
EQUENCY RESPONSE APPROAC 

DESIGN OF A PTlVE CONTROL SYSTEMS 

VIA MODEL OF SPECIFICATIONS 

This research was sponsored by the 

National Aeronautics and Space Administration 

under research grant NGR 06-003-083 

DEPARTMENT OF ELECTRICAL ENGINEERING 

UNIVERSITY OF COLORADO 

BOULDER, COLORADO 

August I, 1969 

https://ntrs.nasa.gov/search.jsp?R=19700018076 2020-03-12T02:13:02+00:00Z



i 

i 
_ i  

FREQUENCY RESPONSE APPROACH TO 

DESIGN OF ADAPTIVE CONTROL SYSTEMS 

VIA MODEL OF SPECIFICATIONS 

by 

Ned Tetsuyoshi Oda 

This  research was sponsored by the 

National Aeronautics and Space Administration 

under research grant NGR 06-003-083 

- f / d  J @ad&/. 
Ned Tetsuyoshi O d d .  

Research Supervisor 

Department of E lec tr i ca l  Engineering 

University of Colorado 

Boulder, Colorado 

August 1, 1969 



ii 

i 

,. .? 
i 

FREQUENCY RESPONSE APPROACH TO 

DESIGN OF ADAPTIVE CONTROL SYSTEMS 

VIA MODEL OF SPECIFICATIONS 

Abstract--This report presents a method of translating 

time domain specifications to frequency domain specifica- 

tions via specification modeling. This technique is in- 

vestigated for use with the "Frequency Response Approach 

to the Sensitivity Problem" design method presented in 

I. M. Horawitz' Synthesis of Feedback Systems, Academic 

Press, Inc., New York, N. Y. 1963. 

The technique entails finding "model" time functions 

which bound the desired time domain specifications, taking 

the Laplace transform of the known functions, and then 

using these transforms (transfer functions) as boundary 

specifications in the frequency domain. The investigation 

and results of using this method on a second-order plant 

with varying parameters is shown. 
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1.1 Advantage of Frequency Response Approach 

The o b j e c t i v e  o f  t h i s  research i s  t o  extend t h e  "Frequency 

Response Approach t o  t h e  S e n s i t i v i t y  Problem" (Sys thes is  f o r  

General P l a n t  Parameter Var i a t ions )  due t o  Horowitz {l}, i n t o  a 

workable design procedure. The advantage of t h e  frequency response 

method of s y n t h e s i s  ( L ( j w )  shaping) is t h e  openness of t h e  method. 

The designer  can f a i r l y  simply form minimum magnitude of L(jw) 

while t a k i n g  i n t o  account any p r a c t i c a l  cons ide ra t ion  i n  t h e  

re:i l i .zation o f  L ( s ) .  

tind consider  any c o n s t r a i n t s  such as s t a b i l i t y  margins on account 

o f  parumeter v a r i a t i o n s .  

o r  form { 3 }  o f  system.* 

He can determine t h e  b e n e f i t s  o f  feedback (2 )  

H e  i s  n o t  l i m i t e d  t o  any p a r t i c u l a r  o rde r  

1.2 Problem Statement 

I n  most cases ,  one i s  concerned, u l t i m a t e l y ,  with t h e  t ime 

response of ti system. Hence, it i s  only n a t u r a l  t h a t  s p e c i f i c a t i o n s  

of  de::.ired re:;ponse a r e  given as  t i m e  dornain s p e c i f i c a t i o n s .  Herein 

1 ie:: t h e  main dis:idv:intage o r  problem of t h e  frequency response 

:iril)ro:ich. Thoro i f :  no : ; i m p l e y  exact  c o r r e l a t i o n  between t h e  frequency 

domiin :ind t h e  t ime dornltin and, hence, it i s  d i f f i c u l t  t o  t r a n s l a t e  

t h e  t i m e  dormin ::[)eci f i c a t i o n  j nto  meaningful frequency response 

.,l)c;.c ii'i c:iti on:.: { ! I } .  

*Fur. ~ ~ ~ ~ ~ 1 ~ t ~ ~ i : i o ~ ~  of  Ot)en-loop Froqucncy Re:;pon::e Method VE 

'I1( r:) i-'ole-::ero Metliod see  referc;nce (4) of  bibliography. 
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1.3 Method o f  Approach - ---- 
I n  t h i s  research,  we i n v e s t i g a t e  t h e  use of a "model" t o  

t ransform time domain s p e c i f i c a t i o n s  i n t o  a set  of frequency domain 

r:pscific:i t ions suit:i.blc f o r  use with frequency response s y n t h e s i s  

of' adap t ive  cont ro l  systems. That i s ,  given a s e t  of t i m e  domain 

s p e c i f i c a t i o n s ,  t h e  des igner  searches for a set of  t i m e  func t ions  

which bound t h e  given s p e c i f i c a t i o n s .  Then t h e  t r a n s f e r  func t ions  

of' t h e s e  known time func t ions  (i.e. t h e i r  Laplace t ransforms)  a r e  

used ;is t h e  boundary s p e c i f i c a t i o n s  i n  t h e  frequency domain. To 

use t h e  frequency response s y n t h e s i s  method {l), a "model" t r a n s f e r  

f 'unction i s  s e l e c t e d  t h a t  l i es  wi th in  t h e  boundary t r a n s f e r  func t ions  

just  determined. 

The frequency response synthe::is method (1) (once t h e  frequency 

t1orria.i.n ::pecificiLtionS a r e  known) i :: b r i e f l y  o u t l i n e d  he re  as back- 

ground materifil. Consider t h e  system i n  f i g u r e  1.1. 

The t r a n s f e r  func t ion  

L . . ,. . ... . 

Figure 1.1 Two-degree-of- 
freedom system. 

Where L ( s )  .=. $G2P, (2) 

lJ(::) i:: thc p l : ~ r ~ l ,  t r : i r isfcir  funct ion,  and G1(s) and G2(s) are 

c:otri~ien::tli.iun block:: iIv:ii l iible t u  t h e  designer .  

(.:ornt? noniinal v:i.liic of P(::))$ t hen  (1) and (2) becomes 

NOW i f  P(s )  ss Po(.) 
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:wid G1G2P0 .=. L o ( s )  

Di.viding (1) i n t o  ( 3 ) ,  

Suppose a t  D = jw,, t h e  p l a n t  parameter v a r i a t i o n s  of 

Po(jwx)/P(jwx) map o u t  a n  area on the  complex plane as shown 

i n  figure 1.2. 

Now if -Lo(jwx) is given by t h e  

coniplex number :A c j b  loclited 

a t  Q t h e n  t h e  r i i t io  To/T i s  

equal  t o  t h e  r a t i o  of vec to r s  

wg = [(Po/P) + Lol/(1 + Lo), 

as derived i n  equat ion ( 3 ) .  

The range of v a r i a t i o n  of v e c t o r  

QV f ixes  t h e  range of v a r i a t i o n  

of T,/T a t  s = jwx ,  and de f ines  

- 

F i g w e  1.2 To /T( jwx)  = -- QV/QN a -Lo( jw,) .minimum boundary (1). 

1.4 Notation Convention ------ 

The fol lowing not:i t ion is w e d  throughout t h i s  paper. 

A, B, ... : d i f f e r e n t  case:: of  :::ime example. 

c, c(::) : Lupl:*ce t ransform o f  nyctern output. 

.I : 1m:igin:iry number = 1/11 

I,, L ( u )  : L:LIJ~:.LCC tr:in:;form of Loop tmncmission.  
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L( j w )  

P, P ( s )  

: L ( o )  evaluated a t  s = jw .  

: Plant  t r t i n s fe r  func t ion ,  assumed known 

or given. 

R, R ( s )  : Laplace t ransform o f  system input ,  assume 

t o  be l/s un les s  otherwise noted. 

:i : Laplace complex v a r i a b l e  =cr - j w  

T,  T ( s )  : Trans fe r  func t ion  = C/R 

Lower case l e t t e r s  w i l l  denoted t h e  corresponding time func t ion ,  

z 

except for T ( t )  which i s  defined as t h e  time response of T ( s )  

( s ince  t i:: uuuully understood t o  be t ime) ,  i .e.  

T ( t )  : Inverse Laplace t ransform o f  T ( s ) .  

W : A real number de f in ing  imaginary p a r t  o f  

Laplace complex v a r i a b l e  s ;  denotes 

frequency i n  radian-per-second. 

: Damping f a c t o r  f o r  second-order equation; 

u s u a l l y  denoted by ze t a .  

: Phase o f  appropr i a t e  s-domain funct ion.  $1 

cr : R e f d  p a r t  of Laplace complex v a r i a b l e  s .  

1 .‘t 

i n  order- t o  c o r r e l a t e  t h e  result : ;  of one example with those  

of :inotJier, :in o u t l i n e  o f  t h e  combined (in t h e  sense t h a t  s t e p s  a r e  

due t o  HoruwLtz (1) and t o  cons ide ra t ions  o f  s e c t i o n  1.3 preceding) 

Ilroct!(liire I’o! t owr : t l  i n  t i t i : :  pqlcr, i s  l i s t e d  i.n reference.  D e t a i l s  

o i ’  O I C ~ I  ::tell i : :  corit:ijriotf i n  t h r ;  ex:unple:; fol.lowi.ng or as p e r  

do:: i Kii  t,ccIini qu(::: p;i.vcn i n  r-efcrencc { 1) . 
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C i  v o t i :  A IJl:LrtL, IJJ~; r:irq;r: of '  V:J lilf;:: Lhr01q11 w k l j  ch i t  v:ir:~c:;, :md 

tho du:: i rc;d 1, inir: domizin :jpcci fic:it, ion::. 

St,c:p 1) I)ot,r:rrrii II(: t k r i w  t'unction:: which bound fJie gi ver i  t i m e :  clorwin 

spec i f  i ciition::; t a k e  t h e i r  Lap1:ice t ransforms,  

T ( s )  lower .=. T 1  and T ( s )  upper  .=. Tu; and p l o t  on Bode 

p l o t .  

S t e p  2) Pick a "model" t r a n s f e r  func t ion ,  T ( s )  model .f. Tm, d i o ~ e  

B ~ d e  p l o t  l i e s  between t h o s e  o f  TI and Tu (i.e. T 1  5 Tm 4 T u ) ,  

:iritl o: i lculnte t h e  m:igriitude and phase of t h e  r a t i o s  T,/T, 

:mtl Tln/T1 f o r  s e l e c t e d  w ' s  .=. wx, throughout t h e  frequency 

t-:J-iip;f;. 

N o l , s :  The  followin[; steps :ire e:::;entially t h o s e  given i n  refereiict': { 1). 

Stf.;lJ 

Step 

Step 

Step 

1.6 

3 )  Pick .L nominal v:ilue o f  p l a n t  t r a n s f e r  funct ion,  Po(s), and 

eva1u:ite P,3( ,jw,)/P( jw,) for bounding v a r i a t i o n s  o f  P( 3 ) .  

Do t h i s  f o r  each of t h e  p r sv ious ly  s e l e c t e d  wx's. 

r e s u l t s  on complex plane. 

P l o t  

4) Determine l o c i  of -L0(jw,) mininum boundries on complex plane 

p l o t  o f  s t e p  3 .  

;)) Determine a f e a s i b l e  L o ( j w )  f u n c t i o n  from results of s t e p  4 

iind cons ide ra t ion  o f  magnitude and phase r e l a t i o n s h i p s .  

0 )  Determine su i tab le  Gi func t ions  for t y p e  system chosen. 

The f o l l o w i  n j ;  two-deeree-of-freedom s t r u c t u r e  i s  used t o  

:: irmi1:it.e (c-i-thcr by :in:ilo:; or d i g i t a l  computer) t h e  cystem dezign f o r  

v e r i  r i c : t t i  on i)urpu;:e:;e Thi :: p i r t i c u l a r  form J :: us9.d as it elimi.n%tes 

t,he ricxd for. c::ilcul:it ing t h e  Gi, ' :: ::Llown i n  f igure 1.1. 
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From Geetion 1.3,  equations ( 3 )  and (4) 

G P O  
l + L o  

T o ( s )  .=. -- 

then  if T,(s) .=. T,, 

G i  = T,(l+Lo)/Po 

and , cZ = L,/G~P, = L,/T&+L,) 

:md from equat ion (?), 

but To .=. T,, therefore, 

and t h e  form shown i n  figure 1.3, is derived 

I 

i 
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SLMPLE FIRST-ORDER MODEL 
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2.1 - Exurn& 1, F i r s t -o rde r  Model __------- 
Given: P l m t  t ransfer-funct ion,  P(s) = K, 1 f K f 10, and 

d e s i r e d  t i m e  domain s p e c i f i c a t i o n s  as fol lows:  

Rise t i m e ,  0 t o  90% : 0.55 t o  1.15 seconds 

S e t t l i n g  t i m e ,  il% : 1.15 t o  2.30 seconds 

Overshoot 1 imit : 0% 

Step 1) The d e s i r e d  system conf igu ra t ion  i s  t o  be a two-degree- 

of-freedom system, with G = Tm(l+Lo)/Po and H = Lo/Tm(l+Lo) (see 

step 6). From i n i t i a l  va lue  theorem o f  Laplace t ransform theo ry  (61, 

f ( t )  = f ( O + ) .  Or, for t h e  s t e p  response o f  a 1 im 1 i m  
s+ a; t4 o+ s F ( s )  = 

F(s) = f ( O + )  I 0 (no i n i t i a l  1 i m  t r : i n s fe r  f l inction, w e  d e s i r e  
S-.coC 

cond i t ion ) ,  i .e. w e  d e s i r e  compensation blocks which do r.ot respond 

instantaneously.  

t o  be zero a t  t = 0, r e q u i r e s  t h a t  G(s)  have a t  l e a s t  one more po le  

then  zeros .  

hence T, must have a t  least  one more excess po le  t h e n  Po. 

f o r  h ( t )  = 0 a t  t = 0, r e q u i r e s  Lo t o  have a t  least one more excess 

I J O ~ C  t h e n  21,. 

form o f  Tm ( s e e  s t e p  2) ,  the  requirements on Tm a r e  a l s o  requirements 

u f  TI, o r  T1 must have :it least one more po le  i n  excess o f  i t s  ze ros  

thcn  Po h~:,. I n  t h i s  example, fi f i r s t - o r d e r  response sat isf ies  t h e  

rcquir-emsnt t k i a . 2 ,  the excess I J O l e S  over  ze ros  o f  T l ( e T  = 1) be a t  

LC;:J.::I, om: mere t h a n  t h e  exce::s poles  over  zeros  o f  Po(ep = 0 ) .  

::i uii1:tr oori::itler:ition:; :tpply f o r  o t h e r  r;y::tem configurat ions.  

Therefore,  f o r  g ( t )  ( i n v e r s e  t r ans fo rm of  G ( s ) )  

But G = Tm(l+Lo)/Po and ( l + L o )  has no excess po le s ,  

S imi l a r ly ,  

Now, s i n c e  t h e  form of T1 ( T ( s )  lower) determines t h e  
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By referencc t o  :L “ c a t a l o g  o f  t i m e  response curves”* c r  by 

t r i l l  L : i d  ci*ror, f i n d  tiine response curves t h a t  jus t  s a t i s f y  t h e  

k:i vcn time domain o p e c i f i c a t i o n s .  I n  t h i s  example, t h e  assumed f irst-  

o rde r  response was i n v e s t i g a t e d  t o  see i f  it would ’’fit’’ t h e  given 

::occific:ition. It w a s  found that the t i m e  response o f  t h e  t r a n s f e r  

f i n c t i o n  TI = 2 / ( s + 2 )  s a t i s f i e s  the requirements r ise  t i m e  = 1.15 

seconds, s e t t l i n g  t i m e  = 2.30 secoGds, and 0% overshoot. See 

f i ture 2.1. If a f i r s t  o r d e r  response could no t  s a t i s f y  t h e  t i m e  

: :pcciri  c a t j  on::, h ighe r  o r d e r  t r a n s f e r  f’unctions and/or pole-zero 

i .yj)e t,ran::fer function:: could b e  i nves t iga t ed .  

l n  choosing Tu ( T ( s )  upper) ,  it i s  desirable t o  p i ck  a relaxed 

high frequency requirement ( i .e. ,  af ter  a c e r t a i n  l e v e l  i s  reached, 

e .g .  -18 t o  -26 db, t h e  magnitude remains cons t an t )  t y p e  t ransfer  

func t ion .  This  gives  a greater v a r i a t i o n  i n  lTm/Tu), which allows 

the -Lo(jw) phase crossover  t o  occur a t  a lower frequency t h e n  t h e  

excess po le  t y p e  of t r a n s f e r  f u n c t i o n  (see s t e p  2). 

t h e  form Tu = b(s+a)/a(s+b) w a s  i n v e s t i g a t e d  t o  see i f  i t ’ s  t ime 

response would I ’ f i t ”  t h e  given s p e c i f i c a t i o n s .  It was found that  t h e  

time response o f  t h e  t r a n s f e r  f u n c t i o n  Tu = 4(s+32)/32(s+4) satisfies 

t h e  requirement:: r ise  t i m e  = 0.53 seconds, s e t t l i n g  t i m e  = 1.15 

:;ecorid::, and  0% overshoot.  See figure 2.1. 

I n  t h i s  example, 
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. 1  

1 
I .. 4 

I 

If ari  an:ilo~: computer i s  a v a i l a b l e ,  t h e  i n v e s t i g a t i o n  o f  t r a n s f e r  

function:: 1,o ::w i f  t h e i r  time rc::pnce fit:: t h e  t i m e  opec i f i cu t ionn  

c:in be s i m p l i f i e d  by uei.ng Beck's method ( 8 )  t o  mechanize t h e  

t ram f e r  funct ion.  

P l o t  T1 and Tu on Bode p l o t .  

Step 2) S e l e c t  a "model" t r a n s f e r  func t ion ,  Tm, whose Bode p l o t  

See f i g u r e  2.2. 

l i e s  between t h o s e  o f  TI  and Tu. 

i:; p r e t t y  much a r b i t r a r y  a t  t h i s  point .  

c o n f l i c t  exi:;t, t h e n  l o c a t i o n  o f  T, can be s h i f t e d  and/or t h e  model 

and bour.dary t r a n s f e r  fbnc t ions  could be re-selected ( see  s t e p  2, 

example 2, :;ection 3.2). 

irig o f  t h e  "model" re:;pon::e t o  t h e  response o f  t h e  nominal p l a n t .  If, 

f o r  example, t h e  model is chosen such t h a t  i t s  response i s  t h e  

minimum al lowable and t h e  nominal plant i s  chosen such t h a t  i t s  

response i s  t h e  maximum ponsible ,  then,  a change i n  plant parameter, 

(which must be a decrease i n  p l a n t  response) must cause a n  i n c r e a s e  

i n  system response i n  o r d e r  f o r  t h e  system response t o  s t a y  wi th in  

s p e c i f i c a t i o n .  That i s ,  the d i r e c t i o n s  o f  change i n  p l a n t  response 

arid system response are con t r a ry .  If t h i s  i s  t h e  s i t u a t i o n ,  then it 

Within t h e s e  boundaries, t h e  choice 

If it i s  l a t e r  found t h a t  a 

The problem seems t o  be p a r t l y  i n  t h e  match- 

can be expected t h a t  some d i f f i c u l t i e s  ( if  n o t  i m p o s s i b i l i t i e s )  w i l l  

be  encountered i n  t r y i n g  t o  form a L o ( s )  t h a t  fol lows t h e  minimum 

bour1d:irie:: on t h e  complex plane s p e c i f i e d  by t h e  p a r t i c u l a r  choice of 

Tm arid Po. For t h i s  example t h e  model transfer f'unction was chosen 

equ:il t o  t h c  lower boundilry tr:m::fer funct ion,  i.e., T, = T 1  = 2/(s+2), 

: t i :  t t i i  :: :;uti ::.f'ic:: t h e  ubovu con:: i d e r a t i  on and ::irnylifies t h e  

c:tl culti t  ions ( s e e  t:iblc 2.1, i Tr,JT1 i column). Thi:: was p l o t t e d  on 
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ri gure 2.2 u r d  t h e  fol lowing c a l c u l a t i o n s  made; 

If' magnitude of  T, .=. % , 
and magnitude o f  T i  .=. x i  , 
then 20 l o g  Xm - 20 log x i  = 

20 l o g  % .=. y,db 

20 l o g  x i  .=. yidb 

20 l o g  (x,/x~) 

= ( ~ m  - Yj-)db 

j0.8 -13" -.0237db 0.947 II 1 .o 0 db 00 

j1.O -15' -.03>3db 0.922 It  1 .o 0 db 00 

j2.0 - 2 3 O  -.lo0 db 0.794 II 1 .o 0 db 00 

r 

i j4.0 -2yo -.l9> db 0.638 I1 1 .o G db 00 

O0 

O0 

00 

0 db 

0 db 

0 db 

j8.0 -26O -.25cj db 0.356 II 1 .o 

1.0 

1.0 

It  j20 -38' -.3495db 0.447 

j40 -',lo -.?IO db 0.309 II 

j80 -68' -.740 db 0.182 II 1.0 0 db 00 

j 200 -1.123db 0.075 II 1 .o 0 db 

Table 2.1 M:ignitudc and Phase Ratios 
f o r  Example 1 

For. high frequencie:: t h t :  -Lo minimum boundaries due t o  Tu ( l e f t  

: : ide) mu::t ovr:ntu:illy l i e  i n  the 1::t quadrant no t h a t  t h e  L o ( g )  t o  

bc formed c:m cro:;:: t h e  180' pkia::e l i n e  (po:;itive real a x i s  due t o  

t iegat ive ::ign be fo re  Lo) .  Therefore,  t h e  s e l e c t e d  wxls should 



-20 

Figure 2,2 Bode P l o t  o f  S p e c i f i c a t i o n  : ! 
Boundary and Model f o r  Example 1. ' i  ~ : 

-40 
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< ; v t . t ~ t , t i , ~ j  J;y 111. I : ]  I . ~ J ) c :  c:ii~~iiy,kl 1.o I I J ~ V I :  1 . I i i : :  ( ;oi1(1 I t , i o i l .  ;;c;f: , j w x  = j;'oO 

rni r i imurn buund:iry i n  figure 2.3. 

The excess  po le  t y p e  transfer fkmction TA = 4.l/(s+4.1) 

approximat.ely sat isf ies  t h e  upper s p e c i f i c a t i o n s .  If it was used 

(in::te:id of Tu = 't(s+32)/32(s+4)) t h e  r a t i o  lT,/TAl would be npproxi- 

mately 0.3 (ym-yu '3 -6db) f o r  a l l  w 2 1-5 rps ,  and i.t would take a 

much la rger  bandwidth t o  reach the  phase crossover  o f  L o ( j w ) .  

d iscuozion o f  s t e p  1. 

See 

Step 3 )  Pick  some value of t he  p l a n t ,  within i t ' s  area o f  

v:iri:it,iori, t o  b c  the  nomin:il value,  Po($). Ucu2lly it i s  tha t  

combin:it i c)ri of' t )  L:mt p:ir:~mel,cr v:*lue:: w h i  ch correspcjnds t o  minimum 

P ( 9 ) .  

gr:iphical procedure. 

T,, see s t e p  2) l a t e r  lends  t o  d i f f i c u l t  o r  impossible cond i t ions  

on L o ( j w ) ,  it will be necessary t o  change the  Po, T, combination by 

Then Po/€' f 1.0, which f a c i l i t a t e s  t h e  complex plane 

However, i f  t h i s  p a r t i c u l a r  choice o f  Po (and 

e i the r  r e - s e l e c t i n g  Po o r  T, or both. 

picked. 

on f i g u r e  2.3, and resu l t ing  L o ( j w )  on figure 2.4. 

In  t h i s  example Po = 1.0 w a s  

Then 0.1 4 Po/P f 1.0 f o r  all w ' s .  Resulting p l o t  i s  sho-wn 

Step 4) Determining l o c i  o f  -Lo(jwx) m i n i m u m  boundaries. See 

r e fe rence  {l} f o r  d e t a i l s .  

Sce f i g u r e  2.3. Obzerve t h z t  l o c i  o f  -Lo( jwx)  due t o  Tu ( l e f t  

: : ide) mu::t 1i.e i n  2nd :md/or l o t  quadrants o f  complex plane f o r  low 

frcrpcnci  e:;. Sometime:: :A p i r t , i cu lu r  choice o f  T, will cause t h e  -Lo 
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If t 1 l i : :  i s  tkic case,  it i s  necesrmry t o  re -se lec t  Tm find repeat  s t e p  2 

(:;ce discu::siori o f  ::teps 2 and 3 ) .  

Step 5 )  Determining a f e a s i b l e  L o ( j w )  funct ion.  See r e fe rence  {l) 

f o r  de t a i l : ; .  

Note t h a t  i n  o r d e r  t o  have zero s t eady- s t a t e  error it i s  

necessary t o  h:ive :i pole  a t  s = 0, which means -Lo must be asymptotic 

with t h e  p o s i t i v e  j w  a x i s  (-POo, s i n c e  phase l a g  measured i n  clock- 

w i s e  d i r e c t i o n  from nega t ive  r e a l  axis) f o r  very low frequencies .  

See f i g u r e s  2.3 and 2.4. 

For t h i  s examp 1 e, Lo ( s ) = ( 3.2) ( 27 ) ( 60 ) ( s +4)/4s ( s+ 27 ) ( s+60 ) 

was chosen. 

Step 6) If d e s i r e d  system conf igu ra t ion  i s  two-degree-of- 

freedom system shown i n  f i g u r e  2.5, then, 

T = C/R = GP/(l+L) (1) 

where L = GPH, (2) 
R Q---+-$-- - - 

P i s  t h e  p l a n t  t r a n s f e r  

func t ion ,  and G and H are 

compensation blocks 

+-lLyI--c 
Figure 2.5 Two-degree-of- 

freedom system. 

tivailtible t o  t h e  designer .  

t hcn  (1) and (2)  becomeo 

Now if  P = Po (some nominal value of P),  

GP,/(~+L,) .=. To s T, o r  G = - Tm ( l + L o )  
PO 

=0 Lo 1 
rind CIJoH .=. Lo o r  € I = - = - % -  

P,G T, 1+L, 
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Po+PL, Tnl Lo 
PO Tm( 1+Lo 1 

1 + - (1+Lo)*P*- 

2.2 iinalygis - 
The system t i m e  reoponse r e s u l t s  are shown on f i g u r e  2.6. 

k = > and 10 (curves 3 and 4), t h e r e  i s  a s l i g h t  amount of overshoot 

(0.34% for k = l o ) ,  however it i s  wi th in  t h e  s e t t l i n g  t i m e  l i m i t s  

(fl$) and, hence, was considered wi th in  s p e c i f i c a t i o n .  With t h e  above 

For 

s l i g h t  exception, t h e  design procedure seems t o  work exceedingly 

well ,  t i t  least f o r  t h e  simple system chosen. The a v a i l a b l e  t ime 

domain u p e c i f i c a t i o n  space (boundaries shown as TI and Tu i n  

figure 2.6) i:: completely used and t h e  response i s  o f  t h e  na tu re  

, I  

: ;pcciPied by T,. 

it i s  suspected t h a t  t h e  design approachs an optimum i n  terms o f  being 

Because t h e  s p e c i f i c a t i o n  space i s  t o t a l l y  used, 

most economical i n  ga in  and bandwidth requirements. 

mu l t ip l e  cuse exurnples (examples 3 and 4), t h e s e  p o i n t s  w i l l  be  

I n  t h e  later 

di :;cu:;:;ed 3n more dot t i i l .  
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SECOND-ORDER MODEL 

1 

i 

5.1 PurPp::c or Second-order Model _--- -_- - I---I__ 

I n  chap te r  2, a. siniple f i r s t - o r d e r  model W ~ L S  i n v e s t i g a t e d  t o  

sce if t h e  "modeling" technique would work. For t h a t  purpose, R 

:: i m p l c  p i n  ch:my,ing p lun t  w:i:: :i;:::urned, and t h c  re::ult,s were very 

oncour:iging. I n  thi:; chapter ,  more complex and r e a l i s t i c  necond- 

o r d e r  pliint with varying gain,  frequency, and damping f a c t o r  i s  

assumed. 

manner, w i th in  t h e  l i m i t s  s p e c i f i e d .  However, rate of  v a r i a t i o n  i s  

assumed t o  be slow when compared t o  system response t i m e  so t h a t  t i m e  

dependence a t  t h e  parameters i s  n o t  a f a c t o r .  

( f i r s t  without overshoot,  t h e n  with some overshoot allowed by t h e  

s p e c i f i c a t i o n )  w i l l  be  i n v e a t i g i t e d  t o  see i f  a success fu l  design 

can b e  accomplished. 

A l l  p l a n t  parameters are permit ted t o  vary i n  an a r b i t r a r y  

A second-order model 

3.2 Example 2, Second-order Nodel Witkout Overshoot -- _-.-_I___- -- - _---_ 
Given: P l a n t  t.rurisfer-function P( s )  = kwp2/( s~2zpwps+wp2)  

with parameter v a r i a t i o n s :  1 f k 10 

l L w p L g  

0.6 3 zP 2 0.2 

and d e s i r e d  t i m e  domain c p e c i f i c a t i o n s  as follows: 

R i s e  time, 0 t o  90% : 1.13 t o  3.95 seconds 

S e t t l i n g  t i m e ,  21% : 2.2> t o  7-50 seconds 

Overs hoot 1 i m i  t : 0% 

Step 1) Finding t i m e  ::pec i f i c a t i o n  boundari es. 

T h e  des i r ed  ::ystem configurat ion ic t o  b e  t h e  v e r i f i c a t i o n  

model two-degree-of-freedom system ( see  ::sction 1.6), hence, TI and Lo 
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i 

llitt::t, o,lLy 11:ivt; ziri oscu::;: OJ' 1101c:: over : ,en);:  (::c:t: ::t.cp 1 

sect ivti  2.1 ). 

o r d e r  T1 i s  p e r m i s s i b l e .  

cxturqilu I ,  

'l'liorol'ore, :~::;:m&iig ii ::eoorid-order iiiodci ti second- 

By t r ia l  and e r r o r ,  it was found t h a t  t h e  t i m e  response o f  t h e  

tr:m:ifer func t ion  T1 = 1 / ( ~ + 1 ) ~  sa t i s f i e s  t h e  requirements rise 

t-irne = 3.95 seconds, s e t t l i n g  t i m e  = 7.50 seconds, and 0% overshoot.  

Sirrii1:trIy i t  w:~:: found t h a t  t h e  t i m e  response o f  t r a n s f e r  f u n c t i o n  

Tu = ~ ( s ~ 1 2 ) ~ / 1 4 4 ( ~ + 3 ) ~  sat isf ies  t h e  requirements r ise  t i m e  = 1.13 

:iecor,ds, s e t t l i n g  t i m e  = 2.29 seconds, and 0% overshoot. See 

f i g u r e  3.2. 

Step 2) I n i t i a l l y  Tm w a s  chosen equal  t o  TI t o  s impl i fy  

c a l c u l a t i o n s  as i n  example 1. 

t h i s  caused the -Lo( jwx)  loci, for jw, 'J j0.4 rps, and lower 

However, f o r  t h e  Po chosen (see s t e p  3 )  

f requencies ,  t o  l i e  i n  t h e  t h i r d  quadrant o f  t h e  complex plane. 

See f i g u r e  3.1, for jw, = j0.4. 
I 

, , I  

Fi.pre 3*l  Example of Phase Lead. 

Thi:: would r e q u i r e  Lo(::) t o  have :i phase l ead  o f  about 100°'s o r  

rrtnrr. I::: nre 1,- i c t.n htlve j i  nnl P :it. t .he  nr i  ai n \  whi r-h mi rtht hn 





or P,. 

are:! b e t w f p  T 1  arid Tu, i.e. T, = 4/(~+2)~. 

- L o ( j w x )  l o c i  f o r  low frequencies  then  l i es  i n  t h e  second quadrant 

:IS des i red .  See f i g u r e  3.4. The fol lowing c a l c u l a t i o n  were made 

from Bode p l o t ,  f i g u r e  3.3 ( see  s t e p  2, example 1, s e c t i o n  2.1 f o r  

.[I, w:t:: tlc;ci dud t o  cfL:irip;c T, t o  tkle n t idd lc  o f  t h e  ullowsble 

See f i g u r e  3.3. The 

method). 

i 
-21.36' 

-25.800 

-41 . 74' 

-97.46' 

-78. 80° 

-90.380 

-1 23. -75O 

- 143.46O 

-164.29' 

- 167.96' 
- 173 TO0 

1 T d T U  1 -- 
9% 

. 891 

.n61 

.708 

. 501 
309 

.24>3 

.io35 

,0343 

00933 

.00623 

.00>24 

wx r p s  

0.4 

0.8 

1.0 

2.0 

4.0 

8.0 

10.0 

20.0 

40.0 

80.0 

100.0 

200.0 

----_. I Tm/T1 I 
1.109 

--- 

1- 396 

1.567 

2.512 

3 388 

3.802 

3 890 

3.890 

3.981 

3.981 

3.981 

3.981 

Table 3.1 Magnitude and Phase Ratios 
f o r  Example 2. 

+ Tm/T1 
1_- - 
20.96~ 

33.600 

36.81O 

36.86O 

24.44O 

14.43O 

11.16O 

=, 74O 

2.86O 

1.44' 

1 . 14' 

540 

Step 5 )  Agxin, a:: J n  s t e p  3 of  example 1 ( s e c t i o n  2.1), the  

m i r i i r u m  v:iluo o f  P ( c )  wu:: pickcd t o  be nominal value,  Po(s),  i .e. 

l 'o(; ;)  = l/(n2+le%scl). TIIF: required ca l cu la t ionu  were performed 
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p l o t ,  f i g u r e  3.4. 

Steps 4 and 5) Determining - L o ( j w x )  min imum boundaries l o c i  

and f e a s i b l e  Lo(jw) f u n c t i o n  as p e r  design procedure given i n  

r e fe rence  {l}. For t h i s  example, Lo(s) = (2.5)(25)/s(s+25) and i s  

p l o t t e d  i n  f i g u r e  3.5. 

Step 6) System conf igu ra t ion  i s  t h e  v e r i f i c a t i o n  model (see 

s e c t i o n  1.6), s o  that 

k w 2  
2 2 s 4.22 w s+w P P  P 

.- 4 s 2+ 25 S+ 6~ -- . 
(s+2)2 S2+25S 

-- ---------I--- - - - 
1 kw2 . 62.5 + -. ---.-.-- 

s2+1.2s+l s 2 +22 w S+W s2+25s 
P P  P 

4 . -- ( ~ 2 + 2 5 ~ + 6 2 . 5 )  kw2( s2+1 .2s+l) -. 

( s c ~ ) ~  (s2+25s)(s2+2zpwps+wp2) + 62.5kw2(s2+1.2s+l) 

3.3  Analysis o f  Example 2, Second-order Model - Without Overshoot -_--- -̂ -- - - -- - -~ 
The system t i m e  response r e s u l t s  are shown on f i g u r e  3.6. For 

K = 1, wp = 1, zI)= 0-2  (curve 2 of f i g u r e  3.6), t h e  system response 

hu:: a s l i g h t  undershoot ( f l a t t e n s  o u t )  whick: may be unds i r ab le  

xlthough c t i l l  wi thin s p e c i f i c a t i o n .  Thin i s  probably caused by 

t h e  :;y:;tern poles,  due t o  t h e  p l a n t ,  being t o o  far away from t h e  

cornpen::ution zero:; , Po( E )  t o  provide e f f e c t i v e  cance l l a t ion ,  and t h e  

[)ole from t h c  o r i g i n  no t  niov.hF; ou t  f u r  enough (only reached 

:: = 1.4). :;eo jiole-zero p l o t  or t r u n z f e r  f i n c t i o n  ( f o r  system 

rc;:pori:;c :;hewn .in fj g u m  3.6),  f i g u r e  3.7. 
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Figure 3 .4b  Complex Plane P l o t  o f  
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Figure 3.6 System Response Curves 
f o r  Example 2. 

= 2.-,a 
LO s ~ + 2 5  

Ti : 
T, : 
Tu : 
1 :  
2 :  
3 :  
4 :  

I--I: 
I I :  

- .  

Lo we r s pe c i  f i c a t  i o n  boundary 
Model response 
Upper s p e c i f i c a t i o n  boundary 
System response for K = l ,  wl, ~0.6 
System response f o r  K = l ,  wl, ~ 0 . 2  
System response f o r  K = l ,  w=3, z=O.2 
System response f o r  K = l G ,  -1, z=CC 
% Overshoot l i m i t  
Rise t i m e  bolmdaries (G-gO%) 
S e t t l i n g  t i m e  boundaries (&l$) 

3 
3 



'Ir 

* "t 
! 

I 

' ' , i  Figure 3.7 Dominant Pole-Zero P a t t e r n s  I ' 1 -  

f o r  System Responses o f  Example 2. 
Note: 

x i ' s  shows l o c a t i o n  o f  poles  f o r  
d i f f e r e n t  system responses due t o  
p l a n t  parameter v a r i a t i o n s  as 
fol lows : 

XI : K = l ,  -1, z=O.6 
~2 : K = l ,  -1, 2~0.2 
~3 : K = l ,  -3, ~Z0.2 
x4 : K=10, Sl, 2~0.2 

0 '8  shows l o c a t i o n  o f  zeros  (same 
f o r  all responses)  

i 

I 
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l l k g , r  I! = I, I ’  = I)*, (rc:ipori;;e 1) : ~ c t u i r l  ct*ncel.I.:ft, ion (JCCU2”s :md the 

;:y::tei~i respn: :e  i:; t h u t  o f  t h e  s e l e c t e d  “model”. For responses 

3 and 4, t h e  po le  from t h e  o r i g i n  combines with a far-off  po le  and 

become a c o q l e x  p a i r  o f  f a r -o f f  poles.  

undes i r ab le ,  t h e n  moving t h e  compensation ze ros  (Po( s ) )  toward t h e  

l o c a t i o n  o f  t h e  complex po le s  f o r  response 2 could be attempted. 

However, if undershoot r e s t r i c t i o n  i s  not  p a r t  o f  t h e  s p e c i f i c a t i o n s  

tlien the system response i s  within s p e c i f i c a t i o n  arid t h e  design is 

aucce:::iful. 

If the  undershoot i s  

3.4 Ex:imlle 3 ,  Second-order Model With 10% Allowable Overshoot -__ - - -- --- -- 

Given: P l a n t  t r a n s f e r  f’unction, P( s )  = kwp2/(s~+2zpwps+wp2), 

with parameter v a r i a t i o n s :  1 5 k f 10, 

1 5 wp 4 3 ,  

0.6 2 zp 3 0.2. 
I 

and d e s i r e d  t i m e  domain s p e c i f i c a t i o n s  as fol lows : 

Rise time, 0 t o  90% ; 0.90 t o  3.95 seconds, 

S e t t l i n g  t i m e ,  21% : 2.95 t o  7.50 seconds. 

Overshoot 1 i m i t  : 10% 

S t e p  1) Fir,dipg time spec i  f‘i cation boundaries. 

The des i r ed  system conf igu ra t ion  w i l l  be t h e  same as example 2 

(:;ectiori 3.2). 

example 2, t h e  same T 1  = 1 / ( ~ + 1 ) ~  i s  used f o r  t h e  lower boundary. 

By inve: : t igut ing t i m e  responses o f  t r a n s f e r  funct ions o f  t h e  

Also,  s i n c e  t h e  lower s p e c i f i c a t i o n s  are t h e  same as 

nature Tu = b(z+c)2/c2(s2+:is+b), it was found t h a t  

Tu = 4(::+8)2/64(s2+2.4s+4) approximately sat isf ies  t h e  requirements 

r i : ;c t i m e  = 0.90 seconds and s e t t l i n g  t i m e  = 2-95 ceconds with 10% 

ovcr::iioot. h e  f i g u r e  3.8. 



CuFves for 1 Example 3. 
- 1  

T1 - (s t1)2 

- 4 ( s c ~ ) ~  
Tu - s2t2.4s+4 64 



33 

I 

3 

i , ..I 

St,ep 2) Choosing Tm. The s a m e  Tm as example 2 ( s t e p  2,  

: :ect ion 3.2) w a n  chouen, Tm = 4/(~+2)~, as it s t i l l  l i e s  approximately 

i n  middle o f  area between T i  and Tu of  t h i s  example. 

The fol lowing c a l c u l a t i o n s  were t h a n  made from f i g u r e  3.9. 

See figure 3.9. 

.ir TrlJTl.4 - -. - 
-14 3 3 O  

-2>. 280 

-28.72O 

-30 47' 

-96.690 

-79.04O 

-95. 90° 

-1 33.29O 

-15>.1oo 

-167 .41° 

I T d T ,  I 

935 

793 

.7 243 

= 543 

596 

. 462 

-380 

.129 

.0359 

0 00933 

wx rps 

0.4 

0.8 

1.0 

2.0 

4.0 

8.0 

10.0 

20.0 

40.0 

80.0 

---- ITm/Tl I 
1.101 

10 396 

1 567 

2.512 

3 388 

3.802 

3 890 

3 890 

3 981 

3.981 

Table 3.2 Magnitude and Phase Ratios 
f o r  Example 3 .  

W d T 1  --- 
20.96~ 

33. bo 

36.81° 

36.86O 

24 . 44O 
14.4fj0 

1 1 . 1 6 O  

5 74O 

2.86' 

1.44O 

Step 3) Choosing Po(s).  The same Po used i n  example 2 ( s t e p  3 ,  

:;ection 3.2) was chosen. See r e fe rence  (1) f o r  d e t a i l s  of method, 

appendix A f o r  Po(jw,)/P(jwx) da t a ,  and f i g u r e  3.10 f o r  r e s u l t i n g  

p l o t .  

Step:> It iind k)) Determining l o c i  o f  - L o ( j w x )  minimum boundaries 

;ind fc:L::ible Lo(jw) func t ion .  

r c f s r ence  { 1} e 

See design d e t a i l s  given i n  
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For t h i s  example, two d i f f e r e n t  L o ' s  were formed, 

LOA = (4.4)(202)(s+7)/7s(o+20)2 and, 

= (1.2>) (2.7) (12.5) (~+O.8)/0.8~( ~+2.7) (~+12.5). LOB 

See f i g u r e  3.11. 

The f i rs t ,  LOA, was an  i n i t i a l  a t t e m p t .  The second, LOB, 

was a r e s u l t  of t r y i n g  t o  form a b e t t e r  design and use  more of t h e  

allowable s p e c i f i c a t i o n  space. 

Step 6) System conf igu ra t ion  i s  t h e  v e r i f i c a t i o n  model (see 

s e c t i o n  1.6), so  t h a t  

o r  TA = T,[(s~+40s2+631.43s+1760) kw2(s2+1.2s+l)] + 

[(s3+40s~+400s)(s2+2epw*s+wp2) + 

251.43kw2(s+7)(s2+1.2s+1)] 

and TB = Tm[(s3+13.2s2+86.48s+42.19) kw2(s2+1.2s+1)] + 

[(s3+13.2~2+33.75~) (s~+2zpwps+wp2) + 

52. 73kw2( s+O .8) (s2+102s+l )] 

where Tm = 4/(~+2)~ 

3.9 Analysis o f  Example 3 ,  Second-order Model With 10% Allowable 

Overs hoot 

The system time response r e s u l t s  are shown on f i g u r e  3.12 a & b e  

Observe t h a t  i n  case A, figure 3.l2a, t h e  response curves are c l o s e l y  

grouped t o g e t h e r  and does not  e f f e c t i v e l y  u t i l i z e  t h e  allowable 

s p e c i f i c a t i o n  space. Referr ing t o  t h e  complex plane,  f i w r e  3-10, 

it can be seen t h a t  LOA i s  conservat ive i n  t h a t  t h e  a c t u a l  l o c a t i o n  



-20 



39 

I 

1 

i 

i 

, 

t h i s  c:ue t h e  ph:i:;c r e t i t r i c t i o n  of wx = 2 r p s  i s  observed. 

The inef'rective use  of a l lowable s p e c i f i c a t  ion space suggest 

th:it :I more economical design may be poss ib l e .  This i s  attemp'ied i n  

c : J : ;~  B. Observe t h a t  i n  case  B, figure 3.12b, the response curves 

more e f f e c t i v e l y  u t i l i z e  t h e  s p e c i f i c a t i o n  space. 

f i g u r e  3.10, it i n  seen t h i t  t h e  a c t u a l  l o c a t i o n  o f  LOB, a t  t h e  wx 

frequencie:: s e l e c t e d ,  is fairly c l o s e  t o  t h e  m i n i m u m  -Lo( j w x )  

bound:irie:: due t o  Tu ( l e f t  s i d e ) ,  and t h a t  phase r e s t r i c t i o n s  a r e  

Referr ing t o  

icnored a f t e r  w = 1. The design i s  more economical i n  terms o f  

lower c r o ~ s o v e r  and drop-off f requencies ,  i .e.  i n  reduced bandwidth, 

:I:: cun be  sccri i n  f i g u r e  3.11. 

Both denign result:: are within t h e  given spec i f i ca t ions* ,  

llowever, LLgiiri, a:: i n  example '2, f o r  minimum p l a n t  parameter:: the  

:;yztem response shows undershoot, response curve 2, f i g u r e  3.12%. 

Thi:; indic:ite:-: :i dominate th i rd -o rde r  t y p e  system, see f i g u r e  3.7 

and ::cct.ion 5 . 5  of  example 2. It was thought t h a t  u s i n g  a t h i r d -  

o r d e  I' model which more c l o s e l y  "models" t h e  tictual response might 

help e l i m i n a t e  t h i r ,  undershoot. This  lends t o  example 4, i n  t h e  

n e x t  chapter .  

hnothor re:i:;on :A t h i rd -o rde r  nodel might be des i r ed  i s  t h a t  t h e  

I>(l/P(l) block i n  t h e  ve r j f i c : i t i on  model ( s e c t i o n  1.6) might be  
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Figure 3.l2a Systerr Reeponse Curves 
f o r  Example 3 ,  Case A. 

- 4.4 202 Lo - -.s+7 .-- 
s 7 (s+20)2 

T1 : Lower s p e c i f i c a t i o n  boundary 
Tm : Model response 
Tu : &per  s p e c i f i c a t i o n  boundary 
1 : System response for K = l ,  wl, z=0.6 
2 : System response f o r  K = l ,  wl, 2~0.2 
3 : System response f o r  K = l ,  w3, 230.2 
4 : System response f o r  K=lC,  w = l ,  ~ 0 . 2  
- : % Overshoot l i m i t  
t i  : Rise t i m e  boundaries (0-90%) 
I I :  S e t t l i n g  t ime boundaries (51%) 



Lo we r s p e c i f i c  a t  i o n  bouzdary 
Model respcnse 
Upper s p e c i f i c a t i o n  bomdsry 
System response for K = l ,  -1, 2=0.6 
System response f o r  K = l ,  wl, 230.2 
System response for K = l ,  w3, 2-0.2 
Systelr response for K=lO, wl, ~ ~ 0 . 6  
System response f o r  K=10, wl, 2~0.2 
% Overshoot l i m i t  
Rise time boundaries (O-9O$) 
S e t t l i n g  t ime boundaries (31%) 
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d i t'f i C:II 1 t-. t,o c:oil:*truct. J f  t h o  two-deEree-of-f rcedom system of  

t ; . ~ : i r i i j , ~ ( ;  I (::in(;,, 0 ,  ; : c : c i . i i J t i  ; # .J )  j : :  c I e : ; i u ; i I ,  i . l l c :r i  e(i,) :it I, 3 o 

Cori:;idUr:iti.on:: recpi rc 'l', t o  h a v e  u t  l eas t  one more excess pole  than 

Po, or f'or the  being used (second-order) T, must be  at l eas t  

th i rd -o rde r  ( s e e  d i scuss ion  of  s t e p  1, example 1, sec t ion  2.1). 
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CHAPTER IV 

THIRD-ORDER MODEL 

I 

i 

I 

11.1 In t roduc t ion  
__I I_-- 

I n  t h e  fol lowing example, t h e  design s h a l l  a t tempt  t o  con t ro l  

tlic under::hoot t y p e  responce for minimum p l a n t  parameters while 

arectine; t h e  :;am s p e c i f i c a t i o n  of  example 3 .  .It a1:;o i l l u s t r a t e s  

i,hc chinee i n  model requirements f o r  :I d i f f e r e n t  choice of  des i r ed  

::y::tcrti configurat ion.  

I n  ex:imple 3 ,  t h e  e f f e c t s  of  over-design (conservat ive)  was 

noted. I n  t h e  fo l lowing  example, under-design s h a l l  be i n v e s t i g a t e d  

t o  cee if t h e  :;y:;tem response t h e n  exceeds s p e c i f i c a t i o n s .  

4.2 Ex:%le 4, Third-order Model With 10% Allowable Overshoot 

Given: 

- ____I__ _c~__----I_--.__- 

P l a n t  t r a n s f e r  func t ion ,  P( s )  = kw2/(s2+2zpwps+wp2) 

with parameter v a r i a t i o n s :  1 4 k 6 10, 

1 6 wp 3 ,  

0.6 1 z 3 0.2. 
P 

and d e s i r e d  tjrne doxiain s p e c i f i c a t i o n s  as fol lows : 

R i s e  t i m e ,  0 t o  90% ; 0.90 t o  3.95 seconds 

S e t t l i n g  t i m e ,  21% : 2-95 t o  7 . y  seconds 

Ove r :: ho o t  1 i m i t  : 10% 

Step 1) Finding t i m e  s p e c i f i c a t i o n  boundaries. 

The des i r ed  ::y::tern conf igu ra t ion  w i l l  be t h e  two-degree-of- 

freedom ::y:;terri o f  ex:zmplc 1, ( s e e  s e c t i o n  2.1, s t e p  1). Therefore 

T1 uiu:;t LC :it 1o:i::t t . ~  third-order.  tr:in::f'cr funct ion.  

i rij; t.irao r*e::lion.:c of tr:iri,;fcr f imct  ion:: o f  thc form 

'rl = :Lb2/(n+:!)(::ib)%, i t  WL:: found thcrt T1 = 20 / (0+1)~( s+20) ,  

By i n v e s t i g a t -  
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,::it,i :,Pi r ; : '  i , k i ( :  rc(iiii r.c:rnsnt:: r.i:;e time 3.95 ::c:oorid::, s e t t l i n g  

i,iurc: = / . I ,(J : : < : ( : ( J l i ( ~ ; : ,  r iricl O$ ovf ; r : : im) t , .  ;;imil:J rly, by i r i v c : i I , i p L j r q  

t, i mc y'e:uIwn::c:: of' tr:iri:;fer func t ion  o f  t h e  form 

Tu = :ic(::+d)(s+e)2/de2(s+a)(s2+bs+c), 

i t  was found t h a t  

Tu = (2) (4) (s+6.25) (~+8)~/(6,23) (64) ( s+5)  ( s2+2.4s+4), 

:~pproximutely :::itisfies t h e  requirements, r i s e  t i m e  = 0.90 seconds, 

::ettling t i m e  = 2.9') seconds, and 10% overshoot. 

time o f  Tu i:: 0.95 seconds, o r  O.O> seconds more t h e n  t h a t  s p e c i f i e d  

:I:: t h e  minjmm r ise  t i m e ,  0.90 seconds). The t i m e  response of  t h e s e  

bourid:i r y  tr:in::fcr funct ions :ilonyrJ with t h o s e  o f  ex&mple t h r e e  ( f o r  

conip:iri ::on) tirc ::hown i n  figure 4.1. 

(The a c t u a l  r i s e  

Stcp 2 )  Choosing T,. 

C:ireft.iul examination o f  t h e  ::ystem response curves o f  example 3B, 

f igure  3.12b, shows that p a r t  o f  t h e  reason f o r  t h e  undes i r ab le  

rc::pon::e (under::hoot) of curve 2 may be due t o  t h e  r e l a t i v e l y  l a r g e  

r ise :ind n e t t l i n g  t i m e  allowed between t h e  model t r a n s f e r  f u n c t i o n  

t irric re::punso curve T, and the lower s p e c i f i c a t i o n  boundary t r a n s f e r  

furictj  on time response curve T1. 

r ise  t i m e  between response curves Tu and Tm (measured a long  90% l i n e )  

i:: 1.09 second:: whereu:; betweert T,(t) and T l ( t )  i s  2.00 seconds, 

:inti t h e  i l l l o W L b l e  s e t t l i n g  t ime between response curves Tu and Tm 

(Ine:i::urod :ilorig 21% o f  1.0 lhit:;) i :: 0.35 seconds whsreas between 

rc::pon::c CUI'VC::: Tm and Tl i s  4.20 second::. 

Figure 3.12b shows t h e  al lowable 

Note, itowover, thiJt, f o r  apl)roxirn:itely t h e  f i rs t  two seconds t h e  

re::pon:*c CUI'VC:: o f  t h e  ::y::l.ern 1 ie between response curves Tu and T,. 



- A LV .- TI - (s+1)2 s+20 

Tu = L : 

s+5 ( s C S ) ~  6.25 s2+2.4s+4 
' 



1 

‘ril*it i ;:, thc: ::y.:tc:m j n i t j  ally re:;ponds between T, ( t )  and T m ( t )  but 

teridc t o  reach ::i,e:ldy-::tat,e between T,(t) and T l ( t ) .  

t h a t  t h i s  could be c o n t r i b u t i n g  o r  a l lowing t h e  poor system response. 

If t h e  system could be made t o  r e a c t  between response curves Tu and 

T,, a more reasonable  response might be obtained. 

by choosing Tm c l o s e r  t o  T1 on the Bode p l o t ,  r a t h e r  t h a n  n e a r  t h e  

c c n t e r  o f  t h e  al1ow:zble area. This ,  a t  least, decreases  t h e  t i m e  

between T m ( t )  and T l ( t ) .  

con::idcr:ition:: mentioned i n  step 1, example 2 ( s c c t i o n  3.2). 

Prom t h e  above cons ide ra t ions ,  t h e  fo l lowing  model was picked. 

It was f e l t  

This was attempted 

T, w a s  no t  chosen equal  t o  TI due t o  

Tm = (l.2~)2(2~)/(.+1.2~)2(~~2~). See figure 4.2. 
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Step 3 )  Choosing Po(s). The same Po used i n  example 2 was 

cho::en. 

Po(,jwx)/P(jwx) d:ii,:i, a n d  figure 4.3 f o r  resu1t j r ic  p l o t .  

S c c  rc fcrence  (1) f o r  de ta i l s  of  method, appendix A f o r  

Step:: 4 and ; I )  Determining l o c i  o f  -Lo(jw,) minimum boundaries 

:md feu::i.ble L,( jw) f i n c t i o n .  See design d e t a i l s  given i n  

re ference  {I]. 

For t h i s  example, t h r e e  d i f f e r e n t  L o ' s  were formed, 

LoA - - ( 2 )  (20)  ( ~ 0 0 2 ) / s ( s + 2 0 ) (  s+>oo)2, 

Lo B = (1.~)(1~)(~~~O)(7~)/s(s+l~)(s+~~O)(s+74O), and 

Lo c = (0.28) ( 20 . f ,  ) (400 ) ( 650 ) ( s+o .I> ) / 

O . ~ ~ S ( S + ~ ) ( S + ~ O . ~ ) ( S + ~ O O ) ( S + ~ ~ O )  

SL'C f i g u r e  4.4 

Note t h a t  t h e  excess poles over zeros  o f  t h e  L o ' s  (eL = 4) a r e  

o m  m o m  then  t h a t  of T, (eT = 3 )  as required t o  have h ( t )  = 0 

u t  t = 0, ( see  d i scuss ion  o f  s t e p  1, example 1, s e c t i o n  2.1). 

The f i r s t  loop  t ransmiss ion ,  L,A, was an i n i t i a l  a t tempt .  The 

sccond l o o p  t rnnsmiss ion ,  LOB, is t o  determine t h e  e f f e c t s  o f  under- 

design. 

econontj c u l  design. 

S t e p  6 )  Sy:;teni conf igma t ion  i s  t h e  two-degree-of-freedom 

The t h i r d  loop t ransmiss ion ,  Loc, i s  an  attempt a t  a more 

::y::tem of ex:*mple 1 ( s t e p  6, s e c t i o n  2.1), s o  t h a t  

T = GP/( l+G??€t) = Tm( l+Lo)P/(P,+PL,) 

o r  TA = T, ~(::4+1(;20:;3+2.7x10~::2+')x106=+107) kw2(s2+1.2s+l)] .i 

[(n4+1~;_)cjc3+2.7x10~:~2+~x106s (s2+2xpwFs+wp2) + 
107k-w 2 2  ( s  +1 . 2::+1)] 
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Ov e rl: ho o t 

C:i::c A. 

- - - - 

After dr:*wing t h e  magnitude and phase on t h e  Bode p l o t ,  

r ipre 4.4, t h e  d:it:i f o r  t h e  design f r e q u e r x i s s ,  wx, were t r a n s f e r r e d  

t o  f i g u r e  4.3, f o r  a check. 

Lo(::) f o r  w l e s s  t h a n  two l i e  below t h e i r  boundaries. However, t h e  

L:y::tem re::ponse cu -ves ,  f i g u r e  -$.?a, show t t a t  t t i s  chofce of L o ( s )  

It w8.s found t h a t  t h e  d a t a  p o i n t s  o f  

i.:: w i th in  s p e c i f i c a t i o n  except when the p l a n t  i s  neer  K = 1, w = 1, 

9: = 0.2, where t h e  r ise time i s  j u s t  o u t s i d e  o f  s p e c i f i c a t i o n s  (by 

O.Ol, secondz o r  l a c s ) .  The response f o r  m i n i m u m  p l a n t  parameters 

still h :i :i ::light f l a t t e n i n g  out  e f f e c t .  Note t h a t  t h e  design i s  

cclnserv:itivc i.r: t h c t  a l a r g e  nnicunt of t h e  al lowable t i m e  response 

::p:qce ( p n r t i c u l u r l y  t h e  allowable overshoot)  i s  not  used. 

Case  B. In t h i s  c u e ,  t h e  e f f e c t  of under-design i s  sought. 

LOB, l i e s  ju::t below Lo* (from 2.5 t o  5 db). This roughly amounts 

t C J  :I lowering of t h e  crossover  frequency by one-half c r  a ga in  

decro:I:;e o f  about 2>%@ 

})h:isc d:J.til o n  f i g u r e  4.3, zhow:: LOB lier, below t h e  minimum - L o ( j w )  

See f i iyre 4.4. P l o t t i n g  t h e  magnitude and 
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hurid:ii.i (::: f o r  : i l l  wxl:: u::cd i r i  Llic design.  

ciirvc::, f'ipprc! lt.jlb, show t h e  r i se  time i s  exceeded f o r  K = 1, 

w = 1 t o  3 ,  z = 0.2, by 0.13 t o  0.64 seconds. Hence, i gnor ing  t h e  

--&( j w )  mi rtiniwn houridzrie:; doe:: 1e:nd t o  :A :;y::tem response which 

cxcecd:. thc: fl;iven :.I)ecii'ic:iCior:::. 

Thc system respoiit:t> 

C: i : :c  C. .In C:i::o A, the de:* i  r,n d j  d not, fully u.1,j.lize t h e  

:illow:i t i l e .  ::peciJ'i c a t  ion s1I:icc (:I:: s h o w  by tile time response curves,  

f j  gurc 4,5a), p:Articularly w i t 1 1  r e spec t  t c  over::hoot. This case 

:Ittempts t o  corre3ct t h a t  and i n  so doing o b t a i n  a more economical 

dcrign. 

Note from Bode P l o t  f i g u r e  3 . 3 ,  example 2 (no overshoot) 

(:.ection 3.2) and f i g u r e  4.2 of t h i s  example, t h a t  t h e  s i g n i f i c a n t  

d i f f e rence  i n  T u ' s ,  due t o  overshoot,  occurs f o r  approximately 

one-holf t o  tw ice  t h e  overshoot co rne r  frequency, o r  f o r  t h i s  case 

from w = 1 t o  4 r p c .  Therefore, it seem2 reasonable t h a t  t o  f i l l  t h e  

::l)eci i'ic:il,iori ::l,:ice, t h e  design I,,(::) should be o s  c lose  as posz ib l e  

t.o t h e :  minimum - L o ( j w )  boundarier, due t o  Tu, over  t h i s  range. I n  

t r y i n i ,  t o  pick such an L o ( s ) ,  it w a s  found t h a t  t h e  minimum boundary 

f o r  wx = 0.4 r p s ,  i n  f i g u r e  4.3, could not be m e t .  The r e l a t i v e l y  

high p i n  requi r e d  a t  wx = 0.4 rps (12 t o  16 db) means a po le  must be 

i n t r o d c c e d  s h o r t l y  t h e r e a f t e r  t o  b r i n g  t h e  m:Lpitude down t o  t h e  

lwei required ::round wx = 1 rp::. But a pole  introduces more phase 

l:lg, were f c : : : :  11li:~::e l a g  i s  needed (i.e. phase l e a d  from -90' i s  

rcqii.ircd i n  t he  r m g e  wx = 0.4 t o  2 rps) which s h i f t s  t h e  choice o f  

Lo(::)  back t o  t h e  r i g h t  :ind :iwzy frorr. t h e  -Lo(jw) boundaries due t o  

Tu. Thcref'ore the c a i n  rec;uirerr[c,nt u t  wx = 0.4 rps  must be ignored 



i.f j t  i s  de:sjred t o  f i t  t h e  L o ( s )  curve t o  t h e  minimum boundaries due 

t o  Tu i n  t k ~ c  rej1;ion o f  wx = 0.8 t o  I; r p s .  

theorem of L:lfJ1:1CC tr:lnnform theory,  it i s  suspected t h a t  t h e  s e t t l i n g  

From t h e  f i n a l  va lue  

t i m e  and/or overshoot mky be out of s p e c i f i c a t i o n  due t o  Lo(jw) being 

so fa r  from t h e  -Lo(j0.4) boundary. 

The attempt t o  f i l l  t h e  s p e c i f i c a t i o n  space while i g n o r i n g  t h e  

minimum l e v e l s  f o r  wx = 0.4 r p s ,  0.2 r p s ,  e t c . ,  

l c d  t o  a system response which exceeds s p e c i f i c a t i o n s ,  see f i g u r e  

4.>c. 

ch:inged and a new design ca l cu la t ed .  

f o r  t h e  f i r s t  coGple o f  seconds t h e  response i s  within spec i f i ca -  

t ion, which could b e  roughly p red ic t ed  by Laplace t ransform t h e o r y  

i n i t i o 1  value theorem, although t h e  s p e c i f i c  change over from t h e  

domoin of i n i t i a l  va lue  theorem t o  t h e  domain of f i n a l  value theorem 

cannot be e x p l i c i t e l y  s t a t e d .  

( s ee  figure 4.3) 

I n  o r d e r  t o  c o r r e c t  t h i s ,  a g a i n  e i t h e r  Tm and/or Po could be  

Observe, or, figure 4.512, t h a t  

A corcparison o f  response curves 2 o f  example 4 case Cy f i g u r e  

4.>c, with t h a t  o f  example 3 case B, f i g u r e  3.l2b, shows t h a t  t h e  

undershoot w a s  s i g n i f i c a n t l y  reduced. This might t end  t o  i n d i c a t e  

that a dominant t h j  rd-order model helped reduce t h e  undershoot, 

except it was n o t i c e d  t h a t  Tm i s  r e a l l y  no t  a dominant t h i rd -o rde r  

t r a n s f e r  func t ion ,  i . e .  t h e  pole  i o  f a r -o f f  (s  = -25) and not  c lose ,  

:I:: is necer:::ury f o r  a dominant t y p e  system. However, t h e  improvement 

mi@t be a t t r i b u t e d  t o  mobing Tm c l o s e r  t o  T1 and the reby  a t t a i n i n g  

:I  better Po, T, rxitch. The design was terminated a t  t h i s  p o i n t ,  i n  

o r d e r  t o  i n v e : : t i p t e  t h e  dorcin:int pole-zero design approach. 



E g n e  4.52 System Respame Curves 
f o r  Example 4, Cc l~e  A. 

2 20 5002 L o =  - 0 -  

s s+20 (s+>00)2 
Ti : Lower spec i f ica t ,  ion boundary - 
Tu : Model r e spcme  
Tu : Upper s p e c i f i c a t i o n  bou-qdsrjr 
1 : System response f o r  K = l ,  Tw=l, z=C.O’ * e  

2 : System response for K = l ,  w=l, ~ 0 . 2  
7 : System response f o r  K=19 ~ 0 . 2  
i; - .  . $ Overshoot l i i i i i t  

I-4 : Rise t i m e .  bsundarj-es (O-9O$) 
I I : S e t t l i n g  t ime boundaries (+i@ 

: system respcnse f o r  K = ~ o ,  v,=19 z = ~ . ;  



Figure 4.3b System Respmse O u v e s  
f o r  Example 4, Case B. 

T1 : Lower s p e c i f i c a t i o n  b o m d a r y  
T, : Model response 
Tu : Upyer s p e c i f i c a t i o n  boundary 
1 : System response for 1{=ly ~ 1 ,  z=CI06 
2 : System response f o r  K=1, ~ 1 ,  ~ 0 . 2  
3 : System response f o r  K = l ,  ~3~ 2=0.2 
4 : Sys%em response f o r   io, -1, z=O.2 
- : % Overshoot lirriit 
~4 : W s e  t i m e  boundaries (O-sC$) 
I I : Sett1.ing t i m e  boundaries (fl$) 
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9.1 h1.1)o:ie of 1nvc:;t.i a t i n  u Dominilnt Pole-Zero Des@ - - B - - _ k L . .  __I-_ ___- 
A dominant pole-zero design, u s ing  t h e  s p e c i f i c a t i o n s  and p l an t  

o f  example 4, s e c t i o n  4.2, s h a l l  be performed i n  order  t o  compare 

t h e  r e s u l t s  and see  i f  any use fu l  information can be gained with 

regard t o  e l imina t ing  t h e  undershoot t ype  response, 

The design procedure i s  a r e c e n t l y  improved technique developed 

by Horowitz (10). 

can be checked, however, f o r  d e t a i l s  o f  t h e  method Bee 

re ference  {lo} 

The fol lowing r e s u l t s  a r e  shown so t h a t  t h e  work 

>.2 A Dominant Pole-Zero Des* 
-I_- - - ---- 

Step 1) Determining t h e  range o f  v a r i a t i o n  o f  p l an t  on complex 

plane.  For t h e  given p l a n t ,  

P = kw2/( s2+2zpwps+wp2) , 
1 s  K 6 LO, 1 f wp 5 3 ,  0.6 4 zp 1 0 . 2  

d i f f e r e n t  values  o f  t h e  parameters where s u b s t i t u t e d  i n t o  t h e  

equat ion and t h e  r e s u l t i n g  equat ion solved f o r  s .  

f o r  w = 1, z = 0.6, P/k = l/(s2+1.29+1) = l/(s+0.6+jO.8)(~+0.6-j0,8). 

The viilues o f  s were then  p l o t t e d  on t h e  complex plane and t h e  

boundary determined, s ee  f i g u r e  5.1 a r e a  ABCD. 

For example, 

Step 2) Determining t h e  range o f  v a r i a t i o n  o f  acceptab le  

response on t h e  complex plane. Calcu la t ions  similar t o  those o f  

s t e p  1, were performed f o r  T1 and Tu o f  example 4 ( s t e p  1, s e c t i o n  4.2). 

See f i g u r e  5.1 a r e a  MNQS. It must be noted t h a t  over damped s o l u t i o n s  

o f  h igher  f requencies  w i l l  s a t i s f y  t h e  a c t u a l  given t ime s p e c i f i c a t i o n s  

and hence i n c r e a s e  t h e  a r e a  of acceptab le  v a r i a t i o n s ,  p a r t i c u l a r l y  
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:ilong t l ie riop;itive r ea l - ax i s .  Thus t h e  de::i.p t h a t  i s  uccoinplished 

he re  i:; probitbly n o t  t h e  b e s t  p o s s i b l e  from t h e  method. 

t h e  purpose he re ,  i s  t o  ga in  information f o r  c o r r e c t i n g  t h e  design 

method o f  thi:: r e sea rch  and so cond i t ion  as similar t o  t h o s e  

p r ev i  ous 1 y us  e d w e  re a t  t empt ed . 

However, 

Also observe i n  f i g u r e  3.1, t h a t  t h e  accep tab le  region o f  

v : t r i a t ion  iz tiingent t o  t h e  p l an t  region of v a r i a t i o n .  Again, it 

ju::t hpjJened t h a t  t h i s  i s  S O .  

i:; such a3 t o  :illow t h e  regions t o  overlap and hence t h i s  design i s  

probably ove r ly  r e s t r i c t i v e .  

The des i@ procedure o f  Horowitz {lo} 

Step 3 )  Mkpping accep tab le  region MNQR i n t o  X, Y plane.  

Sever:il rough c a l c u l a t i o n s  were made t o  determine a x , ,  

t h a t  a 8 o f  twelve would be s u f f i c i e n t  s o  d e t a i l e d  c a l c u l a t i o n s  

It seemed 

were performed on a desk c a l c u l a t o r ,  u s i n g  t h e  fol lowing equations.  

Y = (iTX/P,) + (Pr - Z2/Pr2) and, 

Y = qx-s , )  t a/(x - S,) 

where Pr and S, are de f ined  by, 

Td( s )  = PrPf/( S2+s,S+Pr) (‘+Pf) 7 

pf i s  c l o s e s t  f:Lr-off pole  and s u b s c r i p t  d denote dominant p a r t .  

The range o f  v a r i a t i o n  of S, and P, were t h a t  o f  the accep tab le  

region o f  1 f Pr f 9 ,  1.2 5 Sp f 6. 

f i p r c  5.2 and l abe led  MNQR. 

The r e s u l t s  are p l o t t e d  on 

S t e l )  4) Mupl).inp; plant v:lri:J.tion region ABCD i n t o  X, Y plane.  

&lppi.rip; i:: :iccorripli::hed by l e t t i n g  X = Sp and Y = Pp, where 

SI) find P[, :ire def ined by 
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S p e c i f i c a t i o n  Space. 

X 



' I  1' k/;; ( :;c-+,e ,ml,+P1,); 0.4 f SI, f 3.6, 1 5  PI) f 9 

and miipping t h e  region o f  ( s  2 43s +P ). The r e s u l t s  a r e  p l o t t e d  on P P  

figure 9.3 :ind l abe led  A ' B ' C ' D ' .  

Step 2) F i t t i n g  A ' B ' C ' D '  i n t o  M'N'Q'R' and c a l c u l a t i n g  dominant 

loop  t ransmission.  

A ' B ' C ' D '  was f i t t e d  i n t o  M'N'Q'R' as  shown on f i g u r e  5.2. 

The p o i n t s  X = 11.62, Y = 17-95, Sp = 1.45, Pp = 4.83 were used 

:is check po in t s .  Then ( see  (10)) 

X = Sp + kK = 1.45 + kK = 11.62 3 kK 

Po = if/kK = 12/10.17 = 1.18 

Y = PI' + kKS0 = 4.<:3 + 10.l~So =: 17.93 ==+ 

10.17 

So = 1.287 

and L d ( s )  = kX(s2+Sos+Po)/s(s2+Sps+Pp) 

=: 10.1(s2+1.29s+l.18)/s(s2+Sps+Pp) 

kKPo X 
NOW pf = - -. - - SO ( p f ) d n  = if/(Pr)max = 12/1-44 = 8.5 

P r  'r 

(q, wax = 1.2 obta-ined from f i g u r e  5.1) 

Step 6) Check o f  8 and determining f a r -o f f  poles  o f  L ( s ) .  

The Area A ' B ' C ' D '  of f i g u r e  5.2 w a s  p l o t t e d  onto f i g u r e  5 . l t o  

chcck t h e  angle  of depar ture  of  t h e  zeros of system domi,nant 

ch : i roc te r i s t ic  equation. 

:i:;sumed, t hen  t h e  angle  of depar tures  checked f o r  t h e  A ' B ' C ' D '  

A lag corner  frequency at  w =: 8 w a s  

boundary or1 f i g u r e  5.1, :md found sati:;f:ictory. 

Therefore, z t n r t i n g  with L = kK/s and pf = 8 ,  an average 

-S)db/oct:ive :;lope w:t:: a:;::umed between wcl and wc2 and L ( s )  formed 

on thc Bode p l o t ,  f igure '1.4. wc2 was chosen us t h e  poin t  where 
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Figure 5 * 3  Mapping o f  P l a n t  
Var i a t ion  Region 
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L(:;) cru:;sc-:d Lhe 20 l o g  90 = 39.ldb l i n e  (kwZmax of  example 4, 

s e c t i o n  4.2, Lr; 90). The r e s u l t  it: 

L ( s )  = [ l ; l k ~ ~ ( s ~ + 1 . ~ ~ ~ + ~ . 1 8 ) / ~ . ~ 8 s ( s ~ + ~ z ~ ~ ~ , s + ~ ~ ~ ) J  x 

~(8)(l~~)~8OO)(~OOO)(s+~~)/~~(s+8)(s+16O~(s+8OO)(s~~OOO)) 

Step 7 )  System Configuration: 

The two-degree-of-freedom system of example 4 ( s t e p  6, s e c t i o n  

2.1) i s  desired.  From {lo}, 

G ( s )  = Y(s)/d.f(s) 

and H ( s )  = K(s2+sS,+PO)nf/d1(s)r(s) 

where ~ ( 3 )  can be doninant f ixed  poles  and zeros  t o  s a t i s f y  

s p e c i f i c a t i o n s  o t h e r  t h a n  response i n  acceptable  re&’ 21 on 

(not  used)  

dh ( s )  i s  t h e  f a r -o f f  poles  added t o  L t o  s i m p l i p j  G, 

d h ( s )  i s  t h e  f i r - o f f  po le s  o f  L, and 

nf (s )  i s  t h e  f a r - o f f  zeros  o f  L 

o r G = l , H = L  

4 Resul ts  o f  Dominant Pole-Zero Des& ,)e’ -----I_--__---- 

The s y s t e m  response, f i g u r e  5.5, shows a c l o s e l y  grouped set  

o f  response:: (only l i m i t i n g  cases were shown) p r e t t y  much centered 

i n  the :Lllowa.ble s p e c i f i c a t i o n  space. No undershoot was noted. 

Neetllc:;:; t o  say, t h e  s p e c i f i c a t i o n s  are satisfied, 

A 1,r)ok u t  t h e  dominiint pole-zero p a t t e r ] ]  o f  t h e  t r a n s f e r  

func t ion ,  f , i iprc !,.6, show:; :L very oimple p a t t e r n .  The only no tab le  

fc:i ture is tlruit t h e  p o l c  frwi the o r i g i n  (o f  L)  has moved p a s t  

tlic :.cro i l t  :J = -8. Thai, i s ,  t h e r e  i s  no po le  between t h e  complex 

pjir of pole:: and t h e  fir:;lA zero o f  t h e  t ransfer  funct ion.  



figure 5.5 System Response f o r  
_I Dominant Pole-Zero Design 

T1 : Lower s p e c i f i c a t i o n  boundary 

1 : System response for K = l ,  -1, 2 ~ 0 . 6  
2 : System response f o r  K = l ,  -3 ,  z=0.6 - 

3 : System response f o r  K=lO,  -1, z=0.6 - . 

Tu : Upper s p e c i f i c a t i o n  boundary - 

: % Overshoot l i m i t  
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Ilowc;vc;r, tlii ,: w:i:: IJrcvi ou:: notcd ( s e c t i o n  3 . 5 )  $3:; the  probable c w s e  

ol' thc  unc1er::tloot. Therefore,  t h j  :i dosi  En j . n v e : : t i p t  ion wu:: of 

l i m i t e d  value i n  t r y i n g  t o  determine t r o u b l e  s p o t s  o f  t h e  frequency 

method. 

i 

i 



ClfAPTER Vl 

CONCLUS I ON 

I 

6.1 Final Analysis 

Comparison of t h e  ga in  crossover f requencies  o f  t h e  f i n a l  

design o f  examples 3 and 4 f i g u r e s  3.11 and 4.2, shows t h a t  t h e  

highcr  o rde r  model (example 4, s e c t i o n  4.1) r e s u l t e d  i n  ti lower ga in  

crossover frequency o f  approximately one  iZRlf '  t h e  previous value. 

It .is suspected t h a t  h igher  order  m d s l s  w i l l  r e s u l t  i n  a lower 

gsin c r o s m v e r  frequency with a r e s u l t a n t  i n c r e a s e  i n  t h e  complexity 

of t h e  system. 

r e t u r n s  w i l l  b e  reached e i t h e r  i n  terms o f  increased complexity 

I t  i s  a l s o  s r spec ted  t h a t  a poin t  o f  diminishing 

(Compare t r a n s f e r  func t ions  o f  s t e p  6, s e c t i o n s  3.4 and 4.2) or i n  

terms o f  s i g n i f i c a n t  decrease i n  ga in  crossover frequency. 

I n  each o f  t h e  mul t ip l e  design examples (examples 3 and 4) it 

was found t h a t  t h e  mos t  economical design, i n  terms o f  lower cross- 

over and drop o f f  f requencies ,  was t h e  one t h a t  most f u l l y  u t i l i z e d  

the allowable s p e c i f i c a t i o n  space. That i s ,  f o r  a given - L o ( j w )  

minimum boundarien map, a b e s t  design e x i s t s ,  but a t  p re sen t  it seems 

a m i t t e r  of t r i a l  and e r r o r  t o  r i n d  it. However, by keeping i n  mind 

the p o i n t s  brought ou t  by t h e  previous i n v e s t i g a t i o n ,  such as having 

L,(s) i n t e r s e c t  t h e  boundaries due t o  Tu and fo l lowing  t h e  minimum 

l e v e l s  as c l o s e l y  as p o s s i b l e  i n  t h e  regions o f  s i g n i f i c a n t  change 

(duo t o  change i n  requirements,  such as a l lowing  overshoot) i n  the 

Bode p l o t ,  t i  reasonable design may be obtain.  

If il p a r t i c u l a r  -L,(jw) minimum boundaries map leads t o  

p a r t i c u l a r l y  d i f f i c u l t  o r  impossible requirements on L o ( s ) ,  t h e  

system t r a n s f e r  func t ion  model, T,, and/or nominal pla2nt, Po, can be 
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r.c;lor:.JLocl O T  t;h:i:i);r;cl t o  y i e l d  8 bctt.F:r m : L p .  Note t h a t  when t h e  p l a n t  

i:* :it i t , : !  r : r J i i i i r i : i l  V : J ~ I A C ,  t!:c ::y::torrr re:ijjuri:;c i:c t h : j t  o f  T,I,. I n  t h i n  

p:ipcr, the  riorriinnl. plant, Po, wt:: picked as t h e  smallest va lue  o f  the 

I,l:m?,, s o  t h i t  any p l a n t  v a r i a t i o n s  was above o r  from t h e  nominal 

value.  Therefore, i n  t h e  examples t h e  d i f f e r e n t  system responses due 

to p l a n t  p:iramc.ter v a r i a t i o n s ,  a t  least  i n i t i a l l y ,  w a s  from T m ( t )  

towdrdr, T L l ( t ) .  If -the nominal p l a n t  value i s  picked s o  t h a t  v a r i a t i o n  

tire around it r a t h e r  t h a n  j u s t  above it, t h e n  it i s  suspected t h a t  t h e  

s y s t e m  re3por1se would be about T,(t). 

p a p e r  due t o  t h e  d i f f i c u l t y  i n  a r r i v i n g  a t  a s a t i s f a c t o r y  s c a l e  f o r  

t h e  complex pl:ine -Lo( jw,) mi r i j  mom boundaries map. 

This  was not, t r i e d  i n  t h i s  

It r n w t  be s t r e s s e d  t h a t  computer ( e i t h e r  nnulog or d i g i t a l )  

v e r i f i c a t i o n  O P  t h e  r e s u l t s  seems t o  be an i u t e r g a l  p a r t  o f  t h i s  

design metlmd, a:i nothing w t i s  noted t h a t  would p r e d i c t  t h e  nature of' 

t h e  response. For example, t h e  response might be damped o s c i l l a t i o n s  

wi th in  t h e  time s p e c i f i c a t i o n  boundaries. When properly execxted, 

t h i s  procedure does p r e d i c t  a design which sat isf ies  a t  l e a s t  t h e  

t h r e e  parameters checked, i.e. rise t i m e ,  s e t t l i n g  t ime,  and over- 

shoot ,  and ( a t  l eas t  i n  t h e  exam2les) tends t 3  fo l low t h e  response 

of t h e  model. 

The preceeding i n v e s t i g a t i o n  shows t h a t  t i m e  domain spec i f i ca -  

t ion:; can be t r a n s l a t e d  t o  frequency domain s p e c i f i c a t i o n s  via 

: : l jecif icat ion modeling, a t  least  f o r  t h e  "Frequency Response Approach 

t o  t h e  S e n s i t i v X y  Problem" de::ign method presented i n  reference il}. 

The procedure ent2il.s picking model:: which bound t h e  t i m e  dornain 

.;pee ii'iciition:: and tran::fer t h e s e  specification:;  t o  t h e  frequency 

I 
I 



dom:iin. Then p i ck ing  a model o f  t h e  des i red  nominal system response. 

Arid f i n u l l y ,  form-ing a. nominal l o o p  t ransmission,  which i n i t i a l l y  

may seem t o  be more art  t h a n  technique, but with p r a c t i c e  becomes 

r e a d i l y  apparent.  

From t h i s  i n v e s t i g a t o r ’ s  viewpoint, it seems t h a t  t h e  modeling 

technique  should work whenever it i s  des i r ed  t o  t r a n s l a t e  from t h e  

t ime domain t o  t h e  frequency domain, however much i n v e s t i g a t i o n  i s  

y e t  t o  be done i n  t h i s  rima.. 
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~ . i ~ i ’ l ~ ~ i ~ l ~ l  x h 
Po ( .j wx)/F>( j wx)  DATA FOR SECOND-ORDER PLANT 

Determining P ~ / P  area o f  v i i r i a t i o n  on complex  p l a n e  f o r  

po(jw,) - s2+2z w S+W 2 P P  P 
-I___. e -  

P( jw,) k w  2 ( ~ 2 + 1 . 2 ~ + l )  s=jwx P 

P 
0.4 1.0 0.2 

0.6 
1.2 0.2 

0.6 
1 .J, 0.2 

0.6 
2.0 0.  2 

0.6 
3.0 (3.2 

0.6 

wx r p s  wp r p s  Z 
__ ___- - 

0.8 1.0 

1.2 

1 .5 

2.0 

3.0 

1 .0 1.0 

1.2 

1 . :) 
2.0 

3.0 

0.2 
0.6 
0.2 
0.6 
0.2 
0.6 
0.2 
oe6  
0.2 
0.6 

0.2 
0.6 
0.2 
0.6 
0.2 
0.6 
0.2 
0.6 
0.2 
o .6 

-_--- 
0.8339 - jO.2872 
1.0000 - jO.0000 
0.8661 - j0.3362 
0.0028 - j0.0969 
b.atsrJ3 - jb.3863 
U.99l.l - j0.1892 
0.9026 - j0.4209 
0.9846 - j0.2769 
0.9088 - jO.lt258 
0.9635 - j0.3601 

0.4135 - j0.2192 
1.0000 - jO.0000 
0.4338 - j0.4160 
0.9208 - jO.2334 
0.4399 - j0.5803 
0,8293 - j0.4343 
0.4338 - j0.7123 

0.4155 - j0.8118 
0.6104 - j0.7387 

0.7260 - j0.6027 

0.3333 - jO.OOO(3 
1.0000 - jO.0000 
0.2778 - j0.2346 
0.8333 - jo. 2546 
0.2222 - jO.4629 
0.6667 - j0.4629 
0.1667 - j0.6296 
o .yoo  - j0.6296 
0.1111 - j0.7407 
0.3335 - j0.7407 
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3.0 

20.0 l e 0  

1.2 

1 .:, 
2.0 

3.0 

P 
0.2 
0.6 
0.2 
0.6 
0.2 
0.6 
0.2 
0.6 
0.2 
0.6 

z - 

0.2 
0.6 
0.2 
0.6 
0.2 
0.6 
0.2 
0.6 
0.2 
0.6 

0.2 
0.6 
0.2 
0.6 
0.2 
0.6 
0.2 
0.6 
0.2 
0.6 

0.2 
0.6 
0.2 
0.6 
0.2 
0.6 
0.2 
0.6 
0.2 
0.6 

0 . 7398 + j0 3252 
1.0000 - jO.0000 
0.4695 + j0.1537 
0.6875 - j0.1175 
0.2445 + j0.0181 
0.4185 - j0.1987 
0.0651 - j0.0813 
0.1953 - j0.2444 
-0.0709 - j0.1445 
0.0172 - j0.2529 
0.9380 + j0.1932 
1.0000 - jO.0000 
0.6410 + jO.llg0 
0.7200 - j0.0462 
0.3910 t jO8O538 
0.4320 - j0.0753 
0.1970 + j0.0097 
0.2240 - jO.0871 
0.0780 - j0.0817 
0.0374 - j0.0172 

0.9849 + j0.0993 
1.0000 - jO.0000 
0.6802 + j0.0613 
0.6929 - j0.0189 
0.4307 + j0.0318 
0.4409 - j0.0344 

0.2440 - jO.0390 
C.0973 - j0.0021 
0.1024 - jO.0352 
0.9976 + jO004O0 
1.0000 - jO.0000 
0.6922 + j0.0249 
0.6942 - j0.0084 

0.4439 - j0.0134 
0.2478 + j0.0049 

0.1089 - jO.0001 
0.1097 - jO.0135 

0.2365 + j0.0106 

0.4423 t j0.0132 

0.2490 - j0.0150 
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MI. 0 1 .0 

1.2 

1 .> 
2.0 

3 *o 

200.0 1 .o 

1.2 

1.3 

2.0 

3.0 

1’ 
0.2 
0.6 
0.2 
0.6 
0.2 
0.6 
c.2 
0.6 
0.2 
0.6 

Y* 
--_- 

0.2 
0.6 
0.2 
0.6 
0.2 
0.6 
0.2 
0.6 
0.2 
0.6 

0.2 
0.6 
0.2 
0.6 
0.2 
0.6 
0.2 
0.6 
0.2 
0.6 

I<.P,/P 

0.9994 + jo. 0200 
1.0000 - j0.0000 
0.6939 + j0.0125 
0.6944 - j0.0042 
0.4439 + j0.0067 
0.4443 - j0.0067 
0.2495 + j0.0025 
0.2498 - jO.0075 
0.1106 - jO.0000 
0.1108 - j0.0067 
0.9991: + jO.OlO0 
1.0000 - jO.0000 
0.6943 + j0.0063 
0.6944 - jO.0021 
0.4443 + j0.0033 
0.4444 - j0.0033 
0.2499 + j0.0012 
0.2499 - j0.0038 
0.1110 - jO.0000 
0.1110 - j0.0033 
0.9999 + jO.0040 
1.0000 - jO.0000 

0.6944 - j0.0008 
0.6944 t j0.0025 

0.4444 + j0.0013 
0.4444 - j0.0013 
0.2500 + j0.0005 
0.2500 - j0.0015 

o.ilii - j0.001.3 
0.1111 - jO.0000 


