balance equations. The

values of fi's (Y) are then determined by Eguations (2) and (5) for the
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-gases and solids respectively, as are the values of Iﬁk by Equations (25)
and (26). The system of equations shown in Table 1 are now solved simul-
taneously. From their solution m + 1 values of the lagrange multipliers
the value of u(= x/y) and s values of X, (solid) are obtained. The values
°£ 3 and u are used in Equation (23) to calculate Xi,gas' These new
_.values serve as starting estimate for the following iteration.

A brief description of the computer implementation is given in

Appendix A.

IV. COMPARISON OF RESULTS AMONG EQUILIBRIUM, RESTRICTED
EQUILIBRIUM ANALYSIS AND EXPERIMENTAL RESULTS

The chemical composition of the pyrolysis products resulting from
theAdegradation of a 40 percent nylon, 60 percent phenolic resin ablative
composite and computed bu a restricted equilibrium analysis is presented
in this section. The computatious have been done for two decomposition
temperatures because of the uncertainty involved in the properties to
calculate the average temperatures. In addition two different energy

'constraipts were used because of uncertainties in the heat of pyrolysis.
The assumed average temperatures were 600° and 700°C and the energy
constraints were -17,000 and -29,000 calories/gram-mole of polymer which
correspond to -228 and -390 BTU/1b of composite. The results are presented

;in Table-2 and Table-3.

In Table-2 a comparison of restricted equilibrium with the experimental
data of Sykes (6,7) is given for two energy constraints (H = -17,000 and
~29,000 cal/mole of polymer) at a temperature of 700°C. The results
show an order of magnitude agreement with the low molecular weight species
identified by Sykes (6,7). These are methane, hydrogen, carbon monoxide,
carbon dioxide, water and ammonia. The agreement with the high molecular
welght species, phenol, tolueme, benzine, etc. was rather poor. The change

in the energy constraint, H, from -17,000 to -29,000 cal/mole of polymer
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has different and oppqsite effects in several of the species. For example,

an increase in the value of H had the effect of decreasing the amount of
hydrogen, carbon, and carbon monoxide, while increasing the concentrations

of carbon dioxide and water. It should be noted that the mass fraction of un-
identified plus that of carbon makes up 0.521 of the total mass fraction

of the experimental composition, while the restricted equilibrium predicts

a mass fraction of 0.634 carbon. It should be further noticed that the

mass of nitrogen makes up about four percent of the mixture. No nitrogen

was reported in the experimental results (6,7).

In Table-3 a similar comparison is made, but the decomposition zone
temperature is taken to be 600°C., Again an order of magnitude agreement
is observed among the composition of the lower molecular weight species.
Changing H affects the composition in the same fashion as was for the 700°C.
case.

In geﬁeral, restricted equilibrium provided an order of magnitude
agreement for the composition of low molecular weight compound. It failed
to give any agreement with the higher molecular weight component.

In Table-4 a comparison of restricted equilibrium with the general
equilibrium analysis is given. It is shown that the compositions are
within an order of magnitude of each other. The only mass fraction that
is the same is that of nitrogen, since it is practically an inert, and that

of carbon which agrees within ene percent.
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TABLE-4
COMPARISON OF RESTRICTED EQUILIBRIUM ANALYSIS WITH THE GENERAL
EQUILIBRIUM ANALYSIS FOR A 40% NYLON, 607 PHENOLIC RESIN
~COMPOSITE, AT 7000°C AND 1 ATMOSPHERE

Restricted Equilibrium

, Mass Fraction for Equilibrium
Species H = -29,000 cal/mole of polymer Composition
Phenol 10713 10-18
Benzene 10717 ‘10’13
Toluene 10713 10-13
Methane 0.025 0.043
Hydrogen 0.065 0.059
Carbon Monoxide 0.205 0.150
Carbon Dioxide 0.014 0.031
Water 0.021 0.043
NH3 1074 107
N 06.039 0.039

2
c 0.631 0.63¢€
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VII. NOMENCIATURE

Description

Formula numbers giving gram-atoms of jth element in
the ith species

Gram-atoms of jth element in mixtures defined by-
Equation (1)

Defined by Equation (14)
Function defined by Equation (3)
Heat capacity

Free energy function of a mixture as defined by
Equation (6) ‘

Standard molal free energy of species i as a pure
substance at temperature T

Molal free energy of species i in a mixture

Free energy of species i defined by Equations (2)
and (5)

Function defined by Equation (16)

Enthalpy of species i

Standard heat of formation of species 1

Heat of pyrolysis

Standard molal enthalpy of species i at temperature T
Total number of components in the ablative composite
Total number of chemical elements

Total number of gaseous species

Total pressure of system

Partial pressure of species i

Function defined by Equation (iO)

Total number of chemical species (gases and solids)

Defined by Equation (25)

 Universal gas constant (1.987 cal/gm-mole °K)



3
Subscript
i
3
T

Superscript

-]

Descrigtion

‘Temperature

Average temperature of the range over which pyrolysis
takes place

Temperature at which pyrolysis begins

Moles of species i in the mixture at equilibrium

Total moles of gaseous products at equilibrium defined
by Equation (4)

Total moles of gaseous products (assumed value)

Moles of specie i in the mixture (assumed value)

Activity of species 1
Function defined by Equation (7a)
Defined by Equation ( )

Kronecker delta (§;x = +1 for i = k and bik = 0 for
i# k)

Parameter of a line through two points

jth Lagrange multiplier

Refers to the species
Refers to the elements

Refers to absolute temperature

Denotes the standard state (298°K and one atmosphere
pressure)

Denotes per mole
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Appendix A

Appendix A contains a copy of the printout of the calculations used in

this report. A copy will be furnished by the authors upon request.
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