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ABSTRACT 

The mathematical analysis of the  signal from an autometric gyro 

with a l inear ly  ruled r e t i c l e  i s  presented and applied t o  proposed high 

accuracy precession measurements. 

pract ical  gyro is limited by random r e t i c l e  errors  t o  about f 4 - lo-’ 
radians. 

The angular measurement accuracy for a 
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E i n i t i a l  alignment angle 

E foca l  length of op t ica l  system 

E transmitted l ight intensity,  s ignal  function 

E r e t i c l e  l i n e  width 

E distance from l igh t  spot center 

= l igh t -c i rc le  radius 

= reduced l igh t -c i rc le  radius 

=' reduced r e t i c l e  center-spin center offset  

I r e t i c l e  l i n e  space 

E r e t i c l e  transmission function . .  T(x) 
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NOMENCLATURE 

angle of gyro rotat ion 

gyro angular velocity 

frequency of maximum amplitude of s ignal  spectrum 

l i g h t  spot center coordinates I 

x component of r e t i c l e  center-spin center of fse t  
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I. INTRODUCTIQN 

Sa te l l i t e  Gyro Experiments 

Extremely accurate angular measurements are  needed i n  gyro 

experiments designed t o  measure r e l a t i v i s t i c  precessions. 

proposals fo r  such experiments have appeared i n  recent 

A number of 

all 

with a gyro i n  orb i t  around the earth.  The precessions t o  be measured 

a re  very small and depend on the gyro and o rb i t a l  parameters; fo r  a typ ica l  

earth orb i t  experiment 

deSitter Effect) and 2.4 x 

Note tha t  the  i n e r t i a l  frame of the  "fixed s t a r s "  i s  known only t o  a few 

times 10 radians /year. 

1 they are  about 3.7 x lo-? radians/year ( for  the 

radians/year (for the knse-Thirring Effect) .  

-8 

The primary difference between the various proposed experiments 

has been the  system employed t o  a t t a i n  readout of the required accuracy. 

Other considerations, discussed elsewhere'' 6 ,  such as inrperf ec t  knowledge 

of the  proper motion of t he  reference s t a r ,  gravity gradients, electro- 

magnetic perturbations, etc. ,  a re  common t o  a l l  the  proposed experiments 

and appear t o  l i m i t  accuracy now t o  a few times 10 

order of 10% of the  knse-Thirring Effect.  

-8 radi.ans/year, of t he  

The lower limit on the useful duration of such experiments i s  

s e t  by the  inaccuracies i n  the readout mechanism and possibly fromthe 

error  i n  subtraction of s t e l l a r  aberration. The upper limit is  s e t  by 

s a t e l l i t e  durabi l i ty  and/or protection requirements, and by those 



i 

backgrounds which grow quadratically i n  time, e,g. t he  precession resul t ing 

f romthe  ear th ' s  gravity gradient acting on the  gyro's quadrupole moment n 

a non-polar orb i t .  The high accuracy of the autometric gyro readout shoutd 

make it possible t o  do useful experiments with durations of only weeks rather  

than years, thus easing the  durabili ty,  protection and tending requiremenqs, 

with a consequent simplification of s a t e l l i t e  design. 

1 
I 
1 

1 This paper i s  a development of a preliminary study of an "auto- 

metric readout system, which would combine a very simple but precise and 

s table  physical design with a re la t ive ly  elaborate mathematical analysis t o  

obtain an extremely high accuracy measurement. Here w e  present t h e  basis  

of such an analysis and make error  estimates based on available physical 

components. 

accuracy of about 4 10'' radians i s  obtainable. 

We conclude t h a t  as far as the readout i s  concerned, an 

The Autometric Gyro 

As described i n  Ref. 1, t h e  gyro contains an opt ica l  system aligned 
i 

with f t s  spin axis; the  opt ica l  system focuses s t a r l i gh t  onto a r e t f c l e  at \  

the back of the  gyro (see Fig. 1). Light from a reference star s l igh t ly  off 

t he  opt ical  axis  w i l l  be focused i n  the  plane of t he  r e t i c l e  i n t o  an off-center 

spot which i s  stationary i n  a non-rotating frame moving with the  gyro center- 

of-mass. However, i n  t h e  coordinate frame of t h e  r e t i c l e ,  which ro ta tes  with 

the  gyro, the  spot runs around a c i rcu lar  path about the spin center. 

s t a r l i gh t ,  interrupted by the  r e t i c l e  pattern, falls  on a photomultiplier 

The 
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behind the  r e t i c l e  and generates a s ignal  dependent upon the  r e t i c l e  

configuration and c i r c l e  radius. 

The radius of t he  c i r c l e  traced by the  spot i s  d i r ec t ly  re la ted 

t o  the angle 01 between the  s t a r l i gh t  and the  gyro axis  and the  opt ical  

system foca l  length f by 

Thus determination of t he  change bR of the  c i r c l e  radius R i s  equivalent 

t o  a determination of t he  angular precession i n  the  s ta r l igh t -opt ica l  axis 

plane. The d i f f icu l ty ,  of course, l i es  i n  the  smallness of the  radius 

change: 

only AR fi5 low5 cm, about one-tenth the width of the  smallest available 

r e t i c l e  l ines .  

s ignal  can give a usable resolution equivalent t o  lom7 cm, of the  order 

of 1% of a year's knse-Thirring Effect and .Ol$ of a year 's  desitter 

f o r  a prac t ica l  gyro t h e  knse-Thirring Effect i n  one year gives 

But we w i l l  f ind t h a t  detailed frequency analysis of the  

Effect fo r  a typical  f = 50 cm. 

Since only one parameter i s  being measured, only one of t he  two 

degrees of freedom of the  angular precession can be determined. A signal  

with a t  least two stars i n  the  f i e l d  of view is  required f o r  the  complete 

determination of t he  precession. This would require an extension of the  

analysis given here f o r  t he  single-star t o  the  two-star case. This does 

nolt appear t o  be d i f f i c u l t  although w e  have 'not considered it i n  de t a i l .  

A measurement of the precession predicted by theory cam be made 

using only one star provided the  i n i t i a l  alignment of t he  gyro can be set 

so tha t  the  precession i s  i n  the  s ta r l igh t -opt ica l  axis  plane. Fortunately, 



a re la t ive ly  large i n i t i a l  alignment e r ror  6cy0 can be tolerated without a 

significant decrease i n  accuracy i f  the  gyro is  aimed away f romthe  s t a r  

i n  t h i s  plane a t  angle cu0 much greater than 6wo. 

the precession measurement induced by an i n i t i a l  alignment e r ror  angle bcu i 

around CY w i l l  be worst when &yo is  out of the plane, being then 

The f rac t iona l  e r ror  i n  
I 
I 

7 
0 

4 ! 
Thus, f o r  6wo = 10- 

system, and CY = 

radians, obtainable from a reasonable a t t i t ude  control 

radians, e r ror  from i n i t i a l  alignment would be only 
0 

1/2% 

Choice of Reticle and Type of Analysis 

The choices of r e t i c l e  pattern and of type of analysis of the 

reattout s ignal  are closely interrelated:  

of the l i gh t  spot (as viewed i n  the gyro reference frame) increases as R 

increases, the  number of r e t i c l e  l i n e  crossings per unit  time w i l l  increase 

for  a r e t i c l e  pat tern which does not diverge with radius, e.g. a Cartesian 

grid.  Thus time intervals  w i l l  decrease and spectrum frequencies increase 

with increasing R. 

patterns i n  which the  spacings decrease with increasing radius. 

such patterns necessarily have preferred origins, and it cannot be assumed 

t h a t  these w i l l  coincide with the spin center. 

axis  with such accuracy would require use of a measurement scheme as 

since the  tangential  velocity 

I 

This ef fec t  can be enhanced by the  use of r e t i c l e  

However, 

6 Indeed, s e t t i ng  the  spin 
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accurate as t h a t  w e  are t rying t o  develop. 

A way around t h i s  d i f f i cu l ty  would be t o  use a special  r e t i c l e  

pattern with a preferred origin but t o  r e s t r i c t  the  readout t o  specified 

sections of the  circumference, a procedure which allows a re la t ive ly  large 

error  i n  i n i t i a l  alignment. 

ous transmission through a r e t i c l e  with a skew pat tern would be in t r i ca t e ,  

and w e  have not considered any such case i n  detail .  

But analysis of such gated rather  than continu- 

We chose the  simple l inear ly  ruled r e t i c l e  (Fig. 2; t h i s  i s  

similar t o  t h a t  of Schnopper e t  al., Ref. 7) along with analysis i n  the  

frequency domain because : 

1) The s ignal  generated by a l inear ly  ruled r e t i c l e  i s  

mathematically t rac tab le .  Its symmetry properties allow a simple in te r -  

pretation of grouping the  frequency components i n t o  odd and even harmonics 

t h a t  enables us t o  i so l a t e  the e f fec ts  of centering e r ror  i n  the  data 

analysis. In addition t o  simplicity, t he  l inear ly  ruled r e t i c l e  gives very 

great readout ac,curacy and easy e r ror  compensation. 

ference e f fec ts  i n  the  mid-frequency range, caused by the  regular periodicity 

We found t h a t  in te r -  

of t he  l i nea r  pattern, provide an extremely sensi t ive precession indicator.  

Mow t h a t  w e  know how interference e f f ec t s  augment the  sens i t iv i ty  of the  

linear r e t i c l e ,  w e  guess t h a t  special  pat tern designs would not give fur ther  

gain. 

2) Non-linear patterns could not be made as f ine  and as accu- 

rate a s  l i nea r  patterns by a grating engine without much technical development. 

As w i l l  be seen later, accuracy increases as both re la t ive  e r ror  and l i n e  

spacing decrease--& l eas t  f o r  t he  l inear  reticle--so . .  the  f ines t  pat tern 

obtainable i s  desired. cm are .present ly  avail- 

able, accurate t o  10 cm. 

-4 =ne spacings of about 10 
-6 8 



Outline of Analysis 

The gyro output i s  t o  be a frequency spectrum generated by 

electronics i n  the gyro and/or i n  an accompanying tender (possibly 

manned), and possibly telemetered t o  ear th .  

of, and the  imperfections in ,  the physical construction of the  gyro w i l l  

require several parameters t o  be matched t o  the  data, giving the  r e t i c l e  

The arbitrapy alignment 

center-spin center offset ,  the  mean parameters of t he  r e t i c l e  pat tern,  

op t ica l  aberrations, e tc .  In addition, parameters describing the huge 

periodic e f fec ts  of s t e l l a r  aberration on the  s ignal  f romthe gyro i n  orb i t  

w i l l  similarly have t o  be matched t o  t h e  data. 

data could be analyzed completely using only a few frequency components, 

it would of course pay t o  overdetermine these parameters as much as possible 

by using the  en t i re  spectrum. 

While w e  w i l l  see t h a t  the  

"he discussion of analysis w i l l  be broken i n t o  three parts: 

1) "Signal and Spectrum Analysis", t he  m t h e m t i c a l  

representation of t he  signal and i t s  Fourier se r ies .  

2) "Utilization", a general program f o r  data analysis. 

,3) "Error Estimation" f o r  a typ ica l  physical system. 
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11. SIGNAL AND SPECTRUM m L Y S I S  

Introductory Analysis of t he  Signal Function 

The r e t i c l e  coordinates are specified i n  Fig. 2. The gyro 

cannot be made accurately enough t o  specify i t s . s p i n  center i n  advance, 

so xo w i l l  be arbi t rary.  

allows us t o  formally specif'y yo = 0. 

Translational symmetry i n  the y direct ion 

For the gyro rotat ing with angular velocity U) t racing a 
l3' 

c i r c l e  of l i g h t  of radius R = ((x - xo) + y 2)1/2 i n  the  plane of the  

r e t i c l e ,  

x ( t )  = R cos w t + xo ( 2 )  €3 

For a given spot shape the  transmitted l i gh t  intensity,  I 

I s  a 

This 

T ( x )  

function only of the  coordinate x. 

function must be determined frornthe r e t i c l e  transmission function 

and from the  l i g h t  spot intensi ty  function, $(r), where r = 

- x)* + (y' - Y)~)"/* i s  the  radius out from the  center of t h e  

(symmetric) spot. We use only the  projection onto the  x axis 

The r e t i c l e  periodicity i s  the most accurate reference avail-  

able (as opposed t o  l i ne  widths or spacing), so it w i l l  be advantageous 



I 
! I 

t o  adjust the  r e t i c l e  parameters t o  obtain a spectrum with minimal depen- 

dence on other factors. This w i l l  be the  case when I (x)  is as close t o  a 

sinusoid as possible, and c8.n be accomplished by the use of equal l ine  I 
! 

W e  w i l l  take 4, = s throughout t he  rest of t h i s  paper, except in1 

width .f, and space s between l ines .  
I 

the  Appendix, where deviations'from uniform spacing are  specif ical ly  con- 

sidered. 

We s t a r t  our analysis with the  approximation of a sinusoidal 

crossing function: 

I = cos - mx - - cost [R cos w t t- xO]) . 24 43 (4) 

A complete understanding of the  spectrum generated by %his simple l i g h t  

intensi ty  function w i l l  provide a basis  for  understanding the  spectrum 

of t he  ac tua l  function. Transforming t o  dimensionless variables: 

nxO 
P o -  4 

- -  

and 8 = w t, the  real angle of rotation, we have 
g 

I(@) = cos (p cos e + Po) ( 5 )  

Rewriting Eq. ( 5 )  as 

I(e) = cos(p COS e) COS po - sin(p COS e) s i n  po ( 6 )  



demonstrates t ha t  t he  Fourier se r ies  representation of I( e) i s  expressable 

as a l i nea r  combination of the ser ies  representation of cos(p cos 0) and 

s in(p  cos 0) Both functions a re  expandable i n  a cosine ser ies .  By 

considering t h e i r  behavior under 6 @ 0 + T, we see t h a t  the expansion f o r  

cos(p cos 0) contains only even terms while t h a t  for sin(p cos 0) contains 

only odd terms. 

allows us t o  i so la te  the e f fec ts  of xo. 

property of the r e t i c l e  pattern.  

"his property greatly simplifies the  analysis since it 

This r e f l ec t s  a basic symmetry 

Referring t o  Fig. 2, we see t h a t  there 

a re  two equivalent definit ions of the r e t i c l e  origin.  A r e t i c l e  rotat ing 

about the center of a space--e.g. xo = 0 i n  Fig. 2- or about the  center 

of a l ine ,  e.g. xo = &,has po =nT, where n is integral ,  and w i l A  generate 

only even components of the  spectrum. 

between a space and a l ine,  e.g. 

and w i l l  generate only odd components. 

A r e t i c l e  centered on the boundary 

= $ i n  Fig. 2, has po = (n  -+ 1/2) T 
xO 

The case of any off-center r e t i c l e  

with neither of these choices of po i s  reducible t o  a superposition of the 

two on-center cases. Effectively there  are two separate channels, each 

containing enough informt ion  t o  determine the  light c i r c l e  radius exactly. 

Separate determination of the precession can be made from each channel and 

the mean used f o r  the  most probable r e su l t .  

The Spectrum and Its Qual i ta t ive Analysis 

Fig. 3 presents the  numerically genera-ted spectrum of I(0) fo r  a 

typ ica l  R and arb i t ra ry  xo. 

nent se r ies  are  plotted separately f o r  comparison. 

of the odd component se r ies  for AR = 0.12t and AR = 0.24.f,. 

The complete spectrum and even and odd compo- 
. .  

Fig. 4 presents plots  

These correspond 
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t o  precessions of 2.4 X lom7 and 4.8 x radians, the  predicted k n s e -  

Thirring precessions f o r  one and two years or the  predicted deSi t ter  pre- 

cessions f o r  24 and 48 days. 

amplitude change i n  t he  region about 270 w (fi: ~ o , / , ) .  

The most noticeable change is  the dras t ic  

Q 

The amplitude of t he  nth spectrum component i s  given by the  

Fourier cosine coefficient an( p) 

To understand the  spectrum character qual i ta t ively it i s  convenient t o  

consider the  terms i n  Eq. (6) skparately. 

or I@) = sin(p cos e). 

That is, I(@) = cos(p cos e) 

The same arguments hold f o r  both functions 

which, as mentioned, correspond t o  the  even and odd component series. 

Since I(0) i s  a rapidly osci l la t ing function (there are about 

27T for t he  p w 380 we are  using i n  t h i s  240 cycles i n  the range 0 < 8 

example), it is  reasonable t o  assume almost complete cancellation of 

those portions of the integrals  i n  which the instantaneous frequency does 

not equal the  component frequency . Thus, t o  a good approximation, 
43 

the  magnitude of any component w i l l  be determined s t r i c t l y  by the specif ic  

regions of I(e) where the instantaneous frequency m nw . 
see t h a t  each spectrum frequency component i s  associated with specific 

Physically w e  
g 

generating regions on the r e t i c l e .  

ciated with the  region about 0 fo r  t h i s  r e t i c l e  i s  

The instantaneous frequency asso- 

= -put s i n  0. a( cos e )  
dt g 

The signal  i s  strongest i n  the  high frequency range because 

o f t h e  comparatively large fract ion of t he  time the  spat is  moving almost 

normal t o  the  l ines .  Thus w e  expect an overall  increase of spectrum 
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in tens i ty  with frequency u n t i l  the frequency 

(8) ! 

1 I I  is  reached a t  8 = - 2' 
l i ne  widths i s  a t  a s l igh t ly  lower frequency. 

Actually, the spectrum peak for non-zero spot and ' 

Because of the  up-down symmetry of t he  r e t i c l e ,  and i ts  r ight-  

l e f t  symmetry. (anti-symmetry) for  xo = 0 (z), there  are four strong .t 
, 

generating regions f o r  each frequency, one i n  each quadrant of t h e  r e t i c l e .  

These degenerate t o  the  two regions of normal crossing a t  the  maximum 

frequency. 

interference between these four regions; the frequency dependence of 

t h e i r  re la t ive  phase determines the  f i n e  structure wjlthin the spectrum 

envelope. 

The peaks and dips i n  the frequency spectrum are  caused by 

We do not know how t o  describe i n  the time doma'in j u s t  how t h e  

motion o f t h e  spot controls the  neatness of t he  interference pat tern i n  

different  regions of the  frequency spectrum. However, it does seem 

reasonable t h a t  t he  regions corresponding t o  t h e  simple angles 8 = T/2, j 

n/4, ~ / 6  and ~ / 8  

i n  Fig. 3 .  

On the  

I 

1 are par t icular ly  neat, as i s  conspicuous i n  the  spectra 

other hand, the or igin of these regions is simply under- 

stood i n  the  frequency domain. They appear when the  period of the  in te r -  

ference pattern is a simple fract ional  multiple of the  difference between 

the  frequency components, i n  a manner analogous t o  stroboscopic observation 

or periodic motion. 9 
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FuU. Analysis of Sinusoidal Crossing Function 

Instead of evaluating Eq. (7) d i rec t ly  we use Jacobi’s resu l t s :  

n=l  

We can identi-fy the  coefficients of cos 2110 and cos(& - l)0 with the  

Removing the  uniform multiplicative .constant $ we have, 

Fig. 

continuously. 

able f’romthis 

5 i s  a graph of J (p) as a f’unction of q,  here q varies 

The even component spectrum displayed i n  Fig. 3 i s  obtain- 

curve by taking the  absolute value and drawing s t ra ight  

l i nes  between points where the plot  crosses even in tegra l  values of q .  

A similar procedure a t  t he  odd points generates the  odd component spectrum. 

Of cburse, both spectra must be scaled by the  appropriate factors,  cos p 

and s i n  po respectively. Explicit  representations of the  regular i t ies  

0 

i n  the  spectrum envelope and t h e i r  dependence on p can be obtained by 

expanding an(p) about the  regular points (e.g. &E 2 m,). This process 

9 and the resul tant  formulae are  described elsewhere. 



I 
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Analysis with Arbitrary Crossing Function 

I Since it is periodic in x, the signal function can be expressed 
1 in a Fourier series: 

I(x) = ( a i  cos mx + bX sin mx) m 
i 

(14) 
m=O 

where the a: , bi are the Fourier coefficients of I as a function of x 

(see Appendix) giving 

I(e) = 1 ai cos m(p cos 0 $- po) + b: sin m(p cos €3 $- p 0 ) (15) 
m=O 

03 

= 1, (a: cos mp 0 -F b: sin mp,) cos(mp cos 0) 

m d  
03 

X 
$. (-am sin mpo t- b: cos mp,) sin(mp cos 0) 

Thus, the Fourier series of I(@) can be represented as a 

superposition of the Fourier series of the basic signal functions 

cos(mp cos e) sin(mp cos 8). The components corresponding to the first i 
part of Eq. (16) are all even multiples of 11) while those corresponding 

to the second part are all odd multiples. 

bi allows us to separate the experimental spectrum into sinusoidal 

crossing function spectra corresponding to multiples of p which are then 

Q 

The determination of the a: 

used for precession determination. 

solution of a system of linear equations using the spectrum component 

These coefficients can be obtained by 

magnitudes as the known variables. This procedure is simplified by 
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three f ac t s  : 

1) As seen i n  Figs 3 and 4, t he  components of cos(p cos e ) ,  
. However, t h e  primary 

pcog 
sin(p cos 0 )  quickly become negligible above w = 

range of t h e  mth term i n  Eq. (16) extends t o  mm 

be progressively determined by s-bmrting i n  the  high frequency region and 

working down. 

so the coefficients can 
g 

2) In actual i ty ,  only two or three of the  coefficients w i l l  

be s ignif icant .  

3)  I(0) can st i l l  be completely expanded i n  a cosine series 

so the re la t ive  component phases w i l l  be defined t o  an easily resolved 

180° ambiguity. 

Figure 6 i s  the  odd component spectrum from a computer simulation 

of a typ ica l  crossing function; only the  primary range is  shown. 

be seen by comparison with Fig. 3, t he  differences are not large and do n& 

mask t he  essential s t ructures .  

As can 



111. UTILI2ATION 

I n  determining gyro precession from rela-tive changes i n  the  

spectrum components w e  should t r y  t o  i s o l a t e  t h a t  par t  of the  data which 

i s  dependent on only the  r e t i c l e  periodicity.  

by the  i n i t i a l  separation of the  spectrum in to  sinusoidal crossing function 

spectra whose structure i s  dependent solely on the  r e t i c l e  periodicity.  

A l l  fur ther  analysis involves these separated spectra. 

This is au tomt ica l ly  done 

Mile  p could be determined by a least square f i t  of Eqs. (12, 

13) a more accurate procedure would be t o  emphasize the  regions of the  

spectrum with greater than average sens i t iv i ty .  This is  done by using 

the peak region of t he  spectrum f o r  a coarse reading of p and then using 

the interference region f o r  a very accurate reading of p and thence R. 

The Spectrum Peak 

p can be determined f romthe  spectrum peak posit ion wmaX by 

9 Meissel's re lat ion:  

= Zn- ( P  - .8086p1!3 + . . .) 
%l€iX 

Since w 

the surrounding spectrum components. 

since the  form of the  spectrum is known (see Ref. 9, Appendix H). 

interpolation accuracy of only half  the difference between' the components 

need not be an integer, i t s  value must be interpolated from max 
This interpolation is  not d i f f i c u l t  

Even an 



determines p t o  a f rac t iona l  accuracy of 

2 - lom3 for p - 400, a t yp ica l  value, more than accurate enough for use 

. This gives & h x / w m  M 
2 P  

I 
as an i n i t i a l  coarse reading. i 

The Interference Region 

The amplitudes i n  the  interference region have sens i t i v i t i e s  

of the  order of loo$ fo r  a unit  change i n  p independent of t he  i n i t i a l  

value of p (see Ref. 9, Appendix E).  

region i s  essent ia l ly  independent of t h e  i n i t i a l  alignment angle (yo.  

Thus readout sens i t iv i ty  from this 

Use  of the change i n  magnitude of any component, A1 an(p) I, as 

dkdfd..L . This derivative a precession indicator requires knowledge of - 

may be calculated d i rec t ly  from the observed spectrum by the  Bessel 

flmction recurrence relat ion:  

d P  

As seen fromthe formula, determination of the  derivatives of e i the r  i 
I 

t h e  odd or  even component series requires use of t he  a l te rna te  ser ies .  

This requires accurate normalization of the  series re la t ive  t o  each 

other. 

An a l te rna te  method is  t o  u t i l i z e  our knowledge of t he  form of 

Since we are con- the  spectrum t o  determine the  derivatives indirect ly .  

sidering components i n  the  intermediate spectrum region, we may use 

Rayleigh’s approximation f o r  J ( p )  i n  Eqs. (12,13) resul t ing in :  
‘1 
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s i n  po , n odd 
P -d  

a n b )  = { 
) , n even cos c?(n p 

o 2 2 1/4 
(P - n )  

cos p 

-1 n T 
(-) - '4 where cp(n , p >  = d m  -t- n sin 
P 

A crude determination of p from the spectrum peak w i l l  enable 

us to normalize the  spectrum components and remove the denominators of 

Eqs. (L9,20). This i so l a t e s  the rapidly varying part of the spectrum 

r a&) = { 

from which w e  obts.in 

Sin cp (n , p) , n odd 

COS. cp (n , p) , n even 

cos cp(n , p) @ , n odd 
ap 

- s in  cp(n , p) , n even 

= $--(;)* . 

The f rac t iona l  change i n  normalized component i n t ens i t i e s  

is given by 

(25) 

aa;b) cotan cp(n , p) , n odd (26) 

- t a n  cp(n , p) , n even . (27) 
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These equations indicate t h a t  component magnitudes change from 

For "typical" gyro parameters ( f  = 50 cm, 7r maxirm t o  minima f o r  4 = - 2 '  
4 l i ne  spacing = 10- em) t h i s  corresponds t o  = 6.8 x loq7 radians, the  

knse-Thirring precession i n  2.8 years. 

A s  can be seen from Eqs. (26, 27) f rac t iona l  precession sens i t i v i ty  

becomes a r b i t r a r i l y  large f o r  component magnitudes approaching zero. 

lower l i m i t  on usable component magnitudes wi l l ' be  s e t  by the  absolute 

A 

noise l eve l  of the  system, t o  be discussed i n  t he  next section. 



IV. ERROR AEJALYSIS 

i The main sources of readout e r ror  are  expected t o  be (1) the  

r e t i c l e ,  (2) the opt ical  system, (3) photon noise, and (4) mechanical I 

and thermal changes of t h e  gyro i n  operation. 

mechanical and thermal problems has been given beyond the small amount 

N o  consideration of 

i n  Refs. 6 and 9; they are expected t o  be controllable but need detailed 

planning. 

Reticle 

The previous analysis incorporates a l l  r e t i c l e  character is t ics  

t h a t  can be represented by one dimensional Fourier se r ies  (e.g., the  

r e t i c l e  l i n e  cross-sections). 

spacing i s  expected t o  have a magnitude E fi: 10 inches. Computer simu- 

la t ion  indicates t h a t  these errors  w i l l  create a f a i r l y  uniform spectrum 

of background noise over the  frequency region of in te res t ,  giving for a 

r e t i c l e  having 10 

of about .01 which agrees with t h e  predicted noise r a t i o  . These 

in tens i ty  e r rors  induce a fixed rather  than f rac t iona l  e r ror  i n  precession 

determination. 

a i ( @ )  fi: 0 since ty-pically the  minimal components w i l l  be used f o r  the 

f i n a l  measurements, giving 

However, periodic and random error i n  l i n e  
-6 8 

.€ 

i 
1 

4 lines/cm a noise in tens i ty  t o  spectrum envelope r a t i o  

ES 

This e r ro r  i s  computed from Eqs. (23,24), evaluated a t  
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where n is  a nul l  component. 
-4 This corresponds f o r  t = 10 cm t o  

and (f = 50 cm) 

w 2 x 10-9 radians 

To be conservtitive i n  design we double t h i s  f igure and estimate 

p\cr = 4 x 10-9 radians 

Optical System 

Optical system defects can cause aberrations i n  both the  l i gh t  

spot shape and the path traced out on the  r e t i c l e ,  

The exact form of the l i gh t  spot in tens i ty  function is  i n  prin- 

c iple  unirsportant since, as with the r e t i c l e  l i n e  cross sections, the 

required information can be determlned f romthe  spectrum i t s e l f .  Circular 

symmetry is  required for t he  crossing function t o  remain dependent solely 

on the x coordinate but t h i s  i s  not expected t o  be a problem i n  such 

paraxial optics.  
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Angular mlsalignments between the  opt ica l  axis, gyro spin axis, 

and r e t i c l e  normal are expected t o  be about loe5 radians each. 

f romthese w i l l  be negligible since w e  are  working i n  the paraxial  region. 

Errors 

Photon Noise 

I n  order for t he  photon shot noise t o  be fract ional ly  small 

enough t o  measure 2 lo-' radians using the  light from e.g. Mintaka 

(6-Orimis) with an opt ica l  aperture of e.g. 29 cm radius, an exposure 

time of about a second is  necessary. 

limited, however, because the s t e l l a r  aberration from the gyro's o r b i t a l  

motion gives p. huge sinusoidalbackground modulation, swinging & 10 

radians with a period of only about 6 * 10 seconds. Intervals of the 

order of 10 seconds i n  which CY should be s ta t ionary t o  

available near the  peaks of t h i s  o r b i t a l  modulation. 

hour w e  can i n  principle get one good measurement on a l l  component 

frequencies without being limAted by photon noise. 

The r e a l  time available i s  severely 

-4  

3 

radians are  

Thus i n  about an 
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v. SUMMARY 

A simple r e t i c l e  with pa ra l l e l  equally spaced l ines  t o  trans- 

m i t  l ight i n  an autometric g;yrq is  shown t o  give a. signal which can be 

used for  very accurate angular precession measurements. 

of the s ignal  i s  chosen over t i m e  domain analysis and/or over a specially 

Frequency analysis 

designed r e t i c l e .  f 

G y r o  precession w i l l  induce a change i n  the  interference struc- 

tu re  of t he  spectrum i n  addition t o  d i la t ing  the  overal l  frequency d i s t r i -  

bution. 

exhibiting the  dependence on spot and r e t i c l e  l i n e  cross sections and 

l i n e  spacing so t h a t  they can be precisely determined from the output 

data. 

The expected output spectrum has been analyt ical ly  determined, 

The spectrum structure  i s  extremely sensi t ive t o  precession. 

Computer simulations indicate tha t  accuracy w i l l  be limited by r e t i c l e  

l i ne  spacing variations t o  4: 4 10’’ radians. This would allow a 

knse- rn i r r ing  precession measurement accurate t o  4: 20% i n  30 days 

(accuracy being limited by physical e f fec ts  common t o  all such experi- 

ments) o r  a P 1% deSit ter  precession measurement i n  four days. 
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APPENDIX 

The Crossing F'unction 

The s ignal  function I(x) can be determined by numerical. in te-  

gration of the  l i gh t  spot intensi ty  function qX(x'  - x) over the r e t i c l e  

transmission function T(x') : 

I(x) J T(x') qX(x' - X) dx' 
' 0 3  

where we have assumed t h a t  t he  r e t i c l e  i s  v i r tua l ly  in f in i t e .  

Since I(x) i s  perfodic, it c m  be expressed i n  a Fourier 

ser ies .  The period i s  the  r e t i c l e  l i ne  width 4 plus gap space s. 

For r e t i c l e  l ines  with symmetric opacity about t h e i r  centers 

and 4 = s, t he  t r a n s k s s i o n  function T(x) has the  symmetry properties 

T(x) = T(-X) 

. 

For manipulative convenience the crossing function has been chosen t o  

vary between -1 and +l ra ther  than between 0 and 1. 

These equations m l y  t h a t  t h e  crossing function can be expanded 

by the  r e s t r i c t ed  series 

X 7r a cos - x c 
m odd 



Fortunately, only the  f irst  few terms of the expansion are required i n  

practice.  Numerical resu l t s ,  obtained with a diffrac-tion-limited spot 

(J1(C)/€J2 (where 5 = G, Dr D i s  the  mirror diameter, f i t s  focal  length, 

'x i s  the reduced wavelewh of the  s t a r l i gh t ,  and r the  distance from 

the  spot center) f a l l i ng  on a perfect r e t i c l e ,  showed t h a t  one term i n  

the  sinusoidal approximation gave agreement t o  10% and two terms t o  0.5%. 

The symmekry properties of Eqs. (29,30) are expected t o  be 

violated by about 2% because of asymmetry of the  opacity of the  r e t i c l e  

l i n e s  about t h e i r  centers and inequ8.li-k~ between l i n e  width and gap 

width i n  an actual  r e t i c l e .  These deviations w i l l  be the  same f o r  

each l ine  so T(x) remains periodic. 

I n  practice,  only a few additional terms would be required. We have not 

gone in to  these questions, except t o  note tha.t i n  studying the crossing 

function from a periodic r e t i c l e  with asymmetric l ines  and with an 

However, Eq. (31) i s  no longer exact. 

a rb i t ra ry  l i gh t  spot - in tens i ty  function, it w i l l  be convenient t o  i so l a t e  

the  e f fec ts  of variation i n  T(x) and Jr  (x) by representing the  Fourier 

coefficients of I(x) ( a i  , bz) a s  functions of t h e  coefficients of 

T(x) (am 

of qX(x). 

Fourier analysis gives: 

X 

T T  bm) and the  Fourier cosine and sine t ransform [a'((p) 

A simple derivation similar t o  the  convolution theorem of 

b$(p)] 

b" = -aT bQ(km) + bm T S I  a (km) 
m m 

m 
. e + S  

where k = 

For a circular ly  symmetric light spot, b*(km) z 0, 

(32) 

(33 1 
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FIGURE: CAPTIONS 

Fig. 1 Gyro and Photomultiplier. Note tha t  the lens system shown is  ! 
I 

only schematic; a Cassegranian mirror system with the r e t i c l e  

a t  t he  center of the  large mirror might be preferable. 1 

Fig. 2 Reticle Coordinates. The dotted c i r c l e  represents t he  fuzzy 

boundary of t he  circular  l i g h t  spot, and the  sol id  c i r c l e  

shows the path traced out by i t s  center. 

studied the  path swept across some one hundred and twenty 

so l id  l ines,  i . e .  R M 60(t + s) = 1204. 

For the  cases 

Fig. 3 The Signal Spectrum Using a Sinusoidal Crossfng FuncLion. 

m i l e  the actual  spectrum is  discrete,  a continuous l i ne  is  

used i n  t h i s  and other spectrum plots f o r  graphical and 

interpretat ive ease. Only the values a t  the  relevant (even 

or odd or both) in tegra l  arguments a re  s ignif icant .  

magnitude of the  amplitude-i.e. the  square root of the 

The 

intensity--is plotted, since it i s  not intended t o  measure 

phases. The scale of amplitude i s  re la t ive .  The abscissa 

i s  angular frequency i n  terms of the  gyro angular frequency 

In  Figure 3a a l l  components are  plotted.  Figures 3b and 

3c show only eYen and odd components, 

x-coordinate of t h e  center, xo, were chosen a t  random, gfving 

R = 121.371.e (hence p = nR = 381.30) and xo = ,324, where 4, is  

A radius R and an 



Crossing Function; a d  Components only. A year of‘ Lense- 

Tkirring (or 24 days of deSi t te r )  piecession changes Fig. 4a 

t o  Fig. 4b, with a radius change AR = .124 . 

I 

I 

After two years 

w e  have Fig. 4c, with AR = .24t. . Some regions of t he  spectrum 

of exceptional neatness are  marked i n  Fig. 4a and labeled with ’ 

t h e  value of 8 for the  corresponding generating region of the  

l i g h t  path on the  r e t i c l e .  

Mg. 5 High Order Ekssel Function with a. Fixed Arg.ument : 

The abscissa i s  the order 7 .  

Jq (381.30). 

Mg. 6 Spectrum from Real is t ic  Crossing Function. The odd components 

of the  spectrum using the crossing function from a diffraction- 

limited spot of diameter approxiwtely equal t o  4.  

t i t i e s  R and xo a r e ’ t h e  same as i n  Hgs. 3 and &a. 

The guan- 

i 
I 
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