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Abstract

Confinement of a uniform magnetic field by a warm hydrogen
plasma with an average velocity parallel to the confined field
is studied. It is found that for a given proton temperature
equilibria exist whenever the electron temperature exceeds a
certain critical value. Thus, at the magnetopause equilibrium
states may exist near the nose of the magnetosphere but usually
not along the tail. A comparison is made with the results of
Parker and Lerche. The fallacy of Lerche's non-existence proof
is pointed out. The properties of the equilibrium solutions
are discussed. Finally, the equilibrium confinement with the
incident streaming plasma tangential to the magnetopause but
perpendicular to the confined field is treated. It is concluded
that in the geomagnetic equatorial plane magnetopause equilibria
may occur on the afternoon side but not on the morning side of

the magnetosphere.



Introduction

In two recent papers, Parker [1967 a,b] sets out the rea-
sons why the magnetopause may not be in a state of equilibrium
along the geomagnetic tail. He considers the case where the
magnetic field outside the magnetopause is sufficiently weak to
be neglected. Thus the problem is that of the confinement of
a uniform magnetic field by an incident nonmagnetic plasma beam.
Parker's conclusions may be summarized as follows: The electric
field contained in other magnetoﬁause models [Ferraro, 1952;
Dungey, 19583 Rosenbluth and Garwin, 1963; Davis, 1968, 1969]
in order to cause electrons and protons to turn around at the
same depth inside the layer, is nullified by cold plasma sup-
plied from the ionosphere. With the electric field equal to
zero, electrons and protons turn at different depths. When the
incident plasma has an average velocity along the confined uni-
form field Bx’ this leads to a proton current along that field
as shown in Fig. 1. The pressure of the resulting induced trans-
verse magnetic field By must be balanced by the electron pres-
sure in the incident beam in order for an equilibrium to exist.
Parker gives an estimate of the necessary minimum electron pres-
sure and concludes that a sufficient pressure may not always be
available in the solar wind plasma especially along the geomag-
netic tail.

Later Lerche [1967, 1968] generalized Parker's analysis
by including the effects, of thermal motions in the incident
plasma in a rigorous manner. He concluded that no static equil-
ibrium is possible for reasonable values of the electron pres-

sure. The error in Lerche's analysis is pointed out in the



appendix. In this paper we show that equilibrium solutions
do exist provided that the electron pressure is sufficiently
large. The requisite minimum pressure is in qualitative agree-
ment with Parker's prediction. The properties of the result-
ing magnetopause equilibria are calculated and discussed.

The main part of the present paper deals with the case
of plasma flow along the confined magnetic field. However, a
brief discussion is also given of the situation where the
streaming plasma is tangential to the magnetopause but perpen-
dicular to the confined field, as is the case in the geomag-
netic equatorial plane. It is shown that magnetopause equil-
ibria of Parker's type may exist on the afternoon side but

not on the morning side of the magnetosphere.



Analysis

In the following analysis, the magnetic field configura-
tion and notation used in Lerche's analysis will be adopted
‘with the exception that a right-hand rather than a left-hand
coordinate system is used. The confined magnetic field, BX,
is directed in the x-direction and the induced transverse
magnetic field, By’ in the y-direction. All equilibrium
quantities depend only on the z-coordinate which is measured
along the direction normal to the interface. The field con-

figuration is shown in Fig. 1. The plasma to be considered

has a distribution function at z = - » where B = 0, given by
) ~
_m e¥z
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fp,e = {17 )% e § (v, U)G(vy), (1)
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so that n, is the particle density at z = - «», Also k is the

Boltzmann constant and m and T are the mass and the tempera-
ture, respectively. The subscripts p and e denote the proton
and electron species of the plasma, respectively. The §-
functions are Dirac delta functions. It is seen that U is the
average velocity in the x-direction, i.e., along the confined
magnetic field. Equation (1) shows that, apart from the stream-
ing velocity, the incident plasma is assumed to be cold in the
x=- and y-directions, but warm in the z-direction. The former
assumption is made for mathematical convenience, the latter in.
order to incorporate a component of the particle pressure per-

pendicular to the layer. The pressure associated with thermal



motions parallel to the layer is not expected to change the
conclusions of the analysis in a substantial way. The distri-
bution function given in Egq. (1) is a member of the family of
distribution functions considered by Lerche in his analysis.
The existence of a non-energetic background plasma will
assure charge neutrality so that Poisson's equation is auto-
matically satisfied. Thus, the only Maxwell equation of impor-

tance in this case is Ampére's law, i.e., in CGS units,

L Svf dv. (2)

VxB:ﬂT_e_
~ ~ C ~ Pse ~
b»e

Here I denotes a summation of the proton and the electron
specigé? Also, e is the magnitude of the electron charge and

¢ is the speed of light. Parker and Lerche assume that no
energetic trapped particles are present. Thus, contributions
from such particles to the current density on the right-hand
side of Eg. (2) were excluded. The validity of this assumption
in the magnetospheric application is questionable. However, to
facilitate comparison with Parker's and Lerche's work, we will
use the same assumption in this paper. Thus, we transform the
integration on the right-hand side of Eq. (2) from a local point
within the current layer to the point at z = - « before sub-
stituting Eq. (1) into Eq. (2). This will assure that only par-
ticles which originated at z = - « are included in the calcu-
lation of the current density.

After straightforward but lengthy calculations, the two

nontrivial components of Eg. (2) may be written in the follow-



ing dimensionless form:

d?egx _ ay=

TFT < - 3ew ()
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where
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Here the following notation is used:
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The parameter e in Eq. (5) is equal to 1 when y > 0 and equal
to zero when y < 0. F%* and, apart from a sign, G* are the com-

ponents of the dimensionless vector potential corresponding to



the confined and the transverse magnetic field, respectively.
The derivation of Egs. (3), (4) and (5) involves the substi-
tution of Eq. (1) into Lerche's Eg. (13) [Lerche, 1967]1. See
also Su [1968]. In obtaining Egs. (3) to (5), we have assumed
that G < 0. In the case analyzed here, it can be shown that
G > 0 corresponds to mPT§ < meTg, a situation of little practical
interest,

Egqs. (3) and (4) can be integrated once to yield

2+ (&Ep? = 2% - ovx, (6)
where Bg is the normalized uniform magnetic-field magnitude
at z @ + ®, or equivalently at F®* = + « where V¥ = 0.

An analogy used by Parker in his analysis [1967al helps
in understanding Eqs. (3), (4), (5), and (6): Consider the
motion of a fictitious particle in the G*F* plane with z* play-
ing the role of time. Equations (3) and (4) state that the
only force influencing the motion of the particles is derived
from the "potential" V* given by Eq. (5). The conservation of
the particle's "energy" is expressed by Eq. (6).

The problem is "time" reversible and the equilibrium con-
finement corresponds to a particle trajectory which satisfies

the following initial and final conditions:

Initial conditions; position: F#® = + «, G%* = - const.
velocity: %g: = 4+ Bg, %%; = 0,

Final conditions; position: F* m 0, G* = 0,
velocity: %%z = 0, %%; = 0.

With these conditions the problem can be viewed as follows: A



particle initially located at a large "distance" F* from the
origin moves with "velocity" Bg along a line G®* = - constant
toward the origin. Near the origin it encounters two potential
hills. One of them is the proton hill centered at F* = 0,

G* = - 1. The other is the electron hill centered at F#% = 0,

c®

+ 1/1840. The desirable path is such that the final desti-
nation of the particle is the origin which is located between
the two hills. Furthermore, the initial "velocity" Bg is chosen
in such a manner that the particle will reach the origin with
zero velocity. A side view of the shape of the potential hills
at F* = 0 for Tg = Tz = 0.5 is shown in Fig. 2a.

For a given pair of proton and electron temperatures, say
T; = Tg = 0,5, the shape of the two potential hills is deter-
mined via Egq. (5), and so is the initial "velocity" Bg via Eq.(6).
It is then required to find the initial G* value that will pro-

duce the desired trajectory. Clearly this initial G* value

plays the role of the "impact parameter". If the initial |G*
is chosen too large, the particle has a large "angular momentum".
It will miss the origin on the low side. On the other hand, a
too small initial |G*| value will give a too small angular momen-
tum and the particle will miss the origin on the opposite side.
Between these two trajectories there is one which reaches the
origin. The initial G* value of this trajectory is found by
trial and error. A diagram showing the three trajectories dis-
cussed above 1s shown in Fig. 2b.

The previous paragraph illustrates the case where an equil-

ibrium solution does exist. However, if for a given electron
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temperature the proton temperature is made sufficiently large
then the influence of the proton potential hill becomes suf-
ficiently strong so that all trajectories with an initial G*
value in the range - 1 < G* < 0 will miss the origin on the
upper side or will turn back without reaching the origin. Since
trajectories with an initial G* value of less than - 1 always
pass on the lower side of the proton hill and thus do not come
close to the origin this means that no equilibrium solution
exists.

The numerical solution of the desired trajectory in the
F*G* plane 1s obtained by applying the Runge-Kutta method of

integration to the following equation

o % avV® 4dr# _ ARTAS

d°F _ + dF 323 0G* JdG¥% oF®
%) 7 [1 (dgﬁ L] i °

dG B - oY%

(7)

O

Equation (7) is obtained by combining Egs. (3) and (4). It
should be noted that the right-hand member of Eq. (7) is of
the form 0/0 at the origin. To avoid computer difficulties

‘ in dealing with the region near the origin, an approximate
analytic solution, valid in that region, is used. This solu-
tion is then matched to the numerical solution. It is easy

to show that the approximate analytic solution is given by

: 1
g—;}=i[l+u32F*,
d6% - ¢ [B'2 - 2v% - (1 + WF 1%,

[al
N
O
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Discussion

Since the proton and electron temperatures determine the
shape of the potential hills shown in Fig. 2b, the numerical
solution of Eq. (7) closely depends on the proton and electron
temperatures. The region above curve 1 in Fig. 3 indicates the
range of these temperatures for which equilibrium solutions
exist. Parker [1967al] has estimated the minimum electron pres-
sure needed for equilibrium. His result, shown by curve 2 in
Fig. 3, is seen to be in qualitative agreement with the present
work.

When the results of the previous analysis are applied to
the magnetopause, it is found that equilibrium states may or
may not exist near the nose of the magnetosphere but that they
usually do not exist along the tail. In the former location,
typical normalized proton and electron temperatures are [Olbert
et al., 1967; Olbert, 19681, Tg 2 0,5 - 2,5 and Tg ~ 0,25 - 1,

e.g., corresponding to TP = 3 x 105 - 2 x 106 °K, T, = 2 x lO5 -

6 x 10° °K, and U

R

100 Km/sec. In the latter location, Tg =~

0.002 - 0.06 and Tg = 0,04 - 0.06, e.g., corresponding to

T, = 10% - 3 x 10° °K, T_ = 2 x 10° S

300 Km/sec. The temperature ranges are shown by the rectangles

°K - 3 x 10° °K, and U =
in Fig. 3.

If magnetopause currents of the type discussed by Parker
[1967a] are important, then the associated magnetic-field com-
ponent transverse to the earth's field would have opposite

directions above and below the equatorial plane, as shown in
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Fig. 1. This provides a simple experimental test of the val-
idity of Parker's model. Observations of the sense of the
transverse magnetic field at the magnetopause have been re-
ported by Sonnerup and Cahill [1968]. For boundaries identi-
fied by them as tangential discontinuities the direction of
the transverse field appears random. For boundaries identified
as rotational discontinuities, a relationship appears to exist
between the sense of the transverse field and the location
above and below the equatorial plane. However, this rela-
tionship is opposite to the one predicted by Parker's model.
It should be pointed out that most of the cases reported by
Sonnerup and Cahill involved a substantial magnetic field
outside the magnetopause, a situation in which the applica-
bility of Parker's model is questionable.

In comparing predictions from Parker's magnetopause model
with observations it should also be remembered that the model
has no currents associated with trapped particles. Alpers
[1969] has discussed a situation where trapped energetic parti-
cles contribute currents along the confined magnetic field in
such a manner that the transverse field, By’ is completely
suppressed. In such a case no difficulties arise in finding
equilibrium solutions. It is conceivable that a number of
mechanisms for the trapping of solar-wind particles are oper-
ative at the magnetopause. Furthermore, Ferraro and Davis
[1968] and Davis [1968, 1969] have shown that the existence
of even a small electric field normal to the magnetopause
can be of substantial importance in helping to bring about an

equilibrium.
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Polar plots of the magnetic field vector inside the
equilibrium magnetopause have been obtained from the calcu-
lations presented here and are shown in Fig. 4. It is inter-
esting to note that for certain proton and electron tempera-
tures, the total field magnitude does not decrease monotoni-
cally across the magnetopause.

Finally, it is observed that the analysis presented here
can be used in principle to discuss the equilibrium confine-
ment of a vacuum magnetic field by a streaming non-magnetized
plasma with an average velocity parallel to the interface but
forming an angle with the confined field. For such a case, the
equilibrium confinement corresponds to a particle trajectory in
Fig. 2b such that the initial velocity vector forms a non-
zero angle with the F%* axis. A complete analysis is not yet
available. However, we may discuss the case where the tra-
jectory in Fig. 2b lies along the line F*¥ = 0. This corres-
ponds to the situation where the incident stream is perpendicu-
lar to the confined field. For trajectories along the negative
G* axis solutions exist when the electron temperature exceeds
the value given by curve 3 in Fig. 3. For trajectories along
the positive G¥% axis no equilibria are possible in the temper-
ature range covered by Fig. 3. These results imply that in the
equatorial plane equilibria may occur on the afternoon side
but not on the morning side of the magnetosphere. The different
behavior on the afternoon and the morning side is related to

the fact that the proton orbits inside the magnetopause are
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direct, i.e., nonlooped, in the former case and retrograde, i.e.,
looped, in the latter. The net current associated with retro-
grade orbits is much smaller than that associated with direct
ones. If real, this asymmetry of the magnetopause may have impor-

tant geophysical consequences [see e.g., Piddington, 1969].
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Appendix

The purpose of this appendix is to demonstrate that there
is a sign error in Eq. (52) of Lerche [1967].

The distribution functions @P and ¢_ in Egq. (41) of Lerche's
paper [1967] are even functions of the arguments Wy and Vs
where W is the velocity component normal to the interface and
v, the component parallel to it but perpendicular to the confined

field. Thus, it is reasonable to assume @P and o, to be of the

form

o (wo,v )

5 ° fP(wg,vé),

2 2
@e(wo,vo) fe(wo,vo).

Then Lerche's Eq. (41) becomes

R(F) = [ dy } {d(ch6(2qu)%)fp[sh26(2aFy),
(o] -

(y + %;)2] +'d(she(2aFy)%fP[ch26(2aFy),

(y - %E)ZJ} - [ dy } '{d(ch6(2aqu)%)
o B=o '

fe[shze(ZQqu), (y + 2%2)2]4

d(she(2aqu)%)fe[ch2(2aqu), (y - 9%2)2]}. (A-1)
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The notation is defined in Lerche's paper. Now let

g = ch6(2aFy)%
in the proton part,

n = sshé)(ZOLFy_);5

and
z = c:hB(Zon.le);i
in the electron part.

n = shG(Zuqu)%

Eq. (A-1) then reads
R(E) = Jdy { J argflg? - 20fy, (v + §02]
© (:ZonFy);5

+ [ dnf_[n%? - 20Fy, (y - %E)ZJ}
o P

- [ dy{ J dCfe[C2 - 2aufFy, (y + Q%E)ZJ
© (2c>cu_Fy);5

+ [ dnfe[n2 - 2ou Fy, (y - g%E)ZJ}-
o

Therefore,

dR ook ok 2
(_—_—E) = - (20)% J y?dy £_(0, y*)
d(F) Fzo o p

+ (2ocufi S y% dy f_(0, y2). (A-2)
o

The form of the right-hand side of Eq. (A-2) is the same
as that of Lerche's Eq. (52) but the sign is opposite. With
the sign given by Eq. (A-2) Lerche's non-existence proof becomes

invalid.
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Figure Captions

Fig. 1.
Fig. 2.
Fig. 3.
Fig. 4.

Schematic representation of the boundary between the
streaming solar-wind plasma and the geomagnetic field.
The currents iP and ie result from the different pene-
tration depths into the magnetic field of the streaming
protons and electrons. These currents induce a magnetic
field along the y direction. This transverse field, Bt’
has opposite directions above and below the equatorial
plane.
(a) A cross section of the potential distribution, given
by Eq. (5), as a function of G%* for F%* @ 0.
(b) Potential hills and integration pathes in the F*G%
plane. Curve 1: Too large initial |G%| value. Curve 2:
Correct initial |G*| value. Curve 3: Too small initial
|6%| value.
Nopmalized proton and electron temperatures (Tg = 2kTp/
2

mpU 3 Tg = 2kTe/mPU2) required for equilibrium. The

curves represent the boundary between equilibrium and

non-equilibrium regions obtained from the present calcu-
lation (curve 1), from Parker's formula T% = Tl’g[(1+1/Ti§);5
- 1] (curve 2), and for the case of flow transverse to
the confined field (curve 3).

Polar plots of the magnetic field vector inside the

equilibrium magnetopause.
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