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Analyses i n  a r e a s  such as communication, network, 
and c o n t r o l  theory are o f t e n  performed i n  t h e  frequency domain. 
Many s o l u t i o n s  are n o t  complete u n t i l  t he  inve r se  Four ie r  
t ransformation of a r a t i o n a l  a l g e b r a i c  f r a c t i o n  has been 
success fu l ly  c a r r i e d  ou t .  With t h e  r e s u l t s  der ived  i n  t h i s  
memorandum, w e  can o b t a i n  t h e  inve r se  Four ie r  t ransform h ( t )  
of any genera l  r a t i o n a l  a l g e b r a i c  f r a c t i o n  d i r e c t l y  f r o m  a 
tab le  a f t e r  p a r t i a l  f r a c t i o n  expansion of H ( j w )  has been per- 
formed without  any f u r t h e r  c a l c u l a t i o n ,  A new theorem for  
the  eva lua t ion  of t h e  inve r se  Four ie r  t ransforms of t h e  t e r m s  
c o n s i s t i n g  of po les  on t h e  j w  a x i s  has been developed. W i t h  
t h e  a d d i t i o n  of t h i s  theorem, t h e  inve r se  Four ie r  t ransform 
of any r a t i o n a l  a l g e b r a i c  f r a c t i o n  can be eva lua ted  d i r e c t l y  
f r o m  i t s  inve r se  Laplace t ransform,  

A computer program has been developed fo r  ob ta in ing  
t h e  inve r se  Four ie r  t ransformat ion  of a gene ra l  r a t i o n a l  
a lgeb ra i c  f r a c t i o n  where t h e  output  of t h i s  method i s  
a closed f o r m  s o l u t i o n  i n  t i m e .  N u m e r i c a l  examples are 
provided t o  show t h e  usage of t h i s  computer program. 
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TECHNICAL MEMORANDUM 

I,  INTRODUCTION 

DATE: February 2 ,  1 9 7 0  

: s. Y. Lee 

TM-70-1033-2 

Analyses i n  a reas  such  as  communication, network, 
and con t ro l  theory are o f t e n  performed i n  t h e  frequency 
domain ( e o g o ,  Four ie r  o r  Laplace t ransforms) ,  However, many 
so lu t ions  are n o t  complete u n t i l  t he  inverse  Fourier  t r ans -  
formation of a r a t i o n a l  a lgeb ra i c  f r a c t i o n  i s  obtained. 
Although t h e  l i t e r a t u r e  on Four ie r  t ransformation and inverse  
Fourier  t ransformation i s  q u i t e  ex tens ive ,  there a r e  s o m e  
problems t h a t  have n o t  been e x p l i c i t l y  considered. The sub- 
ject  of t h i s  memorandum i s ,  t o  t h e  au tho r ' s  knowledge, one of 
them. W e  consider  t h e  following problem. Given a genera l  
r a t i o n a l  a lgeb ra i c  f r a c t i o n  H ( j w )  w e  would l i k e  t o  ob ta in  t h e  
t h e  inverse  Fourier  t ransformation h ( t )  d i r e c t l y  f r o m  a table 
a f t e r  p a r t i a l  f r a c t i o n  expansion on H ( j w )  has  been performed 
without e s s e n t i a l l y  anymore manipulations.  I n  the  process of 
der iv ing  t h e  r e s u l t s  of t h i s  memorandum, a new theorem i s  
developed f o r  ob ta in ing  t h e  inverse  Four ie r  transform of a 
r a t i o n a l  a lgeb ra i c  f r a c t i o n  when i t s  poles  are on t h e  j w  a x i s  
d i r e c t l y  from i t s  inverse  Laplace transform, 

The motivation f o r  consider ing t h i s  problem i s  t o  
develop a computer program f o r  ob ta in ing  t h e  inverse  Four ie r  
t ransformation of a general  r a t i o n a l  a lgeb ra i c  f r a c t i o n  where 
the  output  of t h i s  method i s  a closed form s o l u t i o n  (not  d i s c r e t e  
d i g i t a l  value)  i n  t i m e .  T h i s  program can be developed only i f  
t h e  e x p l i c i t  inverse  Fourier  transforms of t h e  genera l  t e r m s  
a f t e r  p a r t i a l  f r a c t i o n  expansion on H ( j w )  a r e  known, Up t o  
t h i s  wr i t i ng ,  e x p l i c i t  inverse  Four ie r  transforms of a r a t i o n a l  
a lgeb ra i c  f r a c t i o n  when i t s  poles  a r e  on the  j o  a x i s  ( w i t h  the  
exception a t  t h e  o r i g i n )  have n o t  been published. T h i s  i s  due 
t o  t h e  d i f f i c u l t i e s  which arise w i t h  t h e  convergence of t h e  
i n t e g r a l  i n  t h e  inversion formula, 
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11. PROPER AND IMPROPER FRACTIONS, DISTINCT AND MULTIPLE ROOTS 

W e  s h a l l  now d i r e c t  ou r  a t t e n t i o n  of a genera l  r a t i o n a l  
a lgeb ra i c  f r a c t i o n  of  t h e  following form: 

where p=jw, t he  c o e f f i c i e n t s  ai and bi are a l l  r e a l  cons t an t s ,  
and m and n a r e  p o s i t i v e  i n t e g e r s ,  L e t  u s  d i s t i n g u i s h  two 
d i f f e r e n t  cases of H ( p ) ,  namely, when m<n and mkn. For t h e  
case m<n, w e  say t h a t  H(p) i s  a proper f r a c t i o n .  While when 
mhn w e  have an improper f r a c t i o n .  W e  see t h a t  an improper 
f r a c t i o n  can always be transformed i n t o  t h e  sum of a polynomial 
i n  p and a proper f r a c t i o n  by simply d iv id ing  N(p) by D(p) 
u n t i l  t h e  degree of t h e  numerator of t h e  remainder i s  less than 
t h e  degree of D(p) . It  is  known t h a t  a proper f r a c t i o n  can be 
expanded by p a r t i a l  f r a c t i o n  expansion method i n t o  t h e  summation 

0 K (p+o 1 KU 

of t h e  following t e r m s :  - I -  , A  2 '  2 2  p p+O p2,Wo2 p2+wo ( p + d  +U0 

K 

, i f  t h e  r o o t s  of D(p) are a l l  d i s t i n c t .  When 0 
2 2  

KU 
and 

D(p)=O has mul t ip le  r o o t s  and H(p) is  a proper f r a c t i o n  then t h e  
p a r t i a l  f r a c t i o n  expansion of H(p) w i l l  c o n s i s t  of a l l  t h e  above 
t e r m s  p lus  a d d i t i o n a l  t e r m s  of t h e  form 

(p+o+jUo)n (p+ j w o  ) 

A s  s t a t e d  previously,  t h e  b a s i c  d i f f e rence  between an improper 
f r a c t i o n  and a proper f r a c t i o n  i s  t h a t  t h e  expansion of t h e  
improper f r a c t i o n s  contains  a polynomial i n  p whereas t h e  
expansion of t h e  proper f r a c t i o n  does not.  Thus, when H(p) i s  
an improper f r a c t i o n  t h e  terms of t h e  form of pn must be included. 
Hence, t o  f i n d  t h e  inverse  Four ie r  transformation of a r a t i o n a l  
a lgeb ra i c  f r a c t i o n  w e  must de r ive  t h e  inverse  Fourier  transform 
of each of t he  above t e r m s .  

(p+a) +U0 

K 
n e  and K 
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K K (p+o): 111. INVERSE FOURIER TRANSFORMATION OF - 

L e t  H* ( s )  denote t h e  Laplace t ransform of h ( t )  where 
s=o+jw, Then it i s  known t h a t  if t h e  reg ion  of convergenee of 
H*(s) con ta ins  t h e  j w  a x i s  i n  its i n t e r i o r ,  ( i e e e  I i f  a<O) 
then  t h e  Four ie r  t ransform H(p) i s  a s p e c i a l  case of the  
t ransform H*(s) ,  Furthermore, if the  j w  axis i s  o u t s i d e  
reg ion  of  convergence of H*(s) I ( i e e e  i f  a>O) then  
Four ie r  t ransform is  equal  t o  t h e  inve r se  Laplace t ransform Of 
H(-s) wi th  t rep laced  by -t. This r e s u l t  can be r e a d i l y  seen by 
examining t h e  t i m e  s c a l i n g  theorem. Thus, from these s ta tements  
w e  can conclude t h a t  

2 2  
K K ( p + a )  I and K w O  

( p + d  +wo 
2 f o r  gene ra l  t e r m s  of - I 

when o>O. And when a<O, 
(p+a) + w o  

The inve r se  Laplace transforms of t h e  above t e r m s  are w e l l  
known. Hence 

- a t  F - ' [ K ]  = K e  u ( t )  where o>O 
Pt-0 (4) 

' - o t  = - K e  u ( - t )  where o<O 
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FW1[ K(p+o)  ] = K u ( t ) e  - o t  coswOt where o>O 2 2  (p+o) +wo 

coswOt where u < O  - o t  = -Ku(-t)  

F-’ [ Kwo 2 2] = Ku(t)eYotsinw 0 t where o>O 
( p + d  +wo 

- 
= -Ku(-t)e otsinwot where. o<O 

(5) 

and u ( t )  i s  a u n i t  s t e p  funct ion.  

I V .  INVERSE FOURIER TRANSFORMATION O F  E A and 0 Kw 

P + w o  P +a0 

When o=y=O, a t  least  one of t h e  s ingu la r  p o i n t s  of 
h ( p )  l ies on t h e  j w  a x i s ,  t he re fo re  no genera l  conclusion about 
t h e  convergence of H(p) can be drawn, To de r ive  t h e  inve r se  
Four ie r  transforms of - w e  s u b s t i t u t e  G ( w )  = - i n t o  t h e  
invers ion  formula, 

K K 
P 3 w  

a, (a 

Simplifying ( 7 )  becomes 

(a 

K s i n  t u  dw 
w g ( t )  = 

-a, 

or 

a, 

K s i n  t u  dm g ( t )  = w 
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From an i n t e g r a l  t a b l e  o r  performing a contour i n t e g r a t i o n  
and applying Jordan ' s  lema,  ( 9 )  i s  equal  t o  7 i f  t > O ,  minus 
K - if t < O ,  and zero i f  t = O .  Thus, 2 

K 

where sgn (t) i s  shown i n  Figure 1. 

t t 

Figure 1 

Using the  r e s u l t  of (lo), w e  ob ta in  

2 F[sgn (t) I = j~ 

T h e  func t ion  u ( t )  can be w r i t t e n  i n  t e r m s  of sgn (t) as 

1 1  u ( t )  = 2 + 2 sgn (t) 



where 

0 6 t r : O  

u ( t )  = 1 6 t > O  

1 7 I t = O  by preceding d e f i n i t i o n  ( l a ) ,  

1 By knowing F[z l  = ITS ( w )  , where 6 ( w )  i s  the  d e l t a  
funct ion introduced as a general ized func t ion ,  and 

6 ( t ) f  ( t ) d t  = f (0) I 

Papoulis der ives  t h e  Fourier  transform of u ( t )  

1 *  
F [ U ( t ) ]  = T T ~ ( U )  + - 

j 6 J  

Next w e  w i l l  der ive  t h e  inverse  Fourier  transform 
of e It  has been shown i n  Reference [ l l  

P +w 

where 

-03 

1 *Note: many publ ica t ions  give F [ u ( t ) ]  = - which i s  

This -1 1 1 J w  i n c o r r e c t  because F E5J 
can be r e a d i l y  seen by ( 7 )  e 

u(t) but  equals  7 sgn (t) e 
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or from (17) the inverse Fourier transform of is 
wo - w  

1 cos w t = - sgn (t) 1 
F-’[*] = u(t)cos wot - - 2 0 2 

wo  - w  

or 

K F - l [ Z ]  2 2  = sgn (t) cos wot 
w o  +P 

0 Kw 
The inverse Fourier transform of 

P +wo 

similarly by the following relationships given in 

cos 0 t (19) 0 

can be derived 

Reference [l]. 
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Thus from ( 2 1 )  we have 

KU 
or from ( 2 2 )  the inverse Fourier transform of O is 

P + w o  

sinw t = sgn(t)sinwot 1 = u(t)sinwot - - F-I [ 7 7 1  2 0 z w O  

@o 

or 

F -1 [--I KUO = K sgn(t)sinwot 
P + w o  

( 2 4 )  

In this section we derived the inverse Fourier transforms 

The inverse Laplace transforms of ofE,&,and K W O  2 .  

P + w o  P +do 
these functions are well known, they are 

-1 K L [--I = Ku(t) 

L-l[-Z1(p-T] = Ku(t)coswot 
P + w o  

( 2 7 )  
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L -1 [=I K w O  = Ku( t )  s i n w O t  
P + w o  

By comparing (10) w i t h  ( 2 6 ) ,  (20)  w i t h  ( 2 7 )  , and (25)  w i t h  (281, 
a new theorem i s  developed f o r  ob ta in ing  the  inverse  Four i e r  
transforms of the  t e r m s  cons i s t ing  of simple poles  on t h e  j w  a x i s .  
This new theorem can be s t a t e d  as follows: 

Theorem: 

T h e  inverse  Fourier  transforms of t h e  terms cons i s t inq  
of simple poles  on the  j w  a x i s  can be evaluated a s  one ha l f  of 
t h e i r  inverse  Laplace transforms w i t h  u ( t )  replaced by sqn ( t ) .  

For example: Evaluate t h e  inverse  Fourier  t ransform 
. By inspec t ion ,  t h e  pole  of t h i s  funct ion i s  on the  1 of 

j w  ax i s  t he re fo re  t h e  theorem above can be appl ied.  I t  i s  
p+jwo 

- j w o t  
known t h a t  t he  inverse  Laplace transform of i s  e u ( t )  I 

0 s + j w  thus 

T h i s  s o l u t i o n  can be v e r i f i e d  i n  a more complicated procedure: 

f irst  mult iply u ( t )  by e which i s  equivalent  t o  knowing 
the  inverse  Laplace transform of  
frequency s h i f t i n g  theorem 

- j w o t  

e Then by applying t h e  1 
s + j w o  

t o  ( 1 4 )  thereby obta in ing  
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- j w o t  1 
F [e u ( t ) l  = * 6 ( w + w o )  + jw+ju0  (31) 

Next, so lve  for  jw+jw, i n  (31), t ake  the  inverse  Four ie r  transform 

of both s i d e s  which r equ i r e s  knowing F - l [ n S  (w+w,) ] and f i n a l l y  
s impl i fy  t o  ob ta in  ( 2 9 ) .  

K 
n AND I V .  INVERSE FOURIER TRANSFORMATION OF - K 

(p+a+ j w o  ( p+ j w 1 

A s  stated i n  s e c t i o n  111, i f  t h e  region of  convergence 
of H * ( s )  contains  t h e  j w  a x i s  i n  i t s  i n t e r i o r ,  ( i . e . ,  o>O) then 
the  Four ie r  transform and inve r se  Fourier  transform are s p e c i a l  
cases of Laplace transform and inverse  Laplace transform. 
Furthermore, when the  j w  a x i s  i s  ou t s ide  the  region of convergence 
of H* ( s ) ,  ( i .e . ,  o<O), then t h e  Four ie r  transform is  equal  t o  t he  
inverse  Laplace transform w i t h  t replaced by minus t. Thus, t h e  
inverse  Fourier  transform of i s  K 

n (p+a+ jw,) 

1 F - l [  n 
K 

(p+o+ j w o  1 

- ( a + j w , ) t  
K t n ' l  u ( t )  f o r  u > O  = .-iz=ijT e 

K 
n r  To de r ive  the  inverse  Fourier  transform of 

w e  f irst  apply the frequency d i f f e r e n t i a t i o n  theorem 
(p+jw,) 
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t o  o b t a i n  

n-1 where 6 

d e r i v a t i v e s  e x i s t  only i n  t h e  sense  of d i s t r i b u t i o n s  or 
(w+w,) i s  t h e  n-1 d e r i v a t i v e  of 6 ( w + w 0 )  and t h e  

The l a s t  t e r m  on t h e  r i g h t  hand s i d e  of ( 3 5 )  can be eva lua ted  
by ( 3 3 )  which i s  

S u b s t i t u t i n g  ( 3 6 )  i n t o  ( 3 5 )  and s impl i fy ing  w e  ob ta in  

I t  should be noted t h a t  i nve r se  Laplace t ransform of 
1 

( j w + j w , )  
i s  n 
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By comparing (37) and ( 3 8 ) ,  w e  see t h a t  t h e  theorem developed 
i n  s e c t i o n  I11 holds f o r  mul t ip le  poles  on t h e  j w  a x i s  as w e l l  
a s  simple poles  on t h e  j w  a x i s .  T h i s  theorem can now be 
r e s t a t e d  as follows: 

Theorem: 

The inverse  Fourier  transforms of the t e r m s  c o n s i s t i n q  
of poles  on the  j w  a x i s  can be evaluated as one ha l f  of  t h e i r  
inverse  LaDlace  transforms w i t h  u ( t )  relslaced bv san (t) 

n V. INVERSE FOURIER TRANSFORMATION O F  p 

The r e s u l t s  of s ec t ions  11, 111 and I V  enables  us t o  
eva lua te  t h e  inverse  Four ie r  transform of any genera l  r a t i o n a l  
a lgeb ra i c  proper f r a c t i o n .  Howeverp a s  previously s ta ted,  i n  
order  t o  eva lua te  t h e  inverse  Fourier  transform of a genera l  
r a t i o n a l  a lgeb ra i c  improper f r a c t i o n  w e  must include t h e  t e r m s  
of t h e  form of pn. 
pn can be e a s i l y  evaluated by applying t h e  t i m e  d i f f e r e n t i a t i o n  
theorem 

The inverse  Four ie r  transform of the  t e r m  

Thus 

-1 d n 6  (t) F [ (PIn]  = 
d t n  

where t h e  de r iva t ives  e x i s t  only i n  t h e  sense of d i s t r i b u t i o n s .  

V I .  COMPUTER PROGRAM AND NUMERICAL EXAMPLES 

The r e s u l t s  of t h i s  paper a r e  given i n  Table 1. 
With these r e s u l t s ,  a d i g i t a l  program was developed f o r  obtaining 
t h e  inverse  Fourier  t ransformation of a genera l  r a t i o n a l  
a lgeb ra i c  f r a c t i o n .  The inputs  t o  t h i s  computer program are 
t h e  gain K, t h e  roots of N(p) and D (p) as given i n  equat ion (1) 
The output  i s  the  inverse  Fourier  transform of H(p) .  H e r e  are 
some of t h e  numerical examples which have been done using the  
computer program. 
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1 1- t  1 1  
5 20 2 3 = s g n ( t )  - -e --[-cos(2t)+sin(2t)]sgn(t) 1 ( 4 )  

p (p+ l )  (p2+4 1 

cos2 t )  ] s g n ( t )  1 1 os2 t )  t - 411850~in2t-27686 1 
-t- (12454Sin2t+3972c- 

s i n t +  20769 cost)e-3t~ u ( t )  1 -t 
'625' +(30000 
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Table 1 - Complete Table f o r  t h e  Evaluation of Inverse Four ie r  
Transform of Rat ional  Functions 

Pn 

K 
P 
- K sgn (t) 

where o>O 

u (-t) where u<O - u t  
- K  e 

- K sgn (t) cos w o t  
2 

K - sgn (t) s i n  w o t  2 

where o>O - u t  cos o o t  Ku (t) e 

cos w t where o < O  - u t  
0 -Ku(- t )e  

where u>O - u t  s i n  w t 0 Ku (t) e 

- u t  -Ku (-t) e s i n  w o t  where o<O 
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Table 1 (Cant,) 

- 1 5  - 

K 

(p+a+ j w o  
n-1 -(a+jw,) t 

e u ( - t )  where a<O - K (-t) 
(n-1) ! 

K 
n 

(p+jw,) 

- j w o t  
e sgn (t) Ktn- '  

2 (n-1) ! 

Theorem: T h e  inverse  Fourier  transforms of t h e  t e r m s  cons i s t ing  
of poles on t h e  j w  a x i s  i s  equal t o ' o n e  h a l f  of t h e i r  
i nve r se  Laplace transforms w i t h  u ( t )  replaced by sgn ( t ) .  
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W i t h  the  r e s u l t s  der ived i n  t h i s  memorandum, t h e  
inverse  Four ie r  transform h ( t )  of any genera l  r a t i o n a l  alge- 
b r a i c  f r a c t i o n  can be obtained d i r e c t l y  from a t a b l e  af ter  
p a r t i a l  f r a c t i o n  expansion of H ( j w )  has been performed w i t h -  
ou t  any f u r t h e r  c a l c u l a t i o n ,  A new theorem Sor t h e  eva lua t ion  
of t h e  inverse  Fourier  transforms of the t e r m s  cons i s t ing  of 
t h e  poles  on t h e  j w  a x i s  has been developed. With the  addi- 
t i o n  of t h i s  theorem, t h e  inverse  Fourier  transform of any 
r a t i o n a l  a lgeb ra i c  f r a c t i o n  can be evaluated d i r e c t l y  from i t s  
inverse  Laplace transform. That i s ,  t h e  inverse  Four ie r  t r ans -  
form i s  equal  t o  t h e  inve r se  Laplace transform when t h e  poles  
a r e  i n  t h e  l e f t  ha l f  of p-plane; t h e  inverse  Four ie r  transform 
i s  equal t o  t h e  inverse  Laplace transform w i t h  t replaced by 
minus t when t h e  poles  are i n  t he  r i g h t  h a l f  of p-plane; and 
t h e  inve r se  Four ie r  transform i s  equal  t o  one h a l f  of i t s  
inverse  Laplace transform w i t h  u ( t )  replaced by sgn (t) when 
t h e  poles are on t h e  j w  a x i s .  

A computer progxarn has been developed f o r  ob ta in ing  
t h e  inverse  Four ie r  t ransformation of a general  r a t i o n a l  
a lgeb ra i c  f ract ion where t h e  output  of t h i s  method i s  a closed 
form s o l u t i o n  i n  t i m e .  Numerical examples are provided t o  
show t h e  usage of t h i s  computer program, 
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