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Preface

In this short monograph, I have recorded in manuscript three
lectures and a selected bibliography on statistical discriminate
analysis. The lectures were given to scientists at NASA Manned
Spacecraft Center in July 1969. Each of the lectures which are
preliminary drafts of papers to be published contain information
not found in the statistical literdture. In the process several
guestions have been introduced that remain open at this date, and
it remains an important task to resolve these.

The efforts of Dr. T. G. Newman, Texas Tech University, and
Dr. Mike Speed of NASA Manned Spacecraft Center who contributed
portions of their knowledge and experience to this study are

gratefully acknowledged.

P. L. O.

July, 1969
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PRELIMINARY REMARKS

In Chapter 6 of his excellent text [1l] Professor Anderson
gives a clear and precise development of the theory of statistical
discrimination. The definitions and theorems presented here are
essentially those in that chapter and give a brief background for
the lectures.

Let my s Woreeermpy denote m distinct population whose associ-

ated probability p-variate density functions are p; (X),p, (X),...,
pm(x), respectively. Let x be an observation from one of these

populations., Let

C(i|3,R) (1)

denote the cost of misclassification of an individual from popula-

tion ™y as being from population L using the decision rule

R= (Rl'RZ’...’Rm)

where R, denotes a distinct p-dimensional region such that if x
belongs to Ri, the individual is assigned to Ty . Also, we denote
the a priori probabilities that an observation comes from popula-

tion T, as qgy-. We note that

P(jli,R) = [ p;(x)dx (2)
R,
J
is the probability of classifying on observation x from T, as being
from ﬂj- The classification procedure, then, is to classify an
observation as coming from ™ if it falls in Rj' The following
theorem summarizes the procedure R = (Rl,Rz,...,Rm) such that

the expected loss



m

q; 1 CcGIDPG[LR)
1 =1
j#1

is minimized. That procedure is usually called the Bayes procedure.

he~13
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The classification procedure, then, is to classify an observation

as coming from T3 if it falls in Rj‘

Theorem 1. If g, is the a priori probability of drawing an obser-

vation from population Ty with density pi(x) (i=1,...,m) and if

the cost of misclassifying an observation from my as from “j is

Cc{j|i), then the regions of classification, RyreoerRos that mini-

mize the expected cost are defined by assigning x to Rk if

i=1
i#k - i#3

m m
'E qipi(x)C(kli) < izl qipi(X)C(j|i) (3)

(3 =1,...,m, j#Kk).

[If (3) holds for all j(j # k) except for h indices and the inequal-

ity is replaced by equality for those indices, then this point can

be assigned to any of the h + 1 m's.] If the probability of equal-

ity between right-hand and left-hand sides of (3) is zero for each

k and j under T (each i), then the minimizing procedure is unique

~

except for sets of probability zero.

We note that in many cases the values of qpreee09, are unknown.
If this is true then one can define
m
Z C(j|i)P(j]i,R) = r(i,R),
j=1
J#i

the conditional expected loss i1f the observation is from w,. If



we choose a procedure R = (Rl,...,Rm) which minimizes the maximum
conditional expected loss, this procedure is called the minimax
pfocedure.

If o, (R) =1 - P(i]i,R) is the probability of making a wrong
decision when using procedure R and sampling from Tyt then
Von Mises [2] has shown that the set of g's, say qf,q;,...,q:, such
that

o, (R") = o, (R") = ... = o (R")

yields the minimax solution. The problem becomes one of searching
for the set q* =‘{qf}...,q;} and then computing the regions of

classification Rf,...,R; which follows from Theorem 1,

REFERENCES

Anderson, T.W., An Introduction to Multivariate Statistical
Analysis, Wiley and Sons, 1958.

Von Mises, R.,"On the Classification of Observation Data into
Distinct Groups)] Annals of Math. Statisties. Vol. 16,
No. 1, (1945), pp. 68-73.
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Lecture
NON-PARAMETRIC DISCRIMINATION TECHNIQUESl

P. L. Odellz, T. G. Newman2 and M. Speed3

Introduction
Except for the work done by Kendall [1], [2] and Fix and
Hodges {31, little has been reported céncerning non-parametric
techniques for performing statistical discrimination. By non-
parametric technigues we mean only that the mathematical form of
the multivariate probability density functions of the populations
involved are unknown to the experimenter. It should be noted that

we did not use the term distribution free which is used by many in

a different sense, (See [2, p. 1701 or [21, p. 15-17]).

For clarity and completeness we define what we mean by:

The Discrimination Problem, I. Let Tor ToreessTy denote m digtinct

p-variate populations whose multivariate probability density func-

tions pl(x), pz(x),...,pm(x) are known. Let q;, dpseeerdpy be the

known a priori probabilities that a sample is selected from popula-

tion m,, m,,...,7 , respectively. Let C(i]j) be the cost of assign-

ing an individual from population " to population L such that

c{iji) > 0 i#3 i,3=1,...,m

= 0 Ci=93 4i=1,...,m.

Given a sample generated by an individual selected at random from

This research was supported in part by NASA-MSC, under Contract
NAS - 9-6963.

Texas Tech University, Lubbock, Texas.

3 Computation and Analysis Division, NASA-MSC, Houston, Texas
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one of the populations, give a decision rule to assign the individ-

ual to one of the m populations.

A decision rule for assigning an individual to one of the
populations Tir i=1,2,...,p which minimizes the expected cost of
misclassification is known and discussed clearly in [4, p. 142-147].

The following theorem summarizes the technigue:

Theorem 1. The regions of classificatioﬁ RyrewerRys that minimizes

the expected cost of misclassification are defined by assigning X

to R if

i£1 q;p; (X)Ck|i) < 121 q;p; (X)C(3]1) (1)
17k i#3
j=1,0..,m j # k.

We will use the notation R = {Rl""'Rm} to be a set of disjoint
but not necessarily connected regions whose union is the Euclidean
p-space.

Clearly, one must know a great amount in oxder to apply
Theorem 1. However, in practice most of the quantities qi,c(i|j),
and pi(x) i=1,...,m are actually estimates yet can be assumed
known exactly so that Theorem 1 can be applied. References which

discuss Problem I are [4], [51, and [61.

The Discriminate Problem II. Let the conditions in Problem I

remain true, except that Qgreen sy are unknown. Given a sample

selected at random from one of the populations give a decision

rule to assign a sample x to a population.
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Various reductions can be made if q, = 9, = oo = dpr and/or
C(ilj) = c(i'|j') for all i,i" and j,3j' 1 # 3J, 1 # 3.

Obviously (1) cannot be used to determine the regions R,,
Rz""'Rm when q,ee-.09, are unknown, hence anothexr strategy for
rmaking decisions has been developed. If we have a region R, for
classifying x as from Tos the probability or classifying the sample
x as from ¥ is

P(ili) = [ pi(x)dx.
%5
The expected loss for classifying x as being in T 1f the observa-
tion is from wy is _
C(ili) P(I[1) = ry(i,R)
where R = (Rl,...,Rm) again denotes the partition of the Euclidean
p-space into m distinct regions of classification.
A principle that usually leads to a unigue procedure is the

so-called minimax principle. A procedure is minimax if the maximum

expected loss r{i,R) is minimum for all possible values of q,,

qutoo,qmo

(1) _ (2)
Example 1. Let R = {Rll'Rlz’RIB) and R (R21,R22,R23) be

two partioning associated with two procedures for classifying.

Let Ty denote the (3x3) matrix

rp = {ry (i|R(K))} K=1,2
—o ri(le(K)) r;(3|R(K))‘
= ey v 0 r, (3]r %))
—r3(l|R(K)) 4 (2] %) o |




(1) (2)

Select that procedure R and R that minimizes the maximum
expected loss as q,, q,, and g, range over all admissible values,

that is 0 < g; <1, g

3
>0 and )} qg. = 1. The elements of
i jEq

(1) and R(z) are

each matrix is easily computed if the regions R
given. However, if one is searching for a procedure (or a parti-
tion) R which gives a minimax solution, it is not clear how one
establishes that procedure. Comparisons of procedures once they
are given is not difficult, but defining the region out of all
possible regions can be difficult. [See 4, p. 142-147]. Solutions
for m = 2 and 3 have been indicated. The reader is referred to

[4, pp. 134~136] for a discussion of these cases and an indication
of - the problems associated with searching for a minimax. solution.
The solution in general is iterative and approximate.

Clearly, the problem of discrimination is ill-posed if the
costs of misclassification are not known; however, there are many
applications in which these costs can be assumed identical and
further gpecial results obtained when costs are unknown.

The Discrimination Problem III. Let the conditions defined in

Problem I be true except that the set {p, (x),...,p (¥)} is not known.

Instead let p,(x) e F,(x;9.) where F, is a known family of probabil-
i i i == i = =

ity densities depending o

a ki % 1 parameter vector ei, whose

elements are unknown and must be estimated using a previously drawn

sample Xs =-b%d,xi2,...,xin} i=1,2,...,n. Given a sample

selected at random from one of the populations give a decision rule

to assign the sample X tc one of the m populations.
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As one might suspect, great amounts have been reported con-
cerning this problem when for each i, Fi is the normal family with
the covariance matrix held fixed either known or unknown. Generally,
one requires that if P is the normal family with unknown mean vector

¢ and covariance matrix ¥ for each population, then

P, (x) = nut, 5t

It is popular, but not necessary, to assume that

3 =3 = ... =z

the covariances to be thée same. This assumption leads to the linear
discriminate function. The analysis is summarized in [4, pp. 137-
139)]. One should be aware of the work done by Kabe [7] which is
not referenced there.

Briefly, one proceeds as in Problem I with each u(i) and Z(i)
replaced by its maximum likelihood estimate obtained from the m

previously drawn samples Xy i=1,2,...,m.

In this paper we are interested primarily in

The Discrimination Problem IV. Let the conditions in Problem I

be true, except that there is no information concernigg_pi(x) i=

2,...,m except that they are continuous, finite and-their moments

exist. Given a sample from each of the m populations, devise a

decision rule for assigning a sample value from one of these

populations to a population of the set 7 = {ﬂl,ﬂz,..-,ﬂm}.

2. Kendall's Suggestions

Kendall has suggested two technigques; one he calls the convex



hull technigue; the second he calls the order-statistic method.

In his discussion Kendall discounts the convex hull technique and
gives reasons why it may not be particularly useful. The authors
refer the interested reader to [1] and [2] for these comments.
Kendall's example in {2] indicates there may be some real value in
using his second suggestion, the order-statistic method. fThis lat-
ter technigue is compared with a new technigue proposed in this
paper.

Let x(i} be a p x 1 random vector whose probability density

function pi(x) is unknown. Let

(k}

X. = {%,

(k} i = lyzfcuhpp
3 i] by

j = I’EIIID’N:L ~
k=1,2,...,m

th

denote a random sample of size N, from the k population.

Define the interval for each (i,k)

. . k

J J

k=1,2,...,m

j = 1,2'.;.'Ni
Hence for each i there are m such intervals
I(i,l), I{i,2) 00, I{i,m).

Using set notation, let
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= I(iyl) - U I(irj')
3'#L

m
D.. = T({i,2) - U T{i,3")
12 jrE2

)
|

il

m
I(i,3) - U I(i,3"),
3'#3

the set of points in I(i,j) but not in the union of sets 1{i,3")

j %j’ j' =l'2;--npm. Let

be the sample from one of the m populations to be assigned. The
decision rule proposed by Kendall is simply

a. if x. € ZD._j for some j assign the sample to Ty

11 s

b. if xil £ Dilrj for all j then consider Xi2, where 1, 3t i .
c. if %x. ¢ D, . for some j, then assign the sample to 7..

i, i,.3 . |
d. if =, £ D, . for all j, then consider x, where

to o413 13

e. finally if for every i and every J Xy £ Di 5 = 1,2;00.,m
r
then x cannot be assigned and no decision is made.
The advantages cited by Kendall are as follows.

(1) The procedure is distribution-free.

(2) The procedure involves no arithmetic other than counting.
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Relatively small amounts of data can be analyzed by hand. For
large amounts it would be simple to write é program for an elec-
tronic computer.

(3) It shows which variables are the most important in the
discrimination. In fact, it proceeds by using the variables iﬁ
order of importance as measured by degree of overlap.

It is important to note if for all i, that x is assigned to
Ty that one is indeed confident that the assignment is correct.
However, there exists no reason to believe that such a situation
would exist for every sample taken. Hence, different decisions
would result depending on the order of elements of the vector x used
in discriminating. It is also clear that as the sample sizes
N1""’Nm increase in magnitude, that the pnumber of indecisions will
increase. That is, the larger the initial sample siées, the greéfer
the confusion. Clearly, this appears strange to those who are used

to techniques in which the more information one has the better one

can estimate or discriminate.

3. An Alternative Téchnique
Assuming that the experimenter can sample from @,,...,7 , We

denote these samples by the sets

L {xl{l), xz(l),...,xN (1)
1

% (2) ='{x1(2), xz(z),...,xNz(z)}

o _ {xl(m)' XZ(m)""'XN (m) 4
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(k)

where N, 1 =1,2,...,m denotes the sample sizes and each Xy

j o= 1,2,...,Nj is a p x 1 vector of elements Xij(k) i=1,2,...,p.

The th sample is used to estimate the kth probability density

function by an estimator discribed later in this section. If the

set . . . .
p(x) = {P, (x) P, (%) ;... ,pm(x)}

denotes the set of estimators of pl(x),pz(x),...,pm(x) respectively,
- and x* a sample from one of the populations, then the individual

whose measurements yielded x* is assigned to T if k is such that

pk(x*) = max ﬁ.(x*).
1<iz<m

That is to say, we assign the individual to that population whose
estimated likelihood is maximum.

Note that if P (x) 1s a conSLStent estimator for p. (x) for
every i = 1,2,...,m, then, in the limit, we have the situation
defined in Problem I whose solution is known to possess optimal
properties with respect to minimizing expected cbsts of misclassi-
:fication.

The’estimator pi(x) for the probability, density function

pi(x) is defined by

k
_ 1 _ (k)
where Xi(k) is the ith‘sample vector from the kth population and
4
(k) P _sin(xi - Xij(k))
Wk(x—Xi ) = Cp T {(3)

i=1 (k)
Xg5o /2
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»

where X =

Moees

is the independent variable in ﬁk(x).

The constant CP is selected in such a manner such that

[ w(eyae = 1

—co
The estimator seiected is then consistent in gquadratic mean. &
discussion of such estimators can be found in [8], [9], [10].
However, we will give an outline for a precise development of the
estimator. Let

a(tl,tz,...,tp)

be a p-dimensional Dirac delta functional and p(xl,xz,...,x y a

P
p-variate continuous probability density function, then
P(Xlrxzrtooyxp) = {m . e {m 6(Xl-tlpn.-;Xp"'tp)p(tlr---ptp)

at,...dt
1 P

which can be approximated by (read as “approximately equal to")

[+

o~ ® .
p(XI,X 'o-o'x )=f .- s a {m W(Xl-'t]_,QOQfxp_tp)p(tl,p-otptp)

2 P -

dtl. L .dt
P

where W{sometimes called a window function) is an approximation
for §. Then
£
B [W (Xi_ti) Fp ey (Xp—tp-) ] P (Xi) .
Finally, the arithmetic mean of W's is approximately the best

linear unbiased estimator for E[W], that is
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N

jz_l W(Xi_tij’ P ,Xp"tij) -

S

P(Xlr---rxp) =

We have selected W for each k to be (3).
It should be noted that there are other estimators for ﬁi(x)
depending on the form of W. The right-hand side of (3) is only
one of many approximations of the p-dimensional Dirac delta function.
In summary, one approaches the Problem IV just as one would
in Problem I, except one replaces the probability.density functions
pl(x),pz(x),...,pm(x) by their estimators §1(x),§2(x),...,§m(x)

obtained by using (2).

4., A Comparison Of Technigues

Since the optimality properties of the alternative technigue
proposed in this paper cannot be easily studied analytically, it
is at least convenient to study its properties using a simulation
based on the technigue popularly called "Monte Carlo" [111, [12].
The results of the simulation performed on a Univac 1108 at NASA
Manned Spacecraft Center are presented and discussed in this section.

In the simulation we arbitrarily let m = 3, p = 2; that is, we
coﬁsidered the problem of assigning a (2 x 1) observation vector to
one of three bivariate populations, 7,, 7,, and 7,. Each popula-
tion is defined by a mean vector and a (2 x 2) covariance matrix.

Table 1. briefly summarizes the input data to the simulation.
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. N. The E}ements of.the
Case 1 i Mean Vector Covariance Matrix
1 . 100 (P,O) 611 = Tpp = 1, 01y = 0
1 2 100 (1,1) 011 = Tgp = 1, 099 = 0
3 100 (-1,1) cll'= Ggg = 1, 919 =70
1 100 (2,1) Gy9 = Tgp = 1, 099 = 0
2 2 1 100 [° (-.3,.6) G = gy = 1095 =0
3 | 100 (1.5,.8) 0yq = Ggp = Ly 075 =0
1 100 (2,1) 017 = l.6, Opn = 2.0, 019 = .3
3 2 | 100 (-3, .6) Gy = 41 05y = 1.2, 01y = .5
3 100 -| (1.5,.8) oy = 9y 05 = 4.0, 9y, = .6
1 100 (2,5) o1y = 3, Ogg = 3, 01y = .6
4 2 ‘100 (1,-1) 011 < 1, 959 2.5, Gig = 0.2
3 100 A6,1) . Oy = 2, Ooy = 1.2; Gi1p = 0;4
1 100 (2,5) 011 < Goyy = 1, Gio = 0
5 2 | 100 |- (1,-1) 01y = Ugp = 1; 075 =0
3 100 (6,1) 611 = Opy = 1r 075 =0

Table 1. The Input Data for First Simulation

One hundred (2 x 1) samples from population, w, in each of the
five cases defined in Table i, when the probafilityvdensity was
assumed to be bivariate normal with appropriate mean vectors and
covariance matrices we generated using the usual Monte Carlo tech-
niques. Three techniques were coﬁpared, those being

(i) Kendall's ranking technique

(ii) ‘The Optimal Technique as defined by Theorem 1.

(iii) The Non-Parametric Technigue using Estimated Probability

Densities
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The number of times a sample value from population w, was assigned
to each population is listed along with the number of times where
Kendall's technigque led to a no-decision situation. These counts

are summarized and presented in Table II.

CASE TECHNIQUE Ty T, LI DEC?gION
Kendall 7 0 4 89
1 Optimal 61 16 23
Non-Parametric - 57 18 25
Kendall 3 1 0 96
2 Optimal 56 9 35
Non-Parametric 60 9 31
Rendall 0 0 2 98
3 Optimal 45 9 46
Non—~Parametric 48 9 43
Kendall 88 0 2 10
4 Optimal 96 2 2 0
Non-Parametric 94 4 2. 0
Kendall 92 0 5 3
5 Optimal 100 0 0 0
Non-Parametric 99 1 0 0

Table ITI. The Number of Samples from w, Assigned to Ty

i =1,2,3 or No-Decision.

Clearly, Kendall's technique leads to what many, including
these authors, would believe to be an unrealistic number of no-
decision situations. The value of Kendall's technique can be
guestioned, especially when sample sizes are relatively large.

It is noted that the proposed non-parametric technique is

indeed efficient when compared with the optimal technigque. However,
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as previously indicated one would expect Kendall's technique to be
poor for relatively large sample sizes. A natural guestion arises.
Is there a sample size such that the Kendall technique is more or
equally efficient?

In order to study the effect of sample size on the probabili-
ties of proper classification, we considered three populations

i Tyr @ The first population 7, is bimodal and is the simple

1! 3‘ 1

average of two univariate normals, that is

PG = 5[, 0 +p, ]

(1) (4)

where p, (x) and p, (x) are bivariate normal with mean u

(1) and 2(4). The prbbability density

and p
and covariance matrices I
functions for Ty and T, wWere selected as bivariate normal with

(2) (3) (2) (3)

means u and u . The covariance matrices are ¥ and I

This data for the four cases studied are listed in Table 3.
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THE ELEMENTS OF THE

CASE i Ny MEAN VECTOR COVARIANCE MATRIX
1 20 (20) 100 (0,0) 011 = 110y, = 1,0,, = 0
.2 20(20)100 (.5,1) 011 = 6,04, = l9,ci2 = 0
3 20(20) 100 (1.6,.2) 0617 = 15,05, = 29,00, = .4
4 20(20) 100 (1,2) 017 = 1105, = 1,07, = 0
1 20(20) 100 (1.5,-1) 017 = 1i04y = 1.5,07, = .4
, 2 20 (20) 100 (0,0) 019 = 1,0,y = 1,00, = 0
3 20(20) 100 (.3,1) 611 = 6,05, = 1,07, = .2
4 20{(20)100. (.5,0) o171 = l,022 = 1,012 =0
1 20(20) 100 (-2,0) 017 = 140y, = 1,05, = 0
5 2 20(20);00 (.5,1) oli = 1.5,05, = 1,04, = .2
3 20(20)-100 (-1,-.2) 01y = l,‘022 = 1,.012 = 0
4 t 20{(20)100 (0,.1} 911 =..9,522 = 1,0y, = .1
1 20 (209100 (1.3,2) o617 = 1,0y, = 1,0, = .4
. 2 20 (20) 100 (.2,.5) 019 = 140,y = 1,04, = 0
3 120(20)100 (3,1) 011 = 1.9,0,, = 1,00, = .4
4 20 (20)100 (0,0) 017 = 1.8,0,, = 2.4,0,, = 6
Table 3. Input Data for the Second Simulation

In this part of the-study we include the technigue in which

it is assumed each pi(x)

i = 1’2'3

is normal and from the samples

estimate the parameters given in turn estimates of the density

pi(x;u,z) by pi(x;ﬁ,ﬁ) where § and £ are the usual maximum likeli~

hood estimators [4, Chapter 3] for u and I.

Samples of size 20,

40, Gd, 80 and 100 were generated to estimate the probability

densities pi(x),

i=1,2,3.

An additional 100 observations were
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generated from the first population (the bimodal population} and

the classification performed with the four techniques.

are listed in Table 4a, 4b, 4c and 4d.

The results

T T m NO
SAMPLE SIZE TECHNIQUE 1 2 3 DECISION
RKendall 15 2 6 77
Optimal 40 47 13 0
20
Non~Parametric 46 43 11 0
Assumed Norm- 30 58 12 0
Kendal; 12 0 0 88
Optimal 40 56 17 0
40
Non-Parametric 27 56 17 0
Assumed Norm 16 70 14 0
Kendall 19 0 2 79
Optimal 40 47 13 0
60
Non-Parametric 45 42 13 0
Assumed Norm 28 64 8 0
Kendall 16 0 1 83
Optimal 40 47 13 0
80
Non-Parametric 37 47 16 0
1 Assumed Norm 31 56 13 0
Kendall 16 0 0 84
. Optimal 40 47 13 0
160
Non~Parametric 32 55 13 0
! Assumed Norm 20 65 15 0

Table 4a, The Comparison, Case I.
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R R R NO
SAMPLE SIZE TECHNIQUE 1 2 3 DECTISTON
Kendall 22 8 0 70
Optimal 51 25 24 0
20
Non~Parametric 47 30 23 0
Assumed Norm 47 1% 34 0
Kendall 9 0 0 91
Optimal 51 25 24 0
40
Non-Parametric 49 37 14 0
Assumed Norm 25 51 24 0
Kendall 15 0 1 84
Optimal 51 25 24 0
60
Non-Parametric 51 19 30 0
Assumed Norm 40 30 30 0
Kendall 5 3 0 92
Optimal 51 25 24 0
80 .
Non~Parametric 46 33 21 0
Agssumed Norm 42 29 29 0
Kendall 12 2 0 86
Optimal 51 25 24 0
100
Non-Parametric 50 31 19 0
Assumed Norm 46 26 28 0

Table 4b. The Comparison, CaseIT.
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) NC
SAMPLE SIZE TECHNIQUE R, R, Ry | preTSTON
Kendall 16 3 0 81
Optimal 37 20 43 0
20
Non-Parametric 20 26 54 0
Assumed Norm 12 13 75 0
Kendall 3 2 0 95
Optimal 37 20 43 0
40
Non-Parametric 34 24 42 ¢]
Assumed Norm 16 32 52 0
Kendall 5 1 1 93
Optimal 37 20 43 0
60
Non-Parametric 40 25 35 0
Assumed Norm 24 26 50 0
Kendall 5 4 4] 91
Optimal 37 20 43 0
80 .
Non—~Parametric 26 21 53 0
Assumed Norm 18 24 58 0
Kendall 5 3 0 92
Optimal 37 20 43 0
100
Non~-Parametric 34 26 40 0
Agssumed Norm 17 28 55 0

Table 4c. The Comparison, Case IIT
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SAMPLE SIZE TECHNIQUE R, R, Ry | preroroN
Kendall 13 1 0 86
Optimal 44 52 4 0
20
Non~Parametric 39 49 12 0
Assumed Norm 28 59 13 0
RKendall 19 0 0 81
Optimal 44 52 4 0
40
Non~Parametric 32 63 5 0
Assumed Norm 23 69 8 0
Kendall 14 0 0 86
Optimal 44 52 4 0
60
Non-Parametric 47 45 8 0
Agsumed Norm 35 55 10 0
Kendall 10 0 0 90
Optimal 44 52 4 0
80
Non-Parametric 40 48 12 0
Assumed Norm 23 64 13 0
Kendall 17 0 0 83
Optimal 44 52 4 0
100
Non-Parametric 38 57 5 0
Assumed Norm y 27 65 ¥ 8 0

Table 44d.

The Comparison, Case

Iv.
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We note that the comparison remains relatively invariant
under changing sample sizes. The non-parametric technique remains
nearly as effective as the optimal technique. Kendall's technigue

still gives large numbers of no-decision results.

5. CONCLUD‘ING REMARKS

We have considered here only those measurements that are
gquantitative. Discriminating techniques which include gquantal
or qualitative data have been ignored. However, the concepts and
techniques remain valid. For a discussion of problems associated
with such data the interested reader is referred to [13], [14],
and [151]1.

A valid way to evaluate the techniques discussed in this
paper would be to compute probabilities of misclassification under
perhaps normality assumptions. This is indeed a difficult‘problem
since integration over the regions R;,...,R, can be very compli-
cated [161[17]. However, techniques employed by Lachenbruch [18],
Lachenbruch and Mickey [19], and Dunn and Vardy [20] can be

mimicked to obtain estimates of probabilities of misclassification.
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Lecture IT,.
ON COMPUTING MINIMAX PROCEDURES 70 - 408 i5
IN DISCRIMINATION ANALYSISL

2

P. L. 0dell” and T. G. Newmanz_

1. Introduction
In his text [1] Anderson outlines the theory of statistical
discriminate analysis based on a Bayes and on a minimax criteria
of evaluation. For completeness we staﬁe the problems.

Problem I. (The Bayesian Discriminate Problem) Let Ty sMgreass®

m

denote m distinct p-variate populétiéns whose multivariate probabil-

ity density functions pl(x),pé(x),...,pm(x) are known. Let

qQy rdpre - rdy be the known a priori probabilities that a sample is

gelected from population wl,wz,...;wm, respectively. Let c(i]j) be

the cost of misclassifying an individual from population Ty 2s being

from population Ty such that

c(ifq) > 0 143 1,9 = 1,2,...,m

=0 i=j i=l,2'--|rmc

Given a sample X selected at random from one of the populations'

give a decision rule R which minimized the expected cost of mis-

classification for assigning individuals tec 3 BB population @,

i=1,2,...,m, Such a rule R is called a Bayesian procedure.
A decision rule R for assigning an individual to one of the

populations =, i = 1,2,...,m which minimizes the expected cost of
i i

1 ©his research was supported in part by NASA-Manned Spacecraft
Center under Contract NAS-9-6963. - '

2 9exas Tech University, Lubbock, Texas 79409
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misclassification c, where

m m
c= ] q{ ] ecGliPGE|LR (1)
i=] 9=1
J#L
where
P(j|i,R) = | p; (x)dx (2)
. R. A

J
is the probability that X belongs to Rj given it is actually from

Ty where the procedure R is a partition of the sample space into
m mutually exclusive and exhaustive regions Rl'sz""Rm° The
following theorem proved in [1l] summarizes an approach to compute

the optimal procedure, R.

Theorem 1. The procedure R, or equivalently, the regions of class-

ification Rl'sz""Rm' that minimizes the expected cost of mis-

classification (1) are defined by assigning X to R if

m I
Loagp ekl < ] agp; el j=1,2,...,m. 3
ik . o

We use the notation R = (Rl,...,Rm) to be a set of disjoint but
not necessarily connected regions whose union is the total Eucli-
dean p-space, the sample space. The partition R constructed as
indicated in Theorem 1 is called a Bayes procedure.

It is important to note that one must know a great amount in
order to apply Theorem l. Unfortunately in practice, there are -
cases in which the a priori probabilities q; are unknown. If

¢(jli) are unknown or not assumed equal, then the problem is not
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well-posed., If thg set g = {ql,...,qm} are unknown, then a
strategy for selecting a decision procedure can be based on the
minimax criteria. One can define this problem as

Problem II. (The Minimax Discriminate Problem) Let the conditions

in Problem I remain true, except that the a priori probabilities

are not known. Given a sample X selected at random from one of

the populations TyrewerTy give a decigion rule that will minimize

the maximum expected loss, where

m

r{i,R) = §] c{jl1)P(3li,R) i,j=1,2,...,m " (4)
j=1
j#i

is the expected loss if observation is from'r, and assigned to Ty

Von Mises [2] considered Problem II and observed that the
partition R ='{R1,...,Rm} that solves Problem IT is characterized

by two properties, (i) the probabilities of correct classification

P(iji,R) = [ p, (x)ax. (5)
R,
1

are egqual for all i = 1,2,...,m, and (ii), on the border of Ri_and
Rj' t+he ratio pi(x)/pj(x) is constant. The value of the constant
is simply
qjc(ilj)/qic(i[j). . (6)

In [1] this problem is solved when m = 2, pi(x) i=1,2 are
normal with identical covariance matrices. Also, Problem IIL is
discussed in general terms for m = 3., However, there exist no
general algorithms available for computing the regions R for

m > 2 and for densities other than normal.
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It is the purpose of this paper to discuss the problems
associated with the actual computing of the procedure R = (le""Rm)

which solves Problem II. Theorem 1 gives the solution to Problem

T and little computational difficulties exist.

2. Fundaméntal Concepts [1]

Suppose that we are confronted with Problem II, that is we do
not have a priori probabilities. Hence, ¢ in (1) cannot be defined.
One can define expected cost of misclassification on.the condition
that the observation comes from a given population. The expected
cost of misclassifying an observation given that the gample actual-
ly’came from w, with respect to a procedu;e R is given by (45.

A procedure R is at least as good as a compéting procedure R* -
if '

r(i,R) < R(i,R¥) i=1,2,...,m , (7)

and R is better if at least one inequality is strict. R is said

to be admissible, if there is no procedure R* that is better. A

class of procedures is complete if for every procedure R* outside
the class, there is a procedure R in the class that is better.’ A

minimal compléte class is a complete class such that no propexr

subset is a complete class.

The following Theorems summarize well-known [1] facts.

Theorem 2., If q.

e 0 (i=1,2,...,m), then every Bayes procedure

is admissible.

Theorem 3. If Pf{pi(x) # 0|wj} = 0, then a Bayes procedure is

admissible.
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Theorem 4. If Pr{Pi(x)|pj(x) = k[ﬂh} =0 i#3j 0<k <= then
fevefv admissible procedure is a Bayes procedure,
Theorem 5. ;i_Pr{pi(x)/pj(x) = k]vk} =0 i f j 0 <k < o, the
class gﬁ_BayéSIDrocedurés ig_minimal completé.
Let ‘
' a (R) =1 = P(i[i,R) ' (8)

be the probability of making a wrong decision using procedure R
and sampling from Ty When R is a Bayes procedure ui(R) is a

function of Qy ey renerdy in the following manner.

TP (x) gC(1]d)
@3 dyreser@niR) = 1= PYl 5y S g CE(D

P, (x) ) qicﬁzli).. Py (%) ) q;C(i-1]1) .

P (x) = q,C(i]2) """ TP, (%) — gy CElI-1) 7

Pyq (%) . qic(i+1]i) . . P () . qic(mli) (o)
P.(X) = q; CAliFD) 00t P — q€E[m)

We now consider the minimax problem. There is a Bayes solution

for which

@) = oo, = ... = oo (10}
for the totality of points for which a, =0, = ... = o, 4 is con-
nected and includes point o, = 1 and for which a = 0. By continu-

ity there .is a point for which (10) holds. Since this procedure
is admissible, there is no other procédure which has smaller maxi-
mum probability of error. Thus (10) gives the minimax procedure.
The quantities (9) and (1l0) give Von Mises conclusion (ii)‘énd (i},

respectively.



3. An Algorithm
If pl(x),pz(k)}...,pm(x) are known, and the joint probability

density functions of the ratios
Pl(x)/Pj (x) i # j”= l1,2,...,m (11)
can be obtained analytically, one can write in integral form the

quantities o, ,0, ... s0, as functions of Qy sy rese 9y q since

mi 1
qg. =1 - g (12)
gl =1 1

Define

£y lay ey q) =0, T ooy (13)

-
-
-

,fn‘l_l(ql...qm_l) = q - a

In matrix notation then (13) can be written as

where 1 -1 0o 0 0 N
£, 0o 1 -1 0 0 o,
£f=1]: ; P = . ol . o = :
£ 0o o0 0 -1 0
m-1 0 0 0...1 -1 “m

We note that P is {(m-~1l) x m matrix whose rank is m-1. Also we note

that if g* = (qf,...,q;_l) such that £ = ¢, then o, = ¢, = ... = &

and the procedure R = (Rl,...,Rm) defined by {(3) in Theorem 1,

*

o is given by

with each d; replaced by q: i=1,2,...,m1 and ¢


http:f2(qll''.qm
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(12). " Hence, we have reduced Problem II to solving £ = ¢ for q*.
Unfoftunately, it cannot be assured in general that g* is uniqué

in the sense that (10) holds. Suppose that g and g* are such that

o, (@ = a, {(a) = ae. = a Q) = o (q)
and

ul(q*) = a, {g*) = ... am(q*) = o {g*)
where (

alg) > alg¥)

Then g* would lead to the minimax procedure. Except. in pathelogi-
cal cases one would éxpect a finite number of solutions for

f =Pa=¢. One must remember the solution qf,q:,...,q;_l are
such that

0 <qf <1 i=1,0..,m1 (15)
That is, we solve for all solutions g* such that
Pa = 0 (16)

and {(15) is true.

One can use the following iteration formula for solving for g*

N -1 N-1

&=t - e dhi e (17)
where the (m-1) x (m-1) matrix
of.
N1 i
£ {q )] o= -BE'— _ N-1 (18}
3 a=d

and the elements Bfi/aqj for some cases must be approximated using

one of the standard formulas for numerical differentiation- [2]. One
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such formula is

of. . ’
i _ 1 N-1 - N-1 - .
F&; = 3% fi(qj + A) fi(qj A): (19)

where A is an incremental value of qy and

N-1 _ N-1 N-l N-1 N-1
fi (qj + A) - fi (ql 7 2 r.’.-’qj + A;.--;qm_l)
N-1 _ N-1 N-1 N-1 N-1
fi(qj - A) - fi (ql 7 9" ;-on'qj .- A(oo .,qm_l)

k
During the iteration if for some k, g, > 1 one replaces that
i
element with unity and continues to iterate. If for some k
k o : ' ’ :
qi'< 0, one replaces that element with zero. These rules will

N+1

assure that condition (15) holds. 'If qN = g , oné .assumes that

N
g = g¥

the desired solution.

We will summarize the proceéss in the following.

Algorithm. Let

N-1 N-1 N-1 N-1
g = (ql lqz rooorqm_l)

be an approximate solution of (16) such that (15) holds, then

a. Compute the Bayes procedure r-Ll - {Ri—l; i=1,2,...,m}

using Theorem 1.

b. Using the probability densities pi(x) i=1,2,40.,m,

compute the sets

p(ili, BV = f P, (x)dx



N-1 N-1 .
and fi(qll ;-oo’q'nl_l) i1 = 1,2;--o'm_1.

Using the sets

. N-1 N-1 N-1
{ql 75 Allqz rﬂo-rqm_l}

L @)
et
il

- N-1 N-1
Q2 = {ql _,qz# Azpoo.rq _1}

L N-1 N-1
On-1 = lay “edpreenrdy ] 7 Bp-11

compute the set

fi(qj + Aj) i,9=1,2,...,m=1

d. Compute the matrix [afi/aqj} N-1 using (19) ox some

a=q
other appropfiate formula for numerical differentiation

if necessary.

e, Compute qg uging (17).

f. Check if 0 < q§ < 1 for all i and replace those elements

less than zerc by zero and those greater than unity by

unity.
- N-1 N
g. Replace g by g and repeat the process.

h. When g = qN—l, assume that g* = g and compute the

minimax decision rule R¥ by computing the Bayesian

procedure using Theorem 1.

(1)

A reasonable choice of g would be

gl =q} = ... =gy = 1/m

Also one should check

ap (@®) = o, (@%) = ... = o (@¥)
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or equivalently

P(1|1,R¥) = P(2{2,R¥) = ... = P(m|m,R¥).

4, An Example
Let m = 3, that is, we are to classify an observation x as

being from one of the populations Tys T,y OF . Let the obser-

3ﬂ
vation be bivariate, that is p, (x), p, (x) and p, (x) are bivariate

normals. Let the costs C(i|j) be unity for all i and j.

Fig. 1. The First Approximation to the Minimax Solution

Tet ql,qz,qg =1-4qg, - g, be unknown probabilities that an

observation comes from w,, =, and m,, respectivelv., Let pi(x) be

bivariate normal with the following parameters-

W= a,0f 1) = g2
u(2) = (0,2)7 5 (2) = 521
and W32 e1,0) 2 (3) = g21

where 62 is a known scalar. Then
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_ . 1 1 .2
R, = {(xl,xz), X, £ 5% + (f §21n qz/q1 + 3/4)
1
R, = {({x,,x.); % > L + [l §21in q,/q, + 3/4]
2 1% %, 2T M 3 } A,/

1
and x, > =5 % + I3 §21n(l - q -‘qz)/q1 + 3/4]
R, = {(x,,x,); x, < L X, + [E-Szln / + 3/41
3 10%00F % 275 X ) 4279

1

and x; £ 5 82Inl(l - q = q,)/q]

iA

We note that from the geometry of our example that if g,;=q,=q,=1/3
that the regions R;+» Rys Ry are not minimax. Yet these values

seem to be reasonable first estimates. R R,, and Ry are computed

1'

by letting

In g,/9, = 0, In{l - q; - g,)/q; = 0, and in(l - g, - g,)/49, = 0.

We can write in deneral
x, + I3 62In q,/q; + 3/4]

L
2
d{ pl(xl,xz)dxldx2

Reod

P(1|1;R) =f

1 .o
5 §¢1n qa/q1

1
o 2x, = [f §ln q,/9; + 3/4]
P(2]2,R) =f f po (X /%) AR, A%,
z - [ s2
% 521n qz/ql + 3/4 2%, [2 §<1ln q3/q1 + 3/4]
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and 1 1 1
5 8%In qy/q; -5 ¥, + [5 621n q,/q, + 3/4]
P(3|3,R) =‘f~ g[‘ P, (x,,%,)dx,dx, .
Then
£, (g;,9,) = P{1[,R) - P(2]/2,R) = 0
£,(q,.q,) = P(2]|2,R) - P(3|3,R) =0

where q, = 1 -q9, -4, -

Using Leibnitz's rule [3] for differentiation of an integral,
one can obtain the matrix {afi/aqj} as a function of q; and g,.
Using our initial guess for gq,,q, one can proceed to compute
iteratively the solution, say g¥ and qg, These values q? and qg
using Theorem 1 give the minimax regions RY, Rg, and Rg. These

regions are R,, R,, and R, of this section with a,, 9,, 9, replacec
1 2 3 1 2 3

% * - ok - ¥
by qay . qay and 1 q3 q; -
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WILK'S SCATTER TECHNIQUES

AND STATISTICAL DISCRIMINATION]'

P. L. Odell2 and T. G. Newman2

1.  Introduction
In his text [1] Wilks discusées a concept of multidimensional

scatter [2] and implies that the concept can lead to ways for
reduc1ng the diménsion of some statistical discriminate problems.
Sebestyan [3], in developing a technique for recognizing patterns,
has developed a theory similar to the theory of scatter developed
by ﬁilks and apparently‘hgs had some affect on engineering appli-
cations [4], [5].

"' The discriminate problem of interest in this paper can be
déscribed as follows:

The Discriminate Problem. Given the distinct populations ﬂl,wz}...,

T, M2 2 and m sets of p-dimensional gbservations

(i) A .
x5 = 12,0, (1)

i = 112'oo.rm

each from one ég the populations, formulate a "good" decisjon rule

to assign an individual from one of the populations by using the

data contained in an observation X made on that individual.

Several techniques [6], [7], [8] are avallable toﬂsolve this

1 rThis research was supported in part by NASA - Manned Spacecraft
Center under contract NAS 9-6963.

2 7pexas Tech University, Lubboékr Texas 79409,
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problem.' These formulations either minimize expected cost of
misclassification or minimize maximum expected cost of misclass-
ification. So called non~parametric technigques are discussed in
(81, [9], and [10]. These teéhniques are all applicable to the
data after one has reduced the dimensions by techniques discussed

in this paper.

2. The Problem

We define the ith sample scatter matrix defined by

N,
1 . . . N
- (i) =(i) (1) ={1i).T
s; = jzl (xj - X )(Xj -XN T {2)
. N,
where - g ) . 4 x,
* j=1 J *

The determinate ox the matr;’u:

m

s = ) 8. (2
w i=1 1

is called the within scatter of the m samﬁles. The determinate ol

the matrix

N,
m 1 . .
s, = ) (xj(l) = E)(Xjfl) -5t (4)
i=1 4=1 -
N,
— m 1 (1) .
where =7 ¥ X '/(N+N+ ... +DN) (5)
i=1 j=1 J m ‘

is called the pooled scatter. It is easy to show that

sP = 8, + Sg (6)

where the determinate of the matrix
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m . .
s, = 1 n &P -mat -nT (7)
, i .
i=1
is called the between scatter. It is important to note that the
rank of the matrix Sg is the maximal value of p and m (almost
surely) .
Tn order to reduce the size we introduce a r x p matrix C of

rank r and such that if the vector

(1) (i)
2. = CX. 8
3 5 (8)
is defined for j = 1,2,...,1\1i and i = 1,2,...,m. We select the
rows of C in such a manner so that SB(Z) is minimal and SW(Z)
remains constant in such a way that

s, | EN s, (2) | s, (2]

]Sp| ]SW+SBI |SW(Z)+SB(Z)l ISP(Z)I

where S(.)(Z) denotes S(_) with the X's replaced by the Z's as

defined by (8). That is, one selects C in such'a manner that
Q= Is (2)] + Ik - |sg(@) |12 (10)

is minimum where K is a constant. Let r = 1, then Cis a 1l xp

matrix. Then (10) reduces to

P T —
Q = Cs_C° + [K - C55Cla

since .

C (11)

Sy (2) CSq

SW(Z) CS,C (12)
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Taking the derivative of Q with respect to the elements of CT and
equating with the p x 1 zero véctor @ yvields necessary conditions
for a maximum
(s, - 85)ct = 0 (13)
and

T
K~ CsC =0 (14)
Tt is well-known [11] that (13) has a non-zero solution only if
Is, - rAsg| =0 (15)
Let P be a non-singular matrix (P exists [11]) such that
T

PSP = I, (16)

the p x p identity matrix, and

—
}\1 N &
2
T — .'
P SBP = L (17)
E t0)
where
11 > A, > e > )\r > 0 (18).

the characteristic roots in (15). Note that S is almost surely
positive semi-definite and Sw is almost surely positive definite.

One should note that

|pT (s, - A5 )P

1

IPTSBP - AP

| - Azl

T

S P|
w
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where N
A 7]
)\2
L = Aro
E "0
or
T P-8
P HSB—ASWHPI = A0 T = A) ... (A= M)y
and finally
APPSO - A) el O =)
|sg - sl = (19)

HE

T
et €. be the jth characteristic vector associated with the
J

characteristic root Aj , that is

(SB - )\jSW)Cj.= ¢ j = l,2’-.o;r{

and
T

CijCj = K,

t+he constant.
Let CT, CE,...,C? be the characteristic vectors associated

with the characteristic roots Ay,...,A,. The matrix

is the matrix that reduces the dimensions from a p-dimensional te

one of only j < r < p dimensions.
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From (13) and (14) it follows that

c.s.ct = y.c.s CF

C
17 B7J Jiw]
= a.K. (20)

]

Also if“Ci # Cj’ then from (13)

T T _
C;SpC5 — A5C38,C5 = 0

and
T N
From this we subtract and note that C.S C? = C.S C?. We find that
' iYwy 3wl
T _
(Aj - Ai)CiSWCj =0
which implies that
T _
CiSij =g (21)
since lj # li' which in turn implies
T _
cisBcj = 0. (22)
Alsc s (z) = cs Ct (23)
w W
4]
= K
o -
= Dia {X}

is a r x r diagonal matrix with the constant X as the common
diagonal element. The statements (20), (21), {22) and (23) lead

to the result that
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s(z) = s_{(2) + sg(2)
= Dia {K} + Dia {AjK}
or
|s(z)] = K(1 + A0 (1 + 2, )een (1 4 2]
|8, ()] = K-
Hence
ISW(Z)I _ 1
[s(2) | (L + 20 (1 +2,) ven (1 +2)

Finally we note that (16) implies that

_ 2
|s, | = 1/iP]
and
IPTSWP + PTSBPI = |1 + L|
= {1+ 2r)(1 + Az)...(l + Ar)
| | (1 +2x)(1+ Ap)ees (1l + Ar)
implies S_+ S =
w B IP[2
which results in
Is. | : Is (2) |
W 1 : = ¥ (24)
|s] (L + A0 (1 + 2,) .0l +20) |s(2)]

Tn summary, we selected C so that- the between scatter for
Z's are maximum yet (24) holds. Note that we can force the dimen~-

sion from p to 1 by selecting A, the largest characteristic root.
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3. A Proposed Numerical Simulation
Tn order to clarify what we have described in section 2,
consider the following simulation plan: ILet =, Tyr Ty be three

populations with associated obsexvations X(l), X(z), and X(3)

such that
x® e Nie,, 11 1=1,2,3 p=1,2,3,4
where
e, = (a,0,0,0)7T
e, = (0,2,0,0)"
and e, = (0,0,a,00"

One then generates three samples, one from each of the popula-
tions by the usual methods [12] for generating normal variates,
computes the matrices SW and SB’ determines C;, C,, C;. Determine

the set of 3 x 1 vectors defineéd by

Y
1% y =1,2,3

j = 1,2,3,...,Ny.

(]
l

.
Y = €1 1% vy =1,2,3
J C S = 1,2,3,...,N

vy =1,2,3

,Y'

j = 1’2’3"'.’NYI
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Generate an' additional 100 samples of X's from one of the density,

say
X(l)rv N(el,I).

Classify the 100 samples according to the two tecbniques described
below.. Repeat the experiment 100 times and compare the average
percentages of correct classification for each level of dimension
reduction.

In order to study the effect of closeness of the populations,
let the wvalue of the constant, a, take on .a sequence of positive
values that tend to zero. In the cases proposed for study the
sequence selected should be {2,1,3/4,1/2}. The results then may
be summarized in table form.

' Two techniqués which are suggested to be used to assign the
observations to Tyr Ta, OF Tg. The first technique assumes the
‘ probability density function of X's are normal and estimates the

mean “j j=1,2,3 and variances Ej 5 =1,2,3 , then assigns

X to w, if
1
pl(x;ui,zi) > pz(x;uj,ﬂj)
and - A
> Py (Xiup Iy )3
where

i,j,k = 1,2,3 and i # j, i # k, and j # k.

The second technique is to estimate p; by using the non-para-
metric estimator P; formulated in Lecture I and then assign X to
. if

1

and
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i,j,k=1,2,3 and 1i# 3j, 1 # %k, and j # k.
Details of these techniques are discussed in a previous lec-—
ture and hence will not be discussed here. The reader is referred

+o the firét lecture.

4. Concluding Remarks

Let the set Aij be defined as feollows.

A (x) = {xip; (X)/pj (x) > 1}

and

. (2)

Aij {Z;Pl(Z)/Pj (z) > 1}

where pi(') is the probability density of () given that (+) from

the ith population.
The question that arises is as follows: If x belongs to Aij“
does z = cx belong to Aij(z)?
Let pi(x) be normal, such that B(X) = u(i) and Cov(X) = E(i)
i =1,2. Then %Z = CX is distributed normally with mean Cu(x) and
covariance matrix Cz(i) T. Now suppose that piix)/pj(x) =1 , then
oy (3) T __12_[(X o W TT (op W Ty 1o (g - IR
p; (2)/p, (2) = %EETITET+ e

- tx - wh I ezIch Trex - u(j))]

But we know that
1

(1) Tyloy < oTp g

uTCT {(CZ

for every vector .
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Let z(l) = 2(2) = I, then
pi(z)  —3lix - »HhcTech e - u )

1

- tx - 09T ieeh) " lox - w9

which implies that in general one cannot be sure that if x is
such that

pi(X)

then it is not true that

Clearly if CT(CCT)-lc = I when z(l) = 2(2) = T, then these

conditions would hold. But rank considerations force CT(CCT)-lC
to be of rank r although CT(CCT)—lc is a p Xx p matrix.
Further study is necessary to define tﬁose condit;ons such
that no loss of discrimination power results from the suggested
reduction of dimension. The proposed simulation discussed in
Part III of this lecture should imply facts that may lead to some

analytical statements concerning the effects of reduction of

dimension.
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