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SUMMARY 

A general  procedure f o r  analyzing the  nonlinear  forced sloshing 

of an inv i sc id  f l u i d  i n  a c y l i n d r i c a l  container  i s  presented. The t o t a l  

energy and t h e  frequency a r e  r e l a t e d  through a c h a r a c t e r i s t i c  parameter 

i n  t h e  corresponding l i n e a r  problem. The appl ica t ion  of t h e  technique 

t o  c i r c u l a r  container  i s  presented. 

INTRODUCTION 

I n  t h i s  r epor t  we study t h e  motion of an inv i sc id ,  incompressible 

f l u i d  i n  a r i g i d  c y l i n d r i c a l  container  t h a t  undergoes a prescribed pe r iod ic  

motion cons i s t ing  of a sum of t h r e e  t r ans la t ions  i n  t h e  d i rec t ions  p a r a l l e l  

and perpendicular t o  t h e  generators  of t h e  cylinder.  The f l a t  bottom of t h e  

conta iner ,  perpendicular t o  t h e  generators  of t h e  cyl inder ,  remains hor izon ta l  

during t h e  motion. The v e r t i c a l  accelera t ion  of the  conta iner  i s  an a r b i t r a r y  

time per iodic  function; t h e  hor izon ta l  accelera t ion  components a r e  small  

pe r iod ic , func t ions  with t h e  same period. The e levat ion  of t h e  f r e e  surface  

i s  assumed t o  b e  a single-valued function of t h e  hor izon ta l  var iables .  

We f i r s t  formulate t h e  f u l l y  nonlinear  problem. By per turbing 

these  equations about a t r i v i a l  so lu t ion  (occurring f o r  zero t ransverse  

accelera t ion  of t h e  conta iner) ,  we reduce t h i s  problem t o  a sequence of 

l i n e a r  problems on a f ixed  domain. These problems have an eigenvalue 

parameter i n  t h e  f r e e  surface  boundary conditions. By formulating these  

problems i n  an appropr ia te  Hi lbe r t  space, we can e f f i c i e n t l y  obtain eigen- 

funct ion  expansions f o r  the  so lu t ions .  From these  solu t ions  can b e  found 

a response diagram showing how the  energy of t h e  f l u i d  depends upon t h e  

na tu re  of t h e  container  motion. Resonant behavior can be  determined from t h i s  

diagram. The appl ica t ion  t o  a c i r c u l a r  container  i n  l a t e r a l  accelera t ion  i s  

handled i n  t h e  l a s t  sect ion.  



1. 

We adopt t h e  convention t h a t  Latin indices  range over 1, 2, 3, 

and Greek indices  range over 1, 2. We employ the  summation convention. 

If f - f ( x , t )  i s  any d i f f e r e n t i a b l e  function of a th ree  vector  

x = (x 1' X2' x3 ) and a r e a l  va r i ab le  t , then we use t h e  nota t ion  

Let xi be Cartesian coordinates of a  frame of reference f ixed  i n  

space. Let t' denote the  time. Let ~ ( t ' )  speci fy  t h e  pos i t ion  r e l a t i v e  

t o  the  o r i g i n  of t h i s  system of a  reference point ,  f ixed r e l a t i v e  t o  t h e  

conta iner ,  t h a t  l i e s  on t h e  plane of mean e levat ion  of t h e  f r e e  surface.  

Let p l o c a t e  points  on t h e  container  r e l a t i v e  t o  t h i s  moving reference 

point .  

The v e l o c i t y  p o t e n t i a l  i s  denoted by P 1 ( x ' ,  t ' ) and t h e  f r e e  

surface  e levat ion  by C"(x ' , t t )  . The outward normal t o  the  container  i s  

denoted by n . The boundary value problem ( c .  1 , 2 cons i s t s  of 

t h e  con t inu i ty  equation 

i n  t h e  region occupied by t h e  f l u i d ,  subjec t  t o  t h e  boundary condit ions 

on moving wal ls  x' = ~ ( t )  + p , 
5v M w 

on f r e e  surface x t j  = C" ( x ' ~ ~  t ' )  



on f r e e  surface  ' = ~ ? " ( x ' ~ , t ' )  . 
X3 

Equation (1.2) i s  t h e  condition t h a t  t h e  normal ve loc i ty  of t h e  f l u i d  be  

equal  t o  t h e  normal ve loc i ty  of t h e  wa l l ,  (1.3) i s  t h e  condition t h a t  t h e  

f r e e  surface  be  a mate r i a l  surface,  and (1~4) i s  Bernoull i ' s  law fo r  the  

f r e e  surface  wi th  g the  accelera t ion  of gravi ty ,  p the  prescribed surface  

pressure ,  and p t h e  density. For s i m p l i c i t y  we assume t h a t  p = 0 . 
We now introduce coordinates x f ixed i n  the  container  by  k 

x - x i  - Rk ( t ' )  , k - 0 . 5 )  

We denote t h e  c ross - sec t iona l  region of t h e  cyl inder  by S and the  average 

depth of  t h e  l i q u i d  by h . The region occupied by t h e  l i q u i d  is  

Ix: x E S , -h < x3 < C' (xat1)) . We s u b s t i t u t e  (1.5) - (1.7) i n t o  
(i.Q a 

(1.1) - (1.4) and d iscard  t h e  purely time dependent terms t n a t  a r i s e  i n  

(1.3) ana (1.4) because they can be  absorbed i n t o  jd' and they do not  a f f e c t  

t h e  ve loc i ty  f i e l d .  We thus obtain a boundary value problem f o r  

6' = j d ' (5 , t t ) ,  C' = c ' ( x , , ~ )  . 
To study our problem on a f ixed time i n t e r v a l ,  we introduce a 

frequency parameter h by the  transformation 

Subs t i tu t ing  (1.8) i n t o  t h e  l a s t  f o m  of t h e  boundary value problem we obta in  



Here Dh a r e  propor t ional  t o  the  components of accelera t ion  of t h e  container.  

Note t h a t  t h i s  problem i s  spec i f i ed  on a time-varying domain. 

2. The Perturbat ion Equations 

We note t h a t  t h e  problem (1.9) - (1.13) has t h e  t r i v i a l  so lu t ion  

jd = 0  , r = 0  , f o r  Da = 0 .  h his so lu t ion  represents  t h e  f l u i d  moving as  

a r i g i d  body with t h e  container .)  We study solu t ions  i n  a  neighborhood of t h i s  

so lu t ion .  Let E be a small  r e a l  number. We s e t  

We assume t h a t  t h e  so lu t ion  of (1.9) - (1.13) depends smoothly upon E and 

may be represented by s e r i e s  i n  t h e  form 

.... 

Here 

k 
E = O  , etc .  



We obta in  t h e  equations f o r  these  quan t i t i e s  by  d i f f e r e n t i a t i n g  

(1.9) - (1.13) wi th  respect  t o  E and then s e t t i n g  E = 0 . (care  must be  

exercised when t r e a t i n g  the  f r e e  surface  boundary conditions s ince  + depends 

on E both  e x p l i c i t l y  and i m p l i c i t l y  through i t s  dependence on x3 .) We ge t  



. . . . .  
Note t h a t  these  problems a r e  defined on a  f ixed  domain and t h a t  a l l  t h e  prob- 

lems have t h e  same homogeneous pa r t .  

Since we have introduced a  parameter X i n t o  the  nonlinear problem 

we impose an a d d i t i o n a l  condition. We speci fy  the  r e l a t i v e  energy 

By means of Green's theorem and (1.9) - (1.11) t h e  volume i n t e g r a l  of (2.12) 

can b e  w r i t t e n  as  

1 a a,, nkda = S + r - 8.6 ,a + aS3] dxldx2 

Subs t i tu t ing  t h i s  i n t o  (2.12) and d i f f e r e n t i a t i n g  t h e  r e s u l t i n g  expression 

with respect  t o  E , we obtain 



3 0 

We s e t  xl = x, x 
2 = Y9 x3 = z :  

We assume tha t  each Dk has 

period 271 in  t . The boundary conditions (2.6) - (2.11) a r e  of the form 

(0) 
$ s 3 - 1  c , , = f ,  for  X, y E: s , (3 0 1)  

~ ( t ) c  + 1 ( 0 ) $ 9 ~  = f2  fo r  x, y E S . (3.2) 

where the  prescribed functions ~ ( t ) ,  fl(x,y, t )  , f2(x,y,  t )  have period 

2n i n  t . The elimination of r from (3.1), (3.2) yields 

We introduce the space H of f'unctions co = rg (x,y, t )  on 

r S x , 0,211' having period 217 i n  t with co (x, y, t )  = $(x, y ,09 t )  
.. 

where 

(H i s  a space of boundary values of harmonic function,) On H we define 

the inner product 

where the  bar denotes the  complex conjugate. By completing H with respect 

t o  t h i s  inner product, we obtain an appropriate Hilbert space fo r  our problem 

which we continue t o  denote by H . 
On H we define the l inear  operators 



Thus our boundary value problem reduces t o  the  solution of 

on H . 
We study the  operators L and M . Let D = S x r-h,07 , l e t  

a D be the  boundary surface of D , and l e t  +,n denote the  normal 

der ivat ive  of jd on a D . To fiild the  operator B u d j o i n t  t o  L we 

use the  ident i ty  

By Green's theorem and (3.4) - (3.6), we have 

which i s  t o  equal 

Hence 

n = 0 i n  D, 4rsana = 0 on as + [-h,ol, i , = o f o r  z= -h, L'$ = 1 , 3 ( x , ~ , ~ , t )  * 

Thus L = U ,  i.e., L i s  self-adjoint .  Moreover, L i s  non-negative 

de f in i t e  fo r  



< Lc0, @ >  = r2n d t  $ +,, du = ,, 
r2* 

3 
d t  v 4 v 7 dxdydz > 0 . 

d - 
0 3~ 0 D 

L can be made posi t ive  def in i te  by including the normalization 

r2* d t  J 4 dxdy = 0 

in  the def ini t ion of H . 
Turning t o  M we find 

< M ( p s y >  = - r2* d t  f [ j dS t /~ '  b dxdy 
- ) +  

For t h i s  t o  equal < t o s  W.3/ >, the  boundary terms must vanish implying 

tha t  must have period 231 and it then follaws tha t  Mtyl = My. 

Thus M is a l so  self-adjoint .  Since 

271 
< M c p ,  " >  = - J dxdy r [$,,/GI 9 c jd d t  = J  dxdyr J G J - d t  , 

we see t h a t  M i s  posit ive def in i te  i f  G 7 0 (i.e., i f  the  acceleration of 

gravity or the  mean acceleration dominates the  time varying acceleration),  

M i s  negative def in i te  i f  G< 0 , and M i s  indef ini te  i f  G changes sign. 

We now turn t o  the problem of solving (3  .lo). We suspend the  

summation convention i n  the sequel. Let 62 be the eigenfbnctions of the  
kP 

homogeneous form of (3 . lo) and l e t  p be zhe corresponding eigenvalues : 
kp 



By the self-adjointness of x L and M 

< nlq. okp 7 = vlq < nlq, M nkp > 

which, by virtue of (3.11), equals 

Hence 

- wlq) < 'lq9 "kp > = o  . 
(~kp 

We set 

< nlq9 L nlip > = 

where Bij is the Kronecker delta. 

We then have the Fourier expansion of a function h in H: 

From (3.10) we obtain 

By (3  .ll) and the self-ad jointness of L and M, this equation becomes 

If X(O)~ # pkP, (3.16) implies 

whereas if X (42 = pkp . then (3.16) provides the compalibility condition 

From (3 .l4) and (3.17). we obtain the representation for the solution of (3.30) : 



It i s  often convenient t o  obtain representations fo r  the  solution and re la ted 

quanl i t ies  i n  which F appears expl ic i t ly .  We now obbain these: 

Also, 

L n = F + 1  M n 

From (3.1) we then have 



4. The Eigenfunctions 

We seek n o n t r i v i a l  so lu t ions  of the  problem 

We employ separa t ion  of var iables  and assume t h e  so lu t ion  t o  b e  i n  the  form 

Subs t i tu t ing  t h i s  expression i n t o  (4.1) and (4.2), we f ind  t h a t  U must 

s a t i s f y  t h e  Neumann problem 

We denote t h e  eigenfunctions of t h i s  problem by Uk and t h e  corresponding 

eigenvalues by yk . The functions Z have t h e  form 

Z = Acosh ykz + B s inh  y z k (4.8) 

wi th  condit ion (4.3) requi r ing  t h e  constants  A and B t o  s a t i s f y  

A s inh  ykh = B cosh ykh . (4.9) 

The s u b s t i t u t i o n  i n t o  (4.4) and (4.5) y ie lds  

z ' ( 0 )  = U p2z(0) , 

2 
(T'/G) h- + T = 0, ~ ( t )  = ~ ( t  + 2 4  . 



The eigenfunctions of ( 4 0 ~ )  a r e  denoted T and the  corresponding eigen- 
P 

values a r e  denoted f3 . 
P 

From (4.9) and (4.10) we f ind  t h e  eigenvalues f o r  the  o r i g i n a l  

problem (4.1) - (40 5) t o  be 

The corresponding n o n t r i v i a l  so lut ions  of (4.1) - (4.5) a re  propor t ional  t o  

6, = Uk cosh yk(z+h) T ( t )  . P (4.13 

The eigenfunctions (T! employed i n  Section 3 a r e  j u s t  t h e  surface values 
kp 

of t h e  function i n  (4.13), namely 

9, = const %(x,y) T (t) . 
kP P 

The constant  i s  found from t h e  normalization (3.13). 

The corresponding surface elevations Ckp a r e  found from 

To f i n d  t h e  equation s a t i s f i e d  by C , we observe t h a t  by (4.10) w e  have 
-, kp 

Subs t i tu t ing  t h i s  r e s u l t  i n t o  (4.15), d i f f e r e n t i a t i n g  the  resu l t ing  equa- 

t i o n  wi th  respect  t o  t , and using (4.16), we obtain 

The time dependent p a r t  Q,@(t) of ckp s a t i s f i e s  



whereas the  time dependent par t  of s a t i s f i e s  (4*11). We have the 

in te res t ing  r e su l t  t ha t  i f  one of these equations does not have an ea s i l y  

recognizable solution,  the  other might and the solutions can be connected 

by (4,15) and (4,16). For example, i f  ~ ( t )  = a + b cosmt, then (4.19) i s  

Mathieu's equation whereas (4.11) i s  unnamed, One can f ind other examples 

of t h i s  phenomenon, 

From (4.11) we have 

Hence 

Introducing t h i s  exp l ic i t  r e s u l t  i n to  (3,21) and (3.23), we get  

As i n  (3 .22) ,  (4.22) can be integrated t o  give n . 

5 * 

To demonstrate the  application of the  general formulation, the  

nonlinear sloshing i n  a c i rcu la r  cy l indr ica l  container subjected t o  a periodic 

l a t e r a l  acceleration w i l l  be  analyzed. 

The radius of the  cylinder i s  a , the height h , and the  direction 

of t he  l a t e r a l  acceleration i s  chosen t o  be xl - axis , and the maximum 

amplitude i s  defined a s  E g , therefore 



Dl = g cos t , D2 = 0 

The l inear l ized  solutions of the  velocity po ten t ia l  E n and 

the f r e e  surface elevation E C(l) are given by 

C(l)  = - a d l )  cos ~ c o s  t 

(1) 
m '"'2, -1 

where H = Z C' (1 - I- J ~ ( Y ~ ~ ) ¶  V l n l  = g Y l n  tanh y h  h , 
n = l  1n1 l'hl *' 

- 2 a 2 
Cinl = (yh2a2-1) [yha J1(yha)l Chl Chl = a-3 & l h  J (y a )  r dr ,  

J ~ ( x )  i s  the Bessel function of the  f i r s t  kind of order one. The f i r s t  

order frequency parameter I (o) i s  re la ted t o  the given energy E a t  

t = 0 by. the re la t ionship 

The second order solutions of the velocity potent ia l  (c2/2! ) o ( ~ )  and the 

f r ee  surface elevation (c2/2! )C(2) are  given by 

(2) = - o H(2) cos e sin t 

+ (H(2.0) + ~ ( ~ 3 ~ )  cos 28) s in  2t1  

(2) = - (1) 
c 4b cos e cos t - 2a ( ~ ( ~ 9 ~ )  + ~ ( ~ 9 ~ )  cos 28) cos 2 t  



-I " 
(1)  where H'2) = 'Y < - 

n= 1 ag 

(2)  (1) p )  + a, (0)  
F = - 2 o,33 (1) (1)  - ( 0  (1)  (1)  - J;) J;) ) , t ,  a ~- '  a n 9 t 3  C ,  

<o, ~ 1 7  8-1 r2'dt S2'd8 0 d r, omP = NmP J (ymr) cos m @sin  p t  , 
"0 0 

N~~ = < nmp. 0 
9 2  -2 g tanh ymnh 

mnp,3 ' b n p  = P  7, 

The energy condition of E( l )  = 0 i s  given by 

Due t o  t h e  or thogonal i t ies  between 1 and cos 8 , between cos 8 and 

cos 20 , and by t h e  f a c t  t h a t  0 ( j )  = 0 a t  t = 0 , it becomes 

which y ie lds  

= 0 e 

The t h i r d  order solut ions  of ve loc i ty  p o t e n t i a l  (e3/3:) 0, 
(3 ) 

and the surface  elevation ( 3  a r e  given by 



n (3)  - - - ( 3 , i 9 j )  H ( ~ )  cose s i n  t + r H 
is j =O  

1 cos i Qsin  jt 

(3 
(2)  03 

f = - -7 " a H ( ~ )  cos G cos t - a r ~ ( ~ ~ ' j )  j cos iQ s i n  jt 
i, j =O  

-I 
B3 

where Ninj J j  (yjnr)  9 

n = l  

The energy condit ion of E(2) = 0 is  given by 

Due t o  t h e  orthogonali ty between any two of the  runctions I., cos 0, cos 28 

and cos 38 , and b y  t h e  f a c t  t h a t  0 ( j )  = 0 a t  t = 0 , it becomes 



Equations (5.1) and (5.2) express E and A(') + (c2/2!) A (2)  a s  functions 

of h (o)  . Note t h a t  when and only when X (0)  - - uinj , any one of t h e  

n a t u r a l  frequencies of t h e  system, A (*)(A(o))  and E = E ( o ) ( ~ ( o ) )  + m . 
For X (o) varying from zero t o  t h e  f i rs t  n a t u r a l  frequency, o r  between 

two successive values of  y i n j  ' we can construct  an energy E(X(O) ,~)  res. 

frequency parameter A(F.(o),E) curve f o r  given fo rc ing  amplitude E g . 
Whenever A = + (E2/2!) A (*)(A(')) is f i n i t e  E i s  a l s o  f i n i t e .  
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