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ABSTRACT 

The p r e s e n t  work i s  a  con t inua t ion  and  expansion of an i n -  

v e s t i g a t i o n  of  tandem row h igh  head pump l n c u c e r s  i n  which t h e  

f i r s t  s t a g e  i s  des igned t o  be s u p e r c a v i t a t i n g  a t  t h e  des ign  op- 

e r a t i n g  p o i n t .  Previous  work (1) u t i l i z e d  f i r s t  s t a g e s  w i th  

cons t an t  p r e s s u r e  camber and second s t a g e s  des igned u s i n g  a  

method ( 4 )  which does n o t  r e q u i r e  t h e o r e t i c a l  o r  exper imenta l  

cascade performance d a t a ,  I n  t h e  p r e s e n t  r e p o r t ,  s u p e r c a v i t a  t i n g  

cascades  having cambers o t h e r  than  cons t an t  p r e s s u r e  a r e  s t u d i e d  

t h e o r e t i c a l l y  and t h e  r e s u l t s  compared t o  e x i s t i n g  exper imental  

d a t a .  The " f i v e  term" cambered shape i s  sYL9;\*,- to be p a r t i c u l a r l y  

s u i t e d  t o  f i r s t  s t a g e  i nduce r  a p p l i c a t i o n .  Other types  cons idered  

i n c l u d e  f l a t  p l a t e ,  c i r c u l a r  a r c ,  two term cambered, and t h r e e  

term cambered shapes .  The performance of p a r t i a l l y  c a v i t a t i n g  

cascades  i s  a l s o  formulated and t h e  neces sa ry  express ions  a r e  

p r e sen t ed  t o  c a l c u l a t e  t h e  s i g n i f i c a n t  performance paramete rs .  A 

s t udy  of  t h e  three-dimensional  v e l o c i t y  f i e l d  genera ted  by a  

r a d i a l  vo r t ex  f i l a m e n t  i n  a  c y l i n d r i c a l  annulus i s  p r e s e n t e d .  

This  s t c d y  pr~ovides  t h e  b a s i c  d a t a  r e q u i r e d  t o  u s e  t h e  second 

s t a g e  des ign  technique  f o r  a  l a r g e r  range  of  hub/diameter r a t i o s  

t han  p r e v i o u s l y  a v a i l a b l e .  Using t h e  vo r t ex  f i l a m e n t  s tudy ,  r e -  

finemen%s i n  second s t a g e  i n t e r f e r e n c e  s t r e a m l i n e  c a l c u l a t i o n s  

a r e  developed.  F i n a l l y  a f i r s t  s t a g e  inducer  de s ign  i s  p re -  

s en t ed  u t i l i z i n g  t h e  f i v e  term cambered shape and a  0,60 hub/ 

d iameter  r a t i o ,  A matching second s t a g e  having a  0 .70 hub/di- 

ameter  r a t i o  i s  also designed and p re sen t ed .  
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1 . 0  INTRODUCTION 

A d e t a i l e d  i n t r o d u c t i o n  t o  t h e  problems and mot iva t ion  f o r  

t h e  program of t h e o r e t i c a l  and exper imental  i n v e s t i g a t i o n s  i n t o  

tandem row inducer  pumps i s  p re sen t ed  i n  HYDRONAUTICS, Incorpo-  

r a t e d  Technica l  Report  703-4 - t h e  I n t e r i m  Report  on Phase I of 

t h e  p r o j e c t  (1). The p r e s e n t  r e p o r t  on Phase I1 i s  a  con t inua-  

t i o n  of  t h e  same i n v e s t i g a t i o n  i n c o r p o r a t i n g  many of t h e  recom- 

mendations f o r  f u r t h e r  s t udy  r e s u l t i n g  from t h e  Phase I work. 

To b r i e f l y  summarize t h e  background and mot iva t ion :  

( a  ) " ~ n d u c e r s "  p reced ing  main f u e l / o x i d i z e r  pumps 

i n  r o c k e t  a p p l i c a t i o n s  a l low o p e r a t i o n  of t h e  

systems a t  h i g h e r  va lues  o f  s u c t i o n  s p e c i f i c  

speed ( lower i n l e t  p r e s s u r e s  and h i g h e r  speeds ) . 
( b )  High s u c t i o n  s p e c i f i c  speed o p e r a t i o n  a l lows  

lower p ropu l s ion  sys  tem weight  and, t h e r e f o r e ,  

l a r g e r  pay loads .  

( c )  While o p e r a t i n g  under t h e s e  c o n d i t i o n s ,  t h e  

inducers  ( u s u a l l y  high s o i i d i t y ,  a x i a l  f low 

i m p e l l e r s  wi th  h e l i c a l  b l ades  ) c a v i t a t e  and 

under some cond i t i ons  exper ience  v i o l e n t l y  un- 

s t e a d y  f low regimes l ead ing  t o  uns teady  d i s -  

charge and u l t i m a t e l y  uns teady  t h r u s t .  
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( d )  One s o l u t i o n  which has  been proposed t o  h e l p  

reduce  t h e  tendency toward u n s t a b l e  flow i s  

a  tandem-row inducer  wi th  t h e  f i r s t  s t a g e  de- 

veloping on ly  p a r t  of t h e  r e q u i r e d  head r i s e  

and t h e  second s t a g e ,  t h e  remainder .  

( e )  The p r e s e n t  s t udy  u t i l i z e s  t h e  i nnova t ion  of 

a  s u p e r c a v i t a t i n g  f i r s t  s t a g e  coupled wi th  a  

non -cav i t a t i ng  h igh  s o l i d i t y  second s t a g e .  

Phase I of t h e  p r e s e n t  work concerned t h e  t h e o r e t i c a l  and 

exper imental  i n v e s t i g a t i o n s  of  an i nduce r  having t h e  f i r s t  s t a g e  

des igned wi th  s u p e r c a v i t a t i n g  b lades  wi th  c o n s t a n t  p r e s s u r e  

camber (2,3) and t h e  second s t a g e  des igned by t h e  method of  Ref- 

e rence  4. A s t a b i l i t y  a n a l y s i s  (5 )  based on t h e  occur rence  of  

r o t a t i n g  s t a l l  t ype  i n s t a b i l i t i e s  i n  a x i a l  flow machines was 

used t o  c a l c u l a t e  t h e  l i m i t i n g  v a l u e  of f i r s t  s t a g e  head r i s e .  

The des ign  requirements  chosen f o r  t h e  tandem induce r  were 

a s  fo l l ows :  

gH - 0 .25  Head c o e f f i c i e n t ,  $ = - - 
2 

V 

- 0 .10  Flow c o e f f i c i e n t ,  0 = - - 
0 UL 

Suct ion  s p e c i f i e  speed, N = 
n71 Q 3 = 30,000 

SS N P S H ~  
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The o r i g i n a l  de s ign  f o r  an inducer  t o  meet t h e s e  requ i rements  

and main ta in  s t a b l e  flow r e q u i r e d  t h a t  15 pe rcen t  o f  t h e  t o t a l  

head be gene ra t ed  by s t a g e  1 and 85 pe rcen t  by s t a g e  2. 

A t e s t  program conducted i n  t h e  HYDRONAUTICS, Inco rpo ra t ed  

pump loop  (1) i n d i c a t e d  t h a t  f o r  optimum performance, bo th  

s t a g e s  r e q u i r e d  empi r i ca l  mod i f i ca t i on  t o  s o l i d i t y  and p i t c h  

a n g l e  ( ~ n d u c e r s  No. 2  and 3 ) .  T e s t s  conducted on each s t a g e  

s e p a r a t e l y  i n d i c a t e d  t h a t  t h e  b e s t  performance among t h e  models 

t e s t e d  was ob ta ined  from a  f i r s t  s t a g e  wi th  3 b lades  (c/d = 0.810) 

a t  t h e  des ign  p i t c h  of 63.5' and a  second s t a g e  wi th  6 b l a d e s  

c/d = 2 . 4 1 )  w i th  a  b l ade  p i t c h  of  55.8', t e n  degrees  l e s s  t han  

t h e  o r i g i n a l  de s ign  p i t c h .  S e c t i o n  geometry was unchanged dur ing  

t h e s e  t e s t s .  

The b e s t  f i r s t  and second s t a g e s  were t hen  t e s t e d  i n  tandem 

with  a  -1.5 and -6 i nch  ove r l ap .  A complete summary of p e r -  

formance parameters  f o r  t h e  tandem inducer  ope ra t ed  a t  bo th  

ove r l aps  i s  p re sen t ed  i n  Table  1. The tandem model produced more 

than t h e  des ign  head c o e f f i c i e n t  (0 ,29 /0 .25)  a t  s l i g h t l y  l e s s  

than  t h e  des ign  flow c o e f f i c i e n t  ( .083/ .100) and l e s s  t han  t h e  

des ign  s u c t i o n  s p e c i f i c  speed (22,000/30,000). F i r s t  s t a g e  

c a v i t y  l e n g t h s  were approximately  a s  r e q u i r e d  by t h e  o r i g i n a l  

des ign  (1 .50-1.75/1 .50) .  

The exper imental  performance, whi le  n o t  q u i t e  r each ing  t h e  

des ign  o b j e c t i v e s  d i d  i n d i c a t e  t h a t  t h e  tandem inducer  u s i n g  a  

s u p e r c a v i t a t i n g  f i r s t  s t a g e  has  d e f i n i t e  p o t e n t i a l  a s  a  h i g h  
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TABLE 1 

Summary of Tandem Inducer  Performance ( A f t e r  ( I ) )  

s u c t i o n  s p e c i f i c  speed des ign  concept ,  Low f requency  i n s t a -  

b i l i t i e s  o r  o s c i l l a t i o n s  were no ted  a t  breakdown bu t  appeared 

t o  stem from u n s t a b l e  c a v i t y  l e n g t h s  r a t h e r  than  from Yeh ( 5 )  

t ype  i n s t a b i l i t i e s  which t h e  o r i g i n a l  des ign  was in tended  t o  

avo id .  

Experimental  
Value a t  -6 
i n c h  ove r l ap  

22,000 

0.083 

0.296 

0 .85  

6 2% 

63 5 O  

3 
0.810 

1.75 

10,600 

55.B0 

6  

2.43 

r 

Operat ing Parametera 

Nss '  
en t r ance  

ao ,  average  

I), t o t a l  

' 2nd/'lst 

q ~ j  
t o t a l  

S t age  1 P i t c h  

S t age  1, No. of  b lades  

S t age  1, C h a r . s o l i d i t y  

S t age  1, R/c 

S t age  2, Nss 

S t age  2, P i t c h  

S t a g e  2, No. of  b lades  

S t age  2, Char, s o l i d i t y  

O r i g i n a l  
Design Value 

30,000 

0 ,100  

0 ,250  

0 ~ 8 5  

65% (1st 
s t a g e  o n l y )  

63 5 O  

2  

0 .540 

1 . 5 0  

13,250 

65.8' 

6 

2.43 

Experimental  
Value a t  -1.5 
i n c h  ove r l ap  

22,000 

0.083 

0.283 

0 .85 

6 6% 

63 . 5 O  

3 
0.810 

1 . 5 0  

10,600 

55 8 O  

6 

2.43 
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It became apparen t ,  however, from t h e  Phase I t e s t  program 

t h a t  t h e  des ign  g o a l  of  Nss = 30,000 was u n l i k e l y  t o  be reached 

u s i n g  cascades of  cons t an t  p r e s s u r e  cambered f o i l s .  One char -  

a c t e r i s t i c  of  such cascades i s  t h a t  a s  s o l i d i t y  i s  i nc rea sed ,  

t h e  camber of  t h e  f o i l  i s  reduced and f i n a l l y  approaches a  f l a t  

p l a t .  Th is  i s  d e t r i m e n t a l  t o  t h e  s t a b i l i t y  of  t h e  flow s i n c e  

f l a t  p l a t e  p r o f i l e s  c r e a t e  a  h ighe r  d rag  f o r  t h e  same l i f t  t han  

cambered p r o f i l e s .  The f l a t  p l a t e  must r e l y  e n t i r e l y  on a n g l e  

o f  a t t a c k  f o r  l i f t  g e n e r a t i o n .  

Phase I1 of  t h e  p r o j e c t  has aimed a t  f u r t h e r  improving t h e  

c a p a b i l i t y  f o r  tandem induce r  des ign  through a  t h e o r e t i c a l  s t u d y  

of  h ighe r  term cambered s u p e r c a v i t a t i n g  cascades .  The t ypes  of 

f o i l s  considered i n  t h i s  s t u d y  were t h e  c i r c u l a r  a r c  and two, 

t h r e e ,  and f i v e  term cambered s e c t i o n s  ( 6 ) .  A s e p a r a t e  r e p o r t  

( 7 )  has been i s s u e d  d e s c r i b i n g  t h e  t heo ry  and r e s u l t s  of  t h i s  

s t udy .  The t h e o r y  f o r  p a r t i a l l y  c a v i t a t i n g  cascades of  f o i l s  

has  a l s o  been s t u d i e d  and r e p o r t e d  (8 ) .  A s  an ex t ens ion  and r e -  

f inement  of  t h e  second s t a g e  des ign  procedure  (4), a  t h e o r e t i c a l  

s t udy  of a  r a d i a l  l i n e  vo r t ex  i n  annu la r  space  (9) has  been 

completed f o r  v a r i o u s  hub/diameter r a t i o s  and s m a l l e r  a x i a l  and 

t a n g e n t i a l  spac ings  ( 1 0 ) .  Improved methods f o r  c a l c u l a t i n g  

i n t e r f e r e n c e  s t r e a m l i n e s  and c o e f f i c i e n t s  have been developed,  

And f i n a l l y ,  a  t e n t a t i v e  new f i r s t  and second s t a g e  i nduce r  de- 

s i g n  has  been conducted.  

Summary r e s u l t s  of each of  t h e s e  t a s k s  i s  r e p o r t e d  i n  t h e  

remainder of t h i s  r e p o r t .  As no ted  s e p a r a t e  r e p o r t s  have p r e -  

v i o u s l y  covered much of t h e  work (7> 8,10) .  
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2 . 0  HIGHER TERM CAMBERED SUPERCAVITATING CASCADES 

2  General  Formulation 

A t h e o r e t i c a l  s t udy  of  s u p e r c a v i t a t i n g  cascades  u t i l i z -  

i n g  f o i l s  of  h i g h e r  term camber was conducted.  A computer program 

( a c t u a l l y  an  i n t e rdependen t  s e t  of  programs ) t o  compute cascade 

c h a r a c t e r i s t i c s  was w r i t t e n ,  compiled and f i r s t  v e r i f i e d  by com- 

p a r i s o n  w i t h  i s o l a t e d  f o i l s  and wi th  cascades  o f ,  f l a t  p l a t e  f o i l s  

i n  t h e  e x i s t i n g  l i t e r a t u r e .  

The d i f f i c u l t y  i n  t h i s  ca se  can be a p p r e c i a t e d  by cons ide r ing  

t h e  much s impler  problem of incompress ib le  flow p a s t  a  s i n g l e  

s u p e r c a v i t a t i n g  h y d r o f o i l .  The on ly  exac t  a n a l y t i c a l  method 

known, based on c e r t a i n  a r t i f i c i a l  models o f  c a v i t y  t e rmina t ion ,  

i s  t h e  hod.ograph technique,  which i s  r a t h e r  complex. To s o l v e  

such complex problems, one u s u a l l y  i n t r o d u c e s  s u i t a b l e  approx i -  

mat ions .  The most convenient  of them i s  t h e  l i n e a r i z e d ,  c losed-  

c a v i t y  theory  of  T u l i n  ( 1 2 ) .  R e a l i z i n g  t h e  complicat ion involved,  

a  s i m i l a r  approximat ion i s  made i n  t h e  p r e s e n t  a n a l y s i s ,  The 

problem of f i n d i n g  t h e  cascade flow c h a r a c t e r i s t i c s  i s  t hen  r e -  

duced t o  one of quad ra tu re s .  

The method i s  i n h e r e n t l y  l i m i t e d  i n  i t s  a p p l i c a t i o n s  be- 

cause  i t  i s  based on t h e  assumption of smal l  t h i cknes s  o f  t h e  

b lades  being t r e a t e d  and r e l a t i v e l y  smal l  d i s t u r b a n c e s  be ing  

gene ra t ed .  However, i n  p r a c t i c e ,  t h e  inducer  pump b lades  a r e  

t h i n  and consequent ly  t h e  l i n e a r i z e d  r e s u l t s  may be u s e f u l  f o r  

des ign  a p p l i c a t i o n s ,  
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Consider t h e  f low s c h e m a t i c a l l y  i l l u s t r a t e d  i n  F igu re  1. 

The cascade c o n s i s t s  of an i n f i n i t e  a r r a y  of  i d e n t i c a l l y  cambered 

b lades  having a  s t a g g e r  a n g l e  P and an  a n g l e  of  a t t a c k  al, The 

mean chord l e n g t h  of  each b l ade  i s  c  and t h e  spacing of  t h e  b lades  

i n  t h e  d i r e c t i o n  of  t h e  s t a g g e r  a n g l e  i s  d. The flow i s  t u rned  

by t h e  cascade from i t s  o r i g i n a l  h o r i z o n t a l  d i r e c t i o n  and v e l o c i t y  

U1 a t  upstream i n f i n i t y  t o  t h e  d i r e c t i o n  a2 and v e l o c i t y  U2 a t  a  

l o c a t i o n  f a r  downstream. 

The types  of  f o i l s  under c o n s i d e r a t i o n  a r e  t hose  which a r e  

o u t l i n e d  by Johnson ( 6 ) .  The shapes which he d e r i v e s  a r e  t h o s e  

r e s u l t i n g  from t h e  op t imiza t ion  of a  f i n i t e  number of terms of 

t h e  v o r t i c i t y  d i s t r i b u t i o n  i n  t h e  a i r f o i l  p l ane  such t h a t  maxi- 

mum l i f t - d r a g  r a t i o  r e s u l t s  f o r  each h y d r o f o i l  shape.  S t r i c t l y  

speaking,  t h e  f o i l s  thus  genera ted  can on ly  be c a l l e d  two, t h r e e ,  

o r  f i v e  term cambered f o i l s  i n  t h e  i s o l a t e d  case ,  s i n c e  t h e  e f -  

f e c t s  o f  cascade may modify t h e  optimum shapes s l i g h t l y .  For 

c o n t i n u i t y  wi th  t h e  i s o l a t e d  f o i l  c a se  and f o r  ease  of  c a l c u l a -  

t i o n ,  t h e  phys i ca l  shapes p re sen t ed  by Johnson ( 6 )  have been used 

i n  t h e  p r e s e n t  program. This  i s  f u r t h e r  j u s t i f i a b l e  from a  

p h y s i c a l  s t a n d p o i n t  s i n c e  i t  permi t s  t h e  computation of t h e  pe r -  

formance of t h e  same p h y s i c a l  shape under a  v a r i e t y  of condi-  

t i o n s .  Th is  i s  i n  c o n t r a s t  t o  t h e  c o n s t a n t  p r e s s u r e  camber c a s e  

where each change o f  cascade geometry o r  flow cond i t i ons  r e s u l t s  

i n  a  d i f f e r e n t  f o i l  shape.  For t h e  c o n s t a n t  p r e s s u r e  camber 

case ,  t h e r e f o r e ,  o f f  -des ign performance cannot be  d i r e c t l y  

c a l c u l a t e d .  
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I n  t h e  a n a l y s i s  i t  i s  assumed t h a t  t h e  b l ade  and c a v i t y ,  

w i th  l e n g t h  R > c, a r e  e q u i v a l e n t  t o  a  s l e n d e r  body which causes  

on ly  sma l l  d i s t r u b a n c e s  i n  an o the rwi se  uniform s t ream.  A s  a  

f i r s t  approximation t h e  boundary cond i t i ons  may be a p p l i e d  on t h e  

x -ax is  i n s t e a d  of on t h e  s l e n d e r  body. The c a v i t i e s  a r e  assumed 

t o  be detached from t h e  sha rp  l e a d i n g  and t r a i l i n g  edges of  each 

b l ade .  The l i n e a r i z e d  boundary cond i t i ons  on t h e  b l ade  s u r f a c e ,  

c a v i t y  boundary, and upstream i n f i n i t y ,  and t h e  c l o s u r e  con- 

d i t i o n s  a r e  g iven  i n  Reference 7 ,  

The l i n e a r i z e d  problem may be  s t a t e d  a s  fo l l ows :  Given a  

cascade de f ined  by ,B, R/d, c/d, a1 and y  i t  i s  r e q u i r e d  t o  f i n d  
f 

t h e  harmonic f u n c t i o n  w(x,y)  = u/uc - i V/U on an i n f i n i t e l y  c  
connected domain which s a t i s f i e s  t h e  mixed boundary c o n d i t i o n s  

on t h e  body, t h e  cond i t i ons  a t  upstream i n f i n i t y  and t h e  c l o s u r e  

c o n d i t i o n ,  

The problem a s  formulated may be g r e a t l y  s i m p l i f i e d ,  ( s i n c e  

t h e  flow i s  p e r i o d i c )  wi th  t h e  a i d  o f  t h e  conformal t rans forma-  

t i o n  

which maps t h e  mul t ip le-connected r e g i o n  i n  t h e  z -p lane  on to  t h e  

c = ( E  + ir)) p lane  a s  shown i n  F igu re s  2 and 3 .  The f u n c t i o n  has  

branch p o i n t s  a t  <1 = rl e  
i ( ~ 1 2 - @  ) 

and c2 = r2 e  
i (7r/2+@ ) 

cor-  

responding r e s p e c t l v e l y  t o  up- and down-stream i n f i n i t y  i n  t h e  
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p h y s i c a l  z -p lane .  The l i n e  between and c2 i s  a  branch c u t  

o f  t h e  mapping f u n c t i o n .  By c r o s s i n g  t h e  cu t ,  t h e  va lue  of  t h e  

l oga r i t hmic  f u n c t i o n  i n  Equation [ I ]  changes by 27ri o r  -27ri. 

Each Riemann s h e e t  i n  t h e  c-plane corresponds  t o  t h e  flow r e g i o n  

over  a  d i f f e r e n t  b l ade -cav i ty  body i n  t h e  cascade.  The l e a d i n g  

edge of t h e  b l a d e - c a v i t y  body i s  mapped t o  t h e  o r i g i n  of t h e  

c-plane and t h e  t r a i l i n g  edge t o  a  p o i n t  a t  i n f i n i t y .  The 

j unc tu re  of  t h e  lower b l ade  s u r f a c e  and c a v i t y  maps t o  < = -CAPC. 

The l i n e a r i z e d  cascade problem i s  now reduced t o  t h a t  of  

f i n d i n g  a  harmonic f u n c t i o n  w ( c )  i n  t h e  c-plane which s a t i s f i e s  

t h e  boundary c o n d i t i o n s .  Th is  boundary-value problem resembles 

c l o s e l y  t h a t  of  t h e  flow p a s t  an i s o l a t e d  s u p e r c a v i t a t i n g  hydro- 

f o i l  and i s  a  s p e c i a l  c a s e  o f  t h e  Riemann-Hilbert problem f o r  a  

h a l f  -p lane  (13 ) . 
To o b t a i n  t h e  s o l u t i o n ,  i t  i s  expedient ,  t o  i n t r o d u c e  t h e  

cascade parameters ,  g iven  o r i g i n a l l y  by Cohen and Suther land  

( 1 4 ) )  which c h a r a c t e r i z e  t h e  geometry o f  t h e  cascade:  
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( ~ t - c o s  p )cosh  y  -\I cos p 
0 

s inh2y  cosh y T/ cos /3 
0 0 

p 2  = 
2Qi - 5 (Q+cos p )  fi 

1 = tan-' [ - ( C A P C ; ) P ~  cos @ 
( ~ + ( c A P c ) ~ ~  s i n  a )  1 

-2 cos @ q2  = tan-' 
1- ( c A P c ) ~ , ~ ~ ~  @ 1 

C/d = cos p Rn ~ + ~ ( c A P c ) ~ ~  s i n  @ + ( c A P c ) ~ ~ ~  
1-2(CApC)p2 s i n  @ + ( c A P c ) ~ ~ ~  

+ 2  s i n  p (+I - + 2 )  [p11 

Equation [2d]  g i v e s  t h e  l e n g t h  of  t h e  s l e n d e r  ( b l a d e - c a v i t y )  

body a s  f u n c t i o n s  o f  g iven  parameters  /3 and b/a, Equation [ 2 i ]  

determines  t h e  v a l u e  o f  chord l eng th ,  CAPC, i n  t h e  t ransformed 

<-p lane  f o r  g iven  va lues  o f  p ,  b/a and s o l i d i t y  c/d, 
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2 . 2  S o l u t i o n  of  t h e  Boundary-Value Problem 

The g e n e r a l  s o l u t i o n  of t h e  reduced boundary-value 

problem s t a t e d  i n  t h e  p rev ious  s e c t i o n ,  may be shown t o  be of  

t h e  form 

where 

H ( C )  i s  t h e  fundamental s o l u t i o n  which depends on t h e  

flow behavior  a t  t h e  edge p o i n t s  = 0 and 

< = -CAPC, 

P ( C )  i s  a  r a t i o n a l  f u n c t i o n  which depends on t h e  flow 

behavior  a t  t h e  edge p o i n t s  and +a. 

The f i r s t  term of Equation 131 i s  t h e  p a r t i c u l a r  s o l u t i o n  

which s a t i s f i e s  t h e  mixed boundary cond i t i ons  on t h e  r e a l  [ - ax i s  

whi le  t h e  second term i s  t h e  g e n e r a l  s o l u t i o n  of t h e  corresponding 

homogeneous problem. 

I n  accordance wi th  t h e  l i n e a r i z e d  formula t ion ,  t h e  func-  

t i o n s  H ( C )  and P ( C )  t a k e  t h e  forms 
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where A and B a r e  r e a l  c o n s t a n t s .  The g e n e r a l  s o l u t i o n  of t h e  

boundary-value problem, i n  t h i s  case ,  becomes - 

which must a l s o  s a t l s f y  t h e  uniform flow cond i t i ons  a t  upstream 

i n f i n i t y  and t h e  c l o s u r e  c o n d i t i o n s .  

The flow f i e l d  w ( 5 )  i s  thus  complete ly  determined f o r  a  

p r e s c r i b e d  oncoming flow d i r e c t i o n ,  body shape, c a v i t y  l e n g t h  

and cascade geometry. 

I n  t h e  c a s e  of  f l a t  p l a t e  cascade,  i. e . ,  dy /dx = 0, t h e  f  
complex v e l o c i t y  f i e l d  i s  of  t h e  form 

which may be shown t o  y i e l d  a  s o l u t i o n  i d e n t i c a l  t o  t h a t  g iven  

by Cohen and Suther land  ( 1 4 ) .  

Express ions  f o r  t h e  l i f t ,  drag,  c a v i t y  shapes and e x i t  

flow c h a r a c t e r i s t i c s  a r e  g iven  i n  Reference 7.  

2 .3  Numerical R e s u l t s  and Discuss ion  

The method o f  c a l c u l a t i n g  t h e  flow f i e l d  around a  

s u p e r c a v i t a t i n g  cascade, a s  p r e sen t ed  i n  t h e  p rev ious  s e c t i o n s  i s  

i n  many r e s p e c t s  s i m i l a r  t o  t h a t  g iven  f o r  i s o l a t e d  s u p e r c a v i t a -  

t i n g  h y d r o f o i l s .  The c a l c u l a t i o n s  g e n e r a l l y  i nvo lve  o n l y  numer- 

i c a l  i n t e g r a t i o n s  and a l g e b r a i c  o p e r a t i o n s .  
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The s l o p e s  of  t h e  f o i l  shapes used i n  t h e  p r e s e n t  c a s e  a r e  

de f ined  a s  fo l l ows :  

f l a t  p l a t e  

two term camber 

t h r e e  term camber 

f i v e  term camber 

c i r c u l a r  a r c  
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The ang le  of a t t a c k  term i s  handled s e p a r a t e l y  and i s  t hus  n o t  

inc luded  i n  t h e  dy/dx term, wi th  t h e  excep t ion  of t h e  c i r c u l a r  

a r c  ca se .  For t h e  c i r c u l a r  a r c ,  t h e  converltion of Johnson ( 6 )  

i s  used where t h e  chord of  t h e  f o i l  i s  r o t a t e d  through 1/8 of  

t h e  c e n t r a l  a n g l e  t o  i n s u r e  a  p o s i t i v e  p r e s s u r e  over  t h e  e n t i r e  

wet ted f a c e  of  t h e  f o i l .  The camber i n d i c e s  k2, k3, k5, k  a r e  
C 

t h e  r e s p e c t i v e  l i f t  c o e f f i c i e n t s  of  t h e  i s o l a t e d ,  i n f i n i t e  dep th ,  

z e ro  sigma, ze ro  a n g l e  of a t t a c k  f o i l s .  The h ighe r  t h e  camber 

index  t h e  g r e a t e r  t h e  camber o f  t h e  r e s p e c t i v e  f o i l s .  

I n  a d d i t i o n  t o  t h e  f i r s t  o r d e r  l i n e a r i z e d  r e s u l t s ,  t h e  

program a l s o  c a l c u l a t e s  second o r d e r  a p p r o x P ~ s t i o n s  u s i n g  equa- 

t i o n s  p re sen t ed  by Hsu (11) and v e r i f i e d  for. t h e  i s o l a t e d  

c i r c u l a r  a r c  ca se .  While t h e r e  i s  no a v a i l a b l e  method f o r  

v e r i f y i n g  t h e  second o r d e r  approximation f o r  cascades o r  f o r  

cambers o t h e r  than t h e  c i r c u l a r  a r c ,  i t  was inc luded  s i n c e  l i t t l e  

a d d i t i o n a l  programming was r e q u i r e d  t o  do s o .  When one under-  

t a k e s  a  c a l c u l a t i o n  i nvo lv ing  f i n i t e  c a v i t i e s ,  t h e r e  a r e  es-  

s e n t i a l l y  6  parameters  which must be f i x e d  t o  s p e c i f y  a  un ique  

cascade.  These a r e :  

1. t h e  s t a g g e r  a n g l e  of t h e  cascade,  /3 

2 .  t h e  s o l i d i t y  of t h e  cascade,  C/d 

3. t h e  camber t ype  ( shape )o f  t h e  f o i l s ,  FTYPE 

4 .  t h e  amount of camber (camber c o e f f i c i e n t ,  ) k  

5. t h e  ang le  of a t t a c k  of t h e  f o i l s ,  a 
0 

6. t h e  c a v i t y  l e n g t h  t o  chord r a t i o ,  R/c 
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Four o f  t h e s e  parameters :  p,  FTYPE, k, and a may be chosen 
0 

i n  a  s t r a i g h t  forward manner. The remaining two: C/d and R/c, 

a r e  dependent v a r i a b l e s  determined by t h e  s t a g g e r  ang le ,  p, t h e  

transformed chord l eng th ,  CAPC, and ano the r  cascade parameter ,  

b/a. The parameter  b/a a l s o  i s  used i n  f u l l y  wet ted cascades  

and i s  d i s cus sed  by Gar r ick  i n  Reference  15. I n  f u l l y  wet ted 

flow, t h e  v a l u e  of b/a un ique ly  r e l a t e s  a  g iven  /3 and s o l i d i t y .  

For t h e  s u p e r c a v i t a t i n g  ca se  t h e  r e l a t i o n s h i p  i s  i d e n t i c a l  except  

t h a t  i n s t e a d  of s o l i d i t y ,  C/d, t h e  v a l u e  of  R/d ( c a v i t y  l e n g t h  t o  

f o i l  s p a c i n g )  i s  determined.  This  e s s e n t i a l l y  amounts t o  con- 

s i d e r i n g  t h e  e n t i r e  l e n g t h  of  f o i l  and c a v i t y  t o  correspond t o  

t h e  f o i l  l e n g t h  i n  f u l l y  wet ted f low.  

The s o l u t i o n  of Equation [2d ]  i s  shown i n  F igu re  4 f o r  ,8 
0 over t h e  range  45 t o  90' and b/a = 1.00001 t o  20.0 .  Note t h a t  

t h e  r e l a t i o n s h i p s  shown i n  F igu re  1 0  a r e  independent o f  s o l i d i t y ,  

f o i l  t ype ,  camber, and t ransformed chord.  The curves  r e p r e s e n t -  

i n g  sma l l  va lues  of  b/a become ve ry  "compressed" a t  h igh  va lues  

of p .  For t h i s  reason ,  a s  t h e  s t a g g e r  a n g l e  o f  a  cascade be- 

comes h ighe r  and h ighe r ,  t h e  p o s s i b l e  range  of R/d va lues  which 

can be ob t a ined  i s  r e s t r i c t e d .  Thus t h e  p o s s i b l e  r ange  of R/c 

va lues  f o r  a  g iven  C/d i s  a l s o  r e s t r i c t e d .  

The s o l u t i o n  t o  Equation [ 2 i ]  i s  s l i g h t l y  more involved i n  

t h a t  t h e  t ransformed chord, CAPC, i s  i n t roduced .  I n  t h i s  case ,  

a  s i n g l e  graph cannot demonstra te  t h e  r e l a t i o n s h i p  among C/d, p, 
b/a and CAPC. Each va lue  of  p r e q u i r e s  a  s e p a r a t e  graph.  F i g u r e  

5, 6 and 7 a r e  t y p i c a l  of t h e  r e l a t i o n s h i p s  and a r e  c a l c u l a t e d  f o r  
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p = 4 5 O ,  65' and 85'. A s  t h e  s t a g g e r  a n g l e  i n c r e a s e s ,  t h e  r e -  

l a t i o n  between p and CAPC f o r  a  g iven  b/a becomes s t e e p e r  t h u s  

r e q u i r i n g  l a r g e r  va lues  of  CAPC t o  be chosen t o  y i e l d  a  g iven  

~ / d .  For example, s a y  t h a t  a  s o l i d i t y  of  0 .40  i s  d e s i r e d  a t  

p = 45, 65, and 85' w i th  b/a = 1 .02 .  The r e s p e c t i v e  t ransformed 

chords r e q u i r e d  would be 29 . ,  120. ,  and 200. A t  o t h e r  b / a f s  t h e  

change may be even more dramat ic .  For example, wi th  C/d = . 4 0  

and b/a = 1.001,  t h e  r e q u i r e d  CAPCfs a r e  29 , ,  120 . ,  and 46,500. 

From F igu re  1 0  we s e e  t h a t  h ighe r  b/a va lues  y i e l d  lower J/d 

va lues  and thus  lower l / c  va lues  f o r  a  g iven  C/d. The fo l l owing  

t a b l e  i n d i c a t e s  t h e  c a v i t y  l e n g t h  parameters  which would r e s u l t  

from t h e  examples considered above. 

TABLE 2  

E f f e c t  o f  b/a on J/c a t  Constant  C/d = 0 .40  
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Note t h a t  r a t h e r  s i g n i f i c a n t  changes i n  l / c  r e s u l t e d  a t  t h e  

lower s t a g g e r  ang le s  even though CAPC remained unchanged wh i l e  

l i t t l e  change occur red  a t  p = 85' even though CAPC changed by 

more than  two o r d e r s  of magnitude. Thus we s e e  t h a t  t h e  r ange  

of c a v i t y  l e n g t h  t o  chord r a t i o s  which can be  c a l c u l a t e d  i s  

l i m i t e d  a t  h igh  s t a g g e r  a n g l e s .  

A second c h a r a c t e r i s t i c  o f  t h e  r e l a t i o n s h i p s  shown i n  F ig-  

u r e s  15, 16 and 1 7  i s  t h a t  f o r  each b/a a  c e r t a i n  maximum CAPC 

i s  reached f o r  which a  p o s i t i v e  C/d r e s u l t s .  Th is  e f f e c t  occu r s  

suddenly f o r  a  very  sma l l  inc rementa l  change i n  CAPC. I n  o r d e r  

t o  i l l u s t r a t e  t h e  p o i n t  more c l e a r l y ,  F igu re  8 shows a  computa- 
0 

t i o n  f o r  p = 75 , b/a = 1.00001, 1.15, 1 .50 ,  and 3 . 0 0  i n  which 

smal l  inc rementa l  changes i n  CAPC were used t o  c a l c u l a t e  t h e  

corresponding s o l i d i t i e s .  The 1.00001 and 1.15 curves  a r e  

we l l  behaved over  t h e  e n t i r e  range  p l o t t e d .  The 1 . 5 0  and 3 .00  

curves ,  however, a r e  n o t  and show s i m i l a r  behavior  t o  one a n o t h e r .  

Each drops  a b r u p t l y  t o  a  n e g a t i v e  s o l i d i t y  (which has  no p h y s i c a l  

meaning) a t  a  c r i t i c a l  v a l u e  of  transformed chord.  For t h e  

b/a = 1 . 5 0  curve, t h e  c r i t i c a l  CAPC i s  between 15.1 and 15 .2 .  

For t h e  b/a = 3 . 0 0  curve i t  i s  between 1 4 . 6  and 14 .7 .  Thus t o  
0 c a l c u l a t e  cascade c h a r a c t e r i s t i c s  f o r  P = 75 and b/a = 3 .00 ,  

1 . 5 0  one i s  l i m i t e d  t o  maximum s o l i d i t i e s  o f  0.548 and 0.336 

r e s p e c t i v e l y .  

The same phenomenon j u s t  descr ibed  occurs  f o r  every b/a 

and s t a g g e r  a n g l e  a t  some va lue  of CAPC. The c r i t i c a l  v a l u e  o f  

CAPC (and thus  maximum o b t a i n a b l e  ~ / d )  i n c r e a s e s  when e i t h e r  
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p o r  b/a becomes s m a l l e r ,  The phenomenon becomes r e s t r i c t i v e  

i f  t h e  maximum C/d f a l l s  i n  t h e  r e g i o n  of i n t e r e s t ,  0 , 5 0  < C/d < 
1 . 5 0 .  

With t h e s e  l i m i t a t i o n s  i n  mind we w i l l  now d i s c u s s  f u r t h e r  

cascade c a l c u l a t i o n s  . 
2 . 3 . 1  I n f i n i t e  Cavi ty  F l a t  P l a t e  and C i r c u l a r  Arc R e s u l t s  - 

Acosta (16) has  c a l c u l a t e d  t h e  t h e o r e t i c a l  performance of f l a t  

p l a t e  and c i r c u l a r  a r c  cascades wi th  i n f i n i t e  c a v i t i e s  u s i n g  a  

l i n e a r i z e d  t h e o r y ,  V e r i f i c a t i o n  of h i s  method i s  ob t a ined  by 

comparing t h e  r e s u l t s  f o r  a  f l a t  p l a t e  cascade w i th  t h e  e x a c t  

s o l u t i o n  of Betz and Petersohn (17) which t hey  ob ta ined  w i t h  t h e  

a i d  of  t h e  Hodograph method. The d e f i n i t i o n s  o f  s t a g g e r  a n g l e  

and a n g l e  of a t t a c k  used i n  (16) a r e  s l i g h t l y  d i f f e r e n t  from t h e  

p r e s e n t  case .  I n  a d d i t i o n ,  Reference 1 6  u s e s  t h e  normal f o r c e  

c o e f f i c i e n t  C r a t h e r  t han  t h e  l i f t  c o e f f i c i e n t  CL i n  t h e  
NJ 

p r e s e n t  work. The r e s u l t s  p r e sen t ed  i n  F igu re s  9 t h r u  14  a r e  

i n  terms of t h e  system of  Reference 16.  

F igures  9, 1 0  and 11 compare t h e  r e s u l t s  o f  t h e  p r e s e n t  

computations f o r  f l a t  p l a t e  cascades w i th  long c a v i t i e s  t o  t h e  

r e s u l t s  o f  Acosta (16 )  and Betz and Petersohn (17) over  t h e  
0 

r ange  of s o l i d i t i e s  0 .50 t o  1 - 5 0 ,  s t a g g e r  ang le s  0  t o  75O, and 

ang le s  of a t t a c k  0' t o  7'. Agreement among t h e  methods i s  

e x c e l l e n t .  The p r e s e n t  c a l c u l a t i o n s  y i e l d  s o l u t i o n s  c l o s e r  t o  

t h e  exac t  s o l u t i o n  than d i d  t h e  c a l c u l a t i o n s  of Acosta.  Th is  

i s  e s p e c i a l l y  t r u e  a t  t h e  h ighe r  s t a g g e r  ang le s  l i k e l y  t o  be  of 

i n t e r e s t  f o r  inducer  d e s i g n s ,  
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Inc luded  i n  F igures  12, 13 and 14  a r e  t h e  f i r s t  o r d e r  r e -  

s u l t s  f o r  c i r c u l a r  a r c  cascades from t h e  p r e s e n t  program and 

t h e  approximate second o r d e r  r e s u l t s  a s  c a l c u l a t e d  by t h e  method 

of Hsu (11) a s  p r e v i o u s l y  mentioned. Agreement between t h e  

p r e s e n t  method and t h e  r e s u l t s  o f  Acosta i s  f a i r l y  good. The 

p r e s e n t  c a l c u l a t i o n s  tend t o  e s t i m a t e  lower normal f o r c e  coef - 
f i c i e n t s  e s p e c i a l l y  a t  h igh  s o l i d i t i e s  and h igh  s t a g g e r  a n g l e s .  

As expected t h e  approximate second o r d e r  r e s u l t s  y i e l d  lower 

va lues  o f  C 
N '  

The d i f f e r e n c e  between f i r s t  and second o r d e r  

r e s u l t s  becomes sma l l e r ,  however, a s  s o l i d i t y  i n c r e a s e s  and a l s o  

a s  s t a g g e r  a n g l e s  i n c r e a s e .  The t r e n d s  noted f o r  t h e  c i r c u l a r  

a r c  cascades  a r e  t h e  same a s  t h o s e  f o r  f l a t  p l a t e  cascades .  

2 . 3 . 2  Comparison t o  Constant-Pressure-Cambered Case - The 

computations of  Y i m  ( 2 )  a r e  d i f f e r e n t  from t h e  p r e s e n t  c a s e  i n  

two ways. F i r s t ,  t h e  f o i l  shape used by Y i m  was a c o n s t a n t  

p r e s s u r e  cambered geometry. This  i s  d i f f e r e n t  from any shape 

used i n  t h e  p r e s e n t  ca se  b u t  may be approximated by t h e  p r e s e n t  

c i r c u l a r  a r c .  Secondly, t h e  r e s u l t s  of  Y i m  do no t  y i e l d  a 

p a r t i c u l a r  c a v i t a t i o n  number, l i f t  c o e f f i c i e n t  and f o i l  shape  

f o r  each cascade geometry b u t  r a t h e r  t h e  r a t i o  c a v i t a t i o n  o f  

number and f o i l  shape t o  l i f t  c o e f f i c i e n t .  Thus o/CL and 

y/cc 
a r e  t h e  pr imary parameters  f o r  a g iven  s t agge r ,  s o l i d i t y  

L 
and c a v i t y  l e n g t h .  Angle of  a t t a c k  a i s  g iven  a s  a/CL and i s  

no t  an independent  v a r i a b l e  i n  t h e  scheme of Y i m  ( 2 ) .  
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It  i s  t h e r e f o r e ,  r a t h e r  d i f f i c u l t  t o  compare t h e s e  r e s u l t s  

d i r e c t l y  t o  t h e  p r e s e n t  case;  however, an  a t t emp t  a t  such a  

comparison has  been made. One ca se  p re sen t ed  by V i m  was a  con- 
0 

s t a n t  p r e s s u r e  cambered cascade wi th  s t a g g e r  a n g l e  ,8 = 75 and 

s o l i d i t y  C/d = 0.410, Q/c = v a r i a b l e .  Th is  ca se  was chosen f o r  

comparison. F igu re  15 shows t h e  v a r i a t i o n  of l i f t  c o e f f i c i e n t  

and c a v i t a t i o n  number wi th  c a v i t y  l e n g t h  f o r  t h e  c i r c u l a r  a r c  

cascade chosen f o r  comparison. A camber c o e f f i c i e n t  of  k  = .185 
0 0 

( c e n t r a l  a n g l e  of  f o i l s  = 12  ) and ang le s  o f  a t t a c k ,  a = 7 . 0  

and 4.5' were a r b i t r a r i l y  chosen hoping t o  approximate t h e  shape 

and a n g l e  of  a t t a c k  of t h e  cons t an t  pressure-cambered f o i l s .  

A r a t h e r  unexpected behavior  i s  i l l u s t r a t e d  i n  F igu re  15, 

Note t h a t  t h e  l i f t  c o e f f i c i e n t  i s  e s s e n t i a l l y  cons t an t  f o r  c a v i t y  

l e n g t h s  above 5 .0 .  Below t h i s  value ,  however, a  s h a r p  i n c r e a s e  

i n  l i f t  c o e f f i c i e n t  occurs  cl imbing t o  imposs ib ly  h igh  va lues  

of 3 .6  and 4 .3  a t  Q/c = 2.50.  Beyond t h i s  p o i n t ,  t h e  v a l u e  of 

C drops  s h a r p l y  aga in .  To unders tand  t h i s  c h a r a c t e r i s t i c ,  we L 
must look  a t  t h e  i n p u t  i n  terms of  b/a and CAPC used t o  o b t a i n  

each c a v i t y  l e n g t h .  These va lues  a r e  p r e sen t ed  i n  Table  3.  

Note p a r t i c u l a r l y  t h a t  t h e  va lues  o f  CAPC do no t  change up 

t o  t h e  p o i n t  (Q/c = 4 . 5 0 )  where t h e  sha rp  up t u r n  i n  l i f t  coef -  

f i c i e n t  occur red .  I n  fact ,when one looks  a t  t h e  C/d - ,8 - b/a - 
CAPC r e l a t i o n  ( s i m i l a r  t o  F igu re  6 )  f o r  t h i s  c a s e  i t  i s  ap-  

p a r e n t  t h a t  t h e  r e l a t i o n s  f o r  b/a = 1.00001 t o  1 ,0009  a r e  

i d e n t i c a l l y  t h e  same l i n e ,  However, t h e  Q/d - ,8 - b/a r e l a -  

t i o n s  ( s e e  F igu re  4 )  a r e  n o t  t h e  same f o r  t h e s e  b/a va lues  and 

thus  some v a r i a t i o n  i n  Q/c r e s u l t s .  
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TABLE 3 

Program I n p u t s  t o  Cascades o f  F i g u r e  15 

a / c  

6.31 

5.66 

5.38 

4.73 
4.50 

4.04 

3.85 

3.73 
3.60 

3.31 
3.18 

2.48 

1.94 

1.63 

1.55 

1 473 
1.47 

1.38 

b/a 

1.00001 

1.00005 

1.0001 

1.0005 

1.0009 

I.. 003 

1.005 

1.007 

1.009 

1.019 

1.027 

1.14 

1.40 

1.70 

1.80 

1.95 
2.00 

2.10 

CAPC 
( ~ r a n s  formed 

Chord ) 

980. o 
980. o 
980. o 
980. o 
980.0 

930.0 
880. o 
810. o 
780. o 
500.0 

350.0 
36. o 
13.5 
11.8 

11. g 

12.1 

12.0 

12.8 



HYDRONAUTICS, Inco rpo ra t ed  

The c a v i t a t i o n  number i n  F igu re  15 a l s o  remains q u i t e  con- 

s t a n t  above a  c e r t a i n  va lue  of  Q/c.  Th is  va lue  i s  s l i g h t l y  lower 

than  t h e  c r i t i c a l  va lue  f o r  l i f t  c o e f f i c i e n t .  Above t h i s  Q/c, 

o i n c r e a s e s  s h a r p l y  and continu-es t o  i n c r e a s e  a s  Q/c i s  decreased .  

The assumptions made i n  l i n e a r i z a t i o n  r e q u i r e  t h a t  t h e  v a l u e  of 

o be q u i t e  smal l  compared wi th  1 . 0 ,  For example, a  v a l u e  of 

o = 0 , 2 5  has cons ide rab ly  exceeded t h e  l i n e a r i z e d  assumptions .  

We s e e  from F igu re  15, however t h a t  by t h e  t ime o = 0 .25  has  been 

reached,  t h e  v a l u e  of  C i s  a l r e a d y  reached i t s  unreasonably  h igh  L  
peak.  

F igu re  16 compares t h e  r a t i o  a/C f o r  t h e  cons t an t -p re s su re -  L  
camber ( C P C )  cascade t o  t h e  r a t i o  o/CL f o r  t h e  c i r c u l a r  a r c  cas -  

cade a s  a f u n c t i o n  of c a v i t y  l e n g t h .  Note t h a t  t h e  CPC r e s u l t  

shows l i t t l e  v a r i a t i o n  i n  t h e  r a t i o  o/CL above J/c = 3 . 0 .  Be- 

low t h i s  value ,  a  continuous i n c r e a s e  i n  a/C occars  a s  Q/c - 1, L 
I n  c o n t r a s t ,  t h e  c i r c u l a r  a r c  ca se s  show a  sha rp  d i p  fol lowed 

by a  s t e e p  i n c r e a s e .  The va lues  o f  a. chosen f o r  t h e  c i r c u l a r  

a r c  f o i l s  e f f e c t i v e l y  b racke t  t h e  CPC performance a t  l a r g e  Q/c.  

Although t h e  camber d i s t r i b u t i o n s  of t h e  two types  o f  f o i l s  

be ing  compared a r e  d i f f e r e n t ,  t h e  a n g l e  of  a t t a c k  a and maximum 
0 

camber yc/cCL w i l l  be used t o  compare t h e  two geometr ies  a t  

J/c > 5.0.  From F igu re  1 6  an i n t e r p o l a t e d  v a l u e  o f  a = 5.9' 
0 

would r e s u l t  i n  good agreement a s  f a r  a s  s / C  i s  concerned,  L  
Note t h a t  t h e  d e f i n i t i o n  of a n g l e  of  a t t a c k  f o r  t h e  c i r c u l a r  a r c  

c a s e  excludes  a  va lue  o f  1/8 t h e  c e n t r a l  a n g l e  of t h e  f o i l  

( a f t e r  Johnson ( 6 ) )  t o  a s s u r e  p o s i t i v e  p r e s s u r e  on t h e  f u l l y  

wetted f a c e  o f  t h e  f o i l .  For t h e  c i r c u l a r  a r c  f o i l ,  t h e  t r u e  

geometr ic  ang le  of  a t t a c k  and camber a r e :  
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a 
TRUE 

= a + y/8 = 7.it0, Camber /cCL = . I 4 6  
0 

For t h e  CPC f o i l  ang l e  of  a t t a c k  and camber a r e :  

0 
a = 5 .05  and Camber/cCL = . l o 6  

t 

Thi s  means t h a t  f o r  a  p a r t i c u l a r  CL and r a t i o  of  o  t o  CL 

a t  a  g iven  c a v i t y  l eng th ,  ,B, and C/d t h e  CPC r e s u l t  i n d i c a t e s  

l e s s  p h y s i c a l  camber and a n g l e  of  a t t a c k  r e q u i r e d  than  f o r  t h e  

c i r c u l a r  a r c  case .  I n  o t h e r  words, t h e  CPC case  i s  shown t o  

have a  more e f f e c t i v e  o r  e f f i c i e n t  camber d i s t r i b u t i o n  i n  cas -  

cade.  S ince  t h e  cascade c h a r a c t e r i s  t i c s  were c a l c u l a t e d  by 

d i f f e r e n t  methods i t  i s  n o t  p o s s i b l e  a t  t h i s  t ime t o  s a y  whether 

t h e  d i f f e r e n c e  i n  t h e  two r e s u l t s  i s  an a c c u r a t e  r e f l e c t i o n  of  

t h e i r  r e l a t i v e  e f f i c i e n c i e s  o r  whether t h e  t echnique  of c a l -  

c u l a t i o n  and method of l i n e a r i z a t i o n  have in t roduced  p a r t  o f  

t h e  d i f f e r e n c e .  We do know however from t h e  exper imental  p ro -  

gram (1) t h a t  t h e  exper imental  v a l u e  of  t h e  parameter  (CL/o) 

(c /d)  f o r  s t a g e  1 of inducer  1 was l e s s  t han  1/3 of t h e  p r e -  

d i c t e d  t h e o r e t i c a l  va lue .  Even acknowledging r e a l  f l u i d  and 

three-dimensional  e f f e c t s  have c o n t r i b u t e d  t o  t h i s  r e d u c t i o n ,  

t h e  r e s u l t s  i n d i c a t e  t h a t  t h e  CPC t h e o r y  t ends  t o  o v e r e s t i m a t e  

t h e  r a t i o  CL/o. 

A comparison of t h e  a c t u a l  p h y s i c a l  shapes of t h e  two f o i l s  

being considered i s  shown i n  F igu re  17 .  The v e r t i c a l  s c a l e  i s  

d i s t o r t e d .  The camber d i s t r i b u t i o n s  a r e  d i f f e r e n t  bu t  no t  d i f -  

f e r e n t  enough t h a t  one would expect  t h e  l a r g e  d i f f e r e n c e  i n  
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camber and a n g l e  of a t t a c k  i n d i c a t e d  f o r  s i m i l a r  l i f  t - c a v i t a t i o n  

number performance,  We may t e n t a t i v e l y  conclude, t h e r e f o r e ,  t h a t  

t h e  p r e s e n t  c a l c u l a t i o n s  i n d i c a t e  a  more conse rva t ive  r e l a t i o n  

between o  and C f o r  s i m i l a r  geomet r ies ,  i .  e , ,  t h a t  more camber L  
and a n g l e  of a t t a c k  i s  r e q u i r e d  f o r  a  s i m i l a r  camber d i s t r i b u -  

t i o n  t o  y i e l d  a  p a r t i c u l a r  l i f t  c o e f f i c i e n t  a t  a p a r t i c u l a r  cav i -  

t a t i o n  number t han  i n  t h e  c a l c u l a t i o n  of Y i m  ( 2 ) .  

I n  t h e  p rev ious  comparison, t h e  camber index  of t h e  c i r c u l a r  

a r c  f o i l  used was a r b i t r a r i l y  chosen a s  0.185, corresponding t o  
0 

a  c e n t r a l  f o i l  a n g l e  of 12  . To s t u d y  t h e  e f f e c t  of  camber i n -  

dex on t h e  r e l a t i v e  performance of c i r c u l a r  a r c  and CPC f o i l s ,  

a  number of  camber i n d i c e s  were used corresponding t o  a  r ange  of  
0 0 

f o i l  c e n t r a l  ang l e s  from 4 t o  32' i n  s t e p s  of  4 . 
Figu re  18 shows t h e  r e l a t i o n s h i p  between o/C and a n g l e  of  L 

a t t a c k  f o r  t h e  va r ious  cambers under t h e  cascade c h a r a c t e r i s t i c s  

p r e v i o u s l y  used.  Using a  c o n s t a n t  o/CL = 0.82,  va lues  o f  a 
0 

can be ob t a ined  from t h i s  curve f o r  each v a l u e  of  camber index ,  

F igu re  19 shows a  s i m i l a r  r e l a t i o n  f o r  camber/cC a s  a  f u n c t i o n  L  
of a a t  t h e  same camber c o e f f i c i e n t s .  Using t h e  va lues  of a 

0 0 

from F igu re  18 corresponding va lues  of camber/cC can be  ob- L  
t a i n e d  from F igu re  19 .  I n  F igu re  20, t h e  va lues  of camber/cC L  
ve r sus  a / C  f o r  cons t an t  o/CL = .082 f o r  t h e  e n t i r e  range  of  L  
camber c o n s t a n t s  a r e  p l o t t e d  u s i n g  c i r c u l a r  symbols. Note t h a t  

a l l  t h e  p o i n t s  f a l l  i n  a  c l u s t e r  showing t h a t  r e g a r d l e s s  of t h e  

amount of  camber, t h e  r a t i o  of  camber t o  a n g l e  of  a t t a c k  i s  ap- 

p rox imate ly  cons t an t  f o r  cons t an t  o/CL This  does n o t  mean 
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t h a t  C i s  c o n s t a n t  f o r  each of t h e  cambers c a l c u l a t e d .  F ig-  L  
u r e  21 shows t h e  l a r g e  v a r i a t i o n  i n  a c t u a l  C over  t h e  range  L  
c a l c u l a t e d .  Lines  of  c o n s t a n t  o/CL a r e  n e a r l y  l i n e a r  on t h i s  

p l o t .  

I n  F igu re  20, t h e  Y i m  constant-pressure-camber  case  i s  i n -  

d i c a t e d  by a  squa re  symbol. Ca l cu l a t i ons  f o r  o/CL = ,082 were 

a l s o  made f o r  t h e  o t h e r  types  of  camber p r e s e n t l y  under con- 

s i d e r a t i o n  u s i n g  a  camber index  of 0.185.  These r e s u l t s  a r e  

shown a s  t h e  t r i a n g u l a r  symbols i n  F igu re  20. The c i r c u l a r  a r c  

ca se  i s  r e p l o t t e d  and i s  s h i f t e d  s l i g h t l y  from t h e  c i r c u l a r  

c l u s t e r  because y/8 was excluded from ao. F igu re  20 i n d i c a t e s  

t h a t  t h e  cascades become p r o g r e s s i v e l y  more e f f i c i e n t  a s  t h e  

f o i l s  assume h ighe r  term camber d i s t r i b u t i o n s .  The t h r e e  term 

camber case  f a l l s  n e a r  t h e  Y i m  CPC case  and t h e  f i v e  term case  

i s  cons iderab ly  b e t t e r .  It i s  s i g n i f i c a n t  t h a t  t h e  d i f f e r e n c e  

between t h e  t h r e e  and f i v e  term camber ca se s  i s  l a r g e  i n d i c a t i n g  

t h a t  even h ighe r  term cambers might con t inue  t o  produce s i g n i f i -  

c a n t l y  b e t t e r  r e s u l t s .  

2 .3 .3  Comparison t o  Experimental  Cascade Performance - The 

exper imental  d a t a  on s u p e r c a v i t a t i n g  cascades  i s  very  l i m i t e d .  

The e x t e n s i v e  work of Numachi ( f o r  example, 18) i s  concerned 

wi th  t h e  c a v i t a t i o n  performance of s u b c a v i t a t i n g  a i r f o i l  s ec -  

t i o n s  and i s  aimed a t  t h e  development of  a  s e c t i o n  wi th  t h e  b e s t  

c a v i t a t i o n  performance i n  cascade wi th  r e s p e c t  t o  l a t e  c a v i t a -  

t i o n  i n c e p t i o n  and h igh  l i f t  drag r a t i o ,  a t  low c a v i t a t i o n  number. 
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A r e c e n t  and e x t e n s i v e  t e s t  program conducted by United A i r c r a f t  

Research Labora to r i e s  (19) has  s i m i l a r  g o a l s  u s i n g  c i r c u l a r  a r c  

s e c t i o n s .  Wade and Acosta (20 )  have r e p o r t e d  a  l i m i t e d  amount 

o f  d a t a  cover ing t h e  e n t i r e  range  of c a v i t a t i o n  from i n c e p t i o n  

and p a r t i a l  c a v i t a t i o n  t o  f u l l  c a v i t a t i o n  and s u p e r c a v i t a t i o n .  

The f o i l  s e c t i o n s  were of  a  plano-convex n a t u r e  wi th  t h e  "p re s -  

s u r e  s i d e "  a  f l a t  s u r f a c e ,  and t h e  " s u c t i o n  s i d e "  a  c i r c u l a r  a r c .  

I n  t h e  c a v i t a t i n g  range  many exper imental  d i f f i c u l t i e s  were en- 

counte red .  A t  ang l e s  of  a t t a c k  r e p o r t e d  a s  6' o r  l e s s ,  t h e  

c a v i t i e s  were found t o  develop on t h e  f l a t  s i d e  of t h e  f o i l s  

r e s u l t i n g  i n  a  cascade w i th  nega t ive  e f f e c t i v e  camber* when super -  

c a v i t a t i n g .  Above 6' a n g l e  of a t t a c k ,  t h e  c a v i t i e s  developed 

on t h e  c i r c u l a r  a r c  s i d e  of  t h e  f o i l s  and thus  an  e f f e c t i v e  f l a t  

p l a t e  cascade was encountered i n  t h e  s u p e r c a v i t a t i n g  range  of 

o p e r a t i o n .  I n  a  d i s c u s s i o n  of t h e  r e s u l t s  o f  Wade and Acosta, 

P e a r s a l l  ( 2 1 ) ,  r e f e r e n c i n g  t h e o r e t i c a l  r e s u l t s  according t o  

D u l l e r  ( 2 2 ) ,  shows f a i r l y  good agreement between theo ry  and ex- 

pe r imen ta l  a t  ~ / d  = 0.625, b u t  poor agreement a t  C/d = 1 , 2 5 .  

P e a r s a l l ,  however, i n c o r r e c t l y  blames t h e  l i m i t a t i o n  of t h e  

p o t e n t i a l  flow approach f o r  t h e  d i s c r epancy  a t  t h e  h ighe r  so-  

l i d i t y .  The h igh  s o l i d i t y  d a t a  p r e sen t ed  by Acosta i s  a l l  i n  t h e  
0 r ange  of  0  t o  6' a n g l e  of  a t t a c k  and t h u s  has  t h e  c a v i t y  on t h e  

f l a t  (nominal ly  p r e s s u r e )  s i d e  of t h e  f o i l .  Obviously t h e s e  

f o i l s  must have exper ienced a  n e t  n e g a t i v e  a n g l e  of a tTack over  
0 t h i s  r ange  and t h e r e f o r e  i n c r e a s e s  i n  a from 0  t o  6' were i n  

0 
r e a l i t y  decreases  i n  a from some n e g a t i v e  va lue  toward t r u e  0 

a n g l e  of a t t a c k .  This  conclus ion i s  v e r i f i e d  by t h e  Wade and 
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Acosta d a t a  showing t h a t  a t  C/d = 1 . 2 5  t o  main ta in  a  c o n s t a n t  

c a v i t y  l e n g t h  ( s a y  J/c = 2.0), t h e  c a v i t a t i o n  number had t o  be  

decreased  a s  t h e  nominal a n g l e  of  a t t a c k  was i n c r e a s e d .  For  t h i s  

r ea son  comparison of t h e  p r e s e n t  c a l c u l a t i o n s  t o  Wade and A c o s t a r s  

da t a  has  been l i m i t e d  t o  a  ca se  where t h e  c a v i t y  was on t h e  cor-  
0 

r e c t  (convex)  s i d e  of  t h e  f o i l s ,  t h e  case  of  p = 45 , C/d = 0 .625  

and a = 8 O ,  go. 

F igu re s  22 and 23 compare l i f t  c o e f f i c i e n t  a s  a  f u n c t i o n  of 

c a v i t a t i o n  number f o r  t h e  p r e s e n t  t heo ry  t o  t h e  exper imenta l  r e -  

s u l t s  f o r  8' and go r e s p e c t i v e l y .  Note t h a t  a  l a r g e  p o r t i o n  of 

t h e  exper imenta l  range  i s  p a r t i a l l y  c a v i t a t i n g .  Also i nc luded  

on each f i g u r e  i s  a  l i n e  showing t h e  approximate i s o l a t e d  l i n e a r -  

i z e d  t h e o r y  a s  a  r e f e r e n c e .  Agreement between t h e  t h e o r y  and 

experiment i s  l e s s  than  p e r f e c t ,  b u t  encouraging cons ide r ing  t h e  

l i m i t e d  number and d i f f i c u l t y  of  t h e  exper imental  measurements 

and t h e  t h e o r e t i c a l  approximat ions .  F igu re  24 compares t h e  p re -  

d i c t e d  t o  measured c a v i t y  l e n g t h s  i n  each ca se .  Note t h a t  t h e  

t heo ry  c o r r e c t l y  p r e d i c t s  t h e  observed r e s u l t  t h a t  below a  

c e r t a i n  v a l u e  of c a v i t a t i o n  number, t h e  c a v i t y  l e n g t h  i s  no t  

we l l  de f ined  bu t  may q u i c k l y  change from a  r a t h e r  s h o r t  t o  es -  

s e n t i a l l y  i n f i n i t e  l e n g t h  w i th  i n f i n i t e s i m a l  changes i n  0 .  

S i m i l a r  r e s u l t s  may be  ob t a ined  f o r  t h e  o t h e r  cambers under 

s t udy .  F igu re s  25 and 26 show c a l c u l a t i o n s  f o r  a  c i r c u l a r  a r c  

cascade wi th  t h e  same s o l i d i t y  and s t a g g e r  ang le  and a  camber 

index of  0 .247-  



HYDRONAUTICS, Inco rpo ra t ed  

P e a r s a l l  ( 2 3 )  p r e s e n t s  some l i m i t e d  d a t a  f o r  f l a t  p l a t e  and 

c i r c u l a r  a r c  cascades reduced from exper imental  r e s u l t s  o f  t e s t s  

on a c t u a l  a x i a l  flow pump i m p e l l e r s .  The da t a  r e p o r t e d  by P e a r s a l l  

a r e  f o r  t h e  fo l lowing  cond i t i ons :  

TABLE 4 

T e s t  Condi t ions  f o r  Data of  P e a r s a l l  ( 2 3 )  

c4 = .02 - . l o  
a = .02  - .07 a/c no t  r e p o r t e d  

F igures  27 and 28 compare some c a l c u l a t i o n s  u s i n g  t h e  

p r e s e n t  t heo ry  t o  t h e  r e s u l t s  r e p o r t e d  by P e a r s a l l .  It  can be 

concluded t h a t  agreement between t h e  d a t a  and theo ry  i s  c l o s e r  

f o r  t h e  f l a t  p l a t e  case  than  t h e  c i r c u l a r  a r c ,  Much g r e a t e r  

s e n s i t i v i t y  t o  c a v i t a t i o n  number i s  i n d i c a t e d  from t h e  t h e o r y  

t han  i s  shown i n  t h e  experiments wi th  t h e  agreement between t h e  

two b e t t e r  a t  long c a v i t y  l e n g t h s  ( a s  c a l c x l a t e d ,  s i n c e  R/c i s  

n o t  r e p o r t e d  i n  t h e  exper iments )  than  a t  s h o r t e r  c a v i t y  l e n g t h s .  

The c a l c u l a t i o n  i n  F igu re  28 i n d i c a t e s  t h e  sha rp  up- tu rn  i n  C L 
with  o a s  shown i n  F igures  22 and 23, 
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It i s  noteworthy t h a t  t h e  P e a r s a l l  d a t a  shows a  r a t h e r  con- 

s t a n t  v a l u e  of C over  a  wide range of  o f o r  a  g iven  cascade L 
cond i t i on .  The t h e o r y  on t h e  o t h e r  hand p r e d i c t s  a  very  narrow 

range  of o over  which a  p a r t i c u l a r  cascade may o p e r a t e .  L i t t l e  

e l s e  can be con jec tu red  about  t h i s  comparison s i n c e  t h e  e x p e r i -  

mental cond i t i ons  a r e  so  l o o s e l y  de f ined ,  and s i n c e  t h e  expe r i -  

ments must i n c l u d e  t h e  th ree-d imens iona l  e f f e c t s  n o t  accounted 

f o r  by a  cascade c a l c u l a t i o n .  These e f f e c t s  would be minimized 

i n  experiments wi th  a c t u a l  cascades such  a s  t h o s e  of Wade and 

Acosta.  It should  be  apparen t  from t h e  above d i s c u s s i o n  t h a t  

good, r e l i a b l e  s u p e r c a v i t a t i n g  cascade d a t a  i s  v i r t u a l l y  non- 

e x i s  t a n t  . 
2.3.4 I n f l u e n c e  of F o i l  Type and Camber Index on Performance - 

The complex n a t u r e  o f  t h e  computat ional  procedure  has been p re -  

v i o u s l y  o u t l i n e d .  I n  o r d e r  t o  compare t h e  i n f l u e n c e  of f o i l  

type  and camber index  on t y p i c a l  cascade geomet r ies ,  a  s e r i e s  

of  c a l c u l a t i o n s  were under taken wi th  b/a = 1.00001.  This  v a l u e  

i s  s u f f i c i e n t  t o  p l a c e  t h e  r e s u l t a n t  R/c va lues  i n  t h e  " long-  

c a v i t y "  range  i n  which l i f t  and c a v i t a t i o n  number vary  l i t t l e  

w i th  Q/c. Th is  i s  t h e  range  where curves  t y p i f i e d  by Fig-  

u r e s  16, 24, 25 and 26 a r e  f l a t ,  

F igu re  29 i l l u s t r a t e s  t h e  e f f e c t  of  s t a g g e r  a n g l e  on t h e  

l i f t  c o e f f i c i e n t  of  a  s e r i e s  of cascades  wi th  a l l  f i v e  camber 
0 

types  and ~ / d  = 0 .75> a = 1 0  , and k = 0 .15 .  (The f l a t  p l a t e  

ca se  of course  has k = 0). Over t h e  e n t i r e  range  of s t a g g e r  

ang le s  c a l c u l a t e d ,  t h e  f i v e  term camber f o i l s  show h ighe r  l i f t  
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c o e f f i c i e n t s  t han  any of  t h e  o t h e r  types ,  b u t  a s  s t a g g e r  a n g l e  

i n c r e a s e s ,  t h e  f i v e  term camber performance degrades  a t  a  r a t e  

s l i g h t l y  h i g h e r  t han  t h e  o t h e r s  and i t s  r e l a t i v e  advantage de- 
0 c r e a s e s .  For example a t  P = 45 , t h e  5 term c a s e  has  169 p e r -  

cen t  of  t h e  c i r c u l a r  a r c  l i f t  whi le  a t  75' i t  has 150 p e r c e n t .  

F igu re  30 shows t h e  correspond.ing c a v i t a t i o n  number range  f o r  

t h e  f o i l s  o f  F i g u r e  29. A s  t h e  s t a g g e r  a n g l e  becomes h ighe r  and 

h ighe r ,  t h e  r ange  of  o becomes narrower .  Th is  i s  p robably  p a r t  

of  t h e  reason  f o r  t h e  narrowing of  t h e  C r ange  i n  F igu re  29. L 

F igu re  31 shows t h e  i n f l u e n c e  of  s o l i d i t y  on l i f t  coef-  
0 

f i c i e n t  f o r  cascades  u s i n g  a l l  f i v e  camber types ,  /3 = 65 , 
0 cx = 1 0  and k = 0 .15 .  Each type  degrades  s h a r p l y  wi th  i n c r e a s i n g  

s o l i d i t y .  Again t h e  f i v e  term camber ca se  i s  b e s t  over  t h e  en- 

t i r e  range  bu t '  i t  degrades  more r a p i d l y  w i t h  i n c r e a s i n g  s o l i d i t y  

than t h e  o t h e r  t ypes .  A t  ~ / d  = 0 .50  t h e  f i v e  term case  has  

175 pe rcen t  of t h e  l i f t  of t h e  c i r c u l a r  a r c  ca se  whi le  a t  

C/d = 1 . 0  i t  has  decreased  t o  155 p e r c e n t .  F igu re  32 shows t h e  

corresponding va lues  of  c a v i t a t i o n  number f o r  t h e  cascades  of  

F igu re  31. Note t h e  narrow r ange  f o r  t h e  cascades  cons idered .  

F igu re  33 shows t h e  e f f e c t  of camber t ype  and two camber 

i n d i c e s ,  0 .25 and 0.15,  on t h e  l i f t  c o e f f i c i e n t  and c a v i t a t i o n  
0 0 

number f o r  cascades  of  p = 65 , ~ / d  = 0 .75  and a = 1 0  . 
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3 .0 PARTIALLY CAVITATING CAMBERED CASCADES 

The f low p a s t  a s u p e r c a v i t a t i n g  cascade  of  cambered 

b l a d e s  has  been d i s c u s s e d  i n  some d e t a i l  i n  t h e  p r e v i o u s  

s e c t i o n .  The on ly  a v a i l a b l e  t h e o r e t i c a l  s t u d y  on f low p a s t  

a c a s c a d e  of  p a r t i a l l y  c a v i t a t i n g  b l a d e s ,  ( i . e . ,  t h e  c a v i t y  

l e n g t h  i s  s h o r t e r  t h a n  t h e  chord  l e n g t h , )  i s  due t o  Wade ( 2 4 )  

who d e a l t  w i t h  t h e  problem of  t h i n  f l a t  p l a t e  h y d r o f o i l s .  

I n  t h e  p r e s e n t  c a s e  t h e  problem of t h e  f low of  incompres-  

s i b l e ,  i n v i s c i d  f l u i d  p a s t  a p a r t i a l l y  c a v i t a t i n g  c a s c a d e  o f  

cambered b l a d e s  i s  f o r m u l a t e d .  The a n a l y s i s  i s  based  on t h e  

assumpt ions  t h a t  t h e  f low i s  two-dimensional  and t h a t  d i s -  

t u r b a n c e s  a r e  s m a l l .  With t h e  a i d  o f  conformal  t r a n s f o r m a t i o n ,  

i t  i s  p o s s i b l e  t o  c a l c u l a t e  s u c h  complex f low prob lems .  

3 . 1  Genera l  Formula t ion  

Cons ide r  t h e  f low s c h e m a t i c a l l y  i l l u s t r a t e d  i n  F i g u r e  3 4 .  

The c a s c a d e  c o n s i s t s  of  a n  i n f i n i t e  a r r a y  of  i d e n t i c a l  t h i n  

cambered b l a d e s  having a s t a g g e r  a n g l e  p and a small a n g l e  of 

a t t a c k  a, .  The mean chord  l e n g t h  o f  each b l a d e  i s  c  and t h e  

s p a c i n g  of  t h e  b l a d e  i n  t h e  d i r e c t i o n  of s t a g g e r  a n g l e  i s  d .  

The f low approaches  t h e  c a s c a d e  wi th  v e l o c i t y  UI and i s  

t u r n e d  by t h e  a g g r e g a t e  e f f e c t  of  t h e  cascade  from i t s  o r i g i n a l  

h o r i z o n t a l  d i r e c t i o n  t o  t h e  d i r e c t i o n  az and v e l o c i t y  U, a t  f a r  

downstream. The c a v i t i e s  of l e n g t h  6 < c  a r e  assumed t o  b e  
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-33 - 

t h i n  and s p r i n g  from t h e  l e a d i n g  edge and t e r m i n a t e  on t h e  

upper  s u r f a c e  of  each b l a d e .  A s  a  f i r s t  approx imat ion  t h e  

boundary c o n d i t i o n s ,  may b e  a p p l i e d  a long  t h e  x - a x i s .  Bound- 

a r y  c o n d i t i o n s  on t h e  w e t t e d  p o r t i o n  of t h e  b l a d e ,  on t h e  

c a v i t y ,  a t  ups t ream i n f i n i t y ,  and t h e  c a v i t y  c l o s u r e  con- 

d i t i o n ,  a r e  g i v e n  i n  Refe rence  ( 8 ) .  

I n  o r d e r  t o  f i n d  t h e  p e r t u r b e d  v e l o c i t y  f i e l d  

i t  i s  e x p e d i e n t ,  f i r s t ,  t o  i n t r o d u c e  a t r a n s f o r m a t i o n  f u n c t i o n  

s imilar  t o  t h e  one used f o r  t h e  s u p e r c a v i t a t P n g  c a s e  ( 7 ) .  

This  maps t h e  mul t ip le -connec ted  r e g i o n  i n  t h e  z - p l a n e  o n t o  

t h e  5 -p lane .  The f u n c t i o n  a g a i n  has branch p o i n t s  a t  

51 = e i (a /2-cP)  and 5, = a i(17-/2+v) co r respond ing  t o  up and 

down-s t ream i n f i n i t y  r e s p e c t i v e l y  i n  t h e  p h y s i  c a l  z - p l a n e ,  
- 

By c r o s s i n g  t h e  branch c u t  C 1 C a ,  t h a t  i s  p r o c e e d i n g  from one 

b l a d e  t o  t h e  n e x t  one, t h e  v a l u e  of log  (1-5/c1 ) O r  l og  ( 1 - 5 / c 2 )  

changes by 2 a i  o r  -217-1. The l e a d i n g  and t r a i l i n g  edges of t h e  

b l a d e  a r e  mapped t o  t h e  o r i g i n  and t o  i n f i n i t y ,  The problem i s  

now reduced  t o  t h a t  of f i n d i n g  a harmonic f u n c t i o n  w ( 5 )  i n  t h e  

5 - p l a n e  which s a t i s f i e s  t h e  boundary c o n d f t f o n s  and c l o s u r e  

c o n d i t i o n ,  
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The c a s c a d e  p a r a m e t e r s  a r e  de te rmined  by t h e  f o l l o w i n g  

e q u a t i o n s  

a-1 
t a n  cg = - t a n  ,B 

a+l 

C - - -  - I. ( c o s  /3 h a  + 2rp s i n  p )  
d Ti- 

1-2s s i n  y + sa 
1 + 2 ( s / a ) s i n  q + ( ~ / a ) ~  

s cos y - tan- '  
1 - s s i n  cp 

C 123 

The v a l u e  of  t h e  c a v i t y  l e n g t h  s i n  t h e  t r ans fo rmed  p l a n e ,  

and t h e  s c a l i n g  p a r a m e t e r s ,  a and c.p can b e  computed once t h e  

g e o m e t r i c a l  c h a r a c t e r i s t i c s  of c a s c a d e  c/d, d/d and ,9 a r e  

g i v e n .  

3 . 2  S o l u t i o n  o f  t h e  Boundary Value Problem 

The boundary v a l u e  problem i n  t h e  t r ans fo rmed  c - p l a n e  

resembles  c l o s e l y  t h a t  of  f lows p a s t  i s o l a t e d  p a r t i a l l y  

c a v i t a t e d  h y d r o f o i l s  and i s  a s p e c i a l  c a s e  of  t h e  Rieman- 

H i l b e r t  problem f o r  a h a l f  p l a n e  (13 ) .  A s  i n  t h e  c a s e  o f  

t h e  s u p e r c a v i t a t i n g  cascade ,  t h e  g e n e r a l  s o l u t i o n  may be  

shown t o  be  of  t h e  form 
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where 

k ( ~ )  i s  t h e  fundamental  s o l u t i o n  which depends on 

f low b e h a v i o r  a t  edge p o i n t s  5 = 0  and 5 = s ,  

P ( S )  i s  a r a t i o n a l  f u n c t i o n  which may have  i s o l a t e d  

s i n g u l a r i t i e s  on ly  a t  edge p o i n t s  5 = 0 and 

5 = s and at i n f i n i t i e s ,  

The f i r s t  t e rm o f  Equat ion  [13] i s  t h e  pa r . t i cu la r  s o l u t i o n  

which s a t i s f i e s  t h e  mixed boundary c o n d i t i o n s  on t h e  r e a l  

< - a x i s  w h i l e  t h e  second t e rm i s  t h e  g e n e r a l  s o l u t i o n  of t h e  

cor respond ing  homogeneous problem, 

I n  accordance  wi th  t h e  l i n e a r i z e d  f o r m u l a t i o n  (25) i t  i s  

r e q u i r e d  t h a t  w ( S )  s a t i s f y  t h e  boundary c o n d i t i o n s  g i v e n  i n  

Refe rence  (8 )  which l e a d  t h e  f u n c t i o n s  ~ ( 5 )  and ~ ( 5 )  t o  t a k e  

t h e  form: 

Wi th  A and B r e a l  c o n s t a n t s .  The f i n a l  form of t h e  g e n e r a l  

s o l u t i o n  i s  g i v e n  by 
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J 

which s h o u l d ,  i n  a d d i t i o n ,  s a t i s f y  

a t  5 = ( u p s t r e a m  i n f i n i t y )  

and t h e  c l o s u r e  c o n d i t i o n ,  

dz  dz  
w ( S )  ; i ~  d5 = Im ~ ( 5 )  dg d5 

body a b o u t  S1 
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Equat ions  €1.61, e l 7 1  and [ l8 ]  de te rmine ,  u n i q u e l y ,  t h e  

c o n s t a n t s  A ,  B and o. 

For  f l a t - p l a t e  b l a d e s ,  i . e .  dy /dx = 0, t h e  complex f  
v e l o c i t y  i s  of  t h e  form 

which, t o g e t h e r  w i t h  boundary and c l o s u r e  c o n d i t i o n s  Equa- 

t i o n s  [161,  6171 and [183 may be  shown t o  y i e l d  a s o l u t i o n  

i d e n t i c a l  t o  t h a t  g i v e n  by Wade ( 2 4 ) .  

Express ions  f o r  t h e  l i f t  and d rag ,  exper ienced  by t h e  

b l a d e  a s  a r e s u l t  of  f l u i d  f low a r e  g i v e n  i n  Refe rence  ( 8 ) ,  

a s  a r e  e x p r e s s i o n s  f o r  c a v i t y  s h a p e  and e x i t  f low c o n d i t i o n s .  

3 - 3 .  D i s c u s s i o n  and Exper imenta l  Data  

The f o r m u l a t i o n  p r e s e n t e d  g i v e s  t h e  l i n e a r i z e d  s o l u t i o n  

f o r  t h e  f low p a s t  a s t r a i g h t  cascade  of p a r t i a l l y  c a v i t a t i n g  

cambered b l a d e s .  From t h e  a n a l y s i s ,  i t  i s  p o s s i b l e  t o  d e t e r -  

mine t h e  l i f t  and d r a g  c o e f f i c i e n t s ,  c a v i t a t i o n  number, c a v i t y  

s h a p e  and downstream flow c o n d i t i o n s  f o r  any g f v e n  s p e c f f f c  

c a s c a d e  geometry,  b l a d e  shape ,  c a v i t y  l e n g t h  and i n i t i a l  i n -  

f low c o n d i t i o n s .  

A s  i n d i c a t e d  by t h e  exper iments  of  Wade and Acos ta  ( 2 0 )  

t h e  f low i s  u n s t a b l e  when t h e  c a v f t y  l eng th -chord  r a t i o  i s  

c l o s e  t o  u n i t y ;  t h e  a n a l y s i s  i s ,  t h e r e f o r e ,  i n v a l i d  i n  t h i s  
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f low reg ime .  The p r e s e n t  a n a l y s i s  i s  a l s o  l i m i t e d  t o  c a s e s  

i n  which t h e  d i s t u r b a n c e ,  caused by t h e  p r e s e n c e  of t h e  b l a d e s ,  

i s  small - a n  i n h e r e n t  r e s t r i c t i o n  i n  t h e  l i n e a r  approx imat ion .  

However i n  p r a c t i c e ,  t h e  b l a d e s  a r e ,  g e n e r a l l y ,  t h i n .  Conse- 

q u e n t l y  t h e  l i n e a r i z e d  r e s u l t s  a r e  v a l u a b l e  as a g u i d e  i n  t h e  

d e s i g n  of  i n d u c e r s  and o t h e r  turbomachinery  a p p l i c a t i o n s .  

The amount of e x p e r i m e n t a l  d a t a  a v a i l a b l e  concern ing  t h e  

performance  of  p a r t i a l l y  c a v i t a t i n g  cascades  i s  a l s o  l i m i t e d  

b u t  i n  much g r e a t e r  supp ly  t h a n  t h e  f u l l y  c a v i t a t i n g  c a s c a d e s  

p r e v i o u s l y  d i s c u s s e d .  The d a t a  of Wave and Acosta  ( 2 0 )  i s  

l a r g e l y  i n  t h e  p a r t i a l l y  c a v i t a t i n g  r a n g e  as i s  some of  t h e  

work o f  Numachi (18) and Uni ted  A i r c r a f t  ( 1 9 ) .  Fur thermore ,  

much of  t h e  work on h e l i c a l  i n d u c e r s  i n  t h e  l i t e r a t u r e  may b e  

c o n s i d e r e d  a s  t h r e e - d i m e n s i o n a l  d a t a  f o r  p a r t i a l l y  c a v i t a t i n g  

f l a t  p l a t e  c a s c a d e s .  (26,  27, 28, 29, e t c . )  S i n c e  i n  most 

c a s e s ,  however, on ly  o v e r a l l  per formance  i s  c o n s i d e r e d ,  i t  i s  

d i f f i c u l t  t o  draw c o n c l u s i o n s  r e g a r d i n g  two-dimensional  c a s c a d e s  

from t h i s  d a t a .  
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4 . 0  RADIAL VORTEX FILAMENT I N  A CYLINDRICAL ANNULUS 

AND SECOND STAGE INTERFERENCE STREAMLINE CALCULATIONS 

4 . 1  I n t r o d u c t i o n  

S i m p l i f i c a t i o n  of  t h e  problem o f  f i n d i n g  t h e  t h r e e -  

d i m e n s i o n a l  p o t e n t i a l  f low f i e l d  f o r  a f i n i t e  number of b l a d e s  

of  c o n s t a n t  c i r c u l a t i o n  i n  an  a x i a l  turbomachine  t o  t h e  d e t e r -  

m i n a t i o n  of t h e  t h r e e - d i m e n s i o n a l  f i e l d  due t o  a s i n g l e  r a d i a l  

v o r t e x  f i l a m e n t  o f  uni form s t r e n g t h  i n  a c y l i n d r i c a l  a n n u l u s  

has  been made by Tyson ( 9 ) .  For  more t h a n  one b l a d e ,  t h e  

s o l u t i o n  may b e  found by s u p e r p o s i t i o n  o f  t h e  s i n g l e  f i l a m e n t  

f i e l d s .  

The Lap lace  e q u a t i o n  i n  c y l i n d r i c a l  c o o r d i n a t e s  

governs  t h e  b e h a v i o r  of  t h e  v e l o c i t y  p o t e n t i a l  rp i n  t h e  a n -  

n u l a r  r e g i o n  w i t h  

r = r a d i a l  c o o r d i n a t e  from t h e  c e n t e r l i n e ,  

0 = a n g u l a r  p o s i t i o n  from a r e f e r e n c e  l i n e ,  

x  = a x i a l  p o s i t i o n  a l o n g  t h e  annu lus  from a 

r e f e r e n c e  p l a n e  normal  t o  t h e  c e n t e r l i n e ,  

a  = hub r a d i u s ,  and 

b  = c a s i n g  r a d i u s .  
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The boundary cond i t i ons  s t a t e  t h a t  t h e  i n n e r  and o u t e r  cy- 

l i n d r i c a l  boundar ies  of  t h e  annulus ,  r = a and b, a r e  s t r eam 

s u r f a c e s ,  and t h a t  t h e  only  s i n g u l a r i t y  i n  t h e  f i e l d  i s  a 

s i n g l e  r a d i a l  vo r t ex  f i l amen t  l oca t ed  a t  0 = 0, x  = 0.  The 

t o t a l  c i r c u l a t i o n  of t h e  f i l amen t ,  r, i s  assumed t o  be  evenly 

d i v i d e d  upstream and downstream of t h e  f i l a m e n t .  

Employing s e p a r a t i o n  of v a r i a b l e s  and a p e r i o d i c  s e r i e s  

r e p r e s e n t a t i o n ,  t h e  s o l u t i o n  f o r  t h e  r e q u i r e d  v e l o c i t y  p o t e n t i a l  

may be  w r i t t e n :  

- 'nm + 
$ = + -  

m= 1 n= 1 

where t h e  s i g n  d i f f e r e n c e  r e f e r s  t o  t h e  r e g i o n s  upstream and 

downstream of t h e  f i l a m e n t  l o c a t i o n ,  and 

3 = dimens ion less  v e l o c i t y  p o t e n t i a l  $/I?, 

'nm 
= c o n s t a n t ,  

'nm = c o n s t a n t ,  

J = B e s s e l  f u n c t i o n  of t h e  f i r s t  k ind ,  
m 

Y = B e s s e l  f u n c t i o n  of t h e  second k ind ,  
m 

B = c o n s t a n t ,  
nm 

'nm 
= dimensionless  Eigenvalue X a ,  

nm 
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-41- 

q~ 
= hub r a t i o ,  a/b, 

7 = d i m e n s i o n l e s s  ~ a d i a l  coord . ina te ,  r /b ,  and 

= d i m e n s i o n l e s s  a x i a l  c o o r d i n a t e ,  x/b. 

To superpose  t h e  v e l o c i t y  f i e l d s  due t o  a number of  f i l a -  

ments ( s e e  Refe rence  9) 

where 

N = t h e  number of f i l a m e n t s ,  

V = t h e  r e s u l t a n t  t a n g e n t i a l ,  r a d i a l ,  o r  a x i a l  
v e l o c i t y ,  and 

v  = t h e  t a n g e n t i a l ,  r a d i a l ,  or a x i a l  v e l o c i t y  com- 
ponent  due t o  a  s i n g l e  f i l a m e n t .  

4 . 2  Numerical C a l c u l a t i o n s  

The s o l u t i o n  p r e s e n t e d  i n  Equat ion  [ 213 has  been p r o -  

grammed by HYDRONAUTICS, I n c o r p o r a t e d  u s i n g  FORTRAN I V  on a n  

IBM 1130 Computer. There  a r e  two d i s t i n c t  c a l c u l a t i o n s ,  r e -  

q u i r e d  and s e p a r a t e  programs were w r i t t e n  f o r  each of  t h e s e .  

The f i r s t  c a l c u l a t e s  t h e  Eigenvalues  p t h e  c o e f f i c i e n t  
nm ' 

r a t i o  /3 nm'ynrn , and t h e  c o e f f i c i e n t  B  The second u s e s  t h e s e  
nm ' 

v a l u e s  t o  compute @ and u l t i m a t e l y  t h e  d i m e n s i o n l e s s  a x i a l ,  

t a n g e n t i a l  and r a d i a l  v e l o c i  t y  components: 
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am C = -  , and v ar 

The computer c a l c u l a t i o n  t ime r e q u i r e d  t o  determine each 

Eigenva lue ,  
'nm' 

wi th  c o e f f i c i e n t s  p 
nm"nm and B 

i s  approx- 
nm' 

imate ly  f o u r  minutes ,  The time r e q u i r e d  t o  compute each s e t  of 

t h r e e  v e l o c i t i e s  i s  dependent on t h e  maximum va lues  of n  and m 

s e l e c t e d .  I f  n  = 6 and m = 40 approximately  s i x  minutes 
max max 

i s  r e q u i r e d  p e r  s e t ,  

4.3 Eigenvalue Ca lcu l a t i ons  

The d imens ion less  Eigenvalues , 
'nm 

r e q u i r e d  f o r  t h e  

e v a l u a t i o n  of Equation [21 were c a l c u l a t e d  numer ica l ly  and 

compared t o  t h e  va lues  g iven  f o r  a  s i n g l e  hub r a t i o  > of 0 .60  

i n  Reference 9, which cover  t h e  range  of n  = 1 , 2  and m = 1 

through 10, 15 and 20. The va lues  between m = 10, 15 and 

m = 15, 20 were found i n  (9) by i n t e r p o l a t i o n ,  and va lues  from 

m = 20 t o  m = 26 were found by e x t r a p o l a t i o n .  The p r e s e n t  c a l -  

c u l a t i o n s ,  based on a t r i a l  and e r r o r  s o l u t i o n  of t h e  e igenva lue  

equat ion,  show agreement wi th  t h e s e  e igenva lues  t o  t h e  l i m i t  of  

t h e  f o u r  s i g n i f i c a n t  d i g i t s  p r e sen t ed .  Eigenvalues c a l c u l a t e d  

f o r  n  = 1 t o  6, m = 1 t o  40 and q of .70 and .80 as w e l l  as 
H 

. 60  a r e  p r e s e n t e d  i n  Reference ( 1 0 ) .  
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R e f e r e n c e  9  s t a t e s  t h a t  a n  approximate  s e r i e s  

r e p r e s e n t a t i o n  ( ~ e f e r e n c e  3 0 )  f o r  y i s  a v a i l a b l e ,  b u t  i s  
nm 

n o t  a c c u r a t e  f o r  s m a l l  v a l u e s  of  n  and m, This s e r i e s  r e p r e -  

s e n t a t i o n  was programmed and compared t o  t h e  p r e s e n t  n u m e r i c a l  

s o l u t i o n .  The r e s u l t s  a r e  p r e s e n t e d  i n  Refe rence  ( 1 0 )  where 

t h e  c o n c l u s i o n  drawn was t h a t  t h e  s e r i e s  i s  a  more s u i t a b l e  

r e p r e s e n t a t i o n  of  p when n, m a r e  s m a l l ,  t h e  r e v e r s e  o f  t h e  
nm 

c o n c l u s i o n  s t a t e d  i n  Refe rence  9. 

4 . 4  Convergence of t h e  Three-Dimensional S o l u t f  on 

I n  o r d e r  t o  check t h e  i n f l u e n c e  o f  t h e  number of t e rms  

( n ,  m )  on t h e  convergence of  t h e  s o l u t i o n s  f o r  v e l o c i t y  com- 

ponen t s  a t  v a r i o u s  l o c a t i o n s  w i t h  r e s p e c t  t o  t h e  v o r t e x  f i l a -  

ment, c a l c u l a t i o n s  were made wi th  v a r y i n g  s e r i e s  l e n g t h s .  It 

was known from ( 9 )  t h a t  convergence becomes more d i f f i c u l t  as 

t h e  f i l a m e n t  i s  approached.  

R e s u l t s  p r e s e n t e d  i n  ( 1 0 )  show t h a t  t h e  number of te rms 

used by i n  R e f e r e n c e  ( 9 )  was s u f f i c i e n t  t o  i n s u r e  t h e  con- 

ve rgence  of a l l  t h r e e  v e l o c i t y  components a t  Q = 0 . 8 0  f o r  
0 > 5 = 0.20,  0 = 1 5 ,  

r l ~  
= 0 . 6 ,  S i m i l a r  r e s u l t s  were o b t a i n e d  

f o r  Q = 0 . 6 0  and Q = 1 , O O .  I n  a t t e m p t i n g  t o  make c a l c u l a t i o n s  

n e a r e r  t o  t h e  v o r t e x  f i l a m e n t  t h e  l i m i t s  o f  n  = 2, m = 26 a r e  

no  l o n g e r  s u f f i c i e n t .  I n  t h e  r e g i o n  8 = 5", 5 = 0 , 0 5  a  s e r i e s  

o f  n  = 6, m = 40 i s  r e q u i r e d  wi th  convergence f o r  a l l  t h r e e  

v e l o c i t y  components s e n s i t i v e  t o  b o t h  l i m i t s .  
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I t  i s  thus  apparen t  t h a t  t h e  s e r i e s  l e n g t h  r e q u i r e d  f o r  

convergence and, t h e r e f o r e ,  t h e  t ime r e q u i r e d  f o r  each ca l cu -  

l a t i o n  i s  s t r o n g l y  dependent on proximity  t o  t h e  f i l a m e n t .  For 

a  hub r a t i o  of 0 .60,  a s e r i e s  l eng th  of n  = 6, m = 40 i s  ap- 
0 

p a r e n t l y  adequate  t o  a s  c l o s e  a s  8 = 5 , a = 0.05.  

4 .5  Comparison To Prev ious  Resu l t s  

The c a l c u l a t i o n s  of Reference 9 were r e p e a t e d  f o r  t h e  hub 

r a t i o  of 0 .6 .  F igu re  37 f o r  5 = 0.20 and 8 = 0' t o  180°, shows 

good agreement f o r  t h e  dimensionless  t a n g e n t i a l  v e l o c i t y  com- 

ponent,  C a t  t h e  mid r a d i u s ,  q = 0.80;  b u t  s u b s t a n t i a l  dev i a -  
8 

t i o n  f o r  t h e  hub and t i p  r a d i i .  I n  g e n e r a l ,  at  a l l  b u t  mid 

r a d i u s ,  t h e  p r e s e n t  c a l c u l a t i o n s  i n d i c a t e  a h ighe r  v a l u e  of C 
0 

nea r  t h e  f i l amen t  and lower v a l u e  of C f a r  away from t h e  f i l a -  
0 

ment t han  t h e  r e s u l t s  of (9). 

t h e  ca se  of t h e  dimensionless  a x i a l  v e l o c i t y  

C t h e  p r e s e n t  r e s u l t s  aga in  ag ree  wi th  Reference 9 at  t h e  mid  
5 '  

r a d i u s ,  b u t  no t  a t  t h e  hub o r  t i p .  The p r e s e n t  c a l c u l a t i o n s  

i n d i c a t e  t h e  a x i a l  v e l o c i t y  t o  be g r e a t e r  t han  r e p o r t e d  i n  ( 9 )  

f o r  a l l  va lues  of  0 .  

I t  i s  d i f f i c u l t  t o  e x p l a i n  t h e  d i s c r epanc i e s  between t h e  

p r e s e n t  c a l c u l a t i o n s  and t h e  p rev ious  r e s u l t s  ( g ) ,  e s p e c i a l l y  

s i n c e  t h e  e igenva lues  have been shown t o  a g r e e  and t h e  dimension- 

l e s s  v e l o c i t i e s  ag ree  a t  t h e  mid r a d i u s .  One might only conclude 
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t h a t  t h e  c a l c u l a t i o n s  of  ( 9 )  done i n  1952 and p r o b a b l y  by desk  

c a l c u l a t o r  may have c o n t a i n e d  c e r t a i n  s y s t e m a t i c  c o m p u t a t i o n a l  

e r r o r s  n o t  found i n  t h e  p r e s e n t  c a l c u l a t i o n s  by h i g h  s p e e d  

computer ,  

4.6 The Two-Dimensional Approximation of t h e  Problem 

The complex v e l o c i t y  p o t e n t i a l ,  a a t  p o s i t i o n  z  d u e  t o  a  

s i n g l e  r e c t i l i n e a r  ( two-dimensional )  v o r t e x  f i l a m e n t  w i t h  c i r -  

c u l a t i o n ,  I?, a t  p o s i t i o n  zb  i s  g i v e n  by 

For  a s e r i e s  of 2n + 1 v o r t i c e s  of e q u a l  s t r e n g t h  spaced  

a l o n g  t h e  x  a x i s  a t  i n t e r v a l s ,  a, w i t h  t h e  c e n t e r  f i l a m e n t  a t  

t h e  o r i g i n ,  t h e  p o t e n t i a l  i s  

i T  
u~ = --h z ( z - a ) ( z  + a ) ( z  - 2 a ) ( z  + 2 a )  . . . (  z  - n a )  ( z  + n a )  27r 

This  may be  r e w r i t t e n  

Neg lec t fng  t h e  c o n s t a n t  te rm which has  no i n f l u e n c e  on t h e  

v e l o c i t y  and a l l o w i n g  n  
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i F  
LJJ = -.&I s i n  

2n 

The r e s u l t i n g  complex v e l o c i t y  i s  

d w  - - -  ir  - u - i v = - -  nz  
dz 4na c o t  - a 

where 

u = t h e  complex v e l o c i t y  component i n  t h e  x 

d i r e c t i o n ,  and 

v  = t h e  complex v e l o c i t y  component i n  t h e  y 

d i r e c t i o n .  

S e p a r a t i n g  r e a l  and imaginary  p a r t s ,  

271-Y 
r s i n h  - a  

2nx s i n  - 
a 

I f  t h e  s p a c i n g ,  a ,  i s  t a k e n  t o  b e  2 n ~  and t h e  f o l l o w i n g  

s u b s t i t u t i o n s  a r e  made 
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we o b t a i n  

- 1 - -  s i n  0 
'5 47rqcosh {/q - cos 0 

These a r e  t h e  two-dimensional approximations t o  t h e  non- 

dimensional  a x i a l  and t a n g e n t i a l  v e l o c i t i e s  f o r  a  v o r t e x  f i l a -  

ment i n  an  annulus .  The r a d i a l  v e l o c i t y  of course  i s  assumed 

z e r o  a t  a l l  p o i n t s .  The hub/diameter r a t i o  does no t  appear  

s i n c e  i n  two dimensions i t  has no s i g n i f i c a n c e .  

These equa t ions  a r e  of t h e  same form used i n  Reference 9  

t o  c a l c u l a t e  l i m i t e d  two-dimensional r e s u l t s  f o r  comparison t o  

t h e  th ree-d imens iona l  ca se .  HYDRONAUTICS has programmed t h e  

s o l u t i o n  t o  t h e s e  equat ions  and c a l c u l a t e d  C and Ce  f o r  va lues  
0 

5 
of q = 0 . 5 ,  t o  1 . 0 ,  0 = 5' - 90 and 5 = 0 .01  t o  .80.  Typ ica l  

r e s u l t s  as p r e s e n t e d  i n  F igures  38 and 39 .  

4 . 6 . 1  The 0 .60 Hub R a t i o  Case - Figu re  40 shows t h e  

v a r i a t i o n  of t h e  r a t i o  of  3 - D  t a n g e n t i a l  v e l o c i t i e s  t o  2-D 

va lues  f o r  5 = 0 .80 .  From t h i s  f i g u r e  i t  can be  s een  t h a t  t h e  

mid-radius v e l o c i t i e s  a r e  equa l  t o  t h e  two-dimensional v a l u e s  

whi le  t h e  hub and t i p  va lues  d e v i a t e  by a s  much a s  20 p e r c e n t .  

The hub and t i p  curves  a r e  n e a r l y  m i r r o r  images of each o t h e r  

about t h e  1 . 0  l i n e .  The "c ross -over"  p o i n t  where hub, t i p  and 
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mid-values a r e  a l l  nea r  t h e  2-D va lues  moves c l o s e r  t o  t h e  

f i l amen t  i n  a t a n g e n t i a l  d i r e c t i o n  as t h e  p l a n e  under con- 

s i d e r a t i o n  moves c l o s e r  t o  t h e  f i l amen t  i n  a n  a x i a l  d i r e c t i o n .  

4 . 6 . 2  The 0 .70 and 0 .80  Hub R a t i o  Cases - S i m i l a r  

r e s u l t s  were ob ta ined  when c a l c u l a t i o n s  were made f o r  % Of 

0 .70  and 0 .80.  Again, t h e  mid r a d i u s  va lues  were i n  agree-  

ment wi th  t h e  2-D r e s u l t s  whi le  t h e  hub and t i p  va lues  showed 

t h e  t y p i c a l  sy s t ema t i c  mirror-image d e v i a t i o n  from t h e  2-D 

v a l u e s .  F igu re  4 1  shows t h a t  t h e  3 - D  r e s u l t s  more c l o s e l y  

approach t h e  2-D va lues  when t h e  hub r a t i o  i s  i nc rea sed ,  an 

i n t u i t i v e l y  c o r r e c t  r e l a t i o n s h i p .  

4 .7  Sample I n t e r f e r e n c e  S t r eaml ine  Ca lcu l a t i ons  

Appendix A of r e f e r e n c e  (10 )  p r e s e n t s  a  t a b u l a t i o n  o f  

t h e  e igenva lues ,  
'nm ' and c o e f f i c i e n t s  B and /3 

nrn'ynm 
r e -  

nm 
q u i r e d  f o r  t h e  e v a l u a t i o n  of Equation [21] f o r  hub/diameter 

r a t i o s  of  0.60,  0 .70 and 0 .80 .  Appendix B of r e f e r e n c e  ( 1 0 )  

p r e s e n t s  a t a b u l a t i o n  of t h e  three-dimensional  non-dimensional  

v e l o c i t i e s  c a l c u l a t e d  f o r  t h e  ca se  o f  \ = 0.70 and q = 0 . 7 0  

,775,  .850, ,925,  1 .00 .  The c a l c u l a t i o n s  of Appendix B were 

made w i t h  l i m i t s  of  n  = 2, 4, o r  6  and m = 26 o r  40 depending 

on prox imi ty  t o  t h e  f i l amen t  and convergence of t h e  t h r e e -  

d imensional  s o l u t i o n .  

Bowerman ( 4 )  h a s  p r e sen t ed  a technique  f o r  pump i m p e l l e r  

de s ign  which u t i l i z e s  t h e  r e s u l t s  of  t h e  t h r e e  dimensional  ve- 

l o c i t y  f i e l d  c a l c u l a t i o n  p rev ious ly  p r e s e n t e d .  The technique  
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a l lows  t h e  des ign  of an  i m p e l l e r  wi thout  t h e  use  of e x p e r i -  

mental  o r  t h e o r e t i c a l  cascade  d a t a .  This i s  e s p e c i a l l y  h e l p f u l  

i n  t h e  ca se  of  i nduce r s  where high s o l i d i t y  and h igh  s t a g g e r  

a n g l e s  a r e  r e q u i r e d ,  s i n c e  cascade performance i n  t h i s  r ange  i s  

n o t  known. The l ack  of knowledge of cascade performance i n  t h i s  

range  is  a  major f a c t o r  i n  t h e  adopt ion  of a s imple ,  h e l i c a l  

b l ade  t o  inducer  a p p l i c a t i o n s .  

I n  Reference 1, t h e  second s t a g e  of  a  tandem-row induce r  

was designed us ing  t h e  Bowerman des ign  t echn ique .  Tes t s  of 

t h i s  s t a g e  i n d i c a t e d  t h e  need f o r  emp i r i ca l  mod i f i ca t i ons  t o  

improve performance.  The r e s u l t s  g iven  by Tyson ( g ) ,  however, 

were used i n  t h i s  de s ign  and a s  p r ev ious ly  shown t h e  p r e s e n t  

c a l c u l a t i o n s  d i s a g r e e  s u b s t a n t i a l l y  wi th  t h e  r e s u l t s  of ( 9 )  a t  

a l l  bu t  t h e  mid r a d i u s .  

Using t h e  p r e s e n t  three-dimensional  r e s u l t s ,  a sample 

i n t e r f e r e n c e  s t r e a m l i n e  c a l c u l a t i o n  was conducted us ing t h e  

fo l lowing  c o n d i t i o n s :  

I m p e l l e r  d iamete r  = 7 .0"  

Diameter under c o n s i d e r a t i o n ,  q = 1 .00  

Hub/diameter r a t i o ,  g = 0 .70  

L i f t  parameter ,  c ~ ( c / D )  = 0.493 

S o l i d i t y ,  C/D = 1 .795  

Chord, c  = 9.87" 

Axia l  e x t e n t  r a t i o ,  5t = 0 .641  
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D i f f u s i o n  f a c t o r  = 0.275 

Number of b l a d e s  = 4 

V o r t e x  f i l a m e n t s / b l a d e  = 6 

Design f low c o e f f i c i e n t  = 0 . 1 0  

2nd s t a g e  d e s i g n  head c o e f f i c i e n t  = ,2125 

rpm o f  i m p e l l e r  = 4000 

1st s t a g e  d e s i g n  head c o e f f i c i e n t  = .0375 

F i g u r e  42  i n d i c a t e s  t h e  v a r i a t i o n  of  C g  w i t h  a x i a l  
t o t a l  

l o c a t i o n ,  5 ,  as o b t a i n e d  u s i n g  t h e  t h r e e - d i m e n s i o n a l  and two- 

d i m e n s i o n a l  r e s u l t s .  While t h e r e  a r e  d i s c e r n a b l e  d i f f e r e n c e s ,  

t h e  c a l c u l a t i o n  i n d i c a t e s  t h a t ,  a t  l e a s t  f o r  hub/diameter  

r a t i o s  of  0 . 7 0  o r  g r e a t e r ,  t h e r e  i s  n o t  enough d i f f e r e n c e  be-  

tween t h e  r e s u l t s  t o  j u s t i f y  t h e  c a l c u l a t i o n  o f  t h e  more com- 

p l i c a t  ed t h r e e - d i m e n s i o n a l  v a l u e s .  

4 .8  Summary and Conclus ions  

I n  summary: 

( a )  A computer program t o  s o l v e  t h e  t h r e e - d i m e n s i o n a l  

f low f i e l d  from a r a d i a l  v o r t e x  f i l a m e n t  i n  a c y l i n d i r c a l  an-  

n u l u s  has  been w r i t t e n .  

( b )  The convergence o f  t h e  s o l u t i o n s  depends on 

p r o x i m i t y  t o  t h e  v o r t e x  f i l a m e n t ,  w i t h  more and more terms r e -  

q u i r e d  i n  t h e  summation a s  t h e  f i l a m e n t  i s  approached i n  e i t h e r  

t h e  a x i a l  o r  t a n g e n t i a l  d i r e c t i o n .  
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( c )  The e igenvalues  used i n  Reference 9 a g r e e  wi th  

t h e  p r e s e n t  va lues .  The s e r i e s  r e p r e s e n t a t i o n  of t h e  e igen-  

va lues  (3:o") i s  v a l i d  f o r  s m a l l  va lues  of m and n  on ly ,  

( d )  Considerable  d isagreement  was found between t h e  

p r e s e n t  th ree-d imens iona l  r e s u l t s  and t h e  r e s u l t s  r e p o r t e d  i n  

Reference 9 except  a t  t h e  mid-radius .  

( e )  A sy s t ema t i c  d e v i a t i o n  was found between t h e  

p r e s e n t  th ree-d imens iona l  c a l c u l a t i o n s  and t h e  two-dimensional 

approximat ion wi th  maximum d i f f e r e n c e s  on t h e  o rde r  of 25 p e r -  

c e n t .  The l a r g e r  t h e  hub/diameter r a t i o ,  t h e  c l o s e r  t h e  t h r e e -  

d imensional  r e s u l t s  a r e  t o  t h e  two-dimensional.  

( f )  Eigenvalues and c o e f f i c i e n t s  r equ i r ed  f o r  t h e  

th ree-d imens iona l  c a l c u l a t i o n s  a t  hub/diameter r a t i o s ,  , of 

0.60,  0 .70 and 0 .80 and a c t u a l  v e l o c i t i e s  f o r  % = 0.70 a r e  

t a b u l a t e d  i n  Reference 10.  

( g )  A sample i n t e r f e r e n c e  s t r e a m l i n e  c a l c u l a t i o n  

showed l i t t l e  d i f f e r e n c e  between C us ing  th ree-d imens iona l  
' t o t a l  

r e s u l t s  o r  two-dimensional r e s u l t s  i n  t h e  summation i n  t h e  c a s e  

of  % = 0.70.  For t h i s  case ,  t h e r e f o r e ,  t h e  more complicated 

t h r e e  dimensional  c a l c u l a t i  ons a r e  u n j u s t i f i e d .  
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5 .0  FIRST AND SECOND STAGE INDUCER DESIGNS 

5 .1  B a s i c  F i r s t  S t a g e  Design Procedure  

A b a s i c  d i f f e r e n c e  i n  t h e  form of  t h e  o u t p u t  o f  t h e  

h i g h e r  te rm cambered s u p e r c a v i t a t i n g  cascades  ( 7 )  from t h a t  

o f  t h e  p r e v i o u s l y  c a l c u l a t e d  c o n s t a n t  p r e s s u r e  cambered c a s -  

cades  ( 2 )  l e a d s  t o  a s l i g h t l y  modif ied  d e s i g n  p r o c e d u r e  f o r  

t h e  f i r s t  s t a g e .  

To review t h e  d e s i g n  p r o c e d u r e  f o r  t h e  c o n s t a n t  p r e s s u r e  

cambered b l a d e s ,  t h e  f o l l o w i n g  g e n e r a l  o u t l i n e  was fo l lowed:  

( a )  S e l e c t  t h e  d e s i r e d  f low c o e f f i c i e n t ,  Yo ; 

head c o e f f i c i e n t ,  $; maximum s u c t i o n  s p e c i f i c  

speed ,  Nss; t i p  d i a m e t e r ,  D t ;  hub r a t i o ,  

Dh/Dt; rpm; and head d i s t r i b u t i o n  between 

f i r s t  and second s t a g e s .  

( b )  Choose a form of r a d i a l  head v a r i a t i o n  ( f r e e  

v o r t e x  o r  c o n s t a n t  head wi th  r a d i u s  has  been 

u s e d )  and c a l c u l a t e  t h e  swirl  ( A v  ) v a r i a t i o n  
u  

from t h e  r e q u i r e d  " E u l e r  head",  AVU = ~ H / u .  

( c )  C o n s t r u c t  t h e  i n l e t  and o u t l e t  v e l o c i t y  

t r i a n g l e s  and c a l c u l a t e  t h e  l o c a l  c a v i t a t i o n  

number v a r i a t i o n ,  o 4 -  

( d )  Assume a mean a n g l e  of a t t a c k  ( t h e r e f o r e  

l i f t / d r a g  r a t i o )  f o r  t h e  f o i l s  and u s i n g  t h i s  

and t h e  cascade  s t a g g e r  g e t  t h e  cascade  e f -  

f i c i e n c y ,  q. 
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C~ c  
( e )  Compute t h e  r e q u i r e d  - - 

o  d  
from 

" L C  2gH " f  c o s a l  - - -  ---  
d  owl2 Uq cos (pl - al ) ( r e f ,  1) 

b 

v e r s u s  c/d ( f )  From t h e  t h e o r e t i c a l  p l o t s  of - - o  d  
f o r  t h e  d e s i r e d  c a v i t y  l e n g t h ,  d/c, o b t a i n  t h e  

r e q u i r e d  c/d and r a t i o  a / ~  
n L  
b 

L  c ( g )  C a l c u l a t e  C f rom - - 
L o  d  

, o, and c/d 

( h )  Knowing CL and a / C  c a l c u l a t e  a and check t o  
L 

s e e  i f  a = a assumed i n  s t e p  ( d ) .  I f  a # a 
- 

assumed choose a new a and i t e r a t e  u n t i l  a g r e e -  

ment i s  o b t a i n e d .  

( i )  When i t e r a t i o n  i s  complete,  check t h e  d e s i g n  

a g a i n s t  t h e  Yeh (5)  s t a b i l i t y  c r i t e r i o n .  I f  

t h e  f low i s  shown t o  b e  u n s t a b l e ,  t h e  u s u a l  

s t e p  i s  t o  r e d u c e  t h e  f i r s t  s t a g e  head c o e f -  

f i c i e n t  and r e p e a t  t h e  d e s i g n .  

Other  non-fiydrodynamic d e s i g n  c o n s i d e r a t i o n s  i n c l u d e  

l e a d i n g  edge r a d i u s  and b l a d e  s t r e n g t h .  The b l a d e  s h a p e  i s  

u n i q u e l y  de te rmined  once t h e  s t a g g e r ,  a n g l e  o f  a t t a c k ,  c a v i t y  

l e n g t h  and ( C  /o)(c/d)are f i x e d  i n  t h e  above p r o c e d u r e ,  The 
L  

method does n o t  p e r m i t  o f f  d e s i g n  p o i n t  per formance  t o  b e  

computed s i n c e  each change i n  f low c o n d i t i o n s  r e s u l t s  i n  a 

new and un ique  b l a d e  p r o f 1  l e  t o  s a t i s f y  t h e  c o n s t a n t  p r e s -  

s u r e  cambered c o n d i t i o n .  
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I n  t h e  c a s e  of  t h e  h i g h e r  t e rm cambered ( o r  more 

p r o p e r l y ,  a r b i t r a r i l y  cambered) c a s e ,  t h e  t h e o r y  o f  Hsu ( 7 )  

was used t o  g e n e r a t e  cascade  c h a r a c t e r i s t i c s .  The d e s i g n  

p rocedure  developed t o  u t i l i z e  t h e s e  r e s u l t s  i s  o u t l i n e d  by 

t h e  f o l l o w i n g :  

( a )  S e l e c t  t h e  d e s i r e d  f low c o e f f i c i e n t ,  head go' 
c o e f f i c i e n t ,  $; maximum s u c t i o n  s p e c i f i c  speed ,  

N ; t i p  d i a m e t e r ,  D t ;  hub r a t i o ,  D /D rpm; ss  h  t J  
and head d i s t r i b u t i o n  between f i r s t  and second  

s t a g e s  . 

( b )  Choose t h e  form of  r a d i a l  head v a r i a t i o n  ( a g a i n  

f r e e  v o r t e x  o r  c o n s t a n t  head wi th  r a d i u s  has  

been u s e d )  and c a l c u l a t e  t h e  swirl ( A V  ) v a r i -  
u  

g  H a t i o n  from t h e  r e q u i r e d  Eulerhead,  AVU = - u 
( c )  C o n s t r u c t  t h e  i n l e t  and o u t l e t  v e l o c i t y  

t r i a n g l e s  and c a l c u l a t e  t h e  l o c a l  c a v i t a t i o n  

number v a r i a t i o n ,  a  
4 .  

C/ 

( d )  C a l c u l a t e  t h e  r e q u i r e d  v a l u e  of - - from a  d  
L 

L C  2 g H s i n i S  - - -  - - 
a  d oU2 . ( r e f .  1) 

( e )  S e l e c t  t h e  d e s i r e d  camber t y p e  ( c i r c u l a r  a r c ,  

2-term, 3- term o r  5- term cambered) and an  

a r b i t r a r y  camber c o e f f i c i e n t ,  k .  
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( f )  From a p l o t  of  c a v i t a t i o n  number, o, v e r s u s  

s o l i d i t y ,  c/d f o r  v a r i o u s  a n g l e s  of  a t t a c k ,  

a , ( f o r  t h e  s t a g g e r  a n g l e ,  camber t y p e ,  and 
0 

camber c o e f f i c i e n t  s e l e c t e d )  assume a v a l u e  

of  c/d and g e t  t h e  cor respond ing  a. f o r  t h e  

l o c a l  c a v i t a t i o n  number. 

C~ c  
( g )  From t h e  cor respond ing  - - 

o  d  
v e r s u s  c / ~  p l o t  

( f o r  t h e  long d/c r a n g e  as d i s c u s s e d  i n  S e c -  

t i o n  2 . 3 )  u s i n g  t h e  v a l u e  of  a s e l e c t e d  f i n d  
0 

t h e  v a l u e  o f  c/d which y i e l d s  t h e  r e q u i r e d  

C~ c  - -  
o d '  

I f  t h i s  c/d d o e s n ' t  a g r e e  wi th  t h e  one 

s e l e c t e d  i n  s t e p  ( f ) ,  r e t u r n  t o  s t e p  ( f )  and 

r e p e a t .  Cont inue  t o  i t e r a t e  u n t i l  t h e  v a l u e s  

a g r e e .  

( h )  Using t h e  v a l u e  of  c/d and o  o b t a i n  t h e  v a l u e  

C~ c  
of CI: from - - 

o d "  
A s  a check compare t h i s  t o  

t h e  v a l u e  on t h e  p l o t  of CL v e r s u s  c/d f o r  t h e  

r e q u i r e d  a . 
0 

( i )  Repeat s t e p s  ( b )  - ( h )  f o r  a r a n g e  of camber 

c o e f f i c i e n t s  and r a d i i  o f  i n t e r e s t .  Then u s i n g  

t h e  r e s u l t s ,  c o n s t r u c t  t h e  f o l l o w i n g  p l o t s  f o r  

each r a d i u s .  
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C v e r s u s  k  L 

c/d v e r s u s  k  

and a. * v e r s u s  k 
n 

ll I, f o r  c o n s t a n t  cry - - 
o d  , and p .  

These p l o t s  t h e n  a l l o w  f l e x i b i l i t y  i n  t h e  

c h o i c e  of  camber c o e f f i c i e n t  f o r  a g i v e n  

des  i g n  r e q u i r e m e n t .  

( j  ) S e l e c t  a n  a r b i t r a r y  d e s i g n  pa ramete r  v a r i a -  

t i o n  which i s  d e s i r e d  t o  b e  c h a r a c t e r i s t i c  of 

t h e  d e s i g n .  For  example, one might  choose:  

l i n e a r  C v a r i a t i o n  w i t h  r a d i u s  
L 

c o n s t a n t  chord  l e n g t h  w i t h  r a d i u s  

c o n s t a n t  s o l i d i t y  

l i n e a r  chord l e n g t h  v a r i a t i o n  

o r  some o t h e r  v a r i a t i o n  as d e s i r e d .  

( k )  A f t e r  s e l e c t i o n  of t h e  pa ramete r  v a r i a t i o n  i n  

s t e p  ( j ) ,  u s e  t h e  C c/d, and a v e r s u s  k  
L ' 0 

p l o t s  t o  s e l e c t  t h e  f i n a l  cascades  r e q u i r e d  

f o r  t h e  d e s i g n .  

(1) From t h e  t h e o r y ,  c a l c u l a t e  t h e  e x a c t  cascades  

r e q u i r e d  and check a g a i n s t  t h e  i n t e r p o l a t e d  

v a l u e s .  I f  t h e  agreement i s  s a t i s f a c t o r y  , 
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check t h e  s t a b i l i t y  of t h e  d e s i g n  u s i n g  t h e  

Yeh (5 )  s t a b i l i t y  c r i t e r i o n .  I f  u n s t a b l e ,  

r e d u c e  t h e  s t a g e  1 head c o e f f i c i e n t  and r e p e a t  

t h e  d e s i g n  p r o c e d u r e .  

Once a p a r t i c u l a r  d e s i g n  has  been s e l e c t e d ,  t h e  o f f  d e s i g n  

( s t i l l  s u p e r c a v i t a t i n g )  performance can be  e s t i m a t e d  t h r o u g h  

m o d i f i c a t i o n  of  t h e  f low c o e f f i c i e n t .  A change i n  cp f o r  a  
0 

g i v e n  cascade  geometry changes b o t h  t h e  a n g l e  of a t t a c k  and 

s t a g g e r  a n g l e  o f  t h e  cascade .  This  c a l c u l a t i o n  i s  p o s s i b l e  

s i n c e  t h e  geometry of  t h e  b l a d e s  i s  independent  o f  t h e  f low 

c o n d i t i o n s .  That  i s ,  any s o l i d i t y ,  camber t y p e  and camber co- 

e f f i c i e n t  may b e  computed a t  any s t a g g e r  a n g l e  and a n g l e  o f  

a t t a c k  w i t h i n  t h e  l i m i t s  o f  t h e  r a n g e  of  cascades  c a l c u l a b l e  

u s i n g  t h e  t h e o r e t i c a l  method. 

B a s i c  s t r u c t u r a l  c o n s i d e r a t i o n s  a r e  s i m i l a r  t o  t h o s e  p r e -  
- 

s e n t e d  i n  Refe rence  1. The o v e r r i d i n g  r e q u i r e m e n t  f o r  s u p e r -  

c a v i t a t i n g  s e c t i o n s  i s  always t h a t  t h e  upper  s u r f a c e  of  t h e  

f o i l  l i e  w i t h i n  t h e  c a v i t y  g e n e r a t e d  by t h e  w e t t e d  p o r t i o n  of 

t h e  b l a d e .  When t h i s  c o n d i t i o n  i s  s a t i s f i e d ,  t h e  upper  s u r f a c e  

does n o t  c o n t r i b u t e  t o  t h e  hydrodynamics of t h e  f low and i s  

e n t i r e l y  de te rmined  from s t r u c t u r a l  c o n s i d e r a t i o n s .  

The r e l a t i o n s h i p  between t h e  model and p r o t o t y p e  s t r e s s  

i s  (1) 

Model S t r e s s  - - 
P r o t o t y p e  S t r e s s  
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This  i s  d e r i v e d  by t h e  f o l l o w i n g  r e a s o n i n g .  The hydro-  

dynamic f o r c e  on any element  i s  de te rmined  i n  g e n e r a l  by 

where F  i s  any hydrodynamic f o r c e  

C i s  a  f o r c e  c o e f f i c i e n t  de te rmined  e n t i r e l y  from 
geometry 

p  is  t h e  f l u i d  d e n s i t y  

V i s  a r e p r e s e n t a t i v e  v e l o c i t y  

D i s  a  r e p r e s e n t a t i v e  l e n g t h  ( d i a m e t e r )  

The r e p r e s e n t a t i v e  v e l o c i t y  and s t r e s s  can  b e  c h a r a c t e r i z e d  by: 

V - nD and o - F / D ~  

S u b s t i t u t i n g  t h o s e  v a l u e s  

I f  t h e  model and p r o t o t y p e  a r e  g e o m e t r i c a l l y  similar, 

0 
mode 1 . . - - - 
0 
p r o t o t y p e  Pp \%I IBI 
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which i s  t h e  form of  Equa t ion  C291. A s  d i s c u s s e d  i n  R e f e r e n c e  1 

a  s u r v e y  o f  t y p i c a l  r o c k e t  i n d u c e r s  e s t a b l i s h e d  a r a n g e  of k 

v a l u e s  o f  0 . 2  - 0 . 4  f o r  t h e  models p r e s e n t l y  under  c o n s i d e r a t i o n .  

I f  t h e  t i t a n i u m  a l l o y  ~ i - ~ 1 6 - ~ 4  i s  assumed f o r  t h e  p r o t o -  

type ,  t h e  f a t i g u e  l i m i t  w i t h  a load  f a c t o r  o f  0 - 4 0  a t  room 

t e m p e r a t u r e  i n  a n o n - c o r r o s i v e  environment  i s  abou t  100,000 p s i  

(31) .  A f a c t o r  of  s a f e t y  of 2  w i l l  p r o v i d e  a p r o t o t y p e  d e s i g n  

s t r e s s  o f  50 ,000 p s i  o r  a model d e s i g n  s t r e s s  of  10,000 p s i ,  I t  

s h o u l d  be n o t e d  t h a t  t h e  s e l e c t i o n  of  t h e  load  f a c t o r  and f a c t o r  

of s a f e t y  i n  t h i s  c a s e  was a r b i t r a r y .  I n  a d d i t i o n  t h e  u l t i m a t e  

s t r e n g t h  and y i e l d  s t r e s s  of ~ i - A 1 6 - ~ 4  i n c r e a s e s  by n e a r l y  100 
0 0 

p e r c e n t  a s  t h e  t e m p e r a t u r e  i s  reduced  f rom 78 F t o  -420 F (31).  

This  b e h a v i o r  i s  t y p i c a l  f o r  most m e t a l s  and a l l o y s  ( 3 2 ) .  Thus 

t h e  u s e  o f  room t e m p e r a t u r e  v a l u e s  appears  ext remely  cons e r v a -  

t i v e  f o r  cy rogen ic  a p p l i c a t i o n s .  F a t i g u e  d a t a  i n  LHa o r  LOX , 
however, i s  n o t  a v a i l a b l e  and s t r e s s  - c o r r o s f  on c o n s i d e r a t i o n s  

may s e v e r e l y  r e d u c e  t h e  a l l o w a b l e  d e s i g n  s t r e s s ,  F u r t h e r  d i s -  

c u s s i o n  of t h e  m a t e r i a l  problems i n  a p r o t o t y p e  i n d u c e r  i s  be -  

yond t h e  scope  and i n t e n t  of  t h e  p r e s e n t  s t u d y ,  

The c r i t i c a l  s t r e s s  i n  s u p e r c a v i t a t i n g  f o i l  s e c t i o n s  as 

a r e  p r e s e n t l y  b e i n g  c o n s i d e r e d  i s  n e a r l y  always i n  t h e  l e a d i n g  

edge chordwis e  bending mode, 

Exper ience  w i t h  s u p e r c a v i t a t i n g  p r o p e l l e r s  has  i n d i  c a t e d  

t h a t  c a l c u l a t i o n  of  t h e  chordwise  bending s t r e s s  a t  a l o c a t i o n  

20 p e r c e n t  from t h e  l e a d i n g  edge p r o v i d e s  a  good c r i t e r i o n  f o r  
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maximum s t r e s s  i n  t h i s  mode. This  g r e a t l y  s i m p l i f i e d  c a l c u -  

l a t i o n  which c o n s i d e r s  t h e  b l a d e  t o  be composed of  a n  i n f i n i t e  

number of p a r a l l e l  and independent  c a n t i l e v e r  beams has  a l s o  

been checked u s i n g  a  complex s t r e s s  c a l c u l a t i o n  based on a 

s h e l l  s t r u c t u r e  of  v a r y i n g  t h i c k n e s s  and non-uniform l o a d i n g .  

Agreement between t h e  complex and s i m p l i f i e d  methods has  been 

w i t h i n  5 - 1 0  p e r c e n t .  This  i s  ve ry  c l o s e  agreement  c o n s i d e r i n g  

t h e  assumpt ions  of t h e  s i m p l i f i e d  approach .  The same approach 

i s  t h e r e f o r e  used f o r  t h e  s t r e s s  c a l c u l a t i o n  i n  a  s u p e r c a v i t a -  

t i n g  i n d u c e r  b l a d e .  

F i g u r e  43 based on ( 6 )  shows t h e  t h e o r e t i c a l  p r e s s u r e  

d i s t r i b u t i o n s  on f o u r  i s o l a t e d  s u p e r c a v i t a t i n g  f o i l  s e c t i o n s  

showing t h e  s e p a r a t e  c o n t r i b u t i o n s  of camber and a n g l e  af a t t a c k .  

The t o t a l  p r e s s u r e  d i s t r i b u t i o n  on a f o i l  s e c t i o n  may be  ob- 

t a i n e d  from 

c  amb e r  
camber a / 

Note t h a t  n e a r  t h e  l e a d i n g  edge ( f i r s t  30 p e r c e n t  of c h o r d )  

t h e  c o n t r i b u t i o n  due t o  ?- term camber i s  n e a r  z e r o  w h i l e  t h e  

a n g l e  o f  a t t a c k  c o n t r i b u t i o n  i s  maximum i n  t h i s  r e g i o n .  

The s t r e s s  c a l c u l a t i o n  f o r  chordwise  bending over  t h e  

l e a s i n g  20 p e r c e n t  o f  t h e  b l a d e  need,  t h e r e f o r e ,  only  i n c l u d e  

t h e  a n g l e  of  a t t a c k  c o n t r i b u t i o n  t o  load  i n  t h i s  r e g i o n ,  The 
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l o a d i n g  can  b e  approximated  by t h r e e  r e c t a n g l e s  and t h r e e  

t r i a n g l e s  a s  shown i n  F i g u r e  43.  Using t h i s  d i m e n s i o n l e s s  

l o a d i n g  p a t t e r n  and t h e  r e c t a n g u l a r  c r o s s - s e c t i o n  of each 

c a n t i l e v e r e d  p o r t i o n  o f  t h e  b l a d e  l e a d i n g  edge, we may d e -  

r i v e  t h e  f o l l o w i n g  e q u a t i o n  f o r  t h e  s t r e s s  i n  bending a t  t h e  

0 . 2 0  chord .  

5 . 2  F i r s t  S t a g e  Design 

A s  d e s c r i b e d  i n  S e c t i o n  5,1, a c o n s i d e r a b l e  d e g r e e  of 

freedom e x i s t s  i n  s e l e c t i o n  of t h e  h i g h e r  t e r m  cambered geom- 

e t r y .  S e c t i o n  2 . 3 . 4  compared t h e  v a r i o u s  camber t y p e s  and as 

shown i n  F i g u r e s  29 and 31, t h e  f i v e - t e r m  cambered s h a p e  ( w i t h  

t h e  c e n t e r  o f  p r e s s u r e  s h i f t e d  f u r t h e r  a f t  t h a n  t h e  o t h e r  

s h a p e s )  showed t h e  b e s t  per formance  i n  t e rms  o f  l i f t  c o e f f i -  

c i e n t  over  a  r a n g e  o f  b o t h  s t a g g e r  a n g l e s  and s o l i d i t i e s .  For  

t h i s  r e a s o n ,  t h e  f i v e  t e rm cambered shape  was s e l e c t e d  f o r  t h e  

p r e s e n t  f i r s t  s t a g e  d e s i g n .  I n  a d d i t i o n ,  t h e  approximate  

second o r d e r  r e s u l t s  were used r a t h e r  t h a n  t h e  f i r s t  o r d e r  

r e s u l t s  as d e s c r i b e d  i n  S e c t i o n  2 . 3 .  

For  a f i rs t  d e s i g n ,  t h e  chord l e n g t h  v a r i a t i o n  was 

s p e c i f i e d  t o  b e  l i n e a r  wi th  rad. ius and t o  c l o s e l y  approx imate  

t h e  chord  l e n g t h  v a r i a t i o n  which r e s u l t e d  from t h e  f i r s t  s t a g e  

c o n s t a n t  p r e s s u r e  cambered d e s i g n  of Refe rence  1, Tab le  5 p r e -  

s e n t s  t h e  r e s u l t s  of  t h i s  d e s i g n ,  
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TABLE 5 

Summary of  S t a g e  1 Two Bladed,  Second Order  
Design Using Five-Term Cambered S e c t i o n s  

and S p e c i f i e d  L i n e a r  Chord Length V a r i a t i o n  

C a v i t a t i o n  Number, o 

P e r i p h e r a l  Speed,  U,  f p s  

R e l a t i v e  I n l e t  Angle, ,B1 

R e l a t i v e  Mean Angle, 
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O v e r a l l  c o n d i t i o n s  : 

d i s c h a r g e ,  Q = 1464 gpm = 3 . 2 6  c f s  

tandem t o t a l  head = 116 f t .  

f i r s t  s t a g e  t o t a l  head = 17 .40  f t  

tandem s p e c i f i c  speed ,  N = 4310 
S 

f i r s t  s t a g e  s p e c i f f c  speed ,  N = 18,010 
S 

pump rpm = 4000 

NPSH = 8.81 f t .  

number of b l a d e s  = 2 

F i g u r e  44 shows a s k e t c h  of t h e  model as d e s i g n e d .  I f  

t h e  back s u r f a c e  of  t h e  b a l d e  i s  a l lowed t o  f o l l o w  a h e l i c a l  

s h a p e  as shown, t h e  s t r u c t u r a l  a n a l y s i s  as d e s c r i b e d  i n  Sec-  

t i o n  5.1 y i e l d s m o d e l  d e s i g n  p o i n t  s t r e s s e s  as f o l l o w s :  

s h e a r  s t r e s s  a t  hub - 103 p s i  

spanwise  bending s t r e s s  a t  hub - 1100 p s i  

t e n s i l e  c e n t r i f u g a l  s t r e s s  a t  hub - 560 p s i  

chordwise  bending a b o u t  20 p e r c e n t  chord 

a t  t i p  - 6100 p s i  

A s  can  b e  s e e n ,  t h e  f i r s t  t h r e e  s t r e s s e s  a r e  n e g l i g i b l e  when 

compared t o  chordwise  bending.  

For  a n  a l l o w a b l e  p r o t o t y p e  s t r e s s  of 50,000 p s i ,  t h e  

maximum r a t i o  of o /o i s .  122. This  makes t h e  model under  
m P  

c o n s i d e r a t i o n  s t r u c t u r a l l y  compat ib le  w i t h  a p r o t o t y p e  LOX 

i n d u c e r  8 i n c h e s  i n  d i a m e t e r  and o p e r a t i n g  a t  10 ,000 rpm, 
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5.3 Second S t a g e  Design 

A s  d i s c u s s e d  i n  Refe rence  1 t h e  d e s i g n  p rocedure  p r e s e n t e d  

by Bowerman ( 4 )  a l l o w s  t h e  d e s i g n  of  a x i a l  f low pumps w i t h o u t  

t h e  u s e  of e x p e r i m e n t a l  o r  t h e o r e t i c a l  cascade  d a t a .  Th i s  p r o -  

cedure  i s  a t t r a c t i v e  f o r  t h e  p r e s e n t  second s t a g e  d e s i g n  s i n c e  

no  d a t a  e x i s t s  f o r  t h e  h i g h  s o l i d i t y ,  h i g h  s t a g g e r  a n g l e  cascades  

r e q u i r e d .  The o r i g i n a l  d e s i g n  p r o c e d u r e  a s  p r e s e n t e d  i n  ( 4 )  

made u s e  o f  t h e  r e s u l t s  of ( 9 )  i n  which t h e  d i s t r i b u t i o n  of t h e  

t h r e e  d i m e n s i o n a l  t a n g e n t i a l ,  a x i a l  and r a d i a l  v e l o c i t y  com- 

ponen t s  due t o  a s i n g l e  r a d i a l  l i n e  v o r t e x  i n  a n  a n n u l a r  s p a c e  

a r e  g i v e n .  

The d e s i g n  method c o n s i s t s  of  r e p r e s e n t i n g  each i m p e l l e r  

b l a d e  by a number of r a d i a l  l i n e  v o r t i c e s .  One b l a d e  i s  r e -  

moved from t h e  i m p e l l e r  and t h e  i n t e r f e r e n c e  s t r e a m l i n e  due t o  

a l l  t h e  o t h e r  b l a d e s  and t h e  t o t a l  downstream v o r t i c i t y  i s  c a l -  

c u l a t e d .  The camber and t h i c k n e s s  d i s t r i b u t i o n s  a r e  t h e n  s u p e r -  

imposed on t h e  i n t e r f e r e n c e  s t r e a m l i n e ,  r e s u l t i n g  i n  t h e  f i n a l  

i m p e l l e r  d e s i g n .  

S e c t i o n  4 . 0  d i s c u s s e s  t h e  r e s u l t s  o f  ( 1 0 )  i n  which t h e  

c a l c u l a t i o n s  of  ( 9 )  were r e p e a t e d  and extended t o  c o v e r  l a r g e r  

hub d i a m e t e r  r a t i o s  t h e n  t h e  0 .60  o r i g i n a l l y  c a l c u l a t e d .  Larger  

hub d i a m e t e r  r a t i o s  were r e q u i r e d  p r i n c i p a l l y  t o  lower t h e  v a l u e  

o f  t h e  d i f f u s i o n  f a c t o r  (33) below t h e  c r i t i c a l  v a l u e  o f  0 . 6 0  

a t  a l l  r a d i i .  
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During t h e  t e s t s  of  t h e  second s t a g e  i n d u c e r  of  Phase  I 

(1) n e i t h e r  t h e  t o t a l  head n o r  t h e  a x i a l  v e l o c i t y  remained 

c o n s t a n t  a l o n g  t h e  r a d i u s  as assumed i n  t h e  d e s i g n ,  A con- 

t r i b u t i n g  f a c t o r  c a u s i n g  t h i s  d i f f i c u l t y  was f low s e p a r a t i o n  

a l o n g  t h e  hub s e c t i o n  and r e s u l t i n g  f low " p i l e  up" a t  t h e  t i p  

s e c t i o n s .  The d f f f u s f o n  f a c t o r  has been shown t o  c o r r e l a t e  

w e l l  w i t h  l i m i t i n g  b l a d e  l o a d i n g  o r  s e p a r a t i o n  i n  a x i a l  f low 

compressor  b l a d e s .  

C o r r e l a t i o n  w i t h  NACA compressor  d a t a  shows t h a t  t o  a v o i d  

s e p a r a t i o n  t h i s  f a c t o r  s h o u l d  b e  l e s s  t h a n  0 . 6 0 .  The Phase  I 

second s t a g e  d e s i g n  c a l l e d  f o r  d i f f u s i o n  f a c t o r s  a t  t h e  t i p  

r a d i u s ,  mid r a d i u s ,  and hub r a d i u s  of  0.259, 0.362,  and 0 , 7 0 1  

r e s p e c t i v e l y .  The d i f f u s i o n  f a c t o r  a t  t h e  hub was t o o  l a r g e  

because  o f  t h e  h fgh  head c o e f f i c i e n t  and low p e r i p h e r a l  s p e e d .  

I t  c o u l d  have  been reduced  by i n c r e a s i n g  t h e  hub d i a m e t e r  

r a t i o ,  b u t  t h e  n e c e s s a r y  a n n u l a r  v e l o c i t y  d i s t r i b u t i o n s  f o r  t h e  

Bowerman method w e r e - o n l y  a v a i l a b l e  f o r  a 0 . 6 0  hub a t  t h e  t i m e ,  

For  t h e  new second s t a g e  d e s i g n ,  a hub r a t i o  of  0 , 7 0  was 

chosen .  The d e s i g n  t e c h n i q u e  was t h a t  of Bowerman ( 4 )  w i t h  

s l i g h t  m o d i f i c a t i o n s ,  S p e c i f i c a l l y ,  t h e  Bowerman t e c h n i q u e  

r e s u l t s  i n  a p r e s c r f b e d  v a r i a t i o n  of chord wi th  r a d i u s  as a 

r e s u l t  of  t h e  o p t i m i z a t i o n  of c a v i t a t i o n  performance .  
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I n  t h e  p r e s e n t  d e s i g n s ,  t h e  v a r i a t i o n  o f  chord  w i t h  

r a d i u s  was a r b i t r a r i l y  p r e s c r i b e d .  This  i s  a  minor c o n s i d e r -  

a t i o n  f o r  t h e  h i g h  s o l i d i t y  b l a d e s  and l a r g e  hub r a t i o  of t h e  

p r e s e n t  d e s i g n  f o r  which Bowerman's c a v i t a t i o n  o p t i m i z a t i o n  has  

l i t t l e  e f f e c t .  The chord  v a r i a t i o n s  c o n s i d e r e d  i n c l u d e d :  

( a )  Cons tan t  s o l i d i t y ,  C/D 

( b )  Cons tan t  a x i a l  e x t e n t ,  {t 
( c )  Cons tan t  chord ,  C 

( d )  180' wrap a t  hub and 45' l e a d i n g  edge sweep 

( e )  180° wrap a t  hub and 60° l e a d i n g  edge sweep 

Case ( e )  was chosen f o r  a complete d e s i g n ,  The p a r a m e t e r s  of  

t h i s  d e s i g n  a r e  t a b u l a t e d  i n  Tab le  6 .  The o v e r a l l  d e s i g n  u t i -  

l i z e d  t h e  f o l l o w i n g :  

Number o f  b l a d e s  - 4 

V o r t i c e s  p e r  b l a d e  i n  Bowerman t e c h n i q u e  - 6 

Camber t y p e  - NACA "65" 

Thickness  d i s t r i b u t i o n  - NACA 16-009 f u n c t i o n  

Thickness  - t i p  1 .5%~ mid 2.5%, hub 4.5% 

Hub r a t i o  - 0 .70  
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TABLE 6 
SUMMARY OF STAGE 2 - FOUR BLADED DESIGN 



HYDRONAUTICS, I n c o r p o r a t e d  

The t a n g e n t i a l  component of v e l o c i t y  V due t o  a l l  o f  
U 

t h e  o t h e r  b l a d e s  i s  non-dimensional ized  as f o l l o w s  : 

The v a l u e  o f  Ce  i n  (1) and ( 4 )  was found t o  v a r y  a lmos t  

l i n e a r l y  w i t h  non-dimensional  a x i a l  d i s t a n c e  5 = z / r  t ' Thus, 

where 5 i s  t h e  v a l u e  o f  5 a t  t h e  t r a i l i n g  edge o f  t h e  f o i l .  t 

I n  t h e  p r e s e n t  d e s i g n ,  a s l i g h t l y  c l o s e r  f i t  t o  t h e  

v a r i a t i o n  of  C w i t h  5 was found t o  be  
0 

The s t r e a m l i n e  e q u a t i o n ,  which d e f i n e s  t h e  s t r e a m l i n e  a t  each 

r a d i u s  abou t  which t h e  i s o l a t e d  cambered b l a d e  s h a p e  must b e  

p l a c e d  i s  t h u s  found t o  b e  

where: v 
a V 

q = - -  - a - 
Ut 

Ci)P 
t 
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n  = number of  b l a d e s  

V = a x i a l  v e l o c i t y  a 

v0 1 
= i n l e t  t a n g e n t i a l  v e l o c i t y  

q = r/r t 

5 = z / r t  

r = c i r c u l a t i o n  p e r  b l a d e  b  

= r o t a t i o n a l  speed  

k o ~  
k, and k, a r e  as p r e v i o u s l y  d e f i n e d  and based on t o t a l  

c i r c u l a t i o n  f o r  a l l  b l a d e s .  

The v a l u e s  of  ko, k, and k, f o r  t h r e e  r a d i i  a r e  p r e s e n t e d  

below: 

A camber l i n e  of  t h e  NACA 67 s e r i e s  was chosen s o  t h a t  t h e  

p r e s s u r e  d i s t r i b u t i o n  would b e  such  t h a t  p o s s i b l e  b l a d e  c a v i t a -  

t i o n  would be  minimized (4), A t h i c k n e s s  d i s t r i b u t i o n  o f  t h e  

NACA 16 s e r i e s  was used .  These d i s t r i b u t i o n s  a long  wfth t h e  

above d e s i g n  p r o c e d u r e  de te rmine  t h e  f i n a l  c o o r d i n a t e s  o f  t h e  

f o i l .  
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F i g u r e  45  shows t h e  f i n k l  b l a d e  p r o f i l e s  f o r  t h e  second 

s t a g e  and F i g u r e  46 p r e s e n t s  a view o f  t h e  t h r e e  d i m e n s i o n a l  

i m p e l l e r  as i t  a p p e a r s  when t h e  s e c t i o n s  a r e  wrapped around 

t h e  r e q u i r e d  0.70 hub,  
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z - PLANE 

FIGURE 1 - DEFINITION SKETCH FOR A SUPERCAVITATING CASCADE 
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z - PLANE 

FIGURE 2 - LINEARIZED BOUNDARY VALUE PROBLEM IN THE PHYSICAL PLANE 
FOR A SUPERCAVITATING CASCADE 
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P - PLANE 

FIGURE 3 - LINEARIZED BOUNDARY VALUE PROBLEM IN THE TRANSFQRMED C-PLANE 
FOR A SUPERCAVITATI N G  CASCADE 
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FIGURE 4 - EFFECT OF b/a AND STAGGER ANGLE O N  CAVITY LENGTH -FOIL SPACING RATIO 
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SOLIDITY - 

FiGURE 5 - EFFECT OF TRANSFORMED CHORD AND b/a ON SObiDiTY FOR 13 = 45" 
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I SOLIDITY - c / d  

FIGURE 6 - EFFECT OF TRANSFORMED CHORD AND b/a ON SOLIDITY FOR O = 65' 
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SOLIDITY - c / d  

FIGURE 7 - EFFECT OF TRANSFORMED CHORD AND b/a ON SOLIDITY FOR f l=  85' 



0.2 0.3 

SOLIDITY - c / d  

FIGURE 8 - EFFECT OF TRANSFORMED CHORD AND b/a ON SOLIDITY FOR O = 75' 



PRESENT CALCULATIONS 

--- BETZ - PETERSOHN EXACT SOLUTION ( 17 ) 

----- ACOSTA LINEARIZED SOLUTION ( 16 ) 

STAGGER ANGLE, 0 - DEGREES 
a 

FIGURE 9 - COMPARISON OF PRESENT RESULTS FOR SUPERCAVITATI N G  CASCADES OF FLAT PLATES 
WITH RESULTS OF BETZ-PETERSOHN ( i 7 ) AND ACOSTA ( 16 ) FOR A SOLlDlTY (c/d) OF 0.50. 



PRESENT CALCULATIONS 

--- BETZ - PETERSOHN EXACT SOLUTION ( 17 ) 

----- ACOSTA LINEARIZED SOLUTION ( 16 ) 

STAGGER ANGLE, 6 - DEGREES 

FIGURE 10 - COMPARISONOF PRESENT RESULTS FOR SUPERCAVITATING CASCADES OF FLAT PLATES 
WITH RESULTS OF BETZ-PETERSOHN ( 17 ) AND ACOSTA ( 16 ) FOR A SOLIDTY (c /d)  OF 1 *000 



STAGGER ANGLE, /3 - DEGREES 

FIGURE 11 - COMPARISON OF PRESENT RESULTS FOR SUPERCAVITATING CASCADES OF FLAT PLATES WITH 
RESULTS OF BETZ-PETERSOHN ( 17 ) AND ACOSTA ( 16 ) FOR A SOLIDITY (c/d) OF 1.58. 
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ACBSTA ( 16 ) 

----- PRESENT FIRST ORDER 

--- PRESENT APPROXIMATE SECOND ORDER 

ANGLE OF ATTACK - a - DEGREES 
0 

FIGURE 12 - COMPARISON OF ACOSTA'S ( 16 ) RESULTS TO THE PRESENT CALCULATIONS 
FOR CASCADES OF FULLY CAVITATING CIRCULAR ARC HYDROFOILS WITH 
A STAGGER ANGLE OF 0' 
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ACOSTA ( 16 ) 
----- PRESENT FIRST ORDER 

-- - PRESENT APPROXIMATE SECOND ORDER 

0.5 

ANGLE OF ATTACK - a - DEGREES 
0 

FIGURE 13 - COMPARISON OF ACOSTA'S ( 16 ) RESULTS TO THE PRESENT CALCULATIONS 
FOR CASCADES OF FULLY CAVITATING CIRCULAR ARC HYDROFOILS WITH 
A STAGGER ANGLE OF 45' 



HYDRONAUTICS, INCORPORATED 

ACOSTA 

---- PRESENT FIRST ORDER 

--- PRESENT APPROXIMATE SECOND ORDER 

ANGLE OF ATTACK - a - DEGREES 
0 

FIGURE I 4  - COMPARISON OF ACOSTA'S ( 16 ) RESULTS TO THE PRESENT CALCULATIONS 
FOR CASCADES OF FULLY CAVITATING CIRCULAR ARC HYDROFOILS WITH 
A STAGGER ANGLE OF 60' 
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FIGURE 15 - LIFT COEFFICIENT AND CAVITATION NUMBER AS A FUNCTION OF 
CAVITY LENGTH FOR A CIRCULAR ARC CASCADE 
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FIGURE 16 - COMPARISON OF CIRCULAR ARC CASCADE TO CONSTANT PRESSURE 
CAMBER CASCADE OF YIM ( 2 )  WITH CA\!!TY LENGTH VARIABLE 



FIGURE 17 - COMPARISON OF FOIL SHAPES FOR CIRCULAR ARC AND CONSTANT PRESSURE CAMBER 
(AFTER YIM ( 2 ) )  FOILS IN CASCADE WITH O = 75', c/d = 0.410, o /CL = 0.082 
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0.36 

FIGURE 18 - INFLUENCE OF CAMBER INDEX AND ANGLE OF ATTACK O N  o/Ci FOR 
A SERIES OF CIRCULAR ARC FOILS I N  CASCADE 



- -  - -- 
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CIRCULAR ARC FOILS 

FIGURE 19 - INFLUENCE OF CAMBER INDEX AND ANGLE OF ATTACK O N  CAMBER/cC, 
FOR A SERIES OF CIRCULAR ARC FOILS IN CASCADE 

- 
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Cl RCULAR ARC 

TWO - TERM 

THREE -TERM 

FIVE -TERM 

TRAL ANGLES 

0.0480 ( SEE FIGURE 21 ) 

FIGURE 20 - RELATION BETWEEN CAMBER/CC~ AND a /CL FOR CONSTANT 
0 

o/CL = 0.082 FOR SUPERCAVITATING CASCADES WITH VARIOUS 

FOIL SHAPES AND CAMBER INDICES 
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0.9 

a (EXCLUDING Y / 8 )  

FIGURE 21 - INFLUENCE OF CAMBER COEFFICIENT AND ANGLE OF ATTACK ON LIFT 
COEFFICIENT AND o/CL FOR VARIOUS CIRCULAR ARC FOILS IN CASCADE 



3 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 .O 1 . 1  1.2 

CAVITATION NUMBER - a 

FIGURE 22 - COMPARISON OF PRESENT CALCULATIONS TO THE EXPERIMENTS OF WADE AND ACOSTA ( 2 0  ) 



0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 .O 1.1 1.2 

CAVITATION NUMBER - a 

FIGURE 23 - COMPARISON OF PRESENT CALCULATIONS TO THE EXPERIMENTS OF WADE AND ACOSTA (20  ) 





FIGURE 25 - INFLUENCE OF CAVITY LENGTH O N  LIFT COEFFICIENT FOR A CIRCULAR ARC CASCADE 



FIGURE 26 - INFLUENCE OF CAVITATION NUMBER O N  CAVITY LENGTH FOR A CIRCULAR ARCCASCADE 



PEARSALL ( 23) EXPERIMENTAL 

--- 
NOTE: PEARSALL l/c NOT REPORTED 

0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.10 0.11 

CAVITATION NUMBER - a 

FIGURE 27 - COMPARISON OF PRESENT CALCULATIONS AND EXPERIMENTS OF PEARSALL ( 23) 



--- PRESENT THEORY 

NOTE: PEARSALL R/c NOT REPORTED 

0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.10 0.11 

CAVITATION NUMBER - u 

FIGURE 28 - COMPARISON OF PRESENT CALCULATIONS AND EXPERIMENTS OF PEARSALL ( 2 3 )  
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STAGGER ANGLE R - DEGREES 

FIGURE 29 - INFLUENCE OF STAGGER ANGLE ON LIFT COEFFICIENT FOR 
0.75 SOLIDITY FOR VARIOUS CAMBER TYPES 
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RESULTS ABOVE o = 0.25 

STAGGER ANGLE R - DEGREES 

FIGURE 30 - INFLUENCE OF STAGGER ANGLE O N  CAVITATION NUMBER FOR 
0.75 SOLIDITY FOR VARIOUS CAMBER TYPES 



SOLIDITY - c / d  

FIGURE 31 - INFLUENCE OF SOLIDITY ONLlFT COEFFICIENT FOR 65' STAGGER ANGLE 
AND VARIOUS CAMBER TYPES 



0 0.2 0.4 0.6 0.8 1 .O 1.2 1.4 1.6 1.8 2.0 2.2 

SOLIDITY - c / d  

FIGURE 32 - INFLUENCE OF SOLIDITY O N  CAVITATION NUMBER FOR 65' STAGGER ANGLE 
AND VARIOUS CAMBER TYPES 



FIGURE 33 - VARIATION OF LIFT COEFFICIENT AND CAVITATION NUMBER 
WITH CAMBER TYPE AND CAMBER INDEX 
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z - PLANE 

X 

FIGURE 34 - DEFINITION SKETCH FOR A PARTIALLY CAVITATING CASCADE 
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- PLANE 

FIGURE 35 - LINEARIZED BOUNDARY VALUE PROBLEM IN THE PHYSICAL PLANE 
FOR A PARTIALLY CAVITATING CASCADE 
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5 - PLANE 

FIGURE 36 - LINEARIZED BOUNDARY VALUE PROBLEM I N  THE TRANSFORMED PLANE FOR 
A PARTIALLY CAVlTATlNG CASCADE 



FIGURE 37 - COMPARISON OF THREE-DIMENSIONAL TANGENTIAL VELOCITY TO THE RESULTS 
OF REFERENCE ( 9 ), N = 2, M = 26, 5 = 0.20 , v H  = 0.60 
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0.2 0.4 0.6 0.8 
DIMENSIONLESS AXIAL LOCATION, 5 

FIGURE 38 - TWO-DIMENSIONAL SOLUTION OF TANGENTIAL VELOCITY FOR = 0.90 
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0.2 0.4 0.6 0.8 

DIMENSIONLESS AXIAL LOCATION, 5 

FIGURE 39 - TWO-DIMENSIONAL SOLUTION OF AXIAL VELOCITY FOR ?= 0.90 



Fl GURE 40 - COMPARISON OF THREE-DIMENSIONAL TANGENTIAL VELOCITY THE APPROXIMATE 
TWO-DIMENSIONAL SOLUTION N = 2, M = 26, 5 = 0.800, % = 0.600 



FIGURE 41 - INFLUENCE OF HUB RATIO O N  THE RATIO OF THREE DIMENSIONAL TANGENTIAL 
VELOCITY TO THE APPROXIMATE TWO-DIMENSIONAL SOLUTION AT THE TIP RADIUS 
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DIMENSIONLESS AXIAL LOCATION, 6 

FIGURE 42 - SAMPLE INTERFERENCE STREAMLINE CALCULATION USING BOTH TWO 
AND THREE DIMENSIONAL RESULTS 



----a- 3-TERM CAMBERED 

--- 2-TERM CAMBERED 

---- CIRCULAR ARC 

0 
0 0.2 0.4 0.6 0.8 1 .O 

x/c 

( a ) CONTRIBUTION DUE TO CAMBER 

5.0 - 

( b ) CONTRIBUTION DUE TO ANGLE OF ATTACK 

FIGURE 43 - PRESSURE DISTRIBUTION ON FOUR TYPES OF ISOLATED 
FOIL PROFILES ( AFTER REF (6) ) 
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FLOW 

FLOW 

FIGURE 44 - THREE VIEWS OF THE FIVE-TERM CAMBERED, TWO-BLADED FIRST STAGE IMPELLER 



AXIAL FLOW i 
---2-"L ROTATIOb 

CHORD = 9-87" 

L.E.R. = 0.0J09u 

I 

FIGURE 45 - STAGE Two DIMENSIONAL BLADE PROFILES AT THREE ~ ~ 1 1 .  
( FOUR BLADES, 0.70 HUB ) 
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FIGURE 45 - SECOND STAGE IMPELLER USING FOUR BLADES AP4E 0.70 HUE 
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