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1. Int roduct ion  

When sampling from a mul t iva r i a t e  normal population, t h e  researcher is  

f requent ly  forced t o  cope with incomplete da ta .  The data may be incomplete 

because not a l l  elements of the  mul t iva r i a t e  observation vectors  a r e  recorded 

on every occasion ( t h e  'missing data ' problem) o r  because , i n  some cases,  c e r t a i n  

l i n e a r  combinations of  t h e  elements of t h e  observation vectors  a r e  recorded r a t h e r  

than the  individual  elements. Such data may a r i s e  by chance due t o  the  p e c u l i a r i t i e  

of the  da ta  c o l l e c t i n g  procedure o r  the re  may be economical o r  physica l  reasons 

f o r  c o l l e c t i n g  the  data  i n  incomplete form. For example, it may be c o s t l y  t o  make 

c e r t a i n  measurements on t h e  experimental u n i t  so  these  measurements a r e  no t  taken 

every time whereas the  l e s s  c o s t l y  measurements a r e  made. 

I n  a recent  s e r i e s  of papers, E l ] ,  121, r3 ]  a maximum l ike l ihood  solut iori  was 

described f o r  the  problem of est imating the  parameters i n  the  mul t iva r i a t e  normal 

d i s t r i b u t i o n  with incomplete da ta .  In  add i t ion  t o  developing the  es t imates ,  expres- 

s ions  were developed f o r  the  asymptotic variance of these  est imates.  These 

expressions make it poss ib le  t o  a s sess  t h e  e f f e c t  of the  incomplete data on the  

prec is ion  of the  es t imates .  

I n  t h i s  paper we consider the  problem of designing the  data  c o l l e c t i o n  proce- 

dure t o  i n t e n t i o n a l l y  y i e l d  incomplete data bu t  a t  the  same time give des i red  

p rec i s  ion while s a t i s f y i n g  ce r t a  in  o ther  requirements. Spec i f  i c a l l y ,  we s h a l l  

consider the  problem of minimizing the  cos t  of ga ther ing  the  data subjec t  t o  the  



requirement t h a t  the  parameters o r  funct ions  of the  parameters a r e  estimated with 

desired prec is ion .  We s h a l l ,  f o r  s impl ic i ty ,  r e s t r i c t  our d iscuss ion t o  a  s p e c i a l ,  

but use fu l ,  c l a s s  of incomplete data problems but  t h i s  w i l l  serve t o  i l l u s t r a t e  

how one might procede i n  the  more genera l  s i t u a t i o n s  described i n  t h e  papers men- 

t ioned above. 

I n  Sect ion  2 we give a b r i e f  summary of the  n ~ t a t i o n  used i n  El] and then 

develop s p e c i f i c  l a r g e  sample var iances  formulas. The minimum cost  sample 

a l l o c a t i o n  problem and i t s  so lu t ion  a r e  described i n  Sect ion  3. Some extensions 

a r e  suggested i n  Section 4. 

2. Asymptotic Variance Expressions. 

The s p e c i a l  c l a s s  of incomplete data problems t o  be considered i n  t h i s  

development i s  t h a t  i n  which n observations a r e  taken from t h e  p-variate normal 
1 

d i s t r i b u t i o n ,  N(V~, Cl), and n observations a r e  taken on t h e  q-var ia te  normal 
2 

d i s t r i b u t i o n ,  N ( w ~ ~ ,  z2). It i s  assumed t h a t  q < p and fu r the r ,  t h a t  C2 i s  a  

p r i n c i p a l  minor of C and t h a t  t h e  vector  p2 cons i s t s  of t h e  corresponding 
1 

q-components of p, This is  j u s t  t h e  'missing d a t a '  s i t u a t i o n  i n  which a l l  p 
1 

measurements a r e  made on n occasions but  only q of the  measurements a r e  made on 
1 

n occasions. 
2 

The elements of t h e  matrices and C may a l s o  be w r i t t e n  a s  vectors  rr and 2 1 

0 with dimension p(p+l)  /2 and q(q+l)  /2, respect ive ly .  The r e l a t i o n s  between 
2 

Ul ' 5 , X2 may be described by introducing matrices C and D such C1 and k2' 2 

t h a t  



The form of D and C should be c l e a r  from the  above. The l a rge  sample covariance 

matrices f o r  maximum l ikel ihood est imates of p1 and .Z using only t h e  nl incomplete 
1 

observations a r e  denoted by V and Vsl and given by 
!A1 

Here the  matrix Ul i s  of dimension p(p+1)/2 and is  a funct ion of t h e  elements of 

. The rows and columns of U a re  indicated  by double subscr ip ts ,  say (i, j)  
1 

f o r  1 - - -  < i < j < p. Spec i f i ca l ly ,  the  element i n  row (u, v ) ,  column ( i ,  j )  f o r  

1 < u < v < p ,  1 < i  < j < p  is given by - - -  - - -  

The aiialogous q u a n t i t i e s  f o r  est imating g and I: using only t h e  n p a r t i a l  2 2 2 

observations a re  

The matrix U2 i s  defined a s  is U1 i n  terms of t h e  elements of I: and may be 
2 

obtained d i r e c t l y  from U by the  r e l a t i o n  
1 

Denoting by V a,nd VG the  l a rge  sample covariance matrices f o r  es t imat ing 
LJj 

'5 and C from the  combined sample, it is  shown in  C l ]  t h a t  
1 



Here we have introduced the  matrices A and B defined as 

with N = n + n 
1 2' 

From these  expressions we see t h a t  the  ga,in i n  prec is ion  a t t a i n a b l e ,  asymp- 

t o t i c a l l y ,  by using t h e  n p a r t i a l  observations i s  given by BDV and ACVOl fo r  
2 !JJ 1 

w1 and El, respect ive ly .  We note t h a t  the  gain i n  p rec i s ion  depends on t h e  values 

of the  unknown parameter Z and i s  propor t ional  t o  t h e  f r a c t i o n  n 2 / ~ .  The simple 

way in  which t h i s  p a r t i a l  da ta  f r a c t i o n ,  a 2 / ~ , e n t e r s  i n t o  these  expressions 

suggests t h e  p o s s i b i l i t y  of i n t e n t i o n a l l y  c o l l e c t i n g  incomplete da ta  i n  such a 

way a s  t o  obta in  prescribed l a r g e  sample variances on t h e  est imates.  Since t h e  

gain i n  p rec i s ion  o f fe red  by t h e  incomplete da ta  depends on t h e  unknown parameters,  

it is  c l e a r  t h a t  we can not hope t o  d-esign an optimal  data. co l l ec t ing  procedure 

without some p r i o r  knowledge of these  parameters. This is  usual ly  the  case i n  

sample a l l o c a t i o n  problems and appears i n  t h i s  case t o  be asking f o r  p r i o r  knowledge 

of the  elements of C. We s h a l l  now show p r e c i s e l y  what p r i o r  knowledge i s  requi red  

and w i l l  note t h a t  it is  a funct ion  of the  elements of C whose magnitude may be 

known, a t  l e a s t  approximately. 

Let t h e  elements of yl be denoted by mi, i = 1, ..., p and the  elements of 

1.h2 by mi, i e I where I i s  t h e  appropriate subset  of the  in tege r s  1, ..., p. 

Denote the  elements of C by 0 i, j = 
1 i j '  

1, ..., p and o f E  byOij9  i, j e I. 2 
- 1 i j -1 i j 

The elernents of Z a r e  deiio-Led by (s and those of Z2 by w . Denote by b i  1 

the  vector  of regress ion  c o e f f i c i e n t s  i f  the  ith var iab le  f o r  i 4 I is  regressed 

on the  va r i ab les  indexed by I. Thus the  uth component of B i  i s  given by 



2 
The corresponding mul t ip le  co r re la t ion  c o e f f i c i e n t s  a r e  denoted by R i and given by 

We s h a l l  now develop s p e c i f i c  expressions f o r  t h e  var iances  of es t imates  of c e r t a i n  

parameters and funct ions  of parameters a s  obtained from t h e  r e s u l t s  described 

above. I n  p a r t i c u l a r ,  we want t o  look a t  t h e  asymptotic varia.nces f o r  es t imates  

of m and Oii, i = 1, ..., p and pi' i = 2 ,  ..., p where the  pi a r e  regress ion  i 

c o e f f i c i e n t s  obtained by-  regress ing  the  f i r s t  va r i ab le  on var iab les  2 through p. 

2.1. Variance of Est imates of m 
i 

I f  we denote by v(mi) the  l a rge  sample variance of t he  maximum l ike l ihood  

es t imate  of the  parameter mi,then from above we see t h a t  t h e  gain i n  p rec i s ion  

is  given by 

and we obta in  

2.2. Variance of Estimates of a 
. , i j  

The gain in  p rec i s ion  i s  determined by 

I n  [l] it i s  sho~m t h a t  t h e  element i n  row ( i ,  j )  column (u ,  v )  of the  matrix 

- 1 
U, C '  U2 i s  



f o r l < i < j < p a n d u < v s I w h e r e l ~  - - - uv = 2 f o r u = v a n d k  uv = l f o r u # v .  

Note t h a t ,  f o r  example 

-I 
Multiplying on the  r i g h t  by C Ul and simplifying shows t h a t  t h e  matrix U1 C '  U2 CU LC 

has i n  row (i j) ,column ( i j )  the  quan t i ty  

o. .CJ + o' f o r  i j  e I 
1 1 j j  s j  

and 

T x Giucliu C 6 . 0  + I: SiuQju 1 BjvQiv f o r  i j  $ I. 
ue I veI  JV jv  ueI VSI 

I n  p a r t i c u l a r ,  f o r  i = j we have 

2 
2 Crii 

f o r  i e I 

If we l e t  v(uii) denote the  l a rge  sample variance of t h e  maximum lilrelihood est imate 

of aii we have 



2.3.  Variance of Estimates of the Regression Coeff ic ients ,  pi. 

I n  many app l i ca t ions ,  we a r e  not in te res ted  i n  t h e  0. a s  such bu t ,  r a t h e r ,  
1 j 

c e r t a i n  funct ions  of thern, .the most common being regression coef f i c ien t s .  If we 

write the  matrix C and i t s  inverse i n  part ioned form a s  

then the  vector  of regress ion coef f i c ien t s  f o r  regress ing t h e  f i r s t  var iable  on 

t h e  remaining p-1 va r iab les  i s  given by 

The f ~ f I n e n t s  of t h i s  vector  w i l l  be denoted by Pi, i = 2, ..., p. The l a rge  sample 

covariance matrix f o r  t h e  rnaximum l ike l ihood  est imates of $ from the  incornplcte 

data  i s  given by 

Here 7 i s  the  matrix of de r iva t ives  of p with respec-t t o  the  0 I n  p a r t i c u l a r ,  
ij" 

-the element i n  row (u, v )  column k f o r  1 - < u - < v 5 p, k  = 2,  . . . , p i s  an ./$a . 
k uv 

Al ternate ly ,  we may wr i t e  

-1 -1 
where A i s  t h e  matrix of p a r t i a l  de r iva t ives  of the  elements of C with respect  

t o  t h e  elements of C and I' i s  the  matrix of de r iva t ives  of @ with respect  t o  the  

-1 
elements of C . I n  p a r t i c u l a r ,  from [l] we have i n  row ( i ,  j) col~?nlll (s ,  t )  

nf 8-1 the  quan t i ty  



f o r  l < i  - - -  < j < p a n d l < s  - - -  < t  < p .  T h e m a t r i x r  i s  g i v e n b y  

I.'"/(&)' i n  row 11, column k, k = 2 ,  ..., p 

1 
I-{ -a 11 

i n  row lk, column k 

I O elsewhere. 

Combining we see  t h a t  row (i, j) , column k of 7 is given by 

A s  shown i n  [11, 

where K i s  the  diagonal  matrix with kuv i n  t h e  (u, v)th diagonal pos i t ion .  Thus 

if the  incomplete data  i s  ignored, t h e  l a rge  sample variance i s  given by 

I n  view of the  above development, we see t h a t  r D w  k, column h of t h i s  matrix i s  

given by 

or  i n  matrix form we have the  fami l i a r  r e s u l t  

To inves t igate  the  gain  i n  precis ion afforded by t h e  incompLete data we consider 

the  matrix TIACVbLT. Looking f i r s t  a t  the  matrix T 'AC we see from the  expressions 

f o r  7 ,  A and Va t h a t  we may wri te  



- 1 Using t h e  expression f o r  U from [l] we see t h a t  i n  row (u, v ) ,  Column (i, j) 
2 - 1 

of the  matrix KCf U2 we have 

1 i u  jv  - - 6j m + miVwJU) f o r  (u, v )  e I 
k: : 

0 f o r  (u, v )  # I . 
Recall ing t h e  form of developed e a r l i e r  we see t h a t  i f  t h e  index s e t  I does 

n  2 -1 
not contain t h e  in teger  1 , thcn  T'AC = - -I" KC' U2 i s  t h e  zero matrix.  That 

N 

i s ,  if the  p a r t i a l  da ta  does not include the  dependent va r iab le  i n  t h e  regress ion 

problem then no gain  i n  p rec i s ion  i s  achieved f o r  est imating the  regression 

coef f i c ien t s .  An inves t iga t ion  of t h e  est imation procedure described i n  Ell 

shows t h a t  t h e  es t imates  of t h e  regression coef f i c ien t s  from the  combined data 

a r e ,  i n  f a c t ,  i d e n t i c a l  t o  those  obtained by ignoring t h e  p a r t i a l  da ta  i f  t h e  

p a r t i a l  data does not include t h e  dependent var iable .  We remark i n  passing t h a t  

t h e  r e s t r i c t i o n  does not a f f e c t  t h e  gain i n  precis ion described e a r l i e r  f o r  

est imating mi and 0 
i j '  

Since the  only i n t e r e s t i n g  s i t u a t i o n  is  t h a t  i n  which t h e  in teger  one i s  i n  

I we h e r e a f t e r  assume, without l o s s  of genera l i ty ,  t h a t  I = 1 2 ,  ..., q} . 
That i s ,  t h e  add i t iona l  observations a re  made on the  f i rs t  q of t h e  p  va r iab les .  

To compute t h e  reduction i n  variance due t o  the  incomplete d a t a  we have 

which i s  r e a d i l y  computed from t h e  preceding r e s u l t s .  Af ter  sorne s impl i f i ca t ion  

we obta in  i n  row h,  column lr, 



f o r  h ,  k = 2,  ..., q 

2n 

n, N f o r  h  = 2, ..., q 

f o r  h ,  k = q+l ,  ..., p . 

Here we have introduced t h e  vector  a with components CY , j = 2, ..., p, which 
j 

a re  t h e  regress ion c o e f f i c i e n t s  f o r  regress ing t h e  f i rst  va r iab le  on va r iab les  

2  through q. 

Denoting by ~ ( 9 .  ) t h e  l a rge  sample variance of t h e  maximum l ikel ihood 
l. 

est imate of @ based on t h e  N observations we have 

f o r  i = 2, ..., q 

and 

f o r  i = q + l ,  ..., p . 
I n  summary, we see tha'r; the  l a rge  sample variance expressions f o r  est imating 

m Q or  pi a re  a l l  of t h e  form i' ii 



1 
where ;;- v1(c) represents  the  variance i f  only the  n complete vectors  a r e  used and 

1 1 
I 

f ( o )  i s  a function of the  elements of C with t h e  property t h a t  0 _< f ( a )  5 1. 

I n  the  case of mi and Gii we have seen t h a t  f o r  i = 1, ..., q, or  niore genera l ly ,  

i E I t h a t  f(0) = 1 and f o r  i = q+l,  . . , , p, or  i & I, t h a t  f ( o )  depends only on 

2 
Ri, t h e  mul t ip le  c o r r e l a t i o n  c o e f f i c i e n t s  obtained when regress ing va r iab le  i 8 I 

on the  va r iab les  i n  I. We have jus t  noted t h a t  when considering Pi, t h e  express io l l~  

f o r  f (0) a r e  more complex, requir ing a d d i t i o n a l  knowledge about the p a r a l e t e r ~ ,  

0 There are  numerous a l t e r n a t e  expressions f o r  these f ( o )  which may be i j '  

obtained. The choice of these  depends on t h e  form of t h e  p r i o r  information 

ava i l a b l e  . For example, expressions involving only mult iple R~ f o r  var ious  

2 2 2 
regress ions  appear t o  be most pala table .  To i l l u s t r a t e ,  l e t  RIP, Rlq, and Rlpei  

deno-Le t h e  mult iple cor re la t ion  c o e f f i c i e n t s  f o r  regress ing va r iab le  one on 

va r iab les  2 through p, 2 through q ,  and 2 through p excluding va r iab le  i, 

respect ively .  Let p * denote t h e  p a r t i a l  co r re la t ion  between va r iab les  1 end 1i .p  

i given t h e  remaining p-2 var iables  and l e t  R~ and R~ denote mul t ip le  c o r r e l a t i o n  
i p  i q  

c o e f f i c i e n t s  f o r  regress ing var iable  i on va r iab les  1 through p and 1 through q ,  

respect ively ,  excluding var iable  i. The following r e l a t i o n s  then enable us t o  

obta in  a l t e r n a t e  expressions f o r  v(@. ) . 
1 

To i l l u s t r a t e ,  t h e  expression f o r  f ( ~ )  i n  t h e  expression f o r  v($.  ) f o r  
1 

i = q+l ,  ,.., p i s  given by 



For i = 2, ..., q ,  t h e  expression i s  more complex, involving a l s o  t h e  q u a n t i t i e s  

2 2 
Rip and Riq. 

I n  t h e  next sec t ion  we discuss  t h e  problem of determining optimal sample 

a l l o c a t i o n s  based on p r i o r  knowledge of t h e  f ( 0 ) .  Since these  q u a n t i t i e s  a r i s e  

from asymptotic variance expressions, it i s  n a t u r a l  t o  a sk  how appropriate these  

expressions a r e  f o r  small  samples. This is ,  i n  general ,  q u i t e  d i f f i c u l t  but  

Monte Carlo s t u d i e s  f o r  p = 3 ind ica te  t h a t  t h e  asymptotic va.riances a r e  very 

c lose  t o  the  small sample variances f o r  n and n2 of t h e  order of 15. This 
1 

l imi ted  evidence i s  offered only t o  suggest t h a t  t h e  sample a l loca t ions  t o  be 

developed may be reasonably good e s p e c i a l l y  i n  view of t h e ,  l e s s  than exact ,  

p r i o r  i n f  ormat ion,  

3. The Optimum Sample Allocation Problem. 

I n  t h i s  sec t ion  we consider t h e  problem of minimizing t h e  cos t  of c o l l e c t i n g  

t h e  data subject  t o  meeting requirements on t h e  variances of the  parameter est imates.  

It i s  assumed t h a t  t h e  variance requirements a re  spec i f i ed  i n  terms of what would 

be obtained i f  a l l  complete vectors  are  observed. Thus, i n  general  t h e  r e s t r i c t i o n s  

a re  of t h e  form 

l. where - ~ ~ ( 9 )  i s  the  variance obtained if m complete vectors  a re  observed. m 

To be more s p e c i f i c ,  consider the  problem of est imating only t h e  mi and 

t h e  Oii. It i s  n a t u r a l  t o  ask  f o r  higher precis ion f o r  i s I, say i = 1, .,., q ,  

t h a t  f o r  i 4 I. Thus we s h a l l  require  v ~ ( @ ) / M  f o r  i = 1, . . . , q and vl(@)/m 



f o r  i = q+l ,  , . . , p, where M > In. Since f (a) = 1 for  i = 1, . . . , q the  cons t ra in t s  

f o r  t h i s  problem a r e  

Assume f u r t h e r  t h a t  the  cos t  of gathering t h e  data  i s  C1 f o r  ~ b s e r v i n g  

Xl 
..., X and C f o r  observing Xq+l, 

2 ..., X ,where C2 i s  considerably g r e a t e r  
q P 

than C1. This is  j u s t  t h e  s i t u a t i o n  i n  which one would be tempted t o  gather  solne 

incomplete data.  The cos t  of gathering t h e  data  i s  thus  given by 

To determine the  optirnal values of n and n we must solve the  constrained. 
1 2 

optimization problem of minimizing C subject  t o  r e s t r i c t i o n s  of t h e  type i l l u s t r a t e d  

above and t h e  obvious requirements t h a t  nl and n be non-negative. Mathematical 
2 

programming algorkthms a r e  ava i l ab le  f o r  solving such problems but we s h a l l  now 

see t h a t  t h e  problem can be e a s i l y  solved ana ly t i ca l ly .  To develop t h e  so lu t ion  

we f i r s t  d iscuss  a s p e c i a l  case i n  sub-section 3.1 then develop the  genera l  so lu t ion  

i n  sub-section 3.2. 

3.1. A Single Complete Sample Size  Specif icat ion.  

Consider the  problein of minimizing C subject  t o  the  cons t ra in t s  



where t h e  f .(D) a r e  obtained from the  expressions f o r  v(mi), v(oii) and ~ ( 6 ~ ) .  
J 

The e s s e n t i a l  point  t o  not ice  is  t h a t ,  a s  i n  our previous i l l u s t r a t i o n ,  t h e  r i g h t -  

hand s ide  of t h e  inequa l i t i e s ,  j = 1, . . . , J, i s  always l / m .  This i s  j u s t  t h e  

s i t u a t i o n  i n  which t h e  variance requirements on a l l  parameters f o r  which f ( 0 )  < 1 

a r e  based on the  same complete sample s i z e ,  namely m. 

It can be shown i n  t h i s  case t h a t  only one of the  i n e q u a l i t i e s ,  j = 1, ..., J, 
i s  ever a c t i v e ,  namely t h a t  cons t ra in t  f o r  which f . ( 0 )  i s  maximum. Let t ing  

J 

F = max f  .(o) 
j 

J 

the  problem described above i s  thus  equivalent  t o  t h a t  of minimizing C subject  

t o  the  cons t ra in t s  

The so lu t ion  of t h e  problem is  q u i t e  simple and i s  shown i n  Table I f o r  various 

s i t u a t i o n s  involving the  r e l a t i v e  magnitudes of C2 and Cl a s  wel l  a s  M and rn. 

To s impl i fy  Table I we have introduced the  symbols 

and 

One advantage of being able  t o  solve the  problern a n a l y t i c a l l y  a s  opposed t o  

a numerical so lut ion i s  t h a t  the  user  can e a s i l y  see how s e n s i t i v e  h i s  solut ion 

is  t o  h i s  p r i o r  knowledge of F. 



TABLE 1. Solutions f o r  Single ,  Complete Sample Size  Speci f ica t ion 

3.2. Dif ferent  Complete Sample Size  Speci f ica t ions .  

If t h e  variance requirements a r e  based on d i f f e r e n t ,  comnplete sample sizes, 

then no s i n g l e  cons t ra in t  dominates t h e  others.  I n  t h i s  case we wish t o  minimize 

C subject  t o  t h e  cons t ra in t s  

where t h e  1n. a r e  genera l ly  d i f f e r e n t .  
J 

An approximate so lu t ion  t o  t h i s  problem can be obtained by computing t h e  

solut ion described i n  Table I replacing F by f  .(a) and m by m . f o r  j = 1, . . , , J 
3 J 

and se lec t ing  f r o m t h e s e  so lu t ions  t h e  one which gives minimum cost .  

Tliis approximate so lu t ion  may wel l  be optimal. The opJcimality is e a s i l y  

v e r i f i e d  by checking t o  see i f  the  se lec ted  values of n  and n  s a t i s f y  a l l  of the  
1 2 



cons t ra in t s .  If so ,  t h e  so lu t ion  is  optimal. I f  no t ,  t h e  so lu t ion  i s  at the  

i n t e r s e c t  ion of two c o n s t r a i n t s ,  say, 

The point  of i n t e r s e c t i o n  i s  given by, 

Evaluating C f o r  each poss ib le  i n t e r s e c t i o n  f o r  which n  and n  > 0 and 
1 2 - 

n  t- n  > M and s e l e c t i n g  t h a t  so lu t ion  which minimizes C w i l l  then y i e l d  the  1 2 -  

optimum s  o l u t  ion. 

The genera l  so lu t ion  described i n  t h i s  sec t ion  is  conceptual ly q u i t e  

simple but  i t s  p r a c t i c a l i t y  depends on t h e  number of c o n s t r a i n t s ,  J, and the  

degree of b e l i e f  i n  t h e  p r i o r  es t imates  of t h e  f . (a ) .  The approximate so lu t ion  
J 

indica ted  above may w e l l  be adequate i n  most cases ,  

4. Extens ions. 

We have developed the  l a rge  sample variance formulas and discussed the  

optimal sample a l l o c a t i o n  problem f o r  a  p a r t i c u l a r  case of t h e  incomplete da ta  

problem. That is ,  t h e  s i t u a t i o n  i n  which we make n  observations on va r i ab les  1 
1 

through p  and n2 observations on va r i ab les  1 through q  f o r  q c p. I n  [11 and C2 1 

much more genera l  incomplete da ta  problems a r e  considered bu t  i n  general  the  

r o l e  of t h e  sample s i z e  i s  not so  simple. One c l a s s  of problems, cal led ' n e s t e d ' ,  



does suggest f u r t h e r  considerat ion.  To i l l u s t r a t e ,  suppose t h a t  i n  addi t ion  t o  

the  above we make n observations on va r iab les  1 through r f o r  r < q. This is  
3 

a ' nes ted '  s i t u a t i o n .  I n  t h i s  case ,  the  variance expressions a re  of t h e  form 

where N 
2 = "1 .I- "2' N3 = N 2 + n  3 ' and t h e  f.(~) are  functions depending on t h e  

1 

Q 
i j *  The development of the  variance formulas proceeds a s  i n  Section 2 and the  

sample a l l o c a t i o n  problem i s  t h e  n a t u r a l  extension of t h a t  described i n  Section 

3. The so lu t ion  is  genera l ly  more complicated requir ing,  usually,  a  numerical 

so lu t ion  a t  l e a s t  f o r  the  case of d i f f e r e n t ,  complete sample s i z e  spec i f i ca t ions .  

5. Aclinowledgments . 

The authors wish t o  acknowledge p a r t i a l  support during the  course of t h i s  

research by the  National Aeronautics and Space Administration, Manned Spacecraft 

Center ad rant No. NGR 44-001-095). 



-18- 

References 

[11 Hocking, R.  R . ,  Oxspring, H. H. and Waldron, B. R . ,  "Maximum Likelihood 
Estimation with Incomplete Normal Data: Pa r t  I," submitted t o  
J. American S t a t i s t i c a l  Association. - 

f2 1 Hocking, R.  R . ,  Oxspring, H. H. and Waldron, B. R . ,  "Maximum Likelihood 
Estimation with Incomplete Normal Data: Pa r t  11," submitted t o  
J. American S t a t i s t i c a l  Associat ion,  - 

[31 Hocking, R. R . ,  and Smith, W. B . ,  " ~ s t i m a t i o n  of Parameters i n  t h e  
Mul t ivar ia te  Normal Dis t r ibu t ion  wi.th Missing Observations, " 
J. American S t a t i s t i c a l  Association, Vol. 63, 1968, 159-173. - 




