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ABSTRACT

This work is concerned with establishing the proper parameter space
for a PLL to lock onto a modulated carrier. The results of the work are
adequately described in the two papers of the report. The first paper
is to be published in the Proceedings of the IEEE Region V Record, Dallas,
Texas, 1970. The second paper will be published as a special supplement
of the Aerospace and Electronic Systems Transaction by the National Aero-

space Electronics Conference (NAECON-70).
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ABSTRACT

The required parameter values for acquisition
and tracking of a carrier frequency modulated by a
single sinusoid are established for a second order
loop. A three variable parameter space is examined
consisting of the modulation index, the ratio of
the modulation frequency to the loop natural fre-
quency, and the normalized initial frequency off-
set, Conclusions are drawn from data accumulated
through the use of a mathematical model. Simulation
of the model on a digital computer was used to ob-
tain numerical results. Verification of the numer-
ical results was accomplished using a 455 KHz sec=-
ond oxder PLL in the laboratory. Allowable para-
meter limits are examined to insure acquisition of
the modulated carrier instead of its sidebands.
Acquisition of the sidebands is discussed along
with general comments on distortion.

INTRODUCTION

The phase lock loop has not uncommonly been re-
jected by telemetry engineers as a demodulation
circuit for two principal reasons, The first is
that the PLL is known to lock onto sidebands [1,2]
in some regions of the modulation parameter space,
and the second is that it has been argued that when
the modulation index, B, is such that J (B) is zero
the carrier amplitude goes to zero and foss of lock
on the carrier must, of necessity, occur, The prin=-
cipal interest of the authors' research imto this
problem was to establish the regions of the modu-
lation parameter space for acquisition and proper
demodulation of the sinusoidally modulated carrier,

A mathematical model of the PLL was derived for
this problem and solved by numerical methods, A
'laboratory model was constructed and experimental
data accumulated to establish the regions of inter=
est. An investigation was undertaken into the
effects of the damping ratio, §, on the region of
interest and these results are presented with ob=
servations and numerical solutions to clarify the
results. The derivation of the mathematical model
is presented in a paper by the same authors for
presentation at NAECON [3], and the laboratory
set=up used for the experimental work is presented
in Appendix I along with a brief discussion of the
methods used in the measurement of the parameters.

TEXT

It can be seen from the Fourier series expansion
of the FM modulated carrier that the loop has a
choice of frequencies to acquire, namely W, and
W, + kw, where generally k is any small integer

less than or on the order of B, A necessary condi=-
tion for proper demodulation is that the modula-
tion parameters be such that in every instance the
loop will acquire and track the carrier. If the
parameters are such that the acquisition of the
carrier is not assured, but rather acquisition and
tracking of a sideband results, then these para-
meter values represent an area of the modulation
parameter space to be avoided in most applicatioms
of the PLL as a demodulator.

The differential equation that describes the
acquisition behavior of the second order PLL is

8(8) = 24w [w + § (t) = § (&) ]coslut + ¢ _(t) -

0,(t)] + whzsin[w%t + ¢, () = ¢ (1)]

t L]
where ¢°(t) = I ¢°(t)dt
o

and w_ 18 the frequency difference of the VCO

and :Eg carrier. This equation is derived in [3].
This differential equation was solved by numerical
methods for various values of the modulation para~-
meters and loop initial conditions. A boundary
between the region of the parameter space where
the loop will acquire the carrier and the region
where it will acquire the sidebands was determined,
Acquisition of a sideband was defined as having
occurred when the input to the VCO

$,(®)

K
(<]

developed a D.C. shift approximately equal to

m
K
o

where K is the constant of the VCO, In Figure I
the results of the investigation by Carden, Kelly
and Hintz [4] into the loss of lock of an init-
ially locked loop with an increase of the modula-
tion index are presented as a comparison to the
separation of the two regions for §{ = ,707 and
w. =0.0. In this paper W and w. are normalized
byw.

I% may be noted that acquisition and tracking
of the carrier for modulating frequencies up to

the loop natural frequency compare closely, and
that up to this limiting value the loop will ac-

cuire and demodulate any signal it can track.
Beyond w = 1,0, however, a divergence in the
results occur. It can be shown that the initial
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phase of the modulation has a strong influence on
this behavior. In Figure 1I the minimum value of
B for acquisition of a sideband (i.e. the maximum
B for acquisition and tracking the carrier has
been exceeded) is plotted as a function of the
initial modulation angle, 65, for § = ,707 and

W, = 0.0, ’

8
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Since the plot in Figure I is made for an init-
ial modulation phase of zero it is apparent that
the plot does not, in fact, represent the worst
possible condition. It is also interesting to note
that for w up to 1.0 the initial phase of the
modulation™has little or no effect on the problem,
The initial phase was investigated for w_ = 2,0
with even more extreme variations but thé same
general patterns., The results of the experimental
investigation could be expected to compare closely
with the numerical solution for modulating frequen
cies up to the loop natural frequency, No control
was exercized over the initial angle of the modu-
lating signal in.the experimental work thus a
divergence in the results should occur beyond this
point, This divergence should not exceed the var=
iance due to the initial phase. The experimental
set-up shown in Appendix I was used along with
the evaluation criteria set forth therein. In
Figure II1 the experimental and numerical solution
curves for § = ,707 and w_ = 2,0 are given. The
three points in Figure IIE which represent worse

Computer results

20.0 1
Experimental
10.0 4 results
5.0 4
204 0 e
“E = 2,0

1.0 ¥ v ¥ =~ y e o [w

0.1 0.2 0.5 1.0 2.0 5.0 10.0 ™ P

FIGURE III

case B over all 0; should lie on or below the ex~
perimental curve, It can be seen that the experi-
mental curve does conform to these theoretical
bounds,

It was determined during this investigation that
a small variation in the damping ratio, &, does not
appreciably affect the acquisition behavior, The
results of an investigation with { = ,400 compared
to L = ,707 both for wg = 0,0 are shown in Figure
IV, the curves are both from data accumulated on
the computer. )
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In Figure V the bulk of the results are presented,
It will be noted that the experimental results are
presented for values of wg = 0,0 and 2.0 along with
the results -of the numerical solutions for these
values. Since w_ = 2,0 represents an initial off-
set of twice the natural frequency of the loop, and
since in most applications invelving the demodula=
tion of a carrier and/or subcarriers this value
should be quite within the tolerance of the VCO

and carrier frequency stabilities, it can be seen
that for most applications the initial offset
should not be a significant factor.

It must be noted that approaching the boundary
of the two regions from below most generally pro-
duces an increasing amount of distortion in the
demodulated output [5]. In general it was observed
that when the first sideband was acquired a beat
note [6] equal in frequency to the modulation fre-
quency appeated at the positive or negative maxi-
mum of the demodulated output, Higher sidebands
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produced beat notes twice, three times, etc., each
cycle of the modulationm,

In conclusion the investigation provides a sep=-
aration of the modulation parameter space into two
regions. In the first region the loop will acquire
and track the carrier fulfilling a necessary con=-
dition for demodulation, In the second region the
loop will acquire a sideband and the demodulated
output will be highly distorted. The effects of

small variations of the loop damping ratio are not
of particular significance in the acquisition
problem. Initial phase of the modulation, however,
is, The fear that B = 2,4 is, in itself, sufficient
to insure the loss of the carrier is dispelled.
These results should provide a guideline to the
engineer interested in acquiring and demodulating
a FM modulated carrier with the PLL.



APPENDIX - I Com o

The experimental work involved in the research
presented in this paper was performed with the
laboratory set-up shown in Figure A -I. Of parti-
cular importance to this research was the method
of determining .the modulation index of the modulat-
ed carrier, and 'the method of determining the

. o W ey

acquisition and tracking of a sideband instead of
the carrier. The modulation index was determined
by observing the modulated carrier on a spectrum
analyzer and comparing the normalized (to unity)
amplitude components of the sidebands to the values
computed in standard tables of the Bessel functions

GREENRAY P FUNCTION HP FREQ HP RMS HP D.C.
veo = VOLTMETER VOLTMETER
ENERATOR
M 198.300C Jop 33008 COUNTER MOD 34004 [— MODEL 425
H.P. MIXER | |PASSIVE
ISOL.
v PHASE DET. j—i LOOP
: MOD 10514A FILTER
P SPECTRUM GREENRAY TEKTRONICS
NALYZER 7CO 0SCILLOSC.
85524-8553C 198.300C OD. 5458
FIGURE A - I

of the proper order. This method yielded quite
satisfactory results. Determination of the sideband
tracking was made by observing the D.C. level at
the input to the loop VCO, as well as the demod-
ulated output on an oscilloscope. It was observed
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ABSTRACT

In this paper a baseband model which describes
the behavior of the output signal from a second
order PLL during acquisition and subsequent demod-
ulation of an angle modulated carrier is developed.
The non-linear differential equation resulting from
the model is solved using a digital computer for
frequency modulation by a single sine wave and by
a square wave. The result is the definition of a
region in the parameter space consisting of the
modulation index, the ratio of the modulation fre-
quency to the loop natural frequency, and the ratio
of the initial difference in the VCO and carrier
frequencies to the natural frequency of the loop,
such that the PLL will acquire and properly demod-
ulate the carrier. An experimental investigation
was made and the results can be seen to compare
closely with the theoretical results.

INTRODUCTION

A significant problem in the use of phase lock
loops as demodulators for angle modulated carriers
is the tendency of the PLL to lock onto sidebands
of the modulated carrier [1]. The principal effort
of this research was to determine parameter values
for the second order PLL which would insure that
sideband lockup would not occur.

The existence of circuits to prevent a PLL from
acquiring a sideband instead of the carrier are
well known (see for example [2], [3]). However,
these circuits are in general quite complex and not
well suited to applications requiring either econo-
mic or size constraints.

There has been a rather large amount of litera-
ture written on the problem of acquiring an unmod-
ulated carrier with a PLL (see for example [4,5,6]).
However, none of this literature sheds much light
on the problem of acquiring a modulated carrier.

The approach to the problem of acquisition of a
modulated carrier by a PLL used by the authors was
to derive a differential equation which would de-
scribe the behavior of the output phase of the PLL
during acquisition and demodulation. The equation
was solved using numerical techniques on a digital
computer.

The behavior of these solutions was examined as
a function of the modulation parameters to deter-
mine under what conditions the loop acquired the
carrier and under what conditions it acquired a
sideband. This investigation of the loop behavior
was carried out for both sinusoidal and square
wave modulation. These results are presented later
in the paper.

DIFFERENTIAL EQUATION
Baseband Model for Output Phase

In this section a baseband model of the PLL
which describes the output during acquisition and
subsequent demodulation of an angle modulated car-
rier will be derived. Figure 1 is an IF model of
a second order PLL.

‘A sin Iwct + ¢m(t) »

O x(t)  _deiieer 0
b, )
K

o
- veo
l(l cos [wot +[ ¢o(t)dt]
°
FIGURE 1

Performing the multiplication indicated in Figure
1, x(t) can be written as :

ARy
2(6) = % sinl(u, = 0 )t + 0,(8) ~ (8]

+ second harmonic term (1)

t

éo(t)dt has been denoted by ¢o(t).
o}

Then denoting the impulse response of the fil-
ter by h(1) the filter output can be written as,

where the [

= | x(u) h(t-u)du (2)
o

The impulse response of theideal second order PLL

is given by,

h(t) = uo(T) + au_l(T) 3

where u (T) denotes the Dirac delta function and
u_; (1) denotes the step function.

Substituting equation 3 into 2 and simplifying
gives



$ (1) t
-%—— = x(t) + a | x(udu (4)
[o]
[o]

Differentiating equation 4 with respect to t and
applying Leibniz's theorem to the integral, a dif-
ferential equation describing ¢o(t) is obtained as

8,(8) = k() + ax(t) )

Substituting equation 1 into equation 5 neglecting
the second harmonic terms gives

- AKOKl ° °
¢o(t) = [(wc - wo) + ¢m(t) - ¢o(t)]c08[(wc -
AKoKla
wo)t + ¢m(t) - ¢°(t)] +-——7?——- sin[(wc - wo)t
+ 9. (t) = ¢, (8] (6)

Finally, in order to comply with standard PLL
notation define

AK K

1
—= = 2ty )
AK K.a
o1l 2
— = ®

Then substituting equations 7 and 8 into 6 the
final form of the differential equation for ¢o(t)
is

¢,(t) = 2w _[u_+ b (8) = § (t)Jcos[w t + ¢ (t) -

9,(0)] + w sinfw_t + ¢ (£) - ¢_(B)] (9)

where w_ denotes w_=- W _, the initial frequency
c o
offset.

The criterion for proper acquisition and demod-
ulation used in this paper is a direct result of
equation 9. Consider the case where ¢ _(t) = 0
(normal unmodulated carrier acquisition problem)
and assume

¢°(t) = wgt (10)

Then substitution of equation 10 into 9 reveals
that ¢ (t) = w_t is a solution of the differential
equation. € i

The fact that ¢ (t) = w_t is a solution implies
that the output of the PLL, ¢ (t)/K_ is w_/K . Now
. X Lo : o, € o
if ¢ (t) is a periodic signal with zero average
value an obvious conjecture would be that w_/K is
the average value of the PLL output, E , wheg the
loop is properly demodulating the carrieft, i.e.,

EoDC = wS/Ko . (11)
This conjecture is based on the assumption that the
output due to modulation will be a periodic signal
with average value equal to zero when the loop is
properly demodulating. -

Following the same line of reasoning the average
output voltage would be

E _, = ——>=D (12)

o

o
(¢]
bl

when the loop is tracking a sideband where w_is
a fundamental frequency of the modulation ang k is
the number of the sideband the loop is tracking.

This conjecture was born out completely by com—
puter solutions of equation 9 and by laboratory
experiments. For a complete description of the
experimental work see [7]. An abbreviated discus-
sion of the experimental set-up is given in Appen-
dix I.

Having verified the above conjecture the pro-
cedure for determining when the PLL acquired the
modulated carrier and when it acquired a sideband
is now clear; the differential equation (equation
9) is solved numerically for various modulations
and the resulting ¢ (t)_. obtained by averaging
the output. Then apgly eéquation 12 to determine k
and the loop has acquired the modulated carrier
if and only if k = 0.

ACQUISITION OF A SINUSOIDALLY MODULATED CARRIER

., For the case of sinusoidal modulation ¢m(t) and
¢m(t) are given by

¢m(t) = Bsin(wmt + ei) (13)
and
?pm(t) = Awcos(u_t + 6,) (14)

Equations 13 and 14 were substituted into equation
9 and the resulting differential equation was sol-
ved numerically for various values of the modula-
tion index, B, the modulating frequency, w_, and
the initial offset w_. For this series of solutions
ei was set at zero, { at .707 and W was 1.0. The
résults are plotted in Figure 2. Figure 2 shows
the division of the parameter space into two re-
gions. The first region (below the curves) is the
region in which the loop will acquire and demod-
uvlate the carrier. The second region (above the
curves) is a region in which the loop will acquire
sidebands.
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FIGURE 2

There are several points to be made about Fig-
ure 2. First, in the region wm/w <1 and w, = 0
the agreement with [8] is very good. This wds a

* See Appendix I for comments on experimental
parameters.



little surprising since Carden, Kelly and Hintz [8]
obtained their results by assuming the loop was in-
itially tracking the carrier and then the modulation
was applied. The immediate conclusion would be that
the B required to cause the loop to lose.lock is
almost the same as that required to prevent acquisi-
tion of the carrier. This implies that for sinusoid-
al modulation and very little offset the loop will
acquire anything it can track.

The second point of interest is the apparent dis-
agreement between the experimental and theoretical
results in the region w /w_ > 1.0. This disagreement
can be explained by the™usé of some initial phase,
6,, not equal to zero. In the experimental portion
o} the investigation the initial phase of the modu-
lation was not controlled and hence was not in gen-
eral zero. Figure 3 is a plot of the critical value
of B as a function of ei.

g
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FIGURE 3

For the case of w_/w_ = 1.0 which is within the
region of good experimental and theoretical agree-
ment the critical value of 8 is almost constant and
equal to the measured value. However, for w = w_ =
2.0 which is in the region of question the Sritita
value of B varies from .9 to 2.4 as a function of
0,. The experimental value of B for this w /w_is
2.0. Thus the experimental results are betieeh the
extremes of the theoretical solution and hence the
agreement is still quite good if various values of
0, are considered. Due to the additional amount of
computer time involved and the fact that this isn't
an extremely interesting region the authors didn't
investigate ‘the effect of 0, any further.

The final point of interést about Figure 2 is
that for w_/w_ = 2.0 the critical values of § are
very near fhoBe of we/w = 0, as illustrated in
Figure 5. Hence, for moderate values of frequency
offset the loop can still acquire almost anything
it can demodulate.

In order to study the effect of small changes
in the zeta of the loop equation 9 was solved
with T = ,400 under all of the above conditions.
The results are shown in Figure 4. The principal
point of interest concerning Figure 4 is that
small variations in zeta have essentially no effect
and hence figures 2 and 5 should be applicable for
all zetas between .400 and 1.00.

In Figure 5 the results of numerical and exper-
imental investigation for we = 0 and 2 and various

B
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zetas is given. These curves provide a summary of
the research into the acquisition behavior for the
case of modulation by a single sinusoid. Due to
the size of Figure 5 it is presented on the next
page.

ACQUISITION OF A SQUARE WAVE MODULATED CARRIER

For the case of frequency modulation by a square
wave, it is easier to sketch ¢ _(t) and ¢ (t) than
it is to write analytical expressions for them. The
modulating functions used in this portion of the
study are shown in Figure 6.

6 (x)
m

¢m@)
2TAfT
2mAf

Q
6fT Time

~2nAf

FIGURE 6

The parameter T in Figure 6 serves the same
purpose as 6, in the expressions for the sinusoid-
al modulation. ]

Using the functions shown in Figure 6, equation
9 was solved numerically using equation 12 again
to determine whether or not the loop acquired the
carrier. A parameter space consistisg of AfT and
m/Tw_ (note T/Tw_ = w /w_where w, is the funda-
mental frequencynof the gquare wave) was investi~-
gated to determine the region in which the loop
will acquire and demodulate the carrier. The re-
sults of this investigation are shown in Figure 7
which is also placed on a later page due to its
size.

In examining Figure 7 in the region of T/Tw >
1.0 the apparent disagreement between theoretiCal
and experimental results again is due to the effect
of the starting point of the modulation in the
cycle, i.e., the parameter T. Figure 8 is a plot
of AfT critical as a function of T, _
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By exactly the same line of reasoning as was
used for sinusoidal modulation, it can be seen that
the experimental results and theoretical results
are actually in close agreement if variations in
T are considered. However, due to the additional
computer time the authors again chose to hold
T = 0 for the majority of the work.

The points in Figure 7 labeled by small squares
are the result of a calculation based on the track-
ing performance of the PLL. Carden, Lucky and
Swinson [9] obtained results for the magnitude of
a step in frequency such that a loop which was
tracking a carrier would skip one cycle and then
continue to track. It was conjectured that for
w /w << 1,0 each transition of the square wave
cOuld be considered independent and hence the out-
put of the loop would be a series of step respon-~
ses. Lf this were the case, then the value of Aw
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such that the loop would skip ome cycle per transi-
tion might also be the Aw for which the loop would
acquire a sideband. From [9] the critical value of

Aw/uh for £ = .707 is
Aw/wn = 1.5, (15)

Manipulation of equation 15 gives the critical AfT
as
AT = . 75( === ). (16)
¢ ﬂ/wnT
The points on Figure 7 labeled with squares are
solutions of equation 16. It can be seen that in
the region W/w T > 1.0 the analogy of the step re-
sponse breaks down and the resulting curves diverge.
The final point of interest about Figure 7 is
that for a frequency offset melwn = 2.0 there are

no essential differences in the curves. This indi-
cates that for moderate offsets the region in
which the loop will acquire and demodulate a
square wave is essentially the same as with no
offset, i.e., we = 0,

ACQUISITION TIME

In order to investigate acquisition behavior the
authors took a different definition cf acquisition
time than is normally used in the study of the
unmodulated case. The definition chgsen was the
time of the first zerg crossing of ¢_(t) where
¢ (t) = w, + ¢ (t) - ¢ _(t). The reason for this
définition can'best be explained by a phase plane
portriat. Figure 9 is a phase plane diagram
of ¢ (t) versus ¢ (t) for the case of sine wave
modufation and W, = 0.
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From Figure 9 it can be seen that the loop enters’ '
stable trajectory at approximately the first
o crossing of ¢ _(t) and this is the motivation
the definition of acquisition time chosen by
authors. Some typical acquisition times are
sented in Table 1, all for values of Aw * w <

TABLE 1

E’E B . We i Til.n}e '(,sec.)
.50 2.0 0.0 ©.099
.50 2.0 0.5 .106
.50 2.0 1.0 .115
.40 2.0 0.5 109 |
CONCLUSION

To summarize, the authors have presented a study
of the acquisition behavior of & second order phase
lock loop when the input is an angle modulated
carrier. The baseband differential equation can be
used to solve similar acquisition problems for
other applications since it is the result of a
general development.

The primary results of this study are shown in
the parametric regions of Figures 5 and 7. This
result is to divide a parameter space consisting of
approprlate modulation parameters into two regions.
The first region is a region in which the loop
will acquire and subsequently demodulate an angle
modulated carrier. This information can be used
to design phase lock loops which do not need
acquisition aids or special complex circuits to
prevent locking onto a sideband. In additionm,
such loops can operate unattended and with no

‘0.9, since it was not determined that the defifl{tion
of acquisition time was meaningful for larger values
of Aw ° W .

external control. This feature should make them
attractive for application in commercial systems.

APPENDIX 1

The experimental work involved in the research
presented in this paper was performed with the lab-

oratory set~up shown in Figure A - 1.
~ 0f particular importance to this research was
the method of determining the modulation' index, 8,
of the modulated carrier, and the method of deter-
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mining the acquisition and- tracking of a sideband
instead of the carrier. The modulation index for a
sine wave was determined by observing the modulated
carrier on a spectrum analyzer and comparing the
normalized(to unity) amplitude components of the
sidebands to the values computed in standard tableé
-of the Bessel functions of the proper order. For .
square wave modulation Af was determined from the
modulating voltage and .the carrier generation VCO
constant. These methods yielded quite satisfactory
results. Determination of sideband tracking was
made by observing the D.C. level at the input to .
;he'VCO of the 1oop, as well as the demodulated ’

output on an oscilloscope. It was noted that a
noticeable distortion in the demodulated output

-occurred in the sideband acquisition region [7]

and a D.C. shift equal to that predicted always
occurred in this region. This joint observation
served as the basis for defining the acquisition

- .and: demodulation of a sideband.

It should be noted that immediately prior to
publication the authors discovered that the PLL
used to obtain the experimental data for Figure .

2 had a zeta of 1.0 instead of .707. However, due
to the fact that actual values of zeta near .7 have

- little effect on the acquisition problem this does
not represent a serious error.
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