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A numer ica l  mechod is d e s c r i b e d  f o r  eornpur,irzg L L Z  cxc~i_ t  .p~~meJ.L'Lity 

( tunnell ing p r o b a b i l i t y )  f fir any one-dimens f onal  pu ce:lt i,i l 1;. 2 xes,  : t 

i s  used t o  t e s t  the v a l i d i t y  of t h e  w i d e l y  use6 d p ~ ~ ~ x  l ~ t d t r  fo r ,nu l se  i a ~  

t h e  t u n n e l i n g  f a c ~ o r s  f o r  trul-icated parabolic Earracrs, T h e  method is 

a l s o  used t o  calculate t u n n e l i n g  f a c e i i ~ c  tor !i+ii exrhatige reac-cion: 
2 

u s i n g  t h e  t h e o r e t i c a l  p o t e n t i a l  s u r t g r e  zf S R a v i t t  , Stavens  , Mixan, and 

Karpllus, and i t  is shotm t h a t  s zan la rd  Eckar k and parabol ic  b a r r i e ~  

approximat ions  can y i e l d  considerabTe error, 

i I ' p r e s e n t  a d d r e s s  : l i i s t i t u i  fur P h i s  i k s l i s c h e  Cireniis, 
~ n i v e r s  f.c!i.t 6$ttial i:en, 

i- l i  34 cgt!:ingen, ~ ~ ~ ~ g e r ~ t r a s s t ~  2 t ~ ,  

Wesi Ger~~-&ng,  



.I 

Evaluation of t h e  probabi l i ty  of transmission f o r  a p a r t i c l e  impinging I . . 
on a p o t e n t i a l  b a r r i e r  has long been an Important problem i n  t h e  theore t i ca l  

11 

I treatment of chemical r eac t ion  rates. The ea r ly  use of tunneling correc t ions  

is discussed by Glasstone, Laidler ,  and ~ ~ r i n ~ . '  Their  usefulness i n  in- 

t e r p r e t i n g  t h e  r e s u l t s  of proton t r a n s f e r  react ions  hbs recen t ly  beon 

reviewed by ~ a l d i n , ~  and t h e i r  appl ica t ion t o  t h e  hydrogen exchange re- 

ac t ions  is  discussed. by Johnston, 
3 

While t h e  p o t e n t i a l  b a r r i e r  i n  a chemical r eac t ion  is i n  genera l  

multi-dimensional, a very widely used approximation has been t o  consider 

t h e  react ion a s  mot ion d o n g  a one-dimens iona l  (1-Dim) "reacrion path" 

which is  orthogonal t o  a11 o the r  modes of motion of t h e  in to rac t ing  

species .  I n  t h i s  approximation, estfnaCes of b a r r i e r  transmission rates 

have usual ly  been obtained a f t e r  approximating t h e  exact  p o t e n t i a l  by 

a model 1-Dim b a r r i e r  of one of two ana ly t i c  fomns f o r  which exact  

4 a n a l y t i c  tunneling p r o b a b i l i t i e s  a r e  known: an Eckart b a r r i e r ,  or  an 

in£ i n i t e  parabolic b a r r i e r .  An exact  tunneling p robab i l i ty  expression 

has a l s o  recent ly  been derived6 f o r  a t h i r d  p o t e n t i a l  form, t h e  i n t f n i t e  

2 
double anharmonic b a r r i e r ,  V(x) = Vo[l - (x/a - a/x) 9 ; however, t h i s  

r e s u l t  has not y e t  been applied t o  chemical problems. Although the 

r e s u l t  f o r  t h e  parabolic p o t e n t i a l  is f o r  an i n f i n i t e  b a r r i e r ,  i t  has 

2 
been widely used f o r  t runcated parabolas, probably l a rge ly  because of 

the  very convenient a n a l y t i c  expression obtained f o r  t h e  tunneling 

f a c t o r  i n  t h e  high temperature l imi t . ' l  The Eckart p ~ t e n t i a l , ~  on the 

other hand, is  f i n i t e ,  and t h e  p o t e n t i a l  and i t s  first der iva t ive  axe 

everywhere continuous; however, while i t s  exact  transmission p robab i l i ty  

is known ana ly t i ca l ly ,  t h e  tunneling fac to r  cannot b e  obtained i n  closed 



k 
A t a b l e  of Eekart runne l fng  faccois  i n r  d w i d e  range of potential 

parameter va lues  and retjuccd trmpcl:etiirc:v 7 s gS iien ill I e l .  3 ,  ( p c  44) , 

J o h n s t o n  ( p r i v a t e  eumnmunicabxe?a, li)64:! coml~ri t2d r%Eh i_db 1 e , i a i ~ ~ ~  

3 
Despi te  tire c o n v e ~ i e n c r .  sf usir.y ehr: a: ..." t y t i c i  or  ~abula :ed  resu l t s  

for the twu ma-in model haur - l e r s  mrncroned l ~ o v , ,  ishew p a t x n r f a l s  i';5.1% 

very  rarely accurately rep' ci reasirnabl e L--Datn t i t - t  ? r"lrr>.,agh an zcrts,lf 

can in nit way take accounr OE t h e  charzy*: in tile as;pp.t-eic le,4uctd !?lass 

An addi  taona2 problem associated wit11 L ! c ~ -  cC. Ee i l  ' S  forrnclae '  f o r  

pa r abo l i c  b a r r l z ~ s  Is the ui~knowzl e f fec t  of t r  ~ ~ n ~ s t i n g  t h e  har r ie r  at s 

Eiai re  h e i g h t  on t h e  traasmissiuaz coefficient, and t e u c s  nu his apprro>~--- 

mate ~xpressions f o r  the  tunneling f a c ~ o r ,  

In  t h e  next: sect ion,  a s i m p l e  rturner~cal psauccdi~:t. fs ~ ~ e s e n l , e d  For 

dr ~errn infng exact  k r a n s m l s s . i o ~ ~  ci-ieff i i i e n t s  f u r  assF l--Djr;i.  p o t e n t ;  a1  

b a x r l e z ,  Th is  approach 1s tested b y  curfipari~ig Pts predicricsas to tk -  

4 exact analytic r e s u l t  f a r  an Ee1-.%rl b a r ;  l a = ,  ?_'lit. nrnat?iic_al 3e"Lhot-l - is then  

appl ieJ  ko  t runcaked  pardboltt: h a r r i e r s  Lo ~ X ~ W Z X L &  ?Ire t , ~ % i d i ~ y  o f  Bell's 

approx imat ions ,  F i n a l l y ,  t he  u se fu lns s s  ef the  exact  I - D i m  ~ a e i l ~ n d  1s 

demonstrated by a p p l y i n g  n" t t i - !  L ~ P  c a l  c r~ lar f i sn  (;I + I . ~ L Z I ; ? E ? ~ F I ~  f 9 ~ k o k  s For 

h H+H, exchange r ~ a c t . j  on, 
A 



SCATTERING 'BY .A ' 1 n D I M  IM BARRIER 
= - - .  . -  . .  

Exact Barr ier  Passage Probab i l i ty  

Many elementary quantum mechanics texts der ive  the  exact rsansmission 

8 probab i l i ty  f o r  t h e  case of a reckaagular b a r r i e r ,  and the  present treat- 

11 
ment is q u a l i t a t i v e l y  exact ly  t h e  same. The Schrodinger equation describing 

1 - D i m  p o t e n t i a l  s c a t t e r i n g  may be writtea i n  the  dimens.fon1.e~~ form 

- 
where y = x/a, E = E / v ~ ,  B(y) = v ( x ) / v ~ ,  and 

I n  general ,  t h e  energy and length sca l ing  fac to r s  Vo and a may be 

chosen completely a r b i t r a r i l y ;  however i t  is  usual ly  cowvenient t o  

assoc ia te  them with t h e  b a r r i e r  he ight  and width. I n  Lhe present  dia-  

cussion, t h e  coordinate x along t h e  reac t ion  path is defined such tha t  

x Q - corresponds t o  reagents and x Q -k 03 t o  products. The p o t e n t i a l  

V(x) i s  everywhere f i n i t e  and approaches constant values i n  the l i m i t s  

x Q - + 03 (see  Fig. 1). E i s  t h e  energy of t h e  incoming p a r t i c l e ;  i n  

general  i t s  e f f e c t i v e  reduced mass may vary along t h e  react ion 

coordinate, and the  asymptotic reduced mass of the  reagents may d i f f e r  

with t h a t  of t h e  products.' However, t h i s  may readi ly  be taken account 

of by simply introducing a var iab le  mass 11 = ~ ( y )  i n t o  E q .  (1): o r  



a1tsrnsj-e 1.y by sca.ling -;:hi. re;ii: i i.i:i:. ':_<:t; rri il,aie a:-,p~.oprli.are?y whi:ie I ~ c l d i n g  

10 
;i f i x e d *  When i k l s  qlrei;i:ioa a r o s e  he;:? .il!c- .S.at:t:er approach w e s  used, 

ancl heaice is assumed i;o be a consrani: Ln the rest of t h e  derivation.  

For "reagentsi ' ,  k:iiz so!ui.ion:; of E q ,  (:l :r  imay h e  asyi lnptot ica l ly  ex- 

= , *  
i 3 y ~ ~ 8 e 3  as 2 1.irzeay corilbirraticrn 2.: ~ P B I ? . ~ .  ~ ~ ~ : ~ > : ~ s  l.iii.l.ner-,t :~n  ancl r e f i z c t e d  

froin t h e  b a . r _ r i e r  .;..e,, !-i;jT: j' ".. . -  m: 

I I L/'2 
where a ,  = (B., ) [ &-v d . - r~ ' l  Si-rni1.a i:?.p', partlcies v;li:j-izh t u r ~ n e l  past: 

.Y 

 he barriel: to forni ~~ode i c ' . t s  niay he i'e.icr:sbed as;qrr,ptc:~ri.c:aJ.ly by a plane 

wave moving away front t 1 - i ~  bar :- i er;  i, ~t , for  JF :ii 4 .  c*:: 

La, y 
+!(Ji) = t; ( 3 )  

- - l i 2  
7.12 p r o b a b i l i t y  of t a r r i e r  passage wk~ei-e a2 = (B~) ' . ' '  j~ - V ( - W ) ~  - 

is clearly the ratio of iiie t-r3~1',nlcted t o  t h e  iilcident f lux :  

where v and v are r e s p e c t j r r t l y  rile a s y m p t o t i c  velucrties oi: produces 
-I- - 

(+) and reagenrs (-). F'OI rixed 11. L / I T  O, / Y  and herrce 
i- - 2 3 "  



- 
To f a c i l i t a t e  computation of K(E) it is convenient t o  expand 

$(y) i n  terms of its real and imaginary pa r t s :  

$(Y) CY) 4- i 4J2Cy) 

Comparing t h i s  with Eq. (3) shows t h a t  f o r  products, at: y Q + f: 

Sta r t ing  from t h i s  boundary condition with an a r b i t r a r y  choice of 4r 
(most conveniently, L+, E I ) ,  t h e  two independeat so lu t ions  (y) and 

$,(y) may be numerically in tegra ted  back through che b a r r i e r  t o  t h e  

reagent: boundary condit ion a t  y Q - w. There they may read i ly  be  de- 

composed i n t o  

Comparing equations (2) and (6), values of AI and $ a r e  read i ly  

obtained i n  terms of values of the  so lu t ion  functions $ l (y )  and 

$, (y) a t  t h e  adjacent: in tegra t ion  mesh points  yl and yp .  Substitutjlng 

them i n t o  Eq. (4) y ie lds  



This is  the  desired si .qi lkt ,  f h e  t u d < * - k  t~l~rnarrcal integration ~,i E q .  (1) 

and the  p r a s t l c a l  aplrl.zratlon sL t he  boundary c o n d i t i o n s  are discussed  

below, 

The above mbrhed was tested by 21ppEying it t:o ::i sijn:fier.ric Kckart 

- 
b a r r i e r ,  VCy) = L C /  2 .\ 

cosh (1, , f o r  r;+l-rfch ::he exa.et K < ~ )  f unet i o n  i s  known 

was f o u r ~ d  :la 6 sing IF? p r e c  s '- 1s nu!i,c,s 1 l;;, 1 irktegra5ti,r% - y i  Cili4t:d ~(2) accurabse 

- 5 t o  w i t h i n  L,.clb? r g -  O . L ,  1-0, and 2,0. T i l l s  conrirsa the u d l i d l t y  

of t h e  present approac:t, 

J n t e g r a t i o r ~  of E q ,  !.l j arid &~?. ic+r ic ; t~  c'f Mour~darv Cciadf ti0113 - _CI_---+-- -"--- _--j .- _ _-__- -- 

11 
The Numerov metlzod Ls k n o ~ ~ f j  t t c ?  b e  a -very etPlcfet;i: a1gsrir;hm fox 

t h e  r t u ~ n e r i c a l  i n t e g r a t i o n  of a hornoge~~~.,oens l i nea r  secolrd-order d i f fe ren-c i r i l  

12 e q u a t i o n  w i t h o u t  f i r s t  d e r i v a t i v e s ,  sucli as E q ,  (I .) ,  One r e s t r i c t i o n  

- 
on. i t s  use .is t h a t  i t  assumes that t h e  p o t e a l e ~ a b  f u n c t i o n  V(y) i s  smooth, 

since when it is  n o t  an i n o r d i n a t e l y  s m a l l  increment  of integracfon i s  

r e q u i r e d  t~ y i e l d  reasonable acctlsdcy. Ln ~Ele l a z t e r  s i r_r~al ; ion a Louer- 

6 3 o r d e r  algoi-ri thm s u c h  as the Kunge- Kutta-Gf il (Rlhdi:) m ~ t h o ~ i  i :, inc e apr7ro - 

p r i a t e ,  The N G  p rocedure  r e q u i r e s  more a r i t h m e t i c ,  and one more tunr~xon 

e v a l u a t i o n  gex ~ r z t e g r a c i o r ?  .;rep t l ~a l l  cioes che h\luaoerov method, Ho\iiede~ , 

when calcula t ing the  solcbtiun at a givcr,n p s i a t  zhr;: l a t t e r  t i t i L i z e s  che 

s o l u t i o n  a t  the -- two grev ious  lt~esli p o i n t s ,  w h i l e  che former  r z q u i r e s  t h e  

s o l u t i o n  and i t s  f i r s ~  derivative ooly  ac t he  abjacenc previuus pointG 

Thus,  i f  R&CG i s  used and t h e  L ~ ~ P ~ ~ ~ T - J O M  ~nesh  C~C)SE"II S O  tbai m e s h  po in t s  

Lie a t  any p o t e n t i a l  :iopr, i ? ~ s c o r i s ~ n ~ ~ ? " t J e . ; ,  t l : ~  X S U L ~ ~ C I E T L C ; ~ ~  iiiteg-caiioct is 

i n  no way a j l f ec ted  by ttre e::'ister?,ct. of: sir( R tl~sccr~it~~auiries LAI %he 



present work, the  RKG procedure was used i n  t h e  ca lcu la t ions  f o r  

truncated parabol ic  b a r r i e r s ,  a s  they have discontinuous f i r s t  der ivat ives  

a t  y = + 1 (see below). The Numerov method was used i n  a l l  o ther  cases.  - 

For e i t h e r  algorithm the  accuracy of t h e  integrat9on improves with 

decreasing increment dy u n t i l  a 1owe.r bound is reached beyond which 

t h e  t h e o r e t i c a l  improvement i n  t h e  numerical accuracy i s  exceeded by the 

accumulated machine round-off e r r o r .  The optimum increment of in tegra t ion  

as  a function of p a r t i c l e  and b a r r i e r  s i z e  is approx5tnately given by 
. , -i ,. 

where B i s  a s  defined above with Vo being t h e  height  of the  b a r r i e r .  
Y 

The value of t h e  numerical constant  F depends on t h e  in tegra t ion  

algorithm and t h e  number of s i g n i f i c a n t  d i g i t s  of machine accuracy. On 

t h e  8-digit computer used i n  the  present  work, F = 0.18 was found t o  

be appropriate f o r  Numerov in tegra t ion ,  and F = 0.07 f o r  t h e  RKG algorithm. 

For potent ia lsewi th  a f i n i t e  range, such a s  truncated parabol ic  

b a r r i e r s ,  appl ica t ion of t h e  boundary conditions Eqs. (2) and (3)  presents  

no d i f f i c u l t i e s ,  On t h e  o ther  hand, r e a l i s t i c  po ten t i a l s  which reacll 

t h e i r  asymptotic values only i n  t h e  l i m i t s  y % + 00 can only be in tegra ted  - 

over a f i n i t e  i n t e r v a l ,  and hence t h e  exact boundary conditions a r e  never 

q u i t e  achieved. I n  t h e  present work, t h e  ends of t h i s  f i n i t e  i n t e r v a l ,  

y- and y+ , were defined a s  the  smallest values of 1 y 1 f o r  which t h e  

f i r s t -o rder  WKB convergence c r i t e r i o n  was smaller than a chosen c r i t i c a l  
I 

value. Thus, they are t h e  so lu t ions  of 



l/ I?. i ' # /  

where a ( y  1 - ( B y )  i B - ? t ? r  I . 2 x:-te chssesl conuesger;ce 

c r i r e c l o n  I c  was iiiuad h e i e  ~ii,i ? - ~ . O X I O - ~  y i e l d e d  values of 

- 
K(E) i j l f h l n  I X I O - ~  o t  i h e  exact ~nalprfc b a r 1  ier p a s s a g e  p r o b a b i l i t i e s  

f o r  Eckart b a r r i e r s  of d l i f z r ~ n ~  sizes, 

A F o r t r a n  Listing of t h e  sub~sutine used t o  Pn~egrate E q ,  11) t o  
- 

y i e l d  K ( E )  i s  give~k ii, the BppesidLx t;o Rer", 1 4 ,  

The Ttrnne l . l r ~ g _ s a c y  - L;GT! 

Ths t u n n e l i n g  f;;cr_uk is  he -i_ar-~,: af ::re i ; t i a r $ ~ t ~ m  m.e&m,ical t o  the  

of i n i t i a l  k i n e t i c  energies ~ e l d r _ i v e  td t h e  b s r r i e r -  1x7 ri;dhted 11~iL~i ib  

analogous  t o  t h o s e  of E q ,  (1) , it:. rnc2.\ b:3 wl t ~ t e . t l  ,L 3 

- 
where T = lcT/Vo, and Vo is the barr ler  height. A f t e r  ~ ~ b t s i n i r ~ i :  

K(E) v a l u e s  over a range of e n e r g i e s  by r h e  mechod presented  abo-cfc, 

Eq. (8) may be in tegra - red  t ~ u m e r i c a l l y  This quantjty is in ekfecu, 

an o b s e r v a b l e  and is the p o i n t  of eornparisow kecween t h e o r e t i c a l  and 

e x p e r ~ m e n t a l  e s t i m a t e s  of cunne L l n  g , 

APPEICATLON TO PPKABOLLC BARRIERS -.---------- 

The p o e e n r f a l  for111 th~hich appears t d  have been most  wfdeLy us& ro  

2 
accoune for tunneling Jn cherrt-ical processes ss t h e  trpjracated para,bola: 



- 
where p a r t i c l e s  may impinge on the  b a r r i e r  with energies E > 0. I n  

t h e  present  d iscuss ion,  t h e  energy and length sca l ing  fac to r s  

Vo and a always s i g n i f y  the  b a r r i e r  he ight ,  and half-width a t  i ts  

bass. It i s  apfiarent t h a t  i n  t h i s  case t h e  transmission probabiliky 

function ~ ( z )  is completely defined by khe corresponding value of B 
Y 

s ince  Eq. (1) is  precise ly  the  same f o r  a l l  b a r r i e r s  with d i f f e r e n t  

he ights  and widths, but t h e  same B , 
Y' 

It w i l l  be convenient from this point  on t o  replace B by the 
Y 

previously used , ' e n t i r e l y  equivalent  reduced parameter 

= 2197.524 V [ k c a l / ~ ]  / V [cm-'1 
0 P 

where v is t h e  c h a r a c t e r i s t i c  frequency of the harmonic o s c i l l a t o r  

p o t e n t i a l  obtained on inver t ing  t h e  parabolic b a r r i e r .  t 

While considerat ion of Eq. (1) sugges t s  t h a t  B i s  a more 
Y 

"natural" parameter, previous work with truncated parabolas 2,7 

7 used 8, which is  a n a t u r a l  parameter i n  B e l l ' s  approximate 

a n a l y t i c  tunneling f a c t o r  expressions. 

- 
It should a l s o  be noted t h a t  t h e  reduced temperature T used here is 

. . - 
e n t i r e l y  equivalent t o  t h e  previously used reduced va r iab le  a = l / ~ .  

. .  
I n  t h e  following discussion p a r t i c u l a r  combinations of temperature, 

- 
and p a r t i c l e  mass and b a r r i e r  s i z e  a r e  characterized by values of T 

-. 
and f3 . For given choices of these  quan t i t i e s ,  exact  values of K(B,E) 

and r (B ,m were ca lcula ted  by the  numerical. method presented above. 



5 It is  w e l l  knorcn thas  r i t e  extc2: t :ra~r~i:i .ssion p r o b a b i l i t y  fos 

miss ion  coeff ic le i t r r  fox a E i ~ l i ~ . :  C J L ~ ~ ~ O L I C  bar r ie r  may bc acc,uxtzLy ---- 
- r e p r e s ~ r ~ t e d  by E q ,  (1.0) , This qrresrion fs sxa~nined F.fi pig- 2 .iil-i,crs 

tkae r a t i o s  of approximate  {fr:m Eq, (.?O)) co exact  nme.;:i.c.s.!. 

- 
t t ansmiss ion  coef f i c s e ~ c s  are , 4 0 ~ e e d  sEssLnsz i Z G L  barc iers  or 

d i f f e r e n t :  s i z e s  ( d i f f e r e n t  P ks) k r f i ~  ~ p p ~ t ~ e r t * ,  . - c k h i  r i le c3-zor i -i!:.:rt:i_%t 

i n  the  u s e  of K~(B,E) f o r  f z r l i t e  bLxr j  ecz: i n c r e a s e s  w i t h  d e c r e a s i r g  

B p  and chat f o r  t h e  p a r t i c l e  a ~ d  Sarrie: sLzes considered, Zq.  (16) 

becomes s a t i s f a c t o r y  only f o r  energies above t h e  hop of ~ h ?  b d r l i e -  

( = 1) However-, i n  a l l  cases it: i s  s i g n i f i c a n t l y  i n  errof,  ac lcw 
- 

v a l u e s  of E ,  and c h i s  w i l l .  ef3ec.t: .the cetnneliag F a c t o r s  a t  low 

7 B e l l ' s  wide ly  used formulae  f o r  the  t u n n e l i n g  fac to rs  f o r  

t r u n c a t e d  p a r a b o l i c  b a r r i e l t s  are based  on E q .  (10) .  On s u b s c i t u t i r r g  

i t  i n t o  E q ,  (8) he o b t a i n e d  an analyr ic  a p p r o x i ~ n a t i o n  f o r  tlae resu l r i~ : : ;  

i n t e g r a l ,  y i e l d i n g  



Although individual  terms i n  t h i s  expansion have s i n g u l a r i t i e s  a t  in teger  
- 

values of l/BT , the re  is exact mutual cancel la t ion  of such terms s o  

t h a t  t h e  sum remains f i n i t e  and Eq, (11) is defined f o r  a l l  values of 

** 2 
I n  B e l l ' s  o r i g i n a l  treatment7 he  unkcess;r i ly r e s r r i c t e d  t h e  

use  of Eq. (11) t o  f37 > 1. 

7 B e l l  a l s o  noted t h a t  i n  t h e  high temperature regiop where 

~:($,l?) becomes 

which has been used widely. 2 y 9  The accuracies of these approximate 

formulae a r e  i l l u s t r a t e d  i n  Fig.  3 ,  where t h e i r  predic t ions  a r e  compared 
- 

t o  the  exact  numerical values r (@,TI ; t h e  s o l i d  curves used $q * (J.1) 
ex 

r 2- . 
f o r  roo, and the  broken curves Eq. (12). The breaks i n  the  s o l i d  cpsvps 

- 2  .. 

, - % P m r  a t  in teger  values of 1/f3?f a r e  a reminder t h a t  two of the  terms i n  

t h e  f u l l  expansion of r i g h t  s i d e  of Eq. (11) a r e  s ingular  aC each of '. . these  points .  

The e f f e c t s  shown i n  Fig. 3 r e f l e c t  t h e  trends seep i n  Fig. 2 ,  t he  
- 

e r r o r s  i n  t h e  approximate formulae increasing with decreasing 6 and T. 

It i s  i n t e r e s t i n g  t o  note t h a t  f o r  a l l  b a r r i e r s ,  the  simple approximate 

I formula is  as good as  t h e  more general  expression Pm wherever 

t h e  l a t t e r  is  reasonably accurate. For t h e  l a r g e r  b a r r i e r s  (6220) t h i s  
- 

appears t o  include vl r tua1ly  a l l  T 1:6. O n  the  other hand, f o r  a i i  



b a r r i e r  s izes ,  none of the approximare t o m u l a e  a r e  a t  a l l  r e l i a b l e  

f o r  

P < * ,  . . . . ---- - % ,  . . . , . --- ---------.- 
-t? I n  a d d i t i o r ~  c o  t h e  r e s u l t s  showre i n  F i g ,  3, a zalculak-ion Tor 

I 6 = 83 showed char  i r s  TY7/Tex curve has  a minimum of 
- 

0 , 5 7  a t  6'5 = 0,84,  w h i l e  f o r  alL BY > 1,05 Jr, is w i c h i n  11 of u ~ l i t y .  
-,' 

I I n  a d d i t i o n  t o  Tm and ?Ti , t h i s  iniludss Eqs. ( 7 )  and (10) i n  

2 
B e l l ' s  paper , whfch were  sugges ted  f o r  us2 i n  t h i s  r e g i o n .  T h e  i o r m e r ,  

- 
proposed f o r  T 1 / P ,  would y i e l d  curves  on F i g e  3 which would b e  

L 
i d e r r t i c a l  eo  thost! f o r  EYw o u t  L O  approxi~nat t? ly  t h e i r  m m i m a ,  and t h e n  

-- A 

would rise t o  i n f i n i t y  a t  PT = l, The l a t t e r ,  des igned  f o r  T - >.I@, 
- 

would y i e l d  n e g a t i v e  v a l u e s  of L/reX f o r  a l l  T o u t s i d e  a v e r y  narrcw 
- 

i n t e r v a l  about  T =: l / P ,  and even i n   his i n t e r v a l  i.t is s i g n i f i c a n t l - y  

1 
less a c c u r a t e  t h a n  i s  

To p u t  t h e  p r e s e n t  r e s u l t s  i n  p e r s p e c t i v e  i t  i s  h e l p f u l  t o  c o n s i d e r  

L 
C a l d i n ' s  Tab le  V I I ,  whfch c o n t a i n s  most of t h e  r e l i a b l e  da ta  on t h e  

dimensions of energy b a r r i e r s  f o r  p r o t o n  t r a n s f e r  r e a c k i o n s ,  Por a l l  

of t h e  e a s e s  p r e s e n t e d  t h e r e  P > 30 , and t h e  eernperatures cor responding  
w 

-. 
t o  f3T = 1 range between 3.30 and 2.50'~.  S i n c e  most of t h e  r e s u l t s  were 

I1 
o b t a i n e d  u s i n g  Tw (Eq.  (12) )  ,' t h e  e x p r r i m e n r a l  d a t a  f o r  t h e s e  c a s t s  

- 
must have corresponded t o  PT > 1 , and F i g ,  3 s u g g e s t s  thak  t h e i r  

d e r i v e d  b a r r i e r  pa ramete r  shou ld  be  reasonab ly  a c c u r a t e .  However, the 

p r e s e n t  r e s u l t s  c l e a r l y  demons t ra te  t h a t  i n  t h o s e  c a s e s  fox- which E q ,  (11) 
- 

had t o  b e  used (where BT < 11, the  repox ted  b a r r i e r  parameters  a r e  

probably  u n r e l i a b l e ,  



I 
A r i o f  si*_ria-cror! I n  r q i ~ ~ i h  fit.LLrs sppit>n",mat e tormuLae have been 

u s e J  i s  In s a  l c o l a l  x ~ i g  f ul-,ilclrng c o x - i ? i l i o n s  f n t -  <he i s o t o p i c  H+H2 

I S  
exchange r e a ,  tloxis. ivestoo f i t r e d  a ba raho la  t o  r h -  r e a c r i o n  parh  

16 
a r  t h e  s a d d j e  p ) i v t .  o i  a S a t o  p f e n t i a i  s e r f a c e  f o r  c c 1 l l n e a r  c o l l i s i o n s ,  

7 
and 11sed P e l l ' ;  f ro , i~nrLa~ T O  e s t i r r z i e  the t s n r t e l ~ n g  t h r o u ~ h  I C ,  T h j s  

- 
p a r a b o l i c  b a r r i e r  was 8 ,O iir:a'l./M h i g h  and tihd /: = I.! : 6 4 ,  s o  t h a t  'I? = I / f3  

.. 35 0 .  
Westorlcs p rL- 'd ic t :~d  tur!r!eli.ng f a c t o r s  a r  i000~~, 500°1(: and 295 K a r e  

r e s p e c t i v e j y  u% iclrger,  and 6% and 357, sniaLLer t h a n  t h e  e x a c t  t u n n e l i n g  

f a c t o r s  £01: tiis b a r r i e r ,  

hPLKOXLMA3 LON Ul! BAXMltRS TSY EZLaK'I APIU PiiEL4j30LIC FtTNC'TIONS: - - - ------*---- 

RESUL'YS FOR IGH, 
- ---- 

The p r e s e n t  s e c t i o n  examines t h e  a p p r o p r i a t e n e s s  o f  approx imat ing  

an actucl l  b a r r i e r  w i t ~ l  a  conven ien t  analytic f u n c t i o n ,  by c o n s i d e r i n g  

c h e  t u n n e l i n g  c o n t r i b u t i o n  t o  t n e  s i m p l e  hydrogen exchange r e a c t i o n ,  

Here t h e  e x a c t  I-Gim b a r r i e r  1 s  t aken  a s  r h e  minimum p o t e n t i a l  p a t h  

on t h e  p o t e n t l a 1  s u r f a c e  f i t ]  c u l l i n e a r  c o l l i s i o n s ,  A number o f  t r e a t -  

ments L a ~ e  p r e ~  iorls l y  e s t rmared  t h e  antoant of t u n n e l i n g  i n  t h i s  sys tem 

us  i n g  E C &  a r t  34 9,17,18, 19 palabolic 
9; is 

a p p r o x r m a t i o ~ ~ s  t o  t h e  a c t u a l  

~ o t e ~ i t ~ a l  b a r r - t e r ,  

111~ p o t e n t i a l  s u r f a c e  dsed bere 1 s  t h e  one r t p o r t d  by S h a v r t t ,  

S t e i i r - n s .  >!rnn? atio : r a r p L l ~ s  s c a l e d  hy  a i d i t o r  o r  O 8"s seccrnmended 

b y  S h a w  t t  . 18 
' T ~ P  riiethod o f  o b t a i n i n k  t h e  p r e s e n t  1 - D i m  b a r r i e r  froin 

t-hp LOW-2ne~gy p d t h  on t t ~ l s  s u r f a c t .  1s d e s c r i b e d  e l sewhere .  
10 

F i g ,  Lt 



shows the  a c t u a l  energy b a r r i e r  s o  obtained, curve A, and four  approxima- 

t ions  t o  i t .  Curves E and P a r e  respect ively  Eckart and parabol ic  1 1 

poten t i a l s  with both t h e  same height  and curvature (second der ivat ive)  

a t  t h e  maximum as the  "exact" b a r r i e r .  Similarly,  curves E2 and P 2 

a r e  Eckart and parabol ic  b a r r i e r s  chosen t o  have t h e  same height ,  and 

t h e  same width a t  ha l f  maximum as the  a c t u a l  curve. The consGant 

reduced mass used with these  p o t e n t i a l s  is v = %/3 = 0.33594 amu. 

Fig. 5 shows t h e  ca lcula ted  tunneling f a c t o r s  f o r  these  potentCals as 

a function of temperature; t h e  t o t a l  computer t i m e  required t o  generate 

curve A is less than one minute on an IBM-7094. The curves i n  Fig. 5 

a r e  labled  a s  i n  Fig.  4 ,  wi th  t h e  addi t ion  of curve S which represents  

the  tunneling fac to r s  predicted by Shavi t t  ,la who f i t t e d  an Eckart 

function t o  t h e  a c t u a l  b a r r i e r  using d i f f e r e n t  c r i t e r i a  than those used 

here.  H i s  p o t e n t i a l  had t h e  same curvature a t  the  maximum as  t h e  a c t u a l  

b a r r i e r ,  and was "selected by inspect ion t o  give a good f i t  t o  t h e  ab 

i n i t i o  b a r r i e r  over as  much of i ts  upper p a r t  as possible." The b a r r i e r  
- 

s o  obtained1' is i n  good agreement with t h e  a c t u a l  one f o r  E 2 0.7 , 

although i t  is  only 0.41 as  high; considering the  l a t t e r  f a c t ,  the  

agreement of curve S with curve A is q u i t e  surpr is ing.  

As might be expected, t h e  present  Eckart tunneling f a c t o r s  (curves E 1 

and E2) a r e  c lose r  t o  the  exact values than a r e  t h e  parabolic r e s u l t s .  
- 

However, it  is apparent t h a t  none of the  present  approximate b a r r i e r s  

y ie lds  tunneling f a c t o r s  t h a t  a r e  r e a l l y  very good, e spec ia l ly  a t  low . 

temperatures. On t h e  o ther  hand, the  manner i n  which t h e  approximate 

r e s u l t s  s t r a d d l e  curve A ( i n  Fig. 5) suggests t h a t  t h e i r  main source 

of e r r o r  l i e s  i n  the  crj-terj a used t o  f i t  tho a2proxirnat-e b a r r i e r s  t o  



the  ac tua l  one. This is confirmed by t he  f a c t  t ha t  Shavi$tls  Eckart 

wrng&a18 yielded tunneling fac tors  i n  remarkable agreement with the  ,I . . l ,  - .- - - - -  ,. - 
present exact values, despi te  the  f a c t  t ha t  h i s  b a r r i e r  is only 0.41 as 

+ " . . . high as t he  ac tua l  one. Furthermore, i t  seems ce r t a in  t h a t  fu r ther  

var ia t ion of the  two f r e e  Eckart parameters could y i e ld  even b e t t e r  

agreement with curve A. By comparison, it  wee found that: no truncated 
. , 

parabola would y i e ld  tunneling i n  good agreemeit with curve A p e r  the 

whole temperature range shown. The bes t  £it of t h i s  s o r t  (corresponding 

t o  f3 - 19)  had r(T) values which were s ign i f ican t ly  too small at hegh 
- , 

temperatures and too large  a t  loq. Thus, while the tunneling faceore 
, . 
i . 

f o r  t he  H+H2 case a r e  insens i t ive  t o  the  nature of an approximafing 
. . 

b a r r i e r  except near i t s  maximum, they a r e  very ' sens i t ive  t o  i t s  shape in 

t h i s  region. In any case, it seems c lea r  t ha t  exact numerical computations 

of I? (T) should be used whenever t he  shape of ' t he  b a r r i e r  is known, 
r " f ~ a  

, - 

CONCLUDING REMARKS 

A method has been presented f o r  calculat ing the  exact: transmission 

probabi l i t i e s  and tunneling fac tors  f o r  any 1-Dim po t en t i a l  b a r r i e r .  

7 It has been used t o  determine the  region of va l i d i t y  of Be l l ' s  approxinatq 

expressions f o r  the tunneling fac tors  f o r  truncated parabolic b a r r i e r s ,  

It has a l s o  been used elsewhere1' t o  help cor re la te  with theory some new 

experimental measurements of the  r e l a t i v e  r a t e s  of t h e  exchange reactions 

H + H2 and H + D2. 
It is apparent t ha t  the cases i n  which   all's' formulae are 

appropriate a r e  precise ly  those i n  which there  is r e l a t i ve ly  l i t t l e  
C . . ba r r i e r  transmission except at  energies close t o  and above its maximum. 

This i n sens i t i v i t y  of such r e su l t s  t o  t he  nature of t he  po ten t ia l  except 



near  i t s  maximum i s  f u r t h e r  i l l u s t r a t e d  by t h e  remarkable success 3: 

18 
S b a v i t t ' s  approximzkitm f o r  t h e  li443 tunneling, d i s c a s s ~ o  ?he 

2 

preceeding s e c t i o n .  This  sugges t s  t ha t  i f  e x p e r i m e n ~ a l  r e s u l ~ s  may bz  
- 

a c c u r a t e l y  explained us ing  Eqs. (11) o r  (12)  f o r  ~&iccs sf 13 and T 

f o r  which t h e s e  express ions  accusatePy ref 2ecr the a! ,$L ets~.iat ,ed 

parabola  ( e .g . ,  @ > 20 and f > l/a) t h e  crwcated .rlz:abola so 
.-+ 

obtained accu ra t e ly  approximazes the  SP 2rle -- i rk4 i h i l ; ; ' L ~  C C  LC d;t-ai 

1 - D i m  p o t e n t i a l  b a r r i e r  near its aaxi~i!c~im, 

The p re sen t  quan tF ta t i ve  eonirri-6matizlri or L ~ L ~  - ; ~ % < i i r , ~  3ii r q - ~ ~  < E l )  

and (12)  f o r  l a r g e  b a r r i e r  (negkig5bPe t t l~~_?eLln=,  ar, L ? ~ I  ,-ncr-rizs'l .- 

s i t u a t i o n s  w i l l  b e  r e a s s u r i n g  t o  ~ x p s r i r n e n i a 1 i ~ ~ s  W L -  hcve ~ t % a  ic;ar-- 

p r e t i n g  t h e i r  d a t a  using t h e s e  exp re s s ioas ,  b l s o ,  the  pcesen-l machsd 

o f f e r s  a  way of t r e a t i n g  ca se s  where tuumelilzg is  important a t  energias 

w e l l  below t h e  b a r r i e r  maximum, but  f o r  which the E c l a r t  f u n c t i o s ~  resul l ts  

a r e  no t  s u f f i c i e n t .  However, one should nemzmber t h a t  the  .cdrkoke af the 

present  approach i s  based on t h e  r a t h e r  s t r o n g  assumption thap: a r ;~a lz i -  

dimensional problem may be  meaningful ly  represen ted  i n  1-Dian ,  T h e  

v a l i d i t y  of c h i s  approximation has r e c e n t l y  been exarnified by TruhSar 

This  work was suppsrred i n  pare: by National Aeroiiautfcs and 

Space Adminis t ra t ion  Grant NGL 50-302-902.. The aut!~ors  are a l s o  g r a c e f e l  

t o  the, Nat iona l  Research Council  0.t Canada f o r  s u p p o r t ,  and &or -the ma.-$ 

of s cho la r sh ips  t o  two of us (RsJ .L . .  and K . A b Q . )  la addit~on, K G  J,L. 

would Like t o  ehank P r n f e q s n r  Rf-chard B, S ~ r n c t e r n  bo- 5% cncDaregemer:w 



APPENDIX: Subroutine f o r  Calcula t ing 'Barf ier  Transmission P r o b a b i l i t i t ~ s  
-F 

A Fortran l i s t i n g  of t h e  computer subroutine used for the  determitra- 

t i o n  of K(Z) follows. It assumes t h a t  the  p o t e n t i a l  and absc i s sa  
- 

arrays  were previously prepared such t h a t  W ( 1 )  = 3 V(y) for y = X ( 1 ) ;  
Y - 

s i m i l a r l y  the energy E is B E . The l i s t i n g  given u t i l i z e s  t h e  
Y 

Numerov in tegra t ion  pracedure; however, the  IiKG algorithm i s  given 

separa te ly  a t  the  end and may be s$mply subs t i tu txd  fer the s t a t e m e n ~ a  

from 26 t o  50. 
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. .  I .  
, - 

T S T = A B S ( ~ ~ + ( $ Q ~ ~ S Q ~ ) / ( H * ~ S Q ~ + S Q ~ ) * * ~ ~ ~  
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!f - 
* 

5,: 
1 j: 
: I  

, . ?  :! 
L 



i 

19 :.:.; a. - 
:. ' .I. i,, . I . ... . . . . L. 

,.& 3; cry-  q*s-,*r g r q  + - x  -yy b<+;%w*& p - r  . -. .. < 

, , IRMsIR-l f , ' ( .  i~'"$yEd~yg?.~ ;i&;b.' G1+.$~r- ?,>,. . 

,..*;( bi,Crx+ I N T E G R A T  ION u I NG NuESE&?~ %GC~UT@* %TART &T PRODUCT *B~UNDARY 
..:. I  

- <  ': CON01 T ION FOR RANW?TTED WAVE@ - 
, .: . . . -+ . -.r -> $< , - - - - - '  - -  . - . - - .  *. . *  

9 - 7 .  a -  2 - , * 

. , 

S ~ = D S I N ( G K B * & ~ I R P - & ~ ~  
:YCl=FI+C1 $ '  , 

- r .._ Y N I N T = I H P - I R M ~ ~  , . 
J = I R P - 1  - 
F l=H2*GI 1' 

~~Q$,+;;".*+~ PERFORM ACTUhL NUWhRf GAL lNTEeRAT ION TO GET PERMEABI i I ' T Y  WERE* 
' DO 2 5  Is1 ,NINT t &. . , _  ; .' 

0 . < 

, ' , J = J - 1  ! 
Y C ~ = Y C ~ + Y C ~ - ~ C ~ + F ~ * C Z  

I Y S ~ = Y S ~ + Y S Z - ~ S ~ + F ~ * S ~  . *F~=HZ*(V(J)-E) 
. .  F2=1*/( lr-~1#12r l 

CZ=YC3+S2 y 
S 2 = Y S 3 * F 2  /% 

Y C l c Y C 2  : i 

YCZ*YC3  :! 
' .' Y S l = Y S 2  

I ,  

I 23 Y S 2 = Y S 3  
YC3=YC2+YC2-YClcf= I*C2 : . 

, . . Y S ~ = Y S Z + Y S Z - ~ S ~ + F ~ * S ~  
, -. F ~ = ~ . / ( ~ ~ - H V C ( V ( I R M + ~ I ~ E I I  

DC3=YC3*FZ 
I .  . .. DS3=YS3*F2 i i . . . - 

,!G . . ' D S 2 = S 2  
-, : ' .  D C 2 r C 2  

. . I '  I .' . S O  GK=DSQRT IE-V(~I RM+I ) . +:>. ,.;. 
.,* -;:: ... C I * *  DECOMPOSE  SOL^ IONS TO GET AMPLITUDE OF I NC 1 DENT WAVE * . , :.( 

, I ' *  . . - , , , 1 + . - i . . . - . , " 7 7 1  ,". .,=: ; a ' .' U S = D S ~ N ( G K + H ~  
DC=DCOS t t ~ * ~ f i  ,. ,.", +' 

;,, L .; ; ?A* '% ' * 
* .  " . ,: DEN=I~$.%Ds+*~ '$ i . . 

*&. A 12. ( DS2+*2+&3**Z+DC2**23:DCPF*Z-2 **DC* ( D S ~ * D S ~ + D E ~ * D C ~  1 + ri , .  ."4- - s;:Jy ; 
5 1 2 .*DS+I D C ~ * D S ~ - O C Z * D S ~  f 1 /DEN L . . . Q.3 - " - P P B Y = G K B / ( G K + ~ ~ I ~  1 #-- ' 

. k  5 , r -  . I  2 
l i  .,, . . . , TSTE'RR. t GKB/C~?-I D C ~ + D S ~ - D C  2 ~ ~ 5 3  1 /DS)  /AI 2 

IF( IWR.LE.0) GO TO 99 g: 
*h- . ,. 

&- 

WRITE(~,~O~)E'P,PBY,X( IRM) 9 x 4  I R P 1  C ~ S T E ~ R  L L  

, . 
* ' .  %99 RETURN , . . (  

, l!.  . f' 
' 601 F O R M A T ( ~ H O . S X ~ ~  14HERROR 6.. T S J t  E10.3~ 42H GREATER I l l A N ,  ZZ A T  LX 

, ;. ;-+; .. , . :,.; : 
ITREME BOUNDAR$ XP F 8 . 3 )  ' t . ; a:"'. , . , 2 

"*.-6,09 FORMAT(1HO  HAT E r E 1 2 . 6 ~ 2 3 H  9 P E R M E A B I L I T Y  K t E f r  E t 3 r f r  . 
r - 

11 1 4 - ~ " ' .  ,:; ' 1 18H . W I T H  tiif~1,Ts X * P7r39 4H AND F743t  2 4 H  , UNiTARXTY TEST, ER . 
ORORE E10@4 1% ' .' ' 



C*+* INTEGRAf'fON USING RUNG€-KUTTA-GILL ALGORXTHMI START AT 
C PRODUCT ~ O U N D A R Y  CONDITION* 

- C*w+ DECOMPOS~ SOLUTIONS TO GET AMPLITUDE OF INCIDENT  WAVE^ 
26 G K B = D S ~ R T  ( E - ~ f  I R P  1 

C1=DCOS1(GKB*X( ERP) 1 
b 

5 1 = D S I N ( G K B * X ( f R P ) )  
D C l =  GKB*Sl 
DSlr-GKB*Cl  
I = I R P  

C+*+ ACTUAL INTEGRATION LQOP BEGfNS HERE 
30 5241 

C2=C1 
OS2=DSl  
, DC2rDC 1, 
QSA=H*l)S2 

.QCA=H*t)C2 
H E = H + ( E - - v ( I ) )  
Q S B = - ~ ~ " 5 2  
QCB=-HE*C2 
S ~ = S Z + & S A / Z O  
Cl=C2+QCA/2* 
D S ~ = D S ~ + Q S B / ~ O  
D C ~ J D C I + Q C B / ~ ~  
CSA= H*DS1 
CCA= H + P c ~  
I E 1 - 1  
H E = H + ( E - ~ ( 1 ) )  

, CSB=-HE*S1 
CCBs-Ht*C1 

. Sl=~1+~.2928932*(CSA-QSAl 
~ 1 = ~ 1 + 6 . 2 9 2 8 9 3 2 * ( C ~ ~ - Q C A )  
O S l ~ D S S ~ + O 0 2 9 2 8 9 3 2 +  (CSB-QSQ 1 
~Cl~~CL+0.2928932+(C~B-~~l3 1 
~ ~ ~ = 0 0 5 $ 5 7 0 5 4 * ~ ~ ~ + 0 . 1 2 1 3 2 1 4 * ~ ~ ~  
QCA~005:857854+CCA+O01213214*QCA 
~ ~ ~ ~ 0 * 5 8 5 7 0 5 4 + ~ ~ ~ + 0 0 1 2 1 3 2 1 4 * ~ ~ ~  
~~~~005~857854*~~0+0.1213214+QCB 

. %. 
CSAt  H*OS1 
CCA= H*oCl  
CSB=-HE;+S~ 
CCB- HE^ 1 
I = 1 - 1  ', 

Sl~Sl+l . i7071068*(CSA-QSA~ 
Cl~Cl+li7071068+(CCA-QCA) 
DSl~DSl~l.7071068*(C~B~QSB1 
D C ~ = D C ~ / ~ . ~ O ~ ~ O ~ ~ + [ C C ~ - Q C B  1 
QSA~304142146*CSA-401213214*QSA 
Q C A * 3 e 4 J 4 2 1 4 6 + C t A - 4 0 1 2 1 3 2 1 4 + ~ ~ ~  
~~~=3.4$42146+~~~-4.1213214*~~~ 



50 G K ~ D S Q R T  ( E-V t IRM+ 11 
C+*+* END OF S E C T ~ O H  PECULIAR TO RKC ~NTEGRAVIOM PRQCEDUHtr 
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Figure Beadings 

Figure I: Schematic p o t e n t i a l  b a r r i e r .  

Figure 2: Ratios of approximate ( K ~ )  t o  exact  numerEeaP (K ) t r ans -  ex 

mfssfon probabilities f o r  t runcated parabol ic  b a r r i e r s ,  as 

a function of t h e  reduced energy . The b a r r i e r  maxima 
- 

correspond t o  E 3 1.. 

Figure - 3: Ratios of approximate (ra,) t o  exact  numarical ('I' 1 BX 

tunneling f a c t o r s  f o r  t runcated parabol ic  b a r r i e r s .  The 

s o l i d  curves were obtained by using Eq. (11) f o r  fm,  and 

t h e  broken curves, Eq. (12). The breaks i n  ehe r'omer f o r  
- 

BT 5 1 correspond t o  t h e  points  at: wh5ckpafrs  of terms i n  

Eq. (11) blow up (i . e. , where 1 is an in tege r )  . 
Figure 4: Comparison of a c t u a l  t h e o r e t i c a l  1-Dim p o t e n t i a l  b a r r i e r  

f o r  c o l l i n e a r  H + H2 c o l l i s i o n s  (curve A) with a n a l y t i c  

approximations t o  it .  Curves F1 and P2 a r e  t runcated 

parabolas corresponding t o  B = 14.74 and 24.84, respect ive ly ,  

while curves El and E2 a r e  Eckart func t ions ,  

2 0 

V(x) = Vo/cosh (x/a),  with a = 0.28 and 0.38 A respect ive ly .  

El and PI have t h e  same curvature a t  the  maximum as does 

curve A, while E2 and P have t h e  same width at  half 2 

maximum. 

Figure 5: Tunneling f a c t o r s  f o r  the  p o t e n t i a l s  shown i n  Fig. 4, 

l a b e l l e d  i n  the  same manner. The a d d i t i o n a l  curve, S ,  is 

shavit:t 's18 Eckart function estimate of tho  tunneling f o r  

t h i s  system. The broken horizonta3. l i n e  l ies a t  unity.  














