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Abstract 

The effect of radiation on hypersonic viscous flow at low densities is studied. 
Cheng’s,two-layer flow model (dividing the flow field into a thin shock layer and a 
thin shock transition zone) is used to simplify the Navier-Stokes equations. Radia- 
tion is taken into account by adding an emission term to the energy equation. 
Because of the low density, self-absorption may be neglected but nonequilibrium 
effects become important. Estimates show that vibration, dissociation, and ioniza- 
tion can be assumed to be frozen in the density-velocity regime of interest, but the 
process of electron excitation has to be investigated on the basis of finite relaxa- 
tion times. Rate equations for emission due to nonequilibrium radiation from 
various band systems are derived, and the effect of “collision limiting” is dis- 
cussed in the light of these equations. The rate constants for the most important 
molecular band systems in air are determined experimentally. Finally, numerical 
results for the flow field in the stagnation region and for the heat transfer coe%i- 
cient are discussed. 
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Hypersonic Blunt-Body Flow of u Radiutin us ut L.ow Densit 

1. Introduction 

In the past 10 years, there has been much interest in 
low-density1 hypersonic flow in theoretical and experi- 
mental research. Some of the problems in low-density 
hypersonic flow are shown in Fig. 1 which depicts various 
flow regimes depending on free-stream velocity and alti- 
tude or free-stream density. At sufficiently high densities 
of gas, the well-known boundary layer concept is valid. 
This concept proposes that there is an inviscid shock 
layer where viscosity and heat conduction can be ne- 
glected, and a thin boundary layer where viscosity and 
heat conduction are important. When the density de- 
creases, the Reynolds number also decreases and the 
boundary layer and shock wave become thicker. At 
sufficiently low densities, the shock wave and the viscous 
shock layer combine to form a so-called merged layer. 
Any further decrease in density is not in the domain of 
continuum flow. Figure 1 shows several different regimes 
as originaliy defined by Probstein (Ref. 1) and Hayes 

‘The term “low density” used in this report is defined to be a density 
low enough to make the boundary layer concept not acceptable, 
but high enough to justify a continuum approach. In other words, 
we direct our attention to the regime covered by the viscous and 
the merged layers. 

and Probstein (Ref. 2). Other authors have defined some- 
what different regimes (Refs. 3 and 4). In the analysis 
to be presented in this paper, the definitions used by 
Probstein are utilized, but only for reference purposes. 

So far only viscosity and heat conduction have been 
mentioned, but at high free-stream velocities, radiation 
effects in the hot gas cap surrounding a blunt body may 
also be important. Generally, radiation effects become 
less important as gas density decreases. Therefore, it is 
not clear at first whether or not radiation is of importance 
at the low densities with which we are concerned. In 
fact, Teare et al., (Ref. 5) have concluded from estimates 
made about eight years ago that heat transfer due to 
radiation is rather negligible when compared with con- 
vective heat transfer in the merged layer regime. How- 
ever, these earlier estimates underestimate the radiative 
heat transfer and overestimate the convective heat trans- 
fer in the merged layer regime for several reasons dis- 
cussed in Section VIII. 

Thus, the question of the importance of radiative 
heating in hypersonic low-density flow was still open, and 
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Fig. 1. Rarefied gas flow regimes for the stagnation 
region of a highly cooled blunt body (after Probstein) 

was a prime reason, as was the study of nonequilibrium 
radiation effects in a realistic case where molecular and 
radiative transport processes are strongly coupled, for 
undertaking this study. The results of this investigation 
show that radiation effects can play an important role in 
the merged layer regime, even at moderate speeds around 
the parabolic speed (-11 km/s). 

II. Flow Model 

As a consequence of the large number of investigators 
of low-density (low Reynolds number) hypersonic flow, 
there is quite a number of methods to describe such a 
flow (Refs. 2, 3, and 6) .  However, to be useful in the 
problem of interest, the method should have certain 
special properties : 

(1) It must be possible to generalize the method so 
that it is applicable to a general fluid including 
radiation and nonequilibrium effects. 

(2) The method must be simple enough to make 
numerical solutions of this generalized problem 
tractable with present computers. 
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(3) It should be applicable not only in the stagnation 
region, but in the whole field from the stagnation 
region to the locally supersonic region. 

The approach that satisfies these conditions best is (at 
least to the author’s knowledge) the two-layer model 
developed by Cheng (Refs. 7 and 8). Although the re- 
sults shown in the present paper are restricted to the 
stagnation region, the method can also be used outside 
the stagnation region; however, the numerical solution 
would be rather time-consuming. Assume a blunt body 
with nose radius Rb in a hypersonic low-density free 
stream (Fig. 2), and neglect radiation for the moment. 
The disturbed flow field is divided into two layers: 
(1) the “shock layer” where the pressure is very high and 
approximately equal to the Rankine-Hugoniot pressure 
behind an ordinary (adiabatic) shock wave, and (2) the 
“transition zone” (or “shock structure”) defined as the zone 
through which transition from the low free-stream pres- 
sure to the high Rankine-Hugoniot pressure is completed 
by molecular collisions. Both layers are assumed to be 
thin in comparison with the nose radius of the body. 
This assumption, although stated a priori, may be justi- 
fied later by results that show that shock-layer thickness 
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Fig. 2. Two-layer flow model and coordinate system 

over body radius is of the order of the density ratio 
across the “shock” [ ~ ( y  - l) /(y + 1) for a perfect gas], 
and that transition zone thickness over body radius is of 
the order of Rei1, where Re, = p,U,Rb/p, is the shock- 
layer Reynolds number with p, as a characteristic value 
of viscosity in the shock layer (Refs. 6 and 9). That Rei1 
is much less than 1 is a necessary condition for con- 
tinuum flow (Appendix A) so this condition is not a 
new restriction of the applicability of the theory. The 
boundary between the two layers is called the “shock 
interface” and is itself a layer of finite, but negligible, 
thickness. 

By application of the thin-layer assumption, conser- 
vation equations for a viscous and heat-conducting fluid 
can be simplified substantially. It is advantageous to use 
a boundary-layer type coordinate system x,y (Fig. 2)  and 
to satisfy the continuity equation identically by introduc- 
ing a stream function q that represents mass flow per 
unit depth for two-dimensional flows, and mass flow per 
unit azimuthal angle (in radians) for axisymmetric flows. 
Upon reduction of the problem to the flow in the vicinity 
of the axis of symmetry (the “stagnation region”) of an 
axisymmetric body, Eqs. (1) and (2) are obtained for the 
shock layer (see Ref. 7 or Appendix B). Equation (1) is 
the x-momentum equation (with the pressure-gradient 
term eliminated by the y-momentum equation): 

and Eq. (2)  is the energy equation: 

The y-momentum equation simply states that the pres- 
sure remains constant along the axis of symmetry in the 
present approximation. The quantity 5 is the dimension- 
less velocity component in x-direction (see Fig. 2), 

U u= u, cos p (3) 

a is the dimensionless total enthalpy, which, for a stag- 
nation region in hypersonic flow, can be written as: 

and [ is a dimensionless variable defined by: 

The thermodynamic state that is determined by the stag- 
nation pressure (Pitot) and the stagnation temperature 
(adiabatic) is used as a reference state and is denoted 
by the subscript 0. The Reynolds number Reo is based 
on the viscosity under stagnation conditions, 

PrnUrnRb 
PO 

Reo = - 

N is the dimensionless viscosity-density product, 

and a quantity E has been defined by writing the caloric 
equation of state in the general form: 

so that for a perfect gas, 

(9) 
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Since p r~ p,U: and h z Uz/2 in the shock layer, the 
density ratio across the shock is of the order of E .  There- 
fore, E has to be much smaller than 1 in order to justify 
the thin-layer assumption. 

In addition to the shock-layer equations, Eqs. (1) and 
(2), for Ei and i?, boundary conditions are required. At 
the body surface, given by t = O ,  ordinary no-slip and 
no-temperature-jump conditions are used and are appli- 
cable to the problem provided that the wall is sufficiently 
cool in comparison with the stagnation temperature 
('%highly cooled body") (see Refs. 7 and 8). The no-slip 
and no-temperature-jump conditions €or 5' = 0 can be 
written as 

(a = T,/T, for a perfect gas) where the subscript w 
refers to conditions at the body surface (wall). In addi- 
tion to these inner boundary conditions at the wall, outer 
boundary conditions at the interface between shock layer 
and transition zone are needed. The outer boundary 
conditions could be provided by coupling the shock-layer 
solution to the transition zone solution at the interface. 
This somewhat cumbersome procedure can be avoided 
(at least if nonequilibrium and radiation effects are 
negligible in the transition zone) by applying the con- 
servation equations in integral form to the thin transition 
layer (see Refs. 6-8). However momentum and energy 
fluxes due to viscosity and heat conduction have to be 
taken into account because at low density these effects 
can be important, even at the outer edge of the shock 
layer. The following modified Rankine-Hugoniot condi- 
tions are obtained, where subscripts 1 and 2, respectively, 
refer to conditions immediately before and behind the 
transition zone: 

p 1 ~ 1  ( H ,  - H,) + p u  E] ( l ld)  
aY 2 

where p is the viscosity, k the thermal conductivity, and 
u and v are the tangential and normal velocity com- 
ponents, respectively. The modified Rankine-Hugoniot 

conditions in Eq. (11) change into the ordinary Rankine- 
Hugoniot conditions when the viscosity and heat conduc- 
tion terms in Eqs. (llc) and (Ild) are omitted. With the 
modified Rankine-Hugoniot conditions as outer boundary 
conditions, the flow field of the shock layer can be 
determined independently of the transition zone. 

With the introduction of dimensionless dependent 
variables and the stream function as one of the indepen- 
dent variables into Eqs. ( l lc)  and (lld), and restricting 
the considerations to the axisymmetric stagnation region, 
we obtain the outer boundary conditions of the shock 
layer in the following form for [ = 1: 

The pressure, which is approximately constant in the 
stagnation region of the shock layer, is obtained from 
Eq. (llb), and is 

p=pMU2 (13) 

It can be seen from Eq. (12) that two flow regimes may 
be distinguished (with reference to Ref. 7,  but defined 
here without an overlap). 

(1) Regime I: E ,  Re, >> 1. Equation (12) yields E(1) = 1 
(i.e., uz = ul) and R(1) = 1 (i.e., H, = H I )  in agree- 
ment with ordinary Rankine-Hugoniot conditions 
for an adiabatic shock wave. Therefore, regime I 
includes the ordinary boundary layer regime, the 
vorticity-interaction regime and the viscous layer 
regime as defined in Ref. 2. 

(2) Regime 11: €,,Reo = O(1). Viscosity and heat con- 
duction immediately behind the transition zone 
("shock") give rise to substantial jumps in the tangen- 
tial velocity components and in the total enthalpy 
across the shock. Regime I1 includes (in the 
terminology of Hayes and Probstein) the incipient 
merged layer and a major portion of the fully 
merged layer (see Ref. 8). 

The shock-layer equations may be further simplified 
in regime 11 (lower Reynolds number regime). In the 
general case, the right-hand side of the momentum. equa- 
tion, Eq. (I), although of the order of E << l, has to be 
retained in order to ensure the uniform validity of the 
solution in the high Reynolds number regime (see Ref. 6). 
In the low Reynolds number regime, however, the term 
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O(E)  may be neglected. In addition, if we assume that the 
viscosity-density product N remains constant across 
the shock layer, as is often done in boundary layer 
analysis, then the momentum equation, Eq. (l), is no 
longer coupled to the energy equation, Eq. (2). Equa- 
tion (1) has a simple analytical solution given by the 
linear relationship, 

i i = A C h g  (14) 

where 

The important parameter Ch, introduced by Cheng 
(see Ref. 7) with the symbol K2,  controls the molecular 
transport effects in the outer part of the shock layer. 
Since N is of the order of 1, the flow regimes I and I1 
(higher and lower Reynolds number regimes) can be 
simply defined by C h  )) 1 and C h  = 0(1), respectively. 

With the introduction of the solution Eq. (14) into 
the energy equation, Eq. (2), and assuming that the 
Prandtl number remains constant, the energy equation 
is reduced to the following linear equation: 

111. Modifications Due to Radiation 

Radiative shock layers in the higher Reynolds number 
regime have already been investigated by others (Refs. 
10 and ll), but, to the author’s knowledge, such investi- 
gations do not exist for the lower Reynolds number 
regime.2 The following study of radiation effects will 
therefore be restricted to the lower Reynolds number 
regime (regime II), where the ordinary Rankine- 
Hugoniot conditions are not valid, and where radiative 
transport processes are strongly coupled to viscosity and 
heat conduction. 

‘After this report was written, the paper “Radiative Transfer in the 
Low Reynolds Number, Blunt-Body Stagnation Region at  Hyper- 
sonic Speeds” by J. T. C. Liu and E. Sogame appeared in AIAA J . ,  
Vol. 7, No. 7, pp. 1273-1279, July 1969..However, the paper is 
based on the physically unrealistic assumption of local thermo- 
dynamic equilibrium. (Sections IV and V. ) 

To include radiation in the already rather complex, 
viscous flow-field analysis seems to be a formidable task; 
but the low-density regime has its advantages too. The 
shock-layer thickness is of the order of E,, and the 
transition-layer thickness is of the order of Rei1 . Re- 
gime I1 is characterized by €,Re, - 1, so that shock- 
layer thickness and transition layer thickness are of the 
same order of magnitude in this regime. Since the tran- 
sition layer (“structure” of the shock wave) is several 
molecular-mean-free-paths thick, the thickness of the 
shock-layer is also of the order of several mean free 
paths. On the other hand, the mean free path of radiative 
absorption is always several orders of magnitude longer 
than the mean free path of molecular collisions. It fol- 
lows that only a very small amount of the emitted radia- 
tive energy is absorbed within the shock layer because 
of the low density. In other words, the shock layer may 
be treated as “optically thin” or “emission dominated.” 
By neglecting absorption of radiation energy the prob- 
lem is greatly simplified. To include radiation effects in 
the shock-layer analysis, a term describing the energy 
losses due to radiative emission must be included. There- 
fore, the energy equation, Eq. (2), has to be replaced by 
Eq. (18) (Appendix B): 

where E is the emitted energy per unit volume and unit 
time, p is the gas density, and the factor Rb/UffiHm is a 
consequence of using the dimensionless variables U, 
and g. The momentum equation and the solution equation, 
Eq. (14), for E remain unchanged, because radiation 
pressure certainly can be neglected under atmospheric 
entry conditions. Substituting the solution Eq. (14) for 6, 
and again assuming that the Prandtl number remains 
constant, the energy equation, Eq. (18), is reduced to 

Equation (19) differs from the corresponding energy 
equation for the nonradiative case, Eq. (17), just by the 
emission term on the right-hand side. 

Radiation can also influence the boundary conditions. 
In the general case (i.e., without additional assumptions), 
it is not possible to solve the shock-layer equations inde- 
pendently from the transition zone equations, as has 
been done before in the nonradiative case. The energy 
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losses due to radiation in the transition zone depend on 
the temperature distribution in this zone, and (unlike heat 
conduction effects) they cannot be described in terms 
of local gradients at the edge of the zone. However, the 
radiative effects in the transition zone are negligibly small 
under certain conditions as the following estimate will 
show. Let the total radiative energy flux toward the 
body surface be divided into two parts, Qt and Q,, such 
that Qt is the energy flux due to emission from the 
transition zone, and Qs is the energy flux due to emis- 
sion from the shock layer. The ratio of the two fluxes is 
of the order of (Eta t ) / (ESGs) ,  where E, and E, are char- 
acteristic values of emission E in the transition zone and 
in the shock layer, respectively, and the terms 8, and 6, 
denote transition zone thickness and shock-layer thick- 
ness, respectively. The emitted energy per unit volume 
and unit time E depends on temperature and density. 
The temperatures are of the same order of magnitude 
in both layers. The average density in the transition 
zone is, however, of the order of the free-stream density 
(see Ref. 6). Because E is proportional to the density for 
the type of radiation we are concerned with (see Sec- 
tion V), and since &/Ea is of the order of the density ratio 
across the “shock,” it follows that 

which is much smaller than 1 according to the basic 
thin-layer assumption. Equation (20) shows that the 
dominant amount of radiative flux comes from the shock 
layer. This result might lead one to conclude-that radia- 
tion effects in the transition zone are negligible when 
compared with those in the shock layer, but such a 
conclusion is not accurate in every case. For instance, 
if radiation effects are very strong (as they can be at 
extremely high temperatures and velocities), then the 
transition zone can be influenced by radiative energy 
losses to such an extent that the outer boundary condi- 
tions for the shock layer are changed considerably. 
Therefore, it must be assumed that the ratio of radiative 
energy flux to convective energy flux (the “radiation- 
convection parameter” r) is small when compared with 
1 in the transition zone, or, because of Eq. (20), that the 
radiation-convection parameter is of the order of 1 (or 
smaller) in the shock layer: 

If this condition holds (and it does hold in the numerical 
examples given in Section VIII), the radiation effects i? 
the shock-transition zone may be neglected, and the 
modified Rankine-Hugoniot conditions can be used as 

outer boundary conditions for the shock layer as in the 
case without radiation. 

issi 

The emitted energy per unit volume and unit time E 
has to be expressed as a function of the thermodynamic 
state of a radiating “particle” and, eventually, of the 
“particle history.” Formulating this relationship ade- 
quately (to make computation time and accuracy reason- 
able) was one of the main problems of the present 
investigation. 

Because the regime of interest, given by Ch = O( l), is 
close to the limits of validity of continuum flow, strong 
deviations from local thermodynamic equilibrium are to 
be expected. Nonequilibrium radiation, however, is still 
rather unexplored, particularly the mechanism by which 
excited electron states are produced (Refs. 5 and 12-14). 
Before the model of electron excitation is examined in 
detail, the assumptions made for other relaxation pro- 
cesses should be briefly reviewed. 

Excitation of rotational energy modes does not require 
many more collisions than excitation of translational de- 
grees of molecular freedom (Ref. 15, pp. 35 and 36). This 
fact, together with the basic assumption that continuum 
theory is applicable, justifies assumption I: Translational 
and rotational energy modes are close to local equi- 
librium in the whole shock layer, and their small depar- 
tures from equilibrium can be described by viscosity 
(including bulk viscosity) and heat conduction. 

Excitation of vibrational energy modes, on the other 
hand, requires many more collisions than excitation of 
translational and rotational modes; thus, vibrational re- 
laxation times are about an order of magnitude longer 
than translational and rotational relaxation times. There- 
fore, vibration will be either frozen or at least far off 
equilibrium in the shock layer (except for a very thin 
equilibrium sublayer at the body surface). Because of 
the lack of data (Ref. 16, pp. 205 and 206) for (1) vibra- 
tional relaxation times at the extremely high tempera- 
tures that are of interest in the present problem, and 
(2) relaxation times in various bath-molecules that are 
present in air or other planetary atmospheres, we shall 
deal only with the limiting case of frozen vibrational 
modes. Relaxation times for dissociation and ionization 
are even much longer than vibrational relaxation times 
of the same species (see Ref. 15, pp. 35 and 36). These 
observations lead to assumption I1 : Vibrational. modes, 
dissociation, and ionization are frozen in the shock layer 



(except for a very thin sublayer at the body surface). 
Hence, provided there is no vibrational excitation, no 
dissociation, and no ionization in the free stream, it can 
be assumed that excitation of vibrational energy modes 
as well as dissociation and ionization are negligible in 
the shock layer (confirmed by numerical calculation- 
Ref. 17). Therefore, the state equations of a perfect gas 
are used in the present calculations. The only non- 
equilibrium process taken into account is excitation of 
electron states. Because the sublayer where assumption I1 
is not strictly valid is very thin and cool (for a highly 
cooled body) when compared with the remaining portion 
of the shock layer, its influence on radiative heat transfer 
is certainly small. The convective heat transfer, however, 
might be influenced by the sublayer to some extent 
depending on the Lewis number and the catalytic effect 
of the wall. Although a detailed study of these effects is 
beyond the scope of the present paper, the results are 
expected to be similar to those found in ordinary bound- 
ary layer theory (see Ref. 3, pp. 180-187) and in Cheng’s 
higher Reynolds number regime (Ref. 17). 

In accordance with assumption I1 and the density 
and velocity range of interest, the principal contributions 
to nonequilibrium radiation arise from various molecular 
band systems. The emitted energy per unit volume and 
unit time for a given molecular band system is propor- 
tional to the population of the excited states. For instance, 

(22) EAB* cc ndB* = N [AB*] 

where EAB* is the emitted energy per unit volume and 
unit time due to the excited molecular state AB*, ?&AB” 

is the number of excited molecules AB* per unit volume, 
[AB*] is the number of moles of AB* per unit volume 
(“mole concentration” of AB*), and N is Avogadro’s 
number (6.023 X lOZ3/mole). The population of the ex- 
cited state AB* may be related to the population of the 
ground state AB by introducing a Boltzmann distribution 
of the form 

where TAB* represents an activation energy (divided by 
the gas constant), and T ,  is a temperature that char- 
acterizes the population of the excited electron state 
(which must not be confused with the temperature of 
free electrons in a plasma). 

Because frozen flow, in regard to dissociation and 
ionization, has been assumed, the number of ground 
state molecules per unit mass remains constant during 

the %ow, provided that the change in ground state popu- 
lation due to excitation is negligible [an assumption which 
is often made (see Ref. 13), and is valid in all cases of 
present interest]. Therefore, the number density n A B  

(molecules per unit volume) is proportional to the gas 
density p. By using Eqs. (22) and (23), the emitted energy 
per unit volume and unit time may be expressed as 

where CAB* is a constant. 

If the population of the excited state were in local 
equilibrium with the translational degrees of freedom, 
the electron temperature T ,  would be equal to the trans- 
lational temperature T ,  and Eq. (24) would give the 
equilibrium radiation due to excited state AB*. However, 
this equilibrium value is not always equal to the actual 
emission in a .  steady state, because an effect called 
“collision limiting” might have to be taken into account 
(this effect will be discussed in Section V). 

The following three band systems have been identi- 
fied as dominant for a terrestrial atmosphere (see Ref. 5): 
N,(l+), Nz(2+), and N;(l-). According to the assump- 
tion that ionization is negligible, the third band system 
has to be neglected [but even behind a normal shock 
wave, where ionization has to be taken into account, the 
N;(l-) system gives only a small amount of the total 
radiation (see Ref. 12, Fig. 25)]. For the nitrogen first 
positive and second positive band systems, and with 
78 mole-% N, in air, the constants in the following tabu- 
lation have the values indicated (see Refs. 5 and 14): 

N, band 
system T ,  1 0 3 0 ~  

1+ 5.1 X 1 O 1 O  85 
2+ 7.0 X lo1, 129.5 

The equilibrium emission from the Nz(l+) and N,(2+) 
band systems, respectively, is then given by 
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V. Rate Equations 
It takes a certain time for the excited electron states 

to reach equilibrium or, in case of collision limiting, their 
steady-state population. This relaxation time strongly 
effects the total amount of nonequilibrium radiation in 
the shock layer. It has been assumed, on the basis of 
earlier experiments and estimates (Refs. 5 and 12), that 
the electron temperature T ,  closely follows the vibra- 
tional temperature. Newer measurements (Ref. 14) indi- 
cate, however, that the relaxation times for electron 
excitation are considerably smaller than the vibrational 
relaxation times, so that the electron temperature T ,  
seems to be more strongly coupled to the translational 
temperature T than to the vibrational temperature. This 
fact justifies our model of frozen vibrational modes and 
nonequilibrium radiation. 

To formulate a rate equation for electron excitation, 
the reactions involved in the problem are considered. 
Excitation and de-excitation of molecular species AB 
and AB*, respectively, by collisions with a partner M 
follow the reaction 

E 

AB + M 2 AB*+ M (26) 
D 

In additi.on to this collision reaction, AB* can also be 
de-excited by emission of a photon according to the 
reaction 

AB*+AB + hv (27) 

where h is the Planck constant, and v is the frequency. 
Absorption of photons is neglected because of the low 
gas density as discussed in Section IV. According to 
reaction Eqs. (26) and (27), a rate equation can be written 
in terms of mole concentrations in the following form 
(see Ref. 5 ) :  

= kE[AB] [ M I  - kD[AB*] [A41 - - [AB*]  1 
at T R  

where kE and kD are the rate constants for excitation 
and de-excitation by two-body collisions, and rR is the 
radiative lifetime of the excited state AB*. It should be 
noted that l / r R  specses the number of radiative transi- 
tions per unit time and may be called a radiative transi- 
tion rate. The ratio kE/kD is known as the equilibrium 
constant, and it determines the equilibrium population. 
Therefore, 

with [AB*],  denoting the equilibrium concentration of 
excited molecules AB* (in a collision-dominated state). 
By introduction of a collision time defined in Ref. 5 as 

and replacing k, by means of Eq. (29), the rate equation, 
Eq. (28), becomes 

(31) 
1 

d t  T e  T R  
--- - ([AB*Ie - [AB*])  - - [AB*] 

This rate equation contains concentrations of excited 
molecules AB* only. Because the emission due to the 
excited state AB* is proportional to the concentration 
[AB*] according to Eq. (22), [AB*] may be replaced by 
EAB" in the rate equation, Eq. (31). Collecting the vari- 
ous excited states that contribute to the N2(l+) and 
N2(2+) band systems, and denoting the emissions due 
to the N,(l+) and N2(2+) system by El+ and E2+, re- 
spectively, the following 'rate equations" for El+ and E2+ 
are obtained: 

The quantities T? and T F  have been introduced as aver- 
age values of all collision times belonging to the Nz(l  +) 
and N2(2+) band systems, respectively, and T: and 
similarly represent average values of all radiative life- 
times belonging to the N2(l+)  and N2(2+) systems, 
respectively. The equilibrium values E? and E: are 
taken from Eq. (25), and the total energy emitted per 
unit time and unit volume is given by 

Some interesting features of the excitation process may 
be seen from Eq. (32). The emission from a steady state 
(given by d E / d t  = 0) is obtained as 

(34) 
Et? 

1 + 2  
E,, = - 

T R  
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where the superscript 1+ or 2+  has been omitted for 
simplicity. It can be seen from Eq. (34) that the steady- 
state emission is smaller than the equilibrium value by 
the factor [I + ( T c / T R ) ] - ~ .  At high densities there are 
many collisions within a radiative lifetime, the ratio 
r C / T E  is small, and the steady-state emission is approxi- 
mately equal to equilibrium emission. At very low den- 
sities, however, the number of collisions per unit time 
can be so small in comparison with the radiative transition 
rate that the equilibrium population of the excited 
(radiating) states cannot be maintained against the de- 
population due to photon emission. In this case, rC/rR is 
of the order of 1 or even larger, and the steady-state 
emission is substantially smaller or even much smaller 
than the corresponding equilibrium value. The emission 
is said to be "collision limited" (see Refs. 5 and 12). 

Each of the rate equations, Eq. (32), can be rewritten, 
with the use of Eq. (34), in the form of an ordinary 
relaxation equation, 

with an effective relaxation time defined by 

(35) 

Here again the superscripts If and 21- have been 
omitted. In the limiting case of very high density, Eq. (36) 
is reduced to 

and the case of very low density (that is the strongly 
collision limited case), yields 

That means the effective relaxation process towards the 
steady-state emission is controlled by collisions in 
the high-density case, whereas in the low-density case 
it is controlled by radiative de-excitations. 

To apply the rate equations, Eq. (32), to the flow 
field of interest, d/d t  must be interpreted as a substantial 
(particle-fixed) derivative and, therefore, replaced by 
[u(a/ax) f v@/ay)]. With the reintroduction of the 

dimensionless variable 5 discussed in Section 11, the rate 
equations can be written in the following form, and are 
valid in an axisymmetric stagnation region: 

) 
Rb + - (E:+ - E" Ache2-  dE1+ 

d[ U,T? 

The initial conditions can be obtained as follows: Since 
the thickness of the transition zone is of the order of the 
mean free path for molecular collisions, the assumption 
is justified that electron excitation immediately behind 
the transition zone (i.e., at the outer edge of the shock 
layer) is negligibly small. This assumption is similar to 
that made by Cheng (see Ref. 8) and confirmed by Chung 
et al. (Ref. 18) in their investigations of nonequilibriiim 
dissociation in low-density flow. Hence, the following 
initial condition is used in the present analysis for 5 = 1: 

The collision time has been defined by Eq. (30) and 
depends on temperature and density. It contains the rate 
constant kD which is a backward rate constant for elec- 
tron excitation by two-body coIIisions. Since the activa- 
tion energy for the backward reaction (de-excitation) is 
zero, the variation of kD with temperature T may be 
expressed (see Ref. 16, p. 225) as 

where CD and 7 are constants. Because the flow is treated 
as frozen with regard to dissociation and ionization, the 
mole concentrations of all collision partners M are pro- 
portional to p. Also, because the electron states of both 
band systems are excited by collisions with the same 
species (N, and 0, in air), kD as well as rC may be as- 
sumed to have the same values for both band systems. 
It follows from Eq. (30) that 
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where the reference temperature is lo4 O K ,  the reference 
density psL is the atmospheric density at standard sea- 
level conditions, and the constant C has the dimension 
of time. The radiative lifetime, however, is independent 
of temperature and density according to theoretical in- 
vestigations (Ref. 19) and is, therefore (for a given band 
system), a constant. 

The four constants C ,  7, T;, and T: cannot be deter- 
mined by a continuum theory, but they have been cal- 
culated from experimental results published previously 
by other authors; the interested reader may refer to 
Appendix C. It should be mentioned here, however, that 
two different experimental results were used. First, the 
constants C and were calculated from the time to peak 
radiation measured behind a normal shock wave in a 
shock tube (see Ref. 12). Then, with the first result, the 
radiative lifetimes T: and T g  were calculated from the 
results of a collision limiting experiment also described 
in Ref. 12. The results of the calculations are 

C = 2.3 X s 

7 = -2.26 

~2 = 1.6 X lo-’ s 

7: = 5.3 x 10-5  s 

It should be noted that these values are not very accu- 
rate, although they are based on the best experimental 
results available at the present time. However, the 
radiative emission is influenced considerably by those 
constants. Therefore, measurements that enable the 
collision time for electron excitation and radiative life- 
time to be determined more accurately would be very 
useful and desirable. 

eth 

The set of differential equations describing the low- 
density shock-layer flow with nonequilibrium radiation 
is now complete. It consists of the energy equation, 
Eq. (19), which contains an energy-emission term, and 
of the two rate equations, Eq. (39), for the emitted energy 
due to the two molecular bands of interest. For the 
equation of state, p = p(p,h), the perfect-gas relation is 
used (as justified in Section V) and can be written for 
the-stagnation region by use of Eq. (13) in the form 

2Y P.0 p = , _ I R  (44) 

The rarefaction parameter Ch, defined by Eq. (15), can 
be written with 

N = P* = constant 
Po Po 

as 

(45) 

where the index s refers to a characteristic state (T = T,, 
p = p,Ui) of the shock layer. Replacing N by a con- 
stant according to Eq. (45) simplifies the numerical cal- 
culations. For a perfect gas under constant pressure 
(stagnation region), this procedure corresponds to the 
assumption of a linear viscosity-temperature relation- 
ship. Although the linear temperature dependence of the 
viscosity is rather unrealistic in the case of large tem- 
perature variations, good results for heat transfer are 
obtained if a suitable reference temperature T ,  is chosen 
(Refs. 20 and 21). Because the non-adiabatic effects across 
the transition zone reduce the mean value of temperature 
in the shock layer (see the numerical results shown 
in Section VIII), the following reference temperature has 
been chosen in accordance with the recommendations 
made in Ref. 21: 

(47) 

with the specific heat c, = 1000 rnZ/s2-OK for air. It 
should be noted that the linear viscosity-temperature 
relationship has been used only in the numerical integra- 
tion across the layer. The reference viscosity p8 = p(T,) ,  
however, has been calculated by using the very accurate 
formulas that are based on the Lennard-Jones (6-12) 
potential of the molecular gas theory (Ref. 22, pp. 528- 
533 and tables I-A and I-M). The Prandtl number has 
been calculated from Eucken’s relation (see Ref. 16, p. 21), 
which yields Pr = 0.737 for y = 1.4. 

The no-slip and no-temperature-jump conditions, 
Eq. (lo), are used as boundary conditions at the body 
surface, and the modified Rankine-Hugoniot conditions, 
Eq. (12), are used as boundary conditions at the shock 
interface. Thus, the problem has been reduced to a two- 
point boundary-value problem that can be solved by 
standard mathematical methods. In this case an iterative 
initial-value method has been used with an estimated 
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initial value of fi at f = 1. There is only one minor ditfi- 
culty that should be mentioned: The stagnation point 
( f  = 0) is a singular point of the rate equations, Eq. (39), 
and the numerical integration method fails there. This 
difficulty can be overcome by expanding the unknown 
solution in a power series for small values of f .  Since the 
wall temperature is small in comparison with the stag- 
nation temperature, the emission term in the right-hand 
side of the energy equation, Eq. (19), can be neglected 
for very small values of f .  Hence, the following expansion 
is obtained for f << 1: 

R = R, + (-g) f + O@) (48) 
W '  

where the index w refers to values at the wall (f = 0). 
Equation (48) shows that for small values of f the function 
G(f)  may be approximated by a linear relationship of 
very high accuracy (relative error of order f 3 ) ,  This pro- 
cedure was used to replace the boundary condition at the 
singular stagnation point by an equivalent boundary 
condition at a neighboring point. 

After the equations with f as independent variable have 
been solved, the solution may be retransformed into the 
boundary-layer coordinate system by means of the 
equation 

which gives the physical distance from the body surface 
in terms of the body nose radius. 

Finally, the heat transfer coefficient, defined as heat flux 
toward body surface divided by p,,,U,(H, - H,,), may 
be calculated. The total heat transfer is divided into two 
parts, one due to convection and the other one due to 
radiation. The convective part of the heat transfer co- 
efficient at the stagnation point may be obtained from 

The heat transfer coefficient due to radiative heat flux 
toward a black (perfectly absorbing) surface, is given by 

P l  

In deriving Eq. (51)) the following assumptions have been 

The contribution of the transition zone to the total 
radiative flux is negligible. 

The shock layer is optically thin. 

The shock layer is geometrically thin so that the 
curvature of the radiating layer may be neglected, 
which gives rise to a fractional error of the order 
Of ( 6,/Rb)Va. 

For a body surface with a gray (or average) absorp- 
tivity a,, the coefficient of total heat transfer at the 
stagnation point is finally given by 

111. Results and Conclusions 

Numerical calculations have been carried out for the 
stagnation region of a blunt body traveling in a terrestrial 
atmosphere. The body surface has been assumed to be 
sufficiently cool so that T,,/T, may be taken as zero. The 
following parameters have been chosen in the examples 
shown in Figs. 3-6: Free-stream velocity U ,  = 11 km/s, 
body radius Rb = 1 m, and free-stream density p m  = 
6.0 X lo-? X psL, which corresponds to an altitude of 
about 100 km. The shock-layer of Reynolds number (based 
on the reference temperature T,) is 40, and Cheng's 
rarefaction parameter is 1.1, indicating that non-adiabatic 
effects across the shock transition zone are important. 
Figure 3 shows the total enthalpy in the shock layer as 
a function of the dimensionless variable f .  Because of 
radiation effects, the total enthalpy in the shock layer 
is lower than it would be if there were no radiation; 
however, this result was to be expected. More interest- 
ing is the value of the total enthalpy at the outer edge 
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Fig. 3. Total enthalpy as a function of the 
dimensionless variable I; 

of the shock layer (denoted by the word “shock in the 
figures, which stands for “shock interface” or, more spe- 
cifically, “inner edge of the shock transition zone”). For 
an adiabatic shock wave, that follows the ordinary 
Rankine-Hugoniot conditions, the total enthalpy remains 
unchanged, and the initial point of the total enthalpy 
curve would be H / H ,  = 1.0. However, because of vis- 
cosity and heat conduction immediately behind the 
shock, the total enthalpy at this point is reduced ac- 
cording to the modified Rankine-Hugoniot conditions 
and this effect becomes stronger with decreasing rare- 
faction parameter Ch. Figure 3 shows that because of 
radiation the non-adiabatic effect in the shock becomes 
even stronger. Hence, including radiation has qualita- 
tively the same effect as decreasing the rarefaction 
parameter C h  or (with E and N fixed) decreasing the 
Reynolds number Re,. It should be noted that this effect 
is not due to radiative energy losses in the transition 
zone (shock), because these energy losses have been 
neglected in this analysis (see Section IV) ! The reason 
for the additional reduction of total enthalpy immedi- 
ately behind the shock is to be found in the larger 
temperature gradient there, which is caused by radiative 
emission from the shock layer itself. This larger temper- 
ature gradient increases the conductive heat flux away 
from the shock. That is, the radiative emission from the 
shock layer increases the effect of heat conduction on 
the shock. 

In Fig. 4 the translational temperature is shown as a 
function of distance from the body surface. The increase 
of the temperature gradient immediately behind the 
shock due to radiation effects is clearly seen. Two addi- 
tional effects may also be noticed: Both the mean tempera- 
ture in the shock layer and the thickness of the shock 
layer are reduced by radiation effects. 

Figure 5 shows the distribution of the emitted energy 
per unit volume and unit time over the shock layer. The 
main contribution comes from the N,(2+) band, the 
N,( l+)  system contributes comparably little to the total 
emission. With E being determined, it is possible to 
determine if the condition imposed by Eq. (21) holds. 
Identifying the characteristic shock-layer emission E ,  
with the maximum emission E,,, in the shock layer 
(which yields a very conservative estimate for r,), we 
obtain I?, = 1.0. Even if the flight speed is increased 
from 11 to 15 km/s, rs is raised to 1.4 and Eq. (21) is still 
satisfied. 

Profiles of translational temperature and of the elec- 
tron temperatures correlated with the N , ( l + )  and 
N2(2+) bands are plotted in Fig. 6. The electron tem- 
peratures TY and TF are defined as those temperatures 
by which T ,  in Eq. (25), has to be replaced in order to 
obtain the actual emissions El+ and E2+, respectively, 
instead of the equilibrium values (see Eq. 24). The results 
show that the translational temperature is followed more 
closely by T:+ than by T Y ,  although the 2+ band system 
is affected more strongly by collision limiting than is the 
1+ system. The reason is that the effective relaxation 

0.02 0.04 0.06 0.r 0 
DISTANCE y/ R,,, rn 

Fig. 4. Profile of translational temperatures 
in the shock layer 
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time is much shorter for the 2 + band than for the 1 + 
band (see Eqs. 38 and 43). The remarkably fast increase 
of the electron temperatures immediately behind the 
shock indicates that the transition zone, although neg- 
lected in the initial conditions of the rate equations, 
might have some influence on the nonequilibrium process. 
Also, the electron temperatures near the body are higher 
than the translational temperature. This indicates some 
kind of “freezing” in the relaxation process of electron 
de-excitation. 

Values for the heat-transfer coefficient (in air) as a 
function of free-stream density are presented in Fig. 7. 
The heat transfer coefficient is divided into convective 
and radiative expressions, C i  and CE , respectively. The 
total heat-transfer coefficient for a non-black-body sur- 
face, therefore, is within the ranges labeled C; in Fig. 7, 
depending on the wall-absorptivity a, and given by 
Eq. (52). Although the velocity is not extremely high, the 
radiative contribution to the total heat transfer is seen 
to be quite important. Figure 7 also shows the expected 
result thst the ratio of radiative to convective heat 
transfer becomes larger with increasing density. For the 
purpose of comparison, results are given for the case 
where radiation is omitted in the heat-transfer calculation 
as well as in the flow-field analysis (energy equation). 
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Fig. 7. Convective and radiafive contributions to heat 

transfer in air at an axisymmetric stagnation point 

13 



The results presented in Figs. 3-7 show that nonequi- 
librium radiation influences flow field and heat transfer 
considerably even at parabolic speeds and low densities 
(merged layer regime). This is in contradiction with esti- 
mates made by Teare, et al., (see Ref. 5 )  some years ago. 
However, those estimates are not satisfactory for several 
reasons. The first, and probably most important, reason 
is that the radiative heat transfer was underestimated 
by a factor of about 30, because the de-excitation cross 
section that was used for estimating collision-limiting 
effects is too high by that factor according to newer 
measurements (see Ref. 12). The second reason is that 
the convective heat transfer was overestimated because 
boundary-layer formulas were used, which give overly 
high convective heat transfer rates in the low-density 
regime. And finally, the coupling between radiation and 
convection (including heat conduction) was not taken 
into account by those estimates, but this effect plays an 
important role, as the present results show. 

30 

The low-density flow without radiation is, of course, 
governed by the Reynolds number similarity, which per- 
mits correlation of flow fields with different body sizes 
Rb and free-stream densities p a  by preserving the product 
Rbp,. It can be concluded from Eqs. (19), (39), (42), and 
(43) that this similarity law does not hold when non- 
equilibrium radiation and its interaction with the flow field 
are taken into account. Numerical examples are shown in 
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Fig. 8. Total enthalpy solution for different body sizes 
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Fig. 10. Convective and radiative heat transfer solutions 
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Figs. 8-10. The velocity U ,  was again chosen to be 11 h / s ,  
and two different body sizes (Rb = 0.3 and 3.0 m) were in- 
vestigated with the product &pa held constant. Enthalpy 
and temperature profiles (Figs. 8 and 9, respectively) are 
different in the two cases, and so are the heat-transfer 
coefficients CL and Ct  as functions of Cheng’s rarefac- 
tion parameter Ch (Fig. lo), whereas in the nonradiative 
case the heat transfer coefficient is a function of Ch only 
(in the present approximation). However, the numerical 
calculations also show that the results for different body 
radii with Rapm and U ,  fixed are but slightly different, 
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apparently because several different effects partly cancel 
each other. That is, in rough, approximate calculations, 
one may correlate radiative flow fields of different body 
sizes or different free-stream densities by holding both 
the free-stream velocity and the product Rap& constant. 

These results and the assumptions that have been made 
suggest the following future studies: 

(1) Elimination of the assumption expressed in 
Eq. (21), and solution of the “full” two-layer prob- 

lem (radiative energy losses taken into account in 
the transition zone as well as in the shock layer). 

Inclusion of finite relaxation times (rate constants) 
for vibration, dissociation, and ionization into the 
nonequilibrium process. 

Although these generalizations will considerably in- 
crease the complexity of the problem, the computation 
time is expected to be sufficiently short to make some 
numerical cases feasible, against which the results of the 
present “reduced” problem can be checked. 
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Appendix A 

Limit of Continuum Theory 

The basic condition for continuum flow in the case of 
a blunt body is the condition 

A, - << 1 
8, 

where A, is the collision mean free path behind a normal 
shock, and 6, is the thickness of the shock layer (see 
Ref. 2, pp. 370-380). According to the kinetic theory of 
gases, the mean free path is of the order of 

A, cu 2.L 
psas 

with p,, p,, and a, as characteristic values of viscosity, 
density, and speed of sound in the shock layer, respec- 
tively. By the application of well known gas dynanlical 
relationships together with the fact that a,/&, is of the 
order of the density ratio p,/p,, we obtain for hypersonic 
flow 

where Re, is the shock-layer Reynolds number defined by 

(A-4) 

Hence the condition for continuum flow, Eq. (A-1), may 
be written as 

Re << (7) y - 1  ‘ / 2 < 1  
(A-5) 
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siti iati ts 

In this investigation of plane or axisymmetric steady 
flow, a boundary-layer coordinate system x, y is used 
(see Fig. 2). Let the layer in which the flow quantities are 
substantially different from the free-stream conditions 
be optically thin (no self-absorption) and also geometri- 
cally thin; i.e., 

Kycc 1 ,f 
where K is the longitudinal body curvature, defined as 
positive if the body is convex. The conservation equations 
of a viscous, heat-conducting, and radiation-emitting fluid 
can then be written for continuity, momentum, and 
energy as shown in Eqs. (B-2-B-4), respectively. 

a a 
-(Tjpu) + - (Tip") = 0 
ax aY 

au au ap 
ax ag ax t y (  pg) pu- + pv - + - = - (B-3a) 

(B-3b) 

aH __ pu- + pv- - 
ax aY 

f[ k + pu& + (+ p + p t )  v e ]  - E aY 
(B-4) 

In these equations u and v are the velocity components 
in the x and y directions, respectively; k is the coefficient 
of heat conduction; p and p' are the coefficients of shear 
and bulk viscosity, respectively; H is' the total enthalpy 
defined by 

03-51 
1 H = h + (u2 + v2) 

Also, E is the emitted energy per unit time and unit vol- 
ume; T is the distance of the body surface frGm the axis of 
symmetry; and i equals 0 for two-dimensional flow and 
1 for axisymmetric flow. It should be noted that in the 
framework of continuum theory, the Eqs. (B-2-B-4) are 
valid for the transition zone as well as for the shock layer. 

The transition zone (shock structure) has been charac- 
terized by Cheng (see Refs. 6 and 8) by 

1 -- - O(1) 
V 

i J- = O(1) 
f m  

With the use of these orders of magnitude, several terms 
in Eqs. (B-ZB-4) can be neglected because of the basic 
assumption in Eq. (B-1). The resulting equations can be 
integrated once to obtain the following transition zone 
equations : 

pv = PlOl (B-7a) 

(B-7b) au 
PlVlU - p-  = P1P)lUl 

aY 

p + plvlv - (-$ p + p') f = p1 + plv: (B-7c) 

+ /," E dy = PlVlHl 

(B-7d) 

where subscript 1 refers to conditions in the free-stream. 
Velocity v, is negative (u, = U, cos p, v, = --U, sin p) 
according to Fig. 2.. 

The shock layer, and its equations for various coor- 
dinate systems are now considered. With the use of an 
integral form of the mass conservation law, it follows 
from the basic thin-layer assumption that the density 
ratio across the shock has to be small, and with the help 
of Eq. (B-7) the orders of magnitude are estimated as 
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U ,  2) sin p = 0 ($) << 1 

p = O(p,U: sin' p) 

u = O(U, cos p )  

Partial derivatives with respect to x are taken with y 
held constant, but derivatives with respect to f are taken 
with $ fixed. It is known from boundary-layer theory that 
au/a$--+ w as +--+ 0. This singularity at the body surface 
is avoided (see Refs. 7, and 8) by the introduction of the 
independent variable [ defined by 

(B-8) 

With the assumption that l/sin p = 0(1) (i.e? the'body 
must not be slender) and neglecting terms O(p,/p) in 
Eqs. (B-2-B-4) [except the term ap/ax in Eq. B-3 in order 
to keep the equations uniformly valid in the region of very 
high Reynolds numbers (see Ref. 6)] the following shock- 
layer equations are obtained: 

(B-12) 

Equations (B-11) can easily be rewritten in terms of [ and 
dimensionless variables fi = u / U ,  cos p and i7 = H/H,. 
By restricting the applicability of the equations to the 
stagnation region (cos p+-0) the partial differential 
equations are reduced to ordinary dgerential equations. 
Furthermore, the pressure is constant in the stagnation 
region of a thin shock layer as can be seen from 
Eq. (B-llc). Hence, the temperature in the energy equa- 
tion may be replaced by the enthalpy by means of the 
general thermodynamic relationship (for p = constant) 

dh  = c, dT (B-13) 

and the Prandtl number Pr = c,p/k can be introduced 
without restraints upon the fluid properties. Finally the 
following equations are obtained by using the definitions 
supplied by Eqs. (fj-8): 

~2 - - l + i  U- dii 1 

(B-9d) 

It has not been assumed that U / U  << 1, so that Eqs. (B-9) 
are valid in the stagnation region also. Equations (B-9) 
apply to a general fluid. 

To satisfy the continuity equation, Eq. (B-9a), the 
2 [- dt  stream function $ is introduced by 

(B-10) 

(B-14a) With $ and if = x as independent variables (von Mises 
coordinates), the following equations of momentum and 
energy are obtained from Eqs. (B-9): -- 

(B-14b) 

In the axisymmetric case ( i  = l), Eq. (B-14a) is identi- 
cal with Eq. (1) in Section 111, and Eq. (B-14b) is 
identical with Eq. (2) in the nonradiative case ( E  = 0) 
and with Eq. (18) in the radiative case ( E  #O). 

aH - a 
az u - - ~2ju - 

a+ 

(B-llc) 
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ppendix C 

Calculation of onstants C, r ] ,  6+, and G+ From Measurements 

Experimental results have been presented by Allen 
et al. (Ref. 12) for tg p ,  vs U, in air, where tg is the time 
to peak radiation (in p) measured in the laboratory 
coordinate system, p ,  is the pressure (in atm) in front of 
the shock wave, and U, is the shock velocity. The value 
of tg as a function of the temperature T ,  immediately 
behind the shock is desired. The measurements were 
made in a regime where the ordinary Rankine-Hugoniot 
conditions apply. Moreover, vibration, dissociation, ion- 
ization, and electronic excitation are .frozen immediately 
behind the shock. Therefore, the perfect gas relationship 

may be used to calculate T ,  (Fig. C-1). The straight line, 
which has been calculated by the least-squares method, 
is represented by the equation 

with t;f; in 2, pl in atm, and T ,  in O K .  

Since the temperature in front of the shock is approxi- 
mately equal to the standard temperature at sea level 
conditions, p ,  can be replaced by pa/psL (sea level density 
PSL)  to give (in ,us) 

(C-3) - = 1.62 x 10-3 - 
t i  PSL pa ( z 4  )- 

Gases other than air show times to peak radiation that 
are remarkably close to the results obtained in air (Ref. 23). 

The term ti expresses the observed time between the 
arrival of the shock and the instant of peak radiation in 
the laboratory-fixed coordinate system. In the rate equa- 
tions, however, not the laboratory time but the particle 
time is relevant. Let t,’ be the time it takes for a particle 
to move the distance x, from the shock wave to the point 
of peak radiation. Hence, the times t i  and ti are related 
to each other by the following equation (with 2, as velocity 

of a particle relative to the shock): 

The continuity equation of one-dimensional flow can be 
used to rewrite Eq. (C-4) as 

and from the mean-value theorem it follows that 

with pm as the mean value, which is the value of the 
density at a point somewhere within the time interval 
0 2 t 5 t,’. 

h - 
0. 

a+n 

3 

Y 

s 

I I I I I \ 

3.8 4.0 4.2 4.4 4.6 4.8 ! 
-5.0 

LOGIOT2, O K  

Fig. C-1. Time to peak radiation in air as a 
function of temperature (after Allen) 
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A mean collision time T ~ , ~  can now be defined in ac- 
cordance with Eq. (42) by 

where T,  = T(pm,pz) is the temperature of the thermo- 
dynamic state given by p = p m  and p = p z  = p,UZ,. The 
collision time controls the time to peak radiation in 
the particle-fixed coordinate system. Since the measure- 
ments that are used to determine the constants C and 
have been made in a regime where collision limiting is 
negligible, the following rate equation and boundary 
condition apply (see Eqs. 32 and 40): 

E(0) = 0 (C-8) 
dE 1 - = - (E, - E), dt T c  

To obtain an estimate of the relationship between ti 
and T~,,,  we replace rC in Eq. (C-8) by the constant 
Tc,m, and for the equilibrium emission (which follows the 
translational temperature) we assume the simple relaxa- 
tion relation 

where E* is a constant, and ~i is an average (constant) 
relaxation time of the relaxation processes that control 
the translational temperature (ionization, dissociation, 
and internal degrees of freedom). The solution of 
Eq. (C-8) with E, replaced by Eq. (C-9) is 

(e-t/7i - e-t/r c , m )  (C-10) E* 

l - -  
E =  

Tc ,m 

T i  

The time to peak radiation in the particle-fixed coordi- 
nate system is obtained from dE/dt = 0. Equation (C-10) 
yields 

Experimental results (see Ref. 12, Figs. 14 and 24, and 
Ref. 14, Fig. 8) show that T i / T c , m  is of the order of 5-15. 
By the use of Eq. (C-11), it is found that t i / T c , ,  varies 
from 2.0 (for T ~ / T ~ , ~  = 5)  to 2.9 (for T ~ / T ~ , ,  = 15). It is 
seen that t,'/Tc,m depends but little on T ~ / T ~ , ~ !  Therefore, 
an average value has been chosen as 

- -2.5 (C-12) 
T c , ~  

The terms t,'and T~,,,,  in Eq. (C-12) are replaced by 
means of Eqs. (C-6) and (C-7) to obtain the following 
equation for the time to peak radiation in the laboratory 
system: 

(C-13) 

Comparing this equation with the experimental result, 
Eq. (C-3), and replacing the density ratio across the 
(frozen) shock,' p,/p,, by (y - l)/(y + l), we obtain 

-q = - 2.26 (C-14) 

and 

The mean values p m  and T,  are not known experimentally 
with any great degree of accuracy. However, because 
the pressure changes very little in the relaxation zone 
behind the shock, the power product (p,/p2)2(T,/Tm)V 
is of the order of (Tz/Tm)V-2. The value of is very close 
to 2, and since T2/T, is of the order of 2 (see Ref. 14) 
the power product of the mean values differs very little 
from 1, and may therefore be dropped in Eq. (C-15). 
With y = 1.4 we finally obtain the result 

C = 0.023 p~ 

17 = - 2.26 
(C-16) 

After the constants C and T that determine the collision 
time are obtained, the radiative lifetimes must be evalu- 
ated. The results of a collision-limiting experiment that 
has been performed in pure nitrogen (see Ref. 12) are 
used for this purpose. The intensity measurements of 
the N;(l-) band system show that collision limiting is 
negligible for U ,  = 5.77 km/s and pl  = 100 pm of Hg, 
whereas this effect reduces the emitted energy by a 
factor of approximately 1/2 when p l  = 20 pm of Hg. It 
follows from Eq. (34) that T;- = T~ under the latter con- 
ditions, where T;- is the radiative lifetime of the N;(l-) 
band. Equation (C-17) is obtained with the use of Eqs. 
(42) and (C-16) 

T i -  = 4.6 x 10-5 s (C-17) 
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Theoretical investigations (see Ref. 19) show that T~ is 
inversely proportional to the transition probability 
(f-number) and to the square of the frequency. There- 
fore, the radiative lifetimes of the two band systems of 
interest in the present analysis, i.e., N,(l+) and N2(2+), 
can be calculated from T;-. On this basis, results have 
been presented (see Ref. 5 )  for “critical densities,” which 

are, according to Eq. (42), inversely proportional to the 
radiative lifetimes. It follows that T ; : T ~ : T ~ -  = 1000:32:28, 
and with Eq. (C-17) we finally obtain 

(C-18) 
7: = 1.6 x 10-3s 

T: = 5.3 x 10-5 s 
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Nomenclature 

A 

C 
C1' CZ' 

C" 
2 

CP 

Ch 

E 

H 
i!i 

h 

i 

M 

N 

P 
Pr 

Q 
QsSQt 

parameter defined in Eq. (16) 

( A = ~ { [ 1 + ( 4 / C h ) ] " -  1 

absorptivity of the wall (body surface) 

mole concentrations of ground-state 
molecules AB and excited molecules 
AB*, respectively 

constant in Eq. (42) 

constants in Eq. (25) 

total heat transfer coefficient [ CH = 

heat transfer coefficients due to con- 
vection and radiation to a black body, 
respectively 

specific heat at constant pressure 

Cheng's rarefaction parameter 

Q / ~ ~ m u m ( H r n  - Hw)1 

radiative energy emitted per unit time 
and unit volume 

total enthalpy [ H  = h + (u2 + v2)/2] 

dimensionless total enthalpy 

specific enthalpy 

for two-dimensional flow i = 0; for 
three-dimensional flow j = 1 

longitudinal body curvature 

thermal conductivity 
rate constants for excitation and de- 
excitation, respectively 

molecule, partner in collision with AB 
and AB* species 

dimensionless density-viscosity product 

( H  = H/H,) 

( N  = PP/PoPo) 

pressure 
Prandtl number (Pr = c p p / k )  

total heat flux to surface of body 
radiative heat flux due to shock-layer 
and transition zone emission, respec- 
tively 

nose radius of body 

distance from the axis of symmetry to 
a point on the surface of the body 

Reynolds number at stagnation condi- 
tions (Re, = pmUrnRt,/~o) 
Reynolds number at shock layer condi- 
tions (Re, = P,U,Rb/p,) 
translational temperature 

activation energy constants in Eq. (25) 

temperatures that characterize the 
population of the excited electron states 
in the N F  and N,Z' band systems, re- 
spectively 

time 

time to peak radiation in the laboratory- 
fixed and particle-fixed coordinate sys- 
tems, respectively 

free-stream velocity; also the velocity 
in front of a moving shock wave 

velocity component in the x-direction 
dimensionless velocity in the x-direc- 
tion (G = u/U,  cos p) 
velocity component in the y-direction 

boundary-layer coordinate system 

body inclination angle 

ratio of speci6lc heats 

thickness of the shock layer and the 
transition zone, respectively 

thermodynamic quantity defined by 

dimensionless variable defined by Eq. 
(5 or B-12) 

constant in Eq. (42) 

coefficients of shear and bulk viscosity, 
respectively 

density 

standard atmospheric density at sea level 

collision time, effective relaxation time, 
and radiative lifetime, respectively 

stream function 

Eq- (8) 
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Nomenclature (contd) 

Subscripts 
e 

m 

S 

ss 

t 

W 

0 
1 

value at equilibrium conditions 
mean value in the relaxation zone be- 
hind a shock wave 
characteristic value in the shock layer 
value at steady-state conditions 
characteristic value in the transition 
zone 
conditions at the wall (body surface) 
stagnation conditions 
conditions in front of the transition 
zone 

2 

00 

Superscripts 

1+,2+ 

Special symbols 

O( 1 
N 

=5 

a 

conditions immediately behind the 
transition zone or shock wave 
conditions in the free stream 

first positive and second positive N, 
band systems 

of the order of ( ) 
of the same order of magnitude as 
approximately equal to 
proportional to 
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