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MOLECULAR COLLISIONS, X I V ,  FIRST-ORDER APPROXIMATTON OF THE GENERALIZED 

PHASE SHIFT TREATMENT OF ROTATIONAL EXCITATION ATOM-RIGID ROTOR? 

M. D, P a t t e n g i l l ,  C ,  P, Cur t i s s  and R e  B. Bernstein 

Theore t ica l  Chemistry I n s t i t u t e  and Chemistry Department 

Universi ty  of Wisconsin, Madison, Wisconsin 53506 

The genera l ized  phase s h i f t  approach t o  t h e  r o t a t i o n a l  e x c i t a t i o n  

problem, introduced i n  paper X Z I  of t h i s  series, is  appl ied  t o  the  atom- 

r i g i d  r o t o r  case i n  t h e  lowest ( f i r s t  o rder )  approximation. The t reatment  

involves  t h e  computation of general ized a c t i o n  i n t e g r a l s  over curved 

t r a j e c t o r i e s ,  Numerical r e s u l t s  are presented t o  i l l u s t r a t e  t h e  depend- 

ence of t h e  t r a n s i t i o n  p r o b a b i l i t i e s  on t h e  u s u a l  phys ica l  parameters: 

as w e l l  as a new p a r m e t e r ,  k 
of t h e  moment of i n e r t i a  of t h e  van der  WaalsP atom-diatom system t o  

t h a t  of t h e  diatomic r o t o r  (and thus t o  t h e  r a t i o  of t h e  co l f i s fon  t i m e  

t o  t h e  diatom r o t a t i o n  t i m e )  ,. In  t h e  l i m i t  JB 0 t h e  development 

which is propor t iona l  t o  t h e  r a t i o  
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reduces to the 

(straight-line 

sudden approximation, In the $arge hpacb parameter 1 7 m i t :  

trajectories) the devrlatian from $la$ suddee appro&natton 

i s  described by "res 

c i t ly  by Van Kranendonk. 
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The theory of rotational i n e l a s t i c i t y  i n  atm-diatom s e a t t e r f n g  

has  received considerable  a t t e n t i o n f 9  

coupled) so lu t ion  t o  t h e  probpbfem has been w e l l  formulated 

t h e  computational dBfffcufty of f&s execution var ious  approximation 

techniques r e t a i n  t h e i r  importance. A number of approximatfons based 

on e i t h e r  time-dependent (TD) or time-independent (TI) per turba t ion  

methods have been employed; however, r e l a t i v e l y  l i t t l e  a t t e n t i o n  has 

been devoted ts ehe i n t e r r e l a t i o n s h i p s  among t h e s e  schemes. A s t e p  

toward providing a more un i f i ed  b a s i s  f o r  t h e  var ious  approximation 

methods was  taken i n  paper X of t h i s  series There, t h e  equivalence 

between t h e  r e s tP ic t ed -d i s to r t ed -w~v~-Born  (KDW3) treatment and t h e  

first-cxder sudden approximation (SA) i n  t h e  s t r a i g h t - l i n e  t r a j e c t o r y  

Pim5.t w a s  demonstraced, In  t h e  present  work, considerable  a t t e n t i o n  

is devoted t o  r e l a t i n g  t h e  new semiclassical method under inves t iga t ion  

t o  o the r s  i n  t h e  h i e ra rchy  of approxtmation schemes. 

Although t h e  exact  (c lose-  

3 beeause of 

e, 

'The approximation t o  b e  evaluated r ep resen t s  rhe  f i r s t - o r d e r  

vers ion  of t h e  semiclassical P i m i x  sf t h e  genera l ized  phase s h i f t  (GPS) 

development of paper X I 1  of t h i s  series e As noted , t h e  equations 

a r i s i n g  in t h i s  t reatment  are menable t o  in te rpre ta t torn  i n  terms of 

c e r t a i n  cPassieal dynamieal f e a t u r e s  of t h e  system. The re la t ive t rans- -  

l a t fona l  motion is  assumed t o  take p l a c e  under t h e  inf luence  of t h e  

c e n t r a l  CspheriealLy averaged) por t ion  of t h e  an i so t rop ic  i n t e r a c t i o n  

p o t e n t i a l  (i,e,, a curved buz planar t r a j e c t o r y  i s  assumed). T0 b e  

noted 1s t h e  appearance of a parameter9 whfch i s  e s s e n t i a l l y  

5 5 
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t he  ratio of t h e  esklision tame t o  t h e  diatom r o t a t i o n  t i m e  

t ance  of devia t ions  from t h e  sudden l i m i t ,  

(seemingly unre la ted]  t reatment  has been c a r r i e d  out by Wan Kranendonk 

A completely independent 

6 

f o r  app l i ca t ion  t o  t h e  s tudy of pressure broadening o f  spec t r a1  l i n e s .  

This method, however, i s  r e s t r i c t e d  t o  s t r a i g h t - l i n e  t r a j e e t o r f e s  

( i o e e 3  t h e  l a r g e  impsct parmeter l i m i t )  

I n  t h e  fol lowing,  rhe f i r s t - o r d e r  GPS equat ions f o r  atom-diatom 

s c a t t e r i n g  (with an a r b i t r a r y  an i so t rop ic  p o t e n t i a l )  are put  f n t o  

a computationally convenient f o m  and f d e n t i f i c a t i o n  of the parameter 

i s  maden The r e l a t i o n s h i p s  between t h e  GPS development and 

o the r  a p p r o x h a t i o n ~  are then discussed,  En p a r t i c u l a r ,  i t  i s  s h a m  

t h a t  i n  t h e  l a r g e  impact pammeter l i m i t ,  t h e  GPS and Van Kr 

methods y i e l d  i d e n t i c a l  cesults a Finally, a set  of calctPXated f i r s t  7 

order  GPS t r a n s i t i o n  p r o b a b i l i t i e s  f o r  s e l e c t e d  va lues  of t h e  parameters 

i n  a model. atm-diatom system are presented,  Inspec t ion  of t h e  r e s u l t s  

permits conclusions to be drawn on t h e  importance of devia t ions  from 

t h e  SA i n  t h e  curved path and s t r a i g h t - l i n e  t r a j e c t o r y  treatment. 

I. EQUATIONS FOR FIRST ORDER GPS TRANSlTION PROBABILITIES 

The most genera l  f o m  of t he  an i so t rop ic  in t e race ion  p o t e n t i a l  is 

t h e  expansion of E q .  (V-5I8 which, fer t h e  atom-diatomic case is: 
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Here, r is  the d i s t ance  from t h e  atom t o  t h e  center of mass of t he  

diatom; is  t h e  angle  between r and t h e  diatom axis; and t h e  

P are Legendre func t ions .  L 
I n  t h e  f i r s t  order  approximation t h e  exponent ia l  fn t h e  expression 

for t h e  t r a n s i t i o n  p r o b a b i l i t y  (Eqs. (XII-46) and (XII-92)) i s  expanded 

and only t h e  Linear term i s  r e t a ined .  By a development only t r i v i a l l y  

d i f f e r e n t  from t h a t  used i n  obtaining Eq.  (XI2-38), it  i s  r e a d i l y  

shown t h a t  f o r  t h e  p o t e n t i a l  of Eq. (11, t h e  f i r s t  order  GPS expression 
_D 

f o r  t h e  p r o b a b i l i t y  of t r a n s i t i o n  from i n i t i a l  r o t o r  s ta te  2 t o  
d 4 f o r  an i n i t i a l  re la t ive angular  momentum indexed by i s  

Here M i s  t h e  reduced mass of t h e  atom-diatom system, L indexes 

t h e  Legendre func t ions  i n  Eq. (1) I fc ' ) (  r) is  t h e  r a d i a l  p a r t  of 

t he  a n i s o t r o p i c  i n t e r a c t i o n  p o t e n t i a l  assoc ia ted  wi th  L , and t h e  

D (S)st are the  usua l  r ep resen ta t ion  c o e f f i c i e n t s .  

and are def ined by Eqs, (XII-52) and (XII-56), and are given 

L The angles  

exp Licit  l y  by : 
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and 

A + %  
Here, as usual, b is the classical impact parameter ( b - ‘1; 1 3  

\J ‘‘I is the orientation-averaged interaction potential, c=fl v 

is the initial relative (linear) momentum, and I is the moment of inertia 

of the diatom. “he angles and y/ ‘* ’  are the values of 

EXr) and y(r )  at r =  rb , the outermost zero of the 

square-root quantity in square brackets. 

Utilizing the properties of the representation coefficients, Eq. (2)  

can be rewritten: 

x 

where the coefficients dA are defined by: 
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9 and t h e  y!.& are s p h e r i c a l  harmonics . 
Eq. (5) implies t h a t  f o r  an i n t e r a c t i o n  p o t e n t i a l  of the  form o f  

and Eq. (l), with o n l y  L = 1 and L = 2 terms, only 23/4421 

2-92 2 t r a n s i t i o n s  %re allowed. Using t h e  p rope r t i e s  of t h e  

3-9 symbol, f o r  such a p o t e n t i a l  

and 
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As expected, f o r  L = 1 o r  2,  t h e  anisotropy of order  L induces 

only t r a n s i t i o n s  1- -2 1, . The ind ices  A and d 

i n  Eqs.  (5) - (8) are r e s t r i c t e d  through t h e  yk t o  i n t ege r  va lues  

between -I, and 4%. From Eq. (6) and the symmetry p rope r t i e s  of the 

s p h e r i c a l  harmonies, it: foLLows t h a t  

Hence, 

and 



For t h e  l i m i t i n g  case of l a r g e  , t h e  3-j symbols can b e  
L 

approximated t o  y i e l d  t h e  ,& - independent l i m i t i n g  forms: 

and 

It i s  noted from Eq. (6) t h a t  t h e  needed L e ~ b  c o e f f i c i e n t s  

r equ i r e  s p h e r i c a l  harmonics involving t h e  angles Y and Yt*) * 
For t h e  purpose of subsequent a n a l y s i s  i t  is convenient t o  consider t h e  

constant m u l t i p l i e r  i n  t h e  expression (Eq. ( 4 ) )  f o r  t hese  ang le s ,  This 

quan t i ty  mul t ip l i ed  by t h e  impact parameter, b 

say 5 , which is  p ropor t iona l  t o  t h e  r a t i o  of t h e  c o l l i s i o n  time t o  

t h e  diatom r o t a t i o n  t i m e ,  as is  seen from t h e  following. For a r i g i d  

forms a new pargmeter, 
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r o t o r  i n  t h e  l i m i t  of high (i .e. ,  energy levels approximated 

), t h e  classical  r o t a t i o n  per iod  is  

given by 

U t i l i z i n g  t h i s  r e l a t ionsh ip ,  t h e  m u l t i p l i e r  can be put; i n t o  t h e  f o m  

where 

is one d e f i n i t i o n  of t h e  c o l l i s i o n  t i m e  (viz. ,  the t i m e  requi red  f o r  a 

free p a r t i c l e  to traverse a d i s t ance  2- ) a The parameter 

proves u s e f u l  i n  e s t ab l i sh ing  the r e l a t i o n s h i p s  between the  GPS approxi- 

magton and o ther  f i r s t - o r d e r  semiclassical t reatments .  I n  Section. X I ,  

a more convenient and fundamental f a c t o r i z a t i o n  of is  introduced. 

1 5 It has  been noted i n  X I 1  t h a t  i n  t h e  l i m i t  y/ ( o r  

(see Eq e ( 4 ) )  t h e  f i r s t -order  GPS t r a n s i t i o n  p robab i l i t y  

expression,  Eq. (2 ) ,  reduces to t h a t  obtained from the  f i r s t - o r d e r  

(curved t r a j e c t o r y )  SA. Fur ther ,  s ince t h e  GPS expression arises from 

a T I  development, i n  t h i s  l i m i t  i t  must a l s o  correspond i d e n t i c a l l y  t o  
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the  r e s t r i c t e d  d i s t o r t e d  wave (RDW) r e s u l t  ( i f  t h e  wavefunctions are 

approximated by WBK semic la s s i ca l  €unctions).  

is  t h e  r e l a t i o n s h i p  between t h e  asymptotic ( l a r g e  impact parameter) 

A less obvious connection 

l i m i t  of t h e  GPS approximation and t h e  yrev ious ly  mentioned s t r a i g h t -  

l i n e  
I 

t r a j e c t o r y  f i r s t  order TD treatmedt of Van Kranendonk! This con- 

nec t ion  i s  e s t ab l i shed  in d e t a i l  i n  Appendix A ,  

shown t h a t  f o r  a p o t e n t i a l  having an an i so t rop ic  po r t ion  

I n  p a r t i c u l a r ,  i t  is  

where L er: 1 or 2 both methods y i e l d  i d e n t i c a l  r e s u l t s  f o r  t h e  transi- 

t i o n  p r o b a b i l i t i e s  and t h e  a s soc ia t ed  "resonance functions"" which 

co r rec t  f o r  t h e  dev ia t ion  from t h e  "sudden" charac te r  of t h e  c o l l i s i o n .  

The resonance func t ions  obtained are gi.ven i n  t e r m s  of modified Bessel 

func t ions  of t h e  second kind with argument L 



10 
I T .  MODEL CAT.,CTJLATIONS 

A. Method 

I n  t h e  computations,  t h e  atorn-diaLom i n t e r a c t i o n  p o t e n t i a l  w a s  

taken t o  be  of t h e  form 

where 1sb, ~ b, and b, are aniso t ropy  parameters ,  and 

C,2=4- 'a  , C,=B7'c& where E and CY' are 

t h e  u s u a l  w e l l  depth and s ize  parameters.  It is convenient t o  in t roduce  

al reduced impact para 9 - +E- *= 
2 energy Y 

and de Boer quantum parameter A' h / C ( A M ( )  . It 5.s a lso  

convenient t o  change t h e  i n t e g r a t i o n  v a r i a b l e  from r t o  y =  bhg/r . 
U t i l i z i n g  t h e s e  q u a n c i t f e s ,  E q s ,  (3)  and (4)  become: 

and 



' .  . ,  . .  . _ ,  -. 

where 
..: . . . .  . I .  

Making use of the model interaction potential, Eq.  (19>, the  



where 
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t o  t h a t  used by Lester and Bernstein12 t o  cha rac t e r i ze  t h e  "strength o f  

t h e  coupling", namely t h e  r a t i o  of t h e  moment of i n e r t i a  of t h e  atom- 

diatom system t o  t h a t  of t h e  diatom, designated 

Inspec t ion  of  Eqs. (20) - (27) reveals t h a t  t h e  first order  GPS 
& *  

t r a n s i t i o n  p r o b a b i l i t i e s ,  Eqs. (12) and (13) , are funct ions  of &,, & , 

t h e  an iso t ropy  parameters Q, , %?. and b, and 

t h e  new parameter . For c e r t a i n  choices of t h e  anisotropy 

parameters, t h e  dependence of t he  t r a n s i t i o n  p r o b a b i l i t i e s  on them and 

on f l  can be f ac to red  out.  The t h r e e  such cases considereg 

he re  are: (1) Q ~ =  b, Q , 6, =k 0 ( i ? e - ,  an r-" picCas@) 

r epu l s ion ) ;  (2) U,  = b, zz o , b, + o (an r- lz  <cos 0) 

r epu l s ion ) ;  and (3) b, = O , M,= b,, # 0 (an r-''pZ ( C O S  @I 
repuls ion  p lus  an r-' (Cos @) a t t r a c t i o n  with equal an iso t ropy  

c o e f f i c i e n t s ) .  For t h e s e  combination@, t h e  t r a n s i t i o n  p r o b a b i l i t i e s  

of E q s .  (12) and (13) can be  f a c t o r i z e d  i n  terms of "scaled t r a n s i t i o p  

p r o b a b i l i t i e s "  , defined by 

and 
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The sca l ed  t r a n s i t i o n  p r o b a b i l i t i e s  which are func t ions  of only the  

t h r e e  v a r i a b l e s  are t h e  q u a n t i t i e s  of i n t e r e s t .  The c a l c u l a t i o n s  con- 

s i s t e d  of generating values of t h e  Is over a t h r e e  dimens5onal 

3 b* and 
x 

gridx3 i n  

B. Ca lcu la t ions  

A 1 1  computations repor ted  h e r e i n  were performed on t h e  Univers i ty  

of Wisconsin Computing Center Univae 1108, 

reduced turn ing  p o i n t s  (y ) 

For determination of t h e  

a standard Newton-RaphsonL4 algori thm w a s  
0 

used. The angles  P vcO' , and t h e  9 3 

i n t e g r a l s  were evaluated by t h e  Gauss-Chebyshev 
",d, 

quadrature techniqueL5 The considerable amount of programing required 

w a s  checked i n  s e v e r a l  ways. A 1 1  rou t ines  w e r e  hand-checked f o r  a r i t h -  

met ic  accuracy on simple example problems. I n  add i t ion ,  t h e  yo and 
io3  

c a l c u l a t i o n s  were checked a g a i n s t  independently generated 

d i n t e g r a l s  i n  t h e  l i m i t  d were 

checked a g a i n s t  independent tables" and a n a f y t i c a l  asymptotic expressions II. ~ 

F i n a l l y ,  asymptotic t r a n s i t i o n  p r o b a b i l i t i e s  ( f o r  var ious  ) 

w e r e  checked aga ins t  va lues  r e s u l t i n g  from asymptotic expressions 

(Eqs. (1127) and (828)) e I n  a l l  cases ,  numerical agreement t o  about 

four  s i g n i f i c a n t  f i g u r e s  w a s  obtained, 

For each of t h e  t h r e e  sets of an iso t ropy  parameters, va lues  of t h e  

sca led  t r a n s i t i o n  p robab i l i t y  ( were ca l cu la t ed  over t h e  t h r e e  

dimensional g r i d  defined by E* =: 1, 3 J 1 0  * A"= 0.q a . 9 ,  / . a ,  

I . ( >  /*ti?, i, 3 >  I *  5- , 2.0 and = Q ,  4 0 ,  2 8 ,  3 8  e I n  
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3 0 ,  were a l s o  performed e 
E ” =  add i t ion ,  ca l cu la t ions  at  

The r e s u l t s  obtained are i l l u s t r a t e d 1 8  i n  Figure 1. 

expected, devia t ions  from t h e  sudden limit ( 

A s  would b e  

e, Q ) are most s e r i o u s  

f o r  l a r g e  va lues  of t h e  parameter and a t  low E* They 

are most pronounced f o r  t h e  p o t e n t i a l  wi th  t h e  long range a t t r a c t i v e  

anisotropy ( i . e .  8 , +  8 b j  = 0 ). 

C . Analysis 

I n  an attempt t o  i s o l a t e  t h e  sources of t h e  devia t ions  from t h e  

sudden l i m i t ,  t h e  following da ta  a n a l y s i s  was performed. The r a t i o  

g ives  d i r e c t l y  a measure of t h e  devia t ion  of t h e  present  curved tra- 

j e c t o r y  r e s u l t s  from t h e  f i r s t  order SA %n t h e  curved t r a j e c t o r y  treatwen$. 

It i s  convenient t o  de f ine  another r a t i o  

where i s  t h e  Van Kranendonk resonance func t ion ,  This 

r a t io  r ep resen t s  a combined measure of t he  dev ia t ion  from t h e  sudden 

l i m i t  and t h e  s t r a i g h t - l i n e  t r a j e c t o r y  approximation. To be more - 



E't I E'= 3 EX= IO 

I 

Figure 1, Scaled t r a n s i t i o n  p r o b a b i l i t i e s  (cf.  Eqs .  (28) and (29)) f o r  _.__. ___ . . 
- 7 7 7 -  t - -- ' _ _ _ _ I _  * ' * .  

var ious  E and as func t ions  of b , Each row of frames ,', 

corresponds t o  t h e  ind ica ted  choice of nonzero anisotropy paiarheters 

i n  Ea. (19). 

/ '  

'r' 
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e x p l i c i t  combining E q s .  (30) and (31) 

Thus 1 represen t s  t h e  a d d i t i o n a l  co r rec t ion  requi red  

t o  be appl ied  t o  curved t r a j e c t o r y  SA ca lcu la t ions  after co r rec t ion  by 

t h e  s t r a i g h t - l i n e  resonance func t ion .  

For each choice of t h e  anisotropy parameters,  t h e  q u a n t i t i e s  

"') 
'2 ('" @I 

were evaluated from Eqs.  (18) For the p o t e n t i a l s  w l th  a 

aniso t ropy ,  t h e  Bessel func t ions  are h a l f  i n t e g e r  order  

For two of the t h r e e  cases and, hence,  may be w r i t t e n  explicitly' ' .  

of Sec. 11-B t h e  following expressions f o r  t h e  resonance func t ions  

( E q s .  (18) ) r e s u l t :  
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For t h e  po ten t i  1 with t h e  e @) ani 

Case 3: 
( b,  j- Q a1=4#o) 

t ropy ( bt+o, a.z=h5,=o >, 
t h e  K ’ s  are in t ege r  order  and r equ i r e  computer eva lua t ion?  The ca lcu la-  

t e d  resonance func t ions  are presented i n  F igure  2 .  

Values obtained f o r  t h e  c (E‘): bt ) are given in Tables 1, 2 and 3 .  

A s  is ev ident ,  they ranged from order  u n i t y  t o  very  la rge .  For t h e  

cases E*= /O , 

ure  3.  

== io, b Q ~  3 O9 they are presented graphica l ly  i n  Fig- 

111. SUMMARIZING DISCUSSION 

The r e s u l t s  presented h e r e  should prove u s e f u l  i n  gauging t h e  

importance of devia t ions  from the  f i r s t  order  SA. I n  t h a t  t h e  fundamen- 

t a l  q u a n t i t i e s  ( ys ~ d ,  4 i n t e g r a l s )  depend only on c h a r a c t e r i s t i c  

parameters of t h e  system, they are r e a d i l y  t r a n s f e r a b l e  from one s i t u a -  

t i o n  t o  another.  The scaled t r a n s i t i o n  p r o b a b i l i t i e s  ca l cu la t ed  f o r  

t he  t h r e e  s p e c i a l  eases g ive  a c lue  as t o  when devia t ions  from t h e  SA 

might b e  expected t o  b e  l a rge .  

c A) 

The present  work demonstrates that  t h e  f i r s t  order  GPS development 

r ep resen t s  t h e  next  l o g i c a l  s t e p  upward from e x i s t i n g  f i r s t - o r d e r  semi- 

classical  pe r tu rba t ion  methods s I n  add i t ion ,  through t h e  parameter 5 
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> 

Figure 2. Calculated straight-line trajectory resonance functions f o r  t he  



TABLE L 

0.5 
0.9 
1.0 
1.1 
1.2 
1.3 
1.5 
2.0 

x b 

0.5 
0.9 
1.0 
1.1 
1.2 
1.3 
1.5 
2.0 

0.5 
0.9 
1.0 
1.1 
1.2 
1.3 
1.5 
2.0 

1 

1.0209 ( 0) 
1.1460 ( 0) 
1.1897 ( 0) 
1.2383 ( 0) 
1.2905 ( 0) 
1.3443 ( 0) 
1.4231 ( 0) 
9.8929 (-1) 

1 

1.0934 ( 0) 
1.7180 ( 0) 
1.9842 ( 0) 
2.3106 ( 0) 
2,7012 ( 0) 
3.1469 ( 0) 
3.8569 ( 0) 
8.9665 (-1) 

1 

1.2416 (0) 
3.3079 (0) 
4.4869 (0) 
6,1723 (0) 
8.5190 (0) 
1.1680 (1) 
1.7651 (1) 
7.1149 (1) 

l. 

5 = 10 

3 

1.0018 ( 0) 
1.0351 ( 0) 
1.0441 ( 0) 
1.0511 ( 0) 
1.0524 ( 0) 

1.0039 ( 0) 
1.0404 ( 0) 

9.9991 (-1) 

r = 20 

3 

1.0085 ( 0) 
1,1486 ( 0) 
1.1887 ( 0) 
1,2204 ( 0) 
1.2257 ( 0) 
1.1672 ( 0) 
1.0042 ( 0) 
9.9602 (-1) 

5 = 30 

3 

1.0229 ( 0) 
1.3677 ( 0) 
1.4753 ( 0) 
1.5631 ( 0) 
1.5757 ( 0) 
1.4010 ( 0) 
9.8188 (-1) 
9.8351 (-1) 

L L 

10 

9.9965 (-1) 
1.0067 ( 0) 
1.0072 ( 0) 
1.0058 ( 0) 
1.0032 ( Q) 
1.0014. ( 0) 
1.0003 ( 0) 
1.0000 ( 0) 

10 

9.9871 (-3) 
1.0273 ( 0) 
1.0291 ( 0) 
1.0236 ( 0) 
1.0127 ( 0) 
1.0052 ( 0) 
1.0009 ( 0) 
9.9995 (-1) 

10 30 

9.9752 (-1) 
1,0629 ( 0) 
1.0671 ( 0) 
1.0540 ( 0) 
1.0284 ( 0) 
1.0109 ( 0) 
1.0013 ( 0) 
9.9951 (-1) 

9.9863 (-1) 
1.0124 ( 0) 

1.0052 ( 09 
1.0023 ( 0) 

1,0097 ( 0) 

i.ooio ( 09 
1.0002 ( 0) 
9.9432 (-1) 

+EJumber in parentheses represents the power of ten by which each entry 
is to be  multiplied. 
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TABLE 2 

0.5 
0.9 
1.0 
1.1 
1.2 
1.3 
1.5 
2.0 

x 
0.5 
0.9 
1.0 
1.1 
1.2 
1.3 
1.5 
2.0 

0.5 
0.9 
1.0 
1.1 
1.2 
1.3 
1.5 
2.0 

+ * *  
C(E b <) f o r  Case 2 (b, = a, 

L L 

z; = 10 

1 

1.0074 (0) 
1.3731 (0) 
1,5270 (0) 
1.7153 (0) 
1.9427 (0) 
2.2130 (0) 
2.8712 (0) 
1.0346 (0) 

1 

1,1463 ( 0) 
4.3721 ( 0) 
6.7631 ( 0) 
1.0752 ( 1) 

2.8120 ( 1) 
6.2061 ( 1) 

1.7379 ( 1) 

6,3592 (-1) 

1 

1.6494 (0) 
3.0668 (1) 
7.4926 (1) 
1.8934 (2) 
4.8422 (2) 
1.2146 (3) 
5.0082 (3) 
1.2325 (0) 

3 

9,8080 (~1) 
1,0617 ( 0) 
1.0866 ( 0) 
1.1106 ( 0) 
1.1321 ( 0) 
1,1551 ( 0) 
1,0969 C 0) 
1.0146 ( 6) 

z; = 20 

3 

9.4569 (-1) 
1,3495 ( 0) 
1.4994 ( 0) 
1.6507 ( 0) 
1.7611 ( 0) 
1.7249 ( 0) 
1.1620 ( 0) 
1.0025 ( 0) 

5 = 30 

3 

9.3396 (-1) 
2.1977 ( 0) 
2.8074 ( 0) 
3.4729 ( 0) 
3.8759 ( 0) 
3.1903 ( 0) 
1.0433 Q 0) 
9,3452 (-1) 

= 0, b2 + 01 

10 

9.9061 (-1) 
1,0064. ( 0) 
1.0092 ( 0) 
1.0116 ( 6) 
1.0137 ( 0) 
1.0125 ( 0) 
1,0071 ( 0) 
1,0019 ( 0) 

LO 

9.6523 (-1) 
1.0336 ( 0) 
1.0461 ( 0) 
1.0533 ( 0) 
1.0535 ( 0) 
1.0428 ( 0) 
1.0211 ( 0) 
1.0041 ( 0) 

10 30 

9.3064 (-1) 
1.1003 ( 0) 
1.1319 ( 0) 
1.1397 ( 0) 

1.0785 ( 0) 
1.0308 ( 0) 
1.0029 ( 0) 

1.1170 ( 0) 

9.7244 (-1) 
1.0071 ( 0) 
1.0112 ( 0) 
1.0134 ( 0) 
1.0124 ( 0) 
1.0097 ( 0) 
1.0051 ( 0) 
1.0000 ( 0) 

+Number i n  parentheses represents t h e  power of t e n  by which each e n t r y  
is  t o  be  multiplied. 



22 

* I  
TABLE 3' C(E b 5) for Case 3 (bl = 0, a2 = b2 # 0) 

c 10 

0.5 
0.9 
J.* 0 
1.1 
1.2 
10 3 
1.5 
2,o 

1,8142 (-1) 
4.8140 (-1) 
6.6458 (-1) 
9 e 4246 (-1) 
1.3718 ( 0) 
2,0521 ( 0) 
5,0121 ( 0) 
1,0847 ( 0) 

0,s 
0.9 
1.0 
1.1 
1.2 
1.3 
1.5 
2.0 

3.4701 (-2) 
4.6047 (-2) 
1.0748 ( 0) 
2.6301 ( 0) 
6.5952 ( 0 )  
1.6485 ( 1) 
7.8000 ( 1) 
3,0991 ( - 5 )  

3 

2.7901 (-1) 
6.5922 (-1) 
7*9823 (-1) 
9.7146 (-1) 
1.1953 ( 0) 
1.4613 ( 0) 
1.3187 ( 0) 
1,0400 ( 0) 

3 

1.9061 (-1) 
3.3476 (-1) 
5,3654 (-1) 
8.7868 (-1) 
1.3867 ( 0) 
1.8433 ( 0) 
1.2143 ( 0) 
9.7710 (-1) 

5 = 30 

3 

10 

1.8541 (0) 
1.0905 (0) 
1,0497 (0) 
1.0692 (0) 
1.0795 (0) 
1,0663 (0) 
1.0343 ( 8 )  
1.0096 (0) 

10 

4.0092 0) 
1.0338 ( 0) 

1.0681 ( 0) 
1.1349 ( 0) 
1.1139 ( 0) 
1.0506 ( 0) 
1.0046 ( 0) 

9,3520 (-1) 

10 30 

0.5 
0.9 
1.0 
1.1 
1.2 
1.3 
1.5 
2.0 

7.1556 (-1) 
3.6446 ( 1) 
1,0374 ( 2) 
2.8948 ( 2) 
7.6702 ( 2) 
1.8118 ( 3) 
4,0437 ( 3) 
8.0532 ( 3) 

1.0355 ( 0) 
9.4898 (-1) 
8.9354 (-1) 
9.5042 (-1) 
1.2841 ( 0) 
1.4799 ( 0) 
6.5302 (-1) 
7,4437 (-2) 

7.0495 ( 0) 
1.1192 ( 0) 
9.2443 (-1) 
9,0428 (-1) 
1.0478 ( 0) 
1.0550 ( 0) 
1.0082 ( 0) 
9.8428 (-1) 

2.2425 ( 0) 
7,7031 ( 0) 
1,2034 ( 0) 
1.0790 C 0) 
1.0437 ( 0) 
1.0278 ( 0) 
1.0096 ( 0) 
9.9726 (-1) 

+'Numbers in parentheses represent ehe power of ten by which each entry 
is multiplied. 
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Nonzero anisotropy parameters. (Eq. (19)) are i nd ica t ed  in.;each 

frame . . 
' /  
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i t  emphasizes t h e  importance of t h e  moment of inertia r a t i o ,  /V C L / X  , 

i n  determining t h e  accuracy of t h e  SA. 

Drawing on t h e  previously mentioned results of papers X and X X I ,  

i t  i s  now poss ib l e  ( i n  t h e  l i m i t  of l a r g e  

var ious  f i r s t - o r d e r  s emic la s s i ca l  pe r tu rba t ion  treatments i n t o  t h e  

h ie rarchy  i l l u s t r a t e d  23 i n  Figure 4 .  

2 t o  consol ida te  the 
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I 

Large b 

Limit 

c 

Figure 4 .  Hierarchy r e l a t i n g  va r ious  f i r s t - o r d e r  s emic la s s i ca l  t rea tments  

of 'ratational i a e m c i t y  .[in the h igh  k' Urnit) *. For, abbrevia t ions  

see t e x t  e 

- 
8 / I  

. t *  ' I 

t 
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APPENDIX A 

For atom-diatom s c a t t e r i n g ,  t h e  s t a r t i n g  po tn t  f o r  t h e  Van Kranen- 
6 

donk treatment is t h e  usua l  f i r s t  order TD pe r tu rba t ion  fornula"  for 

t h e  degeneracy-averaged 

t o  J 0 

probab i l i t y  of s c a t t e r i n g  from r o t o r  s ta te  

A- 

Here and 2 are re spec t ive ly  t h e  f i n a l  and i n i t i a l  r o t o r  or ien ta-  

t i o n  quantum numbers, 

and (+.@A I IT' ' )(L) \Fs) is t h e  matr ix  element of t h e  k ?.d? 

is t h e  t r a n s i t i o n  frequency ( (  E d - g z ) /  k ) I 

a n i s o t r o p i c  po r t ion  of t h e  i n t e r a c t i o n  p o t e n t i a l  between t h e  f i n a l  

( ) and i n i t i a l  ( A/.. ) r o t o r  states. 
- 

For s i m p l i c i t y ,  t h e  p o t e n t i a l  i s  he re  assumed t o  have an an i so t rop ic  

po r t ion  given by 

where L = 1 o r  2. It i s  convenient t o  in t roduce  t h e  coordinate 

system of Bernstein and Kramer" and eo expand t h e  %"b Legendre 

r 
func t ion  i n  terms of t h e  angles  9 9 8 ' 5  a Thus, 
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and, from E q .  ( A l )  

The f i r s t - o r d e r  SA r e s u l t s  from evaluat ing ( 8 4 )  i n  t h e  l i m i t  

--P 0 ( i a e Q 9  e n e r g e t i c a l l y  degenerate r o t o r  s t a t e s ) .  The Van Kraaendonk 

treatment r e t a i n s  W ;it 0 but  assumes a s t r a i g h t - l f m  t r a j e c t o r y .  

Thus, int roducing t h e  usua l  s t r a i g h t - l i n e  approximations: 

(A5 1 

and t h e  new va r i ab le s :  

Eq.  (A4) becomes: 
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The i n t e g r a l s  over f o r  m = - L, - L + 1, . . *  , 3- L are e a s i l y  

evaluated22 i n  terns of modified Bessel func t ions  of t h e  second kind i n  

t h e  v a r i a b l e  x 

of Eq. (15) > ,and  

(which w i l l  be  shown t o  be  c lose ly  r e l a t e d  t o  
# 

Thus, after s i m p l i f i c a t i o n ,  making use  of t h e  or thogonal i ty  p r o p e r t i e s  

of t h e  3-j symbols and invoking t h e  l a r g e  A- l i m i t :  

As noted previously,  t h e  f i r s t  order SA is  obtained i n  t h e  l i m i t  

6RJ (or  X > --P 0 . For s m a l l  x 
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so that 

and 

Thus, for the potential (A2) ,  the Van Kranendonk "resonance functions" 

which measure the deviation from the SA in the straight-line trajectory 

approximation are: 
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and 

(These expressions are bel ieved t o  b e  new; previously published resonance 

func t ions  6s21 r e f e r  t o  dipole-dipole p o t e n t i a l s  ,) 

It w i l l  now be  shown t h a t  expressions i d e n t i c a l  t o  E q s ,  (A9) - 
(A15) r e s u l t  f r o m  t h e  asymptotic ( l a r g e  impact parameter) l i m i t  of t h e  

GPS development a From E q s  (2) and (A2), i n  t h e  l i m i t  of l a r g e  b , 

where 

By expanding t h e  sum over 

symbols i n  t h e  high l i m i t ,  and making use of t h e  p rope r t i e s  of 

i n  E q .  (A16), eva lua t ing  t h e  3-j 

t h e  s p h e r i c a l  harmonics, one f inds:  
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and 

(01 
For l a r g e  b (small angles of d e f l e c t i o n  x Z= n'-z8 ) the angles, 

Egs. (3)  - (6), can be evaluated t o  y i e ld :  

7T b ( 6 )  7T 
e -  2 e =  y- COS"' 6,) J 

and 

U t i l i z i n g  these limiting forms i n  Eq. (A17), it i s  r e a d i l y  shown that 
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and 

I n s e r t i n g  these  i n t o  Eqs a (1118) and (A191 it is  found a f t e r  s impl i f i ca -  

t i o n  t h a t ,  
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Noting t h a t  V z  =: and, i n  t h e  high A? limit 

)( = (J-2) f f t  is seen t h a t  Eqs. (A27) and (428) are i d e n t i c a l ,  

r e spec t ive ly ,  t o  E q s .  (A9) and (AlO). 
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APPENDIX B 
c L) 

Tables of Sn,oc, A. Integrals 

(Defined in E q .  (25)) 



Z E T A  f: 20 Z E T A  = 3 0  



-- . 
Z E T A  = 0 Z E T A  = 10 

Z E T A  = 2 0  Z E T A  3 0  
-/ 

E *  1 3 10 39 E* I 3 10 3 0  



-- -- . 
ZETA = 0 Z E T A  = 10 

B +  6 0  

Z E T A  = 20 Z E T A  t: 30 

€ 0  1 3 1Q 30 



( 1) 
s12 ,o ,o 

E a  1 3 10 30 E *  1 3 1u J U  

Z E T A  = 20 Z E T A  = 30 



Z E T A  3 20 Z E T A  =: 30 



c- 
0 



(2) 
s12,2,0 

I 
I I 

-l_ll_-_l__ . ZETA = 0 Z E Y A  t o  

B o  0 1  

Z E T A  = Z U  ;ZETA = 30 



Z E T A  = 20 Z E T A  = 3 0  



- 
Z E T A  = ll Z E T A  E B i 3  

Z E T A  = 30 Z E T A  = 20 



(2) 
s12, 1 ,o 



5;0,2 

Z E T A  p 0 ZElA = 1U 



' (2) 
s12,0,1 

Z E T A  = 2 0  Z E T A  =: 30 

E *  1 3 10 363 E *  L 3 IO 30 



Z E T A  = 20 Z E T A  = 3 0  

B* Bo 



-___ _ _  
Z E T A  = 0 Z E T A  = SO 

E* ' I 3 10 3u t;a 1 3 - 7 -  

E *  E* 



Z & T A  = 20 Z E T A  = 3ci 

E* 1 3 IO . 30 E *  I 3 10 30 



I 

I 
I 

- ... 
Z E T A  = l a  Z E T A  = 0 

B s  B a  

IO 30 1 3 . 10 . 30 E *  E *  I 3 



- 
Z E T A  = 0 Z E T A  = 10 

B *  

Z E T A  20 Z E T A  = 30 



E* 1 3 10 30 E *  1 3 l U  3 U  

Z E T A  213 Z E T A  3 30 



I 

Z E T A  = 20 Z E i A  = 30 



ZETA = 0 Z E T A  = 10 

E a  1 3 10 30 E+ 1 3 l a  3 0  



-_I -. - 
Z E T A  = 0 Z E T A  = f U  

E *  1 3 10 30 E *  1 3 10 3 0  

Z E T A  = 20 Z E T A  :: 30 



-_I__ - . _- 
Z E T A  =. a Z E T A  = go 

Z E T A  = 20 ZETA = 30 

E *  1 3 10 3a E* 1 3 10 30 



57 

FOOTNOTES 

1. 

2 .  See, e.g., (a) C. F. Cur t i ss  and R. B. Bernstein,  J. Chem. Phys., 

K.  Takayanagi, Advan. A t .  Mol. Phys. - 1, 146 (1965). 

c 50, 1168 (19691, (b) 

Bernstein,  J. Chem. Phps, ,  - 51, 2439 (1969); papers I X  and X of t h i s  

series; and re ferences  c i t e d  t h e r e i n .  

R.  W o  Fenstermaker, C.  F. Cur t i s s  and R .  B. 

3.  (a) G. Gioulnousis and C, F. Cur t i s s ,  J. Chem. Phys., - 29, 996 

(1958); paper 1 of t h i s  series; (b) 

Pro@. Roy. Soc. (London) A256, 540 (1960). 

A. M. Arthurs  and A.  Dalgarno, 

4 .  Ref a (2b) It shou1d be  noted t h a t  i n  Eqs. (21) and (22) of t h i s  

paper ,  t h e  high 3 

invoked e 

C. P. Cur t i s s ,  5 .  Chem, Phys., I_ 52, 4832 (1990); paper XI1 of t h i s  

series. 

J. Van Kranendonk, Can, J. Phys., - 41, 433 (1963). 

Cross, Jr., Ph.D. Di s se r t a t ion ,  Harvard Universi ty  (1965). 

l i m i t  has  been taken,  b u t  t h i s  need n o t  be  

5. 

6. See a l s o  R. J, 

7. Arguments presented i n  t h i s  work are r e s t r i c t e d  throughout t o  t h e  

case of a "high" i n i t i a l  diatom r o t o r  state (9 ), such t h a t  

36x41 can be  w e l l  approximated by 3- ' e 

Eq. (V-5) is  used t o  i n d i c a t e  Eq. (5) of paper V of t h i s  series, e tc . .  8. 

9, W e  u se  t h e  d e f i n i t i o n  of t h e  s p h e r i c a l  harmonics given i n  J. 0. 

Hi rschfe lder ,  C. P. Cur t i s s  and R. B. Bird,  Molecular Theory of 

Gases ,and Liquids ,  Wiley, New York, 1964. 

LO. A s  defined by Van Kranendonk ( R e f .  6 ) ,  t h e  resonance func t ion  i s  t h e  

' i o  r a t i o  of the t r a z s i t i c n  p robab i l i t y  ca l cu la t ed  f o r  a given 



58 

11. 

12. 

13. 

14 a 

15, 

16. 

17.  

98. 

19 0 

20 e 

21. 

22 a 

R. B ,  Bernstein and K.  H. Kramer, J. Chem. Phys., 44, 4473 (1966). 

W.  A .  Lester, Jr-, and R.  B o  Bernstefn,  J e  Chem. Phys., - 53, 11 (1970), 

Of course,  t h e  fundamental q u a n t i t i e s  ca l cu la t ed  are the  

i n t e g r a l s ;  t h e  t r a n s i t i o n  p r o b a b i l i t i e s ,  either scaled o r  unscaled, 

are simply l i n e a r  combinations of t hese  q u a n t i t i e s .  Tables of a l l  

I, L-1 
5 n,o(,b 

SCb) 
ca lcu la t ed  are given i n  Appendix B ,  Frequent M>&>-& 

convergence checks e s t ab l i shed  t h e  v a l i d i t y  of t hese  va lues  c e r t a i n l y  

t o  fou r  and usua l ly  t o  f i v e  decimal d i g i t s .  

F. B e  Hildebrand, In t roduct ion  t o  Numerical Analysis ,  M c G r a w - H i l l ,  

New York, 1956, p .  447* 

A. Rals ton,  A F i r s t  Course i n  Numerical Analysis,  McGraw-Hi l l ,  

New York, 1965. p .  98. 

R.  B o  Bernstein and K. H e  Kramer, Technical Note WIS-TCI-91, 

Theore t ica l  Chemistry I n s t i t u t e ,  Universi ty  of Wisconsin, 13  Ju ly  

1965 e 

See Ref. 11, footnote  13. 

For brevFty , t h e  sca l ed  t r a n s i t i o n  p r o b a b i l i t i e s  deffned v ia  Eqs. (28) 

and (29) are henceforth denoted simply b y p  (E', > *  

Ne Abramowitz and I. A .  Stegun (eds . ) ,  Handbook o f  Mathematical 

Funct ions,  Nat ional  Bureau of Standards,  Washington, D. C . ,  1964. 

The guthors  thank D r .  H. A. Rabftz for t h e  use  of h i s  Bessel func t ion  

subrout ine.  

See, e.g., R. J. Cross, Jr . ,  and R. G. Gordon, J. Chem. Phys., 45 

3571 (1966). 

$. S. Gradshtyn and I. M. Ryzhik, Tables of I n t e g r a l s ,  Series and 

products ,  Academic: P res s ,  New York, 1965, p .  429. 

- 



59 

An i n c i d e n t a l  b e n e f i t  of t h e  present work is  t h a t  t h e  s t r a i g h t - l i n e  

t r a j e c t o r y  resonance func t ions ,  Eqs,  (18),  can be  appl ied  d i r e c t l y  

t o  improve t h e  RDWB r e s u l t s  given i n  paper X (Ref. Z(b)) f o r  an inverse  

power p o t e n t i a l  (n 2) * For a s p e c i f i c  system, given A" , 
M, 2 and a t  a designated E for w y  b t h e  va lue  of 

3: * 

and hence R(<  ) can be ca l cu la t ed .  R( ) then e n t e r s  as 
* 

a m u l t i p l i c a t i v e  co r rec t ion  t o  t h e  b -dependent RDWB t r a n s i t i o n  

p r o b a b i l i t i e s  (Eq. (X-21)) ., 


