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FOREWORD 

The present  repor t  is  one of a series of th ree  r epor t s  
which descr ibe analyses and computational procedures developed 
for  descr ibing the  behavior of high speed-turbulent boundary 
layers  under conditions involving both hea t  t r a n s f e r  and 
a r b i t r a r y  pressure gradient .  Par t  1 , se rves  a s  a summary r epor t  
and descr ibes  the  ana lys i s  which i s  u t i l i z e d  i n  t h e  numerical 
ca lcu la t ion  scheme. I n  Par t  11, t h e  fundamental p roper t ies  
of the compressibi l i ty  transformation used i n  t h e  ana lys i s  
a re  examined i n  d e t a i l .  Pa r t  111, describes t h e  numerical and 
computational procedures involved and serves  as a computer 
program manual. 

The t i t l e s  i n  the  series are:  

Par t  I Summary Report - "An Inves t iga t ion  of t h e  High 
Speed Turbulent Boundary Layer with Heat Transfer 
and Arbi t ra ry  Pressure Gradient, by C. Economos 
and J. Boccio, 

Par t  11- "The Compressibility Transformation - General 
Considerations," by C. Economos. 

Par t  111- "Computer Program Manual: by J. Schneider and 
J. Boccio, 

This inves t iga t ion  was conducted for  t he  Langley 
Research Center, National Aeronautics and Space Administration 
under Contract No, NAS1-8424 with M r .  Kazimierz R. Czarnecki 
as the  NASA Technical Monitor. 

The cont rac tors '  repOrt number i s  GASL TR-719. 
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SYMBOLS 

l oca l  sk in  f r i c t i o n  c o e f f i c i e n t s  
( P V ) _ .  

W non-dimensionalized t r a n s p i r a t i o n  r a t e  - -- 
(@eUe’ 0 

thermodynamic func t ions  - see  Appendix B 

Mach number 

ab la t ion  r a t e  

pressure  

h e a t  t r a n s f e r  r a t e  

Reynolds number based on normal coordinate  

Reynolds number based on boundary layer  thickness  

Reynolds number based on displacement thickness  

Reynolds number based on momentum thickness  

temperature 

t o t a l  temperature 

streamwise (or  chordwise) v e l o c i t y  component 

non dimensional v e l o c i t y  - u/ u 
.- 1, 

shear ing v e l o c i t y  (7 I@) * 
ex te rna l  ve loc i ty  r a t i o  - u /u 

normal v e l o c i t y  component 

spariwise ve loc i ty  component 

streamwise (or chordwise) coordinates  

normal coordinates  

transformed normal coordinate  pu y / ~  

blowing parameter - 2F/cf, 2F/cf 

scii l i n g  parameters of t he  transformation 

- -  
7 

W - 
ue/G e e  e 

0 0 

- - -  
7 - -  

no e /T; 
c o e f f i c i e n t s  of v i s c o s i t y  

C o l e s  wake parameter 

d e n s i t i e s  

wo L. /s]E 
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SypllBo~S (contd) 

shear stresses ( including Reynolds stress-es) 

Reynolds number based on d i s t ance  from a r b i t r a r y  
i n i t i a l  s t a t i o n  

Q J stream funct ion 

V kinematic v i s c o s i t y  

cr! exponent of v i s c o s i t y  temperature v a r i a t i o n  

Subscripts : 

BL value in fe r r ed  using f o r m  11-B 

e local condi t ion ex te rna l  t o  boundary layer  

M value  i n f e r r e d  using form XI-D 

0 i n i t i a l  value 

eference value ( d i r e c t  measurement or Spalding-Chi) 

S condi t ions a t  edge of laminar sub-layer 

W condi t ions a t  w a l l  

t-1 
("1 normalization with respect t o  corresponding ex te rna l  

( 1 '  d i f f e r e n t i a t i o n  with r e spec t  t o  

v a r i a b l e s  i n  t h e  va r i ab le  property f l o w  
v a r i a b l e s  i n  the constant  property flow 

value;  e,g., i3=u/ue 
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THE COMPRESSIBILITY TRBNSFOWTION - 
GENERAL CONSIDERATIONS 

By Constahtino Economos 
General Applied Science Laboratories, Inc. 

Various properties of the Colesn compressibility transforma- 
tion when modified and extended to include turbulent boundary 
layer flows with mass transfer and pressure gradient are examined. 
First the formulation for the mass transfer case in the absence 
qf pressure gradient is developed and its applicability demon- 
strated by comparison with experimental data involving both 
homogeneous and heterdgeneous injection as well as chemical 
reaction, This modiffed form Qf the transformation is then 
applied to the impermeable case and is shown to differ signifi- 
cantly from the earlier Baronti-Libby formulatioh. In particular, 
improved agreement with experimental skin friction data obtained 
under cold wall. conditions is demonstrated, The implications of 
this result with regard 'to the more general case involving 
simultan&ous mass transfer and pressure gradient are then discussed, 
In addition to these considerations the inability of the trans- 
formation to preserve the "wake component" of the velocity distri- 
bution is examined, An empirical .method is proposed which pro- 
vides good correlation of the transformed velocity profiles 
t;hroughouk the viscous layer and more realistic prediction for 
the streamwise variation of skin friction. Finally, the appli- 
cability of this technique to three-dimensional boundary layers 
is examined, In particular; the appropriate form of the t rans-  
formation for flow over a swept cylinder is developed, 

This report was originally prepared as a talk presented at 
the Symposium on Compressible Turbulent Boundary 1,ayers at 
Langley Research Center on Deceniber 10-11, 1968, entitled "o:i t',\, 
plicability of Transformation Theory to Variable property . 

Turbulent Boundary Layers with .Pressure Gradient and Heat an;? 
Mass Transfer. 'I 



er of years the Coles CQ sibiljty trans- 
1) has been utilized by investigators ( R e f s  * 
ies related ta vqr%aQle crty (VP) tukbulent  

boundafy lay 
pressure. E 
can f igurat io 
on the other hand, has 
be ’indicated in the sub 
which have tlreated thi. 
fundamental diffare 
formation ayise. 

formulated 
by cgnsidering, at. (;he eueset, the most general prpblem, $ @ e e ,  

occur simultan- 
f these disturb- 
er%ies OP the 
piwe@ by a less 

nces which arise gre 

In order to tive indjcation of these 
effects, various 
series of zera pxessyre C ~ ~ ~ ~ ~ U ~ ~ ~ ~ ~ ~ ~ ~  These 
include ; 

tSon w e  a ~ ~ ~ ~ @ ~  t~o  a 

(a) aero heak trq hefeTogensous 

(b) mass transfer with heqt transfer and eombustiop, 
(c) Zero mass transfer w i t h  and wifhout: heat t r a n s f e r .  

mass transfer, 

In each case a comparison of the various pqedjetions with experir 
mental results is preqanted. It. is found that qne form pf the 
transformation is clearly superigr to t he  others In particular 
imprgved agreement with skin friction data under Cold wall c ~ n -  
d i  tions is abtained a 

Despite this result, detailed analysis of vclpcity profiles 
wi th  this modified approach Shows no corresRonding improvement 
regarding the distortion of the “wake component” of the trans- 
formed‘ velocity distribution. Accordingly, pn empirical method 
is develaped which serves to improve carrelation of the transformed 
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I 

v e l o c i t y  p r o f i l e s  i n  the  o u t e r  region.  I t  should be emphas r 
h e r e  however, t h a t  t h i s  procedurk does n o t  r ep resen t  a fund+::--  
change i n  t h e  t ransformation b u t  i s  simply a “curve f i t ”  of tJ-< 
a v a i l a b l e  da t a ,  Accordingly, i t s  a p p l i c a b i l i t y  t o  flows invol , 
pressure  g rad ien t  i s  quest ionable  a t  t he  p re sen t  time. 

Insofar  as t h e  g rad ien t  case is  concerned, r e s u l t s  05 3 r ’ b  

type descr ibed above a r e  not  c u r r e n t l y  ava i l ab le .  However, 
s eve ra l  v e l o c i t y  p r o f i l e s  obtained on curved ramps a r e  ana!,-f 
u t i l i z i n q  the e a r l i e r  formulation o f  Baronti-Libby (Ref. 2 ) .  ’ 

The r e s u l t s  which are  obtained,  although of a prel iminary nati-: 
a r e  encoyraging i n  t h a t  good c o r r e l a t i o n  of p r o f i l e s  i n  the  
inner  region i n  t e r m s  of t h e  law of t he  wall i s  obtained.  Furl;> 
work i n  t h i s  a r ea  is cont inuing under t h e  support  of NASA 
Langley Research Center,  Contract  N o .  NAS1-8424. 

Fina l ly ,  t h e  a p p l i c a b i l i t y  of t h e  t ransformation techniqu 
t o  three-dimensional boundary l aye r  flows i s  examined” I n  
p a r t i c u l a r ,  t h e  appropr ia te  form of t h e  transformation f o r  flo:. 
over  B swept i n f i n i t e  cy l inder  is developed and presented.  



IT, THEORETICAL CONSIDERATIONS” 

Fundamental Transformation Relations and Correspondence 
of Boundary Zayer Parameters 

The describing differential equations for. the velocity 
field of interest here are assumed to be of the form 

~t can be shown that this system of equations can be 
transformed identically to the constant property (CP) form: 

by introduction of the following 

( 3 )  

(4 )  

trans format ion re la tion s* * 

( 5 )  

(6) 

providing that the following correspondences between gross 
boundary layer parameters are imposed 

* 0mZ.y a brief outline of the formal development is presented 

**It is noted here that relation (7) represents a modification 
from the original Coles’ stretching. The significance and 
motivation for this modification is discussed in Appendix A. 

here. For more detailed derivations see Refs. 6 and 8. 
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H e r e  t h e  ex is tence  of mass t r a n s f e r  i n  both flow regimes i s  
manifesfed by the  pqesence of the  terms F 3 ,V,/Pe0ueo and - 
F r  meo * 

A .  The C P  Solutions 

Evident ly ,  for exp lo i t a t ion  of t h i s  transformation approach 
t o  be f e a s i b l e  appropr ia te  CP so lu t ions  must  be presumed t o  be 
ava i l ab le .  For purposes of the discussion i n  t h i s  section it 1s 



assumed t h a t  such a formulatiop e i s t s  aqd is of the  form* 

~ o t e  t h a t  an addi t iona l  parametey ntrodueed i n  
t he  ve loc i ty  representa t ion  (16) eo re endence of the  
p r o f i l e s  on the  varying e 
by 5 =z,(i) e 

p o s s b l e  extension of the  a r b i t r a r y  p ~ ~ ~ s ~ r ~  
such a s  t h a t  developed i n  R e f  
of mass t r a n s f e r .  

N o t e  also 

B,Coppletion of the  System of Workisg ub l ayer  
Hypothesis and the C2ompatj.b 

i t h  regard t o  t h e  s y s t  of Equation ($)-(?I) 
t h a t  : 

are prescr ibed functions of t@e 

2 )  t h e  i n i t i a l  values of t h e  s t r e t ch ing  pqrameters 3 - 
3) the  densi ty(and v i s c o s i t y )  d i s t r i b u t i o q  can be pre- 

OPplO can be specified, 

scribed as  a' function of t h e  looal ve loc i ty  r b t i o  G:, 
$.e., p+(a) G=;;(i.i) 

* Actu'ally very l i t t l e  has been accqmplished i n  the  way of dev- 
eloping such a general  formulation f o r  the CP case,  This s i fuabion 
is comppunded by the  absence of r e l i a b l e  experimental d a t a  a t  
low speeds. I t  i s  i n t e r e s t i n g  to note t h a t  i f  the  gqneral vali- 
d i t y . o P  t h e  transformation technique is ult imateJy denionqtxated 
t h e - d e s i r e  to deyelo a n a l y t i c a l  tools which descr ibe  the V P  be- 
havior may give impeeus t o  eXiX?nSiv@ work i n  the Pow speed @re$, 

6 



ataon of t h i s  syskem revea ls  t h a t  a t o t a i  of 11 
re ava i l ab le  for t h e  dqtermination of 14  dependent 

i t h  t he  CP Reynolds number considered t o  be t h e  
sole independent vqriablg.  
tions are; required.  

Aecordjngly, t h r e e  addi t iona l  equa- 
One i s  obtained by invoking the  sublayer 

~ t h e s i s  which can be w i t t e n  (c.f. I Ref. 2 or 6 ) .  
I 

I n  view qf the assumptions made above t h i s  is an impl i c i t  r e l a -  , 

t ion  of t h e  forq  

in view of squation ( 2 0 )  

- 

e final Pwg equqtions aye Qbtained by s a t i s f y j n g  the  
wall compat ib i l i ty  cqndi t ions i n  both flow regimes, i , e . ,  w e  
sat is fy  t h e  wmentum EqbqtiQns (2) and (4) aqd t h e i r  respec t ive  
y 
Tules impdied by ?he Laansformation aqd t h a t  T - y au # T - - &L 
a t  y,T - 0. 
obtained tyo rslat;ions of the form*** 

deSivatives at y I  1;; r" 0 taking into account the d i f f e r e n t i a t i o n  

Y a 7  A s  a r e s u l t  of t h i s  Rrocedure**there az 
* Her@ we have not $naluded Equation (20) nor- qs 
vqp.$.able s i  ce Ch@ l a t te r  dq@s ngt appear within the  system a t  

as a dependent 

t, 
rooedqe is equivalent  to  the  expansion method u t i l i z e d  

by L e w i s  ( R g f .  9) and $he r e l a t i o n s  which aye obtained here  corrcs- 
mnd eo the secpnd and t h i r d  t e r m s  of t h a t  expansion. The r e l a -  
t i o n s  wich are obtained are not  idcnqical  however, s ince i n  
Ref. 9 t h e  expansion i s  ca r r ipd  o u t  with F=T=O. As a r e s u l t  
t h e  f+nal form of t h e  transformation derived the re in  d i f f e r s  
s u b s t a n t i a l l y  from t h e  one developed here .  
*** See Appendix B f o r  t he  e x p l i c i t  form of these r e l a t i o n s .  
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where  t he  dependence of t h e  r i g h t  hand side of these  r e l a t i o n s  
on the  thermodynamic behavior of t h e  VP gas i n  the  v i c i n i t y  of 
ehe wal l  has been indicated.  The p r o p e r t i e s  of t h i s  general 
transformation and i n  p a r t i c u l a r ;  of Equations ( 2 2 )  and (23) 
are discussed i n  the next  s ec t ion .  



I11 COMPARISON' OF VARIOUS FORMS OF CQMPRESSIBILJTY 
TRANSFORMATION 

We oopsider now the possibility 0.f treating the VP case 
corresponding to an impermeable flat plate with a uniform ex- 
ternal pressure field by use of the ynified transformation de- 
veloped in the previous section, We find in this ease that 
Equations ( 2 2 )  and (23) reduce to 

where g,i and g' which depend only cm the thermodynamic behavior 
of %he gas in $he vicinity of the wall, do not vanish identically. 
It is easy to show that* for the adiabatic wall case Equations 
(24) and (25) are singular, On the othsr hand, for a viscosity 
tenperatace dependencd of the form 
which implies that 3 = dF/dx=O. 

- T we find g;=g; = 0 

It would appear that the special case corresponding to 
k=F=dp/dx=O should be treated with p=dF/dZ=O together with the 
assumption that z-% which I s  not an unreasonable model., On the 
other hand, for the heat transfer case a more general formula- 
tion is possible and would be of interest in view of some of the 

* See Appendix B for explicit expressions for gi and gi- 
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q u a n t i t a t i v e  results which w i l l  be presented i n  the ne 
HQweVer ,  we w i l l  f i rs t  review b r i e f l y  a f 
forms of t he  transformation which have pr 
and ind ica t e  how they d i f f e r  from t h e  present  model. 

of t h e  more spec ia l ized  

In Reference 2 the case 0-3 F=Bp/dx=O was considered and it 
was t a c i t l y  aqsumsd t h a t  %=dF Q. This form has been 
extensively t o  many cases inv ng hea t  transfer (cf * ,  

3,4) . Accordingly, neitheqr compat ib i l i ty  c 
s a t i s f i e d  by this formulation, 

In  Reference 8 t he  groblem~~olPresggnding t o  dp/d 
been formulated. In  t h i s  cage it again is assumed th 
and tihe first compat ib i l i ty  condi t ion ( i e e e ,  Eq. (22) 
s a t i s f i e d  to  complete t h e  syatem of descr ib ing  equa t i  
t he  second compat ib i l i ty  condi t ion is no s a t i s f i e d  heTe ~ 

I n  Reference 6 t h e  problem corres nding t o  P Z 0 
i s  formulated i n  an analogous 
s a t i s f y i n g  Equation (22) to  c ete t h e  system. Aqai 
second compat ib i l i ty  condi t ion is not  e l i c i t l y  s a t i s  

by assuming d$/dZ = 

The matters  discussed i n  this s e s t i s n  have bee 
i n  T a b l e  I. 

10 



XV., COMPARISON OF THEORY WITH EXPERIMENT 

A .  Mass Transfer at Constant Pressure 

I n  Reference 6 t h e  mass t r a n s f e r  case a t  constant  pressure 
was t r e a t e d  using t h e  form of the transformation l i s ted  a s  IV-D 
i n  T a b l e  I. The CF so lu t ions  u t i l i z e d  were e s s e n t i a l l y  those due 
t o  Stevenson (Ref, 1 2 , 1 3 )  and Crocco I n t e g r a l s  yere used t o  . 
determine energy and o r  species  d i s t r i b u t i o n s .  This  method was 
extended t o  a case involving chemical r eac t ions  in Reference 14, 
by uk i l i e ing .  a f h m e  sheet model to  descr ibe  the chemistry 
(Ref l$) e Some comparisons of t h e  t h e o r e t i c a l  p red ic t ions  w i t h  
experiment and with e a r l i e r  p red ic t ion  techniques a r e  shown i n  
Figure 1. 
evident.  

In a l l  cases improved agreement with khe da ta  i s  

B,  Impermeable Flow a t  Constant Pressure With and Without 
Heat Transfer 

in the  previous discussion and i n  Table I,  t h $ s  
hap been? treated extens ive ly  u t i l i z i n g  form TI-B of t h e  trans- 
formation, H e r e  we will compare these  r e s u l t s  with those obtained 
u t i l i e f n g  f o p  IT-D whiqh follows f r o m  IV-D when F = 0. 

To effect this comparison a total  of 48 velocity p r o f i l e s  

ether c o r r e l a t i o n  of t h e  i n  er region by the  
ese p r o f i l e s  are idenki f ied  i n  

have been analyzed by both methods from the po in t  of view 
of es tab l i sh in  

f f i c i e n t  inferred f r o m  
mlsllt=hods have also been l isted,  
e of the incompressible b low-  

l i s t e d .  This  value follows 
e r e s y l t  of t h i s  ana lys i s  

r i son  f o r  a p a r t i c u l a r  
p r o f i l e  is ehown i n  Figure 3 .  
methods give s u b s t a n t i a l l y  d i f f e r e n t  r e s u l t s ,  p a r t i c u l a r l y  w i t h  
increasing h e a t  t r ape fe r .  This e f f e c t  is demonstrated also by 
the  behavior of t h e  parameter as shown i n  Figure 4 .  

* For both methods we have u t i l i z e d  a Sutherland viscoeity 
re lat ion fox evaluakion of v i s c o s i t y  and Crocco i n t e g r a l  
€or the t o t a l  enthalpy v a r i a t i o n ,  

I t  is evident  t h a t  the  two 

I 
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D s s s p i t e  the improved raement manifs ed by form I$- 
“€As imer region, Tim2 corre ondirag Impr’ov nt i n  k h e  oute  

q%m is ~~~~~~~~ In  pa icezlar, following ~ s f e r e n s e  Z 2 value 
e parmeter a was inferred* for each sf prpfkles 

a r e  a l s o  listed i n  Tabla EX. e (?3n- 
i ch  arises is apparent. Fur the r  analysis 

ver has revealed the  exis tence of a correlati 
as indicated in Figure 5, 
dens i ty  ratio w i t h i n  

g the dens i ty  i n  th 
d helium in-j 
ssible, as s 

D, Streamwise Predict ion of Skin F r i c t ion  

a considegable i rovI=ment in the prediction 
6f t h e  co r re l a t ion .  Fur-khe~m~las, the agree- 

emtal da ta  is good, with the exception of one of 
ence 16, The reason for this large disagreement 
is t i m e .  One o s s i b i l i t y  may be t h a t  the 

ZEfective o r i g i n s  for the  t w ~  data  po in t s  do not  coincideo 

_/- 

eference 6 for method of ca l cu la t ing  k&im P Q- 

PI 
erature r a t i o  a t  d?/’dc = 0. 

ted from tihe crocca i n t e g r a l  by evaluat ing the 

12 



E ,  Impirrneable Flow With Variable  Pressure and Hqat Transfer 

H e r e  t he re  a r e  ava i l ab le  only a f e w  preliminary requxts 
obtained using form I I I - C  of t h e  tr sformation. Several  
v e l o c i t y  p r o f i l e s  obtained i n  adverse pressure  grad ien t  (Ref, 1 7 )  
have been transformed and they appear t o  be  co r re l a t ed  w e l l  by 
t h e  law of the wal l ,  as shown i n  Figure 8. However, this r e s u l t  
can not  be considered conclusive since no direct  measurement 
(or o the r  reliable es t imate)  is a v a i l a b l e  for comparison w i t h  
t h e  i n f e r r e d  values  of sk in  f r i c t i o n .  

13 



TfOM FOB TURBULENT BOUNDARY mY?ZR 
WEPT INFINITE CYLTNDER 

Following Reference 18, the describing equations for the 
v e loci ty 
infinite 

field prevailing in, the boundary layer on a swept 
cylinder are qssumed to be 

+ =Po  ax By 

e as is a (curvilinear) chordwise coordinate, y a coordinate 
normal tq the surface of the cylinder and z a spanwise coordinate 
parallel to W e  qenerators o f  tlze cylinder. The quan$iSies, up 

e represent the eorreqponding vel ity components 
~ t ' )  ~ e p r ~ s e ~ t  the chordwise and s nwis e compongn t 
ectively, We now seek a tranafo ion which takes; 
) - ( a s )  t o  a corresponding C form given by 

FOK t h i s  purpose, we procGed as i n  Appendix A and relate the 
chordwise and normal space eoordimakes and the chordwise and 
spanwise velocity components through a series of arbitrary 
stretching parameters according to 

14 



ft is  now noted tha t  Equations (26) and (29) are ident ica l ly  
s a t i s f i e d  by stream Punctisn~ defined by 

u -  -3 

Xn view of these def in i t ions  and Equations ( 3 3 )  and ( 3 4 )  
i.t: fsllows readily that* 

;en a similar manner 
equations can be tr 
CP f o r m  is obtained proviqed we take 

remaining terms appearing i n  the VP 
rmed aqd it can be shown t ha t  the: desired 

f l o w  we consider thq swept cylinder to be impermeable. 
l i c i t y ,  it has been arbitrari ly  assumed here t h a t  

15 



W 

W 

e f2 = constant = -- 
e 

This is the desired r e s u l t  and would provide the means for 
generating predictions for the VP f l o w  behavior by formulation 

appropriate CP soluticn (see e . g . ,  R e f .  1 9 ) .  

16 



V I  D CONCLUD ING REMARKS 

I t  is concluded on the  b a s i s  of t he  foregoing discussion 
and r e s u l t s  t h a t  treatment of a r a t h e r  wide v a r i e t y  of va r i ab le  
property t u r b u l e n t  boundary layer  flows by means of a compressi- 
b i l i t y  transformation is f e a s i b l e .  I t  appears t o  be e s s e n t i a l  
however t h a t  fo r  any choice of configurat ion t h e  appropr ia te  
form of  the transformation be u t i l i z e d .  

17 



PE A 

t the differentiation r u l e  impJ.ied by Equafions 
usual ~ f i ~ ~ ~ ~ ~ ~ ~  of We respecfive strew 

it then follows tha t  the normal velocity c o ~ ~ p ~ n e  
 ow regimes are retatsd by 

iatelly that the stream fy 

- 

18 



In this cas’e we find t ha t  the normal velocity qspponeqts are 
related by 

wh$ch reduces to the igero identity at y,y=O. It wquld appeal; 
inal  stretch ~f the e t r e m  function is too 
s transfer cas In th i s  cQnn 
tbzjt Jermnin ( ef e 7) retained 

equakion tRe ~ ~ l ~ ~ i o ~  

F 

19 



APPENDIX B 

E q u a t i o n s  ( 2 2 )  and ( 2 3 )  have the  egplicit form 

20 
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TABLE I COMPARISON OF VARIOUS FORMS OF THE COMPRESSIBILITY T W S F  TI OM 

of VP Flow Number of 
Additional 

Comments 

- 
Formulated in Refs. 
1,2, Exploited,e.gl, 
in Refs, 1-4. 

Formulated in 
Ref, 8. 

Formulated and 
Exploited in 
Ref. 6. 

Follows from 
IV-D 

Follows from 
IV-B 

Follows from 
Unified Form 

S N Z  = Specified Non-Zero 
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