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TECHNICAL MEMORANDUM 

INTRODUCTION 

Important parameters in POGO studies are the resonant 
frequencies of the various fluid feed lines (inboard and outboard 
fuel and lox). To determine these frequencies, a test facility 
was constructed at MSFC and various tests were run. It was 
generally felt that the frequency thus determined by the first 
such test was too low. Certain changes were made in the test 
facility and the test rerun. This time the frequency was much 
higher. 

This fact caused concern for many people ("What'will 
the frequency be next week?"). Some questions were raised about 
the validity of determining the frequencies by measuring ratios 
of dependent pressures when flow was the independent variable. 
The test results contained the unexplained anomaly that different 
pressures peaked at different frequencies. 

In the face of these uncertainties, MSFC personnel 
indicated that it would be helpful if Bellcomm would analyze 
the test facility and procedures with the aim of answering the 
various questions. This memorandum presents the results of a 
theoretical study and a computer analysis of the test method. 

DESCRIPTION OF TEST FACILITY AND PROCEDURES 

Figure 1 is a simplified diagram of the test facility. 
The location of pressure transducers in the system are indicated 
by dots. The input signal is provided by a variable-orifice 
located in the pulser line. Changing this orifice varies the 
amount of fluid bypassing the pump and thus causes flow perturba- 
tions in the line. This configuration represents the second test. 
For the first test, the accumulator was absent and the pulser 
line pressure transducer was closer to the line under test. 

The data of interest are the pressures indicated by the 
transducers located at the pump, at the sump, and along the 
pulser line. The data processing consists of first converting 
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the pressure signals to digital form and then computer construction 
of power spectral densities (PSD). The ratio of cross-spectral 
density to autospectral density yields the transfer functions by 
well-known results in statistical signal analysis. Since the 
data processing follows standard techniques, it is assumed that 
the resulting PSD's are an accurate representation of the frequency 
characteristics of the signals. 

OUTLINE OF THE ANALYSIS 

The test facility was analyzed on two levels. First a 
simplified mathematical model, amenable to theoretical analysis, 
was considered. This model was analyzed with a view towards 
answering some of the questions posed previously. On the basis 
of this study certain conclusions were drawn. Then a more 
complicated model of the test facility was subjected to computer 
analysis to verify and improve the accuracy of the theoretical 
conclusions. On the basis of these two studies conclusions were 
made concerning the accuracy of the test facility and recommenda- 
tions made for improving future tests. The answers to the 
various questions on the test results were provided by the analysis. 

THEORETICAL ANALYSIS 

Let P, F represent pressure and flow, respectively. 
Let the subscripts S, P, I stand for sump, pump and input, 
respectively. The simplified model for theoretical study assumes 
that the entire test facility above the sump pressure transducer 
and the entire test facility below the pump transducer can be 
represented as fluid impedances. (It is not required that they 
be rational functions of frequency.) If the impedance at the 
driving end of the line is called Zr and the terminating impedance 
is called Zo, then the simplified model consists of a fluid line 
terminated at one end by Zr, at the other end by Zo, and driven 
by a flow source F somewhere in the line. An electrical network 
equivalent of this configuration is shown below. Here the total 
length of the line under test is R = R1 + R2. 

f 
PS 

f PP 
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The mathematical model chosen for a steady-state 
sinusoidal analysis of the fluid line is the steady state 
distributed parameter model. Assuming the input flow to be 
unity, the following matrix equation describes the model. 

-% 
0 

0 

zI 

0 

1 

0 

0 

0 

0 

1 

jZcS2 

2 

0 

0 

-C 

0 

0 

0 

1 

0 

-Z 

where 
w Ri 

ci = cos - Zc = a/gA a 

a = wave speed in lina 

A = area of line 
W R i  

Si = sin - a 

The determinant of this system can be calculated to be 

where 
j S 2  

a = C ( C  + j r S 1 ) + -  zI (ZIC1 + j Z c S l )  
C zC 2 1  

13 = j Z  s (C + - zI S1) + C (Z C + jZcS1) 
c 2  1 zc 2 I 1  
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Determination of Resonant Frequencies 

Since the resonant frequencies of this system are 
zeros of the determinant we require that 

B = -azo 

This can be eventually simplified to 

jc - b tan wRl/a 
b + jc tan wtl/a 

W R 2  - tan - - a 

where 

c = ZI + zo 

zozI 
zC 

b = Z  + -  C 

However, by the well-known formula for tangent of 
sums of angles, this condition is equivalent to 

or 

tan w R  - a 
0 

ZI + z 

zozI Z,[1 + - 01 

( 3 )  
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It is well known* that the resonant frequencies of a 
line of length R, terminated in Zol are given by 

zO ' 
aC 

j -  og - tan - - a 

If Zor is the load which the line will have in actual 
operation, then the natural resonant frequencies of the test 
set-up will agree with the natural frequencies of the line 
(with load) exactly when 

Z0I = zI+zo 
zozI 

zC 
1 + -  2 

(5) 

If Zo equals Zo' (as is usually the case) then the 
test set-up gives perfect results only when Zo = Zc or 
ZI = 0. 

Determination of Pressure Zeros 

The zeros of P are the zeros of the cofactor of the S 
element in the second row, first column of the system matrix. 
It is easy to calculate the pertinent equation as 

Z (Z C + jZcS2) = 0 I 0 2  

Hence the zeros of P are either zeros of ZI or satisfy S 

2 - j -  zO oR 
tan - - 

zC a ( 7 )  

*E. W. Kimbark, "Electrical Transmission of Power and 
Signals", Wiley and Sons, 1949, p. 102. 
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The zeros of PI are zeros of the cofactor of the 
element in the second rowl third column of the matrix. The 
equation can be calculated to be 

Hence the zeros of PI satisfy either of the following equations 

5 - j -  zI tan - - 
zC a 

W R 2  - j -  zO tan - - 
zC a 

The zeros of Pp are zeros of the cofactor of the 
element in the second rowl fifth column. The equation is 

Z 0 (Z I 1  C + jZcS,) = 0 (11) 

Hence zeros of Pp are either zeros of Zo or satisfy 
the equation 

The next pressure zero of interest is that of the 
pulser line transducer. Let this pressure be Po and assume 
that the fluid line between this transducer and the test line 
can be represented as a simple inertance L 
impedance "seen" by PI looking toward ZI and Z2 is the impedance 
"seen" by PI looking toward Zo, then Po is zero whenever the 
impedance "seen" by Po is zero, that is 

If Z1 is the P" 
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= o  zlz2 
jWLP + z1+z2 

ZI f j Z  tan wgl/a 
zC + jz, tan wRl/a 

- C 
z1 - 

2 + j Z c  tan wg2/a 
'C zC + jzo tan w~ /a z 2  - 

- 0 

2 

(Expressions (14) and (15) follow from the derivation in 
Appendix A.) The solution of ( 1 3 ) ,  even under reasonable 
simplifying assunptions, is analytically intractable. Since 
all ratios in test results involve Po in the denominator, and 
since the maximum of such ratios can be reasonably expect to 
occur near the minimum of P and since this maximum is assumed 
to be the resonant frequency of the system, it is important 
to reach conclusions about the zeros of Po (i.e., solutions 
of equation (13)). Therefore we will consider certain special 
cases. 

0 

Certain Special Cases 

As the impeller blades of the pump rotate, a foam is 
created at the pump inlet. This foam has the characteristics 
of a cavitation compliance. The parameter used in most POGO 
models is the resonant frequency of the line, terminated in 
this cavitation compliance. If we let wL be this frequency, 
and let the cavitation compliance be CB (yielding an impedance 
Zo=l/jwCB) then equation (4) (with ZI = 0) yields 

wLR - 1 
a @L'C'B 

tan - - 
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I n  a d d i t i o n  assume t h a t  Z I  of  t h e  tes t  f a c i l i t y  i s  
e s s e n t i a l l y  an i n e r t a n c e  L 

r e sonan t  frequency of  t h e  tes t  f a c i l i t y  under t h i s  assumption. 
Then equa t ion  ( 4 )  y i e l d s  

( i . ee ,  ZI=jwL ) .  L e t  us be  t h e  I I 

W R  S 
a t a n  - = 

w L  1 - -  
‘SCB S I  

1 LI/cB zcE1 + 2 
‘7 

“C 

I t  should be clear t h a t  os < w ( I n  f a c t ,  rough 
hand c a l c u l a t i o n s  i n d i c a t e  t h a t  w s  5 0 . 9  wL.  On t h i s  basis 
a lone  t h e  tes t  f a c i l i t y  would y i e l d  r e s u l t s  1 0 %  t o o  s m a l l . )  

f o r  LI > 0.  L 

Using the  same two assumptions f o r  Z and Zo i n ,  I 
equat ions  ( 1 4 )  and (15) y i e l d s  

Z1 = j Z c  

W L  - I + t a n  w~ /a 
zC 1 

t a n  w R l / a  1 - r  WLI 

C 

- t a n  w R 2 / a  
Z 2  = - j Z c  wCBZC 

1 + -- t a n  u a 2 / a  
“BZC 

Since w e  are a t t empt ing  t o  s o l v e  (13), w e  are i n t e r e s t e d  i n  t h e  
behavior  of Z1Z2/(Z + Z  l e  
Z1+Z2 i s  pu re ly  imaginary.  

N o t e  t h a t  Z1Z2 i s  pu re ly  real ,  and 1 2  
Thus Z Z / ( Z  + Z  ) i s  pure ly  imaginary.  1 2  1 2  
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= o  z 1 z 2  
W L ~  + j ( z l + z 2 )  

If (18) and (19) are s u b s t i t u t e d  i n t o  (20 )  and then  
solved f o r  w ,  w e  w i l l  have s o l u t i o n s  t o  (13) ( i e e e ,  t h e  zeros 
of Po) .  However t h i s  i s  too complicated f o r  hand c a l c u l a t i o n .  
W e  sha l l  t h e r e f o r e  be s a t i s f i e d  t o  show t h a t  f o r  w=wL ( s o l u t i o n  
of (16)) there i s  a value of Lp which s a t i s f i e s  ( 2 0 ) .  I n  other 
words w e  w i l l  show t h a t  there e x i s t s  some Lp which r e s u l t s  i n  
a zero of Po a t  wL. 

Equation ( 1 9 )  eva lua ted  a t  w=wL y i e l d s  

t a n  w L R / a  - t a n  w L R 2 / a  
j Z 2  = ' C  1 + t a n  w L R / a  t a n  w L t 2 / a  

= z t a n  w L ( a - k 2 ) a  
C 

= Zc t a n  w R /a L 1  

Equation ( 1 8 )  eva lua ted  a t  w=wL y i e l d s  

L /Z + t a n  w L R l / a  wL I c 
1 - w L Z t a n  uLRlja j Z l  = - 

L I/ c 

(21) 



. -  

ELLCOM NC. - l o  - 

S u b s t i t u t i n g  ( 2 1 )  and ( 2 2 )  i n t o  ( 2 0 )  and s o l v i n g  f o r  Lp: 

Zc t a n  w R /a [ w  L / Z  - L 1  L I  c 
("L w L ~ / z C  [1 + ( t a n  wLa,/a) ] 

+ t a n  w L R l / a ]  

2 Lp - - 

T h i s  ladways r e s u l t s  i n  Lp>O s i n c e  w R/a < 7r/2 (from (16)) and 

assume t a n  w L R l / a  i s  n e a r l y  e q u a l  t o  w L R l / a  and l e t  ZCRl/a = L1 

L 
/a < w L R / a .  To g e t  an estimate of t h e  magnitude of Lp 

"L91 

( t h e  i n e r t a n c e  of t h e  l i n e  between ZI and the  p u l s e r ) .  Then 

A s  a working " r u l e  of thumb", l e t  LI < <  L and assume 1 
high wave speed (wLR1 < <  a ) .  Then ( 2 4 )  becomes 

2 
Lp = L 1  /LI 

Hence there i s  some c r i t i ca l  va lue  of Lp which y i e l d s  zeros  of 
Po a t  e x a c t l y  t h e  l i n e  frequency of  i n t e r e s t .  

i n t e r p r e t a t i o n  w i l l  now be presented .  
impedance seen by PI i s  t h e  nega t ive  of jwL 

of PI i n  t h e  frequency range of i n t e r e s t  are given by (IO), 

L these are independent of LI .  

( i f  L = 0 )  o r  w ( i f  LI f 0 ) .  
i n t e r s e c t  a t  w t h e  ze ro  of P 0' seen by PI and a p l o t  of -jwLp 

Such a p l o t  i s  shown i n  Figure 2 .  From t h i s  f i g u r e  it can be 
seen t h a t  wo can vary anywhere f r o m  w 

which sat isf ies  equat ion  (lo), Hence, some opt imal  Lp y i e l d s  

Since t h i s  i s  an impor tan t  p o i n t ,  a g r a p h i c a l  
Po i s  zero whenever t h e  

Since.  t h e  zeros  P '  

The po le s  of PI are e i t h e r  w 

Thus a p l o t  of  t h e  impedance I S 

0' 

1 up t o  a frequency w S 
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E f f e c t  o f  P u l s e r  Line ImDedance on Svstem Poles 

I f  it i s  assumed t h a t  t h e  p u l s e r  l i n e  i s  p r e s s u r e  f e d  
through an impedance Z D f  it can be  shown t h a t  t h e  cond i t ion  for  
system resonance becomes 

1 
zC 1 + j z- t a n  w~ /a 1 I 

+ 1 - 
C j Z  

j Z c / Z o  - t a n  w R 2 / a  

zC 

zO 
1 + j - t a n  wR2/a 

+ 0 ( 2 6 )  

2 
= jwLD, w = y and assume 1 

ZD I f  w e  l e t  Z I  = jwLIt Zo = - 
t a n  w R / a  z w R / a ,  t hen  equat ion  ( 2 6 )  becomes 

j WCB 

Z R  
2 

LI ) 3  + Z C ( 1  + - + C) = 0 Z C R l R 2  CBZC + .2 (1 + 
a LD LD aLD 

For s i m p l i c i t y  assume L = O .  Then t h e  s o l u t i o n  of  ( 2 7 )  i s  I 

L 
(Rl+R2) “R2 ‘BZC ) + -  (1 + - 

LD a 2 
a ‘BZC 

where wLD i s  t h e  resonance of t h e  t es t  f a c i l i t y  wi th  LI=O and 
LD#Oe I n  p r a c t i c e  CBZC < <  LDe Furthermore t h e  assumption 
t a n  w R / a  w R / a  imp l i e s  a l a r g e  wave speed a. Since 

2 
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i s  the  i n e r t a n c e  of t h a t  p o r t i o n  of  t h e  t e s t  l i n e  above t h e  
p u l s e r ,  a good r u l e  of thumb i s  t h a t  i f  LD is  an o r d e r  of  
magnitude l a r g e r  than  t h e  l i n e  i n e r t a n c e ,  t h e  tes t  f a c i l i t y  
and l i n e  frequency w i l l  agree. Stated ano the r  way: i f  LD 
i s  l a r g e  enough t h e  p u l s e r  l i n e  does n o t  shift  t h e  system 
resonances.  (This i s  also obvious f r o m  ( 2 6 )  e )  

Conclusions of Theoret ical  Analys is  

The p o r t i o n  of t h e  t es t  f a c i l i t y  above t h e  sump 
tends  t o  lower t h e  t es t  f a c i l i t y  resonance compared t o  t h e  
l i n e  resonance. The sma l l e r  t h e  i n e r t a n c e  of t h i s  p o r t i o n  
of t h e  tes t  f a c i l i t y ,  t h e  c l o s e r  t h e  f a c i l i t y  resonance 
approaches t h a t  of the l i n e .  S ince  t h e  a d d i t i o n  of t h e  
accumulator reduces t h i s  i n e r t a n c e ,  t h e  second tes t  w a s  better,  
i n  t h i s  r e s p e c t ,  than  t h e  f i rs t .  

I f  t h e  l i n e  resonances are de f ined  a t  t h e  re la t ive  
maximum of t h e  ra t io  of pump p r e s s u r e  t o  p u l s e r  l i n e  p r e s s u r e ,  
and it i s  assumed t h a t  t h i s  occurs  a t  t h e  minimum of p u l s e r  
l i n e  p r e s s u r e ,  then  t h e  test  f a c i l i t y  could y i e l d  s o l u t i o n s  
which are anywhere f r o m  1 0 %  t o o  s m a l l  t o  2 0 %  t o o  h igh ,  depending 
on t h e  d i s t a n c e  between t h e  p u l s e r  p re s su re  t r ansduce r  and the  
l i n e ,  F o r  a f i x e d  i n e r t a n c e  above the sump, t h e  resonance t h u s  
determined i s  h ighe r  t h e  shorter  t h i s  d i s t a n c e .  N o  a t tempt  w a s  
made t o  determine which of t h e  t w o  tests w a s  t h e o r e t i c a l l y  
better i n  t h i s  regard .  

The l o c a t i o n  of  t h e  p u l s e r  l i n e  i s  immaterial. The 
impedance of t h e  p u l s e r  l i n e  i s  high enough so t h a t  there i s  
l i t t l e  s h i f t  i n  t h e  resonance of t h e  t e s t  f a c i l i t y  due t o  t h e  
p u l s e r  e 

The theoretical  a n a l y s i s  presented  does n o t  e x p l a i n  
why t h e  PSDDs of d i f f e r e n t  p r e s s u r e  peak a t  d i f f e r e n t  f r equenc ie s  
or  why t h e  p r e s s u r e  r a t io s  show " g l i t c h e s " .  However, t h e  
a n a l y s i s  assumes t h a t  t h e  f o r c i n g  s i g n a l  i s  independent of 
frequency. Ac tua l ly  t h e  p u l s e r  used i n  t h e  t e s t  t e n d s  t o  reduce 
i t s  ou tpu t  above t e n  h e r t z .  The r e s u l t  of t h i s  would be t o  
mul t ip ly  t h e  response curves of t h e  p r e s s u r e  by t h a t  of t h e  
p u l s e r ,  The r e l a t i v e  maximum of t h e  r e s u l t  t hen  depends on t h e  
n a t u r e  of t h e  response near  t h e  maximum and it i s  q u i t e  l i k e l y  
t h a t  t w o  d i f f e r e n t  p r e s s u r e  responses  could peak a t  t h e  same 
frequency for  a cons t an t  ( w i t h  frequency) i n p u t  b u t  peak a t  
d i f f e r e n t  f requencies  i f  t h e  i n p u t  i s  frequency dependent,  
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The tank can be represented by an inertance LT as follows: 

hT 
gAT 

where LT = - e 

Lox Accumulator 

Theelox accumulator is modelled as a passive impedance 
ZA.* If PA, WA are the pressure and flow variations into the 
accumulator, then 

P A = z  t?.J A A  

where 

1 ZA = juLA - j - 
"CA 

p = weight density of fluid 

*For a derivation of these equations see R. L. Goldman and 
G. C .  Reis, "A Method for Determining the POGO Stability of Large 
Launch Vehicles", R I A S  Technical Report, TR 69-7C; May 1 9 6 9 ,  
section 2.1. 
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= h e i g h t  of  f l u i d  i n  t h e  accumulator 

A ( R )  = area ve r sus  h e i g h t  

'A0 ' 
y = dimensionless  i s e n t r o p i c  exponent (% 1,661 

VAo are s t a t i c  gas p r e s s u r e  and volume, r e s p o  

Lox sump 

For t h e  p r e s e n t ,  t h e  sump dynamics are neglec ted .  
Hence the  p r e s s u r e  i s  uniform and c o n t i n u i t y  of f l o w  i s  assumed. 
Thus i f  

* 
PST , WST are p r e s s u r e ,  f l o w  f r o m  tank  l i n e  

pSL , GsL are p r e s s u r e ,  f l o w  i n t o  s u c t i o n  l i n e  

are p r e s s u r e ,  f l o w  i n t o  accumulator l i n e  'SA 'SA 

then  

- 
PST = PsL - PSA = P S sump p r e s s u r e  

Lox Line Load (bubble, pump, d i scha rge  l i n e )  

L e t  Pp ,  $7 be p r e s s u r e  and flow v a r i a t i o n s  o u t  of P 
s u c t i g n  l i n e .  Then t h e  pressure-f low v a r i a b l e s  i n t o  t h e  pump 
(Pp, WpI) are de f ined  by 

WpI = Wp - jwCBPp ( 3 2 )  

where CB = c a v i t a t i o n  compliance. 
stream pump p r e s s u r e  and f l o w  then  

I f  Ppo, GPO are the  down- 

- 
pPo = KPPP RPkPo ( 3 3 )  

where Kp = pump ga in  

Rp = pump r e s i s t a n c e .  
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Assuming no p r e s s u r e  v a r i a t i o n s  i n  t h e  "bobtail  engine",  and 
approximating t h e  pump d i scha rge  l i n e  as loss p l u s  i n e r t a n c e  
y i e l d s  

- pPo 
pPo = KPPP Rp R~ + jwLD ( 3 4 )  

where RD = d i scha rge  r e s i s t a n c e  

LD = d i scha rge  i n e r t a n c e .  

. 
L e t t i n g  WpI - and combining y i e l d s  - fiPo 

. 
(35 1 - xPpP - pPo - - -  KP 1 KP 

Rp 'P RP Rp 1 + 
pP 

- -  Wp - j w C  P - 

D RD+j  wL 
RP B P  - wPI - 

or 

) + jwCB pP 
1 
RP 

RD + jwLD 
1 +  

KP 
D Rp + RD + j w L  pP 

Hence t h e  pump and d i scha rge  system can be r ep resen ted  
by an impedance Z p  de f ined  by 

= Yp 1 - -  I - jwCB + 
LD 

KP KP 
+ j w  - zP RP + RD 

( 3 7 )  
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T e s t  F a c i l i t y  Suct ion  Lines  

There are fou r  major s u c t i o n  l i n e  segments i n  t he  
t e s t  j i g  

1. between tank  and sump 'TS 

%P 2. between sump and p u l s e r  l i n e  

3 ,  between p u l s e r  l i n e  and pump yPP 

'SA 4.  between sump and accumulator 

Each l i n e  i s  t o  be r ep resen ted  as a 2 x 4 submatr ix  
i n  t h e  system of equat ions  of t h e  form [ Y  I] where I i s  a 
2 x 2 i d e n t i t y  and Y i s  a 2 x 2 computed "back of the envelope" 
as t h e  product  of three matrices, t h u s  Y = -Y Y Y each Yi 
being a segment of l i n e  r ep resen ted  as i n  equat ion  1. Hence, 
each of  t h e  f o u r  s u c t i o n  l i n e s  w i l l  be e f f e c t i v e l y  modelled 
as three segments. 

1 2 3' 

Pul'ser Line Eauat ions 

The p u l s e r  equat ions  are l i n e a r i z e d  and t h e  r e s u l t  
modelled as a p r e s s u r e  source  P (which may be frequency 
dependent) and r e s i s t a n c e  Rppe 

SI 
T h e  rest o f  t h e  p u l s e r  l i n e  

i s  modelled as shown i n  t h e  f i g u r e  below. H e r e  LoI i s  t h e  

r-------- 7 

e 

r-------- 1 
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Furthermore,  the  theoretical  a n a l y s i s  assumes t h a t  t h e  maximum 
of a r a t i o  occurs  a t  t h e  minimum of the  denominator which is  
no t  e x a c t l y  t r u e .  

DERIVATION OF COMPUTER MODEL 

In t roduc t ion  

Although t h e  theoret ical  a n a l y s i s  provides  answers t o  
t h e  problems be ing  cons idered ,  t h e  use of s impl i fy ing  assumptions 
need v e r i f i c a t i o n .  I n  a d d i t i o n  some a s p e c t s  of t h e  problem 
( e . g e r  p u l s e r  frequency response;  t h e  optimum placement of  t he  
p u l s e r  p r e s s u r e  t r a n s d u c e r ,  e t c , )  are too complicated f o r  " p e n c i l  
and paper" c a l c u l a t i o n s .  Thus i t  w a s  decided t o  c o n s t r u c t  a m o r e  
complicated model of t h e  t e s t  f a c i l i t y  and s u b j e c t  it t o  computer 
a n a l y s i s  e 

The model w a s  designed t o  provide a s t e a d y - s t a t e  
s i n u s o i d a l  a n a l y s i s .  S t r u c t u r a l  motion of t h e  f a c i l i t y  w a s  
neglected., Hence v e r t i c a l  and h o r i z o n t a l  l i n e s  are i n d i s t i n g u i s h -  
able. Furthermore,  re la t ive  and a b s o l u t e  flows are equal .  The 
f l u i d  losses w e r e  neglec ted .  W e  now proceed t o  d e r i v e  t h e  equa- 
t i o n s  f o r  each major p o r t i o n  of t h e  tes t  f a c i l i t y ,  

Lox Tank 

I t  i s  assumed t h a t  t h e  s u r f a c e  p r e s s u r e  of f l u i d  i n  t h e  
tank is  cons tan t .  I f  PT i s  t h e  p r e s s u r e  v a r i a t i o n  a t  the  tank  
bottom, and iT is  t h e  flow 
t h e  r e s u l t s  of Appendix A 

v a r i a t i o n  o u t  of  

where hT i s  t h e  h e i g h t  of f l u i d  i n  t h e  tank 

a i s  t h e  wave speed i n  t h e  tank T 

t h e  tank I t hen  by 

AT i s  t h e  tank  area. 
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i n e r t a n c e  of t h e  p u l s e r  l i n e  between t h e  t r ansduce r  ( a t  Po) 

and t h e  j u n c t i o n  of t h e  p u l s e r  l i n e  and t h e  l i n e  under t es t  
( a t  PI)= 
p u l s e r  and t h e  p u l s e r  p r e s s u r e  t r ansduce r .  
impedance of t h e  rest of the  p u l s e r  l i n e .  Following t h e  
r e s u l t s  o f  Appendix A ,  ZID can be w r i t t e n  as 

LIso i s  t h e  i n e r t a n c e  of t h e  l i n e  between t h e  
ZID i s  t h e  

I D  a w R  

a zID = j 3 t a n  
APg 

where R I D  i s  t h e  l eng th  of t h e  p u l s e r  l i n e  between p u l s e r  and 
r e s e r v o i r ,  and ap,  A are wave speed and area of p u l s e r  l i n e .  

The PSI versus frequency information w a s  taken f r o m  
I f  FI i s  t h e  flow o u t  of t h e  p u l s e r  l i n e ,  

P 

experimental  data. 
then  

- - 
z D  FI - 
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The Computer Equations 

Let iIl be the flow out of suction line 2 and kIz 
be the flow into suction line 3. Then 

$7,. + FI = k12 

The system equations can now be written in matrix form as 

---r- 
TS 

- 
0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

- 
0 

0 

0 

0 

0 

0 

0 

0 

0 

zT 

.__ 

0 

0 

- 

Y S A  
- 

0 

0 

0 

0 

c_ 

0 

0 

0 

a 

-1 

0 

0 

0 

I - 
ZD 

yPP 
- 

0 

0 

0 

0 

0 

0 

- 
0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

- 

'SA 
- 

-1 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 '  

0 

0 

0 

0 

0 

1 

0 

0 

1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

0 

-*A 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

-yP 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

1 

0 

0 

0 

0 

53 
=o 
0 

0 

0 

0 

0 

0 

0 

0 
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where each Y is a 2 x 2 matrix found by multiplying three ii - 
2 x 2 matrices (e.g., yij - - -Yijl Yij2 Yij3 with Yijk as in 
equation 1). 

The computer solves this set of equations for each 
desired value of frequency w ,  and thus provides the necessary 
response plots. 

COMPUTER RESULTS * 
Figures 3, 4 and 5 show the results of the computer 

analysis. These plots show resonant frequencies (as determined 
by maximum amplitude) as ordinate versus cavitation compliance 

as abscissa. In all these figures the heavy solid line is 'BO 
the resonant characteristics of the line and cavitation compliance 
only. (This is the quantity that the test is presumed to measure.) 
The light solid line is the ratio Pp/Po, which is the quantity 
used in the test to determine the resonant frequency. The dotted 
lines show the relative maximum of the pump pressure Pp, and 
should therefore represent the test system resonances. The 
dashed lines show the resonances at the pulser transducer. 

Figure 3 shows that the system resonance (as determined 
by P 1 is lowered about 10% by input inertance. Furthermore, 
P resonance is lower than system resonance, which verifies the 
theoretical prediction. 
the system resonance. It seems that the pulser transducer was 
placed fairly near the optimum location since the Pp/Po ratio 
is close to the line characteristic. 

P 
0 

In addition, the ratio of Pp/Po is above 

Figure 4 shows that the Pp/Po ratio is independent of 
pulser input, as expected. The slight shift in system resonance 
due to pulser variation is seen in the Pp plot. The fact that 
the pulser output decreases with frequency shifts the resonance 
of Po drastically, as was expected., For emphasis, we repeat 
that the ratio of Pp/Po still gives a good indication of the 
line characteristic. 

I 

As a measure of the effect of the load on the results, 
plots were made as for Figure 3 ,  but with the downstream 
impedance removed. The results are shown in Figure 5, 

*See A. T. Ackerman's Bellcomm Memo B69 10118 for further 
results. 
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CONCLUSIONS AND RECOMMENDATIONS 

The computer analysis validates the conclusions of 
the theoretical analysis and shows that the test facility 
yields solutions for the line frequency which are fairly 
accurate. However, this happy fact seems to be due to a 
fortuitous set of circumstances, In order that future tests 
not rely so heavily on serendipity, the following recommenda- 
tions are offered. 

Since flow is the independent variable of the test, 
this should be measured. Then the difficulties which arise 
due to taking the ratio of dependent variables will not exist. 

The accumulator resonance should be near the lower 
end of the expected frequency range of interest. This will 
reduce the input inertance during the test. Furthermore, the 
accumulator inertance should be as small as possible, consistent 
with the desired resonant frequency and gas compliance. 

The pulser to be used in future tests should be flat 
over the frequency band of interest. The difficulties encountered 
in measuring a 25 hz. resonance with a pulser flat to only 10 hz. 
were made clear in this test. If such pulsers are not available, 
then some kind of theoretical analysis, suitable to the problem, 
should be performed so that "rules of thumb" (such as equation 
(25)) will yield a near optimum solution. 

A frequency insensitive pulser would also allow for 
a better test in the following fashion. A tunable filter could 
extract the signal frequency from a pressure signal. Then the 
pulser frequency could be varied on-line to determine the maximum 
point, and, hence, the system resonance. 

Further APPlications of the Analysis 

Shortly after the work described thus far had been 
completed, another occasion arose to use the computer program. 
Rocketdyne testing of the pumps indicated that the pump dynamics 
were much more significant than had been previously thought. 
They expressed concern that this -new information would change 
the evaluation of the test results. By a suitable modification 
of the computer program, it was verified that the test results 
were still accurate, even with the new pump model. 

At present, MSFC is conducting tests to determine the 
effect of adding accumulators to the second stage feed lines. 
Certain questions have developed and the program is again being 
modified to aid in analysis of these latest tests. Thus it seems. 
that as long as this MSFC test facility is in operation the 
analysis reported here will be useful. 
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APPENDIX A 

In this appendix we derive an expression for the 
input impedance of a -lossless line terminated in an impedance 
Z The matrix equation for the line of length R is 0 "  

where C = cos w &/a S = sin w a/a 

P1 (P,) is the inlet (outlet) pressure 

F1 (F2) is the inlet (outlet) flow 

is the characteristic impedance of the line. 
zC 

The load impedance introduces the constraint 

P2 = ZoF2 

thus 

The input impedance is thus given by 

ZoC + jZcS 
Z C + jZoS 

- - - zc F1 C 
(A4 1 
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