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1. INTRODUCTION

Recently, new radar techniques have provided a powerful tool
for the study of the dynamicsof the solar system. By bouncing off
signak from the surface of inferior planets, Range measurements can
be made with an accuracy of a few kilometers.1 With emitters or
transponders on artificial planets, orbiters or landers, Range and
Range Rate measurements can be made with an accuracy of a few meters
and of about 1 mm/sec respectively.2 At this point, the general
relativistic corrections to the transmission and to the propagation
of electromagnetic signals and the corrections to the orbital motions
of the Earth and of the emitter (or transponder) become important.
The purpose of this study is to formulate within the frame of General
Relativity the relations between the various quantities measured in
tracking experiments: Range, Range Rate and time. These results will
be applied to simple cases where the differences between the General
Relativistic predictions and the classical predictions will be evaluated
in an invariant way. The separability of the general relativistic
corrections from possible alternate classical explanations will also
be discussed.

Emphasis will be on interplanetary experiments where the departure
from a spherically symmetric gravitational field are more amenable to a
relativistic treatment. Near-earth satellites are subjected to perturbations
of the spherically symmetric field which are relatively larger. The
relativistic treatment of these perturbations has not been done yet. There
still is little reason to do it since these perturbations could not be
accounted for with a high enough accuracy to put relativistic corrections

into evidence.™’




2. PROCEDURE

In order to analyse experiments carried within the solar system
it will be helpful to neglect at first the departures from a spherically
lymmetricvfield as described by the generalized metric (§4). Thus, classical
perturbatibns such as the oblateness of tne Sun and the field of other
planets will not be included in the initial relativistic treatment. Within
that frame ho?ever, it shall still be possible to discuss the separability
of the relativistic correction= from possible alternate classical effects
not included in the relativistic solution. Later on, relativistic treatment
of the many-body problem including Lense-Thirring type effects will be
considered.

After a few remarks (§3), relativistic expressions of Range and Doppler
shift will be derived as functions of the (coordinate) time of travel
of the tracking data (§5,6,7) and then, as functions of the positions and
the velocities of the stations (§9 and 10). Then the equations of motion
will be solved for elliptical motion of the stations in the spherically
symmetric field (5§11 - 15). Using these soluticns, simple cases will
be considered where the relativistic corrections in tracking experiments
will be evaluated in an invariant way (independent of the choice of the

coordinate system) and discussed (§16 - 19).

3. REMARKS

As usual, the four dimension:l line element between two events is
identified with the element of proper time elapsed along this line
element. It is also assumed that atomic clocks indicate proper time
along their trajectories as long as their instability and the dependence

of their operation on various factors (temperature, pressure, etc.) are




taken into account. Proper time shall refer to earth proper time. Proper
time along other trajectories should be specified as such. Time shall
indicate coordinate time.

A distinction has to be made between the Doppler shift which refers
to the instantaneous value of a phenomenon and the Range Rate measurement
which is thélaverage value of the Doppler shift over a period of time.
This period of time can be an appreciable fraction of an hour and in
such a case the Range Rate has to be related to the value of the Doppler
shift at a specific instant within the counting time. At this point,
expressions of the Range and Doppler shift have been derived only since
these are adequate tools for the analysis of special simple cases.

The relation between the Range Rate and the Doppler Shift shall be derived

later.
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PART I - SPHERICAL SYMMETRY

4. GENERALIZED METRIC:

At first, the gravitational field to be described within the
frame of General Relativity will be a simplified model of the actual one.
The gravitational field of the planets and of the asteroids will be
neglected. Effects due to the r:otation5 and to a possible oblateness of the
Sun6 are also neglected. Under these assumptions, the interplanetary
gravitational field has spherical symmetry.

Following Eddington7, Robertson8 and Schiffg, the field will be
described by the generalized metric which is, within the context of a
curved spacetime, the most general expression of a spherically symmetric
field. 1In isotropic coordinates, it reads:

as? = [ = ZG;GM-+ 28 ('chMT)Z --] at? - 1+ Byas? -

T
with (1)

dcz = dr2 + rzde2 + rzsinze d¢2 = dx2 + dy2 + dz2 .

Ggs Bs and Yg are dimensionless numbers, G 1s the gravitational constant,
M, the mass of the Sun and ¢, the speed of liggsl-uiene, ¢ and x, y, z arf///
the polar and rectangular coordinates. t is the time. The origin is at
the center of gravity.of the Sun and the orientation of the axis is fixed
with respect to the stars.
The relativistic corrections are to be evaluated to first order in

(GM/czr) only. It is well known to be adequate in such a case to retain

the following terms of the metric:
ds2 = c:zdt2 = [ - _2?01 + A%] czdt:2 -1+ %_Y-) d02 (2)
r

where a = us(GM/cz), g = BS(GM/cz)2 and y = YS(GM/CZ). dt is the

element of proper time associated with do and dt.




The coefficients a, B and y will appear in the relativistic corrections
calculated later go that it shall be possible to relate these corrections to
the first or second order deviations of the metric from the flat space —
time geometry. The General Relativistic corrections will be obtained
by setting the coefficient o, = R 1. The corrections as predicted

s
by the Brans-Dicke theorylo will be obtained by setting y = 0.88.

A) Range And Doppler In A Spherically Symmetric Field

5. TWO-WAY RANGE

The Range as measured from the Earth in a two-way experiment (Fig. 1)
will be defined as: |

R = c(t, -1

3~ T = T (3

where A13r is the time taken by the tracking signal to travel from the

Earth to the transponder and back to Earth. The proper time 1t 1is
measured by a high accuracy time standard on Earth.

The Range can also be expressed in terms of wave length accumulated
along the path of the tracking signal.

3
Rl = [ vdr = V A13T (4)
q

where Vv 1is the frequency of the emitter on Earth also measured by the
time standard on Earth. It is assumed that the frequency of the tracking
signal is perfectly monitored by the time standard and is thus considered
to be a constant.

From‘the definition (3) the Range can be related tc the (coordinate)
time:
1

> R =c¢
;; A13t

r3
dr
J (-d—t—)dt A13t (5)
3 |
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where A13t = t3 - tl is the travel time of the tracking signal in units
of coordinate time. The term between the brackets is simply the time
average of the ratio (proper time/time) during the time of travel of the

tracking signal.

6. ONE-WAY DOPPLER

The frequency of a sinusoidal tracking signal will be defined as the
number of wave crests being obseived per unit of proper time (use of
amplitude zero croésings would be equivalent). On Figure 2, the propagation
of N wave crests is shown. The frequency of the signal at emission is
vy = N/Gt1 and the apparent frequency of the signal at reception is
Vi = N/GTZ. 611 and 6t2 are the intervals of propef time for the

emission and the reception of the N wave crests. If the intervals of

(coordinate) time corresponding to 611 and 612 are Glt and Gzt, then:

611 Gzt Glt
vlzlvl = (N/GTZ)(GTllN) = (61t)(612)(62t' (6)
f L
If Alzt and Alzt are the travel time of the first and last wave crests,

then the total time elapsed between the emission of the initial wave crest

and the reception of the last wave crest is
2 f

Glt + A, - §,t + b),t (7

In a metric which does not vary with time, the travel time of the tracking
signal is a function of the position at emission (;i) and at reception (?é)
only. Then the travel time of the last wave crest can be expressed as a

development aroung the travel time of the first wave crest:

L f a(a 3(A12t)
b,,t -.‘Alzt e L L SenaniR SAL PR (8)
3r1 8:2

128 3
) o




o 0 NN
Bl e .

y P
ot

b

ST
DX, et B
Dt S

- gt
o W
A L5

!

'o.“‘
e

*?1' o ""ﬁu‘

L

.g":-_.
- o

"%

X

-4

w0 VRN e
a4 i b
)

-‘4-",'

ffonih e ’..;.' .
I b* ‘%-»:;, CEQREN RN i
g, g e A g o
40 b B v

. 3
vhere(alaﬁ-? stands for Z (a/ axj‘);:i with xl-x, xz-y, xa-z. For

1=1

Glt + 0 and Gzt + 0 (instantaneous frequency measurements), Eqs. § and

8 where the § are replaced by d lead to:
a(Alzt) _;]

1- -——1F-—--r

22 &, e i (9
v dt drz o 3(A12t).;
2%, N

(drlldt) and (Qrzldt) are the ratios proper time/time at emission and
at reception. The‘- indicates a derivative with respect to (coordinate)
time.

In actual one-way Doppler experiments, the signal received on Earth
(vlz) is compared with the signal of a local oscillator. If the (proper)
frequency of this oscillator is Vs We then have:

[1.. B(Alzt) .%]
:ll ) (:l dt, 4 a?é 2

" vz)(—dc )(‘“2) [ 3(b;,t) ;]
1+ T
TR

If identical oscillators are used at emission and at reception (same

(10)

frequency when brought together at a same location), v and v, are

numerically equal.

7. TWO-WAY DOPPLER

In a two way Doppler experiment (Figure 3), a signal with frequency

v is emitted from the Earth, Its frequency as received at the transponder

is v Assuming no frequency multiplication at the transponder, the

12°
frequency of the signal remitted is again Vip® At reception on Earth,, the
apparent frequency Vo3 of that signal is compared with the frequency vy of

the emitter at the moment of reception.




v v V
;;—3- (\,;)( ) (2 i ) a1

Of the two last factors, the first is given in Eq. 9, and the second is

the same factor where the indices 1 and 2 are replaced by 2 and 3. Thus:

1 3(A12t) ] [ a(A23t);,]
_———trz - __’ .r3
v v dt S 3r or
vz = GGG )(d: ) T 2:) - a(d 3:) .
3 3 3 12 =+ 23 +>
. 14 —==—or 14 ———r
L 3 1 a; 2
3 1 2

(12)
where Alzt is the travel time from the Earth to the transducer, and A23t.
the travel time rrom the transducer to the Earth (not equal if the motion
of the Earth during the {ime of travel of the signal is not neglected).
In order to obtain explicit expressions for the Range and Doppler measurewents
in terms of the position and velocity of the emitterand receiver, expressions
for the time of travel of the signal and for the ratio (propcr time/time)

shall be derived next in terms of these quantities.

8. TRAVEL TIME OF TRACKING SIGNAL

In the geometric limit, electromagnetic signak propagate along null

geodesics of the space time. In the present metric, the condition

0 = c2aelp1 - :* 3%] - I3 5}] do® (13)
r

is thus satisfied for all infinitesimal intervals along the path cf the
tracking data. T travel time is then given by integration of its

infinitesimal value along the actual geodrsic I' (Figure 4):

. _1 aky 2
2" % Byt =% Ir[l e ldo + Oa (14)

* The notation Oa, Oa2 ++es.will be used to indicate that terms of order
(GM/czr)..(GM/rcz)2 ...... .have been neglected.
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It can be showu1

! that a Fermat's principle of least time holds in

every static gravitational field (which is the case here) along the actual
path T.

The first derivative of the integral for transverse displacements
of the path ﬂalong u in Figure 4) with end points fixed is thus zero and
terms of secBnd order only are neglected if Eq. 14 is evaluated along the
straight line C joining the point of emission and the point of reception.
If the straight }ine C is chosen to lie within the 6 = m/2 plane, then

ch ,t -I [+ do

(15)
c
and, after integration:

-
[

iy

r,(r, +r,-r cosA¢;|
2712 "2 "1
cAlzt = 1, + (oY) fn

(16)
rl(r12+r2 cosA¢-r1)J .
B
.?;; where T has the classical form:
7§ﬁé= r = [r 2, r 2 _ 2r.r cosAcb]l/2 a7
b ] 12 1 2 1°2
4 ~
}t- and A = ¢2 - ¢1. The indices 1 [2] refers to the point of emission
_;,"
T : *x
ne [reception] at the time of emission [reception].
: Etl The travel time in a static metric should be independent of the

-
o

direction of propagation or symmetric with respect to T

>
1 and r,- This
symmetry is evident when formula (16) is rewritten in the following form:

-

Vo
-
P
‘.

(r, +r. -r.cosA¢)(r, ,+r.-r, cosh¢
ehp,t = Ty, + () m{ 12 2 1 12 1.2

2
nr, sin"A¢ (18)

* These corrections of second order are neglected here since they are nu
larger than 30 cm across the Earth orbit.

*% Except for being expressed in terms of different angular variables, this

expression is equivalent to the one given by T. D. Moyer in Reference 12.

A 7 SR
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9. PROPER TIME/TIME RATIO

As indicated in the remarks (Section 3), the proper time is identified

with the line element (within a factor c¢). We thus have

2a .

fa? = Pa’nn -2 3%1 -1+ 3 e (19)
o <
or .
dt a ;2 2
E.[1_;-;-,‘;14»&: (20)

. -

: *
where ;2.15 the classical expression of the velocity squared.

10. EXPLICIT RANGE AND DOPPLER FORMULA

From the expressions obtained in the preceding section, it is now
possible to write explicit formulas for Range and Doppler in terms of
the coordinate position and velocity of the emitter, transducer and receiver.
From Eqs. (5), (16) [where cosA¢ has been written as ;i';é/rlrzl and.(20)

the value of the two-way Range is:
< “T, 0T, /1) (T4t Ta/T,)
Ta(Ty9¥Ty =Ty "ol Ty) (FyqtryT,) T4/,

T
R =cCD (x, 41, )+(o+Y) n
dt’ {12723 > & . ¥ ¥
r) (x g +F) "1,y /1 1)) (x,) 341, T4 /T,y -1)

(21)

where - ¢ .
dt 3 a ;2 2

__) - 1 - (- +—>) dt + 0a (22)
dt T 2
tl 2c

is the average of the ratio (proper time/time) over the time of travel of the
tracking data.

The One-way Doppler is obtained by first deriving the expression for
the travel time (Eq. 16) with respect to time and replacing in Eq. 1C

* Tt is assumed that ;2/c2 is of order o/r since this is the case for the

orbits we are interested in (bound) orbits.
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a(Alzt)/B; by its calculated value. The result is:

~ « - b .
22 .
v v i _:_ - LZJ L - ;2 : (”;)Gn
Y12 oM L 1 2 12
V2 V2 o B [ Ti2'h
-1, 72 1= = (23)
2 2 12
A 4 L
where
+ > »> > . » > -
- rz-[(rzlrlz)%;gfr1+(2+r12/r2)r2]-r1'[r2+(r2/r12)r12]
32 C feapode iE
’ ool T
* % > > B * o >
B L A U P2 Vol e i M o L ¥ YA P -

2. > >
[ryr)pmry +1p °T)]

Similarly, the two-way Doppler formula follows from its value as given

in (Eq. 12):

] 22 2.2 : 2
v, V. 1- -:— - 12 1- }:12: - @;Y) €12 :”}'- ZZr 2 (a‘;ﬂ )
23 M L % 22Ul T 23 ¢
v, v = 32 7 3 > 3
3 3 Lo , . ?12 t " Tys ?2
o2 [ %23 (25)

where G23 is given by Eq. 24 where the indices 1 and 2 are replaced by
2 and 3 respectively.*

The R;nge and Doppler formulas given above are to be used in conjunction
with formulas for positions, velocities and proper time expressed in terms of

the time, and derived within the context of the generalized metric. These

* This result is similar to the one given by T. D. Moyer p. 18, ref. 13. 1In
our case, the field ¢ used by Moyer reduces to a/r. No attempt has been made
to verify the identity of the quantities €12 and G12 which are expressed in a
different way following the expression of the travel time in terms of different

variables (as noted at the bottom of page 10).
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formulas will be derived next. From these formulas, it shall be possible

to obtain, for simple cases, Range and Dopplér formula in terms of orbital

parameters and then in terms of measured quantities only (invariant formulation)

B) Free Orbital Motion In A Spherically Symmetric Field

11. FREE ORBITAL MOTION

£ R ‘
35' In PART I, the effect of the gravitational fieldof the Sun is being
%; taken into account only. Thus the Earth, the planets, artificial planets
.
ﬁg and satellites are considered to be test particles of negligible mass
g
S% travelling along geodesics of the metric when in free fall (nmo solar
&
E; radiation pressure, rocket thrust or others).
L
é@' The easiest way to 3olve for the geodesics is by the Lagrangian method.
ﬁ.’ .
3 The Euler's equacions are:
g
g - o e R R : (26)
. 3(dx"/d1) Ix
.
gﬁf where py =0, 1, 2, 3 and x0 = t and the Lagrangian is
B
& oV
A dx” dx
e = .
{‘, L guv dr drt (27)
& These equations are equivalent to the geodesic equations in their standard
form. From the definition of proper time (Eq. 2) we also have the condition
L = cte = 1 . (28)
& It is convenient to use polar coordinates here. Within the metric 8uv as
‘%‘ defined in Eq. 2 , the equation for 0 is:
&
;_{ 5
o 2y, 2]d% _ do 2| ded .. 2y, 2, _
2 [1+ r]r 2 sinecose(dr) + dt dr [(1+ r)t 1] =0 (29
& dt
p

4‘:‘&-‘ A
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This equation admits the solution 6 = cte = w/2. This solution will be
retained here without loss of generality since there is spherical symmetry.

The Euler's equations for ¢ and t then are:

- 2—: " 12-1 (%:—) +0ad = cte (30)
r
1+ —Y-]r (—t 0a® = cte . (31)

The condition L = 1 is the fourth equation and reads:

(- 24 1(‘“)2 L o R0 a2 L2 @92 40 -1, @2
12. ORBITS

From Eqs. 30-32 the equation relating r and ¢ can be obtained. After
integration and with a proper choice of constants of integration, the following

solution is obtained:

P
1+e cos[[l- % (2+ 2L - —85)][¢-¢,,]}
a

r= (33)

where p = a(l—ez). e is the eccentricity and a, the semi-major axis of the
orbit. ¢n is the angular position at the first passage at perihelion (which
is not fixed). a, e and ¢" must be distinguished from their classical
counterparts appearing in the solution of the Newtonian equations of motion.
Their numerical values can be different.

Equation (33) is identical in form to the classical solution except for
the factor of (¢-¢“) which contains a perihelion advance. It is easily

verified that the point at which r = 0 and is a minimum occurs every 2mn




"‘-'i-':"?li."’é:‘”:.;, i

e

[1+-§ (2+ %f-- ﬁi)] radians where n is an integer. This corresponds
a

to a perihelion advance of (2ﬂ'u/p)(2+‘%} - Bluz) radian per

revolution. The General Relativistic correction is obtained if the

coefficients a,vB and y are set equal to GM/cz. The perihelion advance

then the familiar expression (6ﬂGM/c2p). This angular quantity is an invariant.

With numerical values inserted, the displacement of the perihelion can be

given as 27[33/2/33/2(1+e)] kms per year. a

. E
the orbit of the Earth. ‘

is the semi-major axis

13. VELOCITY ALONG THE ORBITAL PATH

The angular motion as a function of time along the orbit defined by
Eq. 33 follows from the equations of motion (30) and (31).
With the following change of variables:
2
£=[1- 2 2+ 2 - Byl ) (34)
P a m
and the usual definition of the eccentric anomally u:

e = {1212 g5y

(1%e) (35)

the integration of the equation of motion can be carried out. The result

is:

. 2
u- [1- 220y o gyny - \l[::“ [1- 243y (e ) (36)
a

where t is the time at the first passage at perihelion (¢=¢ﬂ). The
relation between (¢-¢ﬂ) and the time as given by Eqs. 34-36 exhibits two
relativirtic corrections. A secular correction to Kepler's third law is
contained in Eq. 34 gnd in the factor of (t—tﬂ) of Eq. 35. The other

is a short period correction appearing through the coefficient of (¢-¢w)

is

of

(since ¢ is not directly proportional to time) and through the coefficient of
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€ 8in u. These corrections will be considered in more details later.

14. PROPER TIME/TIME RELATION ALONG THE ORBITAL PATH

The relation proper time/time is obtained through integration of
Eq. 30 with proper evaluation of the corresponding constants of integration

in terms of the adopted omes: p (or a) and e. The result is:

p ; a ’gg 2
R [1+ 2a] (t - t“) -2 cz u + Oa (37)

where T is the proper time at the first passage at perihelion. Since the
coefficient of u is of the first order, u needs to be evaluated to Oth

order only. AéEording to Eq. 36, this 1is the classical relation

e

2
u-esinu= [-2 _(t-tﬂ) + Oaz . (38)

Y

15. CIRCULAR ORBIT IN THE GENERALIZED METRIC

For future reference, the equations describing the motion along circular
orbits are given here. They simply follow from the previous one (Eqs. 33, 34-

36 and 37) when the eccentricity e is set to zero:

r = a = cte (39)
a 28 cza
-0 = [1- 5= (-} 3£ 3 (t-t) (40)
a a
-1 = [1- %g] [t-t ] . (41)

The indice o refers to an arbitrary point. Equation 40 contains the relativistic
correction to Kepler's third law which, in General Relativity (a =Vf = y = GM/cz)

becomes *: $ = /GMZa3[l-3GM/2c2a].

* This result is in agreement with the one given in Reference 9.
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€C) Relativistic Corrections For Specific Experiments

Various experiments where Range and Doppler measurements are made

by an observer on Earth will now be considered. Relativistic predictions

‘'will be expressea in terms'of observables only*. Comparison with classical

predictions will allow an invariant evaluation of the relativistic correctionms.
Relations derived in the previous sections shall be used so that the same
assumptions hold: the field of the Sun is taken into account only and

effects due to its rotation or to a possible gblateness are

not taken into account in the evaluation of the relativistic corrections.

16. TIME DILATION EFFECTS

An experiment where time is indicated by a clock in orbit around the
Sun is compared with the time indicated by an idenéical clock on Earth
will now be considered. It is assumed that timing pulses are sent at
regular proper time intervals of the orbiting clock. The time of arrival
of these pulses on Earth, as indicated by the Earth based clock is measured.
It is also assumed that Range measurements are made at the time where the
pulses are emitted so that the travel time of these pulses can be evaluated.
The orbit of the experimental station is elliptical. Its inclination with

respect to the ecliptic is not specified. The eccentricity of the Earth is

* OLservable refers to quantities which are measured directly (like Range
and Doppler at definite value of Earth proper time) or to quantities which
are determined by another set of measurements than the one considered (period

of the Earth as determined by optical observations for example).




18

neglected.

Since the orbit of theEarth is assumed to be circular, the rate
of a clock on Earth in terms of the coordinate time is given by Eq. 41.
The corresponding relation for the clock on the orbiting station is Eq. 37
(where the eccentricity is not assumed to be zero). Developing Eq. 37

with respect to the eccentricity and keeping the term of first order in

%}; e only:

'::1‘ T = Tp +% o(r—rﬂ) ('al - ;1;)4- 2 Erfn'.:l:n JE:i; (T-Tﬂ) + % + g.te.
5 4 © LW (42)
e

%g' where 1 is the proper time of arrival on Earth of the timing pulse emitted
>§$V at orbiting station proper time rp. -% is the proper time of travel

.éé; of the timing pulse. The orbiting station is at perihelion at (Earth)

;si; proper time A The indice p in eP and ap refers to the orbiting station.
%ﬁ; For a = GM/c2 (General Relativity value), the secula:r drift rate

%ég (coefficient of r-r") is of order 10-8. Such an effect could be observed
'f%i at the present time. However the accuracy in the measurement will be limited
"zél by the very long term components of the drift and a possible offset of the
_gg* clock rate at launch. The observation of the short period terms would not
g:i have these sources of errors.

The amplitude of the short period term is ~ 0.1l e ap a; sec. For
a highly eccentric orbit where e ~ 0.5 and (aE/ap) n~ 2, the amplitude of
this effect is.N 0.07 sec. and its period is 4 months. If the range R
measuted at the time of transmission of the timing pulses has an error of
the order of 50 meters, the resulting error in the measurement of the
effect is a negligible few parts in 106. For observations lasting over a

few revolutions of the orbiting station, the error due to the instability
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of the clocks would be reduced. The error in the determination of the
time of arrival of the pulses could also be reduced by repcated measurements.

13

Using equivalent figures of 10 - and two microsecond for these errors,

the relativistic time dilatation could be measured to better than one part

in 105. The latest laboratory measurements, to our knowledge, are accurate
to about 1%. Such an experiment could provide a more accurate measurement of
the time dilation effect thar has now been obtained. It could not however

test for second order effects which would be about A 10-8 time ihe first

order effect.

17. TWO-WAY RANGE MEASUREMENTS FOR CIRCULAR COPLANAR ORBIT

a) Synodic Period and Time of Inferior Conjunction Known in Units
of Earth Proper Time.

The experiment to be discussed now is one where tra-zking data sent
from Earth reaches a transducer in orbit around the Sur and is sent back
to Earth (Figure 5). It is assumed that the orbit of the transducer is
circular and contained in the ecliptic plane. It is also assumed that the
synodic period and the time at inferior conjunction are known in units
of observer (Earth) proper time. The eccentricity of the orbit of the Earth
and the effects of the field and of the rotation of the Earth on the
observer's position, velocity and proper time are neglected. The displacements
of the Earth and of the transponder during the time of travel of the tracking
data is also neglected for the purpose of simplification (;i-;s

Since the travel time of the tracking data as given in Eq. 16 is symmetric

in Eq. 21).

with respect to the point of emission and the point of reception, the round
trip time of travel is simply twice the one way time of travel. Both

the synodic period and the ratio (Earth proper time rate/time rate) are
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constant with respect to time from Eqs. 40 and 41. The synodic period T;
can be chosen as the unit of proper time on Earth and the inferior conjunction

as the origin of proper time. 1In such unit, the value of the Range is:

1
R = 2r+ 2R + 02 . | (43)
1
R 1s a first order term given by:
0 [0 0 0 (2191
1 r+a_-acos(2 T
R = (a+y) & ;E -U":LU'— . (44)
ap [t+aEcos(2nr)-aT]
Also,

1/2

- [agz+aT2—2aEa cos(211)] 455
1/2

r
3 = gnz %Tz—Za a_cos(27m1)]

ag and a, are the semi-major axis of the orbits of the Earth and of
1 .
the transducer*. In R, the relativistic quantities r, ag and aT have been
0
E and ar since terms of

second order are neglected. In Eqs. 43 and 44, the Range is not expressed

; 0 0
replaced by their Newtonian (classical) values r, a

in terms of observables only since the radii ag and a, are not directly

measured.
In order to relate the Range R to observables only, it will be assumed

that‘aE and a, are to He determined from three measurements of the Range

itself Rl, R2 and R3 performed respectively at proper time e Ty and 13.**

aE and aT are then the solutions of:

1. 1
2 + 2R2 - 2r1 - 2Rl = Rz-Rl

| 1 1
2r3 + 2R3 - 2t1 - le = R3-R1

2r
(46)

—————

* This result is identical with the one given in Reference 15.

*%* This is only an approximation to the real data analysis where the elements
of the orbits are determined by curve fitting using data distributed over the
whole orbits.
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1

where r, and Ri are the functions of a and ap given by Eqs. 44 and 45

when =Ty Since differences of range measurements are used in Eq. 46,

errors resulting from constant bias in the Range measurements (transducer
delay or other) are eliminated*. These equations can be used to evaluate
the radii by successive approximation.
0 i
If a and a are zeroth and first order quantities in the following
definitions:
0 -1
T T
4
" " (47)
o Aty
0 0
then, the zeroth order quantities ag and ar (Newtonian values of the
1
radii) satisfy Eq. (46) where the relativistic terms Ri are neglected.

This 1is:

) 0
2r2 - 2r1 = R2-R1

0 0 ' (48)
2r3 - 2r1 = R3-R1

2E and 2T can be used to evaluate thz firs: order term ii in the Range.
If ag and a, are written in terms of a and a in Eq. 46 and if r is
developed around the a up to the first order in the corrections ;,

then the quantities of zeroth order in a cancel with the quantities

1
?2-R1 and R3-R1 according to Eq. (48) and the first order terms ap and

ap obeys a simpie set of equations which is immediately solved:

* Two range measurements would suffice to determine the radii. That case

is considered in Reference 15 and leadsto a simpler formulation of the

relativistic corrections.




el e
.-
O .
(58| @) 616, )
|

g . (31' )1] (;r )1 <ag )1 (ag )) Cg
2 0 0 0 |~\.0
dag aar/ day iy 2g

(49)

and where the derivatives are given by:

( 3aE ) -(3—)[aE T aT E cos(2mt )] (50)

Tl

The values of the radii as given by Eqs. 47-49 can now be inserted
in the expression for the Range (Eqs. 43-45). The zeroth order part of
the Range can be developed around the zeroth order.value of the radii.

In the first order term, ﬁ, a can be replaced by g since terms of second

order (uz) are neglected. The Range at some proper time T, thus becomes:

1/2

0 0 00
= 2 2 - p
Rz 2[aE + 2. 2aEaTcos(2nT2)] + 252R (51)

where the relativistic effect &R is:

0 /0
dr 1 ar 1
%R=(—o—> %*\T) o *
da_/y 8aT 2
' ]
aE[r2+a a cos(2nt )]J

+ (o) 00| g (52)

aT[r +agcos(2nt )-uT]

0
where the derivatives of r are given by Eq. 50, This expression of the

Range is implicitely in terms of the observables. R1, R2, R3 and-&;

- r and ; (through ¥ and R) are related to the a, which are themselves

22
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related to the threg measurements R r R 2 and 83 by Eq. 48. For given values
of Rl, Rz and R3 at proper time 11, 12 and 13, the computed value of R2 at
time T, is independent of the choice of the coordinate system chosen
(isotropic cpordinates).

The numerical value of the General Relativistic correction ZGER
(where o = VB = y = GM/cz) is shown on Figure 6 for the case where the
radius of the tr?nsducer orbit is 0.8 A.U.. The three measurements R;,
Rz and R3 are assumed to be made at T =0, T = 1;/8 and T = T;/4 (A4 =0,
45° and 90°).* The effect which is more important near superior conjunction

is essentially due to a modification of the optical length along the path

of the tracking data.**

18. TWO-WAY RANGE MEASUREMENTS FOR CIRCULAR COPLANAR ORBIT

b) Tne Time of Inferior Conjunction and the Orbital Period of the

Earth and of the Transducer Known in Units of Earth Proper Time.

This is essentially the same problem as the cne treated in Section 17.
>It is assumed however that both the Earth and the transducer period have been
determined in units of Earth proper time (by tracking data, optical observatiomns
or other means).*** These assumptions make it possible to look for the
relativistic corrections to the third Kepler law given in Eq. 40.

The expression of the Range in terms of the new observables is easily
obtained by replaci: ;3 in Eq. 43 the quantities ag and ar by their value in
terms of the orbital periods as given in Eq. 40. If this expression

|
is divided by the value of the Range at inferior conjunction to be denoted

* This result is analog to the one given in Reference 14 based on a
determination of the radii from two instead cf three Range measurements.

%% This effect was briefly discussed in Reference 17.

*%% This problem is considered in References 15 and 16 where it is noted that
one could use the value of the orbitzl periods as previously determined by

optical observations.
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by R_, then:
[TE[./3+TT4/3_2 TE2/3 TT2/3cos (2mt/T )]1/2
L s~ | p® (53)
E T
with

SR = [oty]in 50— 0
aT[r+aEcos(2nr/T;)—aT[ (aE-a

0 00 O 0 0
cE[r+aE-aTcos(2m/T8)] ) 3 )m <_a£>
P T

0 .0
B +a
f - (thB[nD %E T 1 - (cos2nt/T;)]

3 0 (54)
r
g@ Tﬁ and T& are the orbital period of the Earth and of the transducer in

units of proper time. T;l = T;l - T;l (for inferior transducer orbit).
0 0

The quantities a and r in SR have not been replaced by their value in

terms of the period for purpose of simplification. It is understood

however that they are to be computed from the Oth order approximation

of Eq. 40:
3/2 -
T 2m 2T a
- e (55)
® Ve2a

The Range as given in Eq. 53 is thus expressed in terms of observables
only and is identical to the one obtained by I. I. Shapiro in Reference 15.
i%  ' The first term in.Eq. 53 is the classical expression of the Range in
2 terms of the orbital periods. The first component of the relativistic
correction (Eq. 54) is the analog of the corrections obtained in Section
17. It contains the important modification to the optical path due to the
gravitational field of the Sun. The value of this effect predicted by
General Relativity (@ = /B =y =GM/c2) if the radius of the transducer
orbit is 0.8 A.U. is shown on Figure 6 (dotted curve). It is very similar
to the correction predicted for the experiment discussed in the previous
section. The sgcond component of the relativistic correction (Eq. 54)

contains a contribution in B resulting from the relativistic modification
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of Kepler's third law (Eq. 40). In General Relativity, its value is

42
-3.0 —O—T] (1 - cos (F91 ks . (56)
T ‘s
0
66% of this effect is due to the term in B. 1Its value for a, = 0.8 is

shown on Figure 7. This effect does not exhibit the logarithmic dependence
which makes the effect previously discussed (Figure 6) separable from
classical effects. Within the specific case of circular coplanar orbits,
it still remains to be considered if the effect given Eq. 56 could be
distinguiéhed from a classical effect due to a quadrupole moment of the

Sun (related to its oblateness). That problem will now be considered.

19. CLASSICAL PREDICTIONS FOR TWO-WAY RANGE MEASUREMENTS

[The time of inferior conjunction and the orbital period of the Earth
and of the transponder are assumed to be known. A solar quadrupole moment
is taken into account.]

With the assumption that the Sun has a quadrupole moment, the potential
energy per unit mass of a test particle in the field of the Sun is classically:

T 2r2

J
ve -3 20 cosze-l)] (57)
where r, 6 and ¢ are the polar coordinates. The ¢ plane is normal to

the axis of the quadrupole moment and J is the amplitude of the

2,0
quadrupole moment. The equations of motion derived from the corresponding
Lagrangian admit the solution 6 = 7/2 = constant. For this value of 6,

the differential equations left can be written as:

d 12r +;_.G_;t+% 22,02 = o
a¢ T n h°r

0
) = h (58)




(3]
Ch

For the special case where the orbits are circular, these equation are

solved for:

3 J *
27 1 a 32,0
T =% = 5 7o |1+ (59)
¢ GM 2a

where a is the radius of the orbit and T, the orbital period (the ° have
been reintroduced to denote classical values) .

The classical value of the Range for circular and coplanar orbits

(in the 8 = n/2 ;lane)**:
02 02 00
R= 2[aE + ap - ZaEaTcos (%fl) ]1/2 (60)

can now be expressed in terms of the orbital periods TE and TT (and Ts)'

Using Eq. 59:

4/3 - 4/3 2/3. 2/3 271, 11/2
[TE +TT -2TE TT t:os(Ts )} ]
R= RO » 2/3—T2/3] J+ 26R (61)
E i
where
0202
J +
28R = -2 —%—‘2 1+ &g——' 1 - cos (?T“ (62)
T 2aEgT s

and R, is the value of the Range measured at inferior conjunction.
The classical effect given in Eq. 62 is identical in form with the
relativistic correction involving the factor B (second term in Eq. 54).

This implies that within the experimental situation discussed in Sections

T
* (Jp,0f%
neglected.

2) is assumed to be small and terms of second order in J re

2,0 2
*%x Here, the axis of rotation of the Sun is assumed to be parallel to the
axis of the quadrupole moment. Its angular deviation ¢3°) from the normal to

the ecliptic is neglected.
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18 and 19, two-way Range measurements could not establish the value of

B or test for the relativistic correction to Kepler's third law (Eq. 40).
In order to separate the relativistic éorrection in B from an effect

due to a possible quadrupole moment of the Sun, an additional observable

has to be available. The residual variation in the inclination of the

orbit of Mercury as determined by optical observations will be used as

such. These variations set an upper limit to the amplitude of the quad-

"rupole moment19 such that

J
2,0 <
2g

50 meters (63)

The classical correction to the Range in that case is shown (dotted curve)
on Figure 7. It is significantly smaller than the relativistic effect shown

on the same figure but should still be taken into account in high precision

Range experiments.
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