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* PREFACE 

* 

The problem of communicating through a re-entry plasma 

arose out of a study being done by the George Washington 

University School of Engineering and Applied Science under 

the direction of Professor R. B. Heller for the National 

Aeronautics and Space Administration, Langley, Virginia. 

Propagation through re-entry plasmas, the topic of this study, 

is intended to serve as a contribution toward this effort. 

Lengthy computerized computational procedures have been 

utilized in the past to solve the inhomogeneous second order 

wave equation and thus predict propagation losses in an 

inhomogeneous media. This study presents a technique yield- 

ing approximate solutions that may be calculated without the 

lJse of a computer or lengthy computational procedures. 

Accuracies to within a few percent of those due to lengthy 

computer runs are obtained. 

The re-entry communications problem is a serious one 

-resulting in complete communication blackout during critical 

phases of space missions. It is the purpose of this study 

to develop, via an invariant imbedding technique, a means of 

predicting signal losses through an inhomogeneous re-entry 

plasma, 



* LIST OF FIGURES 

Figure . Page 

. . . . . . . . . . . . . . . . . . .  1 Problem Configuration 3 . 
2 Typical Re-Entry Plasma Characterist ies . . . . . . . .  9 . f i  
3 Typical Re-Entry Profiles . . . . . . . . . . . . . . . . .  10 

4 Space Vehicle Re  -Entry Profiles . . . . . . . . . . . . . .  11 

5 Electron Density and col l is ion Frequency. . . . . . .  12 

6 Plasma Frequency and Collision Frequency a t  

Re-Entry Vehicle Nose . . . . . . . . . . . . . . . . .  13 

7 Boundary Between Two Homogeneous Plasmas . . . .  18 

. . . . . . . . . .  8 Infinitesimal Slab Imbedded j.n Plasma 23 

. . . . . . . . . . . .  9 Reflection Components from Slab 24 

7 . ?I0 Transmission Components From Slab . . . . . . . . . .  29 

. . .  11 Index of Refraction a s  u Function of u/up 

. . . . . . . . . . . . . . . . . . . . . . . . . .  and v / w p  34 

12 Absorbtion Coefficient a s  a Function of 

w / o p a n d v / w p  . . . . . . .  . .  . . . . . . . . . . .  35 
. . . . . .  13 Plasma Propagation Loss Versus Frequency 38 

. . . . . . . .  14 Plasma Propagation Loss Versus Altitude 39 

15 Comparison of Measured and Predicted Blackout 

. . . . . . .  Points for Apollo Re-Entry a t  S- Band 40 



TABLE OF CONTENTS 

Page 

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  Preface i 

. . . . . . . . . . . . . . . . . . . . . . .  . . . . . . . .  List of Figures ; ii 

. . . . . . . . . . . . . . . . . . . . . . . . . . . .  I. .. Introduction 1 

. . . . . . . . . . . .  11. Physical Processes During R e  -Entry. 2 

. . . . . . . . .  111. Plasmas and their Descriptive Parameters 5 

. . . . . . . . . . . . . . . . . . . . . . . . . . .  IV . Re -Entry Plasma 8 

. . . . . . . . . . . . . . . . . . . . .  V. Computation Procedure 1 5 
r' . . . .  . .VI. ~ransmis - s ion  Losses Through the Re-Entry Plasma 31  

I 
VII . Summary . . . . . . .  : . . . . . . . . . . . . . . . . . . . . . . . . .  41 

. . . . . . . . . . . . . . . . . . . . . . . . . . .  VIII. Bibliography. 42 

iii 



I. Introduction 

This s tudy t rea t s  the problem of predicting electromagnetic propagation 

10s s e s  encountered be tween a spacecraft  and ground s ta t ion during spacecraf t  
' 

re-entry conditions.  The problem has  been shown to  be a ser ious  one resul t -  

ing,  for many c a s e s ,  *in a complete communications "blackout" between 

s pacecra; .: and ground. 

As a spacecraf t  en te rs  the ear th 's  atmosphere a t  orbital or greater veloci-  

ties i t s  kinet ic  energy begins to  be diss ipated in  the form of hea t  due to  

friction with  the surrounding atmosphere. At a cer ta in  point during re-entry, 

as the spacecraf t  nosecone and adjacent  g a s e s  great ly  increase in teniperatire , ' 
1 

partial ionization of the surrounding atmospheric g a s e s  takes  place.  In t h i s  

manner, a plasma is formed comprised of the posit ive and negative ions 
I 
I 
i 
L 

extending rearward and outward from the spacecraf t  nosecone.  The plasma ! 

I 
I 

is always inhomogeneous in nature and i t s  physical  ex ten t  and e lec t r ica l  i 
I 
i . parameters are  functions of the vehicle shape  and  trajectory.  It is the goa l  
i 

of this  s tudy  t o  determine the propagation character is  t i c s  (specifically,  

transmission 10s s )  of e lectromaynetic energy through th i s  inhomogeneous 

plasma engulfing the re -entering spacecraf t .  
e 

The t a s k  h a s  been broken down into two main problem a reas .  Firs t ,  - .  
the physical  and e lec t r ica l  characteris  t i c s  of the re -entry plasma were 

es tab l i shed  and  second,  a computational procedure w a s  developed t o  ca lcu-  

la te  the propagation character is t ics  . The re -entry plasma character is t ics  

were determined by  performing a n  extensive literature survey covering both 

theoret ical  and  measurement techniques used  to descr ibe the nature of the 

plasma. The propagation computations were carried out  by applying the . 

principles of the invariant imbedding procedure to  the soJ.ution of the wave 

equation in a n  inhomogeneous plasma. Lastly, the Riccati type differential  

equation resul t ing from the invariant embedding approach was  so lved ,  using 

cer ta in  approximations, t o  yield values  of reflection from and transmission 

through the inhomogeneous plasma region formed about  a re -entering 

spacecraf t ,  



11. Physica l~Processes  During Re -Entry 

A s  a missile o'r spacecraft  re-enters the ear th ' s  atmosphere at orbital 

o r  greater veloci t ies  a plasma sheath is formed on i t s  surface,  degrading 

normal electromagnetic communications. The plasma sheath is created a s  

a consequence of the-vehicles kinetic energy being diss ipated into the 

surround illg atmosphere in the form of il :at. Usually, the plasma cvlnpletely 

surrounds the re-entering vehicle and extends far back into i t s  wake.  The 

extent  of the plasma sheath has  been found to  be very much dependent on 

the vehicle s i z e ,  shape ,  and entering velocity. Figure 1 depicts  a vehicle 

re-entering the ear th ' s  atmosphere along with its accompanying plasma 

shea th .  The following description provides a detailed account of the plasma 

formation process . 
At the beginning of the re-entry sequence,  the pressure in front of a 

vehicle.builds up to  more than a thousand.times its normal value (several  

thousand ps i ) ,  a t  the same t i m e  the surrounding g a s  temperature increases  

by t ens  of thousands of degrees in a time span  of about 20 microseconds. 

This process is s o  severe and rapid that some of the chemical components 

of the surrounding atmosphere, particularly NO (Nitric Oxide), overshoot 

equilibrium conditions and become ionized. That i s ,  electrons become 
I 

exci ted and are  str-ipped from their parent a t o n s  . Thus, a hot ionized g a s  

composed of positive and negative charges,  or plasma, is formed near the 

front of the re-entering vehicle.  The plasma then flows back along the 

body of the vehicle in a few tenths of a millisecond, expanding a s  it pro- 

, ' g resses ,  completely surrounding the vehicle .  It is known that for blunt 

nose vehic les  the plasma is formed mainly in the region of the nose .  For 

the c a s e  of a thinner or sharper nosed vehicle the plasma is formed for the 

. most part by frictional heating occuring along the s ides  of the vehicle .  

The problem of accurately predicting the composition' of a re -entry 

plasma is quite difficult if  not beyond the s ta te  of a r t  in many instances 

(particularly during planetary re -entry conditions).  This problem is greatly 
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complicated due to the production and re-combining of ions from many 

different gases present in the plasma. The effects of thermodynamics, 

aerodynamics, and hot particles stripped from the vehicle nosecone by 

ablations must be considered simultaneously to obtain an accurate . 
representation of the plasma composition. 

Despite a l l  these difficulties, accurate estimates of plasma properties 

have been made for several practical situatioi-is. A summary of typical 

re-entry plasma characteristics gathered from several different sources is 

presepted later in this study. 



111. Plasmas and Their Descriptive Parameters 

Before proceeding further, a c loser  examination wil l  now bs  made of 

what has  been termed a " plasma. " Plasmas wil l  be categorized in this  

sec t ion  in terms of "w$rm, " "cold,  " "isotropic,  " and "non-isotropic, " 

In addi t iu~ ' ,  the quantit ies most c o m m o i ~ l ~  used to  mathematically deszribe 

plasmas wi l l  be presented and d i scussed .  A brief introduction to  a plasma 

and i t s  descriptive parameters wil l  be given. A certain degree of knowledge 

concerning plasmas arid their  mathematical descriptors is necessary  in 

order to  fully understand this  s tudy.  

A plasma may be defined a s  a collection of posit ively and negatively 

charged particles free to  move about, and approximately equal  in number. 
* 

Thus, a n  ionized g a s ,  previously shown in this  study t o  be created during 

spacecraf t  re-entry, can  be classif ied a s  a plasma according to  the 

. definition just  s ta ted .  . It should be noted that  both types of charged 

particles need not be capable of movement in order to  sa t i s fy  the plasma 
- 

definition.   his occurs for the c a s e  of ionized g a s  where it often happens 

I ' 
that  a rapidly varying e lec t r ic  field can .eas i ly  move free electrons but has  

I very l i t t le e f fec t  aga ins t  the inertia of the much heavier ions .  The plasma 

may a l s o  contain neutral particles . 
The two quantit ies most commonly used to  analytically describe 

properties of the type of plasma encountered in this  s tudy are the collision 

frequentlyv , and the electron densi ty ,  Nee Other useful  descriptive 

quantit ies tha t  can  be derived from the collision frequency and the electron ' 

densi ty  a re  the plasma frequency, up,  cyclotron frequency, " J ~ ,  and the 

Debye length,  P d .  Each of these quantit ies is defined in the following list: 

Collision Frequency. The mean free path length of a n  electron, A ,  

is the average dis tance traveled between col l is ions.  The collision 

frequency of the electron is defined as the ratio of the speed of the electron, 

u ,  t o  i t s  mean free path length. Therefore, 

u (speed)  v (collision frequency) = A (mean pati;) 



Electron Density,  The electron densi ty ,  NeI can  be defined simply 
P 

as the number of free e lectrons present per unit  volume. 

Plasma Frequency. The plasma frequency, w is a quanti ty tha t  is 
P 

commonly used  to  describe or c l a s s i f y  a plasma. It is defined b y  the 

,re lation; 

where Ne = electron densi ty  

e = electron charge 

m = electron mass  

c = free space  permittivity 

Cyclotron Frequency. Another quanti ty sometimes used  is the cyclotron 

frequency' defined by the re lation: 

where B, = magnetic f ield present 

#. , 

Debye Length. The Debye length, ld,  for  a given plasma represents  
i 

the t ransi t ion dimension between macroscopic and microscopic e f f ec t s .  

This means tha t  the Debye length must be very smal l  in  comparison with 

the physical  dimensions of the plasma in order for plasma charac te r i s t ics ,  

as used  in  th i s  study, t o  be val id .  The Debye length can  be expressed  

. - by the relation: 
7 

Debye length (ld) = 4 :: y 
where K = Boltzmann's Constant 

T = plasma temperature (O K) 

A "warm" plasma, sometimes referred t o  a s  a compressible 

plasma is realized when the wavelength of a n  electromagnetic wave under 

.. consideration is l e s s  than the Debye length. In th i s  type of plasma, 

propagation ar is ing from the longitudinal compression and expansion of 

e lectrons may be present i n  addit ion to the more familiar t ransverse  modes, 



. In a -"coldu plasma the electromagnetic wavelength is greater than the 

Debye length.  Only transverse modes of propagation are  possible  for this  

type of plasma. 

Anisotropic plasmas exhibit  the u sua l  character is t ic  where the 

, permitti-;lty must be expressed as a tc ilsor. The anisotropic b e h a t  -7r 
. . 

occurring in plasmas comes about a's a consequence of the application of 

a n  external  magnetic f ie ld .  In th i s  s tudy the ear ths  magnetic f ield tends 

to make re-entry plasmas a n  anisotropic medja. This effect  wi l l  be 

shown to be smal l  in most practical  c a s e s ,  namely it is nearly isotropic for 

short  d i s tance  e f fec t s .  



1V Re -Entry Plasmas 

Figure 2 i l lustrates the relationships between several  of the plasma 

propel-ties just  described for a re-entry plasma sheath.  The lines labeled 

Id are the  loc i  of constant Debye length. The plasma frequency and electron 

densi ty  3--e plotted along the vertical  a i i s  and the temperature and e!ectron 

velocity are  shown along the horizontal axis . The B labeled l ines represent 

the minimum magnetic field strength that  must be present to  significantly 

influence the re -entry plasma character is t ics ,  making it manifest an iso-  

tropic e f f e c t s .  

~ e - e n t r ~  plasmas can  be seen ,  from the relations of Figure 2, t o  typi- . 
cal ly  exhibi t  "cold" characteristics s ince commonly used communication . 

I wavelengths are  much greater than the possible Debye lengths for the re- 

* .  entry plasma.  In addition, it can  be deduced from Figure 2 that  a typical  

plasma wi l l  exhibit  isotropic character is t ics .  This i s  true s ince the ear ths  

magnetic f ie ld ,  l e s s  than a few tenths of a gauss ,  is much l e s s  than the 
- 

- values indicated by the minimum required B field l ines .  Hence, a re-entry 
\ 

plasma wi l l ,  in many c a s e s ,  appear cold and isotropic. 
I r 

Spacecraft  or missile re-entry velocity versus altitude profiles are 
1 

shown in  Figures 3 and 4 .  The figures show relationships for orbital, lunar, 

and interplanetary missions.  The sources of the profile information are  

given in the figures.  

Figure 5 shows electron densi ty ,  N,, and collision frequency, v , as 

a function of re -entering spacecraft  alt i tude and velocity.  The plasma 

frequency and collision frequency can  be found a s  a function of al t i tude,  

and various missions,  from the relations of Figure 6 .  

The plasma properties a t  any  point during the vehicle re-entry pro- 

cedure c a n  be found from Figures 3 through 6 .  First ,  re-entry alt i tude and 

velocity va lues  can  be found for any desired position durihg re-entry from 

Figures 3 and 4 .  Next, ac tua l  plasma parameters can  be found by 

applying the alt i tude and velocity just obtained from Figures 3 and 4 to  
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the relat ions of Figures 5 and 6 .  In this  way numerical es t imates  of 

re-entry plasma parameters can  be obtained at any point for various types 

of spacecraf t  miss ions . 
* 



. . 

V. Computation Procedure 

The invariant imbedding computational procedure used  in th i s  s tudy 

to calculate  transmiss ion l o s s e s  through an  inhomogeneous plasma begins 

with fundamental wavk propagation properties. First ,  the  reflection and 

transmiss ion properties of a n  electron:: ;netic wave a t  a s ing le  bou~r i a ry  

wi l l  be determined. Next, applying the principle of localization,  the  problem 

just  solved wil l  be imbedded in a' nonhomogeneous medium (re-entry plasma) 

where the relation between two such  surfaces  separated by a very smal l  

d i s tance  (Az)  is determined. Finally, the  limit is taken a s  the d i s tance  

between the two adjacent  problems approaches zero .  A Riccati type 

differential  equation i s  generated tha t  descr ibes  the electromagnetic 

propagation through a inhomogeneous plasma. 

Wave Propaqation. The wel l  known wave equation describing plane 

waves in free space  can  be expressed a s :  

r e  where = e lec t r ic  f ield vector 

I k = propagation constant  . , 

The solutions for th i s  type of wave equation a re  of the  form 

- - j ( ~ t  + kz) 
E = E o  

where w= 27if 
t Z  time - 

= a constant  vector 

z is in the direction of propagation and the minus s ign  denotes  a forward 

traveling wave and the plus s ign  a backward traveling wave.  For a 

nonhomogeneous media the same bas i c  form of the  wave equation appl ies  

except  tha t  k = k(z)  and the solution can  no longer be  simply determined 

as in the  homogeneous media c a s e .  The propagation constant  k is no  

longer constant  (varying with z )  and wil l  henceforth be referred t o  a s  the  

propagation factor.  



Typical re-entry plasmas were shown previously -to be isotropic but 

nonhomogeneous in nature. Relations describing the propagation factors 

for "cold" and "warm" plasma regions are presented below: 

where a, the absorbition coefficient is 

and n, the index of refraction can be expressed 'as 

warm plasma 

where m = mass of electroil 

c =  speed of light in a vacuum , 

K = Boltzman constant . . 

T = Kelvin temperature 

v = collision frequency 



Transmission and Reflection a t  a Sjngle Boundary 

The f i r s t  s t e p  of the invariant imbedding process i s  to  determine the 

reflection and transmission from a plane boundary separating two semi- 

infinite homogeneous plasmas a s  i l lustrated in Figure 7 .  The incident 

wave is assumed to  a plane wave traveling in the z. direction and a n  

e lec t r ic  f ield component only in the x direction a s  shown in Figure 7 .  
- h E  At the boundary between the two plasmas,  E and E' (i . e . , EI  - ) 

are  continuous.  This boundary condition can  be derived from Maxwells Equa- 

t ions a s  follows: 

where 5 = magnetic f lux dens i ty  

applying Stokes Theorem, 

, taking the l ine integral around the rectangle shown in  the, figure below 

gives  

The a rea  of the rectangle is zero s ince  tvro s ides  a re  of length .A and 

therefore the  contribution from a finite t ims changing magnetic f lux is zero .  
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Figure 7 .  BOUNDARY BETWEEN TWO HOMOGENEOUS PLASMAS 



Hence, 

E2 = Ea . (continuity of E )  

The continuity of E ' will  now be establ ished starting with Maxwells 

fourth equation, 

, Continuity of H can  be establ ished from a process similar to  that  just 

used for El s o  the proof will  be omitted here.  For a s inusodial  time 

variation Maxwells third equation 

cen  be changed to V x  E = - j w p  h 
I h A h 

expanding F x E into its X,  Y, and Z components gives 

a a .  
since E, = Ey = 0, and variation is only in the z direction ( - = - = 0)  

bx 3Y 

this  equation reduces to  

Ort E' = C H  C = a cons tan.t (-j up-) 

.. Thus E '  must be continuous a t  the boundary s ince continuity of H has been 

previously assumed to be developed. 



Due ta continuity of E a t  the boundary, the  sum o f  the incident and 

reflected waves must equal'  the transmitied wave,  

omitting the common factor elWt for simplicity 

letting t h i  boundary be a t  Z = 0 

Differentiating equation 5-19 with respect  to z yields 

at Z = 0 t h i s  becomes 

Multiplying equation 5-20 by k1 ; equation 5-22 by -1, and adding with 

equation 5-22 gives 

thus,  the ra t io  of the transmitted wave to the incident wave is 



The ref lected portion of the wave 'can be found by dividing equation 5-20 

by Ei and  using the resu l t s  of equation 5-24. 

Er - 2 '6, (using 5-24) 1 + -  - -  
i kl + 'b 

, 

From 5-24 the reflected wave is found t o  be 

At t h i s  point, both the reflected and transmitted portion of a wave 

resu l t ing  from the discontinuity between two semi-infinite homogeneous 

plasma regions h a s  been es tab l i shed .  

Principle of Localization 

I The principle of localization s t a t e s  that  " a  plane wave traveling 

through a n  inhomogeneous medium proceeds a s  if  there were a n  

instantaneous reflection and transmission a t  each  interface of a stratum 

[ a, z + A. z 1. These reflections and t ransmissions occur a s  if the stratum 

bere ac tua l ly  a semi-infinite homogeneous' medium with propagation 

cons tan t  !r(z) a t  a l l  points beyond z. " This principle allows one t o  "imbed" 

the  problem just  solved into an  inhomogeneous media s ince  a t  e a c h  point 

the  media acts a s  if it were constructed of two semi-infinite homogeneous 

p lasmas .  

The problem just  solved may be considered a s  a particular process  

t ha t  is a m2mber of a family of similar p roces ses ,  When the particulzr 

p rocess  is imbedded in a n  inhomogeneous media the functional relations 

connect ing different members of the family of similar p rocesses  may be 

determined. In th i s  way  a n  insight is gained into the process that  is 

quite different than that  obtained by consideration of the isolated 



process ( i  . e . , reflection a t  a s ingle  boundary), 

The next  s t e p  in the invariant imbedding process involves determining 

the re la t ion between two adjacent  problems and expanding this  t o  descr ibe 

propagation throughout the ent i re  medium. 

Invariant imbedding 

The reflection and transnlis s ion coefficients previously developed for 

one  surface discontinuity will.now be  applied to  determine the reflection 

from two s u c h  discont inui t ies  . 
A very  smal l  sec t ion  of width LIZ of the inhomogeneous media is depicted 

in  Figure 8 .  To the lef t  of z the propagation factor i s  considered to  be a 

cons tan t  .k. Inside the h width the propagation factor has  a constant  value. 
I 

denoted by  k (z  + A z ) .  Figure 9 depicts  the var ious  reflected wave! compon- 

e n t s  and their  propagation direct ions .  The incoming incident wava h a s  been 

- normalized t o  one in order t o  simplify the computations that  follow, In order 

to include the effects  of a l l  the  zeroth and first  order terms in A z ,  the re-  

f lect ions  and  t ransmissions shown in Figure 9 wil l  be taken into account .  
. . 

f -  - + Figure 9a accounts  for the reflected E wave from the  boundary a t  z .  

i ~ i ~ u r e  ' ~ b  accounts  for t ransmiss  ion through z ,  reflection from z + hz and 

t ransmission back out  through the boundary a t  z  . In Figure 9 c  the wave pas ses  

- through z ,  i s  reflected a t  z + Cz , t ravels  back to  z where i t  reflected back 

to z + & z  and  i s  again reflected and f inal ly ' t ravels  out through z .  Mathe- 

matically th i s  procedure can  be  written a s  follows: 
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I 
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(see Figure 9a) 
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t and t2king. the limit a s  A z  -9 yie1d.s 



The d e f i n i t i o n  of n de ra t i ve  can be expl-esse0 as 

For t h e  case  of the reflected electric field this 

expression beconies 

By ap2lying tills definition to the various parts o f  

equation (5 -28 )  and- taking all the limits, equation 

(5-28) converges to 



a Riccati type equation describing the resul tant  e lec t r ic  f ie ld  t o  the lef t  of 

the non-homogeneous plasma. 

The transmitted wave can be found by a similar procedure. Figure 

10 depic t s  the  ref lectea  and transmitted components that  need to  be coil- 

s idered tc, i i~c lude  a l l  terms in the zercth and f i r s t  order i n  b z  . The 

f i r s t  component of the  transmitted wave p a s s e s  through z and then z + Az 

as shown in Figure 10a .  The second component i l lustrated by Figure l o b  

p a s s e s  through z, i s  reflected a t  z + Az and again a t  z ,  and finally emerges 

through z + b z  . 
This process  c a n  be  described mathemati<ally by the equation 

transmitted t ravel  t o  transmitted wave 
at z z + A z  a t z + A z  

( see  Figure 10a) 

- - - - - --- -- - -- - - - 
transmitted trave 1 t o  refl .  wave t ravel  t o  z 

# '  - through z z + A z  a t . z  + A z  

reflection t ravel  t o  transmitted wave 

, h \  % i h 2; t \ % 1 k 2 )  - \ . I ? )  , --- ..- -. -....-.- - a E f \ ? \ h ? j  ( s ee  Figure l ob )  
kc?-\ &-'?I -, I . (?)  



One Internal Refl-ect ion 



Dividing this equation by Az and taking t!le limit a s  Az - o using the same 

procedures as  was done in the previous reflection case (equation 5-2'3) 

gives 

where ET now represents the transmitted wave: 

Thus, a Riccati type differential equation representing the 

reflected wave 

and the corresponding equation for the transmitted wave 

have been derived for an inhomogeneous plasma using the principles of 

.invariant imbedding. 
, 

I The type of differential equations just .derived for the reflected and 

transmitted waves ;re solvable using computerized techniques, and are 

being done by Dr. R. Heller, of GWU. This avenue of solution will not be 

explored in this study but instead, certain approximate analytical solutions, 

already developed, will be employed in the next section to give numerical - .  
answers to the re -entry plasma propagation problem. 



VI . Transmission Losses Through the Re -Entry Plasma 

In the preceding sec t ion ,  differential  equations were developed 

describing the reflection from and transmission through a n  inhomogeneous 
* 

plasma. In th i s  sect ion these equations wil l  be solved,  under certain 

conditions,  for propagation l o s s e s  ac tua l ly  encountered during re-entry 

communication procedures . Two previous ly  developed approximate 

solut ions  t o  the  Riccati equation for the transmitted wave wil l  be used  t o  

predict transmission l o s s e s  through the plasma; The re-entry plasma 

character is t ics  wi l l  be taken from the information gathered in the f i r s t  

part of th i s  s tudy .  

  he approximate solutions 81 t o  the Riccati equation for the t rans-  

mitted wave (eq .  5-32) mentioned above are cal led the Bremmer approxima- 

t ion and the MSG (Mobere, Schiff, Glauber) approximation. These 

approximations were generated by start ing with an  assumed solution to  the  

Riccati differential  equation and then performing succes s ive  i terations 

to obtain a more sccura te  solution.   his procedure i s  quite lengthy and 
1 

.'is com$etelydeveloped in re fe renceL81 .  The following paragraphdis-  

' c u s s e s  the res t r ic t ions  tha t  must be placed on the re-entry plasma in 

order t o  make the approximate solutions va l id .  
, . 

If a plasma composition is approximated by the character is t ic  

where z  = dis tance  within plasma 

h = plasma th ickness  

and  by 

v ( z )  = v = constant  

the Bremmer and MSG approximations in the form expresed below, may be used  

to solve the transmission equation (equation 5-32). The f i r s t  restrict ion 

1   he development appears  on pp. 37-72 and the f i na l  resu l t s  
in the form used  here a re  shown on pp.  8 9 , 9 0 .  



z 
on the plasma4 Ne = Ne -- (eq . 6-l),simply means that the electron density 

h 
varies linearly from a maximum value , N, , at the space vehicle skin to 

zero a t  some distance h . v (z )  = v states that the collision frequency is 

assumed to have a constant value throughout the plasma. 

Under the above conditions the F-emmer approximation can be 

expressed as 

where TB = Bremmer transmission 
coefficient 

K = relative propagation factor 

5 

* h = plasma thickness 

and the MSG approximation may be written as  

2 K- 1 T ~ s ~  = 1 + ~  exp t jg ,h -  - )  . 
2 - a 

The accuracy of these two approximations [ 81 is shown' in the table below. 

Approximation 

MSG 

Bremmer 

Relative 
Amplitude 
Error 

Error-in 
Phase 

zero ( K O 4  /8~: '  ) Kl h 

I ? , * / ~ Z K ~ ~  zero 

It  can be seen that the MSG approximation is preferred where the amplitude 

errors are of chief concern and the Bremmer approximation is superior 

where phase errors are critical. 

A sample calculation will now be made to illustrate the computational 

procedure. 



- First ,  a n  alt i tude - velocity point is determined from Figure 3 or 

Figure 4 .  Choosing a n  alt i tude of 250 Kilofeet from Figure 3 gives a 

velocity of approximately 24 thousand feet per second for an  orbital  re- 

entry vehic le .  Using these va lues ,  the coll ision frequency, v ,  and the 

4 electron ciensity can be found from Figure 5. The propagation factor I< can 

then be calculated from the previously presented equations 

where a, the absorbtion coefficient is 

. and n,  the  index of refraction is 

)I. , r. 

I where-  w = 2nf  rad/sec 

u p  = plasma frequency, cycles/sec 

v = collision frequency, col l is ions/sec 

@ N, = electron dens i ty ,  electrons/meter9 

e = electron charge,  columbs 

m = electron mass ,  kilograms 

E = free space  permittivity, farads/meter 

. br the plasma frequency and coll ision frequency may be determined directly 

&om the curves of Figure 6 where for 250 kilofoot alt i tude it can  be s e e n  that  

ups  9x10' cycles/sec, and v" 7 x l o 7  col l is ions/sec.  The index of 

refraction and absorbtion coefficient can  be found directly,  without the use  
LL) 

. of equations 6-6, 6-7, and 6-8 by computing the ratios ~ i , ,  v / e p ,  and 

using the relations of Figures 11 and 12 respect ively.  Assuming a frequency 

of 10 KMhz ( x  band) 



F i p - y e  11. INDEX OF RZFXACTICI; B S  A FUNCTIC;; OF 
w /bp :L~ZJ /w, . C141 





from Figures 1 1 and 12  

n = .25 dimensionless  (6-11) 
2 

and therefore 

- 
Using the MSG transmis'sion coefficient exfiression gives  

1 
2 I b . ~ ~ l s c - 2 . .  I 

49  <IS 4s * 'L. .--- --.-- -- e ~ p  ( ;  ---- , ---- , ---- - ) (6-15) 

\ t  . Q S  a x ; b - '  3 Y 1 6 ~  & 

The plasma th i ckness ,  h ,  about a spacecraf t  [:41 is typical ly  taken t o  be 

approximately one halp the diameter of the spacecraf t .  Assuming the 

spacecraf t  is two meters in diameter a plasma thickness  of one meter is 

present .  Then 



Using the Bremmer approximation 

The difference between these  two approximations is .7 d b  or about 17 

'percent.  

The e f fec t s  of plasma propagation l o s s  a s  a function of frequency 

.. have been calculated using the MSG approximation and are  plotted in 

i ~ i g u r e  13 .  The calculated propagation l o s s  a s  a function of s p z e c r a f t  

position is shown ik Figure 14 .  Figure 13 depic t s  the cr i t ical  region 

between communication and blackout 40  d b  t o  20 db)for a n  ear th  orbi ta l  

re-entering vehicle  a t  a n  alt i tude of 250 ki lofeet .  The cr i t ical  portion 

. of the plasma propagation l o s s  versus  frequency relationship is shown in 

Figure 14 for a 10 KMc communication frequency. 

.Both figures demonstrate tha t  blackout occurs  rather abruptly, with 

respec t  to both frequency and al t i tude,  a s  a spacecraf t  re-enters the ear ths  

atmosphere.  

A comparison between the computed resu l t s  of the invariant imbedding 

techniques using plasma parameter values  specif ied in  this  s tudy,  and other 

resu l t s  is shown in Figure 15.  It c an  be s e e n  from the figure that  the 

invariant imbedding technique prodicts Apollo re -entry blackout c lo se  t o  

posit ions of the  other predictions and measurements,  The invariant imbed- 

ding approach appears  to be conservative,  predicting .blackout s l ight ly  before 

(5  t o  10 K f t )  it ac tua l ly  occurs . 
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Figure 14 .  PLASMA PROPAGATION LOSS VERSUS ALTITUDE 



Legend 

I\'." Cornell Aeronaut  i c z l  L a b o r a t o ~ y  , Sta te  o f  the art 
. p r e d i c t i o n ,  iiov., 1958 (innscld flow, pure  a i r )  

--- Huber, 19.57 (based on a b l z t i o n  p roduc t  i m p u r i t y  
i o n i  z z t   lo:^) 

--U-D- NASA mezsured blaci ,out  z.nd acquisition points 
o =acyuinI . t ion  c = b l a c k o u t  

44%- Fro12 i f iv t i r iant  ixibedding tec>lr,?qus 2nd 2 a t a  used 
i n  t h i s  lqepor t .  % = b l a c k o u t  s2 = n c q u i ~ i t i o n  

F3.gv.1-e 15. Cornpal-isoil o f  I.Icasurcx? and. E;reC!.ctcd 
Bla~! rou i  P o i n t s  f o r  i l po l l a  3;e- 2;;:rltr-y at S-Earzd 



VII. Summary 

In th i s  t hes i s  a n  invariant imbedding technique has  been developed 

t o  predict propagation l o s s e s  through a n  inhorrlogeneous plasma a The 
t 

development began by d iscuss ing  the reasons why and the corres poi~ding 

conditions under which a plasma is formed. Next, the  general  nature 

of plasmas and their  descriptive parameters are  d i scussed .  Then, the 

resu l t s  of a n  extensive literature survey are presented,  providing 

numerical  va lues  t o  the various plasma parameters tha t  descr ibe typ ica l  

spacecragt re -entry s i tuat ions  . 
At th i s  point, the invariant imbedding computational procedure is 

developed in terms of the inhomogeneous plasma descr iptors .  A Riccati  . 

type differential  equation describing propagation through the plasma 

resu l t s  from the application of the  invariant imbedding techniques .  This 

type of equat ion lends ' i tse l f  t o  computerized solution (being pursued by 

Professor R .  B. Heller a t  GWU) but two analytical~approximations [. 83 

developed elsewhere a re  used  in this  study to  arrive at solut ions .  

f a  - ? In the f inal  chapter ,  the ac tua l  plasma parameter values  occuring 

during re-entry s i tuat ions  a re  used  a s  inputs t o  the expressions of the 

previous chapter  t o  predict the magnitude of propagation l o s s e s .  These 

losses a re  computed for s eve ra l  s i tuat ions  and are  presented in terms 

of dec ibe l s  over free space  l o s s .  Finally,  the blackout and acquis i t ion 

points computed from the invariant irnbedding technique and da ta  col- 

lected i n  t h i s  s tudy are  compared with calculated and msasured va lues  

taken from other sources .  The resu l t s  of the comparison show the va lues  

obtained from th is  s tudy  to be in fairly c lo se  agreement with the other 

. predictions.  
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